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T�+iBM; � #`Q�/ `�M;2 Q7 2t+BiBM; �TTHB+�iBQM /QK�BMb- BM+Hm/BM; ?B;?@bT22/ BMi2`+QMM2+ib-

#BQb2MbQ`b (R)- H2Mb@H2bb +�K2`�b (k)- BMi2;`�i2/ GA.�_ (j)- 2i+X aB;MB}+�Mi 2zQ`ib ?�p2 #22M

/2pQi2/ `2+2MiHv iQ i?2 MmK2`B+�H bBKmH�iBQM �M/ BMp2`b2 /2bB;M Q7 bm+? bi`m+im`2b (9ĜRy)X

lM7Q`imM�i2Hv- ?Qr2p2`- i?2 /2bB;M �M/ QTiBKBx�iBQM Q7 T?QiQMB+ bi`m+im`2b �KQmMib iQ �

?B;?Hv +?�HH2M;BM; +QKTmi�iBQM�H T`Q#H2K /m2 iQ i?2B` H�`;2 2H2+i`B+�H bBx2 �M/ T`2p�H2M+2 Q7

bm#r�p2H2M;i? 72�im`2bX h?Bb T�T2` T`2b2Mib � MQp2H K2i?Q/QHQ;v #�b2/ QM mb2 Q7 #QmM/�`v

BMi2;`�H 2[m�iBQMb BM +QMDmM+iBQM rBi? i?2 `2+2MiHv BMi`Q/m+2/ ǳqBM/Qr2/ :`22M 6mM+iBQMǴ

Uq:6V K2i?Q/- �M/ �M �/DQBMi@#�b2/ [m�bB@L2riQM QTiBKBx�iBQM bi`�i2;v- 7Q` i?2 bQHmiBQM

Q7 T`Q#H2Kb BMpQHpBM; T?QiQMB+ bi`m+im`2bX h?2 mb2 Q7 i?2 q:6 �TT`Q�+? r?B+? 2M�#H2b �T@

THB+�iBQM Q7 ?B;?Hv@2{+B2Mi BMi2;`�H 2[m�iBQM K2i?Q/b iQ T?QiQMB+@/2pB+2 T`Q#H2Kb- ?�b ;Bp2M

`Bb2 iQ /2pB+2 bBKmH�iBQM �M/ QTiBKBx�iBQM K2i?Q/b i?�i �`2 Q`/2`b Q7 K�;MBim/2 7�bi2` �M/

KQ`2 �++m`�i2 i?�M T`2pBQmbHv 2tBbiBM; K2i?Q/QHQ;B2b, iQ i?2 #2bi Q7 Qm` FMQrH2/;2- i?Bb Bb

i?2 }`bi +QMi`B#miBQM r?B+? BMi2;`�i2b BMi2;`�H K2i?Q/b BM i?2 T`Q#H2K Q7 QTiBKBx�iBQM Q7

T?QiQMB+ bi`m+im`2bX AM i?Bb T�T2` i?2 K2i?Q/ Bb /2KQMbi`�i2/ 7Q` k. +QM};m`�iBQMbX

1tBbiBM; +QKTmi�iBQM�H �TT`Q�+?2b- #Qi? 7Q` irQ@ �M/ i?`22@/BK2MbBQM�H b2iiBM;b- �`2

;2M2`�HHv #�b2/ QM /B`2+i pQHmK2i`B+ /Bb+`2iBx�iBQM Q7 i?2 J�tr2HH 2[m�iBQMb mbm�HHv QM i?2

#�bBb Q7 i?2 6BMBi2 .Bz2`2M+2 hBK2 .QK�BM K2i?Q/ U6.h.V (9- N)X AM i?�i +QMi2ti r�p2;@
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TQr2` ~QrBM; rBi?BM i?2 r�p2;mB/2 rBi?Qmi `2~2+iBM; �Mv Q7 Bi #�+F BMiQ i?2 /2pB+2X �H@

i?Qm;? � MmK#2` Q7 bm++2bb7mH T?QiQMB+@/2pB+2 bBKmH�iBQMb ?�p2 #22M T`Q/m+2/ mbBM; 6.h.

�H;Q`Bi?Kb- Bi Bb r2HH FMQrM i?�i i?2 �TT`Q�+? /Q2b T`2b2Mi bQK2 /B{+mHiB2bX AM T�`iB+mH�`-

Bbbm2b �`BbBM; 7`QK MmK2`B+�H /BbT2`bBQM };m`2 T`QKBM2MiHv �KQM; i?2 �bbQ+B�i2/ +?�HH2M;2b-

�b i?2v +�mb2 i?2 �H;Q`Bi?K iQ `2[mB`2 H�`;2 MmK#2`b Q7 TQBMib T2` r�p2H2M;i?- �M/- i?mb-

+Q``2bTQM/BM;Hv H�`;2 +QKTmiBM; iBK2b- iQ +QmMi2` i?2 �//BiBp2 /BbT2`bBQM 2``Q`b i?�i �++m@

KmH�i2 Qp2` i?2 K�Mv r�p2H2M;i?b i?�i M22/ iQ #2 bBKmH�i2/ BM ivTB+�H T?QiQMB+ bi`m+im`2bX

� MmK#2` Q7 �//BiBQM�H +?�HH2M;2b �bbQ+B�i2/ rBi? i?2 6.h. K2i?Q/b BM i?2 +QMi2ti Q7

r�p2;mB/BM; bvbi2Kb- +QM+2`MBM; �pQB/�M+2 Q7 2t+Bi�iBQM Q7 mM/2bB`2/ KQ/2b- `2�+iBp2 }2H/b

BM i?2 pB+BMBiv Q7 � bQm`+2- 2i+X- �`2 /2b+`B#2/ BM (Rj)X

AM �//BiBQM iQ i?2 bBKmH�iBQM +?�`�+i2` Q7 i?2 6.h. K2i?Q/ BM i?Bb +QMi2ti- Bi Bb �HbQ

BKTQ`i�Mi iQ `2pB2r +2`i�BM K�ii2`b i?�i �`Bb2 r?2M i?2 6.h. K2i?Q/ Bb mb2/ BM +QMDmM+@

iBQM rBi? /2pB+2 QTiBKBx�iBQM K2i?Q/QHQ;B2bX AM/22/- /m2 iQ i?2 pQHmK2i`B+ +?�`�+i2` Q7 i?2

6.h. �TT`Q�+?- /2pB+2 QTiBKBx�iBQM ?�b KQbi Q7i2M #22M bQm;?i pB� QTiBKBx�iBQM rBi? `2@

bT2+i iQ +QMiBMmQmb p�`B�iBQMb Q7 i?2 `27`�+iBp2 BM/2t /Bbi`B#miBQMX aBM+2 mHiBK�i2Hv i?2 /2pB+2

Bb +QKT`Bb2/ Q7 � }MBi2 MmK#2` Q7 ?QKQ;2M2Qmb /B2H2+i`B+b b2T�`�i2/ #v b?�`T #QmM/�`B2b-

�M QTiBKBx�iBQM bi`�i2;v #�b2/ QM +QMiBMmQmb p�`B�iBQMb Q7 i?2 `27`�+iBp2 BM/2t M2+2bbBi�i2b

bQK2 bQ`i Q7 � i?`2b?QH/BM; K2i?Q/QHQ;v (R9) iQ +QMp2`i � +QMiBMmQmbHv p�`vBM; /Bbi`B#miBQM

BMiQ i?2 `2[mB`2/ }MBi2 b2i Q7 `27`�+iBp2 BM/2t p�Hm2bě� T`Q+2bb r?B+? K�v bB;MB}+�MiHv /2@

i2`BQ`�i2 /2pB+2 T2`7Q`K�M+2X � 72r K2i?Q/QHQ;B2b ?�p2 `2+2MiHv #22M T`QTQb2/ i?�i b22F iQ

�pQB/ � i?`2b?QH/BM; T`Q+2/m`2 BM i?2 6.h. +QMi2ti #v �/2[m�i2Hv i`�+FBM; #QmM/�`B2b �b

i?2 QTiBKBx�iBQM T`Q+2/m`2 T`Q;`2bb2bX _272`2M+2 (R8)- 7Q` 2t�KTH2- miBHBx2b `2T`2b2Mi�iBQMb

