Moments of the scores

Sergey G. Bobkov!

Abstract—Upper bounds on absolute moments of the scores
are derived for sums of independent random variables in terms
of the moments of the scores, as well as in terms of the total
variation norm of densities of summands.

Index Terms—Score, score function, Fisher information, total
variation, convolution, Stam’s inequality.

I. Introduction

If X is a random variable with an absolutely continuous den-
sity f, its score function is defined by p(z) = f'(z)/f(z) =
(log f)'(x), where the derivatives may be understood in the
Radon-Nikodym sense. The score of X is the random variable

f(X)
"=y
It is well defined with probability one, and its distribution
plays an important role in various problems of Statistics and
Information Theory, cf. e.g. [6], [8], [11].
Let us look at the meaning of the absolute moments

Ii(X) = E|p(X)[*

for positive integer values of k. The first absolute moment

1) = e = [ T @) da

describes the total variation of the density f. In this case, the
definition naturally extends to the larger class of probability
distributions on the line, whose densities have bounded total
variation in the sense of Theory of Functions (including, for
example, the uniform distribution on finite intervals). Note
that, if I, (X) is finite, the first moment Ep(X) is necessarily
vanishing. The second moment
_ [ f@)?
oo [(2)
represents the Fisher information contained in the distribution
of X. Both quantities, I; and I, are classical objects in
different areas.

Higher order moments [; were introduced by Lions and
Toscani [9] in their study of convergence of densities (and of
their powers) in the central limit theorem in Sobolev spaces.
As was mentioned in [9], the functional I, was also considered
by Gabetta [7] in the context of the kinetic theory of gases to
study the convergence to equilibrium in Kac’s model. See also
[1], where these moments appear implicitly with the aim to
control translates of product probability measures (and where
the finiteness of exponential or Gaussian moments of p(X)
are required).

I(X) = I(X) dz
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However, in contrast with [;(X), which can easily be
treated by Fourier methods, it is often not clear how to bound
or even to verify that I;(X) is finite for & > 1. Let us
restrict ourselves to the case where the distribution of X has
a convolution structure, that is, when

X=8,=X+ +X, (L1)

for some independent random variables X;. The values
(I4(Sy,))'/* are non-decreasing in k, but are non-increasing
in n (cf. Corollary III.2 below). If k = 2, a stronger property
is contained in Stam’s inequality, which may be written in the
linearized form as

I(S,) < afI(Xy)+---+adI(X,)

with arbitrary real numbers a; > 0 such that a1 +---4a,, = 1.
Lions and Toscani proposed an extension of this relation to
the moments of the scores of even orders £ = 2m; in case
of the two summands, it similarly states that, for all a,b > 0,
a+b=1,

(X1 + X2)
_2 | |
(I; ) aF—I p (kaz(Xl))% (Ik72(X2))ﬁ.

< akfk(Xﬂ + bkfk(Xz) +

N

1.2)

<.
Il
N

If X;’s in (I.1) are identically distributed (i.i.d.) with finite
I;.(X4), the inequality (I.2) ensures not only the finiteness
of I;(S,), but also implies a uniform boundedness of the
moments of the scores along rescaled convolutions. In [9],
this is shown to hold by induction on n via a bound implying
I (Sn/v/n) < emIam(X7) with implicit constants ¢,,. Here,
we first extend the latter inequality to general weighted sums

Zn - Oéle + "'+04an7

where we assume that ; > 0 with o + -+ + a2 = 1.

Theorem L1. If I5,,,(X;) < I foralli < n, then
IZm(Zn) S ch

with ¢,,, < (2m)! (e/m)™.

1.3)

The right-hand side of (I.3) does not depend on «;. The

sharpness of the constants in this inequality (for large m)
may be tested on the example where X,;’s have a two-
sided exponential distribution. Then |p(X;)| = 1 a.e., so that
I5,(X;) = 1 for all m. Choosing a; = 1/y/n, we then have
Zn = Z ~ N(0,1), and moreover,
(2m)!
2mm)
Hence, the optimal constant in (I.3) admits a lower bound
¢m > (2m)!/(2™m!) meaning that the upper bound is optimal
modulo an exponentially growing factor.

