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Abstract

Deep neural networks have revolutionized many real world applications, due to
their flexibility in data fitting and accurate predictions for unseen data. A line of
research reveals that neural networks can approximate certain classes of functions
with an arbitrary accuracy, while the size of the network scales exponentially with
respect to the data dimension. Empirical results, however, suggest that networks
of moderate size already yield appealing performance. To explain such a gap,
a common belief is that many data sets exhibit low dimensional structures, and
can be modeled as samples near a low dimensional manifold. In this paper, we
prove that neural networks can efficiently approximate functions supported on low
dimensional manifolds. The network size scales exponentially in the approximation
error, with an exponent depending on the intrinsic dimension of the data and the
smoothness of the function. Our result shows that exploiting low dimensional
data structures can greatly enhance the efficiency in function approximation by
neural networks. We also implement a sub-network that assigns input data to their
corresponding local neighborhoods, which may be of independent interest.

1 Introduction

In the past decade, neural networks have made astonishing breakthroughs in many real world
applications, such as computer vision (Krizhevsky et al., 2012; Goodfellow et al., 2014; Long et al.,
2015), natural language processing (Graves et al., 2013; Bahdanau et al., 2014; Young et al., 2018),
healthcare (Miotto et al., 2017; Jiang et al., 2017), robotics (Gu et al., 2017), etc.

Although data sets in these applications are highly complex, neural networks have achieved over-
whelming successes. For image classification, the winner of the 2017 ImageNet challenge retained a
top-5 error rate of 2.25% (Hu et al., 2018), while the data set consists of about 1.2 million labeled
high resolution images in 1000 categories. For speech recognition, Amodei et al. (2016) reported that
deep neural networks outperformed humans with a 5.15% word error rate on the LibriSpeech corpus
constructed from audio books (Panayotov et al., 2015). Such a data set consists of approximately
1000 hours of 16kHz read English speech from 8000 audio books. These empirical results suggest
that neural networks can well approximate complex distributions and functions on data.

A line of research attempts to explain the success of neural networks through the lens of expressivity
— neural networks can effectively approximate various classes of functions. Among existing works,
the most well-known results are the universal approximation theorems, see Irie and Miyake (1988);
Funahashi (1989); Cybenko (1989); Hornik (1991); Chui and Li (1992); Leshno et al. (1993).
Specifically, Cybenko (1989) showed that neural networks with one single hidden layer and continuous
sigmoidal1 activations can approximate continuous functions in a unit cube with arbitrary accuracy.
Later, Hornik (1991) extended the universal approximation theorem to general feed-forward networks

1A function σ(x) is sigmoidal, if σ(x) → 0 as x → −∞, and σ(x) → 1 as x → ∞.
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with a single hidden layer, while the width of the network has to be exponentially large. Specific
approximation rates of shallow networks (with one hidden layer) with smooth activation functions
were given in Barron (1993) and Mhaskar (1996). Recently, Lu et al. (2017) proved the universal
approximation theorem for width-bounded deep neural networks, and Hanin (2017) improved the
result with ReLU (Rectified Linear Units) activations, i.e. ReLU(x) = max{0, x}. Yarotsky (2017)
further showed that deep ReLU networks can uniformly approximate functions in Sobolev spaces,
while the network size scales exponentially in the approximation error with an exponent depending
on the data dimension. Moreover, the network size in Yarotsky (2017) matches its lower bound.

The network size considered in applications, however, is significantly smaller than what is predicted
by the theory above. In the ImageNet challenge, data are RGB images with a resolution of 224× 224.
The theory above suggests that, to achieve a ε uniform approximation error, the number of neurons
has to scale as ε−224×224×3/2 (Barron, 1993). Setting ε = 0.1 already gives rise to 10224×224×3/2

neurons. However, the AlexNet (Krizhevsky et al., 2012) only consists of 650000 neurons and 60
million parameters to beat the state-of-the-art. To boost the performance on the ImageNet, several
more sophisticated network structures were proposed later, such as VGG16 (Simonyan and Zisserman,
2014) which consists of about 138 million parameters. The size of both networks remains extremely
small compared to 10224×224×3/2. Why is there a tremendous gap between theory and practice?

A common belief is that real world data sets often exhibit low dimensional structures. Many
images consist of projections of 3-dimensional objects followed by some transformations, such as
rotation, translation, and skeleton. Such a generating mechanism induces a small number of intrinsic
parameters. Speech data are composed of words and sentences following the grammar, and therefore
have a small degree of freedom. More broadly, visual, acoustic, textual, and many other types of
data all have low dimensional structures due to rich local regularities, global symmetries, repetitive
patterns, or redundant sampling. It is plausible to model these data as samples near a low dimensional
manifold (Tenenbaum et al., 2000; Roweis and Saul, 2000). Then a natural question is:

Can deep neural networks efficiently approximate functions supported on low dimensional manifolds?

Function approximation on manifolds has been well studied using local polynomials (Bickel et al.,
2007) and wavelets (Coifman and Maggioni, 2006). However, studies using neural networks are
very limited. Two noticeable works are Chui and Mhaskar (2016) and Shaham et al. (2018). In Chui
and Mhaskar (2016), high order differentiable functions on manifolds are approximated by neural
networks with smooth activations, e.g., sigmoid activations and rectified quadratic unit functions
(σ(x) = (max{0, x})2). These smooth activations, however, are rarely used in the mainstream
applications such as computer vision (Krizhevsky et al., 2012; Long et al., 2015; Hu et al., 2018).
In Shaham et al. (2018), a 4-layer network with ReLU activations was proposed to approximate
C2 functions on low dimensional manifolds that have absolutely summable wavelet coefficients.
However, this theory does not cover arbitrarily smooth functions, and the analysis is built upon
a restrictive assumption — there exists a linear transformation that maps the input data to sparse
coordinates, but such transformation is not explicitly given.

In this paper, we propose a framework to construct deep neural networks with nonsmooth activations
to approximate functions supported on a d-dimensional smooth manifold isometrically embedded
in R

D. We prove that, in order to achieve a fixed approximation error, the network size scales
exponentially with respect to the intrinsic dimension d, instead of the ambient dimension D. Our
framework is flexible: 1). It applies to nonsmooth activations, e.g., ReLU and leaky ReLU activations;
2). It applies to a wide class of functions, such as Sobolev and Hölder classes which are typical
examples in nonparametric statistics (Györfi et al., 2006); 3). It exploits high order smoothness of
functions for making the approximation as efficient as possible.

