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We investigate the problem of recovering jointly r-rank and s-bisparse matrices from
as few linear measurements as possible, considering arbitrary measurements as well as
rank-one measurements. In both cases, we show that m < rsln(en/s) measurements
make the recovery possible in theory, meaning via a nonpractical algorithm. In case of
arbitrary measurements, we investigate the possibility of achieving practical recovery
via an iterative-hard-thresholding algorithm when m < rs7 In(en/s) for some exponent
v > 0. We show that this is feasible for v = 2, and that the proposed analysis cannot
cover the case v < 1. The precise value of the optimal exponent v € [1, 2] is the object of a
question, raised but unresolved in this paper, about head projections for the jointly low-
rank and bisparse structure. Some related questions are partially answered in passing.
For rank-one measurements, we suggest on arcane grounds an iterative-hard-thresholding
algorithm modified to exploit the nonstandard restricted isometry property obeyed by
this type of measurements.
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1. Introduction

This whole paper is concerned with the inquiry below.

Main Question. What is the minimal number of linear measurements needed to
recover jointly r-rank and s-bisparse symmetric n X n matrices via an efficient
algorithm?

This minimal number of measurements will be called sample complexity. We will
show that it is of the order rs1n(en/s). Nevertheless, we do not consider the question
fully resolved because of the lack of efficient algorithms for arbitrary measurements
and of the limitation of an efficient algorithm to factorized measurements, and thus
to the only applications that could support such a structured sensing. Settling the
question by providing an efficient algorithm applicable to any type of measurements
is therefore still open. Before diving into our investigations, let us start by clarifying
a few points.

e What are ‘jointly r-rank and s-bisparse symmetric n X n matrices’?
In this paper, we consider exclusively matrices X € R™*"™ that are symmetric,
i.e. XT = X. The set of r-rank (symmetric) matrices will be denoted as

2= (X e R™*" : XT = X, rank(X) < r} (1)
and the set of s-bisparse (symmetric) matrices will be denoted as

Yy = {X eR”": X" =X, Xgz5 =0 for some S C [1: n] with [S] = s},
(2)

where Mg = 0 for M € R"*"™ and Q C [1 : n] x [1 : n] means that all entries of
M indexed by € are zeros, and Q stands for the complement of Q.

Hence, the jointly r-rank and s-bisparse (symmetric) matrices we are inter-
ested in are elements of

s =2 nx,. (3)

We will often use the fact that ZETS]) + EE’;]) - Egrs]).

Note that, as described below, Egls]) is for instance the set associated with the
lifting of sparse signals to rank-one matrices when one is interested in their recov-
ery from phaseless (complex) measurements [16], while for » > 1, any matrix of
EETS]) describes a quadratic function of both few variables and few quadratic terms
whose sampling and recovery — an important problem in, e.g., approximation
theory and high-dimensional statistics — are related to the Main Question [8, 6].

e What are the ‘linear measurements’ considered?
They can be of the arbitrary type

yi = (X, A p = tr(AiTX), i€ [1:m], (4)
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or of the specific (rank-one) type
Y = (Xai,ai> = tr(aiaIX), RS [[1 . mﬂ (5)

Generically, we write y = A(X), where A : R"*™ — R™ is a linear map.
e What is meant by ‘recover’?
More than just finding a map A : R™ — R™*" such that A(A(X)) = X for
all X € EETS]). Indeed, we require the recovery procedure to be stable and robust,
in the sense that we want

[X — A(A(X) +e)| < szig] X —Z|| + Dlle]l (6)
€25

to hold for all X € R™*™ and all e € R™. We give ourselves some freedom on the
choice of the three norms appearing in (6). We also require the recovery procedure
to be implementable by a practical algorithm, that is, an efficient algorithm whose
run-time is at most polynomial in n and m (ideally, a polynomial of low degree, of
course).

In our study of the Main Question, we faced the following puzzle.

Question 1. Given a positive constant ¢ < 1, for which value of s, depending on
s, can one find a practical algorithm that constructs, for each symmetric matrix
M € R™ "™ an index set S’ of size s’ such that

[Msrxs |7 > ¢ max [Msxs||7? (7)
=s

In reality, the relevant question for our goal is broader. It involves the projection
Pl onto xI7.

Question 2. Given a positive constant ¢ < 1, for which value of s, depending on
s, can one find a practical algorithm that constructs, for each symmetric matrix
M € R™*™ an index set S’ of size s’ such that, with " proportional to r,

IPFI (M)l 2 € oo | P (M cs) 37 (8)

If s’ could be chosen proportional to s in Question 2, then the Main Question
could be answered with m =< rsln(en/s) measurements satisfying the so-called
restricted isometry property (see below). This is shown in Sec. 4.

We come up with partial answers to the above questions: in Proposition 8 we
show that for ¢ = 1 the answer to Question 1 is positive with s’ = s2, but that it
is negative for any ¢ > 0 when s’ = O(s). Combined with the results of Sec. 4 this
establishes that the answer to the Main Question is positive with m = rs7 In(en/s)
and v = 2, using a practical variant of iterative hard thresholding, and that the
proposed analysis cannot cover the case v < 1.

In principle, we are more interested in the measurements of type (5). Indeed,
in the particular case r = 1, the measurements taken on a matrix of the type
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X =xx' € EEls]) with an s-sparse x € R” would read

yi = |(a;, x)[%, ie[l:m]. (9)

This is exactly the framework of sparse phaseless recovery (except that everything
should be written in the complex setting). In this case, the sample complexity is
known [16] to be of the order m = sln(en/s), although it is unclear if this can be
achieved with independent Gaussian vectors ay,...,a,, € R".