IQm(Zn) - IQm(Z) = E|Z|2m = (Tl - OO)



Similar statements remain to be valid when dealing with
exponential and Gaussian moments.

Theorem L.2. IfE exp{|p(X;)|/o} < 2foralli <n (¢ > 0),
then

E exp {|p(Zn)| 40} < 2. (14)
Moreover, if E exp{p(X;)?/c?} < 2, then
E exp {p(Z,)*/Ko*} <2 (L5)

with some absolute constant (e.g. K = 6).

The inequality (I.5) exhibits a subgaussian behavior of the
scores p(Z,) uniformly over all admissible coefficients c;
under a similar hypothesis that the scores of the summands
are subgaussian. This is a full analogue of the well-known
property of the weighted sums: If E exp{X?/0?} < 2 and
EX; = 0, then

Eexp{Z./Ko*} < 2.

A similar property takes place in terms of the exponential
moments as well.

While the conclusions such as the one in Theorem I.1 are
based on the finiteness of I (X;), one may wonder whether
or not, the values I;(.S,,) for the sums in (I.1) become finite
for a certain n = ng assuming that just the first moments
I, (X}) are finite. This is known to be indeed true in the Fisher
information case k = 2, cf. [3]. The next statement extends
this observation to the whole range k > 1.

Theorem L.3. Ifb; = I;(X;) < oo in (L1), then I} (S,) < oo
whenever n > k + 1. Moreover,

1
Ii(Sk41) < crbr.. bpga (* +-+
by br41

) (16)
with ¢, = k¥ /(2Fk!)

The main point of (I.6) is that its right-hand side is finite and
has an explicit form. Since the constants c;, grow exponentially
fast, for an effective estimation of Iy(S,), it is better to
combine (I1.6) with (I.2) or (I.3) by splitting the sequence
Xi,...,X,, into the groups with at least k+1 elements in each
group. One may apply (1.6) to the group summands and then
involve (I.3) or a corresponding variant of (I.2) for the sum
of two or more random variables. On this way, one can reach
estimates such as (I.7) below dealing with the i.i.d. situation.

But, first let us note that Theorem 1.3 is no longer valid
for £ > 2 and n < k, as may be seen on the example of the
uniform distribution. Indeed, if X; are uniformly distributed in
(0,1), then S, has a density described as f(z) = ﬁ a1
for 0 < z < 1. Since the function

f'(@)\* —h—1
= — 1 n
(Fy) @ = -2
is not integrable on (0, 1) for n < k, necessarily Ij(S,) = oo.

The inequality (I.6) has the following application to the
characterization of the finiteness of the moments in the scheme

of i.i.d. summands. We denote by v(t) = Ee*X! the common
characteristic function.

Theorem I.4. Let (X;);>1 be i.i.d. random variables such that
E |X1| < oo. The following properties are equivalent, for any
fixedk > 1:

a) There exists n such that I, (S,) < oo;

b) There exists n such that S,, has a density with bounded
total variation;

¢) For some € > 0, we have v(t) = o(t~¢) ast — oo.

Moreover, if X, has a density with bounded total variation, then
with some constants Ay, depending on k only,

sup Iy (Sn/v/n) < Ag (I(X1))".

n>k+1

1.7)

The property b) is just a) specialized to k = 1. Thus, the
property a) does not depend on k.

The paper is organized as follows. In Section II, we discuss
connections between the scores and the so-called L-functions
associated with given probability distributions. Together with
the Brunn-Minkowski inequality, this will allow us to derive
the inequality (I.6) in the case of uniform distributions on finite
intervals, cf. Section VI. Convexity properties of the moments
and Stam-type inequalities for the functional [}, are considered
in Sections III-I'V. Theorems I.1-1.2 and 1.3-1.4 are respectively
proved in Sections V and VII. In the last two sections, we
discuss applications to the decay of densities and give remarks
on the relationship between the moments of the scores and the
usual moments (via Cramér-Rao-type inequalities).

II. Distribution of the score and
the associated L-function

Suppose that the distribution of a random variable X with
distribution function F'(z) = P{X <z}, z € R, is supported
on some interval (a,b), finite or not, and has an a.e. positive
density f on that interval. The inverse function F~1 : (0,1) —
(a, b) is then strictly increasing and continuous on (0, 1).

