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1  | INTRODUC TION

In many scientific disciplines, data from both manipulative experi-
ments and surveys of natural variation are often counts of obser-
vations that are assigned to categories. Given some total level of 

observational effort, the counts of the different features in the 
sample (e.g., taxa or transcripts) reflect the underlying proportions 
of those features in the sampled composition (e.g., an assemblage 
of organisms or collection of molecules). In molecular ecology, such 
sampling can take the form of detecting and counting taxa based 
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Abstract
Molecular ecology regularly requires the analysis of count data that reflect the rela-
tive abundance of features of a composition (e.g., taxa in a community, gene tran-
scripts in a tissue). The sampling process that generates these data can be modelled 
using the multinomial distribution. Replicate multinomial samples inform the relative 
abundances of features in an underlying Dirichlet distribution. These distributions to-
gether form a hierarchical model for relative abundances among replicates and sam-
pling groups. This type of Dirichlet-multinomial modelling (DMM) has been described 
previously, but its benefits and limitations are largely untested. With simulated data, 
we quantified the ability of DMM to detect differences in proportions between treat-
ment and control groups, and compared the efficacy of three computational methods 
to implement DMM—Hamiltonian Monte Carlo (HMC), variational inference (VI), and 
Gibbs Markov chain Monte Carlo. We report that DMM was better able to detect 
shifts in relative abundances than analogous analytical tools, while identifying an ac-
ceptably low number of false positives. Among methods for implementing DMM, 
HMC provided the most accurate estimates of relative abundances, and VI was the 
most computationally efficient. The sensitivity of DMM was exemplified through 
analysis of previously published data describing lung microbiomes. We report that 
DMM identified several potentially pathogenic, bacterial taxa as more abundant in 
the lungs of children who aspirated foreign material during swallowing; these dif-
ferences went undetected with different statistical approaches. Our results suggest 
that DMM has strong potential as a statistical method to guide inference in molecular 
ecology.
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on observed DNA sequences (e.g., in molecular barcoding or micro-
bial ecology) or counting the reads assigned to specific transcripts in 
studies of gene expression (Fernandes et al., 2014; Gloor, Macklaim, 
Pawlowsky-Glahn, & Egozcue, 2017; Tsilimigras & Fodor, 2016). For 
these applications, sampling effort corresponds to the total number 
of sequence reads, and the count of reads assigned to a taxon or 
gene supports inference of their true proportion in the composi-
tion. Moreover, the total number of reads that can be obtained is 
constrained by the sequencing instrument, with reads ascribed to 
samples and features within each sample. Due to this constant sum 
constraint, compositional data have the important quality that as 
the relative abundance of one feature in the composition increases, 
other features must decrease.

Molecular ecologists often rely on compositional count data to 
define differences between sampling groups. As an example, we 
may wish to know how the foliar and root microbiomes of a partic-
ular plant taxon differ. To answer this question, an understanding 
of how each feature shifts in relative abundance among sampling 
groups is required. In our view, if even a single feature shifts in rela-
tive abundance among groups, then this demonstrates an effect of 
sampling group that could be biologically interesting, albeit subtle. 
Such effects will go unnoticed if analyses rely on techniques such as 
ordination and PERMANOVA, which can provide insight into overall 
differences between sampling groups (McKnight et al., 2019), but 
provide no statistical model to identify those features that may dif-
fer in relative abundance among groups. Accordingly, a variety of 
methods have been developed to perform the seemingly simple 
task of determining treatment-induced shifts in relative abundance, 
which is often referred to as ‘differential relative abundance testing’ 
or ‘differential expression’ testing (the latter phrase arises because 
the roots of many of these methods lie within the field of functional 
genomics; Bullard, Purdom, Hansen, & Dudoit, 2010; Dillies et al., 
2013; Paulson, Stine, Bravo, & Pop, 2013; Thorsen et al., 2016; 
Weiss et al., 2017).

Methods for detecting shifts in relative abundance vary tremen-
dously—and the benefits and drawbacks of various methods are the 
subjects of an ongoing dialogue (Bullard et al., 2010; McMurdie & 
Holmes, 2014; Weiss et al., 2017). Early approaches typically relied 
on repeated frequentist tests after transforming count data to ac-
count for differences in sampling effort among replicates or sam-
pling groups, typically via rarefaction, conversion to proportions, or, 
for transcriptomic data, reads per kilobase per million mapped reads 
(Bullard et al., 2010). More recently, rarefaction has been criticized 
because it can amplify the variation present within replicates and 
thus reduce statistical power (McMurdie & Holmes, 2014; but see 
McKnight et al., 2019 and Weiss et al., 2017 for counterarguments). 
Numerous statistical modelling approaches have arisen to account 
for the challenges imposed by compositional data, while avoiding 
rarefaction. These methods often model feature relative abundance 
and typically involve some form of normalization followed by re-
peated frequentist testing. Methods most often differ in the choice 
of distribution(s) utilized for modelling and normalization method 
employed. For example, the software deseq2 (Love, Huber, & Anders, 

2014) and  edger (Robinson, McCarthy, & Smyth, 2010) are wide-
ly-used for analysis of gene expression data and, more recently, for 
microbiome analysis (Weiss et al., 2017). These tools model feature 
relative abundances using a negative binomial distribution (a repa-
rameterization of the Poisson distribution to allow for overdisper-
sion), which is scaled to account for variation in sequencing depth 
among samples (each tool uses different normalization methods). 
Next a generalized linear model is used to determine if features dif-
fer in relative abundance between sampling groups. By comparison, 
the popular ancom software applies a centred log ratio transforma-
tion (Aitchison, 1982) to the data followed by repeated parametric 
or nonparametric testing (depending on the data) with multiple com-
parison correction. These few examples serve to illustrate the vari-
ety of approaches available for performing differential expression 
testing. However, we are unaware of any popular method that allows 
estimates of feature relative abundance to be easily extracted while 
preserving the uncertainty in those estimates for propagation to 
downstream analyses. This perceived need led us to consider model-
ling feature relative abundances using the Dirichlet and multinomial 
distributions (Box 1) in a Bayesian framework.

The multinomial and Dirichlet probability distributions are the 
relevant models of the aforementioned sampling process that com-
monly leads to compositional data  (Figure 1). Statistical modelling 
using these distributions has proven successful in a number of bi-
ological studies. For instance, Fordyce, Gompert, Forister, and Nice 
(2011) rely on Dirichlet-multinomial modelling (DMM) to analyze eco-
logical count data, such as counts of behavioural and dietary choices 
of animals (also see Coblentz, Rosenblatt, & Novak, 2017). Similar 
models have been applied to large counts of DNA sequences—for 
instance, Fernandes et al. (2014; aldex2), Nowicka and Robinson 
(2016; drim-seq), and Rosa et al. (2012; hmp) use DMM to estimate and 
compare feature-specific relative abundances in transcriptomes and 
microbiomes. Additionally, DMM has been used to model mixtures 
of compositions, a situation that could arise in a laboratory-derived 
microbial assemblage occurring as a contaminant within samples, or 
in mixtures of different communities in nature (microbedmm, Holmes, 
Harris, & Quince, 2012; sourcetracker, Knights et al., 2011; biomico, 
Shafiei et al., 2015; feast, Shenhav et al., 2019; ecostructure, White, 
Dey, Mohan, Stephens, & Price, 2019). Likewise, DMM has been 
used to estimate association networks among microbial taxa (sparcc, 
Friedman & Alm, 2012; mldm, Yang, Chen, & Chen, 2017).

