
 

A15, σ, and a Quasicrystal: Access to Complex Particle Packings via 
Bidisperse Diblock Copolymer Blends 
Aaron P. Lindsay,† Ronald M. Lewis, III,† Bongjoon Lee,† Austin J. Peterson, † Timothy P. Lodge,†,‡ 
and Frank S. Bates†,* 
†Department of Chemical Engineering and Materials Science and ‡Department of Chemistry, University of Minnesota, Min-
neapolis, Minnesota 55455, United States 

ABSTRACT: A renewed focus on the phase behavior of nominally single-component, compositionally asymmetric diblock copoly-
mers has revealed a host of previously unanticipated Frank-Kasper (FK) and quasicrystalline phases. However, these periodic and 
aperiodic particle packings have thus far only been reported in low molecular weight, highly conformationally asymmetric diblock 
copolymers, leaving researchers with a relatively small library of polymers in which these phases can be studied. In this work, we 
report on a simple approach to access these morphologies: blending two diblock copolymers with the same corona block length and 
varied core block lengths. Compositionally symmetric and asymmetric polystyrene-b-1,4-polybutadiene (SB) diblock copolymers 
with constant corona block lengths were blended together and shown via small angle X-ray scattering and transmission electron 
microscopy to order into the FK A15 and σ phases as well as a dodecagonal quasicrystal, providing a route to various particle packings 
in high molecular weight diblock copolymer melts.  

Following discovery of the Frank-Kasper (FK) σ phase in a 
diblock copolymer melt in 2010,1 there has been a renewed fo-
cus on the phase behavior of compositionally asymmetric di-
block copolymer melts, revealing several previously unantici-
pated particle packings including the FK A15,2 C14,3,4 and 
C153,5 phases in addition to an associated dodecagonal quasi-
crystal (QC).6 These complex packings, more typical of metals 
and their alloys, have to date been observed in several soft mat-
ter systems including multiblock polymers,1,7–10 surfactants,11–

16 dendrimers,17–19 colloids,20 and giant shape amphiphiles,21–23 
suggesting universality in the packing of soft particles. How-
ever, the stability of these FK phases relative to the widely sta-
ble body-centered cubic packing (BCC) is not fully understood. 
In diblock copolymer melts, the emergence of these FK phases 
is rationalized by the tendency of micelles in an ordered melt to 
adopt the geometry of their respective Wigner-Seitz (WS) pol-
yhedra, shown for BCC in Figure 1, which are on average more 
spherical on a FK lattice than on a BCC lattice and thus more 
enthalpically favorable.24,25 However, in contrast to BCC, 
wherein the WS polyhedron is a truncated octahedron, FK 
phases require the adoption of multiple particle volumes and 
geometries and, as such, force polymer chains to stretch or com-
press to a greater extent.25 Notably, these complex particle 
packings have thus far only been observed in low molecular 
weight (M < 10 kg/mol) diblock copolymers with block invari-
ant degrees of polymerization N�b = Nbb6/v2 < 400, where Nb is 
the block degree of polymerization and b is the statistical seg-
ment length calculated at a reference volume v; N�b scales as the 
square of the number of chains per coil volume.26,27 This pre-
sents a challenge for the application of these nanostructures as 
it limits not only the length scales over which these phases can 
be produced, but also their possible chemistries. In this work, 
we show that an alternative approach, blending two diblock co-
polymers, facilitates access to FK phases at N�b > 400, thus 

providing a simple route to FK phases in a much wider range of 
polymer systems. 

Bidisperse diblock copolymer blends have been widely ex-
plored for the past four decades.27–34 However, relatively little 
attention has been paid to compositionally asymmetric systems, 
wherein particles are the preferred nanostructure.27,31,33,34 Koi-
zumi et al. studied bidisperse blends of asymmetric polysty-
rene-b-1,4-polyisoprene (SI) diblock copolymers with disparate 
molecular  weights, reporting macrophase separation into two 
mixed, yet distinct micelle populations when the ratio of the di-
block degrees of polymerization (N2/N1) > 5.31 Spontak et al. 
took a different approach, varying the block volume fraction f = 
NA/N while keeping N constant. This allowed access to a variety  