As a preliminary step, let us mention one useful general
representation for the moments I3 (X) = E|p(X)|* involving
the function

L(u) = f(F~(u)),

which often appears in many isoperimetric-type inequalities,
serving as the so-called isoperimetric profile of the distribution
of X. Note that L uniquely determines F' up to a shift
parameter. For example, it follows from (II.1) that

|
——du=0b-—a.
/0 L(u)

Indeed, if a random variable U is uniformly distributed on
(0,1), then F~(U) has the same distribution as X, so that

b 1
[ e = )
= Eiz/ ldz = b—a.

O<u<l, (IL.1)

(IL.2)

fF=
1
f(X)



If additionally f is absolutely continuous and has a finite
total variation (hence f(a+) = f(b—) = 0), then L is
absolutely continuous as well, with L(0+) = L(1—) = 0. In
this case, denote by L’ the Radon-Nikodym derivative of L.

Proposition II.1. Suppose that the distribution of X has an
absolutely continuous density f of bounded total variation,
supported and a.e. positive on some interval, finite or not. If a
random variable U is uniformly distributed on (0, 1), then p(X)
and L' (U) are equidistributed. In particular, for any k,

1
I(X) = i | (u)|* du.

(IL3)

Proof. By the assumption, F'~! is absolutely continuous and
has the Radon-Nikodym derivative

- L(u)’

Thus, L is absolutely continuous. By the chain rule applied in
(IL.1), it has the Radon-Nikodym derivative

"(FH w)
L'(u) = f'(F*(u F_llu:f( :
(u) = f7(F(w) (F77) (w) FF ()
Inserting « = U and using the property that F~1(U) and X
are equidistributed, we obtain the equality L'(U) = p(X) in
the distributional sense. O

We now express some possible convexity properties of the
density f in terms of the L-function (cf. also [2] for related
issues about the x-concave probability measures).

Proposition IL.2. Suppose that the distribution of X has a
continuous density f, which is supported and positive on some
finite interval (a, b). Given k > 1, the function f 1/k is concave
on (a,b), if and only if L**+1)/k is concave on (0,1).

Proof. Assuming without loss of generality that f has a
continuous derivative, we have L'(F(x)) = f'(z)/f(z), and
then

k+1

(L) (F() = (k+1) (f#) (),

Therefore, the derivative (f/*)" does not increase on (a,b),
if and only if (L(**1/*)’ does not increase on (0, 1). O

a<zx<b.

Let us also note that the distribution of p(X) does not
determine the distribution of X in a unique way. To see this,
one may define the functions L; and Lo in the following way.
Put L;(¢t) = min(¢, 1 —¢) which is the L-function for the two-
sided exponential distribution with density f(z) = % e~I°l,
and let Lo be piecewise linear on [0,1] with Lo(0) =
Ly(1/2) = Ly(1) = 0 and Ly(1/4) = Ly(3/4) = 1/4, which
corresponds to a different symmetric probability measure. In
both cases, L;(U) and therefore p(X;) have a symmetric

Bernoulli distribution on {—1,1}.

III. Convexity of moments

Let us now address some general convexity properties of the
moments of scores (needed in the proof of Theorem 1.3). We
write I;,(f) = I;;(X) when a random variable X has density
f» with the convention that I;(f) = oo, if f is not absolutely
continuous (in case k£ > 2). In case k = 1, let us recall that
the total variation norm is defined to be

N
Ifllrv = Ii(f) = sup D> [ F(ax) = fzr-1)],
k=1

where the supremum is running over all collections of points
T9g < x1 < --- < xn. For the finiteness of this norm,
the function f must have at most countably many points of
discontinuity, at which it makes sense to require that f be
right-continuous.

If f is a convex mixtures of several densities,

f=tfi+--+itnfn

then, as was stressed in [9], we have Jensen’s inequality

Li(f) < t1Ie(f1) + -+ tnTe(fn)- (IIL1)

This readily follows from the fact that the homogeneous
function R(u,v) = u™/v™~! is convex on the upper half-
plane u € R, v > 0. We need to extend this inequality to
arbitrary “continuous” convex mixtures of densities.

