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Upon specializing to the modular j-function, we deduce such
a result for traces of singular moduli. Due to work of Zagier,
and Bringmann and Ono, these traces of weak Maass forms
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1. Introduction and statement of main results

Let —d < 0 be an integer with d = 0,3 (mod 4). Let Qg be the set of ' :=
PSLy(Z)-reduced, positive definite, integral binary quadratic forms of discriminant —d,
and let H(d) = #Qg be the Hurwitz-Kronecker class number of —d. Given a form
Q(z,y) = aga® + bgry + coy* € Qq, define the associated CM point
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.: —bg +v—d cH

T
Q 2CLQ

in the complex upper half-plane H. Since @) is reduced, 7¢ lies in the standard funda-
mental domain F for T'.

Given a fundamental discriminant D, let xp, be the associated genus character for
positive definite, integral binary quadratic forms @) whose discriminants are multiples of
D; given by

XD, (Q) = XD, (aQa an CQ)

0, if (aQ,bQ,cQ,Dl) > 1,
(B), if (ag,bg,cq,D1) =1 and Q represents r with (r, D;) = 1,

where (D—) is the Kronecker symbol.

Let A be an integer and Dy is a non-zero integer for which (—1)*Dy = 0,1 (mod 4)
and (—1)*D; Dy < 0. Given a [-invariant function f : H — C, define the twisted trace

of the singular modulus f(rg) by

Tr(f; Dy, Do) := Z M7

Q€Qpypy 9
where wq is given by
: _ —14+/=3
3 if Tq=—"5—,
wo=142 if 19=+v—1,
1 otherwise.

For simplicity, when D; = 1 and Dy = d we write

Tra(f) == Te(fiL,d) = > f(rq)

QEQq ve

The prototype of such a trace involves CM values of the classical modular j-function,
which has the Fourier expansion

G(2) = q 1+ 744 + 196884 + - -+,  q:=e(z) = 2™

The CM values j(7g) are algebraic integers called singular moduli.

Let J(z) := j(z)— 744, and define M?"/J; (4) to be the vector space of weight 3/2 weakly
holomorphic modular forms for I'y(4) satisfying the Kohnen plus space condition.

In the seminal paper [15], Zagier proved that the generating functions of the traces
Tr(J; D1, D) appear as holomorphic parts of forms in M;)/'; (4). For example, one has
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—g ' +24+ ) Tr(N)g? = —q ' +2 - 248¢% + 4924
0<d=0,3 (mod 4)

—4119¢" + -+ € Myh(4),

Bringmann and Ono [1] generalized Zagier’s results to traces of an important family
of weak Maass forms at CM points. To define these functions, for v € Z™ and X € R, let

e Z Im (72)% Ix_1 2mvIm (vz)) e (—vRe (v2)), i A>1,
B () im +ETo\SL2(Z)
#(2) 12+ 72 Z Im(’yz)%f
Y€l \SL2(Z)

(2mvIm (yz)) e (—vRe (yz)), ifA=1,

1
2

where Iy_4 /5 is the I-Bessel function of order A —1/2.
The function F ,(z) is a [-invariant eigenfunction for the weight 0 hyperbolic Lapla-
cian

Ag = —y* (02 +0))

with eigenvalue A(1 — A). Moreover, Niebur [12] showed that F) ,(z) has an analytic
continuation to Re(A) > 1/2.
Now, it is known that

Therefore, it is natural to ask whether the generating functions of the traces Tr(F) ,;
D1, Dy) also appear as holomorphic parts of half-integral weight weakly holomorphic
modular forms. This is indeed the case, as was proved in [1].

Let A € Z* and m € Z* be such that (—1)**!m is a fundamental discriminant (which
includes 1). Bringmann and Ono constructed a weight A+ 1/2 Poincaré series F)\(—m; z)
for T'p(4) using Kohnen’s projection operator (see [1, Section 2]) and showed that it has
the Fourier expansion

Fax(-mjz) = ¢ ™ + > ba(=m;d)g® € M, ().
d>0
(—1)*d=0,1 (mod 4)

They then proved the following result.

