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Analysis of a linear 3D fluid—mesh—shell interaction problem
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Abstract. We study a linear fluid—structure interaction problem between an incompressible, viscous 3D fluid flow, a 2D
linearly elastic Koiter shell, and an elastic 1D net of curved rods. This problem is motivated by studying fluid—structure
interaction between blood flow through coronary arteries treated with metallic mesh-like devices called stents. The flow is
assumed to be laminar, modeled by the time-dependent Stokes equations, and the structure displacement is assumed to be
small, modeled by a system of linear Koiter shell equations allowing displacement in all three spatial directions. The fluid
and the mesh-supported structure are coupled via the kinematic and dynamic coupling conditions describing continuity of
velocity and balance of contact forces. The coupling conditions are evaluated along a linearized fluid—structure interface,
which coincides with the fixed fluid domain boundary. No smallness on the structure velocity is assumed. We prove the
existence of a weak solution to this linear fluid—composite structure interaction problem. This is the first result in the
area of fluid—structure interaction that includes a 1D elastic mesh and takes into account structural displacements in all
three spatial directions. Numerical simulations based on the finite element discretization of the coupled FSI problem are
presented.

Mathematics Subject Classification. 74F10, 76D, 74K25, 35D30, 76M10.

1. Introduction

We study a fluid—structure interaction (FSI) problem between the flow of a viscous, incompressible fluid
modeled by the time-dependent Stokes equations in a 3D cylindrical domain, and an elastic, composite
structure, consisting of a cylindrical shell supported by a mesh-like elastic structure. A mesh-like structure
is a 3D elastic body consisting of a collection of slender elastic rod-like components. The linear Koiter shell
equations allowing displacement in all three spatial directions are used to model the elastodynamics of the
lateral wall of the fluid domain cylinder, and a 1D hyperbolic net model consisting of a collection of linearly
elastic curved rods is used to model the elastodynamics of the mesh-like structure. The mesh and the shell
are coupled via the no-slip condition and via the balance of forces and moments. The resulting composite
structure is then coupled to the fluid equations through the no-slip condition and balance of forces, which
are evaluated at the fized fluid—structure interface, giving rise to a linearly coupled FSI problem. This is
a multiphysics fluid-structure interaction problem of mixed, parabolic-hyperbolic-hyperbolic type.

Problems of this type arise in many applications. In particular, the benchmark problem studied here
was motivated by the interaction between the flow of blood in a coronary artery treated with a vascular
device called a stent. In coronary arteries, the Reynolds number is small (Re < 100), thereby justifying
the use of the time-dependent Stokes equations. Stents are metallic mesh-like devices used to prop the
elastic coronary arteries open. The problem in this manuscript corresponds to FSI between blood flow and
a fully expanded stent implanted in an elastic artery. A better understanding of the complex interactions
between blood flow, artery and stent can lead to improved stent design (see, e.g., [11]).

Until recently, mathematical modeling of stents has been based almost exclusively on 3D approaches
where a stent is assumed to be a single, 3D elastic body, approximated using 3D-based finite elements.
Such approaches are associated with large computer memory requirements and significant computing
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time due to the slender nature of the local stent components, known as stent struts. To reduce computa-
tional costs, an alternative approach was suggested in [52], where a stent was modeled as a network of 1D
curved rods, allowing the use of 1D finite elements for their numerical simulation. Although the model is
one-dimensional, it provides 3D information about the deformation of stent struts in all three spatial direc-
tions. The resulting model has been justified both computationally [13] and mathematically [33,39,40].

In a recent work [12], this 1D stent net problem was coupled to an elastic shell of Naghdi type, and the
corresponding static problem was analyzed. No fluid was considered in [12]. This contrasts the present
work where dynamic models for both the stent and shell are considered, the shell is modeled using the
cylindrical Koiter shell equations, and the resulting composite structure is coupled to the motion of an
incompressible, viscous fluid.

In terms of the results related to the interaction between structures and incompressible, viscous fluids,
we mention a few references which are most closely related to the present work in the area of analy-
sis [16,17,19,24-26,29,32,38,44,45,47] and numerical simulations [4-6,9,10,27,37]. The fluid-structure
interaction problems with composite structure were studied in [7,49]. The only works in which analysis
of an FSI problem including an approximation of a stent-supported vessel were considered are [8,15]. In
[15], a different, simplified, reduced coupled problems was studied, and in both papers the presence of a
stent were modeled by the jump in the elasticity coefficients of a shell. In [8], a Koiter shell allowing only
radial displacement was considered. This is significantly different from the present work where a stent
is modeled as a separate mesh-like structure, and displacement in all three spatial directions is taken
into account. In fact, one of the goals of our future research is to compare the results of the present
manuscript with those of [8] to understand the impact of the full coupling between the stent and shell on
the elastodynamics of the composite structure.

In the present manuscript, we prove the existence of a weak solution to the coupled fluid—mesh—shell
interaction problem by adapting the methodology introduced in [47] (see also [36]) where the existence of
a weak solution to a nonlinear moving boundary FSI problem involving a 2D incompressible Newtonian
fluid and a 1D linearly elastic shell was proved. The method is based on a semi-discretization approach,
where the coupled problem is discretized in time, and at the same time split into a fluid and a struc-
ture subproblem using the so-called Lie operator splitting strategy (for more information about splitting
methods see, e.g., [30,31]). The main feature of this method is that it allows decoupling the problem into
subproblems with different physics, and is, therefore, especially suitable for complex multiphysics prob-
lems [7,46,48-51]. The constructed weak solutions are of Leray type, and they satisfy an energy inequality.
Based on a carefully designed splitting strategy, uniform energy estimates can be obtained, and existence
of weak and weak*-convergent subsequences established. We note that the regularity in space for the 1D
hyperbolic net displacement considered in this work, is obtained from the inextensibility and unshear-
ability condition of curved rods, and not directly from the energy estimates. The resulting regularity
provides sufficient information to pass to the limit in the weak formulation of the semi-discrete problem.
Because the problem we consider is linear, limits of the weakly and weakly*-convergent subsequences can
be shown to satisfy the weak formulation of the coupled continuous FSI problem.

Although the displacement of the composite structure is considered small, the velocity of displacement
is not necessarily small and is taken into account in the coupling conditions at the interface. Due to
the smallness of displacement, the fluid—structure interface is considered to be fixed (linearized). Such,
somewhat restrictive, assumption has been used frequently in FSI problems (see, e.g., [2,3,14,18,26,
43] and the references therein). The extension of our analysis to the nonlinear case involving moving
boundaries is challenging and will be addressed in our future work.

In summary, the main novelties of the present work are:

1. Analysis of an evolution problem for a mesh-like structure, modeled as a 1D hyperbolic net.

2. A fluid-mesh-shell interaction model that takes into account the structure displacement in all three
directions.

3. An existence result for the coupled fluid—mesh—shell linear problem.
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4. A constructive proof giving rise to a loosely coupled partitioned scheme for the fluid—-mesh—shell
interaction problem.

Details of the result are presented in the following six sections, with the last section (“Appendix”)
dedicated to the summary of notation used in the paper to help the reader get through the details of the
proof. Theoretical results are illustrated by numerical examples in Sect. 8.

2. Model description
2.1. The fluid

We consider the flow of an incompressible, viscous fluid through a cylindrical domain, denoted by :

Q={(z,2,y) €R*>: 2 € (0,L), /22 + 42 < R}.
The fluid domain boundary consists of three parts: the lateral boundary I', which is a cylinder of radius
R, the inlet boundary T'y,, which is a circular area of radius R located at z = 0, and the outlet boundary
T'out, which is a circular area of radius R, located at z = L.
The time-dependent Stokes equations for an incompressible, viscous fluid are used to model the flow
in
prou =V - o

o }inQ, te(0,7), (1)

where pr denotes the fluid density, u is the fluid velocity, o = —pI + 2urD(u) is the fluid Cauchy stress
tensor, p is the fluid pressure, pp is the dynamic viscosity coefficient, and D(u) = §(Vu + V7u) is the
symmetrized gradient of u. At the inlet and outlet, we prescribe the pressure, with the tangential fluid
velocity equal to zero (see [23]):

p= ]Din/out(t) .
uxe, =0 on 1—Wln/outa

where P, /oy are given. Therefore, the fluid flow is driven by the pressure drop, and the fluid flow is
orthogonal to the inlet and outlet boundary.
The fluid velocity will be assumed to belong to the following classical function space

Ve ={ue H'(QR*) :V-u=0,uxe,=0onLiou} (2)

2.2. The shell

The lateral boundary of the fluid domain will be assumed elastic, and modeled by the cylindrical Koiter
shell equations. The shell thickness will be denoted by h > 0, the length by L, and its reference radius of
the middle surface by R. We consider a clamped cylindrical shell. This reference configuration, which we
denote by I', can be parameterized by

p:w—RY  p(2,0) = (Rcosh, Rsind, z),
where w = (0, L) x (0,2n7), and R > 0, thus:
I'={(Rcos,Rsinb,z):z € (0,L),0 € (0,2m)}.

The first fundamental form of the cylinder I', also known as the metric tensor, will be denoted by A, in
covariant components, and by A. in contravariant components:

1 0 . (1 0
o) = )
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and the area element is dS = y/det A, dzdf = R dzdf. The second fundamental form of the cylinder I'

or the curvature tensor in covariant components is given by

0 0
s () 0).