The collection 3 of all (probability) densities on the real
line represents a closed subset of L for the weak o (L, L°°)
topology. For any Borel set A C R, the functional ¢ —
/ 4 4(x) dx is bounded and continuous on ‘B. So, given a Borel
probability measure 7 on ‘3, one may define the probability
measure on the real line

u(A) = /m | [ o) as] anta)

It is absolutely continuous with respect to the Lebesgue

measure and has some density f(z) = d‘g—(;) called the convex

mixture of densities with mixing measure 7. For short,

lenqu(Q)-

A corresponding extension of (III.1) is given in the following:

(ti >0, ti+-+itn=1),

Proposition IIL1. The functional f — Ii(f) is lower semi-
continuous (hence Borel measurable) on the space 3. More-
over, if f is a convex mixture of densities with a mixing
probability measure T, then

I(f) < /m Ti(q) dr(q). (111.2)

In particular, (II1.2) implies the monotonicity property of
the moments with respect to convolutions.

Corollary IIL.2. For all independent random variables X,Y,
I(X 4+Y) <min{l;(X), I(Y)}. (I11.3)



Indeed, assuming that I, (X) < oo, the distribution of X has
an absolutely continuous density, say ¢. In this case, X +Y has
a density f representable as a convex mixture of the shifted
densities ¢, (x) = q(xz — h), for which I;(qn) = Ix(q) =
I.(X). Hence, I;,(X +Y) < I(X). O

In the case & = 2, the topological properties of the
functional I;, together with the inequality (III.2) are discussed
in detail in [3], cf. Propositions 3.2-3.3 therein. Their proofs
can easily be extended to the general case k£ > 1, so we omit
the proof of Proposition III.1. What is important, in the case
k =1, (II1.2) may actually be reversed for a suitable measure
7 supported on the (two-dimensional) set U C B of densities
of the form q(z) = 71— 1(4,) () with parameters a < b (cf.
[3], Lemma 4.3):

Proposition IIL.3. Any density f of bounded total variation
can be represented as a convex mixture f = |, o qdm(q) with a
mixing probability measure 7 on U such that

Mﬁ:Ah@M@- (IIL4)

Using the transference, the integration in (II.4) may be
carried out over the half-plane {(a,b) : a < b}. For example,
if f is supported and non-increasing on (0, 0c0), there is a
canonical representation

* 1
fz) = / — l{oca<a,} dm(zr) a.e.
o 1

with a unique mixing probability measure 7 on (0, c0). In this
case, I1(f) = 2f(0+), and (IIL.4) is obvious. One may write a
similar representation for densities of unimodal distributions.

IV. Stam-type inequalities

Given independent random variables X1, ..., X, with finite
moments Iy, (X;) of the scores p(X;), consider the weighted
sums

Zn=a1 X1+ + aana

assuming as before that o; > 0 with a2 +- - -+ a2 = 1. Here,

we also involve non-absolute moments
My(X;) =Ep(X))F, 1<k<2m.

Note that M; (X;) =0, while | Mj| < Ij.
We will need the following multinomial bounds with a
natural convention My (X;) = Ip(X;) = L.

Proposition IV.1. For any integer m > 1,

2m
Lom(Z) < Z(kl...kn>o"fl“'aﬁ"
X Mkl(Xl)Mkn(Xn)a (IVl)
In particular,
2m
IQ,,L(Zn) S Z (kl kn) alfl ,..Ozﬁn

In both cases, the summation is performed over all non-negative
integers k; # 1 such that ky + - - - + k,, = 2m.

Being specialized to m = 1, (IV.1) and (IV.2) coincide and
represent an equivalent form of Stam’s inequality, which is
stronger than the monotonicity property (II.3) of the Fisher
information. However, if m > 2, the inequality (IIL.3) cannot
be deduced from (IV.1).