Q7 /B2H2+i`B+ BMi2`7�+2b #v K2�Mb Q7 i?2 H2p2H b2i K2i?Q/ (Re- Rd) iQ;2i?2` rBi? � K�TTBM;

7mM+iBQM r?B+? i`�MbH�i2b p�Hm2b Q7 i?2 H2p2H@b2i 7mM+iBQM BMiQ p�Hm2b Q7 i?2 /B2H2+i`B+ +QM@

bi�MiX _272`2M+2 (N)- BM im`M- `2HB2b QM mb2 Q7 � }M2 TQHv;QM�H `2T`2b2Mi�iBQM Q7 �HH BMi2`7�+2b

iQ;2i?2` rBi? � +2`i�BM /B2H2+i`B+ �p2`�;BM; K2i?Q/QHQ;v M2�` i?2 BMi2`7�+2X q?BH2 i?2b2

K2i?Q/b ?�p2 T`Q/m+2/ mb27mH QTiBKBx2/ T?QiQMB+ /2pB+2b i?2v /Q BM+m` +2`i�BM /B{+mHiB2bX
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6Q` 2t�KTH2- Bi Bb /B{+mHi iQ BM+Q`TQ`�i2 +2`i�BM ivT2b Q7 BKTQ`i�Mi H�`;2@+m`p�im`2 72�im`2b

bm+? �b BMi2`7�+2 +Q`M2`b �M/ 2/;2b mbBM; i?2 H2p2H@b2i K2i?Q/ (R8)X 6m`i?2`KQ`2- i?2 H2p2H@b2i

7mM+iBQM Kmbi #2 `2MQ`K�HBx2/ `2;mH�`Hv iQ 2Mbm`2 i?�i i?2 H2p2H b2i 2[m�iBQMb `2K�BM r2HH

#2?�p2/ (R3)ěr?B+? +�M H2�/ iQ mM+QMi`QHH2/ T2`im`#�iBQMb Q7 i?2 BMi2`7�+2 �M/ TQi2MiB�HHv

bB;MB}+�Mi +QKTHB+�iBQMb +QM+2`MBM; i?2 +QMp2`;2M+2 Q7 i?2 QTiBKBx�iBQM �H;Q`Bi?KX h?2 mb2

Q7 � }M2 TQHv;QM�H `2T`2b2Mi�iBQM �M/ �bbQ+B�i2/ +2HH �p2`�;BM; (N)- QM i?2 Qi?2` ?�M/- r?BH2

H2�/BM; iQ � r2HH TQb2/ �H;Q`Bi?K- /Q2b ;Bp2b `Bb2 iQ bB;MB}+�Mi +QKTmiBM; +Qbib QM �++QmMi

Q7 i?2 }M2M2bb Q7 i?2 BMi2`7�+2 /Bb+`2iBx�iBQM �M/ i?2 �bbQ+B�i2/ H�`;2 MmK#2` Q7 QTiBKBx�iBQM

T�`�K2i2`b �M/ bK�HH QTiBKBx�iBQM bi2T bBx2bX

h?2 bBKmH�iBQM K2i?Q/QHQ;v miBHBx2/ BM i?2 T`2b2Mi +QMi`B#miBQM Bb #�b2/ QM mb2 Q7 �

#QmM/�`v BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM Q7 i?2 J�tr2HH T`Q#H2KěQ7 i?2 ivT2 +QKKQMHv

2KTHQv2/ BM +QMM2+iBQM rBi? i?2 J2i?Q/ Q7 JQK2Mib UJQJV (RN)ěr?B+? QMHv `2[mB`2b /Bb@

+`2iBx�iBQM Q7 mMFMQrMb QM #QmM/�`B2b #2ir22M `2;BQMb Q7 /Bz2`2Mi K�i2`B�H BM/B+2b- bQ i?�i-

BM i?2 T`2b2Mi irQ@/BK2MbBQM�H +QMi2ti- QMHv mMB/BK2MbBQM�H /Bb+`2iBx�iBQMb �`2 M2+2bb�`vX

1p2M QM i?2 #�bBb Q7 +Q�`b2 /Bb+`2iBx�iBQMb- i?2 K2i?Q/QHQ;v mb2/ ?2`2 �TT`QtBK�i2b- rBi?

?B;? �++m`�+v- i?2 2t�+i BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM QM i?2 7mHHv BM}MBi2 r�p2;mB/2 UBM

bTBi2 Q7 i?2 :`22M 7mM+iBQM bBM;mH�`BivVX aBM+2 i?2b2 BMi2`7�+2b �`2 BM}MBi2 BM +?�`�+i2`-

i?2 `2+2MiHv BMi`Q/m+2/ qBM/Qr2/ :`22M 6mM+iBQM Uq:6V K2i?Q/ Bb mb2/- r?B+? `2HvBM;

QM � bKQQi? ǳbHQr@`Bb2Ǵ /QK�BM i`mM+�iBQM- `2/m+2b BMi2;`�iBQM Qp2` i?2 +QKTH2i2 BM}MBi2

r�p2;mB/2 iQ BMi2;`�iBQM BM � bK�HH TQ`iBQM Q7 r�p2;mB/2 �`QmM/ 2�+? /2pB+2 bi`m+im`2 r?BH2

T`2b2`pBM; �++m`�+vX h?2 Qp2`�HH K2i?Q/QHQ;v +�M T`Q/m+2 ?B;?Hv �++m`�i2 bQHmiBQMb BM

+QKTmiBM; iBK2b i?�i �`2 Q`/2`b Q7 K�;MBim/2 7�bi2` i?�M 2tBbiBM; bQHp2`b- Bi +�M #2 `2�/BHv

T�`�HH2HBx2/- �M/ Bi +�M #2 bB;MB}+�MiHv 7m`i?2` �++2H2`�i2/ #v K2i?Q/b bm+? �b i?Qb2 BM (ky)

�M/ `272`2M+2b i?2`2BMX

� p2`v bB;MB}+�Mi �//BiBQM�H �/p�Mi�;2 BM?2`2Mi BM i?2 BMi2;`�H@2[m�iBQM 7Q`KmH�iBQM BM

i?2 T`2b2Mi +QMi2ti +QM+2`Mb QTiBKBx�iBQMX aBM+2 BM i?2 BMi2;`�H K2i?Q/ QMHv #QmM/�`B2b �`2

/Bb+`2iBx2/- i?2 /Bb+`2iBx�iBQM TQBMib �`2 2�bBHv +�``B2/ �HQM; rBi? i?2 #QmM/�`v �b T�`i Q7
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i?2 QTiBKBx�iBQM T`Q+2bb- 2p2M B7 H�`;2 #QmM/�`v /BbTH�+2K2Mib �`2 BMpQHp2/X h?Bb K2i?Q/

i?mb �+?B2p2b- BM � M�iBp2 7�b?BQM- �M/ rBi? ?B;? �++m`�+v- i?2 #QmM/�`v KQiBQMb- �b r2HH �b

}2H/ �M/ Q#D2+iBp2@7mM+iBQM ;`�/B2Mi 2p�Hm�iBQMběi?�i- BM Qi?2` �TT`Q�+?2b- �`2 T`Q/m+2/ BM

� +mK#2`bQK2 �M/ BM�++m`�i2 7�b?BQM- 2Bi?2` pB� i?`2b?QH/BM;- mb2 Q7 H2p2H b2i 7mM+iBQMb- Q`

}M2Hv /Bb+`2iBx2/ TQHv;QM�H `2T`2b2Mi�iBQM i?�i- �b K2MiBQM2/ �#Qp2- �`2 Q7i2M MQi r2HH bmBi2/

Q` MQi bm{+B2MiHv 2{+B2Mi iQ i`2�i bQK2 Q7 i?2 QTiBKBx�iBQM T`Q#H2Kb mM/2` +QMbB/2`�iBQMX

U�M �/p�Mi�;2 Q7 H2p2H@b2i K2i?Q/b- QM i?2 Qi?2` ?�M/- Bb i?2B` +�T�#BHBiv 7Q` +`2�iBM; Q`

/2bi`QvBM; ǳBbH�M/bǴ rBi?BM i?2 /2bB;M `2;BQMX AM i?2 +QMi2ti Q7 T?QiQMB+ /2bB;M- bBM+2 i?2

H2p2H b2ib �`2 mT/�i2/ mbBM; i?2 ;`�/B2Mi Q7 i?2 Q#D2+iBp2 7mM+iBQM rBi? `2bT2+i iQ K�i2`B�H

T2`KBiiBpBiB2b- `�i?2` i?�M #v 2pQHpBM; � ;Qp2`MBM; T�`iB�H /Bz2`2MiB�H 2[m�iBQM- +`2�iBQM Q7

M2r BbH�M/b ivTB+�HHv `2[mB`2b b22/BM; i?2 BMBiB�H /2bB;M rBi? � `�M/QK b2i Q7 BbH�M/b- r?B+?