Under loading, the Koiter shell is displaced from its reference configuration I' by a displacement n =
n(t, z,0) = (n.,nr,m0), where n.,n,, and 79 denote the tangential, radial and azimuthal components of
displacement. The end points of the shell will be assumed to be clamped, giving rise to the following
boundary conditions:

n(t,0,0) =n(t, L,0) =0, 0¢€(0,2n),
9. (t,0,0) = d.n,.(t,L,0) =0, &€ (0,2n),
whereas the boundary conditions at 8 = 0, 27, will be periodic:
n(t,z,0) =n(t, z,27), z¢€(0,L),
Oonr-(t,2,0) = Igny-(t, 2,27), =z € (0,L).
The elastic properties of the shell are defined by the following elasticity tensor .A:
2\
A42p

where A and p are Lamé constants. Tensor A defines the following elastic energy of the deformed Koiter
shell:

AE (A°- E)A® +2uA°EA°, E € Sym(R?),

3
E(n) = g/A'y(n) cy(mR + %/Ag(n) to(n)R, (3)

where « denotes the linearized change of metric tensor, measuring the stretch of the middle surface
(membrane effects), and @ denotes the linearized change of curvature tensor, measuring flexure (bending,
shell effects). They are given by:

D21 1(9pm. + RO.1p)
¥(n) = :
(0o + RO.n9) ROgne + R
_azznr —0z0Mr + 8z779
e(n) = .
—0z9mr + 0219 —0gony + 2099 + 1y

Let Vi denote the following function space:
Vi ={n = (nz,1r,m9) € H'(w) x H*(w) x H' () :
n(t, z,0) = 0,n,(t,2,0) =0,z € {0, L},0 € (0,27), (4)
n(t, z,0) = n(t, z,27), dn,(t, 2,0) = Oy (t, z,27), 2z € (0, L)},
equipped with the corresponding norm:
1% = 10212 @) + ez ) + 16110 (0

We are interested in weak solutions n = (1., n,,m9) € Vi satisfying the following elastodynamics problem
for a cylindrical Koiter shell (see [22,41,42]): find nn = (1., 1., 19) € Vi such that

pKh/aZn-¢R+ (Cm ) = /f~¢R, Ve € Vic, (5)

w
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where pg is the shell density, f is the outside loading, and £ is the linear operator associated with the
Koiter elastic energy (3):

(L, h/.A'y R—&-—/AQ (¥)R.

We emphasize that from Theorems 2.6 to 4 in [21], we get the coercivity of the operator L, i.e., (Ln,n) >
c[[nl|?, Vn € Vi. The differential form of the cylindrical Koiter shell elastodynamics problem on (0,7") x w
is then given by:

prhd;nR + Ln = {R, (6)

where f is outside force density, and L corresponds to the elastic force associated with the elastic
energy (3).

2.3. The elastic mesh

An elastic mesh is a three-dimensional elastic body defined as a union of three-dimensional slender
components called struts [13,52]. Since struts are slender or “thin”, meaning that the ratio between the
thickness of each strut versus its length is small, 1D (reduced) models can be used to approximate their
elastodynamic properties. In particular, keeping the stent application in mind, we will be using a 1D
curved rod model to approximate the elastodynamic properties of slender mesh struts. The one space
dimension corresponds to the parameterization of the middle line of curved rod. For the i-th curved rod,
the middle line is parameterized via

Pl[oalz]ﬂso(w% t=1,...,ng,

where ng denotes the number of curved rods in a mesh. By using s € (0,1;) to denote the location along
the middle line, and d;(¢, s) to denote the displacement of the middle line from its reference configuration,
w;(t, s) the infinitesimal rotation of cross sections, q;(t, s) the contact moment, and p;(t, s) the contact
force, the following system of equations will be used to model the elastodynamics of 1D curved rods:

psAiOfd; = Osp; + £,

pSMiﬁtQWi = 8sqz +t; X Pi, (7)
0 =0sw; — Qz IQqua
0=0d; +t; x WZ.

Here, pg is the strut’s material density, A; is the cross-sectional area of the i-th rod, M; is the matrix
related to the moments of inertia of the cross sections, f; is the line force density acting on the i-th rod,
and t; is the unit tangent on the middle line of the i-th rod. Matrix H; is a positive definite matrix
which describes the elastic properties and the geometry of the cross section, while matrix @; € SO(3)
represents the local basis at each point of the middle line of the i-th rod (see [1] for more details). The
first two equations describe the linear impulse-momentum law and the angular impulse-momentum law,
respectively, while the last two equations describe a constitutive relation for a curved, linearly elastic rod,
and the condition of inextensibility and unshearability, respectively.

System (7) is defined on a graph domain, determined by the geometry and topology of the mesh
structure. The graph consists of a set of vertices V (points where the middle lines meet), and a set of
edges & (pairing of vertices). The ordered pair N' = (V, £) defines the mesh net topology. At each vertex
V €V, the following coupling conditions are enforced:

e Kinematic coupling conditions describing continuity of displacements and infinitesimal rotations,
e Dynamic coupling conditions describing the balance of contact forces and contact moments.
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Here, we note that even though each individual stent strut is inextensible, the struts can deform
(bend) to accommodate the overall expansion or contraction of the stent radius, which influences the
overall length of the stent. The impact of inextensibility of stent struts will be discussed in Sect. 8.

We are interested in weak solutions to the 1D mesh net problem, i.e., to the problem consisting of all
the functions satisfying the system of linear equations (7) on a graph domain, with the above-mentioned
coupling conditions holding at graph’s vertices. To define the weak solution space, we first introduce a
function space consisting of all the H!-functions (d, w) defined on the entire net A/, such that they satisfy
the kinematic coupling conditions at each vertex V € V:

H'WN;R®) = {(d,w) = ((d1, W1), .-, (dnps Wny)) € ﬁHl(O,li;RG) :
i=1
d;(P7H(V)) = d;(P;H(V)), wi(PH(V) = w; (P;H(V)),

i J J

YV eV, V=enNey, ,j=1,...,ng}.
The solution space is defined to contain the conditions of inextensibility and unshearability as follows:
Vs ={(d,w) € H'(N;R®) : 9od; +t; x w; =0,i=1,....,np}. (8)

For a function (d, w) € Vg, we consider the following norms on H(N;R3):

ng nge
Hd”%{l(/\/;ﬂ@) = Z ||di||%{1(o,li;11§3)7 ||W||§{1(N;]R<3) = Z ||Wi||§{1(0,li;R3)’
i=1 i=1

and the following norms on L?(N\;R3):

ng ng

||d||2L2(N;R3) = Z Hdi”%?(o,li;m)a ||W||2L2(N;R3) = Z HWiH%Q(O,li;IW)'

i=1 i=1

The weak formulation for a single curved rod is obtained by first multiplying the first equation in (7)
by a test function &, the second equation in (7) by a test function ¢, and integrating over [0,(] (we are
dropping the sub-script ¢ in this calculation). The two equations added together give:

l l l l
pSA/a$d~5+ps/Ma§w-c—/aspf—/ff
0 0 0 0

l l
_O/asq-c+0/p-<t><c)=0-

The terms that involve the partial derivative with respect to s can be rewritten by using integration by
parts:

! l l
psA/agd.g+ps/Magw-c+/p~ass—p<w-sa>+p<0>~s<o>

0 0
l

0
l l

—[f£&+ [a 0s¢—qa(l)-¢(1) +a(0)-¢0)+ [ p-(tx{)=0.
[re] /

0
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Finally, by using the constitutive relation and the condition of inextensibility and unshearability, we
obtain the weak formulation for a single rod problem: find (d, w) such that

l l l
psa [0 g+ ps [ Motw-c+ [ QHQ o0
0 l 0 0 (9)
— [£-€4p)- €0 - p(0)-£0) + ) -¢0) ~ a(0) -¢(0),
0

for all (&,¢) € H'(0,1) x H*(0,1) that satisfy the condition of inextensibility and unshearability.

To get a weak formulation for the mesh net problem, we sum up the weak formulations for each local
mesh component (i.e., curved rod, or strut). At each vertex, the boundary terms from (9) involving p
and q will add up to zero due to the dynamic coupling conditions. The weak formulation for the mesh
net problem then reads: find (d, w) € Vg such that

ng L ng L
PSZAi/athi'€i+PSZ/Miat2Wi'Ci
-1

=17

+Z/QiHinTasWi <0sC; = Z/fz &,
=17 =17

for all test functions (£,¢) = ((£1,€1),---5 (&, Cnp)) € Vs

(10)

2.4. Koiter shell and 1D mesh problem coupling

We will be assuming that the elastic mesh is always confined to the shell surface so that the following
holds:
ng
UPi([0,4]) T = o(@).
i=1
Since ¢ is injective on w, functions 7r;, denoting the reparameterizations of the stent struts:
mi=¢@ 'oP;:[0;] =@, i=1,...,ng,

are well defined. The reference configuration of the mesh defined on w will be denoted by
ws = UE 7;(0,4;]), and of the mesh defined on I' will be denoted by I's = [J;-5; P;([0,1;]). See Fig. 1.

