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MIRROR SYMMETRY FOR THE LANDAU-GINZBURG A-MODEL

M = Cn,W = z1 · · · zn

DAVID NADLER

Abstract. We calculate the category of branes in the Landau-Ginzburg A-model with back-

ground M = Cn and superpotential W = z1 · · · zn in the form of microlocal sheaves along

a natural Lagrangian skeleton. Our arguments employ the framework of perverse schobers,

and our results confirm expectations from mirror symmetry.
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1. Introduction

The aim of this paper is to establish a homological mirror symmetry equivalence for the
Landau-Ginzburg A-model with background M = Cn and superpotential W = z1 · · · zn. It
presents new challenges due to the fact that the critical locus {dW = 0} ⊂ M is not smooth
or proper. Its fundamental role is witnessed by the fact that its mirror variety is the (n − 2)-
dimensional pair of pants, the open complement of n generic hyperplanes in Pn−2. The results
of this paper strengthen and generalize to arbitrary dimensions the results of [29] for the case
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M = C3,W = z1z2z3 though the arguments differ. Here we emphasize the role of symmetry
in simplifying the calculation, while in [29] we broke symmetry following the theory developed
in [27, 28]. What results may appeal to audiences in several fields with distinct practices:

(1) Constructible/Microlocal sheaves. While our arguments employ universal paradigms
that could apply in many settings, we have adopted the technical framework of microlocal
sheaves [18]. The calculation of categories of constructible sheaves forms a longstanding cen-
tral challenge in Geometric Representation Theory (notably stemming from Kazhdan-Lustzig
theory [19] and Lusztig’s character sheaves [21, 22]), and prominently in the Geometric Lang-
lands program (for example, in the Geometric Satake correspondence [7, 16, 24]). The rapidly
growing industry of symplectic resolutions and their quantizations (see for example [11]) pro-
vides a broader setting where microlocalization becomes a basic construction. Recent advances
([35, 36]) have also broadened the impact of constructible sheaves and their microlocaliza-
tions on symplectic and enumerative invariants. In particular, our calculation in the case of
M = C3,W = z1z2z3 established in [29] appears prominently in work of Treumann-Zaslow [39]
on Legendrian surfaces.

(2) Homological mirror symmetry. A natural motivation for our main result is homological
mirror symmetry for Landau-Ginzburg models. For background on homological mirror sym-
metry, and specifically the Landau-Ginzburg model studied here, we refer the reader to the
beautiful paper [2] and the references therein. It establishes the “opposite direction” of ho-
mological mirror symmetry between the Landau-Ginzburg B-model of M = C3,W = z1z2z3,
in the form of the derived category of singularities, and the A-model of P1 \ {0, 1,∞}, in the
form of the wrapped Fukaya category. (For a brief discussion about the different guises of the
A-model, see Remark 1.2 below and the references therein.) This can be viewed as a refinement
of the results of Seidel [34], which in turn are generalized by Sheridan [37] to a matching of the
endomorphism algebras of the structure sheaf of the origin in the Landau-Ginzburg B-model
of M = C

n,W = z1 · · · zn and of a distinguished compact brane in the A-model of the (n− 2)-
dimensional pair of pants. For the direction of homological mirror symmetry considered here,
there is also work in progress [1] with results parallel to those of this paper.

(3) Categorified sheaf theory. A third setting for our results and arguments is the nascent
subject of categorified sheaf theory. In traditional sheaf theory, a distinguished role is played
by the nearby and vanishing cycles, which encode the Morse theory of sections. To formalize
a similar structure for sheaves of categories, Kapranov-Schechtman [17] proposed the notion of
perverse schober. In its most basic realization, the natural map from the vanishing to nearby
cycles is replaced by a spherical functor from a vanishing to nearby dg category. A motivating
example is given by the A-model of a Lefschetz fibration, where the vanishing dg category
at each critical point is the local Landau-Ginzburg model. One expects the A-model of more
general superpotentials to also provide perverse schobers, and our main technical work confirms
this for M = Cn, W = z1 · · · zn.

1.1. Main result. Set M = Cn, with coordinates z1 = r1e
iθ1 , . . . , zn = rne

iθn , and superpo-
tential W = z1 · · · zn, The origin 0 ∈ C is the only critical value of W , and we set

M0 =W−1(0) =
⋃n
a=1{za = 0} M1 =W−1(1) ≃ (C×)n−1

M>0 =W−1(R>0) ≃ (C×)n−1 × R>0 M× =W−1(C×) ≃ (C×)n

We also write T = (S1)n for the standard n-torus, t = Rn for its Lie algebra, T ◦ ≃ (S1)n−1 ⊂
T for the kernel of the diagonal character, t◦ ⊂ t for its Lie algebra, and work with a natural
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symplectic identification

M1 ≃ (C×)n−1 ≃ T ∗T ◦ ≃ T ◦ × t◦

Following the paradigms of Landau-Ginzburg A-models, we will focus on the geometry of
M above a cut in the plane C, specifically the non-negative real ray R≥0 ⊂ C. We introduce a
natural Lagrangian skeleton L ⊂M, defined in polar coordinates by the equations

n∑

a=1

θa = 0 and θa = 0 when ra 6= rmin, for a = 1, . . . , n

where we set rmin = min{ra | a = 1, . . . , n}. It is a closed Lagrangian subvariety, conic with
respect to positive real scalings, and equal to the closure of its open subspace L× = L∩M× =
L ∩M>0. Therefore it is determined by its fiber L1 = L ∩M1, which is itself a Lagrangian
subvariety of M1.

Under the identification M1 ≃ T ∗T ◦, the Lagrangian subvariety L1 ⊂ M1 transports to a
conic Lagrangian subvariety ΛΣ ⊂ T ∗T ◦ of a simple combinatorial nature

ΛΣ =
⋃
σ∈Σ σT

◦ × σ ⊂ T ◦ × (t◦)∗

Here Σ ⊂ (t◦)∗ is the complete fan on the images e1, . . . , en ∈ (t◦)∗ of the coordinate vectors
e1, . . . , en ∈ t∗ under the restriction t∗ → (t◦)∗, and given a positive cone σ ∈ Σ, we write
σT ◦ ⊂ T ◦ for the subtorus with Lie algebra the orthogonal subspace σ⊥ ⊂ t◦.

Returning to the Landau-Ginzburg A-model, we would like to study A-branes withinM run-
ning along the Lagrangian skeleton L, as found in the infinitesimal Fukaya-Seidel category [33],
or transverse to L, as found in the partially wrapped Fukaya category [4, 6]. In some generality,
these two variants are expected to be in duality (in parallel with B-model dualities as found
in [8]), and in the specific situation at hand, each should in fact be self-dual and equivalent to
microlocal sheaves on M supported along L.

Ansatz 1.1. The category of branes in the Landau-Ginzburg A-model of M = Cn,W =
z1 · · · zn with Lagrangian skeleton L ⊂M is given by the dg category of microlocal sheaves on
M supported along L.

Remark 1.2. The ansatz is compatible with the broad expectation, realized in numerous sit-
uations, that given L ⊂ M a Lagrangian skeleton of an exact symplectic manifold, there are
equivalent approaches to its “quantum category” of A-branes: the Floer-Fukaya-Seidel theory
of Lagrangian intersections and pseudo-holomorphic disks [14, 33] (analysis); the Kashiwara-
Schapira theory of microlocal sheaves [18] (topology); the theory of holonomic modules over de-
formation quantizations, exemplified by D-modules [9] (algebra); and finitary models following
expectations of Kontsevich [20, 27, 28] (combinatorics). In particular, since all of our construc-
tions ultimately lie in cotangent bundles, one could translate our results into the traditional
language of Fukaya categories following [25, 31]. Furthermore, there is work in progress [12, 15]
detailing such equivalences more generally for Weinstein manifolds. When the dust settles, the
results of this paper, and perhaps more interestingly, its methods, should hold independently
of the specific language used to describe A-branes.

Remark 1.3. One can argue that L ⊂ M is the most fundamental Lagrangian skeleton for
the Landau-Ginzburg model M = Cn,W = z1 · · · zn, but it is by no means the only possibility.
For example, we discuss below the alternative “singular thimble” Lc ⊂M , which is proper over
R≥0 ⊂ C and can be thought of as the smallest nondegenerate Lagrangian skeleton. Thanks
to the inclusion Lc ⊂ L, our results for L easily imply results for Lc, which we record in some
corollaries below. But there are other distinct possibilities associated to alternative Lagrangian
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skeleta of the fiber M1 ≃ T ∗T ◦, for example conic Lagrangian subvarieties ΛΣ′ ⊂ T ∗T ◦ defined
by alternative fans Σ′ ⊂ (t◦)∗. We expect our techniques to extend easily to this level of
generality, and more broadly to other Landau-Ginzburg models as well.

Now we will state our main theorem. Fix a base field k of characteristic zero.
Let µShL(M) denote the dg category of microlocal sheaves of k-vector spaces supported along

the Lagrangian skeleton L ⊂ M . In Sections 3.1 and 4.1, we explain how to work with such
microlocal sheaves building on the foundations of Kashiwara-Schapira [18]. Roughly speaking,
we identify the contactification N =M ×R with the one-jet bundle JX = T ∗X×R of the base
manifold X = Rn, and then observe that its symplectification is equivalent to an open conic
subspace ΩX ⊂ T ∗(X×R). The symplectification and contactification come with natural maps

ΩX
s // JX ≃ N

c // M

and we lift L ⊂ M along the projection c to the Legendrian subvariety L × {0} ⊂ N , then
transport it to JX , and take its inverse-image under s to arrive at a conic Lagrangian subvariety
Λ ⊂ ΩX . The fact that L ⊂M is conic implies that Λ ⊂ ΩX is in fact biconic, and in particular
conic for a contracting action on X × R with fixed locus the origin. In this setting, one can
define microlocal sheaves as a localization of conic constructible sheaves on X such that the
intersection of their singular support with ΩX lies within Λ.

Thanks to the comprehensive work [18], microlocal sheaves enjoy powerful functoriality in-
duced by similar functoriality for constructible sheaves. Microlocal kernels induce microlocal
transformations, and Hamiltonian reductions induce natural functors. For example, the open
inclusion M× ⊂M provides a restriction functor

J∗ : µShL(M) // µShL×(M×)

and the Lagrangian correspondence M× ←M>0 →M1 leads to an equivalence

µShL×(M×)
∼ // µShL1

(M1)

Going further, the identification M1 ≃ T ∗T ◦ allows us to pass from microlocal sheaves to a
more concrete dg category of constructible sheaves

µShL1
(M1)

∼ // ShΛΣ
(T ◦)

Moreover, the conic Lagrangian subvariety ΛΣ ⊂ T ∗T ◦ is the singular support condition ap-
pearing in the most basic instance

ShΛΣ
(T ◦)

∼ // Coh(Pn−1)

of the coherent-constructible correspondence [10, 13, 38] between dg categories of constructible
and coherent sheaves.

Here the projective space Pn−1 arises as the Ť ◦-toric variety for the complete fan Σ ⊂ (t◦)∗

and algebraic torus Ť ◦ ≃ (G×
m)n−1 dual to the compact torus T ◦ ≃ (S1)n−1. The conic

Lagrangian subvariety ΛΣ ⊂ T ∗T ◦ contains the zero-section T ◦ ⊂ T ∗T ◦, the singular support
condition appearing in the usual Fourier equivalence

Loc(T ◦) ≃ ShT◦(T ◦)
∼ // Cohtors(Ť ◦)

between finite-rank local systems and torsion sheaves.
Now to state our main theorem, consider the section

s : OPn−1
// OPn−1(1) s([x1, . . . , xn]) = x1 + · · ·+ xn
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and the inclusion of its zero-locus

i : Pn−2 ≃ {s = 0} �
� // Pn−1

The specific coefficients of s are not important only the Ť ◦-invariant fact that they are all non-
zero. Consider the corresponding pushforward on bounded dg categories of coherent complexes

i∗ : Coh(Pn−2) // Coh(Pn−1)

Here is our main theorem (appearing as Theorem 5.1 below).

Theorem 1.4. There is a commutative diagram with horizontal equivalences

µShL(M)

J∗

��

∼ // Coh(Pn−2)

i∗

��
µShL×(M×)

∼ // Coh(Pn−1)

The theorem immediately implies a subsidiary mirror equivalence which some readers may
find more expected. Introduce the proper Lagrangian skeleton Lc ⊂ M defined in polar coor-
dinates by the equations

n∑

a=1

θa = 0 and ra = rb, for a, b = 1, . . . , n

It is a closed Lagrangian subvariety, conic with respect to positive real scalings, and proper over
R≥0 ⊂ C. It can be viewed as a “singular thimble” in that it is the cone over the vanishing
torus

Lc = Cone(T ◦) ⊂M

Let µShLc
(M) ⊂ µShL(M) denote the full dg subcategory of microlocal sheaves of k-vector

spaces supported along Lc ⊂M .
For each a = 1, . . . , n, introduce the hyperplane Pn−3

a = {xa = 0} ⊂ Pn−2 cut out by the
corresponding coordinate xa of the ambient Pn−1. Introduce the inclusion of the “open simplex”
given by the complement of these hyperplanes

j : ∆n−2 = Pn−2 \
⋃n
a=1 P

n−3
a

� � // Pn−2

Pushforward along j provides a full embedding Cohtors(∆
n−2) ⊂ Coh(Pn−2) of torsion

sheaves supported on ∆n−2 ⊂ Pn−2.
The theorem immediately restricts to an equivalence on full dg subcategories.

Corollary 1.5. There is a canonical equivalence

µShLc
(M)

∼ // Cohtors (∆n−2)

To go beyond torsion sheaves, we can adopt the formalism of wrapped microlocal sheaves
introduced in [30]. We will not review this notion here but remark that our arguments naturally
extend to it and we obtain the following equivalence.

Corollary 1.6. For wrapped microlocal sheaves, there is a canonical equivalence

µShwLc
(M)

∼ // Coh(∆n−2)
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Remark 1.7. The two corollaries are related by duality in that the first results from the second
by taking exact functionals to Perfk (see [8] for details for coherent sheaves). One can think
of µShLc

(M) as the infinitesimal Fukaya-Seidel category of the Landau-Ginzburg model, with
branes running along the singular thimble Lc ⊂ M , and µShwLc

(M) as the partially wrapped
Fukaya category of the Landau-Ginzburg model, with branes transverse to Lc ⊂M .

Remark 1.8. The theorem and its corollaries can be viewed as a distinguished instance of ho-
mological mirror symmetry for hypersurfaces in toric varieties [3]. The other Landau-Ginzburg
A-models arising in the subject can be obtained from that of M = Cn,W = z1 · · · zn by
Hamiltonian reduction. Thanks to the functoriality of microlocal sheaves, the theorem and its
corollaries should imply analogous results for them as well.

Before continuing on, let us mention one other straightforward application of our results.
In the course of our arguments, to any angle θ ∈ S1, we introduce a Lagrangian skeleton

L(θ) ⊂M living over the ray e2πiθ · R≥0 ⊂ C. For θ = 0, this is the Lagrangian skeleton intro-
duced above L(0) = L. For θ 6= 0, we show that L(θ) ⊂M has equivalent microlocal geometry
to L(0) = L, via natural monodromy equivalences, though they are not even homeomorphic.

Now consider the Landau-Ginzburg model with background M = Cn as before, but now
with superpotential W = zr1 · · · z

r
n. Thus its geometry above a cut in the plane C is the same as

the geometry of the original superpotential above r cuts. Fix a collection of r angles Θ ⊂ S1,
and introduce the corresponding Lagrangian skeleton

L(Θ) =
⋃
θ∈Θ L(θ) ⊂M

In accordance with Ansatz 1.1, let us take the category of branes in the Landau-Ginzburg A-
model with background M = Cn and superpotential W = zr1 · · · z

r
n to be the dg category of

microlocal sheaves on M supported along L(Θ).
Our results imply the following generalization of Theorem 1.4. To state it, letM(r) be the

dg category of diagrams of coherent sheaves

i∗M0 M1
oo M2

oo · · ·oo Mr−1
oo

where M0 ∈ Coh(Pn−2), M1, . . . ,Mr−1 ∈ Coh(Pn−1), and i : Pn−2 → Pn−1 is the inclusion of
the generic linear hyperplane introduced above.

Theorem 1.9. Suppose r = |Θ|. Then there is a canonical equivalence

µShL(Θ)(M)
∼ //M(r)

Remark 1.10. The theorem fits naturally into the formalism of perverse schobers discussed
immediately below, in particular the semiorthogonal decompositions of spherical pairs and
their higher analogues. It reflects what one expects to find by taking the rth power of the
superpotential of a Landau-Ginzburg A-model with a single critical value: its branes should
consist of an Ar−1-quiver of objects from the nearby category augmented by an object of
the vanishing category. In the most basic example, for the Landau-Ginzburg A-model with
M = C and W = zr (the case n = 1 of the theorem), the vanishing category is trivial, and the
nearby category is Perfk. Thus its branes form perfect modules over the Ar−1-quiver (for more
discussion, see for example [26? ]).

1.2. Sketch of arguments. We outline our arguments here, highlighting the two key notions of
perverse schobers and monoidal symmetry. They formalize basic principles implicit in Landau-
Ginzburg models and more broadly homological mirror symmetry. The first encodes the relation
between the nearby and vanishing geometry of branes; the second encodes the convolution
symmetry of branes corresponding to tensor product under T -duality.
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As outlined above, our starting point is the restriction functor

J∗ : µShL(M) // µShL×(M×)

Following Kapranov-Schechtman [17], we interpret this as part of the diagram defining a
perverse schober on the complex plane C, with one singular point 0 ∈ C, and a single cut
R≥0 ⊂ C. Recall that perverse sheaves on the complex plane C, with one singular point 0 ∈ C,
are equivalent to diagrams of vector spaces

Φ
p //

Ψ
q

oo

such that the endomorphisms

mΦ = idΦ−qp mΨ = idΨ−pq

are invertible. The equivalence is given by assigning to a perverse sheaf F its nearby and
vanishing cycles Ψ = ψ0(F), Φ = φ0(F) at the origin 0 ∈ C equipped with their canonical maps.
In particular, the composite endomorphisms mΨ, mΦ are their monodromy transformations.

Perverse schobers are a categorical analogue of perverse sheaves inspired by the above de-
scription. By definition, as recalled in Section 2.1, a perverse schober on the complex plane C,
with one singular point 0 ∈ C, and a single cut R≥0 ⊂ C, is simply a spherical functor

S : DΦ
// DΨ

from a “vanishing category” to a “nearby category”. In one of several equivalent formulations,
this means that S fits into an adjoint triple (Sℓ, S, Sr) such that the monodromy functors TΦ,r,
TΨ,r, TΨ,ℓ, TΦ,ℓ defined by the triangles of the units and counits of the adjunctions

TΦ,r = Cone(ur)[−1] // idΦ
ur // SrS SSr

cr // idΨ // Cone(ur) = TΨ,r

TΨ,ℓ = Cone(uℓ)[−1] // idΨ
uℓ // SSℓ SℓS

cℓ // idΦ
// Cone(uℓ) = TΦ,ℓ

are equivalences.
Our main technical work is to show that J∗ extends to a spherical functor, in particular that

it fits into an adjoint triple (J!, J
∗, J∗). We will highlight below the primary arguments proving

this, but it is worth mentioning here that we do not establish it directly. We rather introduce
a larger Lagrangian skeleton living over the real line R ⊂ C, and construct a perverse schober
on the complex plane C, with one singular point 0 ∈ C, and the double cut R ⊂ C.

