Archive for Mathematical Logic (2020) 59:325-334 . o

https://doi.org/10.1007/500153-019-00693-8 Mathematical Logic
Check for
updates

A small ultrafilter number at smaller cardinals

Dilip Raghavan' - Saharon Shelah?

Received: 4 April 2019 / Accepted: 31 August 2019 / Published online: 10 September 2019
© Springer-Verlag GmbH Germany, part of Springer Nature 2019

Abstract

It is proved to be consistent relative to a measurable cardinal that there is a uniform
ultrafilter on the real numbers which is generated by fewer than the maximum possible
number of sets. It is also shown to be consistent relative to a supercompact cardinal
that there is a uniform ultrafilter on X, | which is generated by fewer than 28«+! sets.

Keywords Cardinal invariant - Uniform ultrafilter - Indecomposable ultrafilter -
Large cardinal
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1 Introduction

The purpose of this short note is to show that it is possible to make the ultrafilter
number small at relatively small accessible regular cardinals assuming the existence
of large cardinals. Recall the following definitions.

Definition 1 Letx > w be aregular cardinal. An ultrafilter I on « is said to be uniform
if |A| = k forevery A € U. A set X C U generates U if

U={ACk:dBe X[B C A]}.
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The cardinal u(x) is defined to be smallest size of a family that generates a uniform
ultrafilter on «. More formally,

u(x) = min {|X’| : X generates some uniform ultrafilter on «} .

Much is known about u(w). The consistency of u(w) = 81 < 280 seems to have
been first noted by Kunen in the early 1970s (see Exercise (A10) of Chapter VIII in
[5]). To obtain Kunen’s model, one starts with 8; < 250 and then adjoins an ultrafilter
witnessing u(w) = Np by a finite support iteration of c.c.c. forcings of length w;.
Baumgartner and Laver (see [2]) noticed later that both countable support iterations
and countable support products of Sacks forcing preserve P-points, and hence they
showed that u(w) = R; < Ry = 2™ holds in both the iterated and side-by-side
Sacks models. The Miller model (see [6] and [1]) provides an example of a model
where u(w) = 8| < Ry = 0(w) holds. Much later, Shelah proved the consistency of
u(w) < a(w) assuming the consistency of a measurable cardinal in [9].

The situation above w is much less clear. Kunen asked in the seventies whether
u(R;) < 28 or even whether t(8) < 2% is consistent. Kunen’s questions remain
completely open. If ¥« > I, is regular, then d(k) < t(x) (see [8]), and there-
fore 0(k) < t(k) < u(k). Hence there can be no perfect analogue of the Miller
model at sufficiently large regular cardinals. It remains an open problem whether
0(k) < t(x) is provable for uncountable regular cardinals « less than J,. For
regular k > o, the consistency of u(k) < 2 was only known for supercom-
pact « until now. An unpublished result of Carlson from the eighties showed that
if « is a Laver indestructible supercompact cardinal, then there is a forcing exten-
sion in which « remains supercompact and u(k) = k* < 2¢. Carlson’s model is
obtained in a manner analogous to how Kunen’s model for u(w) = 8; < 2% is
obtained.

In this note, we produce models where u(x) < 2 for accessible values of «. More
precisely, assuming a measurable cardinal in the ground model, we produce a model
where 2% is regular and u(2%0) < 22%, and assuming a supercompact cardinal in
the ground model we produce a model where u(RX,+1) < 2Xe+!. We do not know
if any large cardinals are necessary to produced models satisfying these statements.
Our models are unlikely to be optimal in several other ways. For instance in all of
our models, 2¥ is much larger than ¥ ™. At present, we do not know how to produce
models of u(k) < 2¥ for accessible values of x where the gap between x+ and 2 is
small. See Sect. 5 for further discussion of open problems.

Most of the ideas needed to prove our theorems come from a paper of Shelah and
Thomas [10] in which several statements about subgroups of the symmetric group
on k were shown to be consistent relative to large cardinals. In fact we show that
u®p41) < 280+ holds in the model constructed in Section 4 of [10]. A crucial
ingredient used in the proofs in our paper and in the paper of Shelah and Thomas [10]
is the notion of an indecomposable filter. In particular we will use a theorem of Ben-
David and Magidor [3] saying that indecomposable filters may exist on R, 1.