These models represent important advances and demonstrate 
the utility of DMM, but it remains unclear how data attributes, 
such as rank-abundance profiles and dimensionality, affect the ac-
curacy and precision of parameter estimates. Moreover, compared 
to models that rely on other distributions or are based on different 
statistical methods (likelihood and frequentist methods), Bayesian 
DMM can be computationally demanding. Recent advances in com-
putational statistics such as Hamiltonian Monte Carlo (HMC) sam-
pling and variational inference (VI, see Section 2; Blei, Kucukelbir, & 
McAuliffe, 2017; Monnahan, Thorson, & Branch, 2017) may improve 
model runtime, but the accuracy and performance of these new 
methods remains to be evaluated in different modelling contexts.
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Consequently, we conducted a simulation experiment to learn 
the limits and benefits of DMM through the analysis of data that 
encompass much of the variety in attributes encountered across 
scientific domains (e.g. replication, number of observations, and 
so on; Figure 2). Notably, included in simulated data, were those 
emulating the results of high-throughput sequencing of micro-
bial assemblages, as these are analytically challenging due to 
their dimensionality, high among-replicate variation, and extreme 
rank-abundance skew—often several microbial taxa are orders of 
magnitude more abundant than the numerous marginal taxa that 
typically compose the bulk of biodiversity within a sample (e.g., 
see Lynch & Neufeld, 2015; Sachdeva, Campbell, & Heidelberg, 
2019). Our primary analytical goal was to measure the sensitivity 
and accuracy of DMM for comparing feature relative abundance 
between compositions and to compare the performance of DMM 
with competing approaches. Also, we provide a primer on the req-
uisite algorithmic methods (e.g., VI and HMC) for Bayesian imple-
mentation of DMM and explore how different algorithms affect 
model accuracy and computational expense. Finally, we analyzed 
a data set published by Duvallet et al. (2019) that describes the 
lung microbiomes of children experiencing aspiration of foreign 
material and evaluated to what extent DMM recapitulated the 
published analyses or detected additional differences among 
microbiomes.

2  | METHODS

2.1 | Dirichlet multinomial modelling approach

Our specification of the Dirichlet-multinomial model generally 
follows that of Fordyce et al. (2011; implemented in the bayespref 
software) and takes as input a matrix of counts (X). The rows of this 
matrix correspond to different replicates (x⃗i; the superscripted arrow 
denotes a vector) and the columns correspond to features of the 
composition (the format of an OTU or transcript table). Each count 
xij in this matrix corresponds to the jth feature (of n features in total) 
in the composition observed in the ith replicate sample. Replicates 
are grouped into k groups, corresponding to treatment conditions, 
sampling locations, or some other stratification that specifies which 
replicates share information (parameters shared among replicates 
for the group). Counts in each row of the matrix are multinomially 
distributed:

Each value pij in p⃗i is the probability of observing a particular fea-
ture j in sample i and N⃗ is a vector of the total counts in each sam-
ple. The product across i replicates of the i multinomial distributions 
forms the likelihood in the model and can be written:

The prior probability for the vector of feature proportions (p⃗i) is 
a Dirichlet distribution, with parameters that are specific to the kth 
group of replicates and that are learned from the data:

In this parameterization of the Dirichlet distribution for p⃗i, the 
𝜋k parameters correspond to the expected proportions of each of 
the n features (e.g., a particular transcript or taxon) in group k, and 
� is an intensity parameter that is shared among all features (see 
Box 1). For a given 𝜋, larger � means less variation among deviates 
from the Dirichlet expectation 𝜋. The probability density func-
tion of this distribution, across i replicates within the kth group, 
is given by,

where B
(
𝜋𝜃

)
 is a normalizing function that ensures the Dirichlet 

distribution integrates to one. The hyperprior for the 𝜋k parameters 
at the ‘topmost’, or most inclusive, level of the model hierarchy is 
another Dirichlet distribution with equal prior probability for each 
feature within the composition. For this Dirichlet distribution we 
use �1…n=10−7 as a prior that will contribute little information, 
gives an expected value of 1/n, and has a high variance on the 
expectation:

The overall model for the posterior distribution for parameters 
of a sampling group is:

To quantify differences in proportions of features between two 
sampling groups [often referred to as ‘differential relative abundance 
testing’; Thorsen et al., 2016, Weiss et al., 2017), posterior probabil-
ity distributions (PPDs) for �j,k=1−�j,k=2 (Figure 2d) can be obtained. 
Consistent with convention, if 95% of the samples of this PPD of 
differences are either greater or less than zero, then there is a high 
certainty of a nonzero effect of sampling group on feature relative 
abundance. One can also observe where zero occurs in the PPD 
of differences to quantify the probability of no effect of sampling 
group on feature relative abundance.

If a sampling scheme was used that induces dependence among 
replicates via a more nested hierarchical structure then the model 
described above, then the model hierarchy could be extended to 
include inference of the Dirichlet distributions describing the rela-
tive abundances of features within each additional stratum of the 
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sampling scheme. For example, consider a study design where sub-
jects are provided one of several diets and gut microbiome samples 
are taken from both sexes. In this case, one would want to account 
for non-independence among the data due to both sex and diet 
treatment. This can be accomplished through incorporation of ad-
ditional Dirichlet distributions into the model, P(𝜋k|𝜓⃗m,𝜏), where 𝜓⃗m 
describes the relative abundances of features within each diet treat-
ment (m), � is the intensity parameter for that Dirichlet distribution, 
and 𝜋k describes relative abundances of features within each sex that 
is nested within each diet treatment. In this way, the model can be 
extended to encompass as many hierarchical layers as desired, given 
suitable sampling and replication (Coblentz et al., 2017).

2.1.1 | A primer of the algorithms to perform DMM

One goal of statistical modelling is to estimate values for parame-
ters that could correspond with directly observable variables (i.e., 
the data) or with latent, unobservable, variables (i.e., those that are 
inferred from observable variables). Bayesian modelling attempts 
to estimate parameters of interest, while explicitly quantifying the 
uncertainty in those estimates and allowing for the influence of 
prior knowledge on estimates. Much of Bayesian statistical model-
ling relies on Markov chain Monte Carlo (MCMC) sampling (Gelman 

et al., 2013). A Markov chain is a series of states where each state 
depends upon the immediately preceding state. Monte Carlo refers 
to repeated, random sampling. MCMC is a process by which values 
are suggested randomly from a probability distribution and substi-
tuted into the functions that define the model. Over MCMC itera-
tions, sampling converges on the most supported parameter space 
(the PPDs for model parameters) and samples in the chain occur with 
probability defined by the PPD.

There are several MCMC algorithms and they primarily differ in 
how they choose or propose new values and their criteria for inclu-
sion of those values in the chain (Gelman et al., 2013). A standard 
MCMC tool is the Metropolis algorithm (Gelman et al., 2013, page 
289). To perform Metropolis sampling, a value (xt) is proposed from 
some distribution Q(xt|xt−1), where t is iteration (a suitable initial 
value, x0, is required). Once xt is chosen a ratio of �= f(xt)

f(xt−1)
 is calcu-

lated, where f(x) is a function that is proportional to the probability 
density to be estimated. The new value xt is accepted into the chain 
with probability �, otherwise xt=xt−1. The Metropolis algorithm relies 
on a symmetric proposal distribution, such that Q(xt|xt−1)=Q(xt−1|xt)
. The Metropolis-Hastings (MH) algorithm extends this concept 
through relaxing the assumption of symmetry regarding the pro-
posal probability distribution.