By definition, as recalled in Section 2.2, a perverse schober on the complex plane C, with
one singular point 0 ∈ C, and the double cut R ⊂ C is a spherical pair. Spherical functors and
spherical pairs are the cases n = 1 and n = 2 of structures one can formulate for any number
of cuts in the complex plane. They are categorical analogues of the quiver presentations of
perverse sheaves resulting from such cuts. Given the structure for some number of cuts, one
can naturally form the structure for another number of cuts. In particular, a spherical pair
always gives rise to a spherical functor, but there is an advantage to a spherical pair: its
axioms do not explicitly involve units and counits of adjunctions. Roughly speaking, from the
perspective of Fukaya categories, it encodes the pseudo-holomorphic “teardrops” defining the
units and counits without explicitly counting them.

Once we have that J∗ extends to a spherical functor, we may proceed to monadically calculate
the Landau-Ginzburg vanishing category µShL(M) in terms of the known nearby category

µShL×(M×)
∼ // Coh(Pn−1)
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We first need that J∗ is conservative, i.e. that its kernel is trivial, which is an immediate
consequence of dimension bounds for the support of microlocal sheaves. This special property
is an analogue of a perverse sheaf having no sections strictly supported at the origin 0 ∈ C.

We next calculate that the nearby monodromy TΨ,ℓ corresponds to tensoring with the line
bundle OPn−1(−1), and hence the monad J∗J!, presented as the cone of a morphism of functors

TΨ,ℓ // idΨ,

corresponds to tensoring with the cone of a morphism of line bundles

OPn−1(−1)
s // OPn−1

To see that s is indeed a generic morphism, equivalent to s([x1, . . . , xn]) = x1 + · · · + xn, we
observe that it must be nonzero at each coordinate point of Pn−1. This is a manifestation
of the fact that the superpotential W is a submersion at the generic point of each coordinate
hyperplane of M , and hence the Landau-Ginzburg model vanishes there (see the discussion of
the case n = 1 in Section 1.3 below).

Finally, we verify the remaining technical hypotheses of Lurie’s Barr-Beck theorem [23],
appealing to the explicit form of the monad described above.

Now let us return to the assertion that J∗ is a spherical functor, and discuss the key role of
symmetry in our arguments.

Recall that we set T = (S1)n. Let us focus on the Hamiltonian T -action on M = Cn by
coordinate rotation.

By the formalism of microlocal kernels and transforms developed in [18], one expects con-
structible sheaves on T to give endofunctors of microlocal sheaves on M . To make this precise,
we must take into account the well-known “metaplectic anomaly” appearing for example in
identities for the Fourier-Sato transform as encoded by the Maslov index. At the most concrete
level, it reflects the fact that rotating a graded Lagrangian line ℓ in the plane C by a full circle
2π will return the same line ℓ but with grading shifted by two.

Consider the Z-cover T ′ → T defined by the diagonal character δ : T → S1. There is a
canonical lift T ◦ ⊂ T ′, since by definition T ◦ ⊂ T is the kernel of δ, and for concreteness, one
can choose an isomorphism T ′ ≃ T ◦ × R if one likes. Following [18], the monoidal dg category
Shc(T

′) of constructible sheaves on T ′ with compact support does indeed act on microlocal
sheaves on M . But the action does not factor through constructible sheaves on T since if we
translate an object A ∈ Shc(T

′) by an element m ∈ Z ≃ ker(T ′ → T ), its action on microlocal
sheaves will be shifted by [2m].

With this in hand, we still must address that the endofunctors given by most objects of
Shc(T

′) do not preserve the support condition given by the Lagrangian skeleton L ⊂ M . To
proceed, we recall that a governing property of the coherent-constructible correspondence is
that the equivalence

ShΛΣ
(T ◦)

∼ // Coh(Pn−1)

is symmetric monoidal with respect to convolution and tensor product. We show that convo-
lution by objects of ShΛΣ

(T ◦), regarded as objects of Shc(T
′) via the lift T ◦ ⊂ T ′, provides

endfunctors of the nearby and vanishing categories compatible with the restriction J∗.
By construction, the nearby category µShL×(M×) is a free rank one module over ShΛΣ

(T ◦).
Thus to define adjoints to J∗, it suffices to define their restrictions to a generator for the
monoidal action, for example, to the microlocal sheaf A ∈ µShL×(M×) corresponding to the
structure sheaf OPn−1 ∈ Coh(Pn−1). In our main technical step, we construct explicit con-
structible sheaves representing J!A, J∗A ∈ µShL(M), and confirm the adjunction identities.
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Finally, to verify the axioms of a spherical functor and to calculate the monodromy transfor-
mations TΦ,r, TΨ,r, TΨ,ℓ, TΦ,ℓ, we appeal to the further symmetry given by a natural multiplica-
tive system of objects Aτ ∈ Shc(T

′), indexed by τ ∈ R. They come equipped with canonical
equivalences Aτ1 ⋆Aτ2 ≃ Aτ1+τ2 , and A0 is the skyscraper ke at the identity e ∈ T ′.

Convolution by the multiplicative system provides a parallel transport of microlocal sheaves
onM so that if the support of a microlocal sheaf F lies over a cut eiθR≥0 ⊂ C, then the support

of Aτ ⋆ F will lie over the cut ei(θ+τ)R≥0 ⊂ C. When τ ∈ 2πZ, we can think of Aτ as the
“convex hull” of the the Dehn twists/Hecke operators for the individual coordinate directions.
It preserves the support condition given by the Lagrangian skeleton L ⊂ M , and specifically
when τ = 2π, enables us to see the monodromy transformation TΨ,ℓ corresponds to tensor
product with OPn−1(−1) ∈ Coh(Pn−1).

1.3. Low-dimensional cases. The one and two–dimensional cases of our results are well-
known and easy to deduce due to the fact that the critical locus {dW = 0} is either empty and
W is a submersion (n = 1), or an isolated point and W is Morse (n = 2).

Nevertheless, we include a brief discussion of these cases to help guide the interested reader.
At minimum, our general arguments appeal to the simple geometry appearing in the submersive
case (n = 1), and for completeness it is worth highlighting it here.

1.3.1. Submersive case: n = 1. The Landau-Ginzburg A-model with M = C and W = zr, for
any r ≥ 1, is well understood: its dg category of branes is equivalent to perfect modules over
the Ar−1-quiver (for further discussion, see for example [26? ]). In particular, in our situation
where r = 1, its branes form the zero category, reflecting the fact that a submersion should not
have any nontrivial vanishing geometry.

In the setting of microlocal sheaves, it is easy to see that the branes form the zero category.
Our Lagrangian skeleton is the closed non-negative real ray L = R≥0 ⊂ C =M , or alternatively
any closed ray emanating from the origin 0 ∈M . Thus we expect the vanishing category to be
the zero category µShL(M) = 0, since no nontrivial microlocal sheaves have support a manifold
with nonempty boundary.

To verify this, let us say more precisely what we mean by microlocal sheaves. We understand
microlocal sheaves on M = C to be microlocal sheaves on the conic open ball

Ω = {(x, t), (ξ, η) | η > 0} ⊂ T ∗R2

obtained by taking the symplectification of the contactification of M . More specifically, we
understand microlocal sheaves supported along a conic Lagrangian subvariety R ⊂ M , so by
necessity a finite union of closed rays emanating from the origin 0 ∈M , to be microlocal sheaves
on the associated conic Lagrangian surface

ΛR = {(x, xy), (−ηy, η) |x+ iy ∈ R, η > 0} ⊂ Ω

obtained by trivially lifting R to a Legendrian in the contactification and then taking its inverse-
image in the symplectification. Note that since R ⊂ M is invariant under scaling, ΛR ⊂ Ω is
invariant under the additional Hamiltonian scaling

r · ((x, t), (ξ, η)) = ((rx, r2t), (r−1ξ, r−2η)) r ∈ R>0

Therefore all of the structure of such microlocal sheaves is captured in a small conic neighbor-
hood of the central codirection {((0, 0), (0, η)) | η > 0} ⊂ Ω.

Now starting with the Lagrangian skeleton given by the closed non-negative real ray L =
R≥0 ⊂ C =M , we arrive at the conic Lagrangian surface

Λ = {(x, 0), (0, η) |x ≥ 0, η > 0} ⊂ Ω
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Note that Λ is diffeomorphic to the manifold with nonempty boundary R≥0 × R>0, and so
indeed the vanishing category µShL(M), realized in the form µShΛ(Ω), is the zero category.

Alternatively, starting with the closed conic ray L(θ) = eiθ · R≥0 ⊂ C =M , with θ 6= ±π/2,
of slope c = sin(θ)/ cos(θ) and horizontal direction d = cos(θ)/| cos(θ)|, the associated conic
Lagrangian surface takes the form

Λ(θ) = {(x, cx2), (−ηcx, η) | dx ≥ 0, η > 0} ⊂ Ω

In the special case θ = ±π/2, when L(±π/2) = ±i · R≥0 ⊂ C = M , the associated conic
Lagrangian surface takes the form

Λ(±π/2) = {(0, 0), (∓ηy, η) | y ≥ 0, η > 0} ⊂ Ω

Rotations of M = C identify the original rays and corresponding rotations of Ω identify the
associated conic Lagrangian surfaces. In any case, each Λ(θ) is diffeomorphic to R≥0 × R>0,
and so the vanishing category µShL(M), realized in the form µShΛ(θ)(Ω), is the zero category.

Remark 1.11. For the Landau-Ginzburg A-model with M = C and W = zr, for any r ≥ 1,
we could take as Lagrangian skeleton the union of r closed rays.

For example, for r = 2, we could take the union LR = L(0) ∪ L(π) of the two real rays, and
work with microlocal sheaves on the associated conic Lagrangian surface

ΛR = Λ(0) ∪ Λ(π) = {(x, 0), (0, η) | η > 0} ⊂ Ω

Note that ΛR is diffeomorphic to the manifold R×R>0, and thus the vanishing category takes
the expected form µShLR

(M) ≃ Perfk.
Alternatively, we could take the union LiR = L(π/2) ∪ L(−π/2) of the two imaginary rays,

and work with microlocal sheaves on the associated conic Lagrangian surface

ΛiR = Λ(π/2) ∪ Λ(−π/2) = {(0, 0), (y, η) | η > 0} ⊂ Ω

Rotation of M = C by π/2 takes LR to LiR and a corresponding rotation of Ω takes ΛR to ΛiR.
This leads to a natural Fourier-Sato type equivalence of the vanishing categories

µShLR
(M)

∼ // µShLiR
(M)

Going further, rotation by π leads to iterating the above equivalence twice, and results
in the auto-equivalence of µShLR

(M) ≃ Perfk given by tensoring with the invertible shifted
orientation line orLR

[1]. Rotation by 2π leads to iterating it four times, and thus results in the
auto-equivalence given by the shift [2] alone. This is the most basic instance of the “metaplectic
anomaly” found in the monodromy of the vanishing category.

1.3.2. Morse case: n = 2. When M = C2 and W = z1z2, the dg category of the Landau-
Ginzburg A-model will be equivalent to perfect modules Perfk. This reflects the fact that a
single Morse critical point has a smooth vanishing thimble and otherwise is a submersion.

Following our general constructions, we work with a natural symplectic identification of the
nearby fiber M1 = W−1(1) ≃ C

× with the cotangent bundle T ∗S1 of the vanishing circle. We
start with the Lagrangian skeleton L1 ⊂M1 given by the union T ∗

SS
1 ⊂ T ∗S1 of the conormal

bundles of the stratification S by the point 0 ∈ S1 and its complement S1 \ {0}. We then take
the Lagrangian skeleton L ⊂M to be the closure of the positive real scalings of L1 ⊂M1.

Away from the vanishing thimble Lc ⊂ L, given by the cone over the vanishing circle S1 ⊂ L1,
the Lagrangian skeleton L ⊂M is diffeomorphic to the manifold with boundary R≥0×(L1\S1).
Thus any microlocal sheaf supported along L ⊂M must be trivial away from Lc ⊂ L. In fact,
if we start with an arbitrary Lagrangian skeleton L1 ⊂M1, and similarly form the Lagrangian
skeleton L ⊂M , the same argument will apply: since the superpotential is a submersion away
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from Lc ⊂M , we will find that L \Lc is diffeomorphic to R≥0× (L1 \S1). Thus any microlocal
sheaf supported along L ⊂ M must be trivial away from Lc ⊂ L, and we can assume that
L1 ⊂M1 reduces to the vanishing circle alone, so that L ⊂M is simply the vanishing thimble.

Finally, the vanishing thimble itself Lc ⊂ L is diffeomorphic to R2, and so indeed the vanish-
ing category admits the expected description µShL(M) ≃ Perfk. Let us place this within the
mirror equivalence for the nearby category

µShL1
(M1) ≃ ShS(S

1)
∼ // Coh(P1)

More specifically, let us discuss how the natural restriction

µShL(M)
∼ // µShL1

(M1)

corresponds to the pushforward

i∗ : Perfk ≃ Coh(pt) // Coh(P1)

along the inclusion i : pt→ P1 of a point not equal to 0,∞ ∈ P1.
First, let us take a direct approach available in this dimension. Under the mirror equivalence

for the nearby category, skyscraper sheaves at points λ ∈ Gm = P1 \ {0,∞} correspond to
rank 1, monodromy λ local systems on the vanishing circle S1 ⊂ M1. And rank 1 local
systems on the vanishing thimble Lc ⊂ M restrict to trivial rank 1 local systems on the
vanishing circle S1 ⊂ T ∗S1 ≃M1. Thus under suitable conventions for choosing the equivalence
µShL1

(M1) ≃ ShS(S
1), the inclusion i : pt→ P1 will be of the point 1 ∈ Gm = P1 \ {0,∞}

In higher dimensions, we will invoke a generalization of the following argument. Under the
coherent-constructible equivalence for the nearby category, the restriction of a microlocal sheaf
to the non-zero locus of the conormal line T ∗

0 S
1 ⊂ T ∗S1 ≃ M1 corresponds to the restriction

of a coherent sheaf to the points 0,∞ ∈ P1. Since any object of the vanishing category must
be trivial away from the vanishing thimble Lc ⊂ L, in particular it must be trivial along the
non-zero locus of the conormal line T ∗

0 S
1 ⊂ T ∗S1 ≃ M1. Thus the inclusion i : pt → P1 must

be of a point not equal to 0,∞ ∈ P1.

1.4. Acknowledgements. I thank D. Auroux, D. Ben-Zvi, M. Kontsevich, J. Lurie, N. Rozen-
blyum, V. Shende, N. Sheridan, D. Treumann, H. Williams, and E. Zaslow for their interest,
encouragement, and valuable comments. Finally, I am grateful to the NSF for the support of
grant DMS-1502178.

2. Perverse Schobers on a disk

This section is a synopsis of some of the theory proposed by Kapranov-Schechtman [17]. In
particular, we recall the notion of a perverse schober in its appearances as a spherical functor
and spherical pair.

2.1. Single cut: spherical functors. Let DΦ,DΨ be pre-triangulated dg categories.
Suppose given a dg functor

S : DΦ
// DΨ

that admits both a left and right adjoint so that we have adjunctions (Sℓ, S) and (S, Sr) with
units and counits

ur : idΦ
// SrS cr : SS

r // idΨ

uℓ : idΨ // SSℓ cℓ : S
ℓS // idΦ
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Form the natural triangles of functors

TΦ,r = Cone(ur)[−1] // idΦ
ur // SrS SSr

cr // idΨ // Cone(ur) = TΨ,r

TΨ,ℓ = Cone(uℓ)[−1] // idΨ
uℓ // SSℓ SℓS

cℓ // idΦ
// Cone(uℓ) = TΦ,ℓ

Definition 2.1. We call S : DΦ → DΨ a spherical functor if it satisfies:
(SF1) TΨ,r is an equivalence.
(SF2) The natural composition

Sr // SrSSℓ // TΦ,rSℓ[1]

is an equivalence.

Remark 2.2. Consider the additional conditions:
(SF3) TΦ,r is an equivalence.
(SF4) The natural composition

SℓTΨ,r[−1] // SℓSSr // Sr

is an equivalence.
A theorem of Anno-Logvinenko [5] establishes that any two of the conditions (SF1) – (SF4)

imply the other two.

Remark 2.3. For a spherical functor, TΦ,ℓ, TΨ,ℓ are respective inverses of TΦ,r, TΨ,r.

Example 2.4 (Smooth hypersurfaces). Let X be a smooth variety. Let LX → X be a line
bundle and σ : X → LX a section transverse to the zero section. Let Y = {σ = 0} be the
resulting smooth hypersurface and i : Y → X its inclusion.

Let Coh(Y ), Coh(X) denote the respective dg categories of coherent sheaves. We will check
that the pushforward i∗ : Coh(Y )→ Coh(X) is a spherical functor.

Regard the line bundle LX as an object of Coh(X), and its restriction LY = i∗LX as an
object of Coh(Y ). Regard the section σ as a morphism σ : OX → LX , which by duality gives
a morphism σ∨ : L∨X → OX .

Consider the natural adjunctions

i∗ : Coh(Y ) oo // Coh(X) : i! i∗ : Coh(X) oo // Coh(Y ) : i∗

Note the functorial identities

i∗(−) ≃ OY ⊗OX
(−) i!(−) ≃ LY [−1]⊗OX

(−)

The natural triangles of functors associated to the units and counits of the adjunctions are
given by tensoring with the respective triangles of objects

LY [−2]
0 // OY // OY ⊕ LY [−1] LY [−1] // OX

σ // LX

L∨X
σ∨

// OX // OY OY ⊕ LY [1] // OY
0 // LY [2]

Thus if we set DΦ = Coh(Y ), DΨ = Coh(X) and S = i∗, we find that

TΨ,r(−) ≃ LX ⊗OX
(−) TΦ,r(−) ≃ LY [−2]⊗OY

(−)

are both equivalences. Thus (SF1) and (SF3) hold so that S = i∗ is a spherical functor.

2.2. Double cut: spherical pairs.
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2.2.1. Semi-orthogonal decompositions. Let A be a pre-triangulated dg category, and B ⊂ A a
full pre-triangulated dg subcategory.

Let us denote by J : B → A the embedding. Introduce the full dg subcategories of left and
right orthogonals

⊥B = {A ∈ A | HomA(A,B) ≃ 0, for all B ∈ B}

B⊥ = {A ∈ A | HomA(B,A) ≃ 0, for all B ∈ B}

One says that B is left admissible, respectively right admissible, if J admits a left adjoint Jℓ :
A → B, respectively a right adjoint Jr : A → B. If either holds, then we have the corresponding
identity ⊥B = ker(Jℓ), respectively ⊥B = ker(Jr). Moreover, we have a corresponding semi-
orthogonal decomposition in the sense of a functorial triangle

C = Cone(u)[−1] // A
u // JℓJA = B B ∈ B, C ∈ ⊥B

B′ = JJrA
c // A // Cone(c) = C′ B′ ∈ B, C′ ∈ B⊥

Note that if B is left admissible, then ⊥B is right admissible and (⊥B)⊥ = B. Similarly, B is
right admissible, then B⊥ is left admissible and ⊥(B⊥) = B.