 

 

Figure 1. Periodic particle packings observed in low M diblock co-
polymers and predicted for bidisperse diblock copolymer blends.1–

5,35–37 Note that, to date, FK phases have not been observed for di-
block copolymers with M > 10 kg/mol. Unit cells were constructed 
in Vesta.38 



 

 

Figure 2. Polystyrene-b-1,4-polybutadiene (SB) chemical struc-
ture and schematic representation of the experimental SB blending  

of phases, but, similar to Koizumi et al., the only periodic par-
ticle packing identified was BCC.33 Nevertheless, in both cases 
an aperiodic, liquid-like packing (LLP) of micelles, referred to 
as a mesh phase, was observed, suggesting that either the blends 
precluded periodic packings or that they were kinetically 
trapped due to the high molecular weight of the constituent di-
block copolymers. In favor of the latter, Liu et al. calculated 
using self-consistent mean-field theory (SCFT), which assumes 
N → ∞, that blends of conformationally asymmetric diblock co-
polymers with constant Ncorona and variable Ncore, as well as the 
inverse variable Ncorona and constant Ncore, would afford access 
to the σ phase.35 However, more recent calculations anticipate 
the former approach to be richer, predicting access to the A15, 
C14, and C15 phases in addition to σ.36 To date, the only exper-
imental evidence that such an approach may work is the obser-
vation of a σ phase in a blend of two low molecular weight 
poly(ethylene-alt-propylene)-b-poly(±-lactide) diblock copoly-
mers with different f and N,27 leaving unclear whether blending 

would work at high N or if it would allow access to other FK 
phases as predicted by SCFT. 

In this report, we show that (1) constant Ncorona and variable 
Ncore blends facilitate access to multiple FK phases, as predicted 
by SCFT; (2) these phases are accessible for b > 400; and (3) 
the ordering kinetics are strongly influenced by N. For this pur-
pose, we studied blends of a symmetric and an asymmetric pol-
ystyrene-b-1,4,-polybutadiene (SB) diblock copolymer, both 
synthesized via anionic polymerization following well estab-
lished procedures, wherein NS (Ncorona) for both polymers was 
kept constant and NB (Ncore) was varied such that N2/N1 = 1.6, as 
illustrated in Figure 2. We emphasize that, in a nominally sin-
gle-component melt, SB does not show any evidence of a σ 
phase.26 The asymmetric diblock, SB1, with M1 = 25 kg/mol 
and fB1 = 0.18, was found via small angle X-ray scattering 
(SAXS) to be disordered (DIS), while the symmetric diblock, 
SB2, with M2 = 38 kg/mol and fB2 = 0.49 had a lamellar 
nanostructure. Size exclusion chromatography indicated both 
diblock copolymers had low dispersity (Ð ≤ 1.04). (As shown 
in Figure S2, SB2 had < 5 vol % residual polystyrene homopol-
ymer leading to a negligible amount of homopolymer (< 2 vol 
%) in the blends of interest; see Supporting Information for ad-
ditional molecular characteristics and discussion). Blends were 
prepared via dissolution in benzene and subsequent freeze-dry-
ing with < 0.1 wt % butylated hydroxytoluene (BHT) as an an-
tioxidant, after which samples were hermetically sealed in alu-
minum pans under argon and annealed. We note that this ap-
proach resulted in no degradation over extended annealing 
times (t > 60 h) at T ≤ 180 ºC, as evidenced by size-exclusion 

Figure 3. SAXS patterns collected following 66 and 62 h of annealing at (a) 150 and (b) 180 ºC, respectively, as well as (c) the posited 
equilibrium phase progression as a function of the volume fraction of the larger diblock copolymer φ2. 