In Lions and Toscani [9], the inequalities (IV.1)-(IV.2) were
obtained along derivation of (I.2) in the binomial form for the
weighted sum of two random variables. Let us recall a simple
argument which is slightly different than the standard one used
in the proof of the Stam inequality (compare e.g. with [8]).
Assuming without loss of generality that the densities f; of
X, are continuously differentiable and positive (¢ = 1, 2), the
density f of X7 4+ X has a derivative representable as

! oo / !
fl@)  J oV fAl—y) f2(y)
with arbitrary a; > 0, a1 + a2 = 1, and where dp,(y)/dy =
filx —y)f2(y)/ f(x). Since y, is a probability measure, one
may apply Jensen’s inequality, which gives
(f’(w))%” </°O (a H—y) )
fx)/ —

o 1)

+ as

1f1($*y) )2m dpiz (y).

One may now expand the integrand according to the binomial
formula, multiply both sides by f(x) and integrate over the
variable x. We then arrive at

(X1 +X3) < 3 ( 1317132) a®1ak2 My, (X1) My, (X0)
without the terms corresponding to k; = 1 and k; = 1. To
get (IV.1), it remains to write down this bound for the random
variables «; X; with a; = a?. As for the general case n > 2,
it is easily obtained by induction on the basis of n = 2.

Expanding the cosh-function in a power series and using
the property Ep(X;) = 0, (IV.2) implies:

Corollary IV.2. Foranyt € R, putting §; = |p(X;)|, we have

n

E cosh(tp(Z,)) < [[E (el — [t|ou&).

i=1

Iv.3)

V. Proof of Theorems 1.1-1.2
Proof of Theorem I.1. Since
(I, (X))YF0 < (T (X)) /4™,

while, by the assumption, I, (X;) < I, the inequality (IV.2)
implies I, (Z,) < K, I, where

2m k
K,mzz(klmkn)a;...agn

with summation as before. Put Ky = 1 and introduce the
generating function associated to the sequence (Ky,)m>0,

(V.1)

Km 2m
Y(z) = Z Wz )

m=0

z € C,



so that K, = 1™ (0). It follows from (V.1) that
- 1 L OTT (e

v(z) = [] o (02)% = ] (e —ay2).

=1 k;>0,k;#1 7" j=1

Since |e¥ — w| < el*! — |w| < el** for any complex number

w, we get a simple bound

Wz <[] e 171 = elol”, (V.2)
j=1

We now use contour integration and Cauchy’s formula

_ (2m)! ¥(2)
K, = i /Z_R S2m+1 dz (R > O),

which together with the upper bound (V.2) yields
(2m)' R?
K,, < Tzm e
It remains to choose an optimal value R = \/m, which leads
to

(2m)le™
mm

that is, (1.3). O

L (Zy) < I, (V.3)

Before turning to the next theorem, let us note that the mo-
ment bound (V.3) is insufficient to derive (1.4)-(1.5). Therefore,
we choose a slightly different route based on Corollary IV.2.

Proof of Theorem I.2. By homogeneity, we may assume that
o = 1. Putting & = |p(X;)|, on the axis ¢ > 0, the function

Pi(t) = E (e — t&),

is smooth, non-negative, with ;(0) = 1, ¥/(0) = 0. More-
over, for t <1/2,

t=1,...,n,

v (t) < B et/

Using the bound 22 e*/? < ce® with ¢ = 16/, we get
Yl (t) < cEeb < 2,
which, by Taylor’s formula, implies 9;(t) < 1+ ct? < ect”
Hence, applying the bound (IV.3), we obtain that
E exp{t|p(Z,)|} < 2E cosh(tp(Z,))

< 2 [[wileit) < 2.

=1

Choosing ¢ = 1/2, this gives
Eelr(Zal/4 < (Ee\p(Zn)\/Q)l/z < (26912 < 9,

which was required.
For the proof of the second claim, we apply the bound
22" /2 <26 1 Since Eefi < 2, we get
WI(t) = E€2els < Eg2e*HED/2 < 4
= i = & 9
implying
2t2

Yi(t) < 142 /2 < ¢,

Hence, by (IV.3), for any ¢ € R,

2

E cosh(tp(Z,)) < e'.