Gibbs sampling (Geman & Geman, 1987; Kruschke, 2015) is a 
special case of the MH algorithm (because the proposal acceptance 

F I G U R E  1   Visual depiction of hierarchical Bayesian modelling of the relative abundance of features within compositional data. Panels (a) 
and (b) represent two different sampling groups–a treatment group and a control group. The coloured bars at the bottom of the plot show 
two hypothetical compositions that differ between those sampling groups. These compositions differ by virtue of the first feature, shown in 
pastel green, shifting dramatically in relative abundance, thus all other features are shifted in relative abundance as well (because these are 
proportion data and must sum to one). This interdependency represents an opportunity for statistical modelling because parameters that 
describe relative abundance are mutually informative. However, interdependency also poses many challenges (see main text). Replicates 
within sampling groups are denoted as xi, where i is in an integer in the range [1,10] (row 1). Replicates consist of data that are multinomially 
distributed (see Box 1). Therefore, each replicate is modelled using a unique multinomial distribution with parameters p⃗i and Ni (row 2), 
where the vector p⃗ describes the probabilities that an observation would be assigned to a particular feature and the N parameters denote 
the total number of observations per replicate. Multinomial parameters are modelled as a deviate from a Dirichlet distribution unique to the 
treatment group (row 3). The 𝜋 parameters of the Dirichlet are estimates of proportional abundance for all features within the group. The � 
parameter is a scalar intensity parameter that describes the amount of among-replicate variation present within each sampling group. The 
prior imposed on the Dirichlet distributions of both sampling groups has the expectation 1/n for each feature, where n is the number of 
features. If desired, additional Dirichlet distributions could be added between rows three and four to share information as dictated by more 
complexly nested experimental designs [Colour figure can be viewed at wileyonlinelibrary.com]

(a) (b)

www.wileyonlinelibrary.com
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criterion is always met; see page 289 in Gelman et al., 2013) and is 
suited for cases when the distributions used within the model are 
conditionally conjugate, such as when the prior and likelihood dis-
tributions are conjugate and, consequently, their product has a well 
defined form. At each iteration of Gibbs sampling (t), each parameter 
is sampled from the conditional distribution defined by the other pa-
rameters in the model, which are held constant at values chosen at 
iteration t − 1. Parameters are typically updated one at a time, in a 
predefined order.

The probabilistic programming language jags (Plummer, 2003) 
implements Gibbs and Metropolis-Hastings MCMC as required by 
a specified model structure. Henceforth, we refer to parameter es-
timation via Gibbs, Metropolis, and Metropolis-Hasting sampling as 
MCMC. These algorithms can be slow to converge for complex mod-
els; indeed in our experience, in a jags implementation, convergence 
may not be observed for the majority of parameters over a week of 
runtime for DMM with high dimensional data (such as transcriptomic 
data), even with sensible chain initialization values (a bespoke soft-
ware implementation of MCMC tuned to the data and model would 
likely be faster, but would require greater care in programming and 
use).

Hamiltonian Monte Carlo seeks to improve upon the efficiency 
of MCMC through the use of a physics inspired algorithm (for an 
excellent description of HMC see Monnahan et al., 2017). The sam-
pling method can be envisioned by considering a ball being dropped 
into a bowl and allowed the ball to roll about the curvature of the 
bowl. The bowl is the PPD and is frictionless, so the ball will roll back 
and forth in the bowl forever. After repeated drops of the ball into 
the bowl, from different angles and with different potential energies, 
the shape of the PPD is determined from the combined paths the ball 
took across all iterations. The benefit of this approach is that sam-
ples from nearly anywhere in the PPD can be generated at each it-
eration (HMC does not use a Markov chain process, but does rely on 
a Metropolis ratio to determine acceptability of updates), whereas 
MCMC typically chooses values based on the previous state space 
and thus cannot quickly move throughout the PPD, which can slow 
chain mixing and time to convergence. The probabilistic program-
ming language and software stan allows the use of an improved ver-
sion of HMC called the ‘no U-turn’ sampler that avoids redundant 
sampling of parameter space (Hoffman & Gelman, 2014). To con-
tinue the previous analogy, when the ball starts to make a U-turn 
due to the curvature of the bowl, the sampler is stopped, and the ball 
dropped again—thus avoiding spending sampler time in previously 
explored parameter space.

Hamiltonian Monte Carlo often improves model runtime 
(Monnahan et al., 2017) over MCMC, but can still be quite time 
consuming. Variational inference is a class of optimization methods 
from the machine learning literature that can rapidly approximate 
PPDs (Blei et al., 2017), and thus holds great promise for statistical 
modelling of complex data where the speed of MCMC or HMC is 
insufficient. Variational inference (VI) has yet to be widely applied 
by biologists, but it has been used to estimate population genetic 
structure (Raj, Stephens, & Pritchard, 2014; Scordato et al., 2017), 

Box 1 A brief explanation of the multinomial and 
Dirichlet distributions

The multinomial distribution is the multivariate generalization 
of the binomial distribution. The binomial distribution can be 
used to describe counts of binary outcomes, with respective 
probabilities p and 1−p. For instance, with a finite sample of 
observations, the binomial distribution would be useful for 
estimating the frequency of females (p) in a dioecious popula-
tion. The multinomial distribution extends this concept to en-
compass more than two unique outcomes. For instance, a 
composition comprising three equally abundant features 
would have the the following multinomial parameter vector: 
p⃗=

[
1

3
,
1

3
,
1

3

]
. As an example, consider data from a sequencing 

machine. The counts of sequences that fall into each category 
(e.g., transcripts or taxa) are multinomially distributed, with a 
probability that corresponds to its relative abundance. For 
three equally abundant features (i.e., microbial taxa), there 
would be an equal chance of sampling a sequence from each 
of the features and on average we would expect to obtain the 
same number of sequences from each (for this example, we 
assume no laboratory-technique imposed bias).
To share information among samples in the same sampling 
group (e.g., treatment group, host population, or sampling lo-
cation) and recover group-level estimates of the proportion of 
each feature in a composition, the Dirichlet distribution can be 
appropriately parameterized. The Dirichlet distribution is the 
multivariate generalization of the beta distribution. Deviates 
from a standard beta distribution fall in the range of 

[
0,1

]
, and 

the distribution can be parameterized with expectation � (the 
expected frequency of the reference category, with 1−� for 
the alternative category) and a parameter, �, that affects the 
variation among deviates. Likewise, the Dirichlet distribution 
can be parameterized by a vector of expected frequencies of 
each feature (𝜋), and an intensity parameter, �. When drawing 
deviates from the Dirichlet distribution, the intensity param-
eter influences the amount of among-deviate variation in the 
frequencies observed—for a given 𝜋, larger intensity param-
eters induce less among-deviate variation. This parameteri-
zation of the Dirichlet thus allows modelling of the variation 
among experimental replicates (the ‘noise’ within the data).
Information about the frequencies of features within rep-
licates (p⃗) is shared to estimate frequencies for each fea-
ture within that sampling group (𝜋), forming a hierarchical 
model (Figure 1) that is analogous to how replicates can 
be used in an analysis of variance to learn about marginal, 
grand means associated with treatments. Estimates of fre-
quencies of compositional features at the sampling group 
level (𝜋) are the basis of inferences about which features 
differ among sampling groups (e.g., treatment vs. control) 
and by how much (on an absolute or normalized scale).
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genotype-phenotype associations (Carbonetto & Stephens, 2012; 
Logsdon, Hoffman, & Mezey, 2010), phylogenetic relationships (Jojic 
et al., 2004), and in a generalized latent linear modelling context 
(Niku et al., 2019).

The idea behind VI is that the exact PPD need not be estimated, 
but can be approximated through optimization of parameters of 
more tractable distributions. Briefly, a density is chosen from a fam-
ily of distributions and optimized so that the Kullback-Leibler (KL) 
divergence between that density and the PPD is minimized. KL di-
vergence relies on the definition of entropy. Entropy is a measure of 
the information present within a distribution and can be expressed 
(for a discrete probability distribution):

where p (x) is a function that outputs a probability contingent upon an 
input value x, which is indexed by i. It is perhaps easiest to intuit en-
tropy using log2, in which case H is the minimum number of bits needed 

to encode the data under consideration. KL divergence extends this 
idea to quantify the amount of information necessary to explain the 
divergence (||) between two probability distributions p and q, which, in 
this example, are discrete:

Because this measure of divergence is based on the quantifica-
tion of entropy, when p and q differ greatly, then more information 
is required to explain how they differ and KL divergence increases. 
For VI we wish to minimize the KL divergence between the probabil-
ity distribution p(z⃗|x⃗) and some density q

(
z⃗
)
 chosen from a family of 

distributions Q. To avoid computation of p
(
x⃗
)
 (see Blei et al., 2017, 

for more), minimizing the KL divergence can be solved by maximiz-
ing the ‘evidence lower bound’ (ELBO; the � used below refers to 
expectation):

H=−

N∑

i=1

p
(
xi
)
log p

(
xi
)
.