 

 

Figure 4. TEM images (a-c,h-j) and representative tilings for the observed FK A15 (a,e,h), FK σ (b,f,i), and QC (c,g,j) phases. The A15 (a,h) 
and QC (c,j) micrographs were obtained from blends with φ2 = 0.31 and 0.36, respectively, following 62 h of annealing at 180 ºC. The σ 
(b,i) micrograph was obtained following a 52 h anneal at 180 ºC with φ2 = 0.26. Tilings (e-g) are constructed using a combination of squares 
and equilateral triangles (shown schematically in (d) and denoted as yellow lines in (h-j)) and display the c-axis projection of each phase, 
analogous to the projection in the TEM images. The QC tiling shown in (g) is the characteristic dodecagonal cogwheel anticipated by a 
random Stampfli inflation39 or Schlottmann rule.40 Scale bars in (a-c) represent 200 nm and the upper right insets are Fourier transforms of 
the micrographs. White boxes in (a-c) are magnified in (h-j) and the FK A15 and σ unit cells are denoted by red squares (e,f,h,i). 

chromatography and sample color; see the Supporting Infor-
mation for more details. All samples were annealed at 180 ºC 
for 30 min to improve the ordering kinetics after which they 
were annealed at the desired temperature. Long anneals (t ~ 60 
h) were conducted at T = 120, 150, and 180 ºC while interme-
diate points were collected on temperature ramps following 20 
h of annealing at 120 ºC with approximately 30 min spent at 
each temperature, as shown in Figure S4. SAXS patterns were 
collected at certain annealing temperatures, and selected sam-
ples were quenched in liquid nitrogen to vitrify the structure, 
then imaged via transmission electron microscopy (TEM) as de-
scribed in the Supporting Information. 

As shown in Figure 3a, several SB blends developed exten-
sive long-range order following annealing at 180 ºC, with the 

scattering patterns for blends with φ2 = 0.26 and 0.36 each dis-
playing over 10 reflections with P42/mnm or Pm3(–)n sym-
metry corresponding to the σ and A15 phases, respectively. 
These observations were further supported by the characteristic 
4.3.4.32 and 44 tilings of squares and triangles clearly evident in 
the TEM micrographs shown in Figure 4, which correspond to 
the c-axis projections of the σ and A15 phases, respectively. 
Additionally, despite large differences in N, we observe no ev-
idence of macrophase separation in the TEM images. As shown 
in Figure S9, the average particle radius calculated from SAXS 
scales linearly with increasing φ2, further suggesting the studied 
blends did not macrophase separate, and in surprising agree-
ment with predictions from strong segregation theory for a sin-
gle-component melt with f and N taken as the average of those 



 

variables in each blend (see Supporting Information). In gen-
eral, at 180 ºC, we observe the sequence of phases DIS → σ → 
A15 → HEXC with increasing φ2 as depicted in Figure 3c. How-
ever, at φ2 = 0.31, both the poorly resolved scattering pattern 
and the clearly discernable dodecagonal cogwheel tiling ob-
served in the TEM micrograph shown in Figure 4j, indicate a 
state of σ/QC coexistence. 

A dodecagonal quasicrystal is speculated to be a metastable 
precursor to the σ phase,6 which is its periodic approximant. As 
such, observation of σ/QC coexistence at 180 ºC suggests that, 
even after annealing for 62 h, not all samples reached equilib-
rium. Although kinetic limitations are anticipated for the σ 
phase due to the required large-scale reorganization of particles 
onto a lattice with a large, low-symmetry tetragonal unit cell, 
the ordering times for our blends were much larger than those 
typically observed for low N systems away from a glass transi-
tion temperature (Tg), presenting a challenge due to the potential 
for sample degradation at the high required annealing tempera-
tures. However, we can rationalize these kinetics as a conse-
quence of slow chain exchange, required for the redistribution 
of mass, with the chain diffusivity for a micellar system follow-
ing the relation D = D0exp(–χNcore) where χ is the Flory param-
eter and D0 is the chain diffusivity in the melt.41 Diffusivity de-
creases exponentially with respect to the proximity to the Tg as 
described by the Vogel-Fulcher-Tammann-Hesse (VFTH) 
equation (D0 ~ exp[–β/(α + T – Tg)] where α and β are constants) 
and has an inverse relationship with molecular weight, where D 
~ M–1 or D ~ M–2.4 for unentangled and entangled melts, respec-
tively.42–45 