If n is a standard normal random variable, independent of
p(Zy,), this subgaussian bound on the Laplace transform yields

E exp{t’p(Z,)?/2} = E cosh(tp(Z,)n)

1
< Eexp{t’y’} = ——,
< Bewltn’}) = =
which holds true for all 0 < ¢ < 1/2. The choice t? = 3/8
yields (I.5) with constant K = 16/3. O

VI. The case of uniform distributions

By virtue of Propositions III.1 and III.3, Theorem 1.3 may be
reduced to the case of uniformly distributed random variables.
Hence, as a next step, here we derive the inequality (I1.6) for
the class of uniform distributions on finite intervals. Suppose
that the independent variables X;, 1 < ¢ < k+1, are uniformly
distributed in the intervals of lengths [; > 0, respectively.

Lemma VI.1. For the sum Si;+1 = X1 + -+ + X411, k > 1,
we have

k ...
Ii(Sky1) < k w

< o (VL1)

l]_ ...lk+1

Proof. Let X; be uniformly distributed in the intervals (0, 1;).
Then, the density f of Siy1 is supported and positive on
(0,1), 1 =11+ +1k+1, where it has a piecewise continuous
Radon-Nikodym derivative f’. For sufficiently small z > 0,
the distribution function of Si,; is given by

F(z) =P{Skn <z} = 17 ! k1 (V1.2)

CES
where V' = [;...l;41 denotes the volume of the box @ in
R**1 with sides [0, ;]. Correspondingly, for small = > 0,

L&
Note also that f is symmetric about the point [/2, and
f(O0+) = f(i=) =0.

To explore shape properties of the density on the whole
supporting interval, we apply the Brunn-Minkowski inequality
in Convex Geometry. It asserts that

ud + (1= w)B|'* > u|AVE + (1 — ) | BV

(V1.3)

(V1.4)

for all 0 < w < 1 and all non-empty Borel sets A, B lying in
parallel (k-dimensional) hyperplanes of R¥*!. Here

uA+(1—u)B={ua+(1—u)b:ac A, be B}

stands for the Minkowski sum, and |C| is used to denote the
k-dimensional Lebesgue measure of a set C' in the hyperplane
where it lies (cf. e.g. [5], [10]).

Since the random vector (X7, ..., Xg41) is uniformly dis-
tributed in @, the density of .S;, may be written for 0 < z <
as

1

flx) == ‘{(xl,...

% The1) € Qa1+ -+ Tpg = 2}



Hence, by (VI.4), the function f(m)l/ k is concave on the
supporting interval (0,1).

As we know, the latter property may also be formulated in
terms of the associated function L(u) = f(F~!(u)). Namely,
by Proposition 1.2, the function L*+1/% is concave, so that

k k+1 1
oY =L
E+1 ( )
does not increase on (0,1). Hence, using also the symmetry
of L about the point 1/2, we get that, for all 0 < u < 1,

|L'(w)|* L(u) < ¢, ¢ = lim L'(u)* L(u).

u—0
With this bound we can now apply Proposition II.1 and the
equality (II.2), which give

c

1 1
IM&H):A|UmWﬂu§A o du=d. (V1)

It remains to find c. From (VI.2)-(V1.3) it follows that, for
all v > 0 small enough,

L(w) = (k+1)(k+1) 51 V7m0,
L'(u) = k(k+1)7F V7w g m,
and thus i
1k
L'(u)* L(u) = TE-C
Hence, we arrive in (VL5) at Ij,(Sk+1) < Ik*/(Vk!) which is
(VL1). 0

VII. Proof of Theorems 1.3-1.4

Proof of Theorem I.3. Assuming that the random variables
X, are independent and have densities f; with finite total
variation norms b; = I;(X;), one may apply Proposition II1.3
and represent them as convex mixtures f; = [ ¢dm;(g) with
some mixing probability measures 7; supported on the set
U of densities for uniform distributions (on all intervals) and
satisfying

Jk+1.  (VILD

bz:/ Il(qi)dﬂi(qi), izl,...
U

Taking the convolution, we then have a similar representation
for the density f of the sum Si41 = X1+ -+ Xj41, namely

[o= Jfixoxfren
= // q1*"'*Qk+1 dﬁl(ql)...dﬁk+1(qk+1).
U U

One can now apply Jensen’s inequality (II.2) to get that

I(f) < / / I (quee - #qrer) dmi(qr) - dmep1 (qrg)-
v (VIL2)