DKL(p||q)=
N∑

i=1

p
(
xi
) (

log p
(
xi
)
− log q

(
xi
))

.

ELBO (q)=�
[
log p

(
z⃗,x⃗

)
]−�[ log q

(
z⃗
)]
.

F I G U R E  2   Visual description of simulation approach. (a) Deviates from either of two Pareto distributions, or a point density, defined 
as one divided by the number of features ( j), were used to simulate values used to parameterize Dirichlet distributions. The use of these 
three approaches generated deviates with parameters that differed dramatically in rank abundance profiles, as shown in the left portion of 
panel (a). These deviates were, in turn, used to parameterize a Dirichlet distribution (with intensity parameter �). A deviate of this Dirichlet 
distribution served as the parameter vector of a multinomial distribution that was sampled (b) to generate a feature ( j) by replicate (i) matrix 
that emulated an OTU or transcript table (see the right portion of panel a for an example frequency distribution of multinomial deviates). 
This matrix encompassed samples belonging to two sampling groups. Dirichlet parameters for each group were made to differ such that 
certain features varied in relative abundance between groups by a known effect size. (c) Hierarchical Bayesian modelling (Figure 1) was used 
to estimate the Dirichlet parameters (�j,k) describing the relative abundance of each feature ( j) in each sampling group (k). (d) To determine 
if a feature (�j) differed in relative abundance between treatment groups (k), the posterior probability distribution (PPD) for the feature 
of interest from one treatment group, �j,k=1, was subtracted from the PPD for that feature from the second treatment group, �j,k=2. If the 
resulting PPD of differences indicated zero difference was improbable, then there was high certainty that �j differed between treatment 
groups. Additionally, the location of zero within the PPD quantified the certainty of a nonzero effect of treatment
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The ELBO is the negative of KL divergence after adding the con-
stant log p (x). Thus maximizing the ELBO is equivalent to minimizing 
the KL divergence, up to the added constant. This also means that:

The ELBO describes the lower bound of the evidence, because 
when the ELBO is subtracted from the evidence (log p (x)) the result 
must be ≥0, because KL must be ≥0. Because maximizing the ELBO 
does not require computing log p

(
x⃗
)
 it is easier than minimizing KL 

divergence. Maximization techniques can then be used to find the 
density q∗

(
z⃗
)
 that best approximates p(z⃗|x⃗).

Choosing Q such that the family of densities includes a q∗
(
z⃗
)
 that 

provides a good approximation, while being easily optimized, is the chal-
lenge of VI. stan solves this problem through a method called ‘automatic 
differentiation variational inference’ (Kucukelbir, Ranganath, Gelman, & 
Blei, 2015) by first transforming the data that are the support of the 
latent variables to lie within the real numbers (ℝ) and then suggesting a 
Gaussian distribution, which can be optimized to fit the data, and which 
induces a non-Gaussian approximation to the untransformed data. 
stan's default approach uses the ‘mean-field’ algorithm, which treats 
latent variables (zj) as independent and assigns a unique density, qj

(
zj
)
, 

to each of these j variables. Since stan transforms the data such that 
latent variables have support on ℝ and then fits Gaussian distributions 
to those data, this statement becomes the product of many Gaussian 
distributions, each of which are optimized to minimize the ELBO. 
Following the notation of Blei et al. (2017), this can be written:

VI is an attractive technique because it can be many orders of 
magnitude faster than MCMC (Raj et al., 2014).). However, it is un-
clear how well VI works across analytical tasks and model specifica-
tions (Blei et al., 2017).

2.2 | Model implementation

We performed DMM in the r statistical computing environment 
(R Core Team, 2019) using models specified for the jags and stan 
(Carpenter et al., 2017) software programs, and used the models 
through the rjags (Plummer, 2015) and rstan (Stan Development 
Team, 2018) r packages, respectively. jags uses MCMC (Gibbs and 
MH), whereas stan implements HMC (no U-turn sampling) and VI. 
Model specification for use in stan was slightly modified from that 
described above in that we used an exponential distribution as the 
form of the prior for �k:

This change in model specification followed the recommenda-
tion to avoid uniform priors provided in the stan documentation.

For HMC and MCMC implementations of DMM, we used two 
chains to explore parameter space. Initial values for p⃗i in each chain 
were the vector of proportions observed from the data in replicate 
i, and values for 𝜋k were initialized using the vector of observed pro-
portions for each feature across replicates within k (i.e., the max-
imum likelihood estimates for p⃗i and 𝜋k). � was left to be initialized 
internally by rjags and rstan. In rjags, the model was subjected to an 
adaptation period long enough for the sampler to approach optimal 
efficiency as determined via internal heuristics, or for 20,000 itera-
tions, whichever came first. Models were updated (‘burned in’) for 
300,000 steps for rjags and 1,000 steps for rstan (with a maximum 
tree depth of 10). This discrepancy in burnin time was needed be-
cause in preliminary work we observed much quicker convergence 
with HMC than MCMC sampling. We obtained 1,000 samples from 
PPDs by saving every second sample for HMC, and 2,000 samples 
from PPDs for MCMC by saving every fourth sample.

Preliminary inspections of samples showed higher auto-cor-
relation of parameter estimates for MCMC sampling, hence we dis-
carded more samples (higher thinning rate) from the MCMC-derived 
chains. MCMC convergence was evaluated via the Gelman-Rubin 
and Geweke statistics (Gelman & Rubin, 1992; Geweke, 1991). We 
note that the runtime of MCMC could likely be improved by opti-
mizing adaptation, burnin, and sampling steps within jags, or by im-
plementing a custom MCMC procedure in the C (or an equivalent) 
programming language. Data with different dimensions and variance 
among samples would likely require different optimizations, so we 
have not further pursued optimization of the MCMC herein. To per-
form variational inference we used the functionality included within 
stan (the ‘vb’ function; Kucukelbir et al., 2015) and collected 1,000 
samples from the estimated posterior distributions.

The ability of models to recover true simulation parameters was 
estimated via root mean square error (RMSE) and the percentage of 
times the true simulation parameters were within the 95% high den-
sity intervals (HDIs) of PPDs (as per Kruschke, 2015, page 727). For 
unimodal, symmetric PPDs, the HDI and equal-tailed probability in-
terval should be identical (Gelman et al., 2013, page 38). We measured 
model bias as the average difference between estimated parameters 
and the truth and we measured model precision as TP∕(TP+FP), 
where TP refers to true positives and FP to false positives. False pos-
itive rate was calculated as FP∕(FP+TN), where TN is true negatives. 
Additionally, we calculated Matthew's Correlation Coefficient (MCC; 
Matthews, 1975), which provides a measure of classifier performance 
in terms of both true and false positives and negatives. MCC is the 
correlation between actual and predicted classifications and varies 
from one (perfect classification) to negative one (completely incor-
rect classification). An MCC value of zero denotes a classifier that per-
forms no better than expected from random guessing.

2.3 | Data simulation

To evaluate the performance of DMM implementations and alterna-
tive statistical methods (see below), we simulated and analyzed data 

log p
(
x⃗
)
=DKL(p||q)+ELBO (q) .

q
(
z⃗
)
=

m∏

j=1

qj
(
zj
)
.