Remark 1. Similar problems as studied here appear in the context of low-rank
tensor recovery where one would like to project onto the intersection of two or more
low-rank structures defined by different matricizations. It is NP-hard to compute
exact projections and efficiently computable approximate projections are not yet
good enough to show low-rank tensor recovery results for corresponding iterative
hard thresholding guarantees [23]. They are also considered in the context of sparse
PCA from inaccurate and incomplete measurements where the problem of recover-
ing a low-rank matrix with sparse (or compressible) right-singular vectors is ana-
lyzed [7]. In this work, a multi-penalty approach called A-T-LAS; 5 provably reaches
local convergence from a reliable, computable initialization. Other locally conver-
gent methods applied to the recovery of row-sparse (or column-sparse) and low-rank
matrices are the sparse power factorization (SPF) and its subspace-concatenated
variant (SCSPF), see [19]. While the latter work assumes a high peak-to-average
power ratio on the singular vectors of the observed matrix, [13] recently enlarged
the class of recoverable matrices by relaxing this constraint.

2. Theoretical Sample Complexity

Restricted isometry properties have been central in all sorts of structured recovery
problems. It is no surprise that another instance of a restricted isometry property
plays a key role here, too. The proof sketch is deferred to the appendix.

Theorem 2. Suppose A1,...,A,, are independent random matrices with indepen-
dent N'(0,1/m) entries. Given § > 0, there exist two values C,c > 0 (only depending
on 9), such that, with failure probability at most 2 exp(—cm),

(1= )IZlI% < |AZ)3 < (1+8)Zl3 for all Z € 5] (10)
provided m > CrslIn(en/s).

For the rest of this section, we place ourselves in the situation where the mea-
surement map A satisfies the restricted isometry property (10), which can occur as
soon as m is of the order rsIn(en/s). We can then propose several robust algorithms
that recover X € EE’;]) from y = A(X) + e. The first obvious candidate is

A(y) = argmin [y — A(Z)|2. (11)

[r]
zex!)
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We immediately see that [y — A(A(y))[2 < [ly = A(X)2 = [[e[|2, from where it
follows that

IAX) — AAE))ll2 < [ly = AAT)) 2 + llell2 < 2[le][2, (12)

and we finally derive that

1

X = A(AX) +e)[[r < N

2
A ~ ABCARX) +e))2 < —=lel-

(13)

However, this scheme is not really an appropriate candidate, since producing A(y)
is NP-hard in general (see below).

After a decade or so of f;-norm and nuclear norm minimizations, the next
obvious candidate stands out as

A(y) = argmin F(Z) subject to ||y — A(Z)|2 < |le||2, (14)
ZcRnxn

where F' is a convex function promoting the joint low-rank and bisparsity structure.

The negative results from [22] indicate that reducing the sample complexity below

min{rn, s?In(en/s)} is unattainable when F is a positive combination of the ¢;-

norm and nuclear norm.

What about a variant of iterative hard thresholding? Consider the sequence
(Xk)k>0 defined by

Xpp1 = P} (Xp + A" (y = A(Xy)), (15)

where the adjoint of A is given by

A* :uERmHZuiAi e R™*"

i=1

and where P([S R — EEZ]) denotes the projection onto ZETS]), that is, the operator

of best approximation from ZETS]). One can show (see Appendix A or [2]) that if A(y)
is defined as a cluster point of (Xj)g>0, then

X = A(AX) +e)[[r < Cllefl (16)

holds for all X € EE’;]) and all e € R™. Here also the issue is that computing P([S
is NP-hard (see Sec. 5), which incidentally justifies the NP-hardness of (11) (think
of A =1I). What about replacing P([g by an operator of near-best approximation

from EE’;]), as in, e.g., [14]? After all, if there is any chance for (6) to hold, then
such an operator must exist (think again of A = T). We will in fact construct such
an operator in Sec. 5.3. But substituting P[g by such an operator in the proof of

Theorem A.2 (see Appendix A) is not enough to do the trick.
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3. Optimal Sample Complexity with Factorized Measurements

In this section, we show that the optimal sample complexity can be achieved with
a practical algorithm in a rather special measurement framework. This framework
being restricted to the specific structure of this sensing procedure, the Main Ques-
tion remains of interest.

We suppose here that matrices X € ZETS]) are acquired via measurements in
factorized form, namely

yi = (X,BTA;B), ic[l:m], (17)

where Aq,...,A,, € RP*P allow for low-rank recovery and B € RP*™ allows for
sparse recovery. The recovery algorithm proceeds in two steps, which are both
practical, i.e. efficiently implementable.

(1) Compute Y# € RP*P from y € R™ as a solution of the nuclear norm minimiza-
tion
minimize|| Y. subject to (Y, A;)r =vy;, 1 € [1:m],
Y ERPXP
or as the output of another low-rank recovery algorithm such as iterative hard
thresholding.

(2) Compute X* € R"*" from Y* as the output of the HIHTP algorithm with
measurement map B : Z € R"*" — BZBT ¢ RP*?,

Although we refer to [24, 25] for the exact formulation of the hierarchically struc-
tured sparsity hard thresholding pursuit (HiHTP) algorithm, a few words about the
concept of hierarchical sparsity are in order before we state our result about the
two-step recovery procedure above. A matrix is said to be (s, t)-hierachical sparse
(or simply (s, t)-sparse) if at most s of its columns are nonzero and each of these
columns possesses at most ¢ nonzero entries. Thus, s-bisparse matrices are in par-
ticular (s, s)-sparse. The HIHTP algorithm essentially relies on the possibility to
compute the projection (operator of best approximation) onto (s,t)-sparse matri-
ces. In contrast to the projection onto s-bisparse matrices, this is indeed an easy
task: first, select the t largest absolute entries in each column and calculate the
resulting f2-norm, then select the s columns with the largest of these f2-norms.