The elastic mesh and the shell are coupled through the kinematic and dynamic coupling conditions.
The kinematic coupling condition states that the displacement of the shell at the point (R cosd, Rsin#, z)
€ T, which is associated with the point (z,0) € wg via the mapping ¢, is equal to the displacement of
the stent at the point s; = 7; *(z,6), that is associated with the same point (z,0) € wg via the mapping
;. For a point s; € [0,1;] such that m;(s;) = (z,0) € wg, the kinematic coupling condition reads:

n(t,mi(s:)) = di(t, sq). (11)

The dynamic coupling condition describes the balance of forces. The force exerted by the Koiter shell
onto the mesh is balanced by the force exerted by the mesh onto the Koiter shell. More precisely, let
JZ' = WZ([O,ZZD, and

<5Ji7f>:/fd’}/i, izl,...,TLE,
Ji
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Fic. 1. Parameterization of the mesh struts

where dv; is the curve element associated with the parameterization ;. The weak formulation of the
shell (5) can then be written as:

ng

it [ OFn - R+ (En ) = (61,8 wR)

=1

-3 / £(2,0) - (2 0) Ry,

i=1 T

ng b
-y / £(mi(s)) - i (s)) () | Rds.

i=17
If we denote by f; the force exerted by the i-th mesh strut onto the shell, by force balance, the right-hand
side has to be equal to — S [ £(s) - &,(s)ds. Thus, £(m;(s;))||7i(s:)| R = —f£:(s), ie., £(mwi(s:))R =

i=1Jo
£:(s:
—Z,((sl)), s; € (0,1;). For a point (z,0) = m;(s;) € wg, which came from an s; € (0,/;), the dynamic
™, (Sq
fiom !
coupling condition reads: fR = — ” z/o m_lH, For an arbitrary point (z,0) € w, the dynamic coupling
. O T,
condition reads: ' '
K fiom; !
fR=-Y ———§;. 12
2 frromT "
=1 1 1

Now, the weak formulation for the coupled mesh—shell problem reads:

s fiom ?
pKh/03n~¢R+<£n,¢> :*Z@J”m"mv (13)
o i=1 i i

for all test functions ¥ € Vi. Here, f;’s are defined in (10), where the test functions §; are such that
Y om; = &,;. The coupled mesh—shell weak solution space is given by:
ng
Vks ={(n,d,w) € Vg x Vs :nom =d on H(O,li)},

i=1
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where we denoted nomw = (nowmy,...,nom,,).
The dynamic coupled mesh—shell problem presented here is an extension of the coupled mesh—shell
problem first studied in [12] for the static case.

2.5. The fluid—composite structure coupling

From now on, by ‘structure’ we will refer to the Koiter shell coupled with the 1D elastic mesh described
above. The coupling between the fluid and the structure is defined by two sets of coupling conditions:
the kinematic and dynamic coupling conditions, satisfied at the fixed, lateral boundary I', giving rise
to a linear fluid—structure coupling. The coupling conditions impose continuity of velocity and balance
of contact forces. Let us emphasize that in our work, the dynamic coupling condition also reflects the
presence of a 1D elastic mesh at the fluid—structure interface. The coupling conditions read:

e The kinematic condition: 9;np = u|r o ¢ on (0,7) X w,
e The dynamic condition:

n —
E fiom !

prhO2nR + Ln + Z 171”(5]1- =—J(@op)noy), on (0,7) x w

7 i om;

where J denotes the Jacobian of the transformation from cylindrical to Cartesian coordinates, and n
denotes the outer unit normal on I'. For the linear fluid-structure interaction problem considered here,
the Jacobian J is equal to R.

In summary, we study the following fluid—structure interaction problem:

Problem 1. Find (u,p,n,d, w) such that

pgafz _ OV ' ”} in (0,7) x £, (14)
am =uoy
f; o7'ri_1 0,7T) x 15
psAidid; = O,p; +f;
o R — . . .
pSMzat Wi asch +t; X Pi n (O,T) « (0711) (16)

0= 0sw; — Qz‘Hi_lQZT(h‘
0= asd¢+ti X W;

Problem (14)—(16) is supplemented with the following set of boundary and the initial conditions:

P = Pin/out(t)? on (O T) X F1r1/out7

uxe, =0, on (0,7) x Iy jout,

n(t,0,0) =n(t,L,0) =0, on (0,T) x (0,2n), (17)
9.m-(t,0,0) = 9,m-(t, L,0) =0, on (0,7) x (0,2m),

n(tazvo) = 77(15;27270; on (07T) X ( ) )

Aonr(t, 2,0) = dgny-(t, z, 2), on (0,T) x (0, L),

u(0) = ug, 1(0) =ny, OnN(0) = vo,d;(0) = do;, 9:d;(0) = ko;, w;(0) = wo;, Oyw;(0) = 2zg;. (18)
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3. The energy of the coupled fluid—-mesh—shell problem

We formally prove that problem (14)—(16) satisfies the following energy inequality:

S B(t) + D) < O(Pult), Poue(1), (19)

where E(t) denotes the total energy of the coupled problem (the sum of the kinetic and elastic energy),
D(t) denotes dissipation due to fluid viscosity, and C(Pin(t), Pout(t)) is a constant which depends only
on the L?-norms of the inlet and outlet pressure data. More precisely, if we denote by ||w||,, and ||w].
the following norms associated with the elastic energy of the elastic mesh:

ng ng L
Il o= > Il = > [ Mo
i=1

=17
L

ng ng %
Wi =3 w2 =3 / QHQT Ouw, - Do,
=1

=17

and by [|7]|2(r.) the weighted L? norm on w, with the weight R associated with the geometry of the
Koiter shell (Jacobian):

Il = [ InPR o
w
then the total energy of the coupled FSI problem is defined by

ng
pPs
Hath%%R;w)+72Ai\|3tdi|\%2(o,zi)

i=1

B(t) = 2 ul}a o) + 22
+ 25 o], + 5 (L m) + I,
while D(t) is given by
D(t) = 2up|D(0)|Z2(q)-
Notice that the norm || - ||, is equivalent to the standard L?(A\’) norm.
Proposition 3.1. There exists a constant C' > 0 such that
Wi < CllwlZ -

Proof. Since @Q; is orthogonal and H; positive definite, for each i = 1,...,ng, the following inequality
holds:

li li
[[wl|7 = /QiHiQiTaswi'aswi = /HiQiTasWi-QiTﬁsWi
0 0

l;

S /Amax(Hz)Qfaewz : QzTaewz = Amax(Hi)||Q?aswi||%2(ovli)
0

= (10w |30,y < Ama () (106will32 0,1 + Wil 2(0.0,)
< AmaX(Hi)”WiH%ﬂ(O,li)’

where Apax(H;) is the maximum eigenvalue of matrix H;. O
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To derive the energy inequality (19), we first multiply the first equation in (1) by u and integrate by
parts over €) to obtain:

/ppatu ‘u— /V “(—=pI +2ppD(u)) -u

Q Q

= - / Ve ((-pI + 2urD()w) + [ (-p1 + 2urD(w) : Vu
Q Q

= %dg/ lu? — / —pl +2urD(u))n - u — /pI : Vu—|—2,uF/D(u) : Vu
Q Q Q

= %di/ ul? — / (—pI 4+ 2prD(u))n-u — /pV . u+2,uF/D(ll) : D(u)
Q o0 Q Q

=22 [P = o+ 2ueDwm - ut2ur [ D@
Q o0

where we have used Vu : Vu = tr(VuV7u) = tr(VIuVu) = Vu: Viu.

To calculate the boundary integral over 02, we first notice that on I'j, /o, the boundary condition
u x e, = 0 gives u, = u, = 0. Using divergence-free condition, we also obtain d,u, = 0. Now, since the
normal to Iy, /out is equal to n = (F1,0,0), we get:

- [t + 2ueD()n-

o0

—/o-n~u— / (=pl +2prD(u))n - u (20)

TinUlout
= /o'n u—/puz /puz
Tin Tout

To calculate the boundary integral over I' we first multiply the Koiter shell equation (6) by dyn and
integrate over w:

/fﬂmR:pxh/f)fnﬂmRJr (Ln, Oem)
_ prhd
== dt/ﬁm onR + 2dt<£n n)

prh d

= —N0ml72(rewy + 5

1d
5 q —(Ln,n).

2dt

Next, we want to use (0¢d;, dyw;),i = 1,...,ng, as test functions in the weak formulation for the mesh
problem (10). Before doing so, we need to check if these test functions are admissible, i.e., if they satisfy
the condition of inextensibility and unshearability d,d; +t; x w; = 0,7 = 1,...,ng. We differentiate this
condition with respect to ¢t and use the fact that t; do not depend on ¢, to obtain

as(atd’b) +t; x (atwl) = 0) 1= 17' -, NE,

which implies that, indeed, (9;d;, Oyw;) € Vg, i =1,...,npg.
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By using (0yd, 0yw) = ((0¢dy, Opw1), ..., (Ordp,, 0wy )) as a test function in the weak formulation
for the mesh problem, we obtain:

ng 4 ng L ng U
S [todi=psd i [ G0t ps Yy [ Midbwi o,
=17 i=1 0 =17
ng L
+) / QiH Q] 05w, - D50, w;

_pPs d ps d 2
-2 dtZA 0 + 2 dthathn

2
+&;”Wz’“r'

By enforcing the kinematic and dynamic boundary conditions on I'; and recalling that the Jacobian of
the transformation between I' and w is J = R, we obtain:

= fiom,
—/an-u:—/J(O'oga)(nogo)-amz/f'amR-i-Z/H 71” 0y, - O

o
T w w
li l; (21)
ng nge
:/f-atnR+Z/fi~8tno7ri:/f~c’)tnR+Z/fi-8tdl
w i=1 0 w =1 0
By inserting the expressions for f and f; from the shell and mesh problems into (21), we get:
pKh d 1d
= [onup = P Lo + 5 5y o)
2 dt

; (22)

ps d ps d
+752A 10 0+ 2 dthathum dtZszur

Finally, by replacing the trace of the normal stress on I' in (20) by (22), one obtains the following energy
equality:

,OF d pKh d
3 i + 21D + 25 10
1d ps d ps d
——(L - — A;l|0yd; Oy W
+2dt< n.m) + 2dtz 10edill 2201,y + 2dtZHt [ (23)

ng
aninz / pu. — / D,

out

/ Pu(t)u. - / Pos (1)

Tin 1—‘out

The right-hand side is equal to
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Using the trace theorem, Korn inequality and Cauchy inequality (with €), one can estimate:

| [ Paontt)u] < ClPwoallalino) < C1Pw o ID@ 1200,

Tin/out
C Ce
< 27{_:‘Pin/out|2 + THD(u)H%?(Q)

We note that, indeed, the fluid velocity u satisfies the conditions for Korn inequality (Theorem 6.3—4 in
[20]). Namely, the boundary condition u x e, = 0 on Iy, /oyt gives us u, = u, = 0 and J,u. = 0. Using
the kinematic coupling condition u, = ;7. (on w), we obtain that u, =0, so u =0 on I';, Jout- Finally,
by choosing ¢ such that % < pp, we get the energy inequality (19).