Theorem 1.1 (Bringmann/Ono [1], Theorem 1.2). Let X € Z* and m € Z* be such
that (=) 1m is a fundamental discriminant. Then for each d € Z+ with (—1)*d =
0,1 (mod 4) we have

ba(—m;d) = =—————Tr(Fy.1;: (=) 'm, d). (1.2)
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Now, define the twisted exponential sum (see [8, Eq. (18) and Proposition 5])

2
c x° + | D1 Do dmive
= Y am (G SR
22=—|D1D2| (mod c)

For simplicity, when Dy = v =1 and Dy = d we write

Sa(e) == S1a(le)= Y e

z2=—d (mod c¢)

We will prove the following asymptotic formula for Tr(F) ,; D1, D2) with an effective
bound on the error term.

Theorem 1.2. Let D be a fundamental discriminant. Let N\, Dy, v € ZT be such that
(=1)*D3 = 0,1 (mod 4) and (—1)*D1Dy < 0. Then we have

_1 A1 -
8mv+/|D1D
Tr(Fyv; D1, D2) = ch,\ > Spy,Ds (V) <¥>

C
0<c<2y/|D1Ds|
¢=0 (mod 4)
4mv/[D] D3|

X e c +R()\,V, D1D2),

where

L (A= 1+ k)

e = () T

and R(\, v, D1Ds) satisfies the bound
[R(A, v, D1Ds)| < C(A,v)H(|D1Dyl),
where C'(A\,v) is the constant defined by (3.9). Moreover, we have
I Te(Fy; D1, D)| < C'(A,v)e™VIP1D2],
where C'(\,v) is the constant defined by (3.11).

Remark 1.3. By combining Theorem 1.2 with the identity (1.2), we get the following
effective bound for the Fourier coefficients by(—m, d) of the Poincaré series Fy(—m;z) €

M s

A+1/2( ) constructed by Bringmann and Ono:

A—1

d

m

M’

|ba(—=m, d)| < 2C" (A, 1) ——e™Vmd.

[N
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Table 1

Values of C(A, v) and C’(\, v).
A\, v) C(\,v) ~ C'(\v) &
(1,1) 194632 58325
(1,2) 1.05501 x 10° 3.16418 x 108
(1,3) 3.32284 x 10'? 9.96830 x 10!
(2,1) 1.25315 x 10° 3.75714 x 10°
(2,2) 2.39544 x 10 7.18607 x 10°
(2,3) 1.61592 x 104 4.84774 x 103

The Mathematica code to compute the constants C'(A,v) and C’(\, v) appearing in
Theorem 1.2 is available at [5]. In Table 1, we display some values of these constants.
We will deduce the following special case of Theorem 1.2 for traces of singular moduli.

Corollary 1.4. For each d € Z with —d = 0,1 (mod 4), we have

Trg(J) = % > Sa(e)e*™=™ + R(d),

0<c<2vd
¢=0 (mod 4)

where

|R(d)| < (389264)H (d).
Moreover, we have

ITra(J)| < (116650)e™ V4.

Bruinier, Jenkins, and Ono [2, p. 379] proved a Rademacher-type exact formula for
traces of singular moduli which can be expressed as

Tra(J) = —24H(d) + % Z Sa(c) (eT —e T

c>0
c=0 (mod 4)

The series in (1.4) is only conditionally convergent, hence one cannot simply truncate
this series and bound the remainder term-wise to give an asymptotic formula for Trq(J).
The method employed in this paper circumvents this difficulty and allows us to give a
bound on the error term with an explicit constant.

In [4], Duke proved that if —d is a fundamental discriminant, then

]. 47 1
Tra(J) = —24H(d) + 5 Y Sa(c)e™=™ + O(dE ) (1.5)
0<c<2Vd
c=0 (mod 4)

for some absolute constant § > 0, verifying a conjecture of Bruinier, Jenkins, and Ono [2]
for the limiting distribution of Try(J) which was based on the formula (1.4). The implied
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constant in the error term of (1.5) could, in principle, be computed, though it would be
difficult to do this because of the methods used to produce a power-saving exponent.

In [6], Folsom and the third author proved an asymptotic formula for Tr(F) ,; D1, D2)
with a power-saving error term.