2.2.2. Spherical pairs. Suppose we have a diagram of pre-triangulated dg categories

D◦
− D

J∗
−oo

J∗
+ // D◦

+

Suppose further that J∗
−, J

∗
+ admit fully faithful left and right adjoints so that we have

adjoint triples

(J−!, J
∗
−, J−∗) (J+!, J

∗
+, J+∗)

Thus we have the right admissible dg subcategories

D◦
−! = J−!(D◦

−) D◦
+! = J+!(D◦

+)

and the left admissible dg subcategories

D◦
−∗ = J−∗(D◦

−) D◦
+∗ = J+∗(D◦

+)

Introduce the dg subcategories

D− = ker(J∗
+) =

⊥(D◦
+∗) = (D◦

+!)
⊥ D+ = ker(J∗

−) =
⊥(D◦

−∗) = (D◦
−!)

⊥

with embeddings denoted by

D−

I−! // D D+

I+∗oo

Note that D−,D+ are left and right admissible so that we have adjoint triples

(I∗−, I−!, I
!
−) (I∗+, I+!, I

!
+)

and further that

D◦
−∗ = (D+)

⊥ D◦
−! =

⊥(D+) D◦
+∗ = (D−)

⊥ D◦
+! =

⊥(D−)
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Definition 2.5. A spherical pair is a diagram

D◦
− D

J∗
−oo

J∗
+ // D◦

+

of functors admitting fully faithful left and right adjoints so that:
(SP1) The compositions

J∗
+J−∗ : D◦

−
// D◦

+ J∗
−J+∗ : D◦

+
// D◦

−

are equivalences.
(SP2) The compositions

I !+I−! : D−
// D+ I !−I+! : D+

// D−

are equivalences.

Remark 2.6. If the compositions of (SP1) are equivalences, their respective inverses are given
by the adjoint compositions

J∗
−J+! : D◦

+
// D◦

− J∗
+J−! : D◦

−
// D◦

+

and similarly if the compositions of (SP2) are equivalences, their respective inverses are given
by the adjoint compositions

I∗−I+! : D+
// D− I∗+I−! : D−

// D+

Lemma 2.7. Suppose the compositions

J∗
−I−! : D−

// D◦
− J∗

+I+! : D+
// D◦

+

are conservative. Then (SP1) implies (SP2).

Proof. Let G ∈ D+. We will construct a functorial equivalence

I !+I−!I
∗
−I+!G ≃ G

and leave the other parallel equivalences to the reader.
Let F ∈ D. By assumption, we have a triangle

J+!J
∗
+F // F // I−!I

∗
−F

and so can view I−!I
∗
−F as the complex

J+!J
∗
+F [1] // F

Again by assumption, we have a triangle

J−∗J
∗
−J+!J

∗
+F [1] // J−∗J

∗
−F

J+!J
∗
+F [1]

OO

// F

OO

I+!I
!
+J+!J

!
+F [1]

OO

// I+!I
!
+F

OO
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and so can view I+!I
!
+I−!I

∗
−F as the total complex

J−∗J
∗
−J+!J

∗
+F // J−∗J

∗
−F [−1]

J+!J
∗
+F [1]

OO

// F

OO

Now set F = I+!G ∈ D+. Then J∗
−F ≃ J∗

−I+!G ≃ 0, so we can view I+!I
!
+I−!I

∗
−F as the

total complex

J−∗J
∗
−J+!J

∗
+F // 0

J+!J
∗
+F [1]

OO

// F

OO

Since the total complex I+!I
!
+I−!I

∗
−F and the right vertical complex F = I+!G both result

from applying I+! to an object of D+, the left vertical complex does as well. Since applying
J∗
+ to the left vertical arrow produces an equivalence, the left vertical arrow must already be

an equivalence since J∗
+I+! is conservative and I+! is fully faithful. Thus the total complex

collapses to F itself, and we arrive at the sought-after equivalence

I+!I
!
+I−!I

∗
−I+!G = I+!I

!
+I−!I

∗
−F ≃ F = I+!G

�

Remark 2.8. We call a spherical pair conservative if the compositions of the above lemma are
conservative. A conservative spherical pair is an analogue of a perverse sheaf with no sections
strictly supported at the origin.

2.2.3. From spherical pairs to spherical functors. Given a spherical pair, introduce the diagram
of pre-triangulated dg categories

S = J∗
+|D+

: DΦ = D+
// D◦

+ = DΨ

Kapranov-Schechtman [17, Proposition 3.8] prove the following.

Proposition 2.9. S is a spherical functor with

TΨ,ℓ ≃ J∗
+J−!J

∗
−J+! TΨ,r ≃ J∗

+J−∗J
∗
−J+∗

TΦ,ℓ ≃ I
!
+I−!I

!
−I+! TΦ,r ≃ I

∗
+I−!I

∗
−I+!

Remark 2.10. Note if we start with a conservative spherical pair, then the resulting spherical
functor is conservative.

3. Geometry of M = Cn, W = z1 · · · zn

3.1. Preliminaries. Let M = Cn with coordinates za = xa + iya = rae
iθa , for a = 1, . . . , n.

Equip M with the exact symplectic form

ωM =

n∑

a=1

dxadya =

n∑

a=1

radradθa
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with primitive

αM =
1

2

n∑

a=1

(xadya − yadxa) =
1

2

n∑

a=1

r2adθa

and Liouville vector field

vM =
1

2

n∑

a=1

(xa∂xa
+ ya∂ya) =

1

2

n∑

a=1

ra∂ra

characterized by ivMωM = αM .
We will refer to the above as the conic exact symplectic structure on M . Note that the

Liouville vector field vM generates the positive real scalings of M as a vector space.

Remark 3.1. It is not particularly significant whether we work with the above symplectic
structure ωM or its opposite−ωM =

∑n
a=1 dyadxa = −

∑n
a=1 radradθa since they are exchanged

by complex conjugation. There is a modest inconvenience that ωM is compatible with the
natural identification of M× = (C×)n with (an open subspace of) T ∗(S1)n, while −ωM is
compatible with the natural identification of M = Cn with T ∗Rn.

By a Lagrangian subvariety L ⊂M , we will mean a real analytic subvariety of pure dimension
n such that the restriction of ωM to any submanifold contained within L vanishes. By an exact
Lagrangian subvariety L ⊂M , we will mean a Lagrangian subvariety that admits a continuous
function f : L → R such that the restriction of f to any submanifold contained within L
is differentiable and a primitive for the restriction of αM . By a conic Lagrangian subvariety
L ⊂M , we will mean a Lagrangian subvariety invariant under positive real scalings. Note that
any conic Lagrangian subvariety is exact with primitive any constant function.

3.1.1. Summary. In what follows, we record some standard constructions tuned to our current
setting. Our aim is to place M = C

n, with its given exact symplectic structure, within the
microlocal geometry of X = Rn.

We first introduce the contactification N = M × R, and then identify it with the one-jet
bundle JX = T ∗X×R, compatibly with the natural projections toX×R. We then observe that
the symplectification of JX = T ∗X×R is equivalent to an open conic subspace ΩX ⊂ T ∗(X×R),
compatibly with the natural projections to X × R.

The symplectification and contactification come with natural maps

ΩX
s // JX ≃ N

c // M

Given an exact Lagrangian subvariety L ⊂ M with primitive f : L→ R, we can lift it along c
to a Legendrian graph ΓL,−f ⊂ N , then transport it to JX , and finally take its inverse-image
under s to arrive at a conic Lagrangian subvariety Λ ⊂ ΩX . In this way, we will be able to
apply the tools of microlocal geometry to study the given exact symplectic geometry.

Remark 3.2. In what follows, we set conventions so that taking the symplectification of the
contactification of a conic open subspace ΩZ ⊂ T

∗Z produces again such a conic open subspace

Ω′
Z = {((z, t), (ζ, η) | (z, ζ) ∈ ΩZ , η > 0} ⊂ T ∗(Z × R)

Therefore given a conic Lagrangian subvariety Λ ⊂ ΩZ , the associated conic Lagrangian sub-
variety Λ′ ⊂ Ω′

Z will have equivalent microlocal geometry.
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3.1.2. Contactification. Given an exact symplectic manifold M , with symplectic form ωM , and
primitive dαM = ωM , we will take its contactification to be the contact manifold N =M × R,
with contact form λN = dt + αM , and contact structure ξN = ker(λN ). Here and in what
follows, we often write t for a coordinate on R. (The choice of λN = dt + αM rather than
dt− αM is in the name of the consistency mentioned in Remark 3.2.)

Let us return to specifically M = Cn with its conic exact symplectic structure.
Consider the contactification N =M × R = C

n × R, with the contact form

λN = dt+ αM = dt+
1

2

n∑

a=1

(xadya − yadxa) = dt+
1

2

n∑

a=1

r2adθa

and cooriented contact structure

ξN = ker(λN ) ⊂ TN

By a Legendrian subvariety L ⊂ N , we will mean a real analytic subvariety of pure dimension
n such that any submanifold contained within L is tangent to the contact structure ξN .

Note that an exact Lagrangian subvariety L ⊂M equipped with a primitive f : L→ R lifts
to a Legendrian graph

ΓL,−f = {(x,−f(x)) |x ∈ L} ⊂M × R = N

In particular, a conic Lagrangian submanifold L ⊂M lifts to the trivial graph

ΓL,0 = L× {0} ⊂M × R = N

3.1.3. Identification with one-jets. Let X be an n-dimensional smooth manifold.
Let πX : T ∗X → X be the cotangent bundle, with points denoted by pairs (x, ξ) ∈ T ∗X

with x ∈ X a point, and ξ ⊂ T ∗
xX a covector. We will equip T ∗X with its canonical one-form

αX =
n∑

a=1

ξadxa

and symplectic form

ωX = dαX =
n∑

a=1

dξadxa

Recall that the graph Γdf ⊂ T ∗X of the differential of a function f : X → R is an exact
Lagrangian submanifold with canonical primitive f ◦ πX |Γdf

: Γdf → R.
Let JX = T ∗X×R→ X be the one-jet bundle, with points denoted by triples (x, ξ, t) ∈ JX

with (x, ξ) ∈ T ∗X a point and covector, and t ∈ R a number. We will equip JX with its
canonical contact form

λX = dt− αX = dt−
n∑

a=1

ξaxa

and cooriented contact structure

ξX = ker(λX) ⊂ TJX

Recall that the one-jet Jf ⊂ JX of a function f : X → R is a Legendrian submanifold.
Note that by our conventions, the diffeomorphism

JX
∼ // JX (x, ξ, t) ✤ // (x,−ξ, t)
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intertwines the canonical contact form λX = dt− αX with the contact form dt+ αX arisingon
JX as the contactification of T ∗X following our conventions.

Now set X = Rn with coordinates xa, for a = 1, . . . , n.
Consider the linear Lagrangian fibration given by taking real parts

p :M = Cn // Rn = X p(z1, . . . , zn) = (x1, . . . , xn)

Note that p is equivariant for real scalings and invariant under conjugation. There is a unique
lift to a Legendrian fibration

q : N = C
n × R // Rn × R = X × R q(z1, . . . , zn, t) = (x1, . . . , xn, t+

1
2

∑n
a=1 xaya)

such that the last component of q vanishes on Legendrian lift Rn×{0} ⊂ Cn×R = N of the real
subspace Rn ⊂ Cn =M regarded as a section of p. Note that q is equivariant for simultaneous
real scalings of the x, z components and squared real scalings of the last components. It is
also equivariant for simultaneous conjugation of the z components and negation of the last
component.

There is a cooriented contactomorphism

N
∼ // JX (z1, . . . , zn, t)

✤ // ((x1, . . . , xn), (y1, . . . , yn), t+
1
2

∑n
a=1 xaya)

intertwining the Legendrian projection q : N → X × R and front projection JX → X × R.
Note that it is equivariant for simultaneous real scalings of the x, y, z components and squared
real scalings of the last components. It is also equivariant for simultaneous conjugation of the
z components and negation of the y components and last components.

Remark 3.3. The above contactomorphism is an instance of the general observation: given
two primitives dαM = ωM , dα′

M = ωM for a symplectic form on a manifold M , if the difference
αM − α′

M is exact, then any primitive df = αM − α′
M provides a diffeomorphism

F :M × R
∼ // M × R F (m, t) = (m, t+ f(m))

intertwining the respective contact forms F ∗(dt+ α′
M ) = dt+ αM .

3.1.4. Symplectification. Let Z be an (n+ 1)-dimensional smooth manifold.
Let π∞

Z : S∞Z → Z be the spherically projectivized cotangent bundle, with points denoted
by pairs (z, [ξ]) ∈ S∞Z with z ∈ Z a point and [ξ] = R>0 · ξ ⊂ T ∗

z Z \ {(z, 0)} a nontrivial
ray. Consider the canonical line bundle LZ → S∞Z with fiber at (z, [ξ]) ∈ S∞Z the line
R · ξ ⊂ T ∗

z Z. The canonical one-form αZ on T ∗Z descends to a L∨Z -valued one-form λ∞Z on
S∞Z whose kernel defines a cooriented contact structure ξ∞Z ⊂ TS

∞Z.
A choice of Riemannian metric on Z provides an identification of S∞Z with the resulting

unit cosphere bundle U∗Z ⊂ T ∗Z, and equivalently, a trivialization of the canonical line bun-
dle LZ → S∞Z. In this case, the then untwisted one-form λ∞Z on S∞Z corresponds to the
restriction of the canonical one-form αZ to U∗Z

Next, suppose Z = X × R, for an n-dimensional smooth manifold X .
Introduce the open subspace

ΥX = {(x, t), [ξ, η]) | η > 0} ⊂ S∞(X × R)

and fix the diffeomorphism

JX
∼ // Υ (x, ξ, t) ✤ // ((x, t), [−ξ, 1])

respecting the natural projections to X ×R. The canonical line bundle LX×R → S∞(X×R) is
canonically trivialized over the image, and the pullback of the thus untwisted one-form λ∞X×R

on
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S∞(X ×R) is equal to the canonical contact form λX on JX . Thus the above diffeomorphism
furnishes a cooriented contactomorphism.

Now set Z = X × R = Rn × R.
The composition of our previous two cooriented contactomorphisms provides a cooriented

contactomorphism

ψ : N
∼ // JX

∼ // ΥX

ψ(z1, . . . , zn, t) = ((x1, . . . , xn), t+
1
2

∑n
a=1 xaya), [−y1, . . . ,−yn, 1])

intertwining the Legendrian projection q : N → X×R and the natural projection ΥX → X×R.
Note that it is equivariant for simultaneous real scalings of the x, y, z components and squared
real scalings of the additional components. It is also equivariant for simultaneous conjugation
of the z components and negation of the y, t components and last base component.

For compatibility with standard refererences, which often adopt the setting of exact sym-
plectic rather than contact geometry, it is useful to go one step further.

Let us regard T ∗(X × R) \ (X × R) as the symplectification of S∞(X × R). Introduce the
symplectification of the open subspace ΥX ⊂ S∞(X×R) in the form of the conic open subspace

ΩX = {((x, t), (ξ, η)) | η > 0} ⊂ T ∗(X × R) \ (X × R)

Here and in what follows, we say a subvariety of T ∗(X × R) is conic if it is invariant under
positive real scalings of the cotangent fibers.

Note that taking the inverse-image under the natural map ΩX → ΥX induces a bijection
from subvarieties of ΥX to conic subvarieties of ΩX .

Definition 3.4. To an exact Lagrangian subvariety L ⊂ M with primitive f : L → R, we
define the associated Lagrangian subvariety Λ ⊂ ΩX as follows.

First, we lift L ⊂ M to the Legendrian graph ΓL,−f ⊂ N in the contactification, then
transport ΓL,−f ⊂ N to the Legendrian subvariety Λ∞ = ψ(ΓL,−f ) ⊂ ΥX , and finally take
Λ ⊂ ΩX to be the inverse image of Λ∞ ⊂ ΥX under the natural map ΩX → ΥX .

To a conic Lagrangian subvariety L ⊂M , we always take the zero function as primitive, and
then define the associated Lagrangian subvariety Λ ⊂ ΩX as above.

Remark 3.5. By construction, the associated Lagrangian subvariety Λ ⊂ ΩX of an exact
Lagrangian subvariety L ⊂M with primitive f : L→ R is always conic with respect to positive
real scalings of the cotangent fibers.

For a conic Lagrangian subvariety L ⊂M , the associated Lagrangian subvariety Λ ⊂ ΩX is
additionally conic with respect to the commuting Hamiltonian scaling action

r · ((x, t), (ξ, η)) = ((rx, r2t), (r−1ξ, r−2η)) r ∈ R>0

induced by the scaling action r · (x, t) = (rx, r2t) on the base. To see this, note that Λ ⊂ ΩX
is conic with respect to the scaling action

r · ((x, t), (ξ, η)) = ((rx, r2t), (rξ, η)) r ∈ R>0

and this simply differs from the asserted action by the corresponding squared scalings of the
cotangent fibers under which Λ ⊂ ΩX is already invariant.

Furthermore, the above Hamiltonian scaling action contracts the pair Λ ⊂ ΩX to a neigh-
borhood of the positive codirection

{((0, 0), (0, η)) | η > 0} ⊂ ΩX

We will use the term biconic to summarize the above structure of the pair Λ ⊂ ΩX .



20 DAVID NADLER

3.1.5. Symmetries. Let S1 = R/2πZ, and T = (S1)n, with Lie algebra t = Rn. There is a
Hamiltonian T -action on M = Cn by coordinate rotation

(θ1, . . . , θn) · (z1, . . . , zn) = (eiθ1z1, . . . , e
iθnzn)

with moment map

µ : M // t∗ µ(z1, . . . , zn) = (r21/2, . . . , r
2
n/2)

It preserves the conic exact symplectic structure, and its fixed locus is the origin 0 ∈M .
There is an induced T -action on the contactification N = Cn × R which is trivial on the

additional factor

(θ1, . . . , θn) · (z1, . . . , zn, t) = (eiθ1z1, . . . , e
iθnzn, t)

It preserves the contact structure, and its fixed locus is the transverse curve {0} × R ⊂ N .
By transport along the contactomorphism

ψ : N
∼ // ΥX ⊂ S∞(X × R)

there is an induced T -action on the open subspace ΥX ⊂ S∞(X ×R). It preserves the contact
structure, and its fixed locus is the transverse curve {((0, t), [0, 1])} ⊂ ΥX .

There is an induced Hamiltonian T -action on the symplectification ΩX ⊂ T ∗(X × R) with
moment map

ν : ΩX
s // ΥX

ψ−1

// N
c // M

µ // t∗

where s : ΩX → ΥX is the projection of the symplectification, and c : N →M is the projection
of the contactification. It preserves the conic exact symplectic structure, and its fixed locus is
the conic symplectic surface {(0, t), (0, η)) | η > 0} ⊂ ΩX .

Remark 3.6. Tracing back through the constructions, the Hamiltonian T -action on ΩX orig-
inates by viewing T as a maximal torus in the symplectic group of the contact plane at the
point ((0, 0), [0, 1]) ∈ Ω∞

X .