Theorem 3. Let Aq,..., A, € RP*P be independent standard Gaussian matrices
and let B € RP*™ be a standard Gaussian matriz independent of Ay, ..., Ap,. If

p=sln(en/s) and m =rp, (18)

so that m =< rsln(en/s), then the probability that every X € ZE’;]) 1s ezactly recovered

from y; = (X,BTA;B), i € [1 : m], via the above two-step procedure is at least
1 —2exp(—cp).
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Proof. First, notice that the matrix BXBT € RPXP has rank at most r, since X
has rank at most r, and that it satisfies

(BXB",A))r = tr(A/ BXBT) = tr(BTA] BX)
= (X,B"AB)p=y;, ic[l:m]. (19)

Since Aq,...,A,, € RP*P are independent standard Gaussian matrices and m =
rp, it is by now well-known (see, e.g., [4, 17]) that, with failure probability at
most exp(—cm), the matrix BXBT is recovered via nuclear norm minimization (or
another suitable algorithm), so that Y = BXB'.

Second, since the matrix X € R™ ™ is (s,s)-sparse and satisfies B(X) =
BXB' = Y* [24, Theorem 1] implies that the matrix X will be exactly recov-
ered via HIHTP as long as the so-called HiRIP of order (3s,2s) holds. According
to [25, Theorem 1], the latter is satisfied when B obeys a standard RIP, and the
latter is indeed fulfilled with failure at most exp(—cp) by the matrix B (or rather
by a renormalization of it), because B € RP*™ is a standard Gaussian matrix with
p = sln(en/s).

All in all, exact recovery of X is guaranteed after the two steps with failure
probability bounded by exp(—cm) + exp(—cp) < 2exp(—cp). O

Remark 4. It is possible to extend Theorem 3 beyond the strictly Gaussian set-
ting. In particular, if Ay,..., A, take the form A; = a;a] for some independent
standard Gaussian vectors a; € RP, then the first-step recovery of BXBT can still
be achieved via nuclear norm minimization (see [3, 17, 18]) or by some modified
iterative hard thresholding algorithm (see [12]). Note that the measurements made
on X € R™™ are in this case rank-one measurements given by y; = (Xa/,al),
where a} := BTa;.

Remark 5. Let us mention that sensing strategies similar to (17) have been pro-
posed before for other objects with related structures or for connected problems.
For instance, when estimating k-row-sparse and r-rank matrices X € R™*" from m
“nested” measurements y; = (WX, A;), [1] showed that RIP conditions imposed
on W € RP*™ and on the linear operator associated with Aq,...,A,, yield a
computationally efficient two-stage method that can (nearly) achieve a minimax
lower bound from m =< rmax{p, n} measurements where p < klog(n/k), i.e. from
m =< max{rklog(n/k),rn}. A two-stage sensing strategy has been also proposed
in [16] for the sparse phase retrieval problem. In this case, the sensing model is
factored into a linear operator with robust null space property and a stable phase
retrieval matrix — the latter allows to recover a compressed form of the sparse
vector, using e.g., PhaseLift [5], and then the former allows to recover this vector
via any compressive sensing algorithm.
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4. Toward Practical Sample Complexity

In most scenarios, the measurement map is not of the factorized type considered in
the previous section, so the two-step procedure cannot even be executed. It is there-
fore still relevant to search for practical recovery algorithms that can be applied
with arbitrary measurement schemes and study the sample complexity using, e.g.,
Gaussian measurements. As mentioned at the end of Sec. 2, a difficulty occurs when
one tries to use a near-best approximation operator instead of the best approxima-
tion operator P([g in the iterative hard thresholding algorithm (15). Such a dif-
ficulty was also encountered in model-based compressive sensing. A workaround
was found in [15]. As we will see below, our attempt to imitate it prompted
Question 2.

Let us start with the observation that any of the structures ¥, > or EE’;])
is a union of subspaces, which we generically write as

E:UV.
Vevs

Then the projection onto ¥, i.e. the operator of best approximation from ¥ with
respect to the Frobenius norm, acts on any M € R™*" via

Ps(M) = Py vy (M), (20)
where
V(M) = argmin |[M — Py (M)|/% (21)
Vevs
= argmaxHPv(M)H%, (22)
Vevs

and Py evidently denotes the orthogonal projection onto the subspace V. By anal-
ogy with the vector case, we can think of (21) as a ‘tail’ property for the pro-
jection Py and of (22) as a ‘head’ property. We keep this terminology introduced
in [15] when relaxing the notion of projection. Precisely, we shall call an opera-
tor T : R™™"™ — ¥ a tail projection for ¥ with constant Cr > 1 (or near best
approximation from ¥ with constant Cr) if

HM—T(M)HF < CTHM_PZ<M)HF for all M € R™*™, (23)

We may have to relax this notion further by allowing the operator 7" to map into
a bigger set ¥’ D X. Thus, by tail projection for ¥ into ¥’ with constant Cr, we
mean an operator T : R™*™ — ¥’ which satisfies the tail condition (23). Similarly,
an operator H : R™"*™ — ¥ is called a head projection for ¥ with constant ¢y < 1 if

|HM)||F > cy||Ps(M)||p for all M € R™*". (24)

A head projection for ¥ into ¥’ D X with constant cy is an operator H : R"*"™ — ¥/
which satisfies the head condition (24).
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At this point, it is worth mentioning (see Appendix A) that the (genuine) pro-
jection onto ZETS]) acts on any M € R™ " via

P([g (M) = plrl (Mg, xs,), where S, = argmax HP[T] (Msxs)| r- (25)
|S|=s

In Sec. 5, we will see that we can produce a tail projection for EETS]).