4. The operator splitting scheme

Our goal is to approximate the coupled FSI problem using time-discretization via operator splitting, and
then prove that solutions to the approximate problems converge to a weak solution of the continuous
problem, as the time-discretization step tends to zero.

We use the Lie splitting scheme which can be summarized as follows. Let N € NJAt = T/N and
t, = nAt. Consider the following initial-value problem

9 ap=0 i (0,1),

de
¢(0) = ¢o,

where A is an operator defined on a Hilbert space, and A can be written as A = A; + As. Set o = ¢y
and forn=0,...,N —1,i = 1,2, compute ¢"2 by solving

do;
dt

+ Azd)z =0 in (tnatn+1)a
$i(tn) = "7,

and then set ¢"T2 = ¢;(t,11).

To perform the time-discretization via operator splitting, we need to rewrite our FSI problem as a
first-order system in time. This will be done by replacing the second-order time derivative of n, with
the first-order time derivative of the Koiter shell velocity v = 9,1, by replacing the second-order time
derivative of d by the first-order time derivative of the mesh velocity k = 0;d, and by replacing the
second-order time derivative of w by the first-order time derivative of the rotation velocity z = 0;w.

We apply this approach to split Problem 1 into a fluid and a structure subproblem, and then

1. Solve the structure subproblem on (t,,t,+1) using for the initial data the solution of the fluid
subproblem from the previous time step, and then

2. Solve the fluid subproblem on (¢, t,+1) using for the initial data the solution of the just calculated
structure subproblem.

There are many different ways to split the coupled problem into a fluid and a structure subproblem. Only
certain splitting strategies would lead to a stable and convergent scheme. Here, we define a structure and
a fluid subproblem for the Lie splitting scheme that will, indeed, provide a convergent scheme, converging
to a weak solution of the coupled, continuous problem.
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4.1. The structure subproblem

ZAMP

In this step, we solve an elastodynamics problem for the location of the deformable boundary, which is
defined by the dynamic coupling condition involving only the elastic energy of the structure. The motion
of the structure is driven by the initial velocity of the structure, obtained, using the kinematic coupling
condition, from the trace of the fluid velocity calculated in the previous time step. The fluid velocity u

remains unchanged in this step. The structure subproblem reads: for a given (u™,n™,v",d",
calculated in the previous time step, find (u,n,v,d, w,k,z) such that

3tu = O, in (tn,tn+1) X Q

ng —1
at 3tz2- o,
prhOwR + Ln + pg Aii_d] +ps ) Mi—— -
; s om; Zl B
7 O0sW; 0 .
+ZQ1 Q! 7_1%— M (b tog) X 0,

771 o ||
nom;=d;, in (tn,tny1) X (0,4;), i=1,...,ng,
om=v, in (tn,tpt1) Xw,
8tdl' :ki, in (tn,tn+1) X (0,11), 7= 1,...TLE,

atWi = Z;, in (tn,tn+1) X (O,Zi), 1= 1,...,7’LE,

3gd,+t, XW,;:O, in (tn,tn+1) X (0,17), iil,...,nE,

with boundary data:

{n(t,Oﬁ) =n(t, L,0) = 9:1-(1,0,0) = 9zn,(t, L,0) = 0, on  (tn, tny1) < (0,2m),

77(157 Z7O) = n(t7 Z, 277—)7 80777‘( 2 0) = aenr(t7 Z, 27T)7 on (tn7tn+1) X (07 L)7

and initial data:

u(t,) =u",nt,) =n",v(t,) =v",d(t,) =d",
w(t,) =w" k(t,) =k", z(t,) =z".

Then, set w2 = u(t, 1), "2 = n(tni1), 0" ™2 = v(t,41),d" 2 = d(tnga), w2 =
z(t

kn+1/2 k(thrl) n+1/2 n+1)-

4.2. The fluid subproblem

n n n
w 7k ’z )7

W(tn-‘rl)?

In this step, we solve the Stokes equations for the fluid, with a Robin-type boundary condition on T,
which is obtained by using the remaining part of the dynamic coupling condition, not used in the structure
subproblem. Thus, the boundary condition involves the first-order time derivative term corresponding
to the shell inertia, and the trace of the fluid normal stress on I'. Since the fluid and the elastic mesh
“feel” each other only through the motion of the shell, meaning that the fluid motion affects the shell
motion, and then the shell motion affects the mesh motion whose elastodynamics is influenced by the
presence of the mesh, we exclude the mesh from the fluid subproblem. Namely, since we are working
with weak solutions of Leray type, the fluid velocity has no trace on the mesh domain since it is a one-
dimensional set. Thus, in this step, the structure displacement, the velocity of the mesh displacement,
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and the velocity of infinitesimal rotation of cross sections remain unchanged. The fluid subproblem reads:
for a given (u™*z,n"t2 vtz dntr wits kntz z"te), find (u,n,v,d, w,k,z) such that:

prou =V -o, in (t,,tye1) X Q,

V-u=0, in (tn,tnt1) X Q,

pKhath = _J(U o ‘P)(n o 90)3 in (tn7 thrl) X W,

urop=v, in (tn,tr1) Xw,

p= -Pin/out (t)7 on 1—‘in/out?
uxe, =0, on I/ou,

8tdi =0, in (tn,tn+1) X (0,11), 1= 1,...,77,E,
(%Wi :0, in (tn,tn+1) X (0,1,‘)7 7 = 1,...,7’LE,

(*)tki = 07 n (tn,tn+1) X (O,Zi), 7 = 1,.. L, NnEg,

8tzi:0, in (tn,tn+1) X (O,Zi), i1=1,....ng,

{ 8m = 07 in (tnatn+1) X W,

with initial data:
u(t,) = un+1/2’n(tn) _ nn+1/27v(tn) _ v”“/Q,d(tn) _ dn+1/27
w(ty) = w2 k(t,) = k"2 g(t,) = 212,

Then set ™! = u(t,41), 7" = n(tng1), V" = 0(tny1),d" ™ = d(tns1),
W't = w(t, 1), K" = k(tpi1), 2" = 2(t,11).

Crucial for a design of a stable scheme is the inclusion of structure inertia into the fluid subproblem,
which guarantees energy balance at the time-discrete level, thereby avoiding stability problems due to the
so-called added mass effect. Added mass effect is used to describe the elastodynamics of structures inter-
acting with fluids with comparable densities, for which there is a significant exchange of energy between
the fluid and structure motion, potentially causing instabilities is schemes that do not approximate well
the energy exchange that occurs at the continuous level. Here, we emphasize that there is no added mass
effect associated with the stent since the fluid velocity does not have the trace defined on the 1D set
describing the stent, and therefore it is enough to include only the shell inertia into the fluid subproblem.

5. Existence of weak solutions

5.1. Function spaces

Motivated by the energy inequality (19), we define the following evolution spaces associated with the
fluid problem, the Koiter shell problem, the mesh problem and the coupled mesh—shell problem:

o Vi(0,T) = L(0,T; I2(2)) N 12(0, T; Vi),
where Vp is defined by (2),

o Vi(0,T) = Who(0, T; L*(R;w)) N L>®(0,T; Vi),
where Vi is defined by (4),

o Vs(0,T) = WL (0, T; L2(N)) N L=(0,T; Vi),

where Vg is defined by (8),
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o Vis(0,T) ={(n,d,w) € Vg(0,T) x Vs(0,T) : pom =d on [[7(0,5;)}.

The solution space for the coupled fluid—mesh—shell interaction problem involves the kinematic coupling
condition, which is, thus, enforced in a strong way:

V(0,T) ={(u,n,d,w) € Vp(0,T) x Vkg(0,T) : uop = dn on w}.
The associated test space is given by:

Q(0,T) = {(v,1,£,¢) € CL([0,T); Ve x Vgg) : v o =1 on w}.

5.2. Definition of a weak solution

We are now in a position to state a definition of weak solutions of our fluid-mesh—shell interaction
problem, with the fluid flow in .