Theorem (informal). Let M be a d-dimensional compact Riemannian manifold isometrically em-
bedded in R

D with d � D. Assume M satisfies some mild regularity conditions. Given any
ε ∈ (0, 1), there exists a ReLU neural network structure such that, for any Cn (n ≥ 1) function

f : M → R, if the weight parameters are properly chosen, the network yields a function f̂ sat-
isfying ‖f − f̂‖∞ ≤ ε. Such a network has no more than c1

(
log 1

ε + logD
)

layers, and at most

c2
(
ε−d/n log 1

ε +D log 1
ε +D logD

)
neurons and weight parameters, where c1, c2 depend on d, n,

f , and M.

Our network size scales like ε−d/n and only weakly depends on the ambient dimension D. This is
consistent with empirical observations, and partially justifies why the networks of moderate size have
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achieved a great success on aforementioned learning tasks. Moreover, we show that our network size
matches its lower bound up to a logarithmic factor (see Theorem 2).

Our theory applies to general Cn functions and leverages the benefits of exploiting high order
smoothness. Our result improves Shaham et al. (2018) for Cn functions with n > 2. In this case, our
network size scales like ε−d/n, which is significantly smaller than the one in Shaham et al. (2018) in
the order of ε−d/2.

Here we state the theorem for Cn functions for simplicity, and similar results hold for Hölder
functions (see Theorem 1). Our framework can be easily applied to leaky ReLU activations, since
leaky ReLU can be implemented by the difference of two ReLU functions.

The high level idea of our framework is to partition the low dimensional manifold into a collection
of open sets, and then use Taylor expansions to approximate the function in each neighborhood. A
new technique is developed to implement a sub-network that assigns the input to its corresponding
neighborhood on the manifold, which may be of independent interest.

Notations: We use bold-faced letters to denote vectors, and normal font letters with a subscript
to denote its coordinate, e.g., x ∈ R

d and xk being the k-th coordinate of x. Given a vector
n = [n1, . . . , nd]

> ∈ N
d, we define n! =

∏d
i=1 ni! and |n| = ∑d

i=1 ni. We define xn =
∏d

i=1 x
ni

i .

Given a function f : Rd 7→ R, we denote its derivative as Dnf = ∂|n|f

∂x
n1
1

...∂x
nd

d

, and its `∞ norm as

‖f‖∞ = maxx |f(x)|. We use ◦ to denote the composition operator.

2 Preliminaries

We briefly review manifolds, partition of unity, and function spaces defined on smooth manifolds.
Details can be found in Tu (2010) and Lee (2006).

Let M be a d-dimensional Riemannian manifold isometrically embedded in R
D.

Definition 1 (Chart). A chart for M is a pair (U, φ) such that U ⊂ M is open and φ : U 7→ R
d,

where φ is a homeomorphism (i.e., bijective, φ and φ−1 are both continuous).

The open set U is called a coordinate neighborhood, and φ is called a coordinate system on U . A
chart essentially defines a local coordinate system on M. We say two charts (U, φ) and (V, ψ) on
M are Ck compatible if and only if the transition functions, φ ◦ ψ−1 : ψ(U ∩ V ) 7→ φ(U ∩ V ) and
ψ ◦ φ−1 : φ(U ∩ V ) 7→ ψ(U ∩ V ) are both Ck. Then we give the definition of an atlas.

Definition 2 (Ck Atlas). An atlas for M is a collection {(Uα, φα)}α∈A of pairwise Ck compatible
charts such that

⋃
α∈A Uα = M.

Definition 3 (Smooth Manifold). A smooth manifold is a manifold M together with a C∞ atlas.

Classical examples of smooth manifolds are the Euclidean space R
D, the torus, and the unit sphere.

The existence of an atlas on M allows us to define differentiable functions.

Definition 4 (Cn Functions on M). Let M be a smooth manifold in R
D. A function f : M 7→ R is

Cn if for any chart (U, φ), the composition f ◦ φ−1 : φ(U) 7→ R is continuously differentiable up to
order n.

Remark 1. The definition of Cn functions is independent of the choice of the chart (U, φ). Suppose
(V, ψ) is another chart and V

⋂
U 6= ∅. Then we have f ◦ ψ−1 = (f ◦ φ−1) ◦ (φ ◦ ψ−1). Since M

is a smooth manifold, (U, φ) and (V, ψ) are C∞ compatible. Thus, f ◦ φ−1 is Cn and φ ◦ ψ−1 is
C∞, and their composition is Cn.

We next introduce partition of unity, which plays a crucial role in our construction of neural networks.

Definition 5 (Partition of Unity). A C∞ partition of unity on a manifold M is a collection of
nonnegative C∞ functions ρα : M 7→ R+ for α ∈ A such that 1). the collection of supports,
{supp(ρα)}α∈A is locally finite2; 2).

∑
ρα = 1.

For a smooth manifold, a C∞ partition of unity always exisits.

2A collection {Aα} is locally finite if every point has a neighborhood that meets only finitely many of Aα’s.
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Proposition 1 (Existence of a C∞ partition of unity). Let {Uα}α∈A be an open cover of a smooth
manifold M. Then there is a C∞ partition of unity {ρi}∞i=1 with every ρi having a compact support
such that supp(ρi) ⊂ Uα for some α ∈ A.

Proposition 1 gives rise to the decomposition f =
∑∞

i=1 fi with fi = fρi. Note that the fi’s have the
same regularity as f , since fi ◦φ−1 = (f ◦φ−1)× (ρi ◦φ−1) for a chart (U, φ). This decomposition
has the advantage that every fi is only supported in a single chart. Then the approximation of f boils
down to the approximations of the fi’s, which are localized and have the same regularity as f .

To characterize the curvature of a manifold, we adopt the following geometric concept.