The size of s’ for which one can produce a head projection for ZE’;]) into EE’;I/])
with 7’ proportional to 7 is exactly the focus of Question 2. We state and prove
below (in the idealized setting where there is no measurement error) that a variant
of iterative hard thresholding — using such a head projection — allows to perform
joint low-rank and bisparse recovery via from m =< rs’ In(en/s) measurements. This
will be interesting if it can be established that s’ < s7 with v < 2 is feasible. Then,
for small r (and in particular in the case of sparse phaseless recovery where r = 1),
m =< rsY In(en/s) will be of a smaller order than both rn — the sample complexity
of rank-r matrices — and s?In(en/s). This last bound is associated with enforcing
only the matrix bisparse structure, as ensured by combining Theorem 6 in the case
r = n with Proposition 8 and Theorem 2 (see below). Quite obviously this last
context determines that v = 2 is feasible (as stated in the abstract) since s? < rs2.

Theorem 6. Let T be a tail projection for ZETS] with constant Cp > 1 and let H be

)
27] [’I’"l]

a head projection for EEQS) mnto 2(5 ) with constant cgy < 1 which additionally takes

the form

H(M) = plr'] (Mgixg) for some index set S" (depending on M) of size s'.
(26)
If (14 Cr)?(1 —¢%) < 1 and if the restricted isometry property (10) holds on

E[2r+r’]

(25+5") with constant 6 > 0 small enough to have

p=01+Cr)?1—-c%(1-0)%+26(1+6)) <1, (27)

then any X € ZETS]) acquired from 'y = A(X) is recovered as the limit of the sequence
(Xk)kzo deﬁned by

X1 = T[Xy + H(A(y — AXk)))]- (28)
Proof. We shall prove that, for any £ > 0,
X = Xp1l[7 < p | X = X[ (29)
The tail property guarantees that

X5 + H(A (y — AXk)))] = Xis1llr < O7[|[Xi + H(A™(y — A(Xi)))] — X[ r
(30)
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and the triangle inequality then yields®
X = Xi1llr < 1+ Cp)||[ Xy + H(A (y — AXp)))] — X[ - (31)

We now concentrate on bounding [|[X; + H(A*(y — A(Xk)))] — Xl|lr = ||Z —
H(A*A(Z))|| r, where we have set Z := X — X}, € Egrs]). By expanding the square,
we obtain

1Z — H(A*A(Z))|% = |ZII% + || H(A"A(Z))|% — 2(Z, H(A* A(Z)))
= ||Z||% + | H(A"A(Z))||3 — 2(A"A(Z), H(A* A(Z)))
—2(Z — A" A(Z), H(A*A(Z))) . (32)

In view of the form (26) of the head projection, followed by the facts that P (]
acts locally as an orthogonal projection and that it preserves the bisupport of a
matrix, we observe that

|H(A*A(Z))|[7 = (PT1(A"A(Z)sxs0), PT (A" A(Z) 51 c50))

A" A(Z)s: x5, PUN A A(Z)5151))

A"A(Z), PUN (A A(Z) 5 c50)) r

A" A(Z), H(A A(Z)))) r- (33)

(
(
(
(

Substituting the latter into (32) gives
1Z — H(A"A(Z))|F = | Z]% — | H(A"A(2))| %
—20Z—-A"A(Z),HA*A(Z)))F. (34)

The inner product term is small in absolute value. Indeed, in view of Lemma A.1
(see Appendix A), we have

(Z — A" A(Z), H(A"A(Z)))r| < 8|12 r| H(A"A(Z))|r <61 +0)||Z]F,  (35)

where the bound on |H(A*A(Z))| r followed from the observation (33) and the
restricted isometry property (10), according to

|H (A" A(Z))|[7 = (A" A(Z), H(AA(Z)))r = (A(Z), A(H (A" A(Z)))) r
< [ A(Z)| r[A(H (A" A(Z))||r < (1+0)||Z|| | H(A"A(Z))| F.
(36)

It now remains to prove that || H (A*.A(Z))||% is large, and this is where the head
condition comes into play. Precisely, assuming that Z is supported on S” x S” with

2Tt is probably possible to replace 1 + Cr by a constant arbitrarily close to 1 if T' mapped into
"
EE’;,,]) with 7"/ and s’ proportional to r and s (with proportionality constant increasing when Cp

decreases), as in [26] for the sparse vector case and in [12] for the low-rank matrix case. This would
allow us to eliminate the condition (1 + Cr)?(1 — %) < 1.
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< 2s, we know on the one hand that
S 2 k h hand th
|H(A*AZ))||F > cul| PP(A"A(Z)sr 50| - (37)

On the other hand, using in particular the restricted isometry property (10) and
Von Neumann’s trace inequality combined with the fact that Z has rank at most
27, we obtain

1= DIZl% < |A@D)]; = (Z, A" AZ))r = (Z, A" A(Z)srxs7)r

2r
< ZUZ'(Z)O'i(A*A(Z)Sllxsll)
i=1
o 1/2 ¢y, 1/2
S [Z O-i<z)2‘| [Z Ui<A*A(Z)S”XS”)2
i=1 i=1
= ||Z] ¢ | PP (A" A(Z) s x5) | - (38)
Combining (37) and (38) yields
I1H(A"A(Z))||r > e (1= 0)|Z]|F. (39)
Substituting (39) and (35) into (34), we deduce that
I1Z — H(A*AZ))[I5 < (1 - (1 - 6)* +26(1+6))[|Z] - (40)

Finally, using (31), we arrive that
X = Xpert[[7: € (14 Or)*(1 = ¢ (1 = 8)* +20(1 +9)) | X — Xyl B, (41)

which is the objective announced in (29). |

5. Tail and Head Projections

In this section, we gather some information about the construction of computable
tail and head projections for each of the structures %", Y(s), and ZETS]). We work
under the implicit assumption that the domain of all these projections is the space
of symmetric matrices, i.e. the projections are only applied to matrices M € R™*"

satisfying MT = M.