Finally, it is useful to recast the Hamiltonian T -action on ΩX in the form of the action
Lagrangian correspondence

LT,ΩX
⊂ ΩX × ΩaX × T

∗T

LT,ΩX
= {(ω1,−ω2, (g, ζ)) ∈ ΩX × ΩaX × T

∗T |ω1 = g · ω2, ν(ω1) = ζ}

where ΩaX ⊂ T
∗(X×R) denotes the antipodal subspace with respect to the negation of covectors.

Note the diffeomorphism

LT,ΩX

∼ // ΩX × T (ω1,−ω2, (g, ζ))
✤ // (ω1, g)

In particular, for g ∈ T , there is the action Lagrangian correspondence

Lg,ΩX
⊂ ΩX × ΩaX

Lg,ΩX
= {(ω1,−ω2) ∈ ΩX × ΩaX |ω1 = g · ω2}

Remark 3.7. Fix g = (θ1, . . . , θn) ∈ T .
Let Yg ⊂ (X × R) × (X × R) be the front projection of Lg,ΩX

⊂ ΩX × ΩaX . To describe it,
let (x1, . . . , xn, t), (x

′
1, . . . , x

′
n, t

′) be coordinates on the two factors of (X × R)× (X × R).
First, points of Yg always satisfy t′ = t. If θa = 0, they satisfy x′a = xa, and if θa = π, they

satisfy x′a = −xa. Otherwise, the projection (xa, x
′
a) : Yg → R2 is a fibration.

Thus Yg ⊂ (X×R)×(X×R) is a smooth submanifold with codimYg = 1+#{a | θa = 0 or π},
and Lg,ΩX

⊂ ΩX × ΩaX is the intersection of ΩX with its conormal bundle.
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3.2. Lagrangian skeleta. We continue with M = Cn and the above setup.
Introduce the superpotential

W :M // C W (z1, . . . , zn) = z1 · · · zn

Set M0 =W−1(0), M× =W−1(C×) = (C×)n.
For θ ∈ S1, let C×(θ) ⊂ C× be the open ray

C×(θ) = {z = reiθ | r ∈ R>0}

For Θ ⊂ S1 a nonempty finite subset, let C(Θ) ⊂ C be the closed union of rays

C(Θ) = {0} ∪
∐
θ∈Θ C×(θ)

Set M(Θ) =W−1(C(Θ)) and M×(θ) =W−1(C×(θ)) so that

M(Θ) =M0 ∪
∐
θ∈ΘM

×(θ)

When Θ = {θ} is a single element, we write C(θ) in place of C(Θ), and M(θ) in place ofM(Θ).
Fix a point z = (z1, . . . , zn) ∈ Cn with polar coordinates za = rae

iθa , for a = 1, . . . , n.
Let ℓ = {r1, . . . , rn} ⊂ R≥0 be the set of lengths of the coordinates, and ℓ0 ∈ ℓ the minimum
length. Let Imin ⊂ {1, . . . , n} comprise those indices a ∈ {1, . . . , n} whose coordinate is of
minimal length ra = ℓ0. Note a 6∈ Imin implies in particular ra > 0.

Introduce the subspace L(Θ) ⊂M(Θ) cut out by the equations

θa = 0, for a 6∈ Imin

Note that L(Θ) ⊂ M is closed since M(Θ) ⊂ M is closed, and L(Θ) ⊂ M(Θ) results from
imposing the above additional equations that become weaker as Imin increases in size. When
Θ = {θ} is a single element, we write L(θ) in place of L(Θ).

There is a natural decomposition of L(Θ) into conic isotropic locally closed submanifolds.
We have the initial decomposition

L(Θ) = L0 ∪
∐
θ∈Θ L

×(θ)

L0 = L(Θ) ∩M0 L×(θ) = L(Θ) ∩M×(θ)

For each nonempty subset I ⊂ {1, . . . , n}, introduce the subspace IL0 ⊂ L0 of points with
Imin = I. This is the locally closed submanifold cut out by the equations

ra = 0, for a ∈ I ra > 0, for a 6∈ I θa = 0, for a 6∈ I

Its codimension is n+ |I| and it is clearly isotropic.
For each nonempty subset I ⊂ {1, . . . , n}, introduce the subspace IL×(θ) ⊂ L×(θ) of points

with Imin = I. This is the locally closed submanifold cut out by the equations

ra > 0, for all a ra = rb, for a, b ∈ I ra < rb, for a ∈ I, b 6∈ I

θa = 0, for a 6∈ I
∑

a θa = θ

Its codimension is n and it is clearly isotropic hence Lagrangian.
Finally, for each nonempty subset I ⊂ {1, . . . , n}, note the natural identification

IL0 ∪ IL×(θ) ≃ Cone((S1)|I|−1)× R
n−|I|
>0
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Example 3.8. When I = {1, . . . , n}, we have IL0 = {0} and also

IL×(θ) = {(reiθ1 , . . . , reiθn) | r > 0,
∑
a θa = θ} ≃ (S1)n−1 × R>0

so that their union is the closed Lagrangian cone

IL0 ∪ IL×(θ) ≃ Cone((S1)n−1)

Lemma 3.9. L(Θ) ⊂M is a closed conic Lagrangian.

Proof. We have noted that L(Θ) ⊂ M is closed. Each piece IL0, IL(θ) ⊂ M is conic and
isotropic. Moreover, we have seen that IL0 is in the closure of IL×(θ) and the latter is of
dimension n. Thus L(Θ) ⊂M is Lagrangian. �

Definition 3.10. (Lagrangian skeleton) By a Lagrangian skeleton for M = C
n, W = z1 · · · zn,

we will mean the closed conic Lagrangian subvariety L(θ) ⊂M , for some θ ∈ S1.

3.3. Microlocal interpretation. Fix the standard identification T ∗S1 ≃ S1×R with canoni-
cal coordinates (θ, ξ). We have the canonical one-form α = ξdθ, symplectic form ω = dα = dξdθ,
and Liouville vector field v = ξ∂ξ.

Introduce the product torus T = (S1)n. Fix the standard identification T ∗T ≃ T ×Rn with
canonical coordinates (θ1, . . . , θn, ξ1, . . . , ξn). We have the canonical one-form α =

∑n
a=1 ξadθa,

symplectic form
∑n

a=1 ω = dαa = dξadθa, and Liouville vector field v =
∑n
a=1 ξa∂ξa .

Introduce the open subspaces

T>0S1 = {ξ > 0} ⊂ T ∗S1 T>0T = (T>0S1)n ⊂ T ∗T

and the exact symplectic identification

ϕ :M× = (C×)n
∼ // T>0T

ϕ(r1e
iθ1 , . . . , rne

iθn) = (θ1, . . . , θn, r
2
1/2, . . . , r

2
n/2)

Note that ϕ is equivariant for the natural T -actions, and the codirection component of ϕ is
simply the restriction of the moment map µ.

Fix θ ∈ S1. Recall the Lagrangian skeleton L(θ) ⊂ M , and specifically its open subspace
L×(θ) ⊂M×, with locally closed submanifolds IL×(θ) ⊂ L×(θ), for nonempty I ⊂ {1, . . . , n}.

Transporting them along the above identification, we obtain a corresponding conic La-
grangian with locally closed submanifolds

L>0(θ) = ϕ(L×(θ)) IL>0(θ) = ϕ(IL×(θ))

Our aim in this section is to describe them in microlocal terms.

3.3.1. Lagrangians via cones. Continue with T = (S1)n, so that

χ∗(T ) = Hom(S1, T ) ≃ Zn χ∗(T ) = Hom(T, S1) ≃ Zn

t = χ∗(T )⊗Z R ≃ Rn t∗ = χ∗(T )⊗Z R ≃ Rn

Similarly, set T+ = S1 × T , with

χ∗(T
+) = Hom(S1, T+) ≃ Z1+n χ∗(T+) = Hom(T+, S1) ≃ Z1+n

t+ = χ∗(T
+)⊗Z R ≃ R1+n (t+)∗ = χ∗(T+)⊗Z R ≃ R1+n

Let e0, e1, . . . , en ∈ χ
∗(T+) be the coordinate vectors, so that t = {e0 = 0} ⊂ t+.
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Let τ ∈ [0, 2π) be the lift of θ ∈ S1 = R/2πZ, and define

δ = e1 + · · ·+ en ∈ χ∗(T ) δ+ = −(τ/2π)e0 + e1 + · · ·+ en ∈ χ∗(T+)

and note that δ+|t = δ.
For each nonempty subset I ⊂ {1, . . . , n}, introduce the linear span

Iσlin = Span({δ} ∪ {ea | a 6∈ I}) ⊂ t∗

Introduce also the relatively open cones

Iσ = Span>0({δ} ∪ {ea | a 6∈ I}) ⊂ t∗ Iσ+ = Span>0({δ
+} ∪ {ea | a 6∈ I}) ⊂ (t+)∗

where by the positive span we require that all of the listed vectors have positive coefficients.
Note that Iσ+|t = Iσ, and also that I1 ⊂ I2 implies I2σ ⊂ I1σ, I2σ

+ ⊂ I1σ
+.

Introduce the affine subspace t
+
aff = {e0 = 1} ⊂ t+ and the canonical identification t

+
aff ≃ t

preserving the coordinates e1, . . . , en. Introduce the orthogonal subspace

(Iσ+)⊥ = {v ∈ t+ | 〈v, λ〉 = 0, for all λ ∈ Iσ+} ⊂ t+

and the affine subspace

(Iσ+)⊥aff = (Iσ+)⊥ ∩ t
+
aff ⊂ t

+
aff ≃ t.

Note that I1 ⊂ I2 implies (Iσ+
1 )

⊥ ⊂ (Iσ+
2 )

⊥, (Iσ+
1 )

⊥
aff ⊂ (Iσ+

2 )
⊥
aff .

Consider the natural projection q : t→ t/χ∗(T ) ≃ T , and form the image

IS = q((Iσ+)⊥aff ) ⊂ T

Note that I1 ⊂ I2 implies I1S ⊂ I2S.
Note also when I = {1, . . . , n}, we have that IS ⊂ T is cut out by the equation

∑
a θa = θ,

since (Iσ+)⊥aff ⊂ t is cut out by the equation
∑

a va = τ/2π. More generally, for any nonempty

subset I ⊂ {1, . . . , n}, we have that IS ⊂ T is cut out by the further equations θa = 0, for
a 6∈ I, since (Iσ+)⊥aff ⊂ t is cut out by the further equations va = 0, for a 6∈ I.

Let T ∗T be the cotangent bundle of T with its natural identification T ∗T ≃ T × t∗. For each
nonempty subset I ⊂ {1, . . . , n}, introduce the conic Lagrangian subspaces

IS × Iσlin ⊂ T × t∗ IS × Iσ ⊂ T × t∗

and note the identification
T ∗
IST = IS × Iσlin

Recall the conic locally closed Lagrangian submanifolds

IL>0(θ) ⊂ (T>0(S1))n ⊂ T × t∗

Lemma 3.11. For a nonempty subset I ⊂ {1, . . . , n}, inside of T ∗T ≃ T × t∗, we have

IL>0(θ) = IS × Iσ

Proof. Recall that IL×(θ) ⊂M× is cut out by the equations

ra > 0, for all a ra = rb, for a, b ∈ I ra < rb, for a ∈ I, b 6∈ I

θa = 0, for a 6∈ I
∑

a θa = θ

Recall that IL>0(θ) = ϕ(IL×(θ)) for the exact symplectic identification

ϕ :M× = (C×)n
∼ // (T>0(S1))n ⊂ T ∗((S1)n)
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ϕ(r1e
iθ1 , . . . , rne

iθn) = (θ1, r
2
1/2, . . . , θn, r

2
n/2)

Therefore IL>0(θ) ⊂ T ∗T is cut out by the similar equations

ξa > 0, for all a ξa = ξb, for a, b ∈ I ξa < ξb, for a ∈ I, b 6∈ I

θa = 0, for a 6∈ I
∑

a θa = θ

Now we can simply match formulas. We have seen that the last two of the above collections
of equations together cut out IS ⊂ T . The first three describe precisely what it means to be
in the positive cone Iσ = Span>0({δ} ∪ {ea | a 6∈ I}) ⊂ t. �

3.3.2. Structure when θ = 0. Let us focus further on the case θ = 0 ∈ S1.
Consider the diagonal character

δ : T // S1 δ(θ1 . . . , θn) = θ1 + · · ·+ θn

Introduce the subtorus T ◦ = ker(δ) ⊂ T , with Lie algebra t◦ ⊂ t, and note

χ∗(T
◦) = Hom(S1, T ◦) ≃ {δ}⊥ ⊂ χ∗(t) χ∗(T ◦) = Hom(T ◦, S1) ≃ χ∗(T )/ Span({δ})

Let Σ ⊂ t∗ be the complete real fan with rays e1, . . . , en ∈ χ∗(T ◦) the images of the coordinate
vectors e1, . . . , en ∈ χ∗(T ) under the quotient map χ∗(T ) → χ∗(T ◦). Note that nonempty
subsets I ⊂ {1, . . . , n} index the positive cones σ = Span>0({ea | a 6∈ I}) ⊂ Σ, and in particular,
the subset I = {1, . . . , n} indexes the origin σ = {0} ⊂ Σ.

Remark 3.12. Let Ť ◦ = SpecC[χ∗(T
◦)] denote the complex torus dual to T ◦. Then the

complete fan Σ ⊂ χ∗(T ◦) corresponds to the Ť ◦-toric variety P
n−1.

For each positive cone σ ⊂ Σ, introduce the orthogonal subspace

σ⊥ = {v ∈ t◦ | 〈v, λ〉 = 0, for all λ ∈ σ} ⊂ t◦

Consider the natural projection q : t◦ → t◦/χ∗(T
◦) ≃ T ◦, and form the image

σT ◦ = q(σ⊥) ⊂ T ◦

Define ΛΣ ⊂ T ∗T ◦ ≃ T ◦ × (t◦)∗ to be the conic Lagrangian

ΛΣ =
⋃

σ⊂Σ

σT ◦ × σ ⊂ T ◦ × (t◦)∗

Remark 3.13. As we will discuss later, the conic Lagrangian ΛΣ ⊂ T ∗T ◦ is the mirror skeleton
to the Ť ◦-toric variety Pn−1.

The inclusion T ◦ ⊂ T induces a natural Lagrangian correspondence

T ∗T ◦

∼

��

T ∗T ×T T
◦poooo

∼

��

� � i // T ∗T

∼

��
T ◦ × (t◦)∗ T ◦ × t∗oooo � � // T × t∗

compatible with the natural projection t∗ → t∗/ Span({δ}) ≃ (t◦)∗.
Recall the conic Lagrangian L>0(0) ⊂ T ∗T , and its locally closed submanifolds IL>0(0) ⊂

T ∗T , for nonempty subsets I ⊂ {1, . . . , n}.
Introduce the corresponding conic Lagrangian and locally closed submanifolds

Λ◦ = p(i−1(L>0(0))) ⊂ T ∗T ◦ IΛ◦ = p(i−1(IL>0(0))) ⊂ T ∗T ◦
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Note that L>0(0) in fact already lies in T ∗T ×T T ◦, since its points satisfy
∑n

a=1 θa = 0, so
the inverse image i−1 is unnecessary in the above formulas.

Note also that the fibers of p are the cosets of the line Span({δ}) ≃ R, and their intersections
with L>0(0) are cosets of the positive ray Span>0({δ}) ≃ R>0. Thus the projection L>0(0)→
Λ◦ is simply an R>0-bundle.

Lemma 3.14. Inside of T ∗T ◦, we have

Λ◦ = ΛΣ IΛ◦ = σT ◦ × σ

where a nonempty subset I ⊂ {1, . . . , n} indexes the positive cone σ = Span>0({ea | a 6∈ I}) ⊂ Σ.

Proof. The second assertion refines the first. For the second, by Lemma 3.11, we have

IL>0(0) ≃ IS × Iσ

where IS = q(σ⊥) ⊂ T ◦ since τ = 0, and Iσ = Span>0({δ} ∪ {ea | a 6∈ I}) ⊂ t∗. Hence
IS = σT ◦, and Iσ projects to σ. �

3.4. Canonical section. Recall for any θ ∈ S1, the Lagrangian skeleton L(θ) ⊂ M admits a
decomposition

L(θ) = L0 ∪
∐
θ∈Θ L

×(θ)

L0 = L(θ) ∩M0 L×(θ) = L(θ) ∩M×(θ)

Recall the decomposition of L0 into the locally closed submanifolds IL0 ⊂ L0, for nonempty
subsets I ⊂ {1, . . . , n}, cut out by the equations

ra = 0, for a ∈ I θa = 0, for a 6∈ I

Note that points of L0 are completely described by their radial coordinates and the angular
coordinates are either not well-defined or set equal to zero.

Recall the complete fan Σ ⊂ (t◦)∗ with rays e1, . . . , en ∈ χ∗(T ◦) the images of e1, . . . , en ∈
χ∗(T ) under the quotient map χ∗(T )→ χ∗(T ◦). Recall that nonempty subsets I ⊂ {1, . . . , n}
index the positive cones σ = Span>0({ea | a 6∈ I}) ⊂ Σ, and in particular, the subset I =
{1, . . . , n} indexes the origin σ = {0} ⊂ Σ.

Lemma 3.15. We have a piecewise-linear homeomorphism

h0 : L0
∼ // (t◦)∗ ≃ Rn−1 h0(r1, . . . , rn) = −r1e1 − · · · − rnen

that takes the locally closed submanifold IL0 ⊂ L0 homeomorphically to the corresponding
opposite cone −σ ⊂ −Σ.

Proof. Note that L0 ⊂ M consists of n-tuples (r1, . . . , rn) ∈ M of real non-negative radii with
at least one radius equal to zero. The corresponding submanifolds and cones are cut out by the
vanishing and positivity of the respective radii and coordinate coefficients. �

Remark 3.16. Motivation for the negative signs in the definition of h0 can be found in natural
extensions of it immediately below.

Now fix a representative τ ∈ (−2π, 2π) projecting to θ ∈ S1.
We will construct a closed conic Lagrangian subvariety P (τ) ⊂ L(θ) and a homeomorphism

h = g × w : P (τ)
∼ // (t◦)∗ × C(θ) ≃ Rn−1 × R≥0
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where the second factor w : P (τ) → C(θ) is simply the restriction of the superpotential W :
M → C. Furthermore, above the origin 0 ∈ C(θ), the homeomorphism will be that of the
previous lemma

h|0 = h0 : P (τ)|0 = L0
∼ // (t◦)∗ ≃ R

n−1

For a = 1, . . . , n, fix the representative τa ∈ [0, 2π) projecting to θa ∈ S1, if τ ≥ 0, or
alternatively τa ∈ (−2π, 0], if τ < 0.

Definition 3.17 (Canonical section). Define P×(τ) ⊂ L×(θ) to be the closed conic Lagrangian
cut out by the single additional equation

∑n
a=1 τa = τ

Define P (τ) ⊂ L(θ) to be the closed conic Lagrangian P (τ) = L0 ∪ P×(τ).

Remark 3.18. Note that P (τ) is equivalently the closure of P×(τ) regarded as a subspace of
L(θ) or as a subspace of M .