Definition 6 (Reach, Definition 2.1 in Aamari et al. (2019)). Denote C(M) = {x ∈ R
D : ∃p 6= q ∈

M, ‖p− x‖2 = ‖q− x‖2 = infy∈M ‖y − x‖2} as the set of points that have at least two nearest
neighbors on M. Then the reach τ > 0 is defined as τ = infx∈M,y∈C(M) ‖x− y‖2 .

Large τ
<latexit sha1_base64="fKNHLI5C5ExbR/gZzZNpO6xHyvs=">AAACB3icbVDLSsNAFL2pr1pfVZduBlvBVUnqwi4Lbly4qGAf0IQymUzaoZNJmJkIJfQD/AG3+gfuxK2f4Q/4HU7aLLT1wIXDOffF8RPOlLbtL6u0sbm1vVPereztHxweVY9PeipOJaFdEvNYDnysKGeCdjXTnA4SSXHkc9r3pze533+kUrFYPOhZQr0IjwULGcHaSO4dlmOK6q7GaX1UrdkNewG0TpyC1KBAZ1T9doOYpBEVmnCs1NCxE+1lWGpGOJ1X3FTRBJMpHtOhoQJHVHnZ4uc5ujBKgMJYmhIaLdTfExmOlJpFvumMsJ6oVS8X//UClS9cua7DlpcxkaSaCrI8HqYc6RjloaCASUo0nxmCiWTmf0QmWGKiTXQVE4yzGsM66TUbzlWjed+stVtFRGU4g3O4BAeuoQ230IEuEEjgGV7g1Xqy3qx362PZWrKKmVP4A+vzB2KXmWA=</latexit>

Small τ
<latexit sha1_base64="vBdcAHOfpTIU6FPoZZYSLqeYSbM=">AAACB3icbVDLSsNAFL2pr1pfVZduBlvBVUnqwi4LblxWtA9oQplMJu3QySTMTIQS+gH+gFv9A3fi1s/wB/wOJ20W2nrgwuGc++L4CWdK2/aXVdrY3NreKe9W9vYPDo+qxyc9FaeS0C6JeSwHPlaUM0G7mmlOB4mkOPI57fvTm9zvP1KpWCwe9CyhXoTHgoWMYG0k9z7CnKO6q3FaH1VrdsNeAK0TpyA1KNAZVb/dICZpRIUmHCs1dOxEexmWmhFO5xU3VTTBZIrHdGiowBFVXrb4eY4ujBKgMJamhEYL9fdEhiOlZpFvOiOsJ2rVy8V/vUDlC1eu67DlZUwkqaaCLI+HKUc6RnkoKGCSEs1nhmAimfkfkQmWmGgTXcUE46zGsE56zYZz1WjeNWvtVhFRGc7gHC7BgWtowy10oAsEEniGF3i1nqw36936WLaWrGLmFP7A+vwBeWyZbg==</latexit>

Rapid Change
<latexit sha1_base64="mXjvclsmbbGt3EGkxmEEuCvFg6k=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlIXdlnoxmUV+4A2lMnkph06mQwzE6GEfoA/4Fb/wJ249TP8Ab/DSZuFth64cDjnvjiB5Ewb1/1yNja3tnd2S3vl/YPDo+PKyWlXJ6mi0KEJT1Q/IBo4E9AxzHDoSwUkDjj0gmkr93uPoDRLxIOZSfBjMhYsYpQYKw3viWQhbk2IGMOoUnVr7gJ4nXgFqaIC7VHlexgmNI1BGMqJ1gPPlcbPiDKMcpiXh6kGSeiUjGFgqSAxaD9b/DzHl1YJcZQoW8Lghfp7IiOx1rM4sJ0xMRO96uXiv16o84Ur103U8DMmZGpA0OXxKOXYJDgPBYdMATV8Zgmhitn/MZ0QRaix0ZVtMN5qDOukW69517X6Xb3abBQRldA5ukBXyEM3qIluURt1EEUSPaMX9Oo8OW/Ou/OxbN1wipkz9AfO5w/3ppm9</latexit>

Slow Change
<latexit sha1_base64="i1c8ZnWMheX2Fx9Xq/Ai3mUCXLc=">AAACBnicbVC7TgJBFJ3FF+ILtbSZSEysyC4WUpLQWGKURwIbMjt7gQmzM5uZWQ3Z0PsDtvoHdsbW3/AH/A5nYQsFT3KTk3PuKyeIOdPGdb+cwsbm1vZOcbe0t39weFQ+PulomSgKbSq5VL2AaOBMQNsww6EXKyBRwKEbTJuZ330ApZkU92YWgx+RsWAjRomxUv+Oy0fcnBAxhmG54lbdBfA68XJSQTlaw/L3IJQ0iUAYyonWfc+NjZ8SZRjlMC8NEg0xoVMyhr6lgkSg/XTx8hxfWCXEI6lsCYMX6u+JlERaz6LAdkbETPSql4n/eqHOFq5cN6O6nzIRJwYEXR4fJRwbibNMcMgUUMNnlhCqmP0f0wlRhBqbXMkG463GsE46tap3Va3d1iqNeh5REZ2hc3SJPHSNGugGtVAbUSTRM3pBr86T8+a8Ox/L1oKTz5yiP3A+fwBXkZlo</latexit>

Figure 1: Manifolds with large and small reach.

Reach has a straightforward geometrical interpretation: At each point x ∈ M, the radius of the
osculating circle is greater or equal to τ . A large reach for M essentially requires the manifold M
not to change “rapidly” as shown in Figure 1.

Reach determines a proper choice of an atlas for M. In Section 4, we choose each chart Uα contained
in a ball of radius less than τ/2. For smooth manifolds with a small τ , we need a large number of
charts. Therefore, the reach of a smooth manifold reflects the difficulty of function approximations
on M.

3 Main Result

We next present how to construct a ReLU network to approximate f : M 7→ R with error ε, under
certain assumptions on M and f .

Assumption 1. M is a d-dimensional compact Riemannian manifold isometrically embedded in R
D.

There exists a constant B such that for any point x ∈ M, we have |xi| ≤ B for all i = 1, . . . , D.

Assumption 2. The reach of M is τ > 0.