Finally, we note that there are many problems in number theory which require explicit
constants in error bounds. An example of this can be found in the paper of Locus Dawsey
and the third author [10], where methods similar to those employed here are used to give
an asymptotic formula for the Andrews smallest parts function spt(n) with an effective
bound on the error term. This bound was used crucially to verify recent conjectures of
Chen [3] regarding inequalities satisfied by spt(n).

Acknowledgments. We would like to thank the referees for a very careful reading of
the manuscript. This research was supported in part by the NSF grant DMS-1757872
and by the Simons Foundation grant #421991.

2. Effective bounds for the coefficients of F} . (z)

Let A > 1 and v € Z*. By [12], we have the Fourier expansion

27T1+>‘02)\_1(V) 1—X\

@x— roneen)”
+omt e Z b(n,v; )\)y%K)\_% (27 |n| y)e(nx),

%yél)\ (2mvy)e(—vzx) + cx +

1
2

n#0
where
12,  ifa=1,
C) =
0, if A>1,
- Iopy (A if n.> 0, (a)
bn,viN) =Y S(n, —vic) ( ) (2.2)
c>0 ¢ Jox—1 (@) if n < 0. (b)
Here

S(a,bie):= Y e(adjbd)

d (mod c)
(e,d)=1

is the Kloosterman sum, I'(A) is the Gamma function, () is the Riemann zeta function,
oax—1(v) is the divisor function, and I,,, J,, and K, are the I, J, and K-Bessel functions,
respectively, of order a.
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Proposition 2.1. For A > 1 and v € Z+ we have the bounds

Ol()\v V) |’I’L‘>\ y an < 07 (a)
b(n, v; A)| < (2.3)
Co(\, v)nrer™ ™ ifn >0, (b)

where

Ci(\v) = (3.2)mV3u + (16720) " 2¢2 (2A — 1) Iy 1 (1),

4m\/6v
T'(2))

Co(\,v) = (A= D77 4 e mVP (16020 3 (2 (20 — L) oy (1).

N

Proof. If 0 < ¢ < 1, we use the series (see [13, Eq. 10.2.2])

Taa(t) = (;)im&‘fiw ()

to get the bound

2\—1 oo 1
‘JQ)\fl(t” < (%) Z m (2.4)

If ¢ > 1, then we have the bound (see [9])
| Jor_1(#)] < min {(0.7)(2)\ _1)3, (O.8)t_1/3} . (2.5)

Now, we bound b(n,v; A) for n < 0. By using (2.2b), (2.4), (2.5) and the Weil bound

|S(n, —v; )| < 7(c)(n, —v,¢) /22, (2.6)
we get
b(n, v; A)|
12 (e B T(C
< |n| (0.8) Z ClT + (27T\/ ‘TL| 1/)2)\ ! Z F(Q)\ ¥ k)4kk‘! Z C2/\—%
=1 k=0 e>|amy/Inlv |

The divisor function 7(c) satisfies the bound (see e.g. [10, Section 3])
7(c) < V3cl/2 (2.7)

Also, we have
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ST 8)
c>0
and
2. m =27 o (1), (2.9)

k=0

Then inserting (2.7), (2.8) and (2.9) yields
bn, i A)| < [l [3:2)7(30) 22 4 [n* % (4m V)71 2A = D Tar-a (1))
< |n|? [(3.2)7T(3z/)1/2 + (16m2)2 3¢ (20 — 1) 1”,1(1)} .
Thus, (2.3a) follows with
C1(0v) = (3.2)mV3u + (167%0) " 2¢% (2X — 1) Iy 1 (1).

We next bound b(n,v; ) for n > 0. If 0 < ¢t < 1, we use the series (see [13, Eq.