While we will only consider u(x) for regular « in this note, several other works such
as Garti and Shelah [4] have dealt with the ultrafilter number at singular cardinals.
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A small ultrafilter number at smaller cardinals 327

2 A general result

In this section we will present a general theorem saying that if ;4 is a singular strong
limit cardinal, if A and « are specifically chosen cardinals below w, and if P is any
forcing notion that satisfies a combinatorial condition relative to A, x, and p, then P
forces that u(x) < p. We will apply this general result in Sects. 3 and 4 to obtain
consistency results.

Definition 2 Let (P, <p, 1p) and (Q, <@, 1g) be notions of forcing. We will write
(P, <p, 1p) S (Q, <@, Lg) if the following conditions are satisfied:

(D) 1p = 1g;

2 PCQ;

@) <p=<gN @ xP);

(4) forany p,p’ e P,p Llpp < plop

(5) if A € P is any maximal antichain in (P, <p, 1p), then A remains a maximal
antichain in (Q, <@, 1g)-

The relation (P, <p, 1p) S, (Q, <@, Lg) is usually expressed by saying that
(P, <p, 1p) is a complete suborder of (Q, <g, Lg). We also usually abuse notation
and simply write P C. Q or say that P is a complete suborder of Q.

It is clear that C. is a transitive relation. The following simple fact will be useful.

Lemma3 Let (P, <p, 1p), (Q, <@, L), and (R, <g, 1r) be any forcing notions. If
PC.Q thenPxRC. QxR

Proof Points (1)—(4) of Definition 2 are clear. For (5), consider any (g, r) € Q x R.
Since P C. Q, there exists p € P with the property that Vp' <p p [p’ Lg q]. Now
{p,r) € P x R. Moreover if (p’, r’) is any condition such that (p’, ') <pxr (p, r),
then (p’, ') Loxr (¢, 7). This implies (5). O

Prikry [7] carried out the first detailed investigation of indecomposable filters,
crediting Keisler with the definition of the notion in his paper. Ben-David and Magi-
dor [3] showed that it is consistent relative to a supercompact cardinal that uniform
R,,-indecomposable ultrafilters can exist on R, for 0 < n < w. This is the key
combinatorial notion needed for our proofs.

Definition4 Let « and A be infinite cardinals. A filter F on A is said to be «-
indecomposable if whenever (Ye : & < k) is a partition of A (i.e. A = U$<KY§
and V¢ < & < k [Y; NYe =0]), then there exists 7 < & such that |T| < k and
UfeT Ye € F.

We next introduce a technical combinatorial condition on a forcing notion P involv-
ing several other parameters. In Sect. 3 it will be proved that forcing notions of the
formFn(7, J, 1) and products of forcing notions of this form satisfy this combinatorial
condition for a suitable choice of the other parameters. In this section, we will prove
that if IP satisfies the combinatorial condition for some choice of the other parameters,
then P forces that the ultrafilter number at one of these parameters is bounded by
another parameter.
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328 D. Raghavan, S. Shelah

Definition5 Let (P, <p, 1p) be a forcing notion. We say that (P, <p, Ip) has a
(A, &, u, D)-filtration if there exists a sequence (P, : @ < ) satisfying the following:

(1) X, k, and p are infinite cardinals satisfying A < cf () < k < u;
(2) p is a strong limit cardinal and A<h =

(3) D is auniform cf ()-indecomposable filter on «;

4) PisAT-cc.andVp € PIa < u[p € Pyl;

(5) foreacha <, Py S P, and V& < o [P: € Py |;

(6) foreach o < u, |Py| < .

Observe that there is no connection between [P and the filter D. In other words, we
only need the existence of some uniform cf (1)-indecomposable filter on k. Conditions
(4)—(6) simply say that Pis a A" -c.c. poset which can be written as an increasing union
of small complete subposets. Actually the condition that P, is a complete sub order
of IP for each a < p is not necessary for the proof of our main results. It is sufficient
if each P, is any sub order of IP. However Condition (5) is automatically satisfied in
all of our applications. Hence we have not sought to weaken it.