Definition 5.1. We say that (u,n,d,w) € V(0,T) is a weak solution of Problem 1 if for all test functions
(v,9,€,¢) € Q(0,T) the following equality holds:

T

—pF//u 8tv+2up//D pKh//am R

l; l;

+/ psZA //atd 0rE; — psi//Matwl ne

0 =19 0

T T
+/as (w,¢) =/ Tin/out +PF/u0'U(0)+PKh/UO'¢(0)R
0 0

Q w

7, li
ng ng
+ps ZAi /km -&;(0) + ps Z/Mizm‘ - ¢(0),
=1 0 =1 0

where

K(T]a 1/’) = <‘C777 ¢>a

L
Z/ Q:iH Q] dsw; - 9:¢;,
=179

and

<F(t)7v>ri1\/out = P (1) /Uz = Pout(?) / Vz.
1—‘in Fout
5.3. Statement of main existence result

Our goal is to prove the existence of such weak solutions. More precisely, we prove the following main
result of this manuscript:
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Theorem 5.1. Let ug € L*(Q2), ny € H'(w), vo € L*(R;w), (do, wo) € Vs, (ko,20) € L*(N;R®) be such
that

V-ug =0, (ulroy): e = (vo)r, Wlr, .. e =0,nyom=do.

Furthermore, let all the physical constants be positive: px, ps, pr, A\, b, o >0 and A; > 0,Vi=1,...,ng,
and let Py jous € L} (0,00). Then, for every T > 0, there exists a weak solution to Problem 1 in the
sense of Definition 5.1.

The rest of the manuscript is dedicated to designing a constructive proof of this existence result.

6. Approximate solutions

We construct approximate solutions to Problem 1 by semi-discretizing the subproblems defined in Sect. 4
using the Backward Euler scheme. Let At = T/N be the time-discretization parameter so that the
time interval (0,7") is subdivided into N subintervals of width At¢. We define the vector of unknown
approximate solutions

+i/2 +i/2  n+4i/2  nti/2 qn+i/2 +i/2 yn+i/2  n+if2
XN = a2 R G ),
n=20,1,...,N,i = 1,2, where ¢ = 1,2 denotes the solution of the structure and the fluid subproblem,
respectively. We semi-discretize the problem so that the discrete version of the energy inequality (19) is

preserved at every time step. We define the semi-discrete versions of the kinetic and elastic energy, and
of dissipation, by the following:

EJT\L,—H/Q :pF/‘un+i/2|2+pKh/‘vn+i/2‘2R+aK(nn+i/27nn+i/2)

(24)
?+l/2|2+p Zz s M| n+1/2|2
+(LS(W7L+i/27W7L+i/2)7
DY = AAtpp [ D@2, n=0,...,N—-1, i=1,2 (25)

6.1. The semi-discretized structure subproblem

In this step, u does not change, so

un+1/2 —

Furthermore, we define (nnt1/2 nt1/2 qnt1/2 wnt1/2 gnt1/2 zn41/2) a5 the solution of the following
problem, written in weak form:

vn+1/2 —pn N k7l+1/2 _ kn
PKh/T"‘/)R+a (n™ /%, +PSZA /7 &

w

Zi T % n+1/2
bos Y [ M G a2 ) = (26)
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n+1/2 _ n
/"7 At T’ ‘wR:/’Un+1/2"¢R,

l1 l;

/ dn+1/2 n / n+1/2
lO 0

1. z':l,...,nE,
F oo tl/2 %
/W / nt1/2 e
0 0

for all test functions (v, &, ) € Vikg, where the solution space is defined by:

A= {(n,v,d,w,k,z) € Vg x L*(R;w) x Vg x L}*(N) x L*(N) :

nomw=d on ﬁ(o,li)} @7)

Proposition 6.1. For each fized At > 0, the structure subproblem has a unique solution (n"+1/2,v”+1/2,

dn+1/2’Wn+1/27kn+1/27zn+1/2) c VSAt

Proof. The proof is a direct consequence of the Lax—Milgram lemma. To show this, we define a bilinear

n" /2 —pn e, drT?—ar 1/2
form on the mesh-shell space by replacing v /2 by A k?+ / by ’Ttl and z?+ /
wn+1/2 —wh
by ’th, fori=1,...,ng, in the first equation in (26). We obtain

n

n+1/2 n dn+1/2 d’
pKh/ PR+ a ("2, 9 +psZA/iZ-si

n+1/2 n

+psZ/M ¢+ as(wY ¢

110

ng ng

—pKh/K wR+psZA/N ¢, +pSZ/MAt ¢

We multiply this equality by (At)? and move all the terms from the n-th step to the right-hand side to
obtain:

pKh/nn+1/2.¢R+(At)2aK(nn+l/2 erSZA / Flaseas

w

+psZ / Mw! 2 ¢ (An)2as (w2, ¢) = pich / (n" +at0") -y

110 w

—I—psZA/(d"—i—Atk”) ¢ +psZ/M W + Atz" )c
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The left-hand side of the above equation defines the following bilinear form associated with the structure
subproblem:
L

a(n.d,w), (9.€,0)) i=pch [ m-wR+ (A0Pax(mw) +ps > Ai [ di-g,

=1 0
ng b
+ ps Z / Miw; - € + (At)2as(w,C). (28)
=10

In order to apply the Lax—Milgram lemma, we need to prove the continuity and coercivity of the bilinear
form (28) on Vigs. To show that a is coercive, we write

a((n,d,w), (n,d, w))
ng L

— i [ PR+ (AtPaxmm) +ps 3 A [ 1af

i=1 0

I
ng
s / Mylw,|? + (A1) (w, w)
i=1 0

> (I3 + 171 + 1132y + I3 ) + 10132 ) )

> (Il + I3z + 1wl )-
Now, we use the condition of inextensibility and unshearability to get a bound on [|0,d||2. W)
10sd| L2y = | =t X Wl L2y < CllwllL2 )

Notice how the L?-norm of infinitesimal rotation of cross sections keeps control over the gradient of
displacement of the middle line. This now provides coercivity, i.e.,

a(m.d.w). (n.d.w) > el + [l + s )
The Lax—Milgram lemma implies the existence of a unique solution of problem (26). O

Proposition 6.2. For each fized At > 0, the structure subproblem (26) satisfies the following discrete
energy equality:

n+1/2 n n n n n n
EN+ / + prchl|v T1/2 g ||%2(R;w) +ax(n +1/2 _ n",n +1/2 _ n")
+ps K"K 2+ psl2t T =27, (29)
+ as(Wn+1/2 _ Wn,wn+1/2 _ Wn) _ E]’I\LI’

where
ngeg
IK[12 =" Aillkill 20,0 -
i=1

Proof. We take (v™1/2 k"t1/2 zn+1/2) a5 a test function in the first equation in (26), and replace them
with the corresponding expressions: (9™t1/2 — n™)/At and (w"*t1/2 — w")/At in the bilinear forms ag
and ax, respectively, to obtain:
h 1
Pgt /(vn+l/2 — ") L t2R 4 KtaK(n"“/?,n"“” — ")

w
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ng b ng
P n+1/2 n n+1/2 S n+1/2 n n+1/2
KZ / —k7) -k +NZ/MZ(ZZ —zl) -z,

1
+ Kta ( n+1/27wn+1/2 _ Wn) =0.
We then use the algebraic identity (a —b) - a = $(|a|? + |a — b|> — [b|?) to deal with the mixed products.
After multiplying the entire equation by 2At, the first equation in (26) can be written as:
prch(o" 2P 4 [0 2 — " |?) +ag (T g2 4
ag (™2 — g "2 — )+ ps (K22 4 (K2 — k124

,OS(HZHH/ZH?W + Hzn+1/2 _ Zann) +CL5(W"+1/27W7L+1/2) + aS(Wn+1/2 —wh

w2 ) = prchl[o" 2 arc (7, 0") + psl[KPE + ps 2”2, + as(w", w").

Recall that u"*!/2 = u” in this subproblem, so we can add pg[u™*'/2||? on the left-hand side, and
pr|u™||? on the right-hand side of the equation, to obtain exactly the energy equality (29). O

6.2. The semi-discretized fluid subproblem

In this step, the shell displacement 7, the mesh displacement d, and the infinitesimal rotation w do not
change, thus:

nn+1 _ T’n+1/27 dn+1 _ dn+1/27

Furthermore, the velocity of the mesh displacement and of the infinitesimal rotation has to be zero:
nt+l _ Zn+1/2.

Wn+1 _ Wn+1/2.

kn+1 — kn+1/2 7
A weak solution of the semi-discretized fluid subproblem is defined to be a function (u"*!,v"*1)

satisfying:

n+l _ ..n
PR / % cU+2up /D(u"“) : D(v)
Q

,UnJrl o vn+1/2
wouch [ T = [P [ Poe

w DCin Tout

(30)

for all test functions (v,) € Vg x L?(R;w) such that v|r o ¢ = 1 on w, where the weak solution space
is defined by:

VAL = {(u,v) € Vg x L*(R;w) :ulr o = v on w}. (31)
Proposition 6.3. For each fived At > 0, the fluid subproblem (30) has a unique solution (u"+1 v"T1) €
VAL

Proof. The proof is again a consequence of the Lax—Milgram lemma. We rewrite the first equation in
(30) as follows:
n+1

pi n+1 . n+1y . v
Al v+ 2,uF/D(u ) : D(v) +pKh/ A7
Q Q

h
— %/unv+% n+1/2 'l,[)R"‘/ My — / Pglutvz-
Q

in out

‘PR
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This defines the following bilinear form associated with problem (30):

a((u,v), (v, ) = pF/u-v+2Atu/D(u) : D(v)+pKh/v~wR. (32)
Q Q w

We need to prove that this bilinear form a is coercive and continuous. In order to prove coercivity, we
write:

a((u,0), (w,0) = pr [ [uf? + At2up [ D@+ pch [ [o]’R
[ s | /

> c([|ul72(q) + D720 + 0172w

> c((|ullFr gy + 10172 (rw)-
By applying Holder inequality we get the continuity of a:

a((u,v), (v, 9)) < C(prlullrz@ vl @) + Aturllullr @ vl @
+ prh||V] L2 (R 1] L2 Ry ) -

he Lax—Milgram lemma now implies the existence of a unique weak solution (u"*1, v"*1) of the fluid
subproblem (30). O
Proposition 6.4. For each fixzed At > 0, the solution of problem (30) satisfies the following discrete energy
inequality:

ENT o prlla™t = a2 q) + prchlo" T — 0" 2o ) + DR

(33)
< BT OAH(PR) + (P)?).
where Piﬁ/out = ﬁ J}fZﬁ”At Py jout ()dt.