10.25.2))
()= @M ) o (g)k

to get the bound

2A—1 o
t 1
<|=z YAV R ’
[T2x-1(8)] < <2> kzzo T(2X + k)4Fk! 210

If ¢ > 1, then we have the bound (see [7, Eq. (2.4)])

V2 1\ o
Ioy_1(t A—— —. 2.11
a0l < o (A1) G (2.11)
Then using (2.2a), (2.6), (2.7), (2.8), (2.9), (2.10) and (2.11), we get
|b(n, v; M|
T/ | oo
\/§ 2)\7— L4 ( 27’(’ TLV 2>‘ 1 ’r(c)
< 1/2 A\ — 471'\/711/
=n F2)\)( ) Z cl/2 +Z T(2\ + k)4kE! Z 2A—3
=1 =0 e>|an /v

< i/ [ﬁ (A= 1) 72 ATV B 4 ) + (dmy/an) 212 (20— 1) 1%_1(1)]

(A= i)Q/\_% + e VY (167%0) N 2 (2 (2x—13) 12>\1(1)] :
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Thus, (2.3b) follows with

47/ 6V

Ty (D7 e eE ) T (A - ) (). D

CQ(/\, l/) =

3. Proof of Theorem 1.2
Inserting the Fourier expansion (2.1) into the definition of the trace yields
TI‘(F)\’V; Dl, Dg) = M()\, v, Dng) + E()\, v, D1D2),

where

X0, (@)Im(1q) 2 I, 1 (2mvIm(7q))e(—vRe(rq))

M(A\ v,D1D5) := =m 3 Z

Q€Q 1,y ve
and
E(\, v, D1Ds) := E1(\,v, D1D3) + Ef (\,v, D1 D) + E5 (A, v, D1 D)
with
xp, (Q) 21 P oga 1 (v) 1-2
Ei(\v,D1Ds) := Z {C)\ + Im(7q) )
wcde,, v [T @Dy
EF(\v,DiDy) i=2m* "2 Y X, (@)
wQ
QEQ Dy Dy
X Z n,v; A)Im(rg)2 KA7%(27T|n\Im(TQ))e(nRe(TQ)).
neZi
n#0

We first analyze the main term M (X, v, D1D3). For A € Z™, we have the identity (see
[14, Section 3.71])

A—1 A—1
1 Ci,\ _ [
I, _1(t) = et 24 (—1)re? :
A 2( ) It kzz:o (Qt)k ( ) kz:;) (Zt)k
where
A—1+k)!
(e A TER
e = D) T

We insert this identity into M (A, v, D1 D3) and write

M()\, v, Dng) = 2\41()\7 v, D1D2) + R()\, v, DlDQ),



10 H. Ellers et al. / Journal of Number Theory 212 (2020) 1-17

where
R(\,v,D1Ds) := Ry(\, v, D1D3) + Ra(A, v, D1D5)
with
M- (/\ DD ) VA71 Z XD, (Q) 27vIm(7Q) -— Ck,\ ( Re( ))
1 vV, DhlUg) 1= e 7k€ —y 0
2 QEQ|p, Dy “a k=0 (47TVIm(TQ))
Im(7q)>1
V>\71 XD (Q) 27vIm(7q) - Ck,\
Fald,v, DuDa) = 2 o me(—VRe(TQ))
QELQp, Dy @ k=0 Q
Im(rq)<1

A—1

R2(/\, V,D1D2) = V2 Z XL@ ( 1 A —27wIm (TQ) Z ‘Ck >\|

(4rvIm (7
Q€Qpyp, @ @)

e(—vRe(1q)).

Now, for each Q € Q|p, p,| and Im(7g) > 1, we have

DD
VID1Ds| by — dagcq = by = —|D1Ds| (mod 4ag).

0< < s
aqQ B)

Hence, letting ¢ = 4ag and = = b, we get

P 8t /TDiDs]\ - areyioisy]
M ()\ v, D1D2 ch)\ Z (u 64 \CD1D2\

c
k=0 0<c<2+/[D1 D3]
¢=0 (mod 4)
c x? + |D1D2‘ dmiva
X E XDy Z’ x, 70 € ¢
22=—|D1 D3| (mod c)

/\ 1)\ 1 -
ZCkA Z Sp. b, (v, c) (87”/ V|D1D?|>

C
= 0<c<2y/|D1Ds|
¢=0 (mod 4)
4nv\/[D] Da]
X e c . (3.1)

Since @ € Q|p, p,| is reduced, we have |bg| < ag < cg and bg > 0 when one of
the two inequalities is an equality. It follows that the CM point 7¢ lies in the standard
fundamental domain F for I', and thus

m(rg) > V3/2. (3.2)
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Then estimating gives