+�M #2 �+?B2p2/ 2[m�HHv r2HH BM i?2 +QMi2ti Q7 i?2 T`QTQb2/ BMi2;`�H 2[m�iBQM QTiBKBx�iBQM

K2i?Q/X .2bi`m+iBQM Q7 BbH�M/b- ?Qr2p2`- TQb2b MQ /B{+mHiB2b 7Q` 2Bi?2` �TT`Q�+?XV

AM i?Bb rQ`F- r2 }`bi /2p2HQT i?2 #QmM/�`v BMi2;`�H 7Q`KmH�iBQM miBHBx2/ #v Qm` qBM@

/Qr2/ :`22MǶb 6mM+iBQM "QmM/�`v AMi2;`�H 1[m�iBQM Uq:6@"A1V bQHp2` �M/ /2KQMbi`�i2

i?2 bQHp2`Ƕb bmT2`BQ` T2`7Q`K�M+2 BM i?2 M�MQT?QiQMB+b +QMi2ti #v +QKT�`BM; bBKmH�iBQM

iBK2b- �++m`�+v- �M/ MmK2`B+�H /BbT2`bBQM �;�BMbi +QKK2`+B�H 6.h. �M/ 61J bQHp2`b- �b

r2HH �b �M QT2M@bQm`+2 6.6. bQHp2` (kR)X 6BM�HHv- r2 b?Qr+�b2 i?2 TQi2MiB�H Q7 Qm` bQHp2`-

r?2M +QmTH2/ rBi? i?2 �/DQBMi K2i?Q/- 7Q` `�TB/ /2bB;M Q7 M2r ?B;?@T2`7Q`K�M+2 /2pB+2b

#v T`2b2MiBM; i?2 /2bB;Mb �M/ T2`7Q`K�M+2 Q7 i?`22 /Bz2`2Mi T?QiQMB+ /2pB+2b, � b?Q`i MQM@

�/B�#�iB+ r�p2;mB/2 KQ/2@T`2b2`pBM; i�T2`- � R@iQ@k R88yMK BM@TH�M2 TQr2` bTHBii2`- �M/

� ?B;?@2{+B2M+v- T2`72+iHv p2`iB+�H BM+B/2M+2 ;`�iBM; +QmTH2`X 6m`i?2` /2i�BHb `2;�`/BM; i?2

BMi2;`�H 2[m�iBQM 7Q`KmH�iBQM- BM+B/2Mi KQ/2 �M/ :�mbbB�M #2�K 2t+Bi�iBQMb- i?2 /2`Bp�@

iBQM Q7 i?2 �/DQBMi K2i?Q/ 7Q` #QmM/�`v BMi2;`�H K2i?Q/b- �M/ i?2 Qp2`�HH BKTH2K2Mi�iBQM

Q7 i?2 �H;Q`Bi?Kb BM � +QKTmi�iBQM�HHv 2{+B2Mi K�MM2` +�M #2 7QmM/ BM i?2 amTTQ`iBM;

AM7Q`K�iBQMX

8



"QmM/�`v AMi2;`�H 6Q`KmH�iBQM 7Q` JQ/2HBM; L�MQT?Q@

iQMB+ .2pB+2b

q2 +QMbB/2` `�i?2` ;2M2`�H T?QiQMB+ /2pB+2b r?B+?- HBF2 i?2 TQr2`@bTHBii2` bi`m+im`2 /2TB+i2/

BM 6B;X R�- +QMi�BM BMTmi �M/ QmiTmi r�p2;mB/2 bi`m+im`2b r?B+? ;mB/2 2M2`;v iQr�`/b i?2

/2pB+2 �M/ Qmi 7`QK i?2 /2pB+2- `2bT2+iBp2HvX 6Q` +H�`Biv �M/ 2�b2 Q7 `272`2M+2 i?Bb T�T2`

mb2b i?2 MQi�iBQMb �M/ #QmM/�`v BMi2;`�H 7Q`KmH�iBQM BMi`Q/m+2/ BM (kk)X h?mb- 7QHHQrBM;

i?�i `272`2M+2- r2 H2i Ωj Uj = 1, ..., NV 2MmK2`�i2 i?2 b2i Q7 U#QmM/2/ Q` mM#QmM/2/V +QM@

M2+i2/ `2;BQMb iQ #2 +QMbB/2`2/- �M/ r2 +�HH aAq Ua2KB@AM}MBi2 q�p2;mB/2V i?2 BMTmi �M/

QmiTmi r�p2;mB/2b i?2Kb2Hp2b- �b BHHmbi`�i2/ BM 6B;X RX h?2 bi�M/�`/ bvK#QHb εj- µj- nj

�M/ kj = ω
√
εjµj �`2 mb2/ iQ /2MQi2 i?2 `2H�iBp2 T2`KBiiBpBiv- `2H�iBp2 T2`K2�#BHBiv- `27`�+@

iBp2 BM/2t- �M/ r�p2MmK#2` BM i?2 /QK�BM ΩjX h?2 /2pB+2 K�v 2Bi?2` #2 2t+Bi2/ #v �M

2ti2`M�H `�/B�iBp2@ivT2 2t+Bi�iBQM- bm+? �b � :�mbbB�M #2�K BM+B/2Mi QM � ;`�iBM; +QmTH2`

Ub22 2X;X 6B;X R#V- Q` #v BM+B/2Mi KQ/2b BHHmKBM�iBM; i?2 BMTmi aAqbc +H2�`Hv- �Mv �`#Bi`�`v

+QK#BM�iBQM Q7 #QmM/ KQ/2b +�M #2 H�mM+?2/ QM �Mv Q7 i?2 BMTmi aAqbX

6B;m`2 R, U�V AHHmbi`�iBQM Q7 � ivTB+�H TQr2` bTHBiiBM; T?QiQMB+ /2pB+2 T�`�K2i`Bx2/ mbBM; "@
aTHBM2 +m`p2bX h?2 bTHBii2` BMTmi Bb 72/ 7`QK � b2KB@BM}MBi2 r�p2;mB/2 UaAqV BM+QKBM; 7`QK
i?2 H27i �M/ i?2 QmiTmib +QMM2+i iQ irQ aqAb 2ti2M/BM; iQ i?2 `B;?iX U#V AHHmbi`�iBQM Q7 �
;`�iBM; +QmTH2` T?QiQMB+ /2pB+2X AMbi2�/ Q7 ?�pBM; �M aAq BMTmi- i?2 BMTmi 2t+Bi�iBQM 7Q` i?2
;`�iBM; +QmTH2` Bb � `�/B�iBp2@ivT2 :�mbbB�M@#2�K 2t+Bi�iBQM `2T`2b2MiBM; i?2 7mM/�K2Mi�H
7`22@bT�+2 KQ/2 Q7 �M QTiB+�H }#2`X h?2 7mM+iBQM w̃A(r) Bb /2}M2/ BM 2[m�iBQM URyVX

�b Bb r2HH FMQrM (kj)- BM i?2 h1 U`2bTX hJV +�b2- i?2 Qmi@Q7@TH�M2 +QKTQM2Mi u Q7 i?2

e



2H2+i`B+ U`2bTX K�;M2iB+V }2H/ Bb � bQHmiBQM Q7 i?2 i`�MbKBbbBQM T`Q#H2K

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∆u+ k2
ju = 0 BM Ωj

u+ − u− = 0 QM Γjℓ (j < ℓ)