For the uniform distribution on the interval (a,b), a < b,
with density ¢ = ﬁ L(a,p), we have I1(q) = 2/(b — a).
Equivalently, every ¢ in U is supported on an interval of length

I = 2/I1(q). Hence, by Lemma VI.1, putting I; = 2/11(q;),
we have
kfk L+ +

I e <
k(q1 * * Qk—O—l) - k! li... lk-‘rl

k1
= & Y @) Ti(gi-)Ti(gir1) - Ti(gera),
=1

where ¢, = k¥/(2Fk!) Using this bound in (VIL2) and
applying (VIL.1), we arrive at

k41
Ik(f) < ¢ Zbl b bi+1 L. bk+17
i=1
which is the desired inequality (1.6). O

To turn to the next theorem, we employ the following bound
on the total variation norm in terms of characteristic functions,
cf. [3], Proposition 5.2.

Lemma VIL1. If the characteristic function u(t) = E e®*X of a
random variable X has a continuous derivative fort > 0, with

/OO 2 (Ju(®)]® + o' (t)]?) dt < oo, (VIL3)

— 00

then X has an absolutely continuous density q with finite total
variation norm satisfying

lalbv < [ @R ar [ [y P

— 00 —00

(VIL4)

Proof of Theorem 1.4. By Theorem 1.3, if I;(S,,) is finite,
then so is I3 (S, (x+1))- Hence, a) and b) are equivalent.

To see that b) and c) are equivalent as well, note that the sum
Sy, has characteristic function vy, (t) = v(¢)™. Assuming b),
Sy, has a density ¢ of bounded total variation with ¢(—o0) =
g(co0) = 0. In this case, one may integrate by parts to write

v (t) = / e q(z) dx = ! e dg(x), t#0.

—00 1t —00
Since the latter integral is bounded in absolute value by
Ii(q) = Ii(Sy), it follows that |v(¢)|" = O(1/t) as t — oo,
and we get the property ¢). The implication ¢) = b) may be
based on Lemma VIL1, applied with u(t) = v,(t), X = S,
in which case

W/ ()] < nE X[ Jo()]"

If |u(t)] = o(t™¢) for some € > 0, and if n is sufficiently
large, then all integrals in (VIL.3)-(VIL.4) are convergent, so
that ||q||Tv = I1(Sy) is finite.

It remains to derive the inequality (I.7), assuming that X3
has density with bounded total variation norm I;(X;). First,
let £ = 2m be even, and consider the sums

> ox

(G—1)(k+1)<i<j(k+1)

)/j:



forj=1,....r,r=[n/(k+1)]. Put N = r(k + 1), so that
1 < N < n. By Corollary 1.2, I;,(S,,) < It(Sn), while, by
Theorem 1.1,

IQm(SN) -

<

I2m(Y1 + -+ Yr)
e™ (2m)!
remt ).

m m

On the other hand, by Theorem 1.3 with k£ = 2m,

(2m)2m+1
Im (Y1) < 22m (2!

The two inequalities yield

Lom(Sp) < 2r ™e™m™ L I (X,)%™.

I (X1)%™.

n n
ShT) > &=, so that

Since n > k + 1, necessarily r >
I (Sn) < 2n7™ (6e)™ m*™ Tt I(X7)%™.

Thus, (I.7) follows with constant Aj, = (3e/2)%/2 kF+1,
If k=2m —1is odd, and n > k + 2, one may apply the
previous step (VILS), to get

(VILS)

2m—1

I2m—1(Sn) < (I2m(5n)) 2m
< (2n7m(6€)mm2m+l)% Il(X1)2m’1.

Hence, (1.7) follows with constant A, = (3e/2)%/2 (k41)F+1,
Finally, if £ = 2m — 1, n = k + 1, the inequality (1.6) yields
(I1.7) with a similar constant. O]

VIII. Polynomial decay of densities

Let us now consider the moments of the scores I, = I(X) =
E [p(X)|" for real values k > 1 (not necessarily integer). Here
we show that, by invoking the absolute moments