�k∼Exponential
(
�=0.001

)
.
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with two sampling categories (k), corresponding to treatment and 
control groups, or some other blocking factor of interest (Figure 2). 
We simulated data that possessed three different rank abundance 
profiles that were meant to correspond to the variety of data en-
countered by practitioners (Figure 2). We considered simulations 
in which all features were equally abundant (1/n), and two sets of 
simulations in which features were sampled from Pareto distribu-
tions with differing shape parameters. The Pareto distribution de-
scribes data with few abundant features and many rarer features 
(Krishnamoorthy, 2006). The skew towards low abundance in this 
distribution is controlled by the shape parameter, with smaller pa-
rameters increasing skew (Figure 2); the location parameter defines 
the minimum value of the distribution. For each simulation, we sam-
pled one of these distributions to populate a vector (D⃗) of length cor-
responding to the approximate desired number of features (n) within 
the simulated data:

D⃗ was duplicated to make a second vector, E⃗. Selected features 
within these vectors were multiplied by an effect size (either 1.1, 1.5, 
or 2, to simulate 10%, 50%, or 100% shifts in feature relative abun-
dance), such that those elements differed between D⃗ and E⃗. Features 
that varied between vectors were chosen randomly from within 
each of three broad abundance classes (abundant, rare, and inter-
mediate; see Supporting information) present within D⃗ and E⃗. Only 
features of intermediate abundance were available when constrain-
ing all relative abundances to be equal. Effect sizes were applied so 
that 

∑
D⃗=

∑
E⃗. These two vectors were multiplied by a specified in-

tensity parameter S and used as the parameters for two Dirichlet 
distributions that were sampled to create v⃗ parameter vectors for 
multinomial distributions corresponding with each replicate. In this 
way, we simulated a replicate by feature matrix where replicates 
were split into two treatment groups and known features differed 
between treatment groups. Simulated data sets often had fewer fea-
tures than the originally specified value for n, because when drawing 
deviates from multinomial distributions with many rare features, all 
features would not be observed in each deviate (for a visual depic-
tion of simulation approach see Figure 2).

Using this approach, we simulated data from each sampling 
distribution that varied in dimensionality (number of features, 
∈
{
500,2,000

}
), number of replicates (∈

{
10,50

}
), the total number 

of observations per replicate (e.g., the number of reads per sample 
for sequencing data; ∈

{
10,000,50,000

}
), the variation (noise) among 

replicates (∈
{
0.5,3

}
; the intensity parameter in notation provided 

above), and the effect size applied to features that differed between 
sampling groups (∈

{
1.1,1.5,2

}
; to apply the effect size transforma-

tion, these values were multiplied by the original proportion). In total, 
we created and analyzed 144 data sets. Because the same number 
of observations were used for each replicate, transformation of 

the data to account for unequal sampling effort was not required. 
After simulating data matrices, we added a one to every datum, and 
thereby avoided numerical errors that arise with Dirichlet parame-
ters approaching zero.

For our main simulation, we did not vary read counts among rep-
licates for the sake of simplicity, however to ensure that this did not 
bias our results we simulated data where replicates differed by up 
to two orders of magnitude in total observations (read count). To 
accomplish this, multinomial deviates were obtained as described 
above, however the total number of draws from the multinomial 
distribution was randomly selected from ∈

{
1,000,10,000,100,000

}
. 

Data used for this additional analysis were simulated using a repre-
sentative subset of the aforementioned attributes. Additionally, to 
better understand the false positive rate of DMM, we simulated and 
analyzed data where no features were expected to differ between 
treatment groups, again using a representative subset of the attri-
butes presented above to simulate data.

We competed our implementations of DMM against aldex2 
v1.14.1 (Fernandes et al., 2014), ancom v2.0 (Mandal et al., 2015), 
deseq2 v1.18.1 (Love et al., 2014), edger v3.20.9 (Robinson et al., 
2010), mvabund v4.0.1 (Wang et al., 2019) and a frequentist approach 
using repeated Wilcoxon rank sum tests with a Benjamini-Hochberg 
false discovery rate (FDR) correction (Weiss et al., 2017). We used 
multiple comparison correction and typical settings for all software 
(see Appendix S1). Of the aforementioned methods, only aldex2 re-
lies upon DMM. aldex2 estimates posterior probability distributions 
of Dirichlet parameters, which are subsequently transformed via the 
centered log ratio (Aitchison, 1982). Transformed MCMC samples 
are subjected to a frequentist test of differential relative abundance 
between sampling groups, p-values calculated, and the distribution 
of p-values across MCMC samples obtained (with multiple compari-
son correction applied as desired by the user). The mean of this dis-
tribution is used as a point estimate of the significance of treatment. 
mvabund relies on a generalized linear model, in our case using a neg-
ative binomial distribution, to determine differential relative abun-
dance. Each feature in the simulated data was a response variable 
and treatment group was the categorical predictor variable in the 
model. If the effect of the predictor was significant then the feature 
differed between treatment groups in relative abundance. mvabund 
is thus quite similar to edger and deseq2, however those methods use 
different normalization strategies.

Our implementation of DMM differs from these methods in 
several important ways: (a) most competing methods do not rely on 
the Dirichlet and multinomial distributions, which explicitly model 
compositions (except aldex2); (b) we use a more complex hierarchi-
cal structure than the other methods tested to share information 
among replicates and sampling groups; (c) we do not perform re-
peated frequentist tests to determine differences in feature relative 
abundance, but instead directly subtract posterior probability distri-
butions for parameters of interest and observe the location of zero 
in the resulting distribution of differences.

For all methods, we evaluated how data attributes (e.g., num-
ber of replicates, features, etc.) influenced model performance via 

D⃗=D1…n=
1

n

D⃗∼ Pareto
(
shape=0.7,location=1

)

D⃗∼Pareto
(
shape=4,location=1

)



     |  489HARRISON et al.

multiple regression, with either the proportion of true positives re-
covered or false positive rate as the response variable.

2.4 | Analyses on empirical data

To understand how DMM could affect inferences made using previ-
ously published, empirical data, we analyzed data from Duvallet et al. 
(2019) describing the lung microbiomes of children with and without 
oropharyngeal dysphagia (swallowing difficulties) induced aspiration 
(when a foreign substance enters the lungs). These authors charac-
terized the bacterial assemblages in the lungs (obtained via bron-
choalveolar lavage; BAL), gastric fluid, and oropharyngeal region (OR) 
of each subject via sequencing of the 16S locus. Aspiration is linked 
to pneumonia in both adults and children (Holas, DePippo, & Reding, 
1994; Marik, 2001; Thomson et al., 2016), but the provenance of as-
pirated microbes is poorly understood. Duvallet et al. (2019) showed 
that the lung microbiome of patients with difficulty swallowing is 
more similar to the microbiome of the oropharyngeal region than that 
of gastric fluid. These authors performed differential relative abun-
dance testing using Kruskal–Wallis tests with a multiple comparison 
correction to determine whether certain bacterial taxa shifted in 
relative abundance between aspirating and nonaspirating patients. 
The authors did not find any taxa that differed in relative abundance, 
regardless of substrate examined (BAL, gastric fluid, or OR), though 
they did detect shifts in prevalence (presence across subjects within 
a sampling group) with phenotype, and suggested that microbial ex-
change between the lungs and oropharyngeal region is greater than 
between the lungs and stomach. Using DMM (both VI and HMC; 
implemented as described above) and all aforementioned competing 
analyses, we reanalyzed the publicly available BAL data from aspira-
tors and nonaspirators. The data we analyzed were obtained from 
66 patients (33 aspirators, and 33 nonaspirators) and included 4,006 
OTUs (for details of sequence processing see Duvallet et al., 2019).

3  | RESULTS

Dirichlet-multinomial modelling (DMM) provided a good compro-
mise between true positive recovery and false positive generation 
(Figure 3; Figure S2), as shown through analysis of data simulated 
in the context of a treatment-control experimental design. DMM 
consistently detected many more true positives than competing 
methods (Figure 4) and this sensitivity facilitated detection of subtle 
shifts in relative abundance between sampling groups. For instance, 
when analyzing data with a skewed rank abundance profile, DMM 
detected ~15%–20% of features that were shifted by treatment by 
just 10% of their relative abundance. None of the other methods 
that we employed were able to reliably detect these subtle effects 
(Figure 3). When effect sizes were larger, DMM recovered more 
than 80% of true positives on average, which was 20%–40% more 
true positives than were recovered by deseq2, the next best model in 
terms of sensitivity.