∂u+

∂n − νjℓ
∂u−
∂n = 0 QM Γjℓ (j < ℓ)

URV

7Q` i?2 >2HK?QHix 2[m�iBQM 2p2`vr?2`2 BM bT�+2X >2`2 νjℓ Bb � +QMbi�Mi r?B+? 2[m�Hb 1 7Q` h1

TQH�`Bx�iBQM �M/ (kjkℓ ) 7Q` hJ TQH�`Bx�iBQMX 6Q` 2p2`v T�B` (j, ℓ) 7Q` r?B+? j < ℓ- Γjℓ `2T`2b2Mib

i?2 #QmM/�`v #2ir22M /QK�BMb Ωj �M/ ΩℓX �//BiBQM�HHv- i?2 mMBi MQ`K�H n = n(r) Ur ∈ ΓjℓV

iQ Γjℓ BM 2[m�iBQM URV Bb /2}M2/ �b TQBMiBM; BMiQ i?2 ǴTHmbǴ bB/2 Ωj Q7 Γjℓ Uj < ℓV- �M/ i?2

p�Hm2b u+ �M/ u− �M/ i?2B` +Q``2bTQM/BM; MQ`K�H /2`Bp�iBp2b 7`QK i?2 THmb �M/ KBMmb bB/2b

QM i?2 #QmM/�`v Γjℓ �`2 ;Bp2M #v

u±(r) = limδ→0+ [u(r ± δn(r))] �M/ ∂u±(r)
∂n = limδ→0+ [∇u(r ± δn(r)) · n(r)], (r ∈ Γjℓ).

LQi2 i?�i RV h?2 #QmM/�`B2b Γjℓ �`2 Kmim�HHv /BbDQBMi- kV Γj =
(
∪j−1

ℓ=1Γℓj

)
∪
(
∪N

ℓ=j+1Γjℓ

)

Bb i?2 #QmM/�`v Q7 i?2 /QK�BM Ωj- �M/ jV Γ = ∪N
j=1Γj Bb i?2 iQi�HBiv Q7 �HH Q7 i?2 #QmM/�`B2b

BM i?2 bvbi2KX

6Q` i?2 irQ@/BK2MbBQM�H T`Q#H2K mM/2` +QMbB/2`�iBQM r2 mb2 � i?`22@/BK2MbBQM�H +QQ`/B@

M�i2 bvbi2K bm+? i?�i i?2 T`QT�;�iBQM TH�M2 +QBM+B/2b rBi? i?2 (x, z) TH�M2- r?2`2 i?2 y �tBb

Bb ǳQmi@Q7@TH�M2Ǵ Ui?�i Bb- Bi Bb Q`i?Q;QM�H iQ i?2 TH�M2 Q7 T`QT�;�iBQMV- �M/ r2 /2+QKTQb2

i?2 2H2+i`QK�;M2iB+ }2H/ BMiQ Bib h1 �M/ hJ +QKTQM2MibX AM i?2 h1 T`Q#H2K r2 +�HH u i?2

Qmi@Q7@TH�M2 +QKTQM2Mi Q7 i?2 iQi�H 2H2+i`B+ }2H/- �M/ r2 ?�p2

E = (0, u, 0) , H =
i

ωµj

(
∂u

∂z
, 0,−∂u

∂x

)
, UkV

AM i?2 hJ +�b2- QM i?2 Qi?2` ?�M/- r2 H2i u /2MQi2 i?2 Qmi@Q7@TH�M2 +QKTQM2Mi Q7 i?2 iQi�H

d



K�;M2iB+ }2H/-

H = (0, u, 0) , E =
iωµj

k2
j

(
−∂u
∂z

, 0,
∂u

∂x

)
. UjV

G2iiBM; φ(r) ≡ u+(r)- ψ(r) ≡ ∂u+

∂n (r) 7Q` r ∈ Γ- �M/

βj(r) =

⎧
⎪⎪⎨

⎪⎪⎩

1, 7Q` r ∈ Γjℓ (j < ℓ)

−1, 7Q` r ∈ Γℓj (j > ℓ)

, νj(r) =

⎧
⎪⎪⎨

⎪⎪⎩

1, 7Q` r ∈ Γjℓ (j < ℓ)

νℓj, 7Q` r ∈ Γℓj (j > ℓ)

, U9V

:`22MǶb i?2Q`2K ;Bp2b mb i?2 `2T`2b2Mi�iBQM 7Q`KmH�

u(r) = D [βjφ]] (r)− S
[
βjν

−1
j ψ

]
(r)- r ∈ Ωj- U8V

r?2`2

S[η](r) =

∫

Γj

Gj(r, r
′)η(r′)dsr′

D[η](r) =

∫

Γj

∂Gj

∂n(r′)
(r, r′)η(r′)dsr′

h?2 /2MbBiB2b φ �M/ ψ BM i?2 `2T`2b2Mi�iBQM 7Q`KmH� U8V- r?B+?- �b K2MiBQM2/ �#Qp2- �`2

;Bp2M BM i2`Kb Q7 i?2 iQi�H }2H/- +�M #2 2tT`2bb2/ �b � bmK Q7 i?2B` BM+B/2Mi �M/ b+�ii2`2/

+QKTQM2MibX AM Qi?2` rQ`/b φ = φBM+ + φb+�i �M/ ψ = ψBM+ + ψb+�iX h?2M- 7QHHQrBM; i?2

/2`Bp�iBQM �M/ MQi�iBQMb BM (kk) UbQ i?�i- BM T�`iB+mH�`- 7Q` j < ℓ �M/ r ∈ Γjℓ r2 +�HH

Γ+(r) = Γj �M/ Γ−(r) = ΓℓV- �M/ H2iiBM; Φb+�i �M/ ΦBM+ /2MQi2 i?2 +QHmKM p2+iQ`b Q7 bm`7�+2

/2MbBiB2b BM U8V-

Φb+�i = (φb+�i,ψb+�i)T , ΦBM+ = (φBM+,ψBM+)T UeV

Ur?2`2 T /2MQi2b i`�MbTQb2V- i?2 bvbi2K Q7 BMi2;`�H 2[m�iBQMb

F (r)Φb+�i(r) + T
[
Φb+�i] (r) = −F (r)ΦBM+(r)− T

[
ΦBM+] (r), 7Q` r ∈ Γ UdV

3



`2bmHib- r?2`2- H2iiBM;

S±[η](r) =

∫

Γ±(r)

G±(r, r′)η(r′)dsr′ , D±[η](r) =

∫

Γ±(r)

∂G±(r, r′)

∂n(r′)
η(r′)dsr′ ,

K±[η](r) =

∫

Γ±(r)

∂G±(r, r′)

∂n(r)
η(r′)dsr′ , N±[η](r) =

∫

Γ±(r)

∂2G±(r, r′)

∂n(r)∂n(r′)
η(r′)dsr′

(r ∈ Γ).

U3V

i?2 QT2`�iQ`b F �M/ T �`2 ;Bp2M #v

F (r) = /B�;
[
1,

1 + ν(r)

2ν(r)

]
, T =

⎡

⎢⎣
D− −D+ S+ − (1/ν)S−

N− −N+ K+ − (1/ν)K−

⎤

⎥⎦ . UNV

h?2 BMi2;`�H 2[m�iBQMb UdV �`2 TQb2/ QM i?2 mMBQM Γ Q7 �HH BMi2`7�+2bX AM Qm` r�p2;mB/2

+QMi2ti i?2 BMi2`7�+2 b2i Γ Bb ivTB+�HHv mM#QmM/2/- #mi mTQM mb2 Q7 i?2 `�TB/Hv +QMp2`@

;2Mi rBM/QrBM; �TT`Q�+? BMi`Q/m+2/ BM i?2 7QHHQrBM; bm#b2+iBQM- +2`i�BM rBM/Qr2/ BMi2;`�H

2[m�iBQMb URRV Qp2` � #QmM/2/ /QK�BM �`2 Q#i�BM2/ r?B+? +HQb2Hv �TT`QtBK�i2 i?2 Q`B;BM�H

mM#QmM/2/ T`Q#H2K- �M/ r?B+? +�M bm#b2[m2MiHv #2 /Bb+`2iBx2/ #v K2�Mb Q7 �Mv BMi2;`�H@