Proof. We begin by replacing the test functions (v,) by (u"*!,v"*1) in the weak formulation (30) to
obtain:

At
Q

h
+ pﬁt /(,Un+1 o vn+l/2) . vn+1R _ /pnug+l _ / pnug+l.

w Din Pout

pr (u" —u™) a4 2,uF/D(u”+1) :D(u™t)
Q

After applying the algebraic identity (a —b) - a = (|a|®> + |a — b/* — [b|?) and multiplying the resulting
equation by 2At, we obtain:
pr(u" 2 + [[u"™ — u”|?) + 4Atu| D ("2
+ pKh(||vn+1||2 + H,vn+1 _ ,Un+1/2||2)
< prla”|® + prchllo™ 2P + CAU(PR)? + (Phy,)?)-

Finally, recall that n"*t! = 1"+t1/2 and w"t! = w”t/2 in the fluid subproblem, so we can add
ag (M, ™) and ag(w™tt, w™t!) on the left-hand side, and ax(n™t'/2,n"*t1/?) and ag(w"t1/2,
w"t1/2) on the right-hand side. Furthermore, since k"' = k"+/2 and z"+! = 2"*+1/2 we add |k"*!|?

and ||z"1(|2, on the left-hand side, and ||k™*'/2||2 and ||z"*'/2||?, on the right-hand side, to obtain
exactly the energy inequality (33). O
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6.3. Uniform energy estimates

Our goal is to ultimately show that there exists a subsequence of functions, parameterized by N (or At),
defined by the time-discretization via Lie splitting specified above, which converges to a weak solution of
Problem 1. To obtain this result, we start by showing that the sequence of approximations defined above,
is uniformly bounded (uniformly with respect to At) in energy norm.

Lemma 6.1. Let At >0 and N = T/At. Furthermore, let E;\l,ﬂ/z, E;{,‘H and D}{,‘H be the kinetic energy
and dissipation given by (24) and (25), respectively. Then, there exists a constant K > 0, independent of
At (or N ) such that the following estimates hold:
ENVE < K EV < K¥n=0,...,N -1,
ZnN:_()l D]T\Lf-"_1 S K7
271;’:—01 (pFHun—H _ un||2 +PKhH'Un+1 _ vn+1/2||2 +pKhH’Un+1/2 _ ,Unllz) <K,

N-1 n n n n
Sy s (IR =2 4 an = 27)2,) < K,

N-1 n n n n

- Yonmo ax (T =ttt — ") < K,

Sy as(wi - wh wt — W) < K.

oUoe oo e

Proof. We begin by adding the energy estimates (29) and (33) to obtain:

By pchlo" = o P age (Y =ttt )
+ pslK™Y2 — K2 + psz" 2 — 2n| 2,
+as(wh2 —wh w2 w4 BREL 4 pp a2
+ prchlo™ — 0" V22 4 DI < BN 4 BTV 4 CAH((PR)? + (Py)?).

We take the sum from n = 0 to n = N — 1 on both sides to obtain:

N-1 N-1
EY + 3 D5+ Y (el - w1+ gl - w2
n=0 n=0

+pchlo" 2 — 0P 4 ps KTV — KD+ ps 22 2",
+ aK(nn+1/2 . nnvnn+1/2 . nn) + aS(Wn+1/2 . wn’wn+1/2 o Wn))

N-1
< Eo+CALY (PR + (Pre)?) -
n=o
The term involving the inlet and outlet pressure data can be easily estimated by recalling that on each
subinterval (¢,,t,+1) the pressure data is approximated by a constant, which is equal to the average value
of the pressure over that time interval. Therefore, after using Holder inequality, we have:

N_1 N_1 (n+1)At
n 1 2 2
s =Y (55 [ Puld) <Pl (31)
n=0 n=0 nAt

We can now bound the right-hand side in the above energy estimate by using the just calculated pressure
estimate, to obtain all the statements in the Lemma, with the constant K = Ey + C (||PinH%2(0 7t

||PoutH%2(0,T)) . D
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7. Convergence of approximate solutions

The approach described above defines a set of discrete values in time, which can be used to define
approximate functions on (0,7"). Indeed, we define approximate solutions on (0,7 to be the functions,
which are piecewise constant on each subinterval ((n — 1)At,nAt], n=1,...,N of (0,T):

llN(t, ) = uy, nN(ta ) =nN,Vt € ((n - 1)AtanAt]a
on(t,) =, dy(t) = o 2Vt € ((n — 1)At, nAl,
dn(t,-) =d%, wy(t, ) =wh,Vt € (n — 1)At, nAt],

o ky(t,:) =K%, zn(t,-) = 2z%,Vt € ((n — 1)At, nAt].

In the second bullet above, we used vy (¢, ) = vanl/ ? to denote the approximate shell velocity functions

determined by the structure subproblem, and vn(t,-) = v’ to denote the approximate shell velocity
functions determined by the fluid subproblem. We emphasize that these are not necessarily the same.
As a consequence, the kinematic coupling condition, which involves the shell velocity, is asynchronously
satisfied by this scheme at each time step. We will show, however, that the difference between these
approximate sequences for the shell velocity converges to zero in L? as At — 0.

7.1. Weak and weak* convergence

Using the energy estimates presented in Lemma 6.1, we will show that the approximate sequences of func-
tions defined above for all ¢ € (0,7), are uniformly bounded in the appropriate solution spaces involving
both space and time. This will provide weakly and weakly* convergent subsequences of approximate
functions, for which we will show convergence to a weak solution of the coupled, continuous problem, as
At — 0.

Proposition 7.1. The sequence (un)nen is uniformly bounded in L>(0,T; L?(£2))
N L2(0,T; HY(Q)).

Proof. The uniform boundedness of (uy) in L>(0,T; L%(2)) follows directly from the first statement of
Lemma 6.1. To show the uniform boundedness of (uy) in L?(0,7; H'(Q)), notice that from the second
statement of Lemma 6.1 we have:

N

> [ IDR)PAt <K, (35)

n=1 Q
where D(u?,) is the symmetrized gradient. By applying Korn inequality, we obtain
IVuR 1720y < CIID(UR)[172(0)-
Taking the sum from n =1,..., N, we get the following estimate

N N
D IV lFa At < C Y ID(uR)|1720)At,
n=1

n=1

which implies that the sequence (Vuy) is uniformly bounded in L2(0,7;L?(Q2)), and so the sequence
(uy) is uniformly bounded in L?(0,T; H'(£2)). O

Proposition 7.2. The sequence (My)nen s uniformly bounded in L%°(0,T;Vk), and the sequence
(WN)Nen is uniformly bounded in L°°(0,T; HY(N)).

Proof. From Lemma 6.1, we have that £y < K, Vn=0,..., N — 1, which implies
IO < ax(ny(t),ny(t) <K, Vte[0,T].
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Therefore,

Ml £ 0,7vi) < K.

The boundedness of the sequence (wy)nen also follows from the first statement of Lemma 6.1. Namely,
we have

Wy OlZ20) < lwn @7, < K,
||33WN(75)||%2(N) <as(wn(t),wn(t)) < K,

which concludes the proof. O

The following uniform bounds for the shell and mesh approximate velocities are a direct consequence of
Lemma 6.1.

Proposition 7.3. The following uniform bounds for the shell and mesh approximate velocities hold:
(i) (vn)nen is uniformly bounded in L>(0,T; L*(R;w)),
(On)Nen is uniformly bounded in L>(0,T; L*(R;w)),
(i) (kn)nen is uniformly bounded in L>(0,T; L*(N)),
(zn)Nen is uniformly bounded in L>(0,T; L*(N)).
To pass to the limit in the weak formulation of approximate solutions, we need additional regularity in
time of the sequences (ny)nven, (dn)veny and (Wy ) yen. For this purpose, we introduce a slightly different

set of approximate functions. Namely, for each fixed At, define 7,,dn and Wy to be continuous, linear
on each subinterval [(n — 1)At,nAt], n=1,..., N, and such that

uy (nAt, ) = uy(nAt,-),

'le(nAta ) = nN(nAta ')7 ~N(NAta ) = 'UN(?’ZAt, ')7
~ 36
dy(nAt, ) = dy(nAt, ), wy (nAt, ) = wy(nAt,-), (36)
l;N(TLAta ) = kN(nAta ')a ZN(nAtv ) = ZN(nAtv )
We now observe:
n41 n n+1/2 n
= _ Ny — NN _ Ty — NN _  nt1/2
Omy(t) = ——F;— = N =o' % te (nAt, (n+1)At.

Since v is a piecewise constant function, as defined before via v (t,-) = 'UX,H/Z, for t € (nAt, (n+1)At],
we see that

My = vy a.e. on (0,7). (37)
From (37), and from the uniform boundedness of EK,'H/ 2 provided by Lemma 6.1, we obtain the uni-
form boundedness of (f)y)nen in WH°(0, T; L?(R;w)). Now, since sequences (7 )nen and (1y)nen
have the same limit (distributional limit is unique), we get that the weak™ limit of ny is, in fact, in
W00, T; L*(R; w)).