Assumption 3. f : M 7→ R belongs to the Hölder space Hn,α with a positive integer n and
α ∈ (0, 1], in the sense that f ∈ Cn−1 and for any chart (U, φ) and |n| = n, we have

∣∣∣Dn(f ◦ φ−1)
∣∣
φ(x1)

−Dn(f ◦ φ−1)
∣∣
φ(x2)

∣∣∣ ≤ ‖φ(x1)− φ(x2)‖α2 , ∀x1,x2 ∈ U. (1)

Assumption 3 says that all n-th order derivatives of f ◦ φ−1 are Hölder continuous. Here Hölder
functions are defined on manifolds. We recover the standard Hölder class on Euclidean spaces by
taking φ as the identity map. We also note that Assumption 3 does not depend on the choice of charts.

We now formally state our main result. Extensions to functions in Sobolev spaces are straightforward.

Theorem 1. Suppose Assumptions 1 and 2 hold. Given any ε ∈ (0, 1), there exists a ReLU network
structure such that, for any f : M → R satisfying Assumption 3, if the weight parameters are
properly chosen, the network yields a function f̂ satisfying ‖f̂ − f‖∞ ≤ ε. Such a network has no

more than c1(log
1
ε + logD) layers, and at most c2(ε

− d

n+α log 1
ε +D log 1

ε +D logD) neurons and
weight parameters, where c1, c2 depend on d, n, f , τ , and the surface area of M.

The network structure identified by Theorem 1 consists of three sub-networks as shown in Figure 2:

• Chart determination sub-network, which assigns the input to its corresponding neighborhoods;

• Taylor approximation sub-network, which approximates f by polynomials in each neighborhood;
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P
<latexit sha1_base64="PVOqlyFnedxpBSr3+6iiXLUv7WU=">AAACAXicbVC7TgJBFL2LL8QXamkzEUysyC4WUpLYWGIijwQ2ZHZ2FkZmZjczsyaEUPkDtvoHdsbWL/EH/A5nYQsFT3KTk3PuKydIONPGdb+cwsbm1vZOcbe0t39weFQ+PunoOFWEtknMY9ULsKacSdo2zHDaSxTFIuC0G0xuMr/7SJVmsbw304T6Ao8kixjBxkqd6kCnojosV9yauwBaJ15OKpCjNSx/D8KYpIJKQzjWuu+5ifFnWBlGOJ2XBqmmCSYTPKJ9SyUWVPuzxbdzdGGVEEWxsiUNWqi/J2ZYaD0Vge0U2Iz1qpeJ/3qhzhauXDdRw58xmaSGSrI8HqUcmRhlcaCQKUoMn1qCiWL2f0TGWGFibGglG4y3GsM66dRr3lXNvatXmo08oiKcwTlcggfX0IRbaEEbCDzAM7zAq/PkvDnvzseyteDkM6fwB87nD0HflyI=</latexit>

Input x
<latexit sha1_base64="dL0dMPLsW2Fg2clRUpJX4ZR3PQA=">AAACD3icbVDLTsJAFL3FF+Kr4tLNRDBxRVpc6JLEje4wkUcCDZkOU5gwnTYzUwNp+Ah/wK3+gTvj1k/wB/wOp9CFgieZ5OTc15njx5wp7ThfVmFjc2t7p7hb2ts/ODyyj8ttFSWS0BaJeCS7PlaUM0FbmmlOu7GkOPQ57fiTm6zeeaRSsUg86FlMvRCPBAsYwdpIA7t8J+JEo2o/xHrsB+l0Xh3YFafmLIDWiZuTCuRoDuzv/jAiSUiFJhwr1XOdWHsplpoRTuelfqJojMkEj2jPUIFDqrx04X2Ozo0yREEkzRMaLdTfEykOlZqFvunMLKrVWib+WxuqbOHKdR1ceynLvkwFWR4PEo50hLJw0JBJSjSfGYKJZMY/ImMsMdEmwpIJxl2NYZ206zX3subc1yuNeh5REU7hDC7AhStowC00oQUEpvAML/BqPVlv1rv1sWwtWPnMCfyB9fkDODWcgg==</latexit>

Chart Determination
<latexit sha1_base64="eYW/DtD3JxkNK4qnf8s9n3kGubQ=">AAACEHicbVDLSsNAFJ3UV62vapduBovgqiR1YZeFunBZwT6gDWUyuWmHTiZhZiKE0J/wB9zqH7gTt/6BP+B3OGmz0NYDFw7n3BfHizlT2ra/rNLW9s7uXnm/cnB4dHxSPT3rqyiRFHo04pEcekQBZwJ6mmkOw1gCCT0OA2/eyf3BI0jFIvGg0xjckEwFCxgl2kiTaq0zI1LjW9AgQyYKtW437CXwJnEKUkcFupPq99iPaBKC0JQTpUaOHWs3M4sZ5bCojBMFMaFzMoWRoYKEoNxs+fwCXxrFx0EkTQmNl+rviYyESqWhZzpDomdq3cvFfz1f5QvXruug5WZMxIkGQVfHg4RjHeE8HewzCVTz1BBCJTP/Y2oCItTEoyomGGc9hk3Sbzac60bzvllvt4qIyugcXaAr5KAb1EZ3qIt6iKIUPaMX9Go9WW/Wu/Wxai1ZxUwN/YH1+QN9/51D</latexit>

Taylor Approximation
<latexit sha1_base64="XO7DmYmkw5sml1IVBEt9AA149Z8=">AAACEXicbVA7TgMxFPSGXwi/8OloLCIkqmg3FKQMoqEMUn5Ssoq8Xm9ixWtbthexrHIKLkALN6BDtJyAC3AOnGQLSHjVaGbee6MJJKPauO6XU1hb39jcKm6Xdnb39g/Kh0cdLRKFSRsLJlQvQJowyknbUMNITyqC4oCRbjC5mende6I0FbxlUkn8GI04jShGxlLD8kkLpdYDr6VU4oHGOV1xq+584CrwclAB+TSH5e9BKHASE24wQ1r3PVcaP0PKUMzItDRINJEIT9CI9C3kKCbaz+bpp/DcMiGMbIhIcAPn7O+NDMVap3FgnTbeWC9rM/JfLdSzg0vfTVT3M8plYgjHi+dRwqARcFYPDKki2LDUAoQVtfkhHiOFsLEllmwx3nINq6BTq3qX1dpdrdKo5xUVwSk4AxfAA1egAW5BE7QBBo/gGbyAV+fJeXPenY+FteDkO8fgzzifP66Tne4=</latexit>