Lemma 6 Let (P, <p, 1p) and (R, <g, 1r) be forcing notions. Assume that A, k, |4,
and D are so that (P, <p, Lp) has a (A, k, i, D)-filtration. If |R| < u and

IFp Ris it-c.c. 7
then P x R also has a (A, «, u, D)-filtration.

Proof Fix (P, : @ < ) witnessing that (P, <p, 1p) has a (1, k, i, D)-filtration. For
each o < u, let Q, = Py, x R. We check that (Qy : @ < ) is a witness that P x R
has a (A, «, u, D)-filtration. Indeed clauses (1)—(3) of Definition 5 only depend on
A, k, , and D, which satisfy these clauses by hypothesis. Also, by hypothesis P is
At-c.c. and IFp“ R is AT-c.c.”. It is a standard fact (e.g. Lemma 5.7 of [5]) that this
implies that P x R is AT-c.c. Also if {p,r) € P x R, then there is @ < p with
p € Py, whence (p,r) € P, x R = Q. This verifies (4) of Definition 5. Next for
each o < u, since Py, C. P, Qy = P, x R C. P x R. Also for each & < «, we
have Q¢ = P x R € P, x R = Qg because Pz C PP,. Finally, for each o < p,
|Q«| = |Py x R| < . This concludes the verification. O

The next theorem shows that P forces u(x) to be bounded by © whenever P has
a (A, k, i, D)-filtration. The proof is similar to the proof of Theorem 6 from [10],
though our theorem below is formulated in a slightly more general context.

Theorem 7 Let (P, <p, 1p) be a forcing notion. Assume that A, k, i, and D are so
that (P, <p, 1p) has a (A, k, i, D)-filtration. Assume moreover that cf (k) = k. Then
P forces that every uniform ultrafilter on k that extends D is generated by a set of size
at most . In particular, P forces that u(x) < p.

Proof Let (P, : @ < ) witness that (P, <p, 1p) has a (A, «, u, D)-filtration. For
eacha < u,let Ay = IP?; and let B = *2. Define L, = Ay X B. Then |Ly| < 1
because w is a strong limit. For any D € D, define Ly p = {a} x {D} X Lé’. Again
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A small ultrafilter number at smaller cardinals 329

|La p| < m.and soif L = |J{La,p : (@, D) € o x D}, then |L| < p. Fix a strictly
increasing cofinal sequence («; : i < cf (pL)) in u.

Suppose Ais any P-name such that lFpA C k. We will associate amember of L to A
as follows. Since IP is A" -c.c., we can find for each § < «, sequences (P/i,a,g te < A>
and T As such that:

(1) <p/§ 56t €< A> e P* and {pxae e < A} is a predense set in [P;
(2) T4 5 € *2 and for each ¢ < A, (pfias IFé8e A) = (‘L’AS(S) = 1) and
(Pise Fo¢d) <= (ri,=0).

For each § < « and ¢ < A, there is i(fi,(ﬁ,e) < cf(u) with Pise € ]P)%(Asg)‘
Since A < cf(u), for each § < «, there exists i(fi, 8) < cf(w) which satisfies Ve <
A [i(fi,&, g) < i(fi,(S)]. Now foreachi < cf(u),puty; = {6 <« :i = i(fi,&)}.
Then (Y; : i < cf(u)) is a partition of «. Since D is cf(u)-indecomposable, there is
aset T C cf(u) such that |T| < cf(n) and ;. Y; € D. Define D(A) = ;o7 Yi-
cf (u) being a regular cardinal, there is i(fi) < cf(pn) with T C i(A). Define Ol(AG) =
@i € M. Note that if 6 € D(A), then i(A,8) < i(A), and so for any ¢ < A,
i(A,8,e) <i(A, ) <i(A), whence ps, €Py  CP, CP =P

Yihse) — ~ Yids — i(A) a(A):

Thus we conclude that for each § € D(fi), <(pf§ PHERS AT 8) € IP’)‘ & x*2 =

o o A
Ay % B = Loy Therefore [(A) € {a (D) | x [ DA | < L2 = L4 pisy < L.
where

I(A) = <a(/i), D(A). <<<PA,5,5 e < A), zfm) 5 e D(/i)».