The sensitivity of DMM came at the cost of a slightly higher 
false positive rate and a loss of precision compared to other meth-
ods (Figure 3; Figure S1). Precision was generally high for uniformly 
distributed data and when the effect size that described the shift 
in relative abundance of a feature was large, however for data with 
skewed rank abundance profiles the precision of DMM was lower 
than competing methods. When considering the Matthew's correla-
tion coefficient (MCC), DMM typically performed as well or better 
than competing approaches examined (Figure S2). MCC is a more 
holistic index of classifier performance than precision because it en-
compasses true and false positives and negatives. mvabund, ancom, 
and, for some data sets, Wilcoxon tests also performed quite well 
by this metric.

We observed that the FPR was adversely affected by the rank 
abundance skew within the data. Analysis of data that was simulated 
such that no features were expected to differ among treatment 
groups revealed that for data simulated from a uniform distribution 
FPR was negligible (0%, Fig. S3). However, FPR for HMC increased 
to 5.4% on average for data simulated such that they had a highly 
skewed rank abundance profile (Pareto shape parameter of 0.7). 
When data were of intermediate skew (Pareto shape of 4) then FPR 
increased to 8.2%. We also found that high among-replicate varia-
tion in sampling depth tended to increase FPR by a few percentage 
points (Figure S4). On average, FPR of VI was only slightly higher 
than HMC. By comparison, FPR was often much higher when DMM 
was implemented via MCMC. Indeed, in many cases, MCMC gener-
ated an unacceptably high FPR of over 20%. This high FPR is at least 
partially due to the lack of convergence we observed for many pa-
rameters when using MCMC, even when we employed lengthy run 
times. We observed broadly comparable results from our primary 
simulation experiment, which spanned data with a broader variety 
of attributes and for which features differed in relative abundance 
among sampling groups (Figure 3).

Of the analytical tools examined, deseq2 and edger were the 
next most sensitive behind DMM. deseq2 maintained a lower false 
positive rate than DMM. ancom, aldex2, and Wilcoxon tests all ex-
hibited negligible false positive rates, but were only able to identify 
a small fraction of the features that shifted in relative abundance 
between sampling groups. All methods, including DMM, performed 
poorly when confronted with data where all features were equally 
abundant (denoted as ‘uniform’ in figures). This was unsurprising, be-
cause, for these data, the expectation of � was approximately one 
divided by the number of features present and large, marginal shifts 
in relative abundance between sampling groups (such as doubling) 
still resulted in very small differences in proportions (e.g., 1/2,000 
vs. 2/2,000), which were difficult to estimate.

We used multiple regression to test how data attributes influ-
enced true positive detection and false positive rate (Tables S2, 
S3). For all methods competed, the degree of rank abundance skew 
within the data had, by far, the largest effect on model performance. 
Surprisingly, all methods were quite insensitive to variation in other 
data attributes. Data dimensionality (number of features), number 
of replicates, number of observations, and among-replicate variation 
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F I G U R E  3   Performance of Dirichlet-
multinomial modelling (DMM) and 
competing methods when confronted 
with simulated data from a treatment-
control experimental design. Each point 
denotes the results from analysis of a 
simulated data set. Panel a depicts true 
positive rate and panel b depicts false 
positive rate. The x axis describes the 
methods competed, which are each given 
a unique colour. Each panel is split into 
three sections that correspond with the 
three rank abundance profiles used to 
simulate data (see Figure 2). ‘Uniform’ 
refers to data where the expected relative 
abundance of all features was equivalent; 
‘Pareto (shape = 4)’ refers to data with 
an intermediate rank abundance skew; 
‘Pareto (shape = 0.7)’ were highly skewed 
data with very few abundant features and 
many rare features. Features were made 
to shift in relative abundance between 
treatment groups by different effect 
sizes (an effect size of 1.1 corresponded 
with a 10% shift in relative abundance). 
Panels are split by row to show results for 
a specified effect size. Rectangles in the 
boxplots delineate the central 50% of the 
data (first to third quartiles, also called 
the interquartile range) and contain the 
median (delineated by a horizontal line). 
Whiskers extend an additional 1.5 times 
the interquartile range beyond the first 
and third quartiles. These are the defaults 
for boxplots in base R [Colour figure can 
be viewed at wileyonlinelibrary.com]
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had very minor influences on true positive detection and false posi-
tive rate for most methods tested (Tables S2, S3).

While our primary goal was ascertaining the relative merits of 
DMM for detecting differences in feature abundance, we also asked 
how well DMM could recover the relative abundances (D⃗ and E⃗) that 
were used to simulate data. We report very low average root mean 
square error (RMSE) for estimates of simulated relative abundances 
(D⃗ and ⃗E) obtained through DMM (Figure 5). As a complementary test 
of model performance, we determined how often the parameters 
used to simulate data fell within the high density interval (HDI) of 
PPDs. When feature relative abundances were equal, or modestly 
skewed (‘Equal’ or ‘Pareto, shape  =  4’), the HDI of PPDs encom-
passed the value used to simulate data for nearly all parameters of 
interest, regardless of estimation method employed (MCMC, VI, or 
HMC; Figure S5). Parameter estimation was much more difficult for 
highly skewed data—when using MCMC or VI, the true values for 

the parameters did not lie within the estimated HDIs in some cases. 
By comparison, HMC did better when confronting these challenging 
data—on average 90% of simulation parameters fell within the HDI, 
though there was wide variation in model performance depending 
upon data set (Figure 3). We observed that the width of credible in-
tervals for � parameters was not associated with relative abundance 
regardless of implementation method or dataset (Figures S16–S18). 
Bias of DMM differed among implementations, with HMC having 
negligible bias (Figures S7, S8, S9) and VI and MCMC exhibiting com-
paratively more bias. We observed that, for all implementations, bias, 
when present, was typically limited to the most abundant and rarest 
features within the dataset. Specifically, � parameters were occa-
sionally slightly underestimated for abundant features and overesti-
mated for rare features. This pattern was more noticeable for highly 
skewed data and can be explained given the prior we used for � pa-
rameters, which corresponded to 1/n, where n was the number of 

F I G U R E  4   Relative ability of competing methods to detect true positives within simulated data. Each point represents the results from 
a simulated data set and each panel compares the proportion of true positives identified by Bayesian Dirichlet-multinomial modelling (using 
Hamiltonian Monte Carlo [HMC]) to the proportion of true positives identified by a competing method: (a) ancom, (b) deseq2, (c) edger, (d) 
Wilcoxon rank sum test. The line bisecting each plot denotes equal performance of both models—so if a point lies above this line then HMC 
detected more true positives than the competing method for that data set. The summed numbers of points on either side of this line are 
shown to demonstrate relative performance of methods across datasets. For instance, in panel (a), the Dirichlet-multinomial model (DMM) 
detected more true positives than ancom for 100 data sets, while ancom was the more sensitive model for zero data sets. The sum numbers 
of simulations for each panel differ (and do not always reflect the 144 total data sets analyzed) because in some cases both DMM and the 
competing method exhibited equal performance. This was mostly the case for extremely challenging data when neither method was able to 
detect any true positives. Marginal histograms in each plot denote frequency distributions of results along the parallel axis [Colour figure can 
be viewed at wileyonlinelibrary.com]
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features. For skewed data with high among-replicate variation, the 
strength of the prior was not overcome by the likelihood, thus lead-
ing to slight overestimation of marginal features and underestima-
tion of abundant features. If among-replicate variation was reduced, 
then DMM was able to accurately recover true parameters even for 
highly skewed data. The prior we chose was agnostic to rank-abun-
dance curves and thus suitable for a wide-range of applications, but 
could be replaced by a prior with a specific rank-abundance profile 
if desired by the user.