Pairing
<latexit sha1_base64="SEMrlTJf4KpMunKRiogQz4XSGQc=">AAACAnicbVDLSsNAFL3xWeur6tLNYBFclaQu7LLgxmUF+4A2lMlk2g6dTMLMjVBCd/6AW/0Dd+LWH/EH/A4nbRbaeuDC4Zz74gSJFAZd98vZ2Nza3tkt7ZX3Dw6Pjisnpx0Tp5rxNotlrHsBNVwKxdsoUPJeojmNAsm7wfQ297uPXBsRqwecJdyP6FiJkWAUrdRtUaGFGg8rVbfmLkDWiVeQKhRoDSvfgzBmacQVMkmN6Xtugn5GNQom+bw8SA1PKJvSMe9bqmjEjZ8t3p2TS6uEZBRrWwrJQv09kdHImFkU2M6I4sSsern4rxeafOHKdRw1/EyoJEWu2PL4KJUEY5LnQUKhOUM5s4QyLez/hE2opgxtamUbjLcawzrp1Gveda1+X682G0VEJTiHC7gCD26gCXfQgjYwmMIzvMCr8+S8Oe/Ox7J1wylmzuAPnM8ft9eX/w==</latexit>

φ1
<latexit sha1_base64="F3h1zoHDXmmgsvSwmSaFr/3F4xA=">AAACAXicbVDLSsNAFL1TX7W+qi7dDBbBVUmqYJcFNy4r2FZoQ5lMJu3YySTMTIQSuvIH3OofuBO3fok/4Hc4abPQ1gMXDufcF8dPBNfGcb5QaW19Y3OrvF3Z2d3bP6geHnV1nCrKOjQWsbr3iWaCS9Yx3Ah2nyhGIl+wnj+5zv3eI1Oax/LOTBPmRWQkecgpMVbqDpIxH7rDas2pO3PgVeIWpAYF2sPq9yCIaRoxaaggWvddJzFeRpThVLBZZZBqlhA6ISPWt1SSiGkvm387w2dWCXAYK1vS4Ln6eyIjkdbTyLedETFjvezl4r9eoPOFS9dN2PQyLpPUMEkXx8NUYBPjPA4ccMWoEVNLCFXc/o/pmChCjQ2tYoNxl2NYJd1G3b2oN24va61mEVEZTuAUzsGFK2jBDbShAxQe4Ble4BU9oTf0jj4WrSVUzBzDH6DPH5ckl1o=</latexit>
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Figure 2: The ReLU network identified by Theorem 1.

• Pairing sub-network, which yields multiplications of the proper pairs of outputs from the chart
determination and the Taylor approximation sub-networks.

Specifically, we partition the manifold as M =
⋃CM

i=1 Ui, where the Ui’s are open sets contained in a
Euclidean ball of radius less than τ/2. CM depends on the reach τ , the surface area of M, and the
dimension d (see Section 4 for an explicit characterization). For each chart, the chart determination
sub-network computes an approximation of the indicator function on Ui. The Taylor approximation
sub-network provides a local polynomial approximation of f on Ui. Then the pairing sub-network
approximates the product for the proper pairs of outputs in the previous two sub-networks. Finally, f̂
is obtained by taking a sum over CM outputs from the pairing sub-network.

The size of our ReLU network matches its lower bound up to a logarithmic factor for the approxima-
tion of functions in Hölder spaces. Denote Fn,d as functions defined on [0, 1]d in the Hölder space
Hn−1,1. We state a lower bound due to DeVore et al. (1989).

Theorem 2. Fix d and n. Let W be a positive integer and κ : RW 7→ C([0, 1]d) be any mapping.
Suppose there is a continuous map Θ : Fn,d 7→ R

W such that ‖f − κ(Θ(f))‖∞ ≤ ε for any

f ∈ Fn,d. Then W ≥ cε−
d

n with c depending on n only.

We take R
W as the parameter space of a ReLU network, and κ as the network structure. Then

to approximate any f ∈ Fn,d, the ReLU network has at least cε−
d

n weight parameters. Although
Theorem 2 holds for functions on [0, 1]d, our network size remains in the same order up to a
logarithmic factor even when the function is supported on a manifold of dimension d.

4 Proof of the Main Result

Due to limited space, we present a sketch of the proof for Theorem 1. Before we proceed, we show
how to approximate the multiplication operation using ReLU networks. This operation is heavily
used in the Taylor approximation sub-network, since Taylor polynomials involve sum of products.
We first show ReLU networks can approximate quadratic functions.

Lemma 1 (Proposition 2 in Yarotsky (2017)). The function f(x) = x2 with x ∈ [0, 1] can be
approximated by a ReLU network with any error ε > 0. The network has depth and the number of
neurons and weight parameters no more than c log(1/ε) with an absolute constant c.

This lemma is proved in Appendix A.1. The idea is to approximate quadratic functions using a
weighted sum of a series of sawtooth functions. Those sawtooth functions are obtained by compositing
the triangular function

g(x) = 2ReLU(x)− 4ReLU(x− 1/2) + 2ReLU(x− 1),

which can be implemented by a single layer ReLU network.

We then approximate the multiplication operation by invoking the identity ab = 1
4 ((a+b)

2−(a−b)2)
where the two squares can be approximated by ReLU networks in Lemma 1.

Corollary 1 (Proposition 3 in Yarotsky (2017)). Given a constant C > 0 and ε ∈ (0, C2), there
is a ReLU network which implements a function ×̂ : R2 7→ R such that: 1). For all inputs x and

5



y satisfying |x| ≤ C and |y| ≤ C, we have |×̂(x, y) − xy| ≤ ε; 2). The depth and the weight

parameters of the network is no more than c log C2

ε with an absolute constant c.

The ReLU network in Theorem 1 is constructed in the following 5 steps.