Using analogous arguments, one also obtains that the weak™ limits of (dy)nyen and (Wy)nen are in
Whee (0, T; L2(N)). This is because the corresponding velocity approximations are uniformly bounded in
the corresponding norms, as stated in part 4. of Lemma 6.1.

Notice that we do not get any bounds on the sequence (dy)yen from the uniform energy estimates.
Nevertheless, using the condition of inextensibility and unshearability, together with the regularity of
Wy, one can easily prove the H'-regularity in space of dy. More precisely, the following result holds
true:
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Corollary 7.1. The sequence (dx)nen is uniformly bounded in L>(0,T; HY(N)).

From the uniform boundedness of approximate sequences, we can now conclude the following weak
and weak™ convergence results:

Lemma 7.1. There exist subsequences (un)nen, (My)Nen, (VN)NeN, (ON) NeN,

(dn)nven, (W) nen, (Kv)nven, (Z2y)ven, and the functions u € L*(0,T; L?(2)) N L*(0,T; H'()),n €
L>®0,T;Vk) N Whe(0,T; L*(R;w)),d,w € L0, T; H*N)) n Wt>(0,T; L*(N)),v, v €
L>(0,T; L*(R;w)), and k,z € L>(0,T; L*(N)), such that

uy — u weakly* in L>(0,T; L*(Q)),

uy — u weakly in L*(0,T; H' (Q)),

Ny — n weakly* in L=(0,T; Vi),

Ny — N weakly* in WH(0,T; L*(R;w)),
dy — d weakly* in L>=(0,T; H*(N)),
dy — d weakly* in WH°(0,T; L*(N)),
wy — w weakly* in L>(0,T; H'(N)),
wy — w weakly* in W (0, T; L*(N)),
vy — v weakly* in L°°(0,T; L*(R;
vy — D weakly* in L>(0,T; L*(R;
ky — k weakly* in L°°(0,T; L*(N)),
zn — z weakly* in L>(0,T; L*(N)).

w)),
w))

)

Furthermore,

v="7.
Proof. We only need to show that v = 9. To show this, we use the definition of approximate sequences
as step functions in t, i.e.,

N_1 tnt1
. N , +1 2
H’UN - UN”QLQ(O,T;LQ(R;LU)) = / ||UN - DNH%Z(R;LU)dt = Z ||’UWN+1 CIN / ||L2(R w)dt
0 n=0 tn
= ot = o2 i AL < KA.

n=0
The last inequality follows from the third statement of Lemma 6.1. By letting At — 0, we get that
v =. O

7.2. Passing to the limit and proof of main result

We start by first writing the weak formulation of the coupled, semi-discretized problem. For this purpose,
take (v(t),&(t),¢(t)) as the test functions in the first equation in (26) and integrate with respect to ¢
from nAt to (n + 1)At. Then, take (v(t),%(t)) as the test functions in the first equation in (30) and
again integrate over the same time interval. Add the two equations together to obtain

(n+1)At (n+1)At

/ /n+1 u” v+ 2up / /D "t D(v)

nAt nAt
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(n+1)At ot g (n+1)At
v [ [T ere [ a2y
nAt w nAt
(n+1)At L -y ke (n+1)A l; n+1/2 -
/ZA/ e [ S [t
nAt =10 nAt =10
(n+1)At (n+1)At (n+1)At
P P o T o
nAt nAt  Tin nAt  Tout

By using the definition of approximate solutions as functions of ¢, and by taking the sum from n =
0,...,N —1 to get the time integrals over (0,T"), we get:

pFO/TQ/GtﬁN~v+2uFO/TQ/D(uN) :D(v)

T T
+pKh//amN~wR+/aK(nN,¢>
0 w 0
l; TﬂE L
+ps/ZA /atkN vos [ S [ M-,
o =10
T T
—|—/GS(WN,C):/ /UZ / out / Uy
0 0 Tout

Here, uy, v N,l~< ~ and Zy are the piecewise linear functions defined in (36), while uy,ny and wy are
piecewise constant functions. Integration by parts with respect to time gives:

T
—PF//UN 3tU+2MF//DuN (U)—PKhO/W/fJN'atUJR
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Using the convergence results obtained for the approximate functions in Lemma 7.1, we can pass to the
limit in all the terms. Thus, we have shown that the limiting functions satisfy the weak form of Problem 1
in the sense of Definition 5.1. This completes the proof of the main result of this manuscript, stated in
Theorem 5.1.

8. Numerical examples

In this section, we present numerical simulations of the FSI problem studied above and compare our
numerical results with the results of the FSI simulation in which stent is assumed to be a mesh-like
structure, embedded in the 2D Koiter shell of thickness h, and modeled via jump discontinuities in the
Koiter shell coefficients, as studied in [8]. The scheme we developed to solve the resulting FSI problem
follows the Lie splitting strategy, used in the proof of existence of solutions, presented above.

8.1. The 1D stent model FSI

For the simulation of the fluid—shell-mesh interaction problem where the stent is modeled as a 1D
hyperbolic mesh described above, we use a finite element method-based approach. The stent is simulated
using the mixed formulation, described in [35], in which the inextensibility and unshearability of the
curved rods are included in the function space (8). See [34] for details of the numerical scheme and for
error estimates. These estimates hold in the finite element framework in which the finite elements used
for Lagrange multipliers associated with the inextensibility and unshearability are of one order less than
the order of the finite elements used for displacement and rotations.

The shell in our fluid—shell-mesh interaction simulations is assumed to be of Naghdi type. Naghdi shell
is a small perturbation of the Koiter model with respect to the shell thickness [53]. The reason for the use
of Naghdi shell instead of the Koiter shell is computational simplicity and efficiency. Koiter shell is fourth
order in flexural displacements, which leads to the use of C' Hermite finite elements in the conformal
approximation, instead of the Lagrangian elements which can be used for the simulation of the Naghdi
shell model, which can be formulated within H', as shown in [53]. As a result, the coupling between the
Naghdi shell and the 1D stent model is computationally easier and more natural than the Koiter shell-1D
stent coupling, see [12]. The finite elements used for the shell model are P2 elements and the elements
for the stent model are restrictions of the shell elements on the stent struts, i.e., P2 for displacements
and rotations (and P1 for Lagrange multipliers) as suggested by the error estimates in [34]. The fluid is
solved using P1b elements for the velocity and P1 for the pressure, see Fig. 2.

We study a benchmark problem consisting of a straight cylinder containing the fluid whose flow is
driven by the time-dependent inlet and outlet normal stress data, as in [8] (see also [28]). At the inlet,
the normal stress is a pressure pulse, while at the outlet the normal stress is set to zero:

Prax Tt
on|r,, = —pNn = _Ta {1 — cos <25>} n, (39)

Fiac. 2. Reference domain with an unstructured tetrahedron mesh. In the stented region, the mesh follows the 1D geometry
of the stent, which cannot be explicitly seen, but can be compared to the 2D stent geometry in Fig. 8
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TABLE 1. Structure parameters for the elastic shell and 1D stent model

Shell density

Stent density

Shell Poisson ratio
Shell Young modulus

Stent Young modulus

pa = 1100 kg/m3

ps = 8500 kg/m?

ve =04

E, =4 x 10° Pascal
Es = 2.1 x 10! Pascal

Shell thickness
Stent thickness
Stent Poisson ratio
Shell Shear modulus

Stent Shear modulus

he =58 x107* m

hs =1.0x 1074 m

vs = 0.31

Go = % = 1.43 x 10° Pascal
Gs = gty = 0.8 x 10! Pascal
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Fi1G. 3. 1D stent FSI simulations: the snapshots of radial displacement at six different times (¢t = 2 ms, 4 ms, 6 ms, 8 ms,

10 ms and 12 ms)

where

on|r

out

= _pNn:()a

t <5 ms,
t > 5 ms.

(40)

The tube length is 3.3 cm, and the stent is located between z; = 0.825 cm and zp = 2.475 cm.

The tube reference radius is R = 1.5 mm. The stent geometry is shown in Fig. 8. The values of all the
parameters in the structure model are given in Table 1. The shell is clamped at the inlet and outlet. The
pressure pulse propagates from left to right and it hits the right end of the tube at ¢ = 12 ms. We show
the results of our simulations for ¢ € (0,12) ms at six different snapshots. Figure 3 shows a sequence
of 3D plots of structure displacement with blue denoting zero displacement, and red denoting maximal
displacement of 2.6 x 107% m, which is around 0.2% of the reference cylinder radius. One can see that
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F1G. 4. 1D stent FSI simulations: the pressure along the line y = 0,z = 0 at six different times (¢ = 2 ms, 4 ms, 6 ms, 8
ms, 10 ms and 12 ms)

the incident wave traveling from left to right hits the left (proximal) end of the stent at ¢ € (2,3) ms,
generating a reflected and a transmitted wave. The reflected wave travels backward and hits the left end
of the tube which is clamped, generating another reflected wave traveling from left to right. The snapshot
at t = 4 ms shows a superposition of the reflected waves. The blue dip corresponds to the wave reflected
off the proximal end of the stent, while the red peaks correspond to the waves reflected off the left end
of the tube. This can be seen better in the 2D plots of displacement, shown in Fig. 5. The transmitted
wave continues to travel downstream the tube, giving rise to displacement in both the stent and the
shell, which can be seen in the 3D and 1D plots, shown in Figs. 3 and 5. The 3D plots show the outline
of the stent struts as the struts do not displace much, while the shell in between the struts has larger
displacement. The shell displacement in between the struts is visible in Fig. 5 for ¢ > 4 ms. The overall
stiffness of the stent keeps the radial displacement in the stented region smaller than in the nonstented
region, giving rise to a slight dampening of the pressure wave, see Fig. 4, as the velocity there increases.
The axial and radial components of velocity are shown in Fig. 6. The snapshots at t = 8 ms are shown.
This is the moment when the pressure wave enters the stented region of the tube. In the plot of the radial
velocity, the red color denotes positive and the blue color negative radial displacement. The top half and
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F1G. 5. 1D stent FSI simulations: radial displacement along the line y = 0.015, 2 = 0 at six different times (¢ = 2 ms, 4 ms,
6 ms, 8 ms, 10 ms and 12 ms)
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£, L 5 st £ T
(a) Axial Velocity at t = 8ms (b) Radial Velocity at t = 8ms