2[m�iBQM K2i?Q/QHQ;v �TTHB+�#H2 iQ #QmM/2/ /QK�BMbX h?2 `2�/2` K�v `272` iQ (kk- kj)

7Q` #�+F;`QmM/ `2;�`/BM; i?2 BMi2;`�H 7Q`KmH�iBQM mb2/X JQ`2 BM7Q`K�iBQM `2;�`/BM; i?2

BM+B/2Mi r�p2;mB/2 KQ/2b �M/ :�mbbB�M #2�K 2t+Bi�iBQMb +�M #2 7QmM/ BM i?2 amTTQ`iBM;

AM7Q`K�iBQMX

L2ti- r2 mb2 i?2 q:6@"A1 bQHp2` iQ /2bB;M M2r M�MQT?QiQMB+ /2pB+2b pB� BMp2`b2 /2bB;M

#�b2/ QM i?2 �/DQBMi K2i?Q/X �M BM@/2Ti? /2`Bp�iBQM Q7 i?2 �/DQBMi K2i?Q/ 7Q` QTiBKBx�iBQM

BM i?2 +QMi2ti Q7 BMi2;`�H 2[m�iBQMb Bb T`2b2Mi2/ BM i?2 ǳ_�TB/ ;`�/B2MiXXXǴ b2+iBQM mM/2`

amTTQ`iBM; AM7Q`K�iBQMX h?�i b2+iBQM T`2b2Mib i?2 �/DQBMi K2i?Q/ �b � i2+?MB[m2 i?�i

T`Q+22/b #v 2HBKBM�iBM; 2tT2MbBp2@iQ@+QKTmi2 [m�MiBiB2b 7`QK i?2 +?�BM@`mH2 2tT`2bbBQM 7Q`

i?2 ;`�/B2Mi Q7 i?2 Q#D2+iBp2 7mM+iBQMX h?2 M2+2bb�`v 2[m�iBQMb iQ 2z2+i i?2 2HBKBM�iBQM

�`2 Q#i�BM2/ �b HBM2�` +QK#BM�iBQMb Q7 FMQrM HBM2�` 2[m�iBQMb rBi? +Q2{+B2Mib i?�i �`2

;Bp2M- T`2+Bb2Hv- #v i?2 bQHmiBQM Q7 � +2`i�BM �/DQBMi 2[m�iBQMX h?2 amTTQ`iBM; AM7Q`K�iBQM

/2`Bp�iBQM Bb T`2b2Mi2/ BM � 7Q`K�H 7`�K2rQ`F r?B+? MQi QMHv �TTHB2b iQ i?2 /Bb+`2i2 b2i

N



Q7 2[m�iBQMb �7i2` i?2 BMi2;`�H 2[m�iBQMb �`2 /Bb+`2iBx2/- #mi Bi �HbQ �TTHB2b- BM � 7Q`K�H

K�i?2K�iB+�H b2iiBM;- iQ i?2 +QMiBMmQmb- mM/Bb+`2iBx2/ 7Q`K Q7 i?2 BMi2;`�H 2[m�iBQMbX h?Bb

Bb � K�ii2` Q7 bQK2 BMi2`2bi- �b Bi T`QpB/2b � bQmM/ K2i?Q/QHQ;v 7Q` �++2H2`�i2/ 2p�Hm�iBQM

Q7 i?2 �/DQBMi QT2`�iQ`b �bbQ+B�i2/ rBi? i?2 7�bi ;`�/B2Mi 2p�Hm�iBQM �H;Q`Bi?K- BM �//BiBQM

iQ i?2 �++2H2`�iBQM Q7 i?2 /B`2+i bQHmiBQM bQHmiBQM QT2`�iQ`b �b /Bb+mbb2/ �#Qp2X

h2`KBM�iBQM �M/ .Bb+`2iBx�iBQM Q7 AM}MBi2 �M/ a2KB@

AM}MBi2 q�p2;mB/2b, h?2 qBM/Qr2/ :`22M 6mM+iBQM

h?2 bvbi2K Q7 2[m�iBQMb UdV BMpQHp2b BMi2;`�iBQM Qp2` i?2 ;2M2`�HHv mM#QmM/2/ +m`p2b Γ+(r)

�M/ Γ−(r) 7Q` TQBMib r ∈ ΓX �b K2MiBQM2/ BM i?2 BMi`Q/m+iBQM- i?2 SJG i`mM+�iBQM T`Q+2@

/m`2b r?B+? �`2 ;2M2`�HHv mb2/ BM i?2 +QMi2ti Q7 6.h. �M/ 61J �TT`Q�+?2b �`2 MQi /B`2+iHv

�K2M�#H2 7Q` mb2 BM +QMDmM+iBQM rBi? "A1 K2i?Q/bX �b b?QrM BM (kk)- QM i?2 Qi?2` ?�M/- �M

�TT`QT`B�i2 �TTHB+�iBQM Q7 � bHQr@`Bb2 rBM/Qr bm+? �b

w̃A(r) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1, s < 0

exp

(
− 2

exp (−1/|s|2)
|1− s|2

)
, 0 ≤ s ≤ 1, s(r) =

|r|− αA

A(1− α)

0, s > 1

URyV

iQ i?2 :`22MǶb 7mM+iBQM 2z2+iBp2Hv i`mM+�i2b i?2 aAq #QmM/�`B2b �M/ vB2H/b bmT2`�H;2@

#`�B+�HHv 7�bi +QMp2`;2M+2X JQ`2 T`2+Bb2Hv- i?2 bQHmiBQM Φb+�i
w Q7 i?2 ǳrBM/Qr2/Ǵ BMi2;`�H

2[m�iBQMb

F (r)Φb+�i
w (r) + T [wAΦ

b+�i
w ](r) = −F (r)ΦBM+(r)− T [ΦBM+](r), 7Q` r ∈ Γ̃ URRV

QM i?2 #QmM/2/ +m`p2 Γ̃ = Γ ∩ {wA(r) ̸= 0} +QMp2`;2b bmT2`�H;2#`�B+�HHv 7�bi �b A → ∞

U7�bi2` i?�M �Mv M2;�iBp2 TQr2` Q7 AV iQ i?2 2t�+i bQHmiBQM Q7 2[m�iBQM UdV i?`Qm;?Qmi i?2

Ry



A@/2T2M/2Mi b2i Γ ∩ {wA(r) = 1}X

*�HHBM; ξc = Φb+�i
w �M/ bc(r) = −F (r)ΦBM+(r)− T [ΦBM+](r)- �M/ H2iiBM; Kc /2MQi2 i?2

QT2`�iQ`

Kc[ξc] = F (r)ξc(r) + T [wAξc](r), URkV

2[m�iBQM URRV +�M #2 `2@2tT`2bb2/ BM i?2 7Q`K

Kc[ξc](r) = bc(r), r ∈ Γ. URjV

i?�i- QM i?2 #�bBb Q7 � ;Bp2M /Bb+`2iBx�iBQM K2i?Q/- ;Bp2 `Bb2 iQ i?2 M @TQBMi /Bb+`2i2 HBM2�`

bvbi2K Q7 2[m�iBQMb

Kdξd = bd UR9V

r?2`2 Kd Bb �M M×M +QKTH2t K�i`Bt �M/ xd �M/ bd �`2 M 2H2K2Mi p2+iQ`b `2T`2b2MiBM; i?2

/Bb+`2iBx2/ mMFMQrM #QmM/�`v /2MbBiB2b �M/ i?2 BM+B/2Mi 2t+Bi�iBQM `2bT2+iBp2HvX .Bb+`2i2

p2`bBQMb Q7 i?2 7Q`K UR9V +�M #2 Q#i�BM2/ 7`QK i?2 +Q``2bTQM/BM; +QMiBMmQmb p2`bBQM URjV

#v K2�Mb Q7 � p�`B2iv Q7 Lvbi`ƺK �M/ :�H2`FBM K2i?Q/QHQ;B2bX h?2 /Bb+`2i2 bvbi2Kb Q7