The temperature dependence of the ordering kinetics is espe-
cially evident as the annealing temperature approaches the Tg of 
polystyrene (Tg,S ≅ 85 ºC; Figure S3), where, as shown in Fig-
ures 3b and Figure S10, after equivalent annealing at 150 and 
120 ºC, respectively, QC and liquid-like packing (LLP) begin 
to dominate the particle window. This is further exacerbated as 
the mean segregation strength χ〈N〉 is increased, which occurs 
again with decreasing T, but also with increasing φ2 as the larger 
diblock begins constituting a larger fraction of the blends, ex-
plaining the slower ordering kinetics of the blend with φ2 = 0.31 
relative to the blend with φ2 = 0.26. Increasing φ2 also increases 
TODT – T, which has been shown to retard ordering kinetics, 
eventually resulting in a kinetically trapped non-ergodic 
state.6,46 However, more pertinent at 180 ºC is N. In low N (N ~ 
100), single-component diblock copolymer melts at higher 
χ〈N〉, but in similar proximity to a Tg, the σ phase generally 
emerges within a few hours,2,6,27 in stark contrast to the ≥ 60 h 
required here. Keeping all else constant and assuming an entan-
glement degree of polymerization Ne = Ne,S = 193, an increase 
in N from 100 to 371 (N for SB1) would be associated with a 
roughly 26 fold increase in the longest relaxation time τ [τSB/τIL 
~ NSB

3/(Ne NIL
2)], in reasonable agreement with the roughly 20 

fold increase in the ordering time. This is certainly an oversim-
plification for these diblock copolymer blends, where the rate 
of chain exchange will differ for the two polymers and dynam-
ics differ between blocks. Nevertheless it illustrates some of the 
challenges associated with obtaining FK phases at high N and, 
while proximity to the Tg and the segregation strength can gen-
erally be adapted for a given system, this N-dependence of the 
ordering kinetics will likely impose an upper limit on the length 
scales over which FK phases can be observed in traditional di-
block copolymers.  

 

Figure 5. Vertically shifted 1D SAXS patterns collected at 180 ºC 
as a function of time for samples with φ2 = 0.31 (a) and 0.36 (b). 
Diamonds and inverted triangles denote scattering reflections cor-
responding to A15 and QC packings, respectively. The dashed lines 
in (a) and (b) denote the QC (00002) scattering reflection. Note that 
the 62 h patterns were collected from separate specimens prepared 
from the same blend batch. 

Unlike periodic FK phases, aperiodic packings emerge rap-
idly. As shown in Figures 5a and 5b for blends with φ2 = 0.31 
and 0.36, respectively, the QC (00002) reflection can be clearly 
observed within 1 h at 180 ºC and well-resolved patterns emerge 
in less than a day. These QC packings persist for ~30 h at which 
point the σ and A15 phases begin to emerge. However, a notable 
difference can be observed between the σ and A15-forming 
blends. As shown in Figures 5a and 5b, whereas the transition 
from a QC to a σ phase results in only modest disruption of the 
scattering pattern, with the (00002) of the QC remaining at the 
same q value as the (002) of the σ phase, the QC (00002) peak 
shifts from 0.0225 Å–1 to 0.0220 Å–1 as it transitions to the (200) 
peak of the A15 phase. We note that these reflections all corre-
spond to the spacing between densely packed planes. Therefore, 
the increased spacing for A15 implies that there is an increase 
in the mean aggregation number, which we estimate to be 
roughly 12% as detailed in the Supporting Information. This re-
sult suggests that the emergence of A15 from the QC is enthal-
pically driven, as an increase in particle size is associated with 



 

a decrease in the interfacial area per chain. Intriguingly, despite 
the change in aggregation number and the higher χ〈N〉 of the 
A15-forming blend, A15 orders more quickly than σ in a lower 
χ〈N〉 blend, suggesting that the higher symmetry and smaller 
size of the A15 unit cell relative to σ dramatically improves the 
ordering kinetics. Further, we note that, as shown in Figure S11, 
the ordering kinetics can be even further improved when A15 is 
in coexistence with HEXC, a result we attribute to bypassing the 
QC, as also detailed in the Supporting Information.  