Recall the decomposition of L×(θ) into the locally closed submanifolds IL×(θ), for nonempty
subsets I ⊂ {1, . . . , n}. Taking intersections, we obtain a decomposition of P×(τ) into locally
closed submanifolds

IP×(τ) = P×(τ) ∩ IL×(θ)

cut out by the equations

ra > 0, for all a ra = rb, for a, b ∈ I ra < rb, for a ∈ I, b 6∈ I

τa = 0, for a 6∈ I
∑

a τa = τ

Transporting them along the identification ϕ, we obtain a conic Lagrangian with locally
closed submanifolds

P>0(τ) = ϕ(P×(τ)) IP>0(τ) = ϕ(IP×(τ))

for nonempty subsets I ⊂ {1, . . . , n}.
Let ∆(τ) ⊂ T be the simplex with

∑n
a=1 τa = τ . Note that we have

P>0(τ) = L>0(θ)×T ∆(τ)

For a nonempty subset I ⊂ {1, . . . , n}, introduce the relatively open subsimplex I∆(τ) ⊂
∆(τ) defined by the equations τa 6= 0, for a ∈ I, and τa = 0, for a 6∈ I.

As an immediate consequence of Lemma 3.11, we have the following description.

Lemma 3.19. For a nonempty subset I ⊂ {1, . . . , n}, inside of T ∗T ≃ T × t∗, we have

IP>0(τ) = I∆(τ) × Iσ

Now set r = r1 · · · rn, and define the first factor of the sought-after homeomorphism to be

g : P (τ) // (t◦)∗ ≃ Rn−1 g(r1e
iθ1 , . . . , rne

iθn) = (rτ1 − r1)e1 + · · ·+ (rτn − rn)en

Observe that when r = 0, this clearly restricts to the homeomorphism h0.

Proposition 3.20. The map g : P (τ)→ (t◦)∗ provides the first factor of a homeomorphism

h = g × w : P (τ)
∼ // (t◦)∗ × C(θ) ≃ Rn−1 × R≥0

with second factor w : P (τ)→ C(θ) the restriction of the superpotential W :M → C.
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Proof. By Lemma 3.15, it suffices to study the restriction to P×(τ).
When τ = 0, observe that all angles vanish, P×(0) ⊂M× consists of n-tuples (r1, . . . , rn) ∈

M× of positive radii, and the map reduces to the homeomorphism

h(r1, . . . , rn) = (−r1e1 − · · · − rnen, r)

When τ > 0, observe that P×(τ) ⊂ M× consists of n-tuples (r1e
iτ1 , . . . , rne

iτn) ∈ M×

satisfying the following.
First, the angles (τ1, . . . , τn) ∈ Rn≥0 form the simplex ∆(τ).

Second, by Lemma 3.19, above I∆(τ) ⊂ ∆(τ), we have

P×(τ)|I∆ = I∆(τ) × Iσ Iσ = Span>0({e} ∪ {ea | a 6∈ I})

Thus above I∆(τ) ⊂ ∆(τ), the map takes the form

h(r1, . . . , rn, τ1, . . . , τn) = (r
∑

a∈I
τaea −

∑
b6∈I

rbeb, r)

and hence provides an inclusion

P×(τ)|I∆(τ)
� � // Rn−1 × R>0

The images of the above inclusions decompose Rn−1 × R>0 into disjoint subspaces indexed
by nonempty subsets I ⊂ {1, . . . , n}. Thus h provides a bijection

P×(τ) // Rn−1 × R>0

and by the description of Lemma 3.19, it is a homeomorphism.
When τ < 0, a similar analysis holds. �

Corollary 3.21. For τ1, τ2 ∈ (−2π, 2π) representing θ1 6= θ2 ∈ S1, the union P (τ1) ∪ P (τ2) ⊂
L(θ1) ∪ L(θ2) admits a homeomorphism

H : P (τ1) ∪ P (τ2)
∼ // (t◦)∗ × (C(θ1) ∪ C(θ2) ≃ Rn−1 × R

Proof. Take the homeomorphisms constructed above on each piece of the union P (τ1) ∪ P (τ2)
and note that they agree on the intersection L0 = P (τ1) ∩ P (τ2). �

4. Landau-Ginzburg A-model

4.1. Microlocal sheaves. This section collects mostly standard material from [18] tailored to
our setting.

4.1.1. Setup. Let Z be a real analytic manifold.
Consider the cotangent bundle and its spherical projectivization

π : T ∗Z // Z π∞ : S∞Z = (T ∗Z \ Z)/R>0
// Z

with their respective standard exact symplectic and contact structures.
For convenience, fix a Riemannian metric on Z, so that in particular we have an identification

with the unit cosphere bundle

S∞Z ≃ U∗Z ⊂ T ∗Z

Consider a closed conic Lagrangian subvariety and its Legendrian spherical projectivization

Λ ⊂ T ∗Z Λ∞ = (Λ ∩ (T ∗Z \ Z))/R>0 ⊂ S∞Z

Introduce the front projection

Y = π∞(Λ∞) ⊂ Z
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In the generic situation, the restriction

π∞|Λ∞ : Λ∞ // Y

is finite so that Y ⊂ Z is a hypersurface.
Fix S = {Zα}α∈A a Whitney stratification of Z such that Y ⊂ Z is a union of strata. Hence

we have inclusions

Λ ⊂ T ∗
SZ =

∐
α∈A T

∗
Zα
Z Λ∞ ⊂ S∞

S Z =
∐
α∈A S

∞
Zα
Z

where we take the union of conormal bundles to strata and their spherical projectivizations.

4.1.2. Sheaves. Fix a field k of characteristic zero.
Let Sh(Z) denote the dg category of constructible complexes of sheaves of k-vector spaces on

Z. Let ShS(Z) ⊂ Sh(Z) denote the full dg subcategory of S-constructible complexes. We will
abuse terminology and refer to objects of Sh(Z) as constructible sheaves. All functors between
dg categories of constructible sheaves will be derived in the dg sense, though the notation may
not explicitly reflect it.

Recall to any F ∈ Sh(Z), we can assign its singular support

ss(F) ⊂ T ∗Z

which is a closed conic Lagrangian subvariety, and also its spherical projectivization

ss∞(F) = (ss(F) \ (T ∗Z \ Z))/R>0 ⊂ S∞Z

which is a closed Legendrian subvariety.

Example 4.1. To fix conventions, suppose i : U → Z is the inclusion of an open subspace
whose closure is a submanifold with boundary modeled on a Euclidean halfspace. Then the
singular support ss(i∗kU ) ⊂ T ∗Z of the standard extension i∗kU ∈ Sh(Z) consists of the union
of U ⊂ Z and the inward conormal codirection along the boundary ∂U ⊂ Z. More precisely,
if near a point z ∈ ∂U , we have U = {f > 0}, for a local coordinate f , then ss(i∗kU )|z is the
closed ray R≥0〈df |z〉.

More generally, suppose i : U → Z is the inclusion of an open subspace whose closure
is a submanifold with corners modeled on a Euclidean quadrant. Then the singular support
ss(i∗kU ) ⊂ T ∗Z consists of the inward conormal cone along the boundary ∂U ⊂ Z. More
precisely, if near a point z ∈ ∂U , we have U = {f1, . . . , fk > 0}, for local coordinates f1, . . . , fk,
then ss(i∗kU )|z is the closed cone R≥0〈df1|z , . . . , dfk|z〉.

For a conic Lagrangian subvariety Λ ⊂ T ∗Z, we write ShΛ(Z) ⊂ Sh(Z) for the full dg
category of objects F ∈ Sh(Z) with singular support satisfying ss(F) ⊂ Λ.

The inclusion Λ ⊂ T ∗
SZ implies the full inclusion ShΛ(Z) ⊂ ShS(Z), and more generally, an

inclusion Λ ⊂ Λ′ implies the full inclusion ShΛ(Z) ⊂ ShΛ′ (Z).
For the zero-section Λ = Z, there is a canonical equivalence ShΛ(Z) ≃ Loc(Z) with the

full dg subcategory Loc(Z) ⊂ Sh(Z) of local systems. For the antipodal conic Lagrangian
subvariety −Λ ⊂ T ∗Z, Verdier duality provides a canonical equivalence

DZ : ShΛ(Z)
op ∼ // Sh−Λ(Z)

When U ⊂ Z is an open subset, we will abuse notation and write ShS(U) ⊂ Sh(U) for
complexes constructible with respect to S∩U , and ShΛ(U) ⊂ Sh(U) for complexes with singular
support lying in Λ ∩ π−1(U).
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Example 4.2. Let T ≃ (S1)n be a torus.
Let m : T × T → T be the multiplication map, and ι : T → T the inverse map. Then Sh(T )

is a tensor category with respect to convolution

F1 ⋆ F2 = m!(F1 ⊠ F2) F1,F2 ∈ Sh(T )

with unit ke ∈ Sh(T ) the skyscraper at the identity e ∈ T , and duals given by

F∨ = ι!DT (F) F ∈ Sh(T )

The full dg subcategory Loc(T ) ≃ ShT (T ) of local systems is a monoidal ideal, and admits
the non-unital monoidal Fourier description

Loc(T ) ≃ ShT (T )
∼ // Cohtors(Ť )

where Ť ≃ (Gm)n is the dual torus, and Cohtors(Ť ) its dg category of torsion sheaves.
Let i : S → T be the inclusion of a subtorus. Then Sh(S) is similarly a tensor category, and

pushforward along i induces a fully faithful tensor functor

i∗ : Sh(S) �
� // Sh(T )

Let p : T ′ → T be a covering group, possibly with infinite but discrete kernel. Then the
full dg subcategory Shc(T

′) ⊂ Sh(T ′) of objects with compact support is similarly a tensor
category, and pushforward along p induces a fully faithful tensor functor

p! ≃ p∗ : Sh(T ′) // Sh(T )

Example 4.3. Recall the torus T ◦ and the conic Lagrangian ΛΣ ⊂ T ∗T ◦ associated to the com-
plete fan Σ ⊂ (t◦)∗. Recall the dual torus Ť ◦ and that the complete fan Σ ⊂ (t◦)∗ corresponds
to the Ť ◦-toric variety Pn−1.

The full dg subcategory ShΛΣ
(T ◦) ⊂ Sh(T ◦) is a tensor subcategory, and a basic instance of

the coherent-constructible correspondence of [10, 13, 38] is a canonical tensor equivalence

ShΛΣ
(T ◦)

∼ // Coh(Pn−1)

where Coh(Pn−1) is equipped with its usual tensor product.
Alternatively, we could work with the antipodal conic Lagrangian subvariety −ΛΣ ⊂ T ∗T ◦.

The choice is largely a matter of conventions thanks to the auxiliary equivalences provided by
the inverse map and Verdier duality

ι∗ : ShΛΣ
(T ◦)

∼ // Sh−ΛΣ
(T ◦) DT◦ : Sh−ΛΣ

(T ◦)
∼ // ShΛΣ

(T ◦)op

The full dg subcategory Sh−ΛΣ
(T ◦) ⊂ Sh(T ◦) is also a tensor subcategory, and the inverse map

provides a tensor equivalence.
Let us mention two further compatibilities among many the coherent-constructible equiva-

lence enjoys:
i) For a = 1, . . . , n, introduce variables τa ∈ (0, 2π), and consider the open simplex

d : ∆ = {(τ1, . . . , τn) |
∑n

a=1 τa = 2π} �
� // T ◦

Then ss(d∗k∆) ⊂ ΛΣ, and the equivalence takes d∗k∆ ∈ ShΛΣ
(T ◦) to OPn−1(−1) ∈ Coh(Pn−1).

ii) On the one hand, recall that over the identity e ∈ T ◦, the fiber of ΛΣ is the complete fan
Σ. Moreover, recall that the smooth locus of ΛΣ|e ≃ Σ is the union of the open cones

σα = Span>0({ea | a 6= α}) ⊂ Σ α ∈ {1, . . . , n}
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Given a covector (e, ξα) ∈ σα in such an open cone, we can form the vanishing cycles

φα : ShΛΣ
(T ◦) // Perfk φα(F) = Γ{fα≥0}(U ;F)

where fα : T ◦ → R is any smooth function with fα(e) = 0, dfα|e = ξα, and U ⊂ T ◦ is a
sufficiently small open ball around e.

On the other hand, for α ∈ {1, . . . , n}, introduce the inclusion of the α-coordinate line

iα : pt = {[eα]}
� � // Pn−1

and the induced pullback functor

i∗α : Coh(Pn−1) // Coh(pt) ≃ Perfk

Then the equivalence extends to a commutative diagram

ShΛΣ
(T ◦)

φα %%❑❑
❑❑

❑❑
❑❑

❑❑

∼ // Coh(Pn−1)

i∗αyyrrr
rr
rr
rr
r

Perfk

4.1.3. Microlocal sheaves. Let ΩZ ⊂ T ∗Z be a conic open subspace, and let Λ ⊂ T ∗Z be a
closed conic Lagrangian subvariety. Only the intersection Λ ∩ ΩZ will play a role, and we will
often not specify Λ outside of ΩZ .

Let µShΛ(ΩZ) denote the dg category of microlocal sheaves on ΩZ supported along Λ. It is
useful to view µShΛ(ΩZ) as the sections over Λ of a natural sheaf of dg categories with local
sections admitting the following concrete descriptions. Note for (x, ξ) ∈ Λ there are two local
cases: either 1) ξ = 0 so that locally ΩZ is the cotangent bundle T ∗B of a small open ball
B ⊂ Z, or 2) ξ 6= 0 so that locally ΩZ is the symplectification of a small open ball Ω∞

Z ⊂ S
∞Z.

Case 1) For B = π(ΩZ), there is always a canonical functor ShΛ(B)→ µShΛ(ΩZ), and when
ΩZ = T ∗B, this functor is in fact an equivalence

ShΛ(B)
∼ // µShΛ(T

∗B)

Case 2) Suppose ΩZ ⊂ T ∗Z is the symplectification of a small open ball Ω∞
Z ⊂ S∞Z. By

applying a contact transformation, we may arrange to be in the generic situation where the
front projection

π∞|Λ∞ : Λ∞ // Y

is finite so that Y = π∞(Λ∞) ⊂ Z is a hypersurface.
For B = π(ΩZ), the natural functor ShΛ(B) → µShΛ(ΩZ) induces an equivalence on the

quotient dg category

ShΛ(B)/Loc(B)
∼ // µShΛ(ΩZ)

where Loc(B) ⊂ Sh(B) denotes the full dg subcategory of local systems, or in other words
complexes with singular support lying in the zero-section B ⊂ T ∗B.

Alternatively, in this case, introduce the respective full dg subcategories

ShΛ(B)0∗ ⊂ ShΛ(B) ShΛ(B)0! ⊂ ShΛ(B)

of complexes F ∈ ShΛ(B) with no sections and no compactly-supported sections

Γ(B,F) ≃ 0 Γc(B,F) ≃ 0
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Then the natural functor ShΛ(B)→ µShΛ(ΩZ) restricts to equivalences

ShΛ(B)0∗
∼ // µShΛ((ΩZ) ShΛ(B)0!

∼ // µShΛ((ΩZ)

More generally, if we happen not to be in the generic situation, let ShΛ(B,ΩZ) ⊂ Sh(B)
denote the full dg subcategory of objects F ∈ Sh(B) with singular support satisfying ss(F) ∩
ΩZ ⊂ Λ. Then there is a natural equivalence

ShΛ(B,ΩZ)/K(B,ΩZ)
∼ // µShΛ(ΩZ)

where K(B,ΩZ) ⊂ ShΛ(B,ΩZ) denotes the full dg subcategory of objects F ∈ Sh(B) with
singular support satisfying ss(F) ∩ΩZ = ∅.

Remark 4.4. We will not encounter complicated gluing for microlocal sheaves.
When not in Case 1), we will have a contracting action α : R>0 × Z → Z with a unique

fixed point, the pair Λ ⊂ ΩZ will be biconic for the additional induced Hamiltonian action and
contracted by it to a neighborhood of a single codirection based at the fixed point. Thus the
situation will be equivalent to Case 2), and we will have an equivalence

Shcon
Λ (Z,ΩZ)/K

con(Z,ΩZ)
∼ // µShΛ(ΩZ)

where Shcon
Λ (Z,ΩZ) ⊂ ShΛ(Z,ΩZ), K

con(Z,ΩZ) ⊂ K(Z,ΩZ) denote the respective full dg
subcategories of α-conic objects. In this way, we will be able to work with µShΛ(ΩZ) concretely
as a localization of Shcon

Λ (Z,ΩZ) all at once, and in particular be in the local setting studied in
detail in [18, Ch. VI]. See Remark 3.5 for the precise situation we will encounter.

Remark 4.5. We will primarily work with microlocal sheaves supported along a fixed closed
conic Lagrangian subvariety Λ ⊂ ΩZ . An inclusion Λ ⊂ Λ′ of such induces a full embedding
µShΛ(ΩZ) ⊂ µShΛ′(ΩZ). It is sometimes convenient to not specify the support, for example if
we have a collection of Λ ⊂ ΩZ in mind, and then we will write µSh(ΩZ) for the union of the
dg categories µShΛ(ΩZ) over all such Λ ⊂ ΩZ under consideration.

Example 4.6. Suppose Z = R. Inside of T ∗R ≃ R × R, introduce the conic Lagrangian
subvariety and conic open subspace

Λ = R ∪ {(0, η) | η > 0} ΩZ = {(t, η) | η > 0}

Then there are canonical equivalences

Perfk
∼ // ShΛ(Z)

0
!

∼ // µShΛ(ΩZ) V ✤ // j+∗p
∗V

induced by the correspondence

pt R<0

p+oo � � j+ // R

Similarly, there are canonical equivalences

Perfk
∼ // ShΛ(Z)

0
∗

∼ // µShΛ(ΩZ) V ✤ // j−!p
!
−V

induced by the correspondence

pt R<0

p−oo � � j− // R

Furthemore, the composite functors are naturally equivalent

j−!p
!
− ≃ j+∗p

∗
+ : Perfk

∼ // µShΛ(ΩZ)



32 DAVID NADLER

An inverse equivalence is induced by the hyperbolic localization

φ : ShΛ(Z) // Perfk φ(F) = i∗0i
!
+F

with respect to the inclusions

i0 : X = {0} �
� // R≥0 i+ : R≥0

� � // R

The constructions j+∗p
∗
+ and j−!p

!
− provide respective left and right adjoints to the natural

microlocalization functor

ShΛ(Z) // µShΛ(ΩZ) ≃ Perfk

realized by functorial equivalences

Hom(j+∗p
∗
+L,F) ≃ Hom(L, φ(F)) Hom(φ(F), V ) ≃ Hom(F , j−!p

!
−V )

Example 4.7. Suppose Z = R2.
Suppose g± : R → R are smooth functions with g+(0) = 0, g+(s) > 0, for s > 0, and

g−(s) = −g+(s). We will only use their restrictions to R≥0 ⊂ R.
Inside of T ∗R2 ≃ R2 × R2, introduce the conic open subspaces

ΩZ,± = {(s, t), (ξ, η)) | s > 0, η > 0}

and conic Lagrangian subvarieties

Λ± = {(s, f±(s)), (−ηdg±(s), η)) | s > 0, η > 0}

Inside of T ∗
(0,0)R

2 ≃ R2, introduce the cone

Λ0 = Span≥0((−dg+(0), 1), (−dg−(0), 1))

Form the total conic Lagrangian subvariety and conic open subspace

Λ = R2 ∪ Λ+ ∪ Λ0 ∪ Λ− ΩZ = {((s, t), (ξ, η) | η > 0}

Consider the iterated inclusions

U � � u // V � � v // R2

U = {(s, t) ∈ R>0 × R | g−(s) < t < g+(s)} V = {(s, t) ∈ R>0 × R | g−(s) ≤ t < g+(s)}

Then there is a canonical equivalence

Perfk
∼ // µShΛ(ΩX) V

✤ // v!u∗VU

factoring through the coincident full dg subcategories ShΛ(R
2)0! = ShΛ(R

2)0! ⊂ Sh(R2).
Finally, the open restrictions provide further equivalences

µShΛ(ΩX)
∼ // µShΛ±

(ΩX,±)

Note that each pair Λ± ⊂ ΩZ,± is locally modeled on the pair of Example 4.6. When we
compare each composite equivalence

c± : Perfk
∼ // µShΛ(ΩX)

∼ // µShΛ±
(ΩX,±)

with the equivalence c = j−!p
!
− ≃ j+∗p

∗
+ of Example 4.6, we see that c− agrees with c, but

c+ agrees with c⊗ orR[−1], where we shift by −1 and twist by the orientation line orR of the
second factor of R2.
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4.1.4. Twisted symmetry. Let us focus here on the setting of Remark 4.4, and specifically the
setting of Remark 3.5.