F1G. 6. 1D stent FSI simulations: axial and radial components of fluid velocity at ¢ = 8 ms (longitudinal cut through the
middle of the tube)

bottom half have opposite colors because they correspond to the positive and negative parts of the y-axis.
The red color in the top half of the tube denotes upward radial displacement, and the blue color denotes
downward radial displacement. One can see how the radial velocity within the stented region of the tube
is smaller than the radial velocity outside the stented region.
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F1G. 7. 1D stent FSI simulations: longitudinal displacement along the line y = 0.015, z = 0 at six different times (¢t = 2 ms,
4 ms, 6 ms, 8 ms, 10 ms and 12 ms)

Fic. 8. 2D stent FSI: reference domain with an unstructured tetrahedron mesh

It is interesting to observe the behavior of longitudinal displacement, shown in Fig. 7. At the begin-
ning when the pressure wave enters the tube and hits the proximal end of the stent, the longitudinal
displacement becomes positive, see the plots for t = 4 ms and ¢ = 6 ms. This means that the portion of
the tube occupied by the stent behaves almost as a rigid body and causes a significant change in the total
longitudinal displacement when the pressure wave hits the rigid part. Once the pressure wave is located
well within the stented region, i.e., ¢ > 8 ms, the longitudinal displacement of the tube becomes negative
as the tube recoils from its longitudinal stretch.
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F1G. 9. 2D stent FSI simulation: the snapshots of radial displacement at six different times (¢ = 2 ms, 4 ms, 6 ms, 8 ms, 10
ms and 12 ms)

8.2. 2D stent FSI and comparison with 1D stent FSI

In this section, we present the FSI results in which the stent is considered to be a 2D body immersed
in the Koiter shell and modeled by the change in the elasticity coefficients of the shell at the location
of stent struts, as was done in [8]. We will be comparing the results of the FSI simulations obtained by
modeling the stent as a 1D mesh, described above, with the stent modeled as a 2D structure, embedded
in the shell. The first problem is referred to as 1D stent FSI, while the second one as 2D stent FSI. The
boundary conditions, the location and geometry of the stent, and parameter values for the 2D stent FSI
are the same as for the 1D stent FSI simulations. The computational domain is shown in Fig. 8. The
resulting 3D plot of radial displacement is shown in Fig. 9, and the corresponding 1D plots of pressure,
radial and longitudinal displacement are shown in Figs. 10, 11, and 12, respectively. The 1D plots of the
2D stent FSI simulations are superimposed over the plots of 1D stent model FSI simulations. Dashed
lines denote results of the 2D stent model FSI simulations, while solid lines denote FSI simulations with
the 1D stent model discussed in this paper.

One can see that the pressure wave propagation in both simulations are in very good agreement,
as shown in Fig. 10. The radial and longitudinal displacements differ slightly, which is primarily due
to the use of two different stent FSI models to study the corresponding FSI problem. It is interesting
to notice that the radial displacement within the stented region is smaller for the 2D stent case, while
the longitudinal displacement within the stented region is smaller for the 1D stent case for ¢ < 6 ms.
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F1G. 10. The pressure along the line of Y = 0, Z = 0 at six different time moments (t =2s,4s,6s, 8 s, 10 s and 12 s)

There is a significantly smaller recoil in the longitudinal direction for the 2D stent case occurring for
t > 6 ms. One explanation for this behavior is the inextensibility of the stent struts in the 1D model,
which causes the 1D stent to behave almost like a rigid body in terms of longitudinal displacement.
Most of the elastic energy of the 1D stent is spent on the deformation leading to the radial stent expan-
sion.

It is important to notice that the assumptions of inextensibility and unshearability of rods in the 1D
stent model were shown in [13] to be reasonable in the sense that static loading of the 1D stent produced
results that are “consistent” with the observed full 3D stent behavior. More precisely, the work in [13]
compared the 1D stent model deformation with the deformation produced by using full 3D elasticity to
model the elastic behavior of stents. It was shown that under uniform inflation the L°°-difference between
the two models in the magnitude of displacement was < 3%.

Therefore, we conclude that the FSI simulations obtained using the 1D stent model, coupled to the
elastodynamics of the shell and the flow of an incompressible, viscous fluid produce reasonable results
in the sense that they are close to the FSI simulations obtained by approximating the stent as a 2D
body immersed in a 2D shell interacting with the flow of an incompressible, viscous fluid. The slight
differences between the two models in the radial and longitudinal displacement can be attributed to the



44 Page 34 of 38 S. Canic et al ZAMP
o 256006 . 250006
s 8
©
2e-006- 26-006-
£ E
S b
£ 150006 @ 50006
] £
3 @
3 o
q e ke 1e-006-
@ [
a 2
= a
T 5e-007 = Se007
5 ke
S 3
o« o -4 o
0002 0004 0006 0008 001 0012 0014 0016 0018 002 0022 0024 0026 0028 003 0032 0034 0002 0004 0006 0008 001 0012 0014 0016 0016 002 0022 0024 0026 0028 003 0062 0.034
Length (meter) Length (meter)
(a) t=2s (b) t=4s
o 256006 . 256006
3 8
2e-006- 26-006-
E g
S b
£ 150006 O 150-006
® £
o @
] o
5 10w 8 le0s
2 o
a 2
T se-007 [ S
T 8 /
o] B TN
& o 4 o=
0002 0004 0006 0008 001 0012 0014 0016 0018 002 0022 0.024 0026 0.028 003 0032 0.034 0.002 0.004 0006 0008 001 0012 0014 0016 0018 002 0022 0024 0.026 0028 003 0032 0.034
Length (metern) Length (meter)
(c) t=6s (d) t=8s
o 2.5e-006 ~ 250-006
K] — Radial Disp 1D ® — ial Disp 1D
I - -Radial Disp 2D ° - -Radial Disp 2D
E 20 £ 20006
S T
£ 150006 g 1.56-006
8 ®
] o
3 lews 8 e
2 %
[ a
E 3
T
g <]
o
0.002 0.004 0006 0008 001 0012 0014 0016 0018 002 0022 0024 0.026 0028 003 0032 0.034 0.002 0.004 0006 0008 001 0012 0014 0016 0018 002 0022 0024 0.02 0028 003 0032 0.034
Length (meter) Length (meter)
(e) t=10s (f) t=12s

Fi1G. 11. The radial displacement along the line of Y = 0.015, Z = 0 at six different time moments (t =2s,4s,6s, 8, 10
s and 12 s)

difference in how the stent is modeled and coupled to the shell and fluid models. Considering the 1D
stent model has the advantages of accounting for the physics of the stent—shell coupling, and can be
extended to more complicated scenarios involving stent “dislodgement” and sliding, observed in certain
patients treated with stents (which can be modeled by using a slip condition in the stent—shell coupling),
and incomplete stent contact with the surrounding tissue (which gives rise to a free-boundary problem in
the contact region between the stent and shell). Furthermore, computationally, simulating the thin stent
struts in the 2D stent FSI model requires very fine 2D meshes at the location of stent struts to achieve
reasonable accuracy. This is associated with large memory requirements and expensive computations. It
was shown in [13] that 3D simulation of stents was converging to 1D results with the 3D mesh refinement,
until memory limitation was reached beyond which 3D simulations were no longer possible. Similar
conclusions hold for the comparison between 2D stent FSI and 1D stent FSI problems. Due to the issues
associated with fine meshes at the location of stent struts in 2D stent F'Si simulations, the computational
cost and efficiency of 1D stent FSI simulations are significantly better when compared to 2D stent FSI
simulations.
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Fia. 12. The snapshots of the longitudinal displacement along the line of Y = 0.015, Z = 0 at six different time moments
(t=2s,4s,6s,8s,10s and 12 s)
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9. Appendix (Notation)

The fluid
Constants | Q = (0, L) x B(0, R) | Fluid domain
WF Dynamic viscosity
PF Fluid density
Unknowns u Velocity
P Pressure
v Associated test functions
The shell
Constants | w = (0, L) x (0,27) | Shell domain
I'=¢pw) Cylinder in R3
h Thickness
L Length
R Reference radius
PK Shell density
Unknowns n Displacement
v =0 Velocity of the displacement
P Associated test functions

The mesh
Constants | wg = J.%; :(0,1;) | Mesh configuration on the shell
A Area of the cross section
M Moment of inertia
H Matrix of elastic properties
Q Local basis at each point
ps Mesh density
Unknowns d Displacement of the middle line
k =0,d Velocity of the displacement
£ Associated test functions
Infinitesimal rotation of the cross section
z = Oyw Velocity of the rotation
¢ Associated test functions
q,p Contact moment and force
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