2[m�iBQMb +�M #2 `2�/BHv bQHp2/ mbBM; 2Bi?2` /B`2+i Q` Bi2`�iBp2 �H;Q`Bi?Kb- �M/ i?2v i?mb

vB2H/ /Bb+`2i2 �TT`QtBK�iBQMb ξd iQ i?2 2t�+i bQHmiBQM ξcX AM i?Bb rQ`F r2 mb2 Lvbi`ƺK@ivT2

/Bb+`2iBx�iBQMb Q7 i?2 BMi2;`�H@2[m�iBQM bvbi2Kbc i?2 `2bmHiBM; HBM2�` �H;2#`� T`Q#H2Kb �`2

i?2M bQHp2/ /B`2+iHv pB� Gl 7�+iQ`Bx�iBQMX "mi- �b K2MiBQM2/ BM i?2 BMi`Q/m+iBQM- bB;MB}+�Mi

7m`i?2` �++2H2`�iBQM +�M #2 Q#i�BM2/ #v K2�Mb Q7 Bi2`�iBp2 K2i?Q/b 7m`i?2` �++2H2`�i2/ 2Bi?2`

pB� 66h@#�b2/ �TT`Q�+?2b Q` i?2 6�bi JmHiBTQH2 J2i?Q/ U6JJV- �b /Bb+mbb2/ BM (ky)X h?2

T�`iB+mH�` Lvbi`ƺK BKTH2K2Mi�iBQMb miBHBx2/ BM i?Bb T�T2` �`2 #�b2/ QM i?2 K2i?Q/ /2b+`B#2/

BM (k9)X

RR



N λ

220 ncore = 3.48

nclad = 1.44

1 10 100 1000

10 -12

10 -10

10 -8

10 -6

10 -4

10 -2

10 0

10 -12 10 -9 10 -6 10 -3 10 0
10 0

10 1

10 2

10 3

10 4

10 5



1.2 · 10−4

5.8 · 10−5

1 × 1−12

5 10 15
10 -10

10 -9

[...]

10 -3

10 -2

10 -1

10 0



BM+m``BM; bB;MB}+�Mi �KQmMib Q7 2``Q` T2` r�p2H2M;i? Q7 T`QT�;�iBQMX PM i?2 Qi?2` ?�M/-

i?2 T`QTQb2/ q:6@"A1 bQHp2`- r?B+? /Q2b MQi BMpQHp2 /Bz2`2MiB�iBQM- Bb 7`22 7`QK MmK2`B@

+�H /BbT2`bBQM �+`Qbb �`#Bi`�`v T`QT�;�iBQM /Bbi�M+2bX hQ /2KQMbi`�i2 i?Bb- 6B;X j THQib i?2

`2H�iBp2 2``Q` �HQM; i?2 b�K2 bi`�B;?i r�p2;mB/2 T`Q#H2K +QMbB/2`2/ BM 6B;X k pb BM+`2�bBM;

/Bbi�M+2 7`QK i?2 bQm`+2 KQ/2 2t+Bi�iBQMX �b +�M #2 b22M- i?2 2``Q` BM+`2�b2b HBM2�`Hv rBi?

`2bT2+i iQ /Bbi�M+2 7Q` i?2 T`2pBQmb bQHp2`b- �b Bb 2tT2+i2/- r?2`2�b Bi `2K�BMb 2bb2MiB�HHv

mM+?�M;2/ �i #2HQr 1× 10−9 �i �HH /Bbi�M+2b 7Q` i?2 q:6@"A1 bQHp2`X Ai Bb �HbQ BKTQ`i�Mi

iQ MQi2 i?�i i?2 q:6@"A1 `2bmHib T`2b2Mi2/ BM 6B;X j r2`2 �+?B2p2/ rBi? � `�i?2` +Q�`b2

`2bQHmiBQM Q7 i2M TQBMib T2` r�p2H2M;i?- r?2`2�b Km+? }M2` /Bb+`2iBx�iBQMb r2`2 mb2/ 7Q` i?2

Qi?2` K2i?Q/bX

AM i?2 7QHHQrBM; bm#b2+iBQMb- r2 T`2b2Mi i?`22 /Bz2`2Mi /2pB+2b /2bB;M2/ mbBM; Qm` 7`�K2@

rQ`F, � r�p2;mB/2 KQ/2 +QMp2`iBM; i�T2`- �M mHi`�@+QKT�+i R88yMK TQr2` bTHBii2`- �M/ �

p2`iB+�H BM+B/2M+2 ;`�iBM; +QmTH2`X �HH Q7 i?2 bQHmiBQMb T`2b2Mi2/ BM i?2 7QHHQrBM; b2+iBQMb

r2`2 Q#i�BM2/ QM � bBM;H2 +Q`2 Q7 � kyR3 J�+#QQF S`Q H�TiQT kXN :>x AMi2H *Q`2 BN rBi?

jk:" Q7 _�J- �Hi?Qm;? BM KQbi +�b2b H2bb i?�M RyyJ" Q7 _�J r�b M22/2/ iQ bBKmH�i2

2�+? /2pB+2X

LQM@�/B�#�iB+ q�p2;mB/2 h�T2`

hvTB+�HHv- r�p2;mB/2 i�T2`b �`2 i`�MbBiBQM2/ �/B�#�iB+�HHv Qp2` � HQM; T`QT�;�iBQM /Bb@

i�M+2 (k8) iQ 2Mbm`2 ?B;? 2{+B2M+v �M/ bBM;H2 KQ/2 T`2b2`p�iBQMX lM7Q`imM�i2Hv- i?Bb `2@

bmHib BM i�T2`b r?B+? �`2 p2`v T?vbB+�HHv H�`;2- Q7i2M bT�MMBM; ?mM/`2/b Q7 r�p2H2M;i?b BM

bBx2X "v T�`�K2i`BxBM; i?2 i`�MbBiBQM #QmM/�`B2b rBi? � b2i Q7 "@bTHBM2b- r2 +�M mb2 i?2

�/DQBMi QTiBKBx�iBQM �TT`Q�+? iQ /2bB;M � Km+? b?Q`i2` U18µmV MQM@�/B�#�iB+ i�T2` rBi?

M2�`@mMBiv 2{+B2M+vX 6B;X 9� �M/ 9# b?Qr i?2 K�;MBim/2 �M/ `2�H T�`i Q7 i?2 Qmi@Q7@TH�M2

Ey +QKTQM2Mi `2bT2+iBp2Hv Q7 i?2 BMBiB�H i�T2` /2bB;M #27Q`2 QTiBKBx�iBQMX �M 2z2+iBp2@BM/2t

�TT`QtBK�iBQM (8- ke) Un2z
aB = 2.8V r�b mb2/ BM Q`/2` iQ KQ/2H � j. /2pB+2 mbBM; k. bBK@

R9



mH�iBQMb �M/ i?2 i�T2` bi`m+im`2 Bb bm``QmM/2/ BM QtB/2 UnQt = 1.44VX h?2 i�T2` BMTmi �M/

QmiTmi r�p2;mB/2 rB/i?b �`2 500nm �M/ 9µm `2bT2+iBp2HvX

6B;m`2 9, U�V �#bQHmi2 p�Hm2 Q7 Ey }2H/ +QKTQM2Mi Q7 BMBiB�H i�T2`X U#V _2�H T�`i Q7 Ey Q7
BMBiB�H i�T2`X U+V �#bQHmi2 p�Hm2 Q7 Ey Q7 }M�H QTiBKBx2/ i�T2` /2pB+2X U/V _2�H T�`i Q7 Ey

Q7 }M�H QTiBKBx2/ i�T2` /2pB+2X h?2 BMBiB�H /2bB;M �+?B2p2/ QMHv 9NW 2{+B2M+v- r?2`2�b i?2
}M�H- QTiBKBx2/ /2bB;M 2t+22/b NNW 2{+B2M+vX

� h1@KQ/2 2t+Bi�iBQM Bb mb2/ iQ H�mM+? i?2 7mM/�K2Mi�H bvKK2i`B+ KQ/2 QM i?2 500nm

rB/2 BMTmi ;mB/2 �M/ i?2 Q#D2+iBp2 7mM+iBQM iQ #2 QTiBKBx2/ Bb bBKTHv i?2 TQr2` BM 7mM/�@