Set Z = X × R = Rn × R, and consider the conic open subspace

ΩX = {((x, t), (ξ, η)) | η > 0} ⊂ T ∗(X × R)

Let Λ ⊂ ΩX be a closed biconic Lagrangian subvariety in the sense of Remark 3.5, so conic
with respect to the positive scaling of covectors, and also conic with respect to the commuting
Hamiltonian scaling action induced by the scaling action on the base

α : R>0 ×X × R // X × R α(r, (x, t)) = (rx, r2t)

Recall that the Hamiltonian scaling action contracts the pair Λ ⊂ ΩX to a neighborhood of the
positive codirection

{((0, 0), (0, η)) | η > 0} ⊂ Λ ⊂ ΩX

Thus microlocal sheaves on ΩX supported along Λ can be represented by α-conic constructible
sheaves on X×R, or alternatively by their restrictions to any small open ball around the origin.

Next, recall the Hamiltonian T -action on ΩX with moment map ν : ΩX → t∗ and action
Lagrangian correspondence

LT,ΩX
⊂ ΩX × ΩaX × T

∗T

LT,ΩX
= {(ω1,−ω2, (g, ζ)) ∈ ΩX × ΩaX × T

∗T |ω1 = g · ω2, ν(ω1) = ζ}

and in particular, for g ∈ T , the action Lagrangian correspondence

Lg,ΩX
⊂ ΩX × ΩaX

Lg,ΩX
= {(ω1,−ω2) ∈ ΩX × ΩaX |ω1 = g · ω2}

The theory of microlocal kernels and transformations [18, Ch. VII] provides, for each g ∈ T ,
an integral transform equivalence

Φg : µShΛ(ΩX)
∼ // µShg(Λ)(ΩX) Φg(F) = Kg ◦ F

following the notation of [18, Definition 7.1.3], where the microlocal kernel Kg, to be specified
momentarily, is rank one along the smooth action Lagrangian correspondence Lg,ΩX

.
We would like to highlight the twisted nature of compositions of the above equivalences.

First, for the identity e ∈ T , let us normalize Ke so that Φe is the identity. Next, for any g ∈ T ,
let us attempt to specify Kg by continuity: for a path γs : [0, 1] → T , with γ0 = e, γ1 = g,
there is a unique Kg(γ) given by parallel transporting Ke. But for a loop γs : [0, 1]→ T , with
γ0 = γ1 = e, we find that Ke(γ) is not necessarily equivalent to Ke.

Proposition 4.8. There is a canonical equivalence

Ke(γ) ≃ Ke[2〈δ, γ〉]

where δ ∈ χ∗(T ) is the diagonal character, γ ∈ π1(T ) ≃ χ∗(T ) is the class of γs, and we shift
by twice their natural pairing.

Proof. For simplicity, we will focus on the one-dimensional calculation, as arises for each coor-
dinate circle S1 ⊂ T , and not carry along the additional fixed coordinate directions.

Thus we set X = R and consider T = S1 = R/2πZ acting on ΩX ⊂ T ∗(R2).
Consider the continuous family of integral transform equivalences

Φr : µSh(ΩX)
∼ // µSh(ΩX) r ∈ R
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normalized so that Φ0 is the identity, for 0 ∈ R. We seek to show Φ2π ≃ [2], where only the
specific twist of the identity functor is in question.

It suffices to act upon the ΩX -microlocalization F of the constant sheaf kX along the first
coordinate direction X = R × {0} and calculate what results. The singular support of kX is
the conormal bundle T ∗

XR
2, and we will denote by Λ = T ∗

XR
2 ∩ ΩX its relevant part.

Rotation by θ 6= ±π/2 ∈ S1 takes Λ ⊂ ΩX to the smooth conic Lagrangian surface

Λ(θ) = {(x, cx2), (−ηcx, η) | η > 0} ⊂ ΩX

where we set c = sin(θ)/ cos(θ) from here on, and rotation by θ = ±π/2 takes it to the smooth
conic Lagrangian surface

Λ(±π/2) = {(0, 0), (ηy, η) | η > 0} ⊂ ΩX

Note that Λ(θ) = Λ(−θ) since we happen to have chosen Λ = Λ(0) to be invariant under
rotation by θ = π.

Let X(θ) = π(Λ(θ)) ⊂ R2 be the front projection. For θ 6= ±π/2, it is the parabola

X(θ) = {(x, cx2)} ⊂ R2

and for θ = ±π/2, it is the origin X(±π/2) = {(0, 0)}.
Now for r ∈ R, with image θ ∈ S1, let us calculate the microlocal sheaf Φr(F). It will be

rank one along Λ(θ) ⊂ ΩX , with its particular twist what we seek.
To start, recall that F is represented by the constant sheaf kX along the first coordinate

direction X = R × {0}. Alternatively, following Example 4.6, it is also represented by the
extensions j+∗kX+

and j−!(kX−
⊗ orY )[1] along the open inclusions

j+ : X+ = R× R>0
� � // R2 j− : X− = R× R<0

� � // R2

where orY is the line of orientations of the second coordinate direction Y = {0} × R.
For r ∈ (−π/2, π/2), with image θ ∈ S1, by continuity, Φr(F) is represented by the con-

stant sheaf kX(θ) on the parabola X(θ). Alternatively, it is also represented by the extensions
j(θ)+∗kX(θ)+ and j(θ)−!(kX(θ)− ⊗ orY )[1] along the open inclusions

j(θ)+ : X(θ)+ = {(x, t) | t > cx2} �
� // R2 j− : X(θ)− = {(x, t) | t < cx2} �

� // R2

When r → π/2, the representative j(θ)+∗kX(θ)+ limits to the extension i+∗kW+
along the

inclusion of the ray

i+ : W+ = {(0, t) | t > 0} �
� // R2

To keep track of twists, it is worth noting the relation via the inverse Fourier-Sato transform [18,
Definition 3.7.8] in the first coordinate direction

i+∗kW+
≃ (j+∗kX+

)∨X

as appears in [18, Lemma 3.7.10]. Observe as well that the ΩX -microlocalization of i+∗kW+
is

alternatively represented by the skyscraper k(0,0) at the origin. Thus we conclude that Φπ/2(F)
is represented by k(0,0).

Similarly, when r → −π/2, the representative j(θ)−!(kX(θ)−⊗orY )[1] limits to the extension
i−!(kW−

⊗ orX×Y ) along the inclusion of the ray

i− : W− = {(0, t) | t < 0} �
� // R2
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where orX×Y is the line of orientations of R2 = X × Y . Again there is the relation via the
Fourier-Sato transform in the first coordinate direction

i−!(kW−
⊗ orX×Y ) ≃ (j−!(kX−

⊗ orY )[1])
∧X

Observe as well that the ΩX -microlocalization of i−!(kW−
⊗orX×Y ) is alternatively represented

by the skyscraper sheaf k(0,0) ⊗ orX [−1] at the origin. Thus we conclude that Φ−π/2(F) is
represented by k(0,0) ⊗ orX [−1].

Therefore starting with Φ−π/2(F), and applying Φπ, we obtain the identity

Φπ/2(F) ≃ Φ−π/2(F)⊗ orX [1]

This can be viewed as a reflection of the standard identity [18, Proposition 3.7.12] for the square
of the inverse Fourier-Sato transform in the first coordinate direction

k(0,0) ⊗ orX [1] ≃ (k(0,0))
∨X∨X

Iterating this, we obtain the canonical equivalence Φ2π ≃ [2] as asserted. This concludes
the one-dimensional calculation, and higher-dimensional generalizations follow by the same
argument run independently on the relevant coordinate directions. �

It is convenient to encode the above twist in the following form. Introduce the Z-cover

T ′ = T ×S1 R // T

defined by the diagonal character δ : T → S1, and the universal cover R→ S1.
Then for g′ ∈ T ′, with image g ∈ T , we have unambiguous integral transform equivalences

Φg′ : µShΛ(ΩX)
∼ // µShg(Λ)(ΩX)

obeying evident composition laws. Furthermore, elements m ∈ Z ≃ ker(T ′ → T ) of the kernel
act by the invertible functor

Φm(F) ≃ F [2m] F ∈ µShΛ(ΩX)

Remark 4.9. Following the literature on gradings in Fukaya categories, and specifically graded
Lagrangians [32], here is an intuitive way to think about the above twist.

Let κΩX
be the complex canonical bundle of ΩX , with respect to a compatible almost complex

structure, and let κ⊗2
ΩX

be its bicanonical bundle. The embedding ΩX ⊂ T ∗(X ×R) provides a
canonical trivialization

τX : κ⊗2
ΩX

// C

by the top-exterior power of the tangent bundle of the zero-section X × R ⊂ T ∗(X × R).
Let Λsm ⊂ Λ denote the smooth locus, so that we have the tangent bundle TΛsm ⊂ TΩX .

Taking the argument of τX applied to the top-exterior power of TΛsm ⊂ TΩX produces a phase

ϕX : Λsm → S1

Define the grading Z-torsor to be the base change under the phase

Λ′
sm = Λsm ×S1 R // Λsm

For a path γs : [0, 1]→ T , with γ0 = e, γ1 = g, there is an isomorphism of grading Z-torsors

Λ′
sm

∼ // g(Λ′
sm)

And for a loop γs : [0, 1] → T , with γ0 = γ1 = e, the resulting automorphism of the grading
Z-torsor Λ′

sm is equal to translation by 2〈δ, γs〉 ∈ Z.
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This completely captures the twists on microlocal sheaves on ΩX supported along Λ, since
the twists are determined along the smooth locus Λsm .

Finally, it is useful to expand the scope of the above symmetry beyond individual group
elements. Note that the T ′-action on ΩZ , via the cover T ′ → T , is encoded by the action
Lagrangian correspondence

AT ′,ΩX
= AT,ΩX

×T T
′ ⊂ ΩX × ΩaX × T

∗T ′

Let Shc(T
′) ⊂ Sh(T ′) be the full dg subcategory of objects with compact support. Then we

have a monoidal convolution action

⋆ : Shc(T
′)⊗ µSh(ΩX) // µSh(ΩX)

A ⋆ F = ΦK(A⊠ F) = K ◦ (A⊠ F) A ∈ Shc(T
′),F ∈ µSh(ΩX)

where the microlocal kernel K is a rank one local system along the smooth action Lagrangian
correspondence AT ′,ΩX

, normalized so that the monoidal unit A0 = ke ∈ Shc(T
′) acts by the

identity functor. One recovers the prior symmetries for group elements by convolving with
skyscraper sheaves at points.

Let add : Z × T ′ → T ′ denote the translation action by the kernel Z ≃ ker(T ′ → T ).
Returning to the twists discussed above, for m ∈ Z, there is an equivalence of monoidal actions

(add(m)∗A) ⋆ F ≃ (A[2m]) ⋆ F A ∈ Shc(T
′),F ∈ µSh(ΩX)

To see this concretely, one can express objects of Shc(T
′) in terms of objects defined on funda-

mental domains for the Z-cover T ′ → T , and then translate by elements of the kernel for which
we have already calculated the twist.

Remark 4.10. To concisely formalize the above structure, one could introduce the dg category
τSh(T ) of twisted constructible sheaves as the Z-coinvariants of Shc(T

′) where for m ∈ Z, the
translation add(m)∗ is identified with the cohomological shift [2m]. Then the above Shc(T

′)-
action on µSh(ΩX) factors through the natural map Shc(T

′)→ τSh(T ).
Informally speaking, objects of τSh(T ) are constructible sheaves with grading defined with

respect to the nonconstant background bicanonical trivialization given by the diagonal character
δ : π1(T ) → S1. This is the bicanonical trivialization arising by restricting the constant
bicanonical trivialization from M = Cn to the unit torus T = (S1)n ⊂ Cn =M .

Finally, note that the kernel T ◦ ⊂ T of the diagonal character δ ∈ χ∗(T ) admits a canonical
lift T ◦ ⊂ T ′ since the cover T ′ → T is defined by δ ∈ χ∗(T ). Pushforward along the canonical
lift T ◦ ⊂ T ′ provides a monoidal embedding Sh(T ◦) ⊂ Shc(T

′), and we may restrict the above
monoidal convolution functor to a monoidal action

⋆ : Sh(T ◦)⊗ µSh(ΩX) // µSh(ΩX)

4.2. Nearby and vanishing categories. Now we will form the dg category of microlocal
sheaves on the the exact symplectic manifoldM = Cn supported along the Lagrangian skeleton

L(θ) ⊂M θ ∈ S1

or more generally, along the finite union of skeleta

L(Θ) =
⋃
θ∈Θ L(θ) ⊂M Θ ⊂ S1

Set X = Rn, and Z = X × R = Rn × R.
Recall that in Section 3.1, we constructed a conic open subspace ΩX ⊂ T ∗(X×R). Further-

more, recall that in Definition 3.4, to a conic Lagrangian subvariety L ⊂ M , we associated a



MIRROR SYMMETRY FOR THE LANDAU-GINZBURG A-MODEL M = C
n,W = z1 · · · zn 37

biconic Lagrangian subvariety Λ ⊂ ΩX . Applying this to the Lagrangian skeleton L(θ) ⊂ M ,
we obtain a biconic Lagrangian subvariety denoted by

Λ(θ) ⊂ ΩX θ ∈ S1

or more generally, applying this to the finite union L(Θ) ⊂M , we obtain a biconic Lagrangian
subvariety denoted by

Λ(Θ) =
⋃
θ∈ΘΛ(θ) ⊂ ΩX Θ ⊂ S1

Definition 4.11 (Vanishing category). For θ ∈ S1, define the vanishing category

µShL(θ)(M)

to be the dg category µShΛ(θ)(ΩX) of microlocal sheaves on ΩX supported along Λ(θ).

More generally, for finite nonempty Θ ⊂ S1, define the multi-vanishing category

µShL(Θ)(M)

to be the dg category µShΛ(Θ)(ΩX) of microlocal sheaves on ΩX supported along Λ(Θ).

We will similarly form the dg category of microlocal sheaves on the exact symplectic manifold
M× = (C×)n supported along the Lagrangian skeleton

L×(θ) ⊂M× θ ∈ S1

via the corresponding conic open subspace Ω×
X ⊂ T

∗(X×R) \ (X×R), and biconic Lagrangian
subvariety

Λ×(θ) = Λ(θ) ∩ Ω×
X θ ∈ S1

Definition 4.12 (Nearby category). For θ ∈ S1, define the nearby category

µShL×(θ)(M
×)

to be the dg category µShΛ×(θ)(Ω
×
X) of microlocal sheaves on Ω×

X supported along Λ×(θ).

The main goal of this paper is to calculate the vanishing category µShL(θ)(M) in terms of

the much simpler nearby category µShL×(θ)(M
×). There is an evident restriction functor

µShL(θ)(M) // µShL×(θ)(M
×)

and our main technical results will construct and characterize its adjoints.
To tackle the nearby category, let us first establish the following lemma which treats the case

θ = 0 and then appeal to monodromy equivalences in general.

Lemma 4.13. There is an equivalence

ShΛΣ
(T ◦)

∼ // µShL×(0)(M
×)

Proof. Recall the exact symplectic identification

ϕ :M× = (C×)n
∼ // T>0((S1)n) = T>0T

and the transported conic Lagrangian

L>0(0) = ϕ(L×(0))

We seek an equivalence

ShΛΣ
(T ◦)

∼ // µShL>0(0)(T
>0T )
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Recall the inclusion i : T ◦ → T induces a natural Lagrangian correspondence

T ∗T ◦

∼

��

T ∗T ×T T
◦poooo

∼

��

� � i // T ∗T

∼

��
T ◦ × (t◦)∗ T ◦ × t∗oooo � � // T × t∗

compatible with the natural projection t∗ → t∗/ Span({δ}) ≃ (t◦)∗.
Recall that L>0(0) ⊂ T ∗T ×T T ◦, and the projection L>0(0)→ Λ◦ is simply a Span>0({δ})-

bundle. Therefore by Lemma 3.14, pushforward along the inclusion

i∗ : Sh(T ◦) // Sh(T )

induces the desired functor, with inverse induced by the hyperbolic localization

φδ : Sh(T ) // Sh(T ◦) φδ(F) = i∗0i
!
+F

with respect to the inclusions

i0 : T ◦ �
� // T [0, ǫ) i+ : T [0, ǫ) �

� // T

where T [0, ǫ) = f−1([0, ǫ) for any function smooth function f : T → R with T ◦ = f−1(0),
df |T◦ = e, and sufficiently small ǫ > 0. �

Coupling the lemma with the case of the coherent-constructible correspondence recalled in
Example 4.3 gives the following.

Corollary 4.14. The nearby category for θ = 0 admits a mirror equivalence

µShL×(0)(M
×)

∼ // Coh(Pn−1)

4.3. Symmetry and monodromy. Recall the torus T ≃ (S1)n and subtorus i : T ◦ → T .
Following Example 4.2, recall that Sh(T ) is a tensor dg category with respect to convolution,

and pushforward induces a tensor embedding Sh(T ◦) ⊂ Sh(T ).
We will study here how appropriate objects of Sh(T ) act on the nearby category, vanishing

category, and more generally, on the multi-vanishing category. Recall by the constructions of
Section 3.1 and definitions of Section 4.2, we set X = Rn, and take these categories to comprise
suitable microlocal sheaves on the biconic open subspace ΩX ⊂ T ∗(X × R).

Following the discussion of Section 4.1, introduce the Z-cover T ′ → T defined by the diagonal
character δ ∈ χ∗(T ), the tensor dg category Shc(T

′) of constructible sheaves on T ′ with compact
support, and the monoidal action

⋆ : Shc(T
′)⊗ µSh(ΩX) // µSh(ΩX)

Recall there is an equivalence of monoidal actions

(add (m)∗A) ⋆ F ≃ (A[2m]) ⋆ F A ∈ Shc(T
′),F ∈ µSh(ΩZ)

where m ∈ Z ≃ ker(T ′ → T ), and add : Z × T ′ → T ′ is the translation action. Recall as well
the natural lift T ◦ ⊂ T ′ provides a tensor embedding Sh(T ◦) ⊂ Shc(T

′) allowing us to restrict
the above monoidal action.