5.1. Low-rank structure

There is no difficulty whatsoever here — even the exact projection P} : R"*" —
¥l is accessible. Indeed, it is well known that if X € R™*" has singular value
decomposition

X = i O’i(X)uiVZT, (42)

i=1
where the singular values o1 (X) > -+ > 0,(X) > 0 are arranged in nondecreasing
order, then the projection of X onto the set of rank-r matrices is obtained by
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truncating this decomposition to include only the first 7 summands, i.e.

T

PX) =3 " oi(X)uv, . (43)

i=1

Note that P[] (M) is symmetric whenever M itself is symmetric.

5.2. Bisparsity structure

Quickly stated, exact projections for ¥ are NP-hard, but there are computable
tail projections for ¥(,). Head projections for ¥, are still NP-hard if they are
forced to map exactly into X(y).

If they are allowed to map into a larger set ¥ (), the situation depends on the
order of s’ compared to s — Question 1 in fact asks which value of s’ > s allows
for a computable head projection.

We provide a few incomplete results related to this situation.

Exact projection. Finding the exact projection for ¥,y amounts to solving the
problem
mal)éilmize [Msxsl|%. (44)
=s
This is NP-hard even with the restriction that M is an adjacency matrix of a graph

because it then reduces to the densest k-subgraph problem, which is known to be
NP-hard [21].

Tail projections. There is a simple procedure to obtain a practical tail projection
for ¥(,), as described in the following.

Proposition 7. Given a symmetric matriz M € R"*™ let S, denote an index set
corresponding to s columns of M with largest {3-norms, i.e.

S, = argmin |[M — M. s r. (45)
S|=s

Then
IM ~ Ms.xs. 1 < VZ gin [M ~ Mxs|ls- (46)

Proof. For any index set 7', the symmetry of M imposes that [|[Mz, |3 =
||MT><TH%“’ hence

IM — Mryrlf = My zllE + Mzl + Mz, 7%
= 2| My, 7% + Mz, 7l (47)
In view of |[My, 7/% + Mz, 77 = M. 7/|% = M — M.x7||%, we deduce that

M — M.y7||% < |[M — Mryr|% < 2|M — M.7|/%. (48)
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Algorithm 1. A head projection H for ¥ to ¥(,2) with cy =1

Input: A symmetric matrix M € R™*™ a sparsity level s € [1 : n].
for i € [1:n] do
Ci:= argmax |[[Mix({iyuo)ll

|Cl=s—1,CFi
ci = [[Mixqiyuey)ll2
end
R := argmax ||cg/||, with ¢ = (¢1,...,¢,) "

|R|=s
S":=RU (UieRCi)

return H(M) := Mg «s € (42

Applying the latter with 7" equal to S, and with T" equal to an arbitrary index set
S of size s shows that

M — Mg, xs, |7 < 2[[M — M.ys, |7 < 2|M - M.s||% < 2[|M - Mgy,
(49)

which yields the required result after taking the square root. O

Head projections. The literature on the densest k-subgraph problem informs us
that finding a head projection for ¥, is also an NP-hard problem [21]. In our
setting, though, there is room to relax the head projection to map into ¥, with
s’ > s. In this regard, Question 1 asks if one can actually compute a head projection
for X4y into Xy We do not have a definite answer for it, but we prove below that
the exponent 7 in a speculative behavior s’ =< 7 must lie in (1,2] — note that a
behavior s’ =< spolylog(s) is not excluded. We then highlight a few observations
which feature a nonabsolute constant ¢y when s’ =< s.

Proposition 8. The practical algorithm Algorithm 1 yields a head projection for
Y(s) tnto Xs2y with constant cy = 1. However, there is no practical algorithm that

yields a head projection for (g into Yy with absolute constant cyg > 0 when
s =0(s).

Proof. From the definition of the index sets {C; : 1 < i < n}, R and S’ in
Algorithm 1, for any index set S with |S| = s, we have

Msxsllz =D [Mixsl3 < > IMixuenll3 < D IMixgiyuen 13
ics ics icR
= [IMax(roU, . e I < IMsrxs ||, (50)

where the index set S” = RU J;cp Ci has size at most s 4 s(s — 1) = s?. This
proves the first part of the statement.
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For the second part of the statement, we shall show that if we could compute,
for each M € R"*™, an index set S’ with |S’| < C's such that
Msrxsi |7 = ety e [MsxslF (51)
=s
then a practical algorithm that yields a head approximation for ) into X, itself
would follow, contradiction the NP-hardness of the latter task. So let us assume
that we have a computable procedure to construct an index set S’ as above. Looking
without loss of generality at the case where s is even and |S’| = C's, we consider an
index set R C S’ of size s/2 corresponding to s/2 largest values of ||M;ys/||2. By
comparing averages, we see that
M s > o Moncs 3 e M} > g IMscsi . (52)
_— / _— / / 1 e. / ’ /
5/2 RxS F_CS S'xS"||Fs RxS F_2C S'xS"||F-
Next, we consider an index set C' C S of size s/2 corresponding to s/2 largest
values of |[Mpgx 2. By comparing averages again, we see that

1 1
S/—QIIMRchI% > Z=IMxs i, e [Mrxcllf > QOHMRXS’”F (53)

Combining (53), (52), and (51), we arrive at

2
C
IMixclp > 2 mas [Mscs - (54)

With T := R U C, which has size at most s, this immediately implies that

=
[Mrxr||7 > 402 max HMSxSHF» (55)

meaning that a head approximation for ¥, into ¥,y can be produced in a practical
way. Since this is not possible, the second part of the statement is proved. O

Now that we have established the impracticability of head approximations for
Y (s) into Xy with an absolute constant ¢y, we examine what can be done when
cy can depend on specific parameters.