K2Mi�H KQ/2 Q7 i?2 QmiTmi ;mB/2 +QKTmi2/ pB� � KQ/2 Qp2`H�T BMi2;`�HX q2 +QmH/ ?�p2

2�bBHv BMi`Q/m+2/ `�/Bmb Q7 +m`p�im`2 +QMbi`�BMib QM i?2 #QmM/�`v- �b BM (N)- ?Qr2p2`- i?2v

r2`2 MQi `2[mB`2/ /m2 iQ i?2 +?QB+2 Q7 #QmM/�`v `2T`2b2Mi�iBQMX �/p�Mi�;2b Q7 mbBM; � "@

bTHBM2 #QmM/�`v `2T`2b2Mi�iBQM BM+Hm/2 i?�i +QMbB/2`�#H2 +QKTH2tBiv +�M #2 KQ/2H2/ mbBM;

QMHv � bK�HH b2i Q7 +QMi`QH T�`�K2i2`b- `2/m+BM; i?2 QTiBKBx�iBQM /B{+mHiv- �M/ 7m`i?2`KQ`2

�/D�+2Mi +m`p2b �M/ i?2B` /2`Bp�iBp2b �`2 +QMiBMmQmb- H2�/BM; iQ � bKQQi?Hv p�`vBM; bi`m+im`2

`2;�`/H2bb Q7 i?2 +?QB+2 Q7 T�`�K2i2`bX 1�+? "@bTHBM2 +m`p2 b?�`2b i?`22 Q7 Bib +QMi`QH TQBMib

rBi? M2B;?#Q`BM; +m`p2b- r?B+? 2Mbm`2b +QMiBMmBiv 7`QK QM2 +m`p2 iQ i?2 M2ti- �b r2HH �b Q7

i?2 /2`Bp�iBp2b �HQM; i?2 r?QH2 #QmM/�`vX h?mb- i?2 i`�MbBiBQM `2;BQM iQ #2 QTiBKBx2/ Bb

R8



`2T`2b2Mi2/ #v Rj "@aTHBM2 +m`p2b r?B+? �`2 /2b+`B#2/ #v R9 +QMi`QH FMQibX h?2b2 +QMi`QH

FMQib �`2 i?2 mMFMQrMb iQ #2 QTiBKBx2/X 1�+? FMQi +QMbBbib Q7 irQ T�`�K2i2`b iQ /2b+`B#2

Bib z �M/ x +QQ`/BM�i2 �M/ i?2`27Q`2 i?2 iQi�H MmK#2` Q7 QTiBKBx�iBQM T�`�K2i2`b Bb k3X h?2

iQT �M/ #QiQK #QmM/�`B2b Q7 i?2 i�T2` �`2 KB``Q`b Q7 2�+? Qi?2` bBM+2 i?2 /2pB+2 Bb 2tT2+i2/

iQ #2 bvKK2i`B+ �#Qmi i?2 z − axisX

q2 mb2/ i?2 �/DQBMi K2i?Q/- /2b+`B#2/ BM i?2 bmTTQ`iBM; BM7Q`K�iBQM b2+iBQM- +QmTH2/

rBi? i?2 "A1 bQHp2` iQ Q#i�BM i?2 ;`�/B2Mi Q7 i?2 Q#D2+iBp2 7mM+iBQM �i 2�+? Bi2`�iBQM �M/

mb2/ bBKTH2 ;`�/B2Mi /2b+2Mi rBi? �/�TiBp2 bi2T bBx2 iQ �TTHv ;`�/B2Mi@#�b2/ mT/�i2b iQ

i?2 /2bB;MX h?2 bi�`iBM; 2{+B2M+v Q7 i?2 /2bB;M r�b 49% �M/ i?2 �H;Q`Bi?K r�b �#H2 iQ

�+?B2p2 � /2bB;M rBi? Qp2` 99% 2{+B2M+v BM Dmbi Ry Bi2`�iBQMbX .m2 iQ i?2 2{+B2M+v Q7 i?2

K2i?Q/b mb2/ 7Q` KQ/2HBM; �M/ ;`�/B2Mi +QKTmi�iBQM- i?2 r?QH2 QTiBKBx�iBQM T`Q+2/m`2

iQQF Ry KBMmi2b QM � bBM;H2 +Q`2 H�TiQT +QKTmi2` �M/ mb2/ QMHv R8yJ" Q7 K2KQ`vX h?Bb Bb

Qp2` kyyt 7�bi2` i?�M � bBKBH�` /2pB+2 QTiBKBx2/ BM (N)- r?B+? `2[mB`2/ j8 +Q`2@?`b UkX8 ?`b QM

� R9 +Q`2 b2`p2` rBi? Rk3:" Q7 _�JV- ?B;?HB;?iBM; i?2 K�DQ` +QKTmi�iBQM�H BKT`Qp2K2Mib

T`QpB/2/ #v i?2 T`2b2Mi rQ`FX 6B;X 9+ �M/ 9/ b?Qr i?2 K�;MBim/2 �M/ `2�H T�`i Q7 Ey

`2bT2+iBp2Hv Q7 i?2 }M�H QTiBKBx2/ i�T2` /2bB;MbX �b +�M #2 b22M- i?2 `2bmHiBM; bi`m+im`2

2t?B#Bib bKQQi? +m`p�im`2- K�FBM; Bi `2�/BHv �K2M�#H2 7Q` HBi?Q;`�T?B+ 7�#`B+�iBQMX

R88yMK R,k SQr2` aTHBii2`

AM Q`/2` iQ /2KQMbi`�i2 i?�i Qm` /2bB;M �TT`Q�+? +�M `2�/BHv ;2M2`�HBx2 iQ �Mv MmK#2` Q7

r�p2;mB/2 BMTmib �M/ QmiTmib- r2 /2KQMbi`�i2 � R@iQ@k TQr2` bTHBii2` QTiBKBx2/ iQ bTHBi

BM+QKBM; HB;?i �i 1.55µm 2[m�HHv BMiQ irQ QmiTmibX LQi2 i?�i /m2 iQ `2+BT`Q+Biv- i?Bb /2pB+2

+QmH/ �HbQ #2 mb2/ BM `2p2`b2 �b � TQr2` +QK#BM2`X *QKT�+i TQr2` bTHBiiBM; /2pB+2b �`2

BKTQ`i�Mi #mBH/BM; #HQ+Fb Q7 �HKQbi 2p2`v M�MQT?QiQMB+ bvbi2K �M/ �`2 2bT2+B�HHv +`m+B�H

7Q` T?�b2/ �``�vb (kd)X lMHBF2 i?2 u@bTHBii2`b QTiBKBx2/ BM (8- ke) r?Qb2 QmiTmib �`2 Q`B2Mi2/

�i ±45◦ �M;H2b- r2 /2bB;M i?2 bTHBii2` QmiTmib rBi? i?2 b�K2 Q`B2Mi�iBQM �b i?2 BMTmi U0◦V

Re



r?B+? �HHQrb 7Q` KQ`2 +QKT�+i `QmiBM; �M/ 2�bB2` BMi2;`�iBQM rBi? Qi?2` #HQ+FbX 6B;X 8� �M/

8# b?Qr i?2 K�;MBim/2 �M/ `2�H T�`i Q7 i?2 Ey }2H/b Q7 i?2 BMBiB�H bTHBii2` bi`m+im`2 #27Q`2

QTiBKBx�iBQMX �b rBi? i?2 i�T2`- "@bTHBM2b r2`2 mb2/ iQ T�`�K2i`Bx2 i?2 #QmM/�`B2bX .m2

iQ bvKK2i`v �#Qmi i?2 z@�tBb- QMHv i?2 iQT #QmM/�`v �M/ iQT ?�H7 Q7 i?2 /BpB/2` #QmM/�`v

r2`2 T�`�K2i`Bx2/ rBi? mMB[m2 mMFMQrMb �M/ i?2 `2K�BMBM; +m`p2b r2`2 KB``Q`2/ 7`QK

i?2b2X h?2 iQT #QmM/�`v Bb T�`�K2i`Bx2/ rBi? RR "@bTHBM2b r?B+? +Q``2bTQM/b iQ R9 +QMi`QH

FMQibX h?2 /BpB/2` #QmM/�`v #2ir22M i?2 irQ QmiTmib Bb T�`�K2i`Bx2/ rBi? 3 "@aTHBM2b r?B+?