MIRROR SYMMETRY FOR THE LANDAU-GINZBURG A-MODEL M = C
n,W = z1 · · · zn 39

4.3.1. Symmetry. To apply the above symmetries to specific objects of Shc(T
′), we need to

know they respect supports. Here we will focus on the tensor subcategory Sh(T ◦) ⊂ Shc(T
′),

and following Example 4.3, the further tensor subcategory ShΛΣ
(T ◦) ⊂ Sh(T ◦).

Lemma 4.15. For θ ∈ S1, the convolution action of ShΛΣ
(T ◦) preserves the nearby category

ShL×(θ)(M
×) and vanishing category µShL(θ)(M), and is compatible with restriction

µShL(θ)(M) // µShL×(θ)(M
×)

More generally, for finite nonempty Θ ⊂ S1, the convolution action of ShΛΣ
(T ◦) preserves

the multi-vanishing category µShL(Θ)(M), and is compatible with restriction

µShL(θ)(M) // ⊕
θ∈Θ µShL×(θ)(M

×)

Proof. The T -action preserves M× =W−1(C×), so convolution is compatible with restriction.
Recall that M0 =W−1(0) is the union of the coordinate hyperplanes in M = Cn, and hence

does not contain any n-dimensional isotropic submanifolds. Thus for θ ∈ S1, if convolution by
objects of ShΛΣ

(T ◦) preserves the nearby category µShL×(θ)(M
×), then it will also preserve

the vanishing category ShL(θ)(M), since L(θ) is the closure of L×(θ). Moreover, if convolution

by objects of ShΛΣ
(T ◦) preserves the vanishing category µShL×(θ)(M

×), for any θ ∈ S1, then it

will also preserve the multi-vanishing category µShL(Θ)(M), for finite nonempty Θ ⊂ S1, since
L(Θ) is the union of L(θ), for θ ∈ Θ. Thus it suffices to show that convolution by objects of
ShΛΣ

(T ◦) preserves the nearby category µShL×(θ)(M
×), for fixed θ ∈ S1.

Recall the exact symplectic identification

ϕ :M× = (C×)n
∼ // T>0((S1)n) = T>0T

and the transported conic Lagrangian

L>0(θ) = ϕ(L×(θ))

Since ϕ is T -equivariant, it suffices to show that convolution by objects of ShΛΣ
(T ◦) preserves

the category µShL>0(θ)(T
>0T ). More concretely, it suffices to see that the correspondence

induced by multiplication takes ΛΣ × L>0(θ) ⊂ T ∗T ◦ × T>0T back into L>0(θ) ⊂ T>0T .
To confirm this, recall the decompositions

L>0(θ) =
⋃

I
IS × Iσ ⊂ T × t∗ ΛΣ =

⋃
σ σT

◦ × σ ⊂ T ◦ × (t◦)∗

and that the index sets are matched by a nonempty subset I = {1, . . . , n} determining the cone
σ = Span>0({ea | a 6∈ I}) ⊂ Σ. Furthermore, the cones in the second factors are compatible
under the projection t∗ → t∗/ Span(δ) ≃ (t◦)∗ in the sense that σ = Iσ/ Span>0(δ).

Since the positive cones of Σ are disjoint, it remains to check for fixed σ ⊂ Σ, and corre-
sponding I, the multiplication of IS by elements of σT ◦ lies back within IS. But recall that
IS is cut out by θa = 0, for a 6∈ I, and

∑n
a=1 θa = θ, and σT ◦ is cut out by θa = 0, for a 6∈ I,

and
∑n
a=1 θa = 0. �

Remark 4.16. In the special case θ = 0, note that the canonical equivalence

ShΛΣ
(T ◦)

∼ // µShL×(0)(M
×)

of Lemma 4.13 is naturally compatible with the convolution action of ShΛΣ
(T ◦) since by con-

struction, it is induced by pushforward along the inclusion i : T ◦ → T .
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4.3.2. Monodromy. Recall the Z-cover T ′ → T defined by the diagonal character δ ∈ χ∗(T ).
Note the canonical identification of Lie algebras t′ = t ≃ Rn, and let us write q′ : t′ →
t′/ ker(δ) ≃ T ′ for the natural map.

For τ ∈ R×, let sgn(τ) ∈ {±1} be its sign. Consider the inclusion iτ : ∆(τ) → t′ of the
relatively open simplex

∆(τ) = {(τ1, . . . , τn) ∈ t′ | sgn(τ)τa > 0, for all a = 1, . . . , n, and
∑n

a=1 τa = τ}

Let A0 = ke ∈ Shc(T
′) be the skyscraper at the identity e ∈ T ′. For τ > 0, let Aτ ∈ Shc(T

′)
be the pushforward of the ∗-extension of the constant sheaf

Aτ = q′∗iτ∗k∆(τ)

For τ < 0, let Aτ ∈ Shc(T
′) be the pushforward of the !-extension of the Verdier dualizing

complex

Aτ = q′∗i!ω∆(τ)

Note the canonical convolution equivalences

Aτ1 ⋆Aτ2 ≃ Aτ1+τ2

and in particular that Aτ is invertible with inverse

A∨
τ ≃ ι∗DT ′Aτ ≃ A−τ

Lemma 4.17. For τ ∈ R, and θ ∈ S1 = R/2πZ, convolution with Aτ ∈ Shc(T
′) provides

monodromy equivalences

Aτ⋆ : µShL(θ)(M)
∼ // µShL(θ+τ)(M) Aτ⋆ : µShL×(θ)(M

×)
∼ // µShL×(θ+τ)(M

×)

fitting into a commutative diagram with restriction

µShL(θ)(M)

��

∼ // µShL(θ+τ)(M)

��
µShL×(θ)(M

×)
∼ // µShL×(θ+τ)(M

×)

More generally, for τ ∈ R, and finite nonempty Θ ⊂ S1 = R/2πZ, convolution with Aτ ∈
Shc(T

′) provides a monodromy equivalence

Aτ⋆ : µShL(Θ)(M)
∼ // µShL(Θ+τ)(M)

fitting into a commutative diagram with restriction

µShL(Θ)(M)

��

∼ // µShL(Θ+τ)(M)

��⊕
θ∈Θ µShL×(θ)(M

×)
∼ // ⊕

θ∈Θ µShL×(θ+τ)(M
×)

Proof. Convolution by Aτ ∈ Shc(T
′) is invertible with inverse given by convolution by the dual

A−τ ≃ A∨
τ ∈ Shc(T

′). Thus the lemma follows if convolution by Aτ ∈ Shc(T
′) maps the stated

categories to the respective stated categories.
As in the proof of Lemma 4.15, it suffices to establish the assertion for the nearby category

in the form
Aτ⋆ : µShL>0(θ)(T

>0T ) // µShL>0(θ+τ)(T
>0T )
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Moreover, by composition of convolutions, it suffices to assume θ = 0, and τ ∈ [0, 2π), and
establish the assertion for

Aτ⋆ : µShL>0(0)(T
>0T ) // µShL>0(τ)(T

>0T )

Since Shc(T
′) is a tensor category, convolution by Aτ ∈ Shc(T

′) commutes in particular with
convolution by objects of ShΛΣ

(T ◦). Hence by Lemma 4.15 and Remark 4.16, it suffices to see

ss(Aτ ) ∩ T>0T ⊂ L>0(τ)

But by Lemma 3.19, and the conventions of Example 4.1, we have that

ss(Aτ ) ∩ T>0T = P>0(τ) ⊂ L>0(τ)

�

Thanks to Corollary 4.14 and Lemma 4.17, we have the following generalization of Corol-
lary 4.14. Note that the equivalence obtained here is not canonical since it depends on the
choice of τ ∈ R through its appearance in Lemma 4.17.

Corollary 4.18. Given θ ∈ S1 = R/2πZ, for the choice of a lift τ ∈ R, the nearby category
admits a mirror equivalence

µShL×(θ)(M
×)

∼ // Coh(Pn−1)

Finally, let us record the ambiguity of the equivalence of the corollary by analyzing what
happens when θ = 0 ∈ S1 = R/2πZ and τ ∈ 2πZ.

When τ = 2π, note that add(−1)∗A2π ∈ Shc(T
′) is supported on T ◦ ⊂ T ′ and in fact

add(−1)∗A2π ∈ ShΛΣ
(T ◦). Recall that it corresponds to OPn−1(−1) ∈ Coh(Pn−1) under the

equivalence of Example 4.3. Thus we have the following.

Corollary 4.19. Fix τ = 2πm ∈ 2πZ. Under the equivalence of Corollary 4.14, convolution
by Aτ ∈ Shc(T

′) corresponds to tensoring with OPn−1(−m)[2m].

4.4. Adjoints to restriction. We now arrive at the main technical result of this paper.
Let us focus on the skeleta L(0), L(π/2) ⊂ M over the respective real rays R≥0,R≤0 ⊂ C,

and simplify our previous notation by setting

L×
− = L×(π) L×

+ = L×(0)

L− = L×
− ∪ L0 L+ = L×

+ ∪ L0 L = L×
− ∪ L0 ∪ L

×
+

Recall that the open embeddings

L×
−
� � J− // L L×

+
? _

J+oo

induce restriction functors

µShL×

−

(M×) µShL(M)
J∗
−oo

J∗
+ // µShL×

+
(M×)

Here is our main technical result which will be proved in this section.

Theorem 4.20. 1) The restriction functors J∗
−, J

∗
+ admit fully faithful left and right adjoints

fitting into adjoint triples

(J−!, J
∗
−, J−∗) (J+!, J

∗
+, J+∗)

and intertwining the natural convolution actions of ShΛΣ
(T ◦).
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3) The compositions

J∗
+J−∗ J∗

−J+∗

are equivalences with respective inverses the adjoint compositions

J∗
−J+! J∗

+J−!

4) The composition J∗
+J−!J

∗
−J+! is equivalent to convolution with A2π [−2] ∈ Shc(T

′).

Remark 4.21. By Corollary 4.19, under the equivalence

µShL×

+
(M×)

∼ // Coh(Pn−1)

convolution with A2π [−2] ∈ Shc(T
′) is given by tensoring with OPn−1(−1) ∈ Coh(Pn−1).

The proof of the theorem will occupy the rest of this section. To begin, let us use symmetry
to simplify the assertion.

Consider the object A+ ∈ µShL×

+
(M×), corresponding to A0 ∈ ShΛΣ

(T ◦), under the equiv-

alence of Lemma 4.13, and the object A− = Aπ ⋆A+ ∈ µShL×

−

(M×).

Note their endomorphisms are scalars, and they provide equivalences

ShΛΣ
(T ◦)

∼ // µShL×

±

(M×) F ✤ // F ⋆A±

Introduce the fully faithful embeddings

Y± : Perfk
� � // µShL×

±

(M×) Y±(V ) = V ⊗A±

Note we have adjoint triples (Yℓ±,Y±,Y
r
±) with adjoints given by

Yℓ±(F) = Hom(F ,A±)
∨ Yr±(F) = Hom(A±,F)

Introduce the commutative diagram

µShL×

−

(M×)

Yℓ
−

��

µShL(M)
J∗
−oo

j∗−ww♣♣♣
♣♣
♣♣
♣♣
♣♣
♣

j∗+ ''◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

J∗
+ // µShL×

+
(M×)

Yr
+

��
Perfk Perfk

where we set j∗− = Yℓ−J
∗
−, j

∗
+ = Yr+J

∗
+.

Proposition 4.22. Suppose the restriction functors j∗−, j
∗
+ fit into adjoint pairs

(j∗−, j−∗) (j+!, j
∗
+)

the canonical maps are equivalences

J∗
−j−∗

∼ // Y− Y+
∼ // J∗

+j+!

and there is an equivalence

J∗
−j+! ≃ Y− ⊗ ℓ[−1]

where ℓ is a square-trivial line ℓ⊗2 ≃ k.
Then the conclusions of Theorem 4.20 hold.
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Remark 4.23. We include the line ℓ and its square-trivialization ℓ⊗2 ≃ k in the formulation
and in what follows since it arises naturally as an orientation line. But the validity of the
proposition is independent of its appearance since we do not specify any characterizing or
universal properties of the equivalence it participates in.

Proof. Let k ∈ Perfk denote the rank one vector space.
For F ∈ ShΛΣ

(T ◦), set

F− = F ⋆A− ∈ µShL×

−

(M×) F+ = F ⋆A+ ∈ µShL×

+
(M×)

and define candidate adjoints

J−∗(F−) = F ⋆ j−∗(k) J+!(F+) = F ⋆ j+!(k)

Note they evidently intertwine the natural convolution actions of ShΛΣ
(T ◦). Once we confirm

they provide adjoints, we will have that they are fully faithful since

J∗
−J−∗(F−) = J∗

−(F ⋆ j−∗(k)) ≃ F ⋆ J
∗
−(j−∗(k)) ≃ F ⋆A− = F−

J∗
+J+!(F+) = J∗

+(F ⋆ j+!(k)) ≃ F ⋆ J∗
+(j+!(k)) ≃ F ⋆A+ = F+

using the assumed canonical equivalences J∗
−j−∗ ≃ Y−, Y+ ≃ J∗

+j+!.
Now to see they provide adjoints, for G ∈ µShL(M), we calculate

Hom(G, J−∗(F−)) = Hom(G,F ⋆ j−∗(k)) ≃ Hom(F∨ ⋆ G, j−∗(k))

≃ Hom(j∗−(F
∨ ⋆ G), k) ≃ Hom(Hom(J∗

−(F
∨ ⋆ G),A−)

∨, k)

≃ Hom(J∗
−(F

∨ ⋆ G),A−) ≃ Hom(F∨ ⋆ J∗
−(G),A−)

≃ Hom(J∗
−(G),F ⋆A−) ≃ Hom(J∗

−(G),F−)

and similarly calculate

Hom(J+!(F+),G) = Hom(F ⋆ j+!(k),G) ≃ Hom(j+!(k),F∨ ⋆ G)

≃ Hom(k, j∗+(F
∨ ⋆ G)) ≃ Hom(k,Hom(A−, J

∗
+(F

∨ ⋆ G)))

≃ Hom(A+, J
∗
+(F

∨ ⋆ G)) ≃ Hom(A+,F∨ ⋆ J∗
+(G))

≃ Hom(F ⋆A+, J
∗
+(G)) ≃ Hom(F+, J

∗
+(G))

Next to see that J∗
−J+! is an equivalence, and so with inverse equivalence its right adjoint

J∗
+J−∗, we calculate

J∗
−J+!(F ⋆A+) = J∗

−(F ⋆ j+!(k)) ≃ F ⋆ J
∗
−(j+!(k)) ≃ F ⋆A− ⊗ ℓ[−1]

using the assumed equivalence J∗
−j+! ≃ Y−⊗ℓ[−1]. For later use, note in particular J∗

−J+!(A+) ≃
A− ⊗ ℓ[−1].

Finally, convolution with Aπ, provides evident equivalences

J∗
−(G) ≃ Aπ ⋆ J

∗
+(A

∨
π ⋆ G) J∗

+(G) ≃ Aπ ⋆ J
∗
−(A

∨
π ⋆ G)

and thus we have the other fully faithful adjoints

J−!(F−) ≃ Aπ ⋆ J+!(A∨
π ⋆ F−) J+∗(F+) ≃ Aπ ⋆ J−∗(A∨

π ⋆ F+)
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Moreover, J∗
+J−! is an equivalence, and so with inverse equivalence its right adjoint J∗

−J+∗,
since

J∗
+J−!(F−) ≃ Aπ ⋆ J∗

−(A
∨
π ⋆Aπ ⋆ J+!(A∨

π ⋆ F−)) ≃ Aπ ⋆ J∗
−J+!(A∨

π ⋆ F−)

exhibits it as a composition of equivalences. Note in particular that

J∗
+J−!(A−) ≃ Aπ ⋆ J∗

−J+!(A∨
π ⋆A−)) ≃ Aπ ⋆ J∗

−J+!(A+) ≃ Aπ ⋆A− ⊗ ℓ[−1]

using the previously noted identity J∗
−J+!(A+) ≃ A− ⊗ ℓ[−1].

Using the previously noted identities J∗
−J+!(A+) ≃ A−⊗ ℓ[−1] and J∗

+J−!(A−) ≃ Aπ ⋆A−⊗
ℓ[−1], and the given isomorphism ℓ⊗2 ≃ k, we have equivalences

J∗
+J−!J

∗
−J+!(A+) ≃ J∗

+J−!(A− ⊗ ℓ[−1]) ≃ Aπ ⋆A−[−2] ≃ A2π ⋆A+[−2]

Since all of the functors intertwine convolution by objects of ShΛΣ
(T ◦), this establishes the last

asserted equivalence. �

Now to prove Theorem 4.20, we will verify the assumptions of Proposition 4.22.
Let us simplify our prior notation by setting

P×
− = P×(π) ⊂ L×

− P×
+ = P×(0) ⊂ L×

+

P− = P×
− ∪ L0 ⊂ L− P+ = P×

+ ∪ L0 ⊂ L+ P = P×
− ∪ L0 ∪ P

×
+ ⊂ L

Recall the homeomorphism

h : P
∼ // Rn

along with its restrictions

h− = h|P×

−

: P×
−

∼ // Rn−1 × R<0 h+ = h|P×

+
: P×

+
∼ // Rn−1 × R>0

Thus restriction gives equivalences

µShP×

−

(M×) µShP (M)
∼oo ∼ // µShP×

+
(M×)

Assume for the moment there is an object

A ∈ µShP (M) ⊂ µShL(M)

whose restrictions satisfy

A|P×

+
≃ A+ ∈ µShP×

+
(M) ⊂ µShL×

+
(M) A|P×

−

≃ A− ⊗ ℓ[−1] ∈ µShP×

−

(M) ⊂ µShL×

−

(M)

where ℓ is a square-trivial line ℓ⊗2 ≃ k. Note that such an object A, if it exists, must be unique
up to equivalence.

Recall the fully faithful embeddings

Y± : Perfk
∼ // µShP×

±

(M×)
� � // µShL×

±

(M×) Y±(V ) = V ⊗A±

and introduce the fully faithful embedding

Y : Perfk
∼ // µShP (M) �

� // µShL(M) Y(V ) = V ⊗A

Set j+! = Y, j−∗ = Y ⊗ ℓ[1] so that by assumption, there are canonical equivalences

J∗
−j−! ≃ Y− J∗

+j+∗ ≃ Y+ J∗
−j+! ≃ Y− ⊗ ℓ[−1]

Thus the following will allow us to invoke Proposition 4.22 and in turn establish Theo-
rem 4.20.
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Theorem 4.24. There is an object

A ∈ µShP (M) ⊂ µShL(M)

whose restrictions satisfy

A|P×

+
≃ A+ A|P×

−

≃ A− ⊗ ℓ[−1]

where ℓ is a square-trivial line ℓ⊗2 ≃ k.
Furthermore, for F ∈ µShL(M), there are functorial equivalences

Hom(J∗
−F ,A−) ≃ Hom(F ,A⊗ ℓ[1]) Hom(A,F) ≃ Hom(A+, J

∗
+F)

Proof. It is convenient to realize the symmetry between L×
− = L×(π) and L×

+ = L×(0) in a
more explicit geometric form. Though convolution by Aπ gives an equivalence

µShL×

+
(M×)

∼ // µShL×

−

(M×)

the underlying spaces L×
−, L

×
+ are not even homeomorphic. This is due to the special nature

of the angle 0 ∈ S1, and the resulting special nature of L×
+. Thus we will “rotate” all of our

constructions by −π/2 and replace the angles 0, π ∈ S1 with the generic angles −π/2, π/2 ∈ S1.
To this end, let us simplify our prior notation by setting

iL×
− = L×(π/2) iL×

+ = L×(−π/2)

iL− = L×
− ∪ L0 iL+ = L×

+ ∪ L0 iL = iL×
− ∪ L0 ∪ iL

×
+

and similarly

iP×
− = P×(π/2) ⊂ iL×

− iP×
+ = P×(−π/2) ⊂ iL×

+

iP− = P×
− ∪ L0 ⊂ iL− iP+ = P×

+ ∪ L0 ⊂ iL+ iP = iP×
− ∪ L0 ∪ iP

×
+ ⊂ iL

Remark 4.25. We caution the reader that the above ± subscripts are chosen to be compatible
starting from our prior ± subscripts and “rotating” by −π/2, but they are not compatible with
the standard conventions for positive and negative imaginary numbers. For example, starting
with L+ over the positive real ray R≥0 ⊂ C and “rotating” by −π/2 leads to what we denote
by iL+ though it lies over the negative imaginary ray iR≤0 ⊂ C.