Proposition 9. Given a symmetric matric M € R™™" we consider the practical
algorithm that returns the matric Mypxp for a set T := RUC defined by the union
of the index setls of size s

R = argmax ||M5X:H%, (56)
S|=s

€ = g [Myes| - (57)
S|=s

This algorithm yields a head projection for ¥, into (a5 with constant cy =
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Algorithm 2. A head projection H for ¥,y with cg = 1//s
Input: A symmetric matrix M € R"*" a sparsity level s € [1 : n].

for j €[1:n] do
S; = argmax ||[Mgy;l3
|S|=s,53j
end
o 1= argmax [Ms, |13
je1l:n]
return H(M) := Mg, xs;, € ()

Proof. From the definition of R and C, it is painless to see that, for an arbitrary
index set S of size s,

s s s
IMrsrl7 = [Mexclf = ~[Maxillz > ~[Msxl7 > ~[[MsxslF - (58)
which concludes the proof. O

When n > s? (which is the most realistic situation from our perspective), the
previous observation is superseded by the following one.

Proposition 10. The practical algorithm Algorithm 2 yields a head projection for
Y(s) with constant cyp = 1//s.

Proof. It is painless to see that, given the definition of Algorithm 2, for an arbitrary
index set S of size s,

IMsxsllz =D [Msxjlls <D [IMs; 5115 < s Mg, x5, 113 < 5[ Ms;, s, I3
jeS jes
(59)

which concludes the proof. O

As a final remark, we show that head projections can be computed for specific
symmetric matrices, e.g., matrices of rank one.

Proposition 11. Given a symmetric matric M =Y, _, Vkv,;'— € R"™ ™ of rank-r,
we consider the practical algorithm that returns the matric Mg, xs,, with Sy =
S1U---US,, and Sk the index set of s largest absolute entries of vy, 1 < k < r.
This algorithm yields a head projection for ¥y into ¥,s) with constant cir = 1//r
when applied to r-rank positive semidefinite matrices.
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Proof. Given the definition of S, we are going to show that, for any index set .S
of size s,

1
Mg, xs,||F > W”MSXS”F- (60)

To do so, we start by writing

<

, 2

M7, = (Z(Vk)i(vk)j> = (Vi)i(Vi)j(ve)i(ve);- (61)
k=1 k

Then, for any index set T, in view of

T

IMrsrlE = >0 > (vi)ivi)j(ve)ive); = Y Y (vi)i(ve)i(vi);(ve);

i,jET k,t=1 k=14,j€T

Z (Z(Vk)i(vé)z) ; (62)

k=1 \icT

we derive on the one hand that

, 2

Mot >3 (zm)?) 63
k=1 \é€T

and on the other hand, by the Cauchy—Schwarz inequality applied twice, that

M| < Z (Z(V’“)?> (ZM)ZZ)

k=1 \ieT ieT

AN

(i Z(Vk)?>2 < T;T: (Z(Vk)?>2- (64)

k=1ieT =1 \i€T

Applying (64) with T' = S and using the defining property of each Sy and of S,
we obtain

r 2 T 2
MsxslE < (Z(Vk)?) <ry. (Z(W)?)

k=1 \ieS k=1 \i€S}

M-

<r

(Z (Vk)f> <r|[Ms, xs, I, (65)

k=1 \ieS,

the last inequality being (63) applied with T'= S,. The prospective inequality (60)
is proved. O
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5.3. Joint low-rank and bisparsity structure

Quickly stated, exact projections for EE’;]) are NP-hard, but there are computable

tail projections for 2@)' Head projections for EE’;]) are still NP-hard if they are

forced to map exactly into EEZ]).

If they are allowed to map into a larger set ZETS,]), the situation is not settled —
this directly relates to Question 2.
We provide a few incomplete results related to this situation.

Exact projections. We already know from Sec. 5.2 that it is NP-hard to find the
exact projection onto EETS]) in general, since we are talking about exact projection
onto ¥(5) when 7 = n. But we are more interested in the case where r is a small
constant, say r = 1 as a prototype. Then finding the exact projection onto ZEls)
amounts to solving the problem

mal)éilmize | P (Mgys)||F = maéi‘mize Omax(Msxs). (66)

Thus, when M is a positive semidefinite matrix, we consider the problem

maximize (Mx,X). (67)
[Ix[[o<s,[|x[l2=1
This is the so-called sparse principal component analysis problem, which is NP-hard
[20].

Tail projections. There is a fairly simple procedure to create a practical tail
projection for ZETS]). It is based on the availability of tail projections for both X[l
and X(,). The argument is in fact valid for any two ‘structures’ ¥’ and X" such that
Y/ is compatible with a tail projection 7" for ¥”, in the sense that

ZeyY =>T'"Z)ey. (68)

The compatibility applies to the low-rank and bisparsity structures in two different
ways: first, £ is compatible with the tail projection for 2i(s) given in Proposition 7,
by virtue of the fact that a matrix Z of rank at most r has all its submatrices Zgx s
of rank at most r, too; second, X is compatible with the exact projection for il
by virtue of the fact that a matrix Z supported on S x S has all its singular vectors
supported on S, so that PI"/(Z) is supported on S x S, too. Here is the abstract
statement valid for arbitrary structures ¥’ and X”.