Claim 8 Suppose A and B are P-names such that \FpA € k and FpB < k. Suppose
| = (a, D, <<(p5,8 e < A), ‘175) 18 € D)) is a member of L such thatl = 1(A) = [(B).
Then |Hp>zi N D = BN D. Moreover

”»

Fp AND = |3 €D:3 <A [p&g e Gp and t5(s) = 1]}

Proof Suppose not. Then without loss of generahty, there exists p e Pand § € D
such that p lFp § € A\B Since § € D = D(A) = D(B) Tis =T = Ths and
<pA,5,g e <A)=(pscie<A)= (pB’(S’g : & < A). In particular, {pg,g e < A} is
a predense set. Choose ¢ < A and g € P with ¢ <p p, ps . It follows from (2) that
ps.elFpé € A, and hence T4 s(€) = 1. Similarly, ps . IFpd ¢ B, and hence Tp 5 =0.
However this contradicts © T4 s€) =15(8) = Tp 5(8).

To see the second statement, fix any (V, P)-generic filter G. In V[G], for any
8 € D = D(A), {e <1: pse € G} is non-empty because {ps : & < A} is a pre-
dense set. Consider an arbitrary ¢ < A such that ps, € G. By (2),§ € A [G]
if and only if 75(¢) = 1. Therefore for any 6 € D, § € A [G] if and only if
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330 D. Raghavan, S. Shelah

Ve < A[pse € G = 15(¢) = 1] if and only if 3¢ < A [pse € G A T5(e) = 1].
The second statement follows from this. O

Suppose G is a (V, P)-generic filter. Since P is A*-c.c. and cf(x) = k > AT, «
remains a regular cardinal in V[G]. Suppose !/ is any uniform ultrafilter on « extending
D. Define

) N . )
Kz{leL:EIAeVP[Ql—pAgK) andl(A):landA[G]eu:H.

o o v o o
For each [ € K choose A; € VP such that (IhpAl - K) ,I(A) =1, and A;[G] e U.
Define X — {Dm&, [G]: (D,1) €D x K} Note that if (D,l) € D x K, then

D € U because U extends D, and Al [G] € U by choice of Al, whence Dﬂﬁl [G]l eU.
Thus X C U. Furthermore |X'| < u (note that u remains a cardinal in V[G]).

Claim9 X generates U.

Proof Since X C U, {B C « : 3A € X' [A C B]} C U. Suppose that C € U. Find
o o o \%
¢ € VP with € = ¢ [G]. Also find p € G so that (p Fp € C K) .In V, applying

the maximal principle, we can find a P-name B so that H—]p1§ Ck and p lFp B=C.
Let! =1(B) € L.In V[G], B[G] = C[G] = C €U, and B is a witness that [ € K.
Hence A[ is defined and I(A)) =1 = I(B). It follows from Claim 8 that for some
DeD,A[GIND =B[G]IND =CND.Since (D,l) € Dx K, DNA;[G] € X.
SoCND e X, andsinceCND CC,C e€{B Ck:3dA e X[AC B]}. Thus

={B C«k:3A € X[A C B]}, as needed. O

This proves that I/ is generated by a set of size at most u. Since D is a uniform filter
on k, there is at least one uniform ultrafilter on « extending D. Therefore u(k) < p
in V[G]. O

The proof of Theorem 7 shows that the results in Section 4 of [10] can also be
obtained from the assumption that P has a (A, «, i, D)-filtration. Note also that the
condition that P, C. P for every @ < u is not used in the proof of Theorem 7. Hence
this theorem can be proved under a weaker formulation of Definition 5. We leave it
to the interested reader to formulate the optimal hypotheses under which the proof of
Theorem 7 can be carried out.

3 Small ultrafilter number at the continuum

Several posets of the form Fn(/, J, x) as well as products of such posets have a
(X, k, o, D)-filtration for suitable values of the cardinals A, «, and u, and any uniform
cf (u)-indecomposable filter D on k. Following Kunen’s notation in [5], we define the
partial orders below.
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A small ultrafilter number at smaller cardinals 331

Definition 10 For any infinite cardinal X, define
Fn(Z,J,X) ={p :|p| < A and p is a function and dom(p) C I and ran(p) C J}.

Order Fn(7, J, 1) by stipulating that ¢ < p if and only if p C ¢.