3.1 | Inferences on empirical data

Reanalysis of data provided by Duvallet et al. (2019) demonstrated 
the sensitivity of DMM. Using HMC, we found that 53 taxa within 
the lung microbiome (samples were obtained via bronchoalveolar 
lavage) shifted in relative abundance between aspirating and non-
aspirating children (Figure S19). This contrasts dramatically with the 
results we obtained from repeated Wilcoxon tests with a Benjamini-
Hochberg false discovery rate correction, mvabund, and aldex2, 
which suggested no taxa significantly shifted in relative abundance 
between sampling groups. By comparison, deseq2 suggested 17 taxa 
differed, edger suggested 10 taxa, and ancom four taxa.

Analysis of lung microbiome data using VI and HMC based im-
plementations of DMM provided largely similar results; however, 
VI did report five fewer taxa shifted in relative abundance than did 
HMC. The majority of taxa identified by HMC were also identified 
by VI; the two methods did not agree regarding true positive status 
for only nine taxa. Of the 53 taxa that we found shifted between 
sampling groups, the most dramatic change was in a Streptococcus 
taxon, which was much more abundant in aspirating children (Figure 

S19). An increase in this taxon has previously been reported in adult 
humans with pneumonia by Akata et al. (2016). We also found an 
increase in Haemophilus (Jacobs & Harris, 1979), Moraxella (Claesson 
& Leinonen, 1994), Neisseria (Johnson, Drew, & Roberts, 1981), and 
Prevotella (El-Solh et al., 2003), all of which have previously been as-
sociated with pneumonia (see citations for examples), but may be 
present in healthy lung tissue as well (Beck, Young, & Huffnagle, 
2012). We also observed an increase in Enterobacter, Lactococcus, 
Leuoconostoc, and Acinetobacter taxa in the lungs of nonaspirating 
subjects.

4  | DISCUSSION

Over the past decade, there has been considerable discussion re-
garding how molecular ecologists should process and analyze com-
positional data, particularly those generated by high-throughput 
sequencing instruments (Knight et al., 2018; Thorsen et al., 2016; 
Weiss et al., 2017). This dialogue has been motivated by the con-
straints of modern laboratory equipment (e.g., the constant sum 
constraint of sequencers) coupled with a pressing need for consen-
sus involving appropriate, sensitive tools to analyze data generated 
by such instruments. Through analysis of simulated data spanning 
the variation in attributes expected across many scientific domains, 
we report that new computational statistical techniques have made 
Dirichlet-multinomial modelling (DMM) an approach that can be ap-
plied efficiently in many settings. Specifically, we report that DMM 
is much more sensitive than the competing approaches we exam-
ined, making DMM particularly well suited to identification of sub-
tle shifts in relative abundance among features, such as what might 
be required in the study of rare, but consequential, microbes or 

F I G U R E  5   Comparison of DMM performance when using different methods to estimate posterior probability distributions (PPDs) of 
parameters describing feature relative abundance within sampling groups (𝜋; see Figure 1). The results shown in panel (a) are from a single, 
illustrative simulation. Features are indexed along the horizontal axis and associated 𝜋 estimates are shown on the vertical axis. The means 
of PPDs are shown as shaded circles and the 95% high density interval (HDI) of the PPD is delineated by dotted lines. The true proportions (+ 
symbols) fall within the HDI of the PPD for almost all features, regardless of PPD estimation method. Average root mean square error (RMSE) 
for � parameters for all simulated data sets for each method is shown in panel (b) [Colour figure can be viewed at wileyonlinelibrary.com]
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metabolites (Lynch & Neufeld, 2015; Sachdeva et al., 2019). Indeed, 
for some data, DMM identified many times more true positives than 
certain competing methods (up to approximately eight times more 
in extreme cases; Figure 3). The sensitivity of DMM does, however, 
come at the cost of an increase in false positive rate (FPR) and a loss 
of precision compared to competing methods, particularly for data 
with skewed rank abundance profiles and large variation in sampling 
depth among replicates. For such challenging data, FPR increased to 
between 5.5%–10% (Fig. S3), which we suggest may be acceptable 
for those practitioners tasked with analyzing challenging data and 
who wish to avoid missing features that truly differ among composi-
tions. The tradeoff between sensitivity (also referred to as ‘recall’) 
and precision is well known (Buckland & Gey, 1994) and we suggest 
that the suitability of DMM will depend on the particular needs of 
the practitioner. If practitioners are interested primarily in sensi-
tivity, then our results suggest DMM is an appropriate method to 
choose. If, on the other hand, practitioners wish to avoid false posi-
tives, even at the expense of considerable loss of sensitivity, then 
other methods may be more suitable.

Aside from sensitivity, DMM provides several important ancil-
lary benefits including the estimation of parameters that describe 
the data under consideration and the ability to propagate uncer-
tainty in those estimates to downstream analyses. Propagation of 
uncertainty allows for a precise statement regarding the credibility 
of an inference and is a particular benefit of Bayesian techniques 
over frequentist methods. For example, to determine the extent 
that specific features shifted from one simulated sampling group to 
another, we obtained the difference between PPDs of Dirichlet 𝜋 
parameters from each group (Figure 2d). A PPD is a distribution that 
explicitly describes the probability of certain values for a particu-
lar model parameter; thus, in the model described here, the mean 
of the PPD for a specific � parameter is a sensible point estimate 
for that feature's relative abundance and the variation around that 
mean describes the certainty in that estimate. By subtracting PPDs 
for � parameters obtained from different sampling groups for a 
focal taxon, we obtain a PPD of differences, thus propagating un-
certainty in relative abundance estimates through to differential 
relative abundance testing (Figure 2d). This provides a great deal 
of flexibility to practitioners, because the location of zero in this 
distribution of differences quantifies the probability that the two 
original PPDs differed—in other words, that the feature differed in 
relative abundance between sampling groups. We assumed that, 
for some feature i present in two sampling groups k, if 95% of the 
PPD for �ik=1−�ik=2 does not overlap zero, then that feature differed 
in relative abundance between groups (see Section 2.1). If a more 
conservative analysis is desired, then a more strict criterion could 
be employed to determine if PPDs of focal features are sufficiently 
divergent, for instance 98% or 99%. Similarly, a less strict criterion 
could be used (e.g., 90%) for exploratory analyses. Moreover, be-
cause we precisely quantify uncertainty in parameter estimates de-
rived from a single model, multiple comparison testing is unneeded 
for our implementation of DMM. A final benefit of quantifying un-
certainty for each feature of interest is that, with some creativity, 

this uncertainty can be propagated to other downstream analyses, 
including those using derived parameters of interest such as diver-
sity entropies (see Appendix S1  for how to extract samples from 
PPDs; Marion, Fordyce, & Fitzpatrick, 2018). The benefits provided 
by uncertainty propagation are primary differences between DMM 
as we describe it here and the competing approaches we tested that 
rely on some form of frequentist testing.

Another important benefit of the approach to DMM we describe 
is the hierarchical sharing of information among replicates from 
sampling groups (also see Fordyce et al., 2011). Hierarchical models 
make thorough use of the information present within the data, which 
can improve parameter estimates and propagate uncertainty, par-
ticularly when sampling effort is inconsistent among replicates and 
sampling groups (Coblentz et al., 2017). As described in the methods, 
hierarchical modelling can be used in a way analogous to frequen-
tist, mixed effects modelling to account for nonindependent repli-
cates through the use of a random effect (Bates, Mächler, Bolker, & 
Walker, 2015; Björk, Hui, O’Hara, & Montoya, 2018). Hierarchical 
modelling also allows for novel inferential opportunities, given suffi-
cient data, because parameter estimates can be extracted from any 
level in the model hierarchy.