Step 1. Construction of an atlas. Denote the open Euclidean ball with center c and radius r in R
D

by B(c, r). For any r, the collection {B(x, r)}x∈M is an open cover of M. Since M is compact,
there exists a finite collection of points ci for i = 1, . . . , CM such that M ⊂ ⋃

i B(ci, r).
Now we pick the radius r < τ/2 so that Ui = M∩B(ci, r) is diffeomorphic3 to a ball in R

d (Niyogi
et al., 2008). Let {(Ui, φi)}CM

i=1 be an atlas on M, where φi is to be defined in Step 2. The number
of charts CM is upper bounded by

CM ≤
⌈
SA(M)

rd
Td

⌉
,

where SA(M) is the surface area of M, and Td is the thickness4 of the Ui’s.

Remark 2. The thickness Td scales approximately linear in d. As shown in Conway et al. (1987),
there exists covering with d

e
√
e
. Td ≤ d log d+ d log log d+ 5d.

Step 2. Projection with rescaling and translation. We denote the tangent space at ci as Tci
(M) =

span(vi1, . . . ,vid), where {vi1, . . . ,vid} form an orthonormal basis. We obtain the matrix Vi =
[vi1, . . . ,vid] ∈ R

D×d by concatenating vij’s as column vectors.

Define φi(x) = bi(V
>
i (x− ci) + si) ∈ [0, 1]d for any x ∈ Ui, where bi ∈ (0, 1] is a scaling factor

and si is a translation vector. Since Ui is bounded, we can choose proper bi and si to guarantee
φi(x) ∈ [0, 1]d. We rescale and translate the projection to ease the notation for the development of
local Taylor approximations in Step 4. We also remark that each φi is a linear function, and can be
realized by a single-layer linear network.

Step 3. Chart determination. This step is to locate the charts that a given input x belongs to. This
avoids projecting x using unmatched charts (i.e., x 6∈ Uj for some j) as illustrated in Figure 3.
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Figure 3: Projecting xj using a matched
chart (blue) (Uj , φj), and an unmatched
chart (green) (Ui, φi).

Proper charts5 can be determined by compositing an indi-
cator function and the squared Euclidean distance d2i (x) =

‖x− ci‖22 =
∑D

j=1(xj − ci,j)
2 for i = 1, . . . , CM. The

squared distance d2i (x) is a sum of univariate quadratic
functions, thus, we can apply Lemma 1 to approximate
d2i (x) by ReLU networks. Denote ĥsq as an approximation
of the quadratic function x2 on [0, 1] with an approxima-
tion error ν. Then we define

d̂2i (x) = 4B2
∑D

j=1
ĥsq

(∣∣∣∣
xj − ci,j

2B

∣∣∣∣
)
.

as an approximation of d2i (x). The approximation error

is ‖d̂2i − d2i ‖∞ ≤ 4B2Dν, by the triangle inequality. We
next consider an approximation of the indicator function
of an interval as in Figure 4:

1̂∆(a) =





1 a ≤ r2 −∆+ 4B2mν

− 1
∆−8B2mν a+

r2−4B2mν
∆−8B2mν a ∈ [r2 −∆+ 4B2mν, r2 − 4B2mν]

0 a > r2 − 4B2mν

, (2)

where ∆ (∆ ≥ 8B2mν) will be chosen later according to the accuracy ε. Note that 1̂∆ can be
implemented exactly by a single layer ReLU network: 1̂∆(a) = 1

∆−8B2mν ReLU(−a + r2 −
3P is diffeomorphic to Q if there is a mapping Γ : P 7→ Q bijective, C∞, and its inverse also being C∞.
4Thickness is the average number of Ui’s that contain a point on M (Conway et al., 1987).
5Note that an input x can belong to multiple charts. Accordingly, the chart determination sub-network

determines all these charts.
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4B2mν)− 1
∆−8B2mν ReLU(−a+ r2 −∆+4B2mν). We use 1̂∆ ◦ d̂2i to approximate the indicator

function on Ui: if x 6∈ Ui, i.e., d2i (x) ≥ r2, we have 1̂∆ ◦ d̂2i (x) = 0; if x ∈ Ui and d2i (x) ≤ r2 −∆,

we have 1̂∆ ◦ d̂2i (x) = 1.

b1∆(·)
<latexit sha1_base64="HXftc2Cui61ctbquLpD0UV3zHxc=">AAACI3icbVC7TgJBFJ31ifhCLW02ggYbsouFlCRaWGIij4QlZHb2AhNmH5m5qyGb/QN/wx+w1T+wMzYWtn6Hs0Ch4EkmOTnnvua4keAKLevTWFldW9/YzG3lt3d29/YLB4ctFcaSQZOFIpQdlyoQPIAmchTQiSRQ3xXQdsdXmd++B6l4GNzhJIKeT4cBH3BGUUv9wlnJeeAejCgmjk9x5KnETtN+4lyDQJqWHeaFeF7qF4pWxZrCXCb2nBTJHI1+4dvxQhb7ECATVKmubUXYS6hEzgSkeSdWEFE2pkPoahpQH1Qvmf4nNU+14pmDUOoXoDlVf3ck1Fdq4ru6MrtZLXqZ+K/nqWzgwnYc1HoJD6IYIWCz5YNYmBiaWWCmxyUwFBNNKJNc32+yEZWUoY41r4OxF2NYJq1qxb6oWLfVYr02jyhHjskJKRObXJI6uSEN0iSMPJJn8kJejSfjzXg3PmalK8a854j8gfH1A2ObpRY=</latexit>

r
2
−∆+ 4B

2
mν

<latexit sha1_base64="H83lc/OQg9dVQdKA3cIukMDZq6A=">AAACFXicbVDdSsMwGE3n35x/VW8Eb4JDEMTRzoG7HOqFlxPcD6x1pGm6haVpSVJhlPkavoC3+gbeibde+wI+h+nWC908EDg55/tJjhczKpVlfRmFpeWV1bXiemljc2t7x9zda8soEZi0cMQi0fWQJIxy0lJUMdKNBUGhx0jHG11lfueBCEkjfqfGMXFDNOA0oBgpLfXNA3FfhWfONWEKwVNYu9TXEDo86Ztlq2JNAReJnZMyyNHsm9+OH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tOUo5BIN53+YAKPteLDIBL6cAWn6u+OFIVSjkNPV4ZIDeW8l4n/er7MBs5tV0HdTSmPE0U4ni0PEgZVBLOIoE8FwYqNNUFYUP1+iIdIIKx0kCUdjD0fwyJpVyv2eaV6Wys36nlERXAIjsAJsMEFaIAb0AQtgMEjeAYv4NV4Mt6Md+NjVlow8p598AfG5w+Rl50E</latexit>

r
2
− 4B

2
mν
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0
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Figure 4: The approximation of the indicator function 1̂∆ in (2).