Proposition 12. Let T" and T" be tail projections for ¥’ and X" with constants
Cpr and Cpn. If X' is compatible with T", then T" o T is a tail projection for
Y'Y with constant Cpr + Copir + Cpi Copor

Proof. We first remark that the compatibility condition ensures that 7" o T" maps
into 3’ NY". Let M € R"*" and let P(M) denote its exact projection for ¥’ N %",
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The tail condition for 7" implies that
IM —=T'(M)||lr < Cr||[M — P(M)||F. (69)
As a result, we obtain
I7(M) = P(M)||r < |T"(M) = M||p + [M — P(M)||F
< (Cr +1)[M = P(M)]| - (70)
The tail condition for 7" combined with (70) yields
17 (M) = T"(T"(M))[|[r < Crr||T'(M) = P(M)|
< Cpo(Crr 4+ 1)[IM = P(M)|[ - (71)
Using (69) and (71), we derive that
IM = T"(T'(M))|[r < [M=T'(M)|[r + |T"(M) — T"(T"(M)) || r
< (Cr + Crv(Cp 4 1))[|[M = P(M)|r, (72)

which proves that 7" o T" is a tail projection for ¥’ NY" with the desired constant.
O

Head projections. The literature on the sparse principal component analysis
problem informs us that finding a head projection for EETS]) is still an NP-hard
problem [20, Theorem 2|. In our setting, though, there is room to relax the head

projection to map into ZETS,,]) with 7/ > r and s’ > s. In this regard, Question 2 asks

if one can actually compute a head projection for EETS]) into Z[Zl,]) with ' = Cr. We
do not have a definite answer for it, but we highlight an observation featuring a

nonabsolute constant ¢y, based on what was done for the bisparsity structure.

Proposition 13. Given a symmetric matric M € R™*™ and r < s, the practical
algorithm that yields PI"\(H(M)) for the operator H defined in Algorithm 2 is a
head projection for EETS]) with constant cg = \/T/s.

Proof. Given a symmetric matrix M € R™ " we consider the row (or column)
index set S, of size s supporting the nonzero rows (or columns) of H(M) € ¥,
for the operator H defined in Algorithm 2. By Proposition 10 for any index set .S
of size s, we have

M, x5, [I7 > ~ [ Msxs]l- (73)

Then, by noticing that the average of the r largest squared singular values of
Mg, «s, is larger than the average of all the squared singular values of Mg, x s, , we
derive

r T T T r
| P (Mg, xs5.) 7 > ;HMS*xSJFF > 3—2||MSXS||2F > S—QHP[ IMsus)lF. (T4)

w | =

The desired result is now proved. O
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A similar argument, based on Proposition 9 instead of Proposition 10, would

yield a head projection for EE ]) into EE; ) with constant ¢y = +/r/n.

6. Sample Complexity with Rank-One Measurements

The specific (rank-one) measurements (5) do not result in a measurement map
A R™"™ — R™ obeying the standard restricted isometry property (10). However,
it will satisfy the following version featuring the £;-norm as an inner norm. This was
established in [3] when considering the low-rank structure alone. The proof sketch
is deferred to the appendix. Note that the rank-one measurements (5) also satisfy a
version of the null space property ensuring recovery via nuclear norm minimization,
see [17, 18].

Theorem 14. Suppose ai,...,a,, € R™ are independent vectors with independent
N(0,1/m) entries. Then, with failure probability at most 2 exp(—cm),

ol Zllr < (] Za)Pll < BIZ]r for all Z € 2L,

provided m > Crsln(en/s). The constants 3 > a > 0 are absolute.

(75)

The restricted isometry property (75) already guarantees that the specific-
sample complexity — the theoretical one — is m = rsln(en/s), as expected. Indeed,
given y = A(X) + e for some X € ZZ;])v consider the unpractical recovery scheme

A(y) = argmin ||y — A(Z)]:. (76)
zex[)

In a similar spirit to (12)—(13), we can derive that
2
IX = ACARX) +e)llr < —llellr- (77)

For a practical algorithm scheme, we have in mind an algorithm belonging to the
iterative hard thresholdmg family. Namely, we can think of constructing a sequence

(X) of matrices in EE ]) by the recursion®

~AX
X1 = T[Xp + v H(A sgn(y — AXy))], v = ”}’672k”1

Here, the operators T : R™*" — EETS/,]) and H : R™" — EETS/,/,]), depending on
parameters 7/, s, v/, and s”, may be tail and head projections. It could also be

useful to require the operator T to satisfy the property® that, for all X € EETS]) and

(78)

bIt is ‘natural’ to include the sgn operator in order to exploit the restricted isometry property
with ¢1 inner norm.
°The inequality of (79) implies that T is a tail projection with Cp = 1 + n(C”), since

IM = T(M) || < M =PI e + | PLIM) = T p < M =~ P M)l r

+n(CHIIPEI M) = Mg = Crl[M = P (M)||r.
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all Z € R,
X =T(Z)llr <n(C)|X - Z|p with n(C") — 1. (79)

C'—o0
With T' = P([g,/%, this inequality seems rather intuitive, but it needs to be formal-

ized — keep in mind, however, that P([z,l% is not accessible. When considering the
low-rank structure alone, such an inequality has been established and exploited in
[12] to prove that an iterative hard thresholding algorithm of the type (78) presents
the same recovery guarantees as nuclear norm minimization for recovery from mea-
surements of type (5). The type of inequality (79) was first put forward for the
sparse vector case in [26] and it has been exploited in [10] to propose and analyze
an iterative hard thresholding algorithm designed for the case when the standard
restricted isometry property fails.

There is an additional property that we could require about the operator T
Namely, given a matrix M € R™*"_if T'(M) is supported on S x S, then

T(M)=T(Mgxs/) whenever S’ D S. (80)

This property is true (see Appendix A) for T' = P([z,/%, which again is inaccessible.

Appendix A. Proofs of Auxiliary Results

This section collects the detailed arguments for some facts that have been stated
but not proved in the narrative.