4.1 | Additional considerations pertaining to 
Dirichlet-multinomial modelling

A downside to Bayesian modelling is its computational expense. 
While jags (Plummer, 2003), bugs (Lunn et al., 2012), stan (Carpenter 
et al., 2017), and pymc3 (Salvatier, Wiecki, & Fonnesbeck, 2016) have 
greatly simplified Bayesian model specification and implementation, 
Bayesian analysis can require much more computation time then 
frequentist methods. Users should be aware that as the number of 
parameters to estimate increases, so too does modelling time. For 
data sets of low to moderate dimensionality (i.e., less than a thou-
sand features), the model described herein can be run on a desktop 
computer within several hours using any of the three PPD estimation 
methods (VI may take only a few seconds to run for such small data). 
However, for larger data sets of many thousand features, conver-
gence when using MCMC or HMC may require a multiple days. For 
larger data, MCMC sampling should probably be avoided because 
HMC, as implemented in stan is much faster and results in conver-
gence for more parameters and, thus, a lower false positive rate 
(Figure S6). For extremely large data, VI may be the only viable op-
tion for efficient parameter estimation. Unfortunately, we observed 
heightened variation in the performance of VI compared to MCMC 
or HMC when confronting data with a dramatic rank abundance 
skew—in some cases VI did as well as HMC, but in other cases it 
was unable to recover a high proportion of the true positives pre-
sent (Figure 3). Computational implementations of VI are a topic of 
current research and will undoubtedly improve over coming years 
(Blei et al., 2017). For most users, we suggest performing an initial 
analysis using both HMC and VI. If parameter estimates are largely 
congruent between techniques (as we generally observed), then VI 
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could be used for subsequent analyses using similar data, thus taking 
advantage of VI's efficiency.

For HMC or MCMC sampling, time to convergence can be im-
proved through initializing the chains at sensible values for all 
parameters. We initialize chains for multinomial and Dirichlet pa-
rameters at their maximum likelihood values (x⃗i∕Ni, the proportion of 
each feature within a sampling group). Additional performance gains 
can be achieved by combining features that are consistently infre-
quent across replicates to form a composite feature. This composite 
feature should be included in modelling, otherwise proportion esti-
mates will be distorted and incorrect. This approach could be par-
ticularly appropriate for analysis of high-throughput sequencing of 
microbiomes and transcriptomes, which often rely on data sets char-
acterized by many features of extremely low relative abundance. 
Estimates of the relative abundance of very infrequent features 
will be imprecise, thus precluding effective comparison of relative 
abundances among sampling groups. Therefore, for some questions, 
combining these features will not lessen inferential opportunity and 
can greatly reduce computation time.

Some authors have suggested that the expected negative co-
variance of feature proportions (p⃗) in a Dirichlet distribution is a 
drawback that makes this distribution undesirable (Grantham, Guan, 
Reich, Borer, & Gross, 2019).; Mandal et al., 2015; Weiss et al., 2016). 
Specifically, the elements of p⃗ in a deviate from a Dirichlet distribu-
tion are expected to negatively covary (Mosimann, 1963) according 
to: Cov

[
pi,pj

]
=

−�i�j

�2
0
(�0+1)

, where p⃗ is the vector of expected proportions 
for features in the composition and 𝛼⃗ represents the Dirichlet param-
eter vector. Indexing of p⃗ and 𝛼⃗ across features is achieved via i and j, 
and �0=

∑n

i=1
�i, where n is the number of features. For even modest 

values of �0, the expected negative covariance between elements 
in p⃗ is small and diminishes rapidly with increasing �0, approaching 
zero in the limit of large �0. The negative covariance structure is a 
fundamental limitation of compositional data, as one or more fea-
tures increase, other features must decline to maintain a constant 
sum. Thus, the Dirichlet distribution assumes a reality that mirrors 
the data.

There are many problems associated with the analysis of compo-
sitional data that cannot be handled by DMM alone (see Aitchison 
& Egozcue, 2005, Gloor & Reid, 2016, Quinn, Erb, Richardson, & 
Crowley, 2018, Tsilimigras & Fodor, 2016, van den Boogaart & 
Tolosana-Delgado, 2013). The most intuitive challenge posed by 
compositional data is that spurious correlations among features can 
arise because of the data's inherent covariance structure (Pearson, 
1897). For instance, shifts in the relative abundance of a dominant 
microbial taxon along an abiotic gradient causes shifts in the rela-
tive abundance of co-occurring taxa, even if the actual abundances 
of those taxa are invariant across the gradient (Figure 1). In such a 
scenario, compositionality could induce associations between the 
relative abundances of certain taxa and the gradient that are not 
biologically supported. Other issues that can arise when analyzing 
compositional data include ‘subcompositional incoherence’, which 
means that omission of features from the composition necessarily 
changes the relative abundances of the remaining features after they 

are renormalized to their constant sum (e.g., one for proportions; 
Pawlowsky-Glahn & Egozcue, 2006).

The technique most relied upon to address these problems is log 
ratio transformation: log

(
pi

g(p⃗)

)
, where pi is the ith feature within p⃗, 

which is composed of either counts or proportions, and g
(
p⃗
)
 is a func-

tion. When g
(
p⃗
)
 is the geometric mean of all feature abundances, 

this transformation is called the ‘centered log ratio’ (CLR; Aitchison, 
1982). Division by the geometric mean places all replicates on the 
same scale and, therefore, is useful when variation in sampling effort 
exists among replicates. Alternatively, g

(
p⃗
)
 can be an indexing func-

tion and output the value of a feature, pj, that has a constant absolute 
abundance among replicates. This approach is called the ‘additive log 
ratio’ (ALR) transformation (Aitchison, 1982) and can be useful when 
an internal standard can be added to samples prior to data genera-
tion (e.g., during library preparation for next-generation sequencing; 
Jiang et al., 2011; Munro et al., 2014; Tkacz, Hortala, & Poole, 2018; 
Tourlousse et al., 2017) or when certain features are expected to be 
invariant among replicates (e.g., ‘housekeeping genes’; Eisenberg & 
Levanon, 2013). By converting information from each feature into 
a ratio, both ALR and CLR avoid the subcomposition incoherence 
problem (Morton et al., 2019). To understand this, consider conduct-
ing the ALR transformation on replicates that each include a feature 
with identical absolute abundance that is used as the denominator in 
the transformation (it does not matter whether we consider counts 
or proportions for this example). The ratio between any specific fea-
ture within a replicate and the denominator will not be affected by 
removing other features from the composition (i.e., if the ratio is 2:1 
it will remain so after omitting features from the composition and 
re-normalizing to maintain a constant sum). Either the CLR or ALR 
transformation can be applied to each MCMC sample of parameters 
of interest to obtain transformed PPDs for analysis (see Fernandes 
et al., 2014, for an example).

In conclusion, the challenges posed by many modern molecular 
ecology data sets—extreme dimensionality, compositionality, and, 
often, stark differences in the abundance of features—have moti-
vated the rapid development of new analytical tools and techniques. 
Indeed, new methods and software are published on a near monthly 
basis and practitioners are left to wonder which tool is best suited 
for the job at hand. While we do not claim DMM addresses all the 
challenges associated with compositional data, we do report that 
it is a sensitive, flexible technique that facilitates feature-specific 
analyses and should be added to ecologist's toolkits (Fordyce et 
al., 2011). It is likely to be broadly useful and sensitive for analyses 
of microbiomes and other datasets generated via DNA barcoding 
techniques, gene expression, metabolomics, and other applications 
in molecular ecology (Table S1). To facilitate use of DMM, we have 
provided an expository vignette in the Appendix S1 that provides an 
example of how to perform DMM using both stan and jags in the R 
environment.

The success of DMM for relative abundance estimation, as 
demonstrated herein, coupled with the aforementioned benefits 
of hierarchical Bayesian modelling, justifies extension of the DMM 
to determine the effects of covariates on relative abundances and 
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to characterize mixtures of compositions (sensu Chen & Li, 2013; 
Holmes et al., 2012; Knights et al., 2011; Shafiei et al., 2015; Tang 
& Chen, 2018). We look forward to continued method development 
along these lines.
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