By Lemma 4.17, convolution with A−π/2 provides canonical equivalences compatible with
restriction

µShL(M)

��

∼ // µShiL(M)

��

µShP (M)

��

∼ // µShiP (M)

��
µShL×

±

(M×)
∼ // µShiL×

±

(M×) µShP×

±

(M×)
∼ // µShiP×

±

(M×)

Consider the objects

B+ = A−π/2 ⋆A+ ∈ µShiL×

+
(M×) B− = A−π/2 ⋆A− ≃ Aπ/2 ⋆A+ ∈ µShiL×

−

(M×)

It suffices to show there is an object

B ∈ µShiP (M) ⊂ µShiL(M)
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whose restrictions satisfy

B|iP×

+
≃ B+ B|iP×

−

≃ B− ⊗ ℓ[−1]

where ℓ is a square-trivial line ℓ⊗2 ≃ k, and such that for F ∈ µShiL(M), there are functorial
equivalences

Hom(J∗
−F ,B−) ≃ Hom(F ,B ⊗ ℓ[1]) Hom(B,F) ≃ Hom(B+, J

∗
+F)

We will explicitly construct B by working with the specific Legendrian fibration introduced
in Section 3.1 and finding a constructible sheaf that represents B.

Let us rapidly recall some of our prior constructions.
Set X = Rn with coordinates xa, for a = 1, . . . , n, and recall the linear Lagrangian fibration

p :M = Cn // Rn = X p(z1, . . . , zn) = (x1, . . . , xn)

given by taking real parts, and its lift to a Legendrian fibration

q : N = C
n × R // Rn × R = X × R q(z1, . . . , zn, t) = (x1, . . . , xn, t+

1
2

∑n
a=1 xaya)

Recall the open subspace

ΥX = {(x, t), [ξ, η]) | η > 0} ⊂ S∞(X × R)

and the cooriented contactomorphism

ψ : N
∼ // ΥX

ψ(z1, . . . , zn, t) = ((x1, . . . , xn), t+
1
2

∑n
a=1 xaya), [−y1, . . . ,−yn, 1])

intertwining the Legendrian projection q : N → X×R and the natural projection ΥX → X×R.
Recall the symplectification of ΥX ⊂ S∞(X × R) in the form of the biconic open subspace

ΩX = {((x, t), (ξ, η)) | η > 0} ⊂ T ∗(X × R) \ (X × R)

Following Definition 3.4, we associate to the conic Lagrangian subvarieties iL, iP±, iP ⊂ M
the respective biconic Lagrangian subvarieties iΛ, iΠ±, iΠ ⊂ ΩX . Recall the biconic property
encodes invariance under the usual cotangent fiber scaling as well as under the Hamiltonian
action induced by the scaling action

α : R>0 ×X × R // X × R α(r, (x, t)) = (rx, r2t)

In order to construct B, we will record some elementary properties of iP± ⊂ M and their
behavior under the Legendrian projection q : N → X × R. Analogous properties of iΠ± ⊂ ΩX
will immediately hold for the natural projection ΩX → X × R thanks to the fact that the
contactomorphism ψ interwines q : N → X × R with the natural projection ΥX → X × R and
iΠ± ⊂ ΩX are inverse images under the natural map ΩX → ΥX .

Introduce the closed positive quadrant

Q = Rn≤0 ⊂ Rn = X

and more generally, for J ⊂ {1, . . . , n}, the locally closed submanifold

JQ ⊂ Q

cut out by the equations xa = 0, for a ∈ J, and xa > 0, for a 6= 0. Note that JQ is the interior
of Q, when J = ∅, and the union

∐
|J|>0QJ is the boundary ∂Q.
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The restriction of p to the isotropic subvariety L0 ⊂M provides a homeomorphism

L0
∼ // ∂Q ⊂ X

and more precisely, diffeomorphisms

JL0
∼ // JQ ⊂ X |J| > 0

The restriction of p to the Lagrangian subvariety iP± ⊂M has image

p(iP±) = Q ⊂ X

and the further restriction
iP±|JQ // JQ ⊂ X

is a diffeomorphism, when |J| 6= 1, and a fibration with interval fibers, when |J| = 1.
The restriction of q to the isotropic subvariety L0 ⊂M also provides a homeomorphism

L0
∼ // ∂Q× {0} ⊂ X × R

and more precisely, diffeomorphisms

JL0
∼ // JQ× {0} ⊂ X × R |J| > 0

The restriction of q to the Lagrangian subvariety iP± ⊂M has image the graph

q(iP±) = Γ± ⊂ X × R

of a function f± : Q→ R such that

f+ ≤ 0 f+|∂Q = 0 f− = −f+

The explicit form of f± will not be important, but let us for example confirm the property
f+ ≤ 0. By the definition of q, we have f+ =

∑n
a=1 xaya when evaluated on iP+ ⊂M , and by

the definition of iP+ ⊂M , it lies inside the locus of points with xa ≥ 0, ya ≤ 0, for a = 1, . . . , n.
Following across ψ, the restriction of πX×R : T ∗(X×R)→ X×R to the Lagrangian subvariety

iΠ± ⊂ ΩX has image the same graph

πX×R(iΠ±) = Γ± ⊂ X × R

Let us describe the projection iΠ± → Γ± in microlocal terms. When |J| 6= 1, over JQ ⊂ Q,
we find the positive codirection within the conormal line bundle

iΠ±|JQ = {(x, f±(x)), (−rdf±(x), r)) |x ∈ JQ, r ∈ R>0} ⊂ T ∗
Γ±

(X × R)

When |J| = 1, over JQ ⊂ Q, we find the positive two-dimensional cone bundle

iΠ±|JQ = {(x, f±(x)), (−rdf±(x), s)) |x ∈ JQ, r, s ∈ R≥0, r + s ∈ R>0}

Now consider the subspaces

U = {(x, t) ∈ Q× R | f+(x) < t < f−(x)}

V = {(x, t) ∈ Q× R | f+(x) ≤ t < f−(x)}

and their iterated inclusions

U � � u // V � � v // X × R

Let LU be a locally constant sheaf on U , and form the iterated extension

B̃ = v!u∗LU ∈ Sh(X × R)
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Following the standard conventions recalled in Example 4.1, observe that

ss(B̃) = iΠ ∪ U ss(B̃) ∩ ΩX = iΠ

Set B ∈ µShiP (M) to be the object represented by B̃ ∈ Sh(X ×R). Following Example 4.6,
we may normalize LU in order to have the agreement

B|iP×

+
≃ B+

It remains to show there is an equivalence

B|iP×

−

≃ B− ⊗ ℓ[−1]

for a square-trivial line ℓ, and for F ∈ µShiL(M), there are functorial equivalences

Hom(J∗
−F ,B−) ≃ Hom(F ,B ⊗ ℓ[1]) Hom(B,F) ≃ Hom(B+, J∗

+F)

Recall the family of conic Lagrangian subvarieties P (τ) ⊂ M , for τ ∈ (−2π, 2π), for which
iP+ = P (−π/2), iP− = P (π/2). Introduce the associated biconic Lagrangian subvarieties
Π(τ) ⊂ ΩX , for τ ∈ (−2π, 2π), for which iΠ+ = Π(−π/2), iΠ− = Π(π/2).

In what follows, we will restrict the parameter to assume that τ ∈ (−π/2, π/2) to interpolate
between the points of focus τ = ±π/2.

Generalizing the prior discussion, we find that the restriction of πX×R : T ∗(X×R)→ X×R

to the Lagrangian subvariety Π(τ) ⊂ ΩX has image the graph

πX×R(Π(τ)) = Γτ ⊂ X × R

of a function fτ : Q→ R such that fτ ≤ 0, when τ ≤ 0, and in general

fτ |∂Q = 0 f−τ = −fτ

In microlocal terms, the projection Π(τ)→ Γ(τ) is uniformly the positive codirection within
the conormal line bundle

Π(τ) = {(x, fτ (x)), (−rdfτ (x), r)) |x ∈ Q, r ∈ R>0} ⊂ T ∗
Γτ
(X × R)

Next, for a pair τ1 < τ2 ∈ [−π/2, π/2], consider the subspaces

U(τ1, τ2) = {(x, t) ∈ Q× R | fτ1(x) < t < fτ2(x)}

V (τ1, τ2) = {(x, t) ∈ Q× R | fτ1(x) ≤ t < fτ2(x)}

and their iterated inclusions

U(τ1, τ2)
� � u(τ1,τ2) // V (τ1, τ2)

� � v(τ1,τ2) // X × R

Set LU(τ1,τ2) = LU |U(τ1,τ2), and introduce the object

B̃(τ1, τ2) = v(τ1, τ2)!u(τ1, τ2)∗LU(τ1,τ2) ∈ Sh(X × R)

and note that

ss(B̃) = Π(τ1) ∪ Π(τ2) ∪ U(τ1, τ2) ss(B̃) ∩ ΩX = Π(τ1) ∪ Π(τ2)

Set B(τ1, τ2) ∈ µShP (τ1)∪P (τ2)(M) to be the object represented by B̃(τ1, τ2) ∈ Sh(X × R).

Note the agreement B̃ = B̃(−π/2, π/2), so that for τ1 = −π/2, and any τ2 ∈ (−π/2, π/2], we
have in particular

B(−π/2, τ2)|P×(τ1) ≃ B+
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Thus by continuity in τ1, for any τ1 < τ2 ∈ [−π/2, π/2], we have

B(τ1, τ2)|P×(τ1) ≃ Aτ1+π/2 ⋆ B+

Thus fixing τ2 = π/2, and following Example 4.7, we have

B(τ1, π/2)|P×(π/2) ≃ Aπ ⋆ B+ ⊗ ℓ[−1] ≃ B− ⊗ ℓ[−1]

for the square-trivial line ℓ = orR of orientations on the second factor of the base X × R.
Finally, for small ǫ > 0, and any F̃ ∈ ShiΛ(X × R,ΩX), representing F ∈ µShiΛ(ΩX), note

that B̃(−π/2,−π/2 + ǫ) represents the microlocal restriction to iΠ×
+ ⊂ Ω×

X , as discussed in
Examples 4.6 and 4.7, in the sense of a functorial equivalence

Hom(B̃(−π/2,−π/2 + ǫ), F̃) ≃ Hom(B+,F)

For any τ ∈ (−π/2, π/2), we have the key property P×(τ)∩ iL = ∅, and hence Π×(τ)∩ iΛ =

∅. Thus for any τ ∈ (−π/2, π/2), and F̃ ∈ ShiΛ(X × R,ΩX), we have a non-characteristic
propagation equivalence, highlighted with † in the following sequence

Hom(B̃,F) = Hom(u!v∗LU , F̃) ≃ Hom(v∗LU , u
!F̃)

≃† Hom(v(−π/2, τ)∗kU(−π/2,τ), u(−π/2, τ)
!F̃)

≃ Hom(u(−π/2, τ)!v(−π/2, τ)∗kU(−π/2,τ), F̃) = Hom(B̃(−π/2, τ), F̃)

Write F̃ ∈ IndShiΛ(X × R,ΩX) for the ind-object representing the right adjoint of the
microlocalization of F ∈ µShiL(M). Then we can assemble a functorial equivalence

Hom(B,F) ≃ Hom(B̃, F̃) ≃ Hom(B̃(−π/2,−π/2 + ǫ), F̃) ≃ Hom(B+,F)

We leave it the reader to obtain an analogous functorial equivalence

Hom(J∗
−F ,B−) ≃ Hom(F ,B ⊗ ℓ[1])

by a similar argument or by duality. This concludes the proof of the theorem. �

4.5. Spherical structure. Let us return to the setting of Theorem 4.20, in particular the
skeleta over the real rays R≥0,R≤0 ⊂ C, as organized by the simplified notation

L×
− = L×(π) L×

+ = L×(0)

L− = L×
− ∪ L0 L+ = L×

+ ∪ L0 L = L×
− ∪ L0 ∪ L

×
+

The closed embeddings

L−
� � // L L+

? _oo

induce fully faithful embeddings

µShL−
(M)

� � I−! // µShL(M) µShL+
(M)? _

I+!oo

and we identify µShL−
(M), µShL+

(M) with their images.

Lemma 4.26. Inside of µShL(M), we have

µShL−
(M) = ker(J∗

+) µShL+
(M) = ker(J∗

−) µShL−
(M) ∩ µL+

(M) = {0}

In particular, the compositions J∗
+I−!, J

∗
−I+! are conservative.
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Proof. By definition, if a microlocal sheaf vanishes on an open subset, then its microsupport
lies in the closed complement. This proves the first two identities. For the third, recall that the
dimension of the intersection L−∩L+ = L0 is less than n = (dimM)/2 so does not support any
nontrivial microlocal sheaves. Finally, the identities imply the kernels of J∗

+I−!, J
∗
−I+! vanish

and so they are conservative. �

Theorem 4.27. The diagram of restriction functors

µShL×

−

(M×) µShL(M)
J∗
−oo

J∗
+ // µShL×

+
(M×)

forms a conservative spherical pair.

Proof. Immediate from Lemma 2.7, Theorem 4.20, and Lemma 4.26. �

Recall the open embedding

L×
+
� � // L+

with corresponding restriction functor

µShL+
(M)

J∗

// µShL×

+
(M×)

Corollary 4.28. Restriction is a conservative spherical functor

µShL+
(M)

J∗

// µShL×

+
(M×)

Proof. Immediate from Proposition 2.9, Lemma 4.26, and Theorem 4.27. �

5. Mirror symmetry

Recall the dual torus Ť ◦ = SpecC[χ∗(T
◦)], and the fan Σ ⊂ (t◦)∗ determining the Ť ◦-toric

variety P
n−1.

Consider the section

s : OPn−1
// OPn−1(1) s([x1, . . . , xn]) = x1 + · · ·+ xn

and the inclusion of its zero-locus

i : Pn−2 ≃ {s = 0} �
� // Pn−1

The specific coefficients of s will not not be important only the Ť ◦-invariant fact that they are
all non-zero.

Theorem 5.1. There is a commutative diagram with horizontal equivalences

µShL+
(M)

J∗

��

∼ // Coh(Pn−2)

i∗

��
µShL×

+
(M×)

∼ // Coh(Pn−1)

Proof. We will study the monad A = J∗J! of the adjunction (J!, J
∗).

By Theorem 4.20 and the spherical functor formalism, under the equivalence

µShL×

+
(M×)

∼ // Coh(Pn−1)
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the monad A = J∗J! is given by tensoring with the cone of a morphism

OPn−1(−1)
s // OPn−1

Now let us calculate the morphism s. For each α = 1, . . . , n, let us focus on the Lagrangian
skeleton L+ ⊂ M near the coordinate vector eα ∈ L+ with za = 1, for a = α, and za = 0,
for a 6= α. Observe that L+ locally near eα is homeomorphic to R≥0 × R

n−1 such that L×
+

corresponds to R>0×Rn−1. Thus any object of µShL(M) must vanish near eα, and in particular
any object of µShL×(M×) coming by restriction from µShL(M) must vanish near eα.

Recall the objectA+ ∈ µShL×(M×) corresponding to the structure sheafOPn−1 ∈ Coh(Pn−1).
By the above discussion, the object J∗J!(A+) ∈ µShL×(M×) vanishes near eα. Thus by the
compatibility recalled in Example 4.3, the corresponding object Cone(s) ∈ Coh(Pn−1) has
vanishing stalk at the coordinate line [eα] ∈ Pn−1. Therefore the map s must be non-zero at
[ea] ∈ Pn−1, and so the zero locus of s is a generic linear hypersurface

i : Pn−2 // Pn−1

We have an equivalence of monads A ≃ i∗i
∗, and hence an equivalence of modules

ModA(µShL×

+
(M×))

∼ // Coh(Pn−2)

Note the comonad A∨ = J∗J∗ is similarly equivalent to i∗i
!.

Recall that J∗ is conservative. Thus by Lurie’s Barr-Beck Theorem [23], to see the canonical
lift

µShL+
(M)

J̃∗

// ModA(µShL×

+
(M×))

∼ // Coh(Pn−2)

is an equivalence, it suffices to check the following.
Let · · · → c1 → c0 be a complex of objects of µShL+

(M). Suppose the complex · · · →
J∗c1 → J∗c0 of objects of µShL×

+
(M×) ≃ Coh(Pn−1) extends to a split colimit diagram

· · · // J∗c1
|| // J∗c0

yy

a
// d

zz

Then we must check that · · · → c1 → c0 admits a colimit in µShL+
(M).

First, observe that since J∗c0 ∈ Coh(Pn−2), the splitting implies d ∈ Coh(Pn−2), or more

precisely that d ≃ i∗d
′ where we regard d′ ∈ Coh(Pn−2). Choose an object d̃ ∈ Coh(Pn−1)

together with an equivalence

f : d
∼ // i∗i!d̃ ≃ J∗J∗d̃

The counit c of the adjunction (J∗, J∗) provides an extended diagram

· · · // J∗c1 // J∗c0
a // d

f // J∗J∗d̃
c // d̃

and then together with the unit u of the adjunction (J∗, J∗) an induced augmented complex

· · · // c1 // c0
J∗(c◦f◦a)◦u // J∗d̃

We claim that this is the sought-after colimit diagram.
To check this, since J∗ is conservative, it suffices to see that the complex

· · · // J∗c1 // J∗c0
J∗J∗(c◦f◦a)◦u // J∗J∗d̃
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is a colimit diagram. Since d is a colimit, it suffices to see the following diagram commutes

J∗c0
J∗J∗(a)◦u //

a

((PP
PP

PP
PP

PP
PP

PP
P

J∗J∗d
J∗J∗(c◦f) //

c

��

J∗J∗d̃

d

∼

f

66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠

By standard identities for an adjunction, the triangle to the left is commutative. Thus it suffices
to show the triangle to the right is commutative. With our previous identifications, it admits
a reinterpretation completely in terms of coherent sheaves

i∗i
!d

i∗i
!(c◦f) //

c

��

i∗i
!d̃

d

∼

f

77♦♦♦♦♦♦♦♦♦♦♦♦♦♦

Its commutativity is a straightforward exercise we leave to the reader. �
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