Step 4. Taylor approximation. In each chart (Ui, φi), we locally approximate f using Taylor

polynomials of order n. Specifically, we decompose f as f =
∑CM

i=1 fi with fi = fρi where ρi is
an element in a C∞ partition of unity on M which is supported inside Ui. The existence of such a
partition of unity is guaranteed by Proposition 1. Since M is compact and ρi is C∞, fi preserves the
regularity (smoothness) of f such that fi ∈ Hn,α for i = 1, . . . , CM.

Lemma 2. Suppose Assumption 3 holds. For i = 1, . . . , CM, the function fi belongs to Hn,α: there
exists a Hölder coefficient Li depending on d, fi, and φi such that for any |n| = n, we have

∣∣∣Dn(fi ◦ φ−1
i )

∣∣
φi(x1)

−Dn(fi ◦ φ−1
i )

∣∣
φi(x2)

∣∣∣ ≤ Li ‖φi(x1)− φi(x2)‖α2 , ∀x1,x2 ∈ Ui.

Proof Sketch. We provide a sketch here. Details can be found in Appendix B.1. Denote g1 = f ◦φ−1
i

and g2 = ρi ◦ φ−1
i . We have Dn(fi ◦ φ−1

i ) = Dn(g1 × g2) =
∑

|p|+|q|=n

(
n
|p|
)
Dpg1D

qg2, by the
Leibniz rule. Consider each term in the sum: for any x1,x2 ∈ Ui,

∣∣Dpg1D
qg2|φi(x1) −Dpg1D

qg2|φi(x2)

∣∣
≤ |Dpg1(φi(x1))|

∣∣Dqg2|φi(x1) −Dqg2|φi(x2)

∣∣+ |Dqg2(φi(x2))|
∣∣Dpg1|φi(x1) −Dpg1|φi(x2)

∣∣
≤ λiθi,α ‖φi(x1)− φi(x2)‖α2 + µiβi,α ‖φi(x1)− φi(x2)‖α2 .

Here λi and µi are uniform upper bounds on the derivatives of g1 and g2 with order up to n,
respectively. The last inequality above is derived as follows: by the mean value theorem, we have

∣∣Dqg2|φi(x1) −Dqg2|φi(x2)

∣∣ ≤
√
dµi ‖φi(x1)− φi(x2)‖2

=
√
dµi ‖φi(x1)− φi(x2)‖1−α

2 ‖φi(x1)− φi(x2)‖α2 ≤
√
dµi(2r)

1−α ‖φi(x1)− φi(x2)‖α2 ,
where the last inequality is due to the fact that ‖φi(x1)− φi(x2)‖2 ≤ bi ‖Vi‖ ‖x1 − x2‖2 ≤ 2r.

Then we set θi,α =
√
dµi(2r)

1−α and by a similar argument, we set βi,α =
√
dλi(2r)

1−α. We

complete the proof by taking Li = 2n+1
√
dλiµi(2r)

1−α.

Lemma 2 is crucial for the error estimation in the local approximation of fi ◦ φ−1
i by Taylor

polynomials. This error estimate is given in the following theorem, where some of the proof
techniques are from Theorem 1 in Yarotsky (2017).

Theorem 3. Let fi = fρi as in Step 4. For any δ ∈ (0, 1), there exists a ReLU network structure
that, if the weight parameters are properly chosen, the network yields an approximation of fi ◦
φ−1
i uniformly with error δ. Such a network has no more than c

(
log 1

δ + 1
)

layers, and at most

c′δ−
d

n+α

(
log 1

δ + 1
)

neurons and weight parameters with c, c′ depending on n, d, fi ◦ φ−1
i .

Proof Sketch. The detailed proof is provided in Appendix B.2. The proof consists of two steps: 1).
Approximate fi ◦ φ−1

i using a weighted sum of Taylor polynomials; 2). Implement the weighted sum
of Taylor polynomials using ReLU networks. Specifically, we set up a uniform grid and divide [0, 1]d
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into small cubes, and then approximate fi ◦ φ−1
i by its n-th order Taylor polynomial in each cube. To

implement such polynomials by ReLU networks, we recursively apply the multiplication ×̂ operator
in Corollary 1, since these polynomials are sums of the products of different variables.

Step 5. Estimating the total error. We have collected all the ingredients to implement the entire
ReLU network to approximate f on M. Recall that the network structure consists of 3 main sub-
networks as demonstrated in Figure 2. Let ×̂ be an approximation to the multiplication operator in
the pairing sub-network with error η. Accordingly, the function given by the whole network is

f̂ =

CM∑

i=1

×̂(f̂i, 1̂∆ ◦ d̂2i ) with f̂i = f̃i ◦ φi,

where f̃i is the approximation of fi ◦ φ−1
i using Taylor polynomials in Theorem 3. The total error

can be decomposed to three components according to the following theorem.

Theorem 4. For any i = 1, . . . , CM, we have ‖f̂ − f‖∞ ≤ ∑CM

i=1 (Ai,1 +Ai,2 +Ai,3), where

Ai,1 =
∥∥×̂(f̂i, 1̂∆ ◦ d̂2i )− f̂i × (1̂∆ ◦ d̂2i )

∥∥
∞ ≤ η,

Ai,2 =
∥∥f̂i × (1̂∆ ◦ d̂2i )− fi × (1̂∆ ◦ d̂2i )

∥∥
∞ ≤ δ,

Ai,3 =
∥∥fi × (1̂∆ ◦ d̂2i )− fi × 1(x ∈ Ui)

∥∥
∞ ≤ c(π + 1)

r(1− r/τ)
∆ for some constant c.