Bs = Bs(X) =E|X|® (s >0 real),

it is possible to control the behavior of the density of X at

infinity. Define the conjugate power k* = %

Theorem VIIL1. If X has density f with finite I}, (k > 1) and
Bskx (s > 0), then, for any x € R,
c

fz) < m (VIIL.1)
with constant
C:{ sﬁs,1+(1+lﬁj;)ll,f, if s > 1,
s+ 3+ BE.)IF, if s < 1.
Moreover,
zh—>Holc (1+|z]*)f(x) = 0. (VIIL2)

Proof. Since k£ > 1, the density f is absolutely continuous and
has a Radon-Nikodym derivative f’. By Holder’s inequality,

[ eris@ia = [ Ta

S<éﬂwﬂ@myﬁ(éﬂ£fﬁﬁa

where £ = {x € R: f(z) > 0}. Hence

e 11
/ |z | f'(z)|dz < BE. Ik%, s>0.  (VIL3)

Now, assuming first that s > 1, the function
u(z) = (1 + [z|°) f(x)

is (locally) absolutely continuous and has a Radon-Nikodym
derivative satisfying

W/ (@) < slal7F flo) + L+ |2 [f/ (@) (VIIL4)

Integrating this inequality, we see that u is a function of
bounded total variation. Since w is also integrable, we get

(VIIL5)

T ule) = Jig ule) = 0,

thus implying (VIIL.2). In addition, by (VIIL.4) and (VIIL.3),

mm::/ wm@s/ ! (4)] dy
< s [ i@
+/'u+MMfwa
< sBso1+ 11+ 55; I,f. (VIIL6)

Since I; < I}, we arrive at (VIIL1).
If 0 < s <1, one may still use (VIIL.4). Since f(z) < I,
for all x € R, we have

/OO slz|*~ f(z)dz < / slz|*7t f(z)dx
—o0 |z|>1
1
s—1 d
[ skl pa)da
< d 21 .
< s/lx>1f(x) r+2L; < o0

Recalling (VIIL.3), we conclude that v is an integrable function
of bounded variation, which implies (VIIL.5) and thus (VIIL.2)
again. With a similar argument, (VIIL.6) should be modified
to

11
w(xz) < s+ 30+ B IF,

which yields (VIIL.1) in this case as well. O]

Remark. Under stronger moment assumptions, one can obtain
better bounds for the decay of the density. For example, if for
some A > 0, the exponential moment

B=EM N = [ M (0 ds

— 0o

is finite, then by similar arguments, f(x) < ce >l for any
x € R with some constant ¢ depending on A, 8 and Ij.



IX. Cramér-Rao-type inequality

Finally, let us relate the moments of the scores to the absolute
moments of centered random variables.

Theorem IX.1. If I, (X) is finite, then, for any a € R,

(E]X —a|*")™ (I(X))F > 1. (IX.1)

In the case k = 2, (IX.1) is reduced to the classical relation

Var(X) I(X) > 1. (IX.2)

It is a particular case of the Cramér-Rao inequality for the
parametric family of densities f(x;6) = f(x — 6) and the
unbiased estimator é(:c) = z of the shift parameter 6 € R, cf.
e.g. [4], paragraph 26).

The proof of Theorem IX.1 is based on the following gen-
eralization of (IX.2), where one should choose u(z) =z — a
to obtain (IX.1).

Lemma IX.2. For any smooth function u : R — C such that
E |/ (X)| < oo and u(z) f(x) — 0 as |z| — oo, we have

Ew'(X)] < (I(X))* (B u(X)[*")w. (1X.3)

Proof. One may integrate by parts to write
b
[ v@i@ds = u)f0) - )i
b
- / w(@)f'(z)dz, a<b.

Assuming that E |v/(X)| < oo and letting a — —o0, b — o0,
we obtain the equality

Edu'(X) = —/ u(z) f'(z) dz
= [ w@)f (@) da
E
/(@) kol
= - ———— wu(x)f(x) * dx.
[ i w1
where E = {x € R: f(x) > 0}. It remains to apply Holder’s
inequality (as in the proof of Theorem VIIL.1). O

In order to justify an application of (IX.3) in Theorem IX.1,
one may assume that ,(X) < oo and E|X|¥" < oc. This
implies (1+|z|) f(z) — 0 as |z| — oo, according to Theorem
VIIL.1 with s = 1. Hence, the assumptions of Lemma IX.2
are fulfilled.
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