Lemma 11 Suppose that A, k, i, and D satisfy (1)—(3) of Definition 5. Then Fn(uu x
X, 2, 1) has a (A, k, &, D)-filtration.

Proof For each o < pu, define P, to be Fn(a x A,2,A). We will check that the
sequence (P, : o < p) witnesses that there is a (X, k, i, D)-filtration. Clauses (1)—
(3) of Definition 5 are already satisfied by hypothesis. It is well-known (see Lemma
6.10 of [5]) that Fn(u x A, 2, 1) is (2<)”)+-c.c. This means that Fn(u x 4,2, A) is
(M) T-c.c. because A<* = A. Also for each p € Fn(u x A, 2, A), there exists o« < u
with p € Fn(ae x A,2,1) = P, because A < cf(u). Next forany o < pu, @ x L C
w x A, and so P, = Fn(a x A,2,A) S Fn(p x A,2, ). Similarly if £ < «, then
Pe =Fn(§ x A,2,1) S Fn(a x 4,2, 1) = Py. Finally for each o < u, |[Py| <
because u is a strong limit cardinal. Therefore (1)—(6) of Definition 5 are satisfied. O

Lemma 12 Suppose that 1, k, u, and D satisfy (1)—(3) of Definition 5. Suppose more-
over that 0 is an infinite cardinal such that @ < A, 0 is regular, 2<% = 0, k% = «,
and cf(k) = k. LetP = Fn(u x A,2,A) and R = Fn(k x 6,2,0). Then P x R has a
(A, k, u, D)-filtration.

Proof We will check the hypotheses of Lemma 6. Firstly, by Lemma 11 P has a
(A, K, u, D)-filtration. Using the fact that p is a strong limit cardinal, it is easy to
verify that |R| < w. Finally suppose that G is (V, IP)-generic. Since P is A-closed in
V, it follows that R is still Fn(k x 6, 2, 0) as calculated in V[G] S1m11arly in V[G],
2<% = @ holds, and so R is 6" -c.c. in V[G]. Therefore in V, IFp* R is A T-c.c.”. Hence
P x R also has a (%, k, i, D)-filtration by Lemma 6. 0

We are now able to show that if there is a measurable cardinal «, then for any regular
cardinal 6 < « satisfying 2<¢ = 6, it is possible to force u(2?) < 2%

Theorem 13 Suppose that 0, A, k, and w are infinite cardinals satisfying 6 < A <
of(u) < k < w, that 0 is regular, and that 2<° = 6. Assume also that v is a strong
limit cardinal and that .<* = A. Suppose moreover that k is measurable and that D
is a normal measure on k. Then there is a cofinality preserving extension in which
20 =, u(k) < w, and 2 = u* > n.

Proof Note that since « is measurable and D is anormal measure onk, cf (k) = «, k? =
k,and D is a uniform cf (i)-indecomposable ultrafilter on . Let P = Fn(u x X, 2, A)
and R = Fn(x x 6,2,6). It is well-known that P x R is cofinality preserving. By
Lemma 12, P x R has a (%, «, u, D)-filtration. Suppose H is a (V, P x R)-generic
filter. By Theorem 7, u(x) < w holds in V[H]. By standard arguments (see proof
of Theorem 6.18 in [5]), V[H] satisfies 2¢ = k and 2* = . Since cofinalities and
cardinals are preserved, we have 2 = (2)‘)'( = puk > pdtw >
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Corollary 14 It is consistent relative to a measurable cardinal that there is a uniform
. . N
ultrafilter on the reals which is generated by fewer than 2*° many sets.

Proof Apply Theorem 13 with 6 = w. O

Note that the fact that u is a singular cardinal with cofinality less than k plays a crucial
role in these proofs. In Corollary 14, if we assume that GCH holds in the ground model
and pick the minimal values of A and p required to run the proof, then in the resulting
model, 2% = x and 220 > N2,

4 Small ultrafilter number at 844

The continuum is a weakly inaccessible cardinal in the model constructed in the
previous section. In this section we will get a model where u(x) < 2 for a ¥k which
is well below the first weakly inaccessible cardinal, namely R, +1. However we must
start with a supercompact cardinal.

Thomas and Shelah [10] considered the following statement for regular cardinals
K:

If G is any subgroup of Sym(x) with [Sym(x) : G] < 2, then there exists ()
A C k such that |A| < «x and Sa) is a subgroup of G.