 
Figure 6. Experimental phase diagram for blends of SB1 and SB2. 
DIS, LLP, QC, HEXC, and LAM denote disorder, liquid-like pack-
ing, a dodecagonal quasicrystal, hexagonally-packed cylinders, and 
lamellae, respectively. Phase assignments at 120, 150, and 180 ºC 
reflect the phase behavior observed after long annealing times with 
intermediate assignments determined from scattering patterns col-
lected on a temperature ramp with 30 min of annealing at each tem-
perature, as shown in Figure S4. A striped background indicates 
phase coexistence with the phase listed first being the dominant 
phase. The schematic in the upper left corner displays the differ-
ence in the lengths of SB1 and SB2. 

Despite the kinetic challenges outlined above, the blending 
approach taken here enabled access for the first time to the FK 
A15 and σ phases at high N, with slow kinetics facilitating for-
mation of the metastable QC packing. As shown in Figure 6, 
and noted earlier, the equilibrium phase progression at 180 ºC 
largely proceeds with increasing φ2 or 〈fB〉 from DIS to σ to A15 
and then to HEXC with intermediate A15/HEXC coexistence. 
This agrees qualitatively with SCFT predictions, with differ-
ences in fB1 and conformational asymmetry shifting the phase 
progression relative to SCFT calculations in φ2 and N2/N1, re-
spectively.36 However, the FK C14 and C15 phases predicted 
by SCFT are absent from the experimental phase portrait.36 We 
speculate this is due to the low molecular weight of SB1 result-
ing in disorder at low φ2. Nonetheless, in line with predictions 
from SCFT, we can rationalize the stabilization of the FK A15 
and σ phases over BCC in the blends as stemming primarily 
from increased interfacial curvature and preferential segrega-
tion of diblock copolymers.35  

As can be seen in Figure 6, the sphere-cylinder OOT occurs 
at a higher composition than occurs in the nominally single-
component melt,26 shifting from fB ≈ 0.20 to 〈fB〉 ≈ 0.31 due to 
the high asymmetry of SB1, which drives interfacial curvature 
in the studied blends. At higher minority block compositions, 

the core is larger and thus the enthalpic benefit of the more 
spherical FK phases stabilizes them over BCC.25 However, even 
without this increased curvature, preferential segregation of 
SB1 and SB2 to regions of higher and lower curvature, respec-
tively, as predicted by SCFT, reduces the chain stretching pen-
alties associated with the variations in particle size and geome-
try required by FK phases.35 When coupled with the constraint 
of constant corona block length, this effect likely also drives 
increased polyhedral warping of the core due to the need to 
maintain constant coronal density and the shorter length of SB1, 
again increasing interfacial area. We note that, aside from this 
reduction in chain stretching afforded by blending, these effects 
are analogous to what is anticipated at high conformational 
asymmetry, where differences in the pervaded volume of each 
block drive interfacial curvature and an imbalance in block 
stretching penalties drive polyhedral warping at finite N.25,47 
However, notably, the blending approach taken here is presum-
ably applicable over a much wider range of length scales and 
polymer chemistries. Lastly, we rationalize the emergence of 
the A15 phase at 〈fB〉 greater than σ as a consequence of the 
higher chain stretching penalties associated with the σ phase, 
which we anticipate are further exacerbated as the core begins 
to impinge on the corona.25  

In summary, we have shown that blending asymmetric and 
symmetric SB diblock copolymers with constant Ncorona and var-
iable Ncore affords access to the FK σ and A15 phases, in addi-
tion to a QC. Notably, this represents the first report of FK and 
QC packings in a diblock copolymer system with M > 10 
kg/mol. Further, this approach does not require high χ, or highly 
conformationally asymmetric diblock copolymers, and could 
potentially facilitate access to complex particle packings in a 
substantially wider range of polymers and over a wider range of 
length scales. We note that the upper length scale at which these 
phases can be produced will be limited by the ordering kinetics 
at high N, potentially explaining the LLP (referred to as a mesh 
phase) observed in past SI blends.31,33 However, we anticipate 
that this upper limit can be expanded by blending diblock co-
polymers with more facile kinetics such as those with bottle-
brush architectures,48 making the application of soft FK and QC 
packings in fields ranging from lithography to photonics even 
more promising 
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