1 X0, (Q)] e
IRy(\, v, D1 Dy)| < Y, Eee e N mn —e(—vRe(7q))|
2 QEQ|p; Dy ve k=0 (47TVIHl(TQ))
Im(TQ)Sl
1 A—1 1
27y
Z lekale > oo
QEQ|p, Dy|
Im(7q)<1
V)\—1627ru A—1
S—5— > lexAlH(ID1Ds)).
k=0
Similarly, we have
A1 2]
[Ra(A, v, D1 Do) < — ];)\ck,ﬂﬂ(mlpﬂ).

Then, combining these estimates yields

)\ e 8 DD * 4nv\/[D1Dg|
FYes T Somo (7 VIDIDI[) oot

M(\v,DiDy) =
C
k=0 0<c<2y/|D1Ds|
¢=0 (mod 4)
R()\7 v, Dng),
where

|R()‘7V7D1D2)‘ < |R1()"V7D1D2)‘ + |R2(/\7 V7D1D2)|

V)\—l €2wy+1 A-—1
< % kZ—O ek A [H (| D1 Dal). (3.3)

To bound the error term Eq (A, v, D1Ds), we use the inequality
Im(r)' ™ < (V3/2)' 7 < (1.2)M

to get

2122 Ipl A g1 (v 1
(1.2) a1 )} 3

‘El()‘v v, D1D2)‘ < |:C)\ + (2>\ _ 1)F()\)C(2>\) wg

QeQipy 0
2(1.2)A 1l g0, 1 (v)
oA DTNV

[CA ; } H(IDy D).
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We next bound the error terms E2i()\, v, D1 D).
If A =1, we have the identity

1

1/2
K (27T|n‘Im(TQ)) = (4|7’L|II’H<TQ)) 6727\'|H‘IIH(TQ)'

1
2
On the other hand, if A > 1 we have the asymptotic formula (see [11, Eq. (14)])

1 1/2
1 I - - —2m|n|Im(1q)
K/\7§(27T|’I”L| m(TQ)) (4|TL|IIH(TQ)) €

= an(A-1) (K)
X ~ 2 +R (27T|n|1m(7' ) A —
LE_: (27 [n[Tm(rg))™ N

where RE\K) is a certain remainder term and
peos(mh) T(k+ 3 +OT(k+ 4 —0)

for keZ*, £eR".
= PT(k + 1) or Resfe

a(€) := (=1)

)]

Using [11, Theorem 1.5 and Proposition B.1], we can bound the remainder term by

1
’R&K) (27r|n|1m(7'Q),)\ — 5)' < |a>\ ()\ — %)’ .
Hence, for A € Z* we have

1/2
1
< —27|n|Im(Tq)
‘K)\_%(%r [n| Im(TQ))’ < 4y <74 il (TQ)> e

where

D R if A=1,
T Z:\n:()‘am()\_%), if A>1.

Combining (2.3a) with (3.4) gives
—2m|n|Im(1q)
By A v, DiDy)| < mA 260G ) Y 2 Y e

w
n<0 Q€EQp, Dy @

Moreover, by the lower bound (3.2) we have

>

QREQ|D; Dy

e—27r|n\1m(‘rQ)
< H(|DyDs|)e V3,
wQ

Hence
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|Ey (A, D1Ds)| < mA A 26,CL (N, v) H(|D1 Do) Y 0t~ 23
n>0

= 726,01 (A, V) H(| Dy Da|)Liy 5 (e™™Y?)

where Li,(z) is the polylogarithm function defined by
Lis(z Z seC, |z <1.