Here Sym(k) is the symmetric group on « and S(a) denotes the pointwise stabilizer
of the set A € «. It turns out that (y,) is a theorem of ZFC. In [10], Shelah and
Thomas used a supercompact cardinal to produce a model where (*Nw +,) fails. We
show below that u(R,;1) < 28+! in this model constructed by Shelah and Thomas,
and moreover our proof is quite similar to their argument that (*Nw " 1) fails. However
we are not aware of any direct connection between (*Nw +1) and u(R,+1). It would be
especially interesting if the failure of (x,) implied u(x) < 2 for some uncountable
regular .

In order to apply Theorem 7 with k = R4, it must be possible to find uniform
filters onR, 1 that are N, -indecomposable for some n < w. A by now classical theo-
rem of Ben-David and Magidor [3] says that it is consistent relative to a supercompact
cardinal to have a uniform ultrafilter on 8,; which is 8,-indecomposable for all
0 < n < w. Ben-David and Magidor point out in [3] that the existence of such an
indecomposable ultrafilter on 8,1 implies =[x, . The precise strength of =[x is
presently unknown. A lower bound for =[x, is in the region of a proper class of
Woodin and strong cardinals, while the best known upper bound is in the region of
a subcompact cardinal. We refer the reader to Zeman’s paper [11] for more details.
However the best known upper bound for the existence of indecomposable ultrafilters
on R, is still at the level of « *-supercompactness as established by Ben-David and
Magidor in [3].

Theorem 15 (Ben-David and Magidor [3]) Assume that there is a supercompact cardi-
nal. There is a forcing extension in which GCH holds and there is a uniform ultrafilter
on Ry1 which is Ry, -indecomposable for all 0 < n < w.
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A small ultrafilter number at smaller cardinals 333

The proof of the next theorem is now just a matter of combining Theorem 15 with
Theorem 7 and Lemma 11.

Theorem 16 Assume that there is a supercompact cardinal. Then there is a forcing
extension in which u(R,41) < 281,

Proof By Theorem 4, we can pass to a forcing extension V' in which GCH holds
and there exists a uniform ultrafilter D on R, which is 8, -indecomposable for all
0 < n < w. Working in V’, put « = 8,41 and choose A and pu so that (1)—~(3) of
Definition 5 are satisfied. In fact, since GCH holds in V’, we can simply choose A = R¢
and u = R,,,. By Lemma 11, P = Fn(u x A, 2, 1) has a (A, «, u, D)-filtration. Let
G be (V/, P)-generic. By standard arguments, 2* = u in V' [G]. By Theorem 7 and
by the fact the all cofinalities and cardinals are preserved between V' and V' [G],
Rot1 =k, u(k) < pt,and 2 = (24)° = p* > ' > pin V' [G].

The reader will again notice the crucial role played by the fact that u is a singular
cardinal whose cofinality is smaller than . Choosing the minimal values for A and u
that are allowed by the proof, as we have done above, still results in a model where
28e+1 > R, . This is very unlikely to be sharp. It ought to be possible to produce
models where u(R, 1 1) = Rpp0 < Rz = 2801,

It is not difficult to combine the proof of Theorem 16 with the proof of Theorem 13
to produce a model where 250 = R, 1 and u(R,,11) < 2%+, One would then need
to choose u to be R, (or bigger). Details are left to the reader.

5 Remarks and questions

As mentioned in Sect. 1, the models constructed in this paper have several features
that are likely to be accidental rather than essential. The first such feature is the use of
large cardinals.

Question 17 What is the consistency strength of the inequality u(2™0) < 22% op of
URyp1) < 2Ne+1?

We are not aware that these statements have any large cardinal strength. The next
question is about how large 2 needs to be for u(x) < 2 to be consistent. We pose
this question in a very weak form below.

Question 18 Is the following statement consistent relative to large cardinals: There
exists an uncountable regular cardinal k such that k is smaller than the first weakly
inaccessible cardinal and u(k) = kT < kT =2¢?

Finally of course the method in this paper is not applicable to any of the 8,,.

Question 19 Is it consistent to have u(R,) < ZR",for some () <n < w?
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