Here 1(x ∈ Ui) is the indicator function on Ui. Theorem 4 is proved in Appendix B.3. In order

to achieve an ε total approximation error, i.e., ‖f − f̂‖∞ ≤ ε, we need to control the errors in

the three sub-networks. In other words, we need to decide ν for d̂2i , ∆ for 1̂∆, δ for f̃i, and η
for ×̂. Note that Ai,1 is the error from the pairing sub-network, Ai,2 is the approximation error
in the Taylor approximation sub-network, and Ai,3 is the error from the chart determination sub-

network. The error bounds on Ai,1, Ai,2 are straightforward from the constructions of ×̂ and f̂i. The

estimate of Ai,3 involves some technical analysis since ‖1̂∆ ◦ d̂2i − 1(x ∈ Ui)‖∞ = 1. Note that

1̂∆ ◦ d̂2i (x)− 1(x ∈ Ui) = 0 whenever ‖x− ci‖22 < r2 −∆ or ‖x− ci‖22 > r2, so we only need
to prove that |fi(x)| is sufficiently small in the region Ki defined below.

Lemma 3. For any i = 1, . . . , CM, denote Ki = {x ∈ M : r2 − ∆ ≤ ‖x− ci‖22 ≤ r2}. Then
there exists a constant c depending on fi’s and φi’s such that

max
x∈Ki

|fi(x)| ≤
c(π + 1)

r(1− r/τ)
∆.

Proof Sketch. The detailed proof is in Appendix B.4. The function fi ◦ φ−1
i is defined on φi(Ui) ⊂

[0, 1]d. We extend fi ◦ φ−1
i to [0, 1]d by letting fi ◦ φ−1

i (x) = 0 for x ∈ [0, 1]d \ φi(Ui). It is easy to
verify that such an extension preserves the regularity of fi ◦ φ−1

i , since supp(fi) is a compact subset
of Ui. By the mean value theorem, for any x,y ∈ Ki, there exists z = βφi(x) + (1− β)φi(y) for
some β ∈ (0, 1) such that

|fi(x)− fi(y)| ≤ ‖∇fi ◦ φ−1
i (z)‖2‖φi(x)− φi(y)‖2 ≤ ‖∇fi ◦ φ−1

i (z)‖2bi‖Vi‖2‖x− y‖2.

We pick y ∈ ∂Ui (the boundary of Ui) so that fi(y) = 0. Since fi ∈ Hn,α and M is compact,∥∥∇fi ◦ φ−1
i (z)

∥∥
2
bi ‖Vi‖2 ≤ c for some c > 0. To bound |fi(x)|, the key is to estimate ‖x− y‖2.

We next prove that, for any x ∈ Ki, there exists y ∈ ∂Ui satisfying ‖x− y‖2 ≤ π+1
r(1−r/τ)∆.

The idea is to consider a geodesic6 γ(t) parameterized by the arc length from x to ∂Ui in Figure
5. Denote y = ∂Ui

⋂
γ. Without loss of generality, we shift the center ci to 0 in the following

analysis. To utilize polar coordinates, we define two auxiliary quantities: θ(t) = γ(t)>γ̇(t)/ ‖γ(t)‖2
and `(t) = ‖γ(t)‖2, where γ̇ denotes the derivative of γ.

6A geodesic is the shortest path between two points on the manifold. We refer readers to Chapter 6 in Lee
(2006) for a formal introduction.

8



We show that there exists a geodesic γ(t) satisfying inft ˙̀(t) ≥ 1−r/τ
π+1 > 0. This implies that the

geodesic continuously moves away from the center. Denote T such that γ(T ) = y. By the definition
of geodesic, T is the arc length of γ(t) between x and y. We have T inft ˙̀(t) ≤ `(T ) − `(0) ≤
r −

√
r2 −∆ ≤ ∆

r . Therefore, ‖x− y‖2 ≤ T ≤ ∆
r inft ˙̀(t)

≤ π+1
r(1−r/τ)∆.

ci
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Figure 5: A geometric illustration
of θ and `.

Given Theorem 4, we choose

η = δ =
ε

3CM
and ∆ =

r(1− r/τ)ε

3c(π + 1)CM
(3)

so that the approximation error is bounded by ε. Moreover,
we choose ν = ∆

16B2D to guarantee ∆ > 8B2Dν so that the

definition of 1̂∆ is valid.

Finally we quantify the size of the ReLU network. Recall that
the chart determination sub-network has c1 log

1
ν layers, the

Taylor approximation sub-network has c2 log
1
δ layers, and the

pairing sub-network has c3 log
1
η layers. Here c2 depends on

d, n, f , and c1, c3 are absolute constants. Combining these with
(3) yields the depth in Theorem 1. By a similar argument, we
can obtain the number of neurons and weight parameters. A
detailed analysis is given in Appendix B.5.

5 Discussions

ReLU activations. We consider neural networks with ReLU activations for a practical concern
— ReLU activations are widely used in deep networks. Moreover, ReLU networks are easier to
train compared with sigmoid or hyperbolic tangent activations, which are known for their notorious
vanishing gradient problem (Goodfellow et al., 2016; Glorot et al., 2011).

Low Dimensional Manifolds. The low dimensional manifold model plays a vital role to reduce the
network size. As shown in Theorem 2, to approximate functions in Fn,D with accuracy ε, the minimal
number of weight parameters is O(ε−

D

n ). This lower bound is huge, and can not be improved without
low dimensional structures of data.

Existence vs. Learnability and Generalization. Our Theorem 1 shows the existence of a ReLU
network structure that gives efficient approximations of functions on low dimensional manifolds, if
the weight parameters are properly chosen. In practice, it is observed that larger neural networks
are easier to train and yield better generalization performances (Li et al., 2018; Zhang et al., 2016;
Arora et al., 2018). This is referred to as overparameterization. Establishing the connection between
learnability and generalization is an important future direction.

Convolutional Filters. Convolutional neural networks (CNNs, Krizhevsky et al. (2012)) are widely
used in computer vision, language modeling, etc. Empirical results reveal that different convolutional
filters can capture various patterns in images, e.g., edge detection filters. An interesting question is
whether convolutional filters serve as charts in our framework.

Equivalent Networks. The ReLU network identified in Theorem 1 is sparsely connected. Several
other network structures can yield the same function as our ReLU network. It is interesting to
investigate whether these network structures also possess the universal approximation property.
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