Next, using (2.3b), a similar argument yields
|ES (A, v, D1Dy)| < m~26,Ca(A, v)H(|D1 D)

where

3 Zn)\—%e@ﬂ'\/n_l/—ﬂ'\/gn).

n>0

Write

477\/n_u—77\/§n:—n<7r 3—4%;)7

and observe that if n > [222] then

where

Hence

»< Zn —zedmvnr—mv3n) 4 Z A3 e—ma)

n=1 n_"32u‘|
) «

< Z ’/7,)\7%6(47“/7“/77”/5”) + Zn)\féefn
n=1

123~]
_ Z n)\—%e(47r\/n_u—7r\/§n) —I—Li;_)\(e_l).
2

n=1

Thus we get
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|E5 (A, v, D1Dy)|

|32
< mATE26,Co(A V) H(ID1 Do) | Y A zeldmVimrmnVim 1, (e )
n=1

By combining our bounds for F; (A, v, D1 D) and E2i (A, v, D1D3), we get

|[E(\, v, D1Ds)| < |E1(A,v, D1Ds)| + |E5 (X, v, D1D2)| + | E5 (A, v, D1D3)|
< Cp(A\v)H(|D1Ds) (3.5)

where

2(1.2)M 1l 20y 1 (v)
@ = DTV

Ce(\v) = |ex+ ] +ﬂVAf%C&()\,1/)5)\Li%_>\(e*’“/§)

123~
+ 7'(-1/)\7%02()\, V)0 Z Tz (Vi mmSn) + Li%—A(eil) : (3.6)
n=1

Finally, by combining (3.1), (3.3), and (3.5) we have shown

)\ 1 A-1
Tr(F,; Dy, Do) = ch,\
—k
8 DD ~v/[D1Dal
Y Soum(no (Wi vlclll> im0
0<c<2y/|D1 D3|
¢=0 (mod 4)
+ R()\, v, D1D2) + E’()\7 v, DlDQ), (37)
where
|R(\, v, D1D2) + E(A, v, D1D3)| < C(A\,v)H(|D1Ds|) (3.8)
with
V/\ 27r1/ +1
C(\v) :=Cg(\v)+ Z |cal. (3.9)

It remains to bound Tr(F) ,; D1, D3). By the definition of M (A, v, D1 Ds), we have

_1 (2mvIm(7g))

. Im(rg)*
IM(A\, v, D1Dy)| <mA™2 Y

w
QEQ D, g @
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Then using (2.11), we get

-2 A 2nvIm(7q)
\M(\, v, Dy Dy)| < VTR (%) ) —

- 1
F()\-i- 2) Q€0 by, wQ
Now, since
V|D1Dy|
I =Y -
m(7q) 200
we have

Im(rg) < Y——= | DD

- 2

The only form @ € Q|p, p,| With ag =1 is the principal form, hence
)‘_% )\ A v
‘_]\4()\7 V,D1D2)| < \/El/—l <_) |:e7TV\/D1D2 + (H(|D1D2D B 1)6 v|1271D2\
F(A+3) \2
Therefore, a calculation shows

|TI'(FA,V;D1,D2)| S ‘M(A,l/, D1D2)| =+ |E()\,V, D1D2)|
S C/(Aa V,DlaD2)eTrV \Dng\,

where

SO ~v\/[D1 D3]
C'(w D1, D2) = S () |14 (HODuDal) - e
F(A+3) \2

+ Cp(\ v)H(|Dy Ds|)e~™VIP1 D2l
We have the effective bound (see e.g. [10, Section 3])
H(|DyDs|) < 3| Dy Do|*/2.
Hence

mvy/[Dy Dol
2

1+ (H(|D1Dz|) —1)e” <17.6,

H(|DyDy|)e~™VIP1Pzl < .3,

Finally, we get

|Tr(Fy,; D1, Do)| < C'(A,v)em™VIP1D2l, (3.10)
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where
A—23
C'(\v) = (7.6)\/%”—+2 +(0.3)Cs(\ V). (3.11)

4. Proof of Corollary 1.4

Using (1.1) and letting A =v =1 and D; =1 and Dy = d in (3.7) yields

Tra()=5 > Sale)e™ + Ry(d),

0<c<2vd
¢=0 (mod 4)

1
2

where
R;(d) :=2[R(1,1,d) + E(1,1,d)].
Hence, by (3.8), (3.9) and Table 1, we have
|Rs(d)| < 2C(1,1)H(d) < (389624)H(d).
Finally, using (1.1), (3.10), (3.11) and Table 1, we get
I Tra(J)| < 2C7(1,1)e™V? < (116650)e™ V.
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