+Q``2bTQM/b iQ RR +QMi`QH FMQibX aBM+2 i?2 #QiiQK ?�H7 Q7 i?2 /BpB/2` #QmM/�`v Kmbi KB``Q`

i?2 iQT ?�H7- QMHv e Q7 i?2b2 RR FMQib �`2 mMB[m2 �M/ i?2 `2bi �`2 KB``Q`2/ �#Qmi i?2 z@�tBbX

�HH Q7 i?2 +QMi`QH FMQib 7Q` i?2 #QiiQK bB/2 #QmM/�`v Q7 i?2 bTHBii2` �`2 KB``Q`2/ 7`QK i?2

iQT #QmM/�`v �#Qmi i?2 z@�tBbX h?mb- i?2 7mHH bTHBii2` /2pB+2 Bb T�`�K2i`Bx2/ rBi? ky +QMi`QH

FMQib �M/ bBM+2 2�+? FMQi ?�b irQ BM/2T2M/2Mi Ux �M/ zV +QQ`/BM�i2b- i?Bb +Q``2bTQM/b iQ

40 QTiBKBx�iBQM T�`�K2i2`bX aBM+2 i?2 2M7Q`+2/ bvKK2i`v Q7 i?2 /2pB+2 2Mbm`2b 2[m�H TQr2`

~Qr i?`Qm;? i?2 irQ QmiTmib- Bi bm{+2b iQ QMHv QTiBKBx2 i?2 TQr2` ;QBM; i?`Qm;? QM2 Q7

i?2K BM i?2 Q#D2+iBp2 7mM+iBQMX h?2 Q#D2+iBp2 7mM+iBQM mb2/ BM i?Bb b+2M�`BQ Bb i?2`27Q`2 ;Bp2M

#v

f(p) =
(
P iQT

Qmi (p)− 0.5
)2 UR8V

lM+QMbi`�BM2/ ;`�/B2Mi /2b+2Mi Bb mb2/ 7Q` i?2 HQ+�H b2�`+? �H;Q`Bi?K �M/ i?2 ;`�/B2Mib

�`2 Q#i�BM2/ pB� i?2 2{+B2Mi �/DQBMi �TT`Q�+? /2b+`B#2/ BM i?Bb rQ`FX h?2 QTiBKBx�iBQM

�H;Q`Bi?K +QMp2`;2b iQ � bQHmiBQM r?B+? Bb 99.6% 2{+B2Mi U49.8% Q7 i?2 BMTmi TQr2` K�F2b

Bi iQ 2�+? QmiTmiV �7i2` � iQi�H Q7 100 Bi2`�iBQMbX h?2 r?QH2 QTiBKBx�iBQM i�F2b H2bb i?�M k

KBMmi2b iQ `mM QM � bBM;H2 +Q`2 H�TiQT +QKTmi2`X �b rBi? i?2 i�T2` /2bB;M- i?Bb Bb Q`/2`b

Q7 K�;MBim/2 7�bi2` i?�M �Mv T`2pBQmbHv `2TQ`i2/ rQ`F- ?B;?HB;?iBM; i?2 2{+B2M+v Q7 i?2

q:6@"A1 �TT`Q�+? 7Q` KQ/2HBM; M�MQT?QiQMB+ T`Q#H2KbX

6B;X 8+ �M/ 8/ b?Qr i?2 K�;MBim/2 �M/ `2�H T�`i Q7 Ey Q7 i?2 }M�H bTHBii2` /2bB;MX GBF2

i?2 i�T2`- /m2 iQ i?2 bTHBM2 T�`�K2i`Bx�iBQM �M/ #QmM/�`v QTiBKBx�iBQM �TT`Q�+? mb2/- i?2

}M�H /2bB;M K�BMi�BMb bKQQi? 72�im`2b �M/ /Q2b MQi bmz2` 7`QK b?�`T +Q`M2`b Q` /B{+mHi iQ

Rd



6B;m`2 8, U�V �#bQHmi2 p�Hm2 Q7 Ey }2H/ +QKTQM2Mi Q7 BMBiB�H bTHBii2`X U#V _2�H T�`i Q7 Ey

Q7 BMBiB�H bTHBii2`X U+V �#bQHmi2 p�Hm2 Q7 Ey Q7 }M�H QTiBKBx2/ R88yMK 8y,8y TQr2` bTHBii2`
/2pB+2X U/V _2�H T�`i Q7 Ey Q7 }M�H QTiBKBx2/ bTHBii2` /2pB+2X h?2 BMBiB�H /2bB;M �+?B2p2/ H2bb
i?�M jyW 2{+B2M+v- r?2`2�b i?2 }M�H- QTiBKBx2/ /2bB;M 2t+22/b NNXeW 2{+B2M+vX

7�#`B+�i2 ?QH2b Q` BbH�M/bX

S2`72+iHv o2`iB+�H AM+B/2M+2 :`�iBM; *QmTH2`

6BM�HHv- r2 /2KQMbi`�i2 i?2 /2bB;M Q7 � ;`�iBM; +QmTH2` bi`m+im`2 mbBM; i?2 T`2b2Mi 7`�K2@

rQ`FX :`�iBM; +QmTH2`b �`2 mbm�HHv /2bB;M2/ iQ +QmTH2 BMiQ �M 2ti2`M�H QTiB+�H }#2` �i �M

�M;H2 θ = 3@Ry /2;`22b rBi? `2bT2+i iQ i?2 MQ`K�H BM Q`/2` iQ T`QpB/2 /B`2+iBQM�HBiv �M/

�pQB/ #�+F `2~2+iBQMb 7`QK i?2 +QmTH2` �M/ #m`B2/ QtB/2 bi`m+im`2X 1{+B2Mi p2`iB+�H BM+B@

/2M+2 Uθ = 0V ;`�iBM; +QmTH2`b �`2 +QMbB/2`�#Hv KQ`2 +?�HH2M;BM; iQ /2bB;M 7Q` i?2b2 `2�bQMbX

PM i?2 Qi?2` ?�M/- bm+? T2`72+iHv p2`iB+�H ;`�iBM; +QmTH2`b +�M #2 p2`v mb27mH 7Q` 2�bB2` T�+F@

�;BM; �M/ }#2` #QM/BM; �M/ K�v #2 M2+2bb�`v 7Q` +QmTHBM; HB;?i 7`QK Qi?2` /2pB+2b bm+? �b

o*a1Gb Q` Qi?2` bi�+F2/ r�72`b (k3)X h?mb- /2bB;MBM; �M 2{+B2Mi p2`iB+�H BM+B/2M+2 ;`�iBM;

+QmTH2` Bb � +?�HH2M;BM;- v2i BKTQ`i�Mi 2M;BM22`BM; T`Q#H2KX qBi? `272`2M+2 iQ 6B;X R#- �

R3



ivTB+�H aPA bi�+FmT Bb mb2/ rBi? � 3µK iQT QtB/2 H�v2` UΩ2V- 220MK bBHB+QM /2pB+2 H�v2`

UΩ3V- �M/ � 2µK #m`B2/ QtB/2 H�v2` UΩ4V QM iQT Q7 � bBHB+QM bm#bi`�i2 UΩ5VX h?2 ;`�iBM;

r�b QTiBKBx2/ iQ +QmTH2 2{+B2MiHv 1550nm HB;?i 2K�M�iBM; 7`QK � bi�M/�`/ bBM;H2@KQ/2

QTiB+�H }#2` rBi? 2z2+iBp2 KQ/2 rB/i? Q7 10µmX h?2 BM+B/2Mi }#2` 2t+Bi�iBQM Bb KQ/2H2/ �b

� :�mbbB�M #2�K bQm`+2 BM 7`22@bT�+2 HQ+�i2/ 1µm �#Qp2 i?2 iQT #QmM/�`v Q7 i?2 T�bbBp�iBQM

H�v2` �M/ +2Mi2`2/ Qp2` i?2 ;`�iBM;X h?2 ;`�iBM; /2bB;M rB/i? r�b �HHQr2/ iQ p�`v mT iQ
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