A.1. Restricted isometry properties

First, let us concentrate on Theorem 2 and briefly justify that Gaussian measure-
ments of type (4) satisfy the standard restricted isometry property (10). Without
going into details, we simply mention that the classical proof consisting of a con-
centration inequality followed by a covering argument works — the key being to
estimate the covering number of the ‘ball’ of ZETS]) essentially as in [4, Lemma 3.1]
with the addition of a union bound.

Next, let us concentrate on Theorem 14 and briefly justify that Gaussian rank-
one measurements of type (5) satisfy the modified restricted isometry property (75).
Again, without going into details, we point out that the proof is in the spirit of [9]:
for a fixed Z € R™*", establish a concentration inequality for ||(a, Za;)™, ||; around
its expectation J/Z/, prove that this slanted norm is equivalent to the Frobenius
norm, and conclude with a covering argument.

A.2. Convergence of the idealized iterative hard thresholding

We now establish that the naive (and impractical) iterative hard thresholding algo-
rithm (15) allows for stable and robust recovery of jointly low-rank and bisparse
matrices under the standard restricted isometry property. The precise statement
appears after the important observation below.
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Lemma A.1. Suppose that A : R"*™ — R™ satisfies the restricted isometry prop-

erty (10) on Zgrs}) with constant 6 € (0,1). Then, for all Z,Z’ € EETS]), one has
(Z, (A" A-T)(Z)| < 0| Z||FI|Z'| p- (A.1)
Proof. Assuming without loss of generality that |Z||r = ||Z'||r = 1, we use in

particular the parallelogram identity to write

(Z, (A" A-T)(Z')| = |(A(Z), A(Z")) - (Z,Z)]

1
TUAZ+ 2|5 - | A(Z - Z)]3)
1 /112 /12
—7UZ+ 2 — 2 - Z'[¥)
1
< ZIAEZ+2)5 - 112+ 2| 7|

1
+4IAZ = 2Z)5 - |12 - Z'||7|

IN

1 1
012+ 23+ 3812 - 2|

1
= 19CIZIIE +21Z|[F) = o, (A.2)

which is the required result. O

Theorem A.2. If the restricted isometry property (10) holds on EEZ]) with constant

0 €(0,1/2), then any X € ZETS]) is approzimated fromy = AX+e € R™ as a cluster

point Xoo of the sequence (Xyi)r>o0 defined by
Xpi1 = P (Xk + A" (y — AXy)) (A.3)
with error

X = Xeol[r < Clle]l2. (A.4)

Proof. It is enough to prove that, for all & > 0,

IX —Xpt1llr < pl|X = Xg|lr + 7llell2, withp:=20<1 and 7>0. (A.5)
To start, notice that X1 better approximates X + A*(y — AXy) = Xj +
A*A(X — X}) + A”e as an element from EETS]) than X does, so that
Xp + A*AX — Xp) + A%e — Xp 1|2 < | X + AAX — X;) + A'e — X||2..

(A.6)
Introducing X in the left-hand side, expanding the squares, and simplifying leads to

1X = Xy [} € ~2(X = X, (AA-D(X = X;) + ). (A7)
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Thanks to Lemma A.1, we have
(X = X1, (A A = (X — X)) < 20X = X [ X = Xil e (AS)
while the restricted isometry property (10) also guarantees that
(X = X1, A%e)| = [(AX = Xpi1), )| < [AX = Xpp1)l2]le]2
< VIH|IX = Xppallrlello- (A.9)
Therefore, using (A.8) and (A.9) in (A.7), we obtain

1X = X7 < 201X = Xpa[[7[|X = X[l o + VI + 01X = X1 || [le]|2,
(A.10)

which clearly implies the required estimates (A.5) with 7 = /1 + ¢ and (A.4) with
C=1/(1-p). |
The exact projection for E[TS]). Here, we prove the statement (25) about the
form of P([S before justifying that property (80) holds for T = P([S.

Proposition A.3. For M € R"*" the projection P([S (M) of M onto EETS]) has the

form Pl (Mg, «s,), where S, mazimizes | P (Mgxs)||r over all index sets S of
size s.

Proof. Let us remark that, for any index set T,
IM =PI (Mpsr) |3 = [Mgsg + Mrsr — PV (M) |7
= [Mzsrlli + [IMrxr — PU(Mapsr)|1 7
= Mgzl 7 + Mozl 7 — PP (M) |7
= M = [ PYT(Mzwr) |3 (A.11)

Now, let Z € E[TS] and consider an index set S of size s such that Z is supported
on S x S. The defining property of Sy, together with (A.11), implies that

IM — Pl (Mg, ws.)IIF < IM|[3 — |[PM (Msys)|13
= |[Mg=5ll% + [Msxs — Pl (Mgxs)|%
< Mgzl + IMsxs — 2|7 = M= Z||7,  (A.12)

where we have taken into account the facts that PIl(Mgyg) is the best r-rank
approximation to Mgy s and that Mgz and Mgy s — Z are disjointly supported.

Thus, we have proved that [|[M — PI"l(Mg, x5, )||r < |M — Z||r for all Z € EETS]),

which is the desired result. O
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Proposition A.4. For M € R"*™ considering an index set Sy of size s with

P([ST;(M) = P (Mg, xs,), one has

(s) (s) (Msrxs1) whenever 8" 2 S,. (A.13)

Proof. According to Proposition A.3, it is enough to verify that, for any index set
S of size s,

[P (Mg xsr)s.xs.)llr > IPT(Msrxs)sxs) p- (A.14)

But this is true because (Mgixs/)s,xs, = Mg, xs, and (Mg xs/)sxs =
(MSXS)S’XSH SO that

[P (Mgrws)sxs)llr < [IP(Msxs)|r < [PV (Mg, xs,)llr,  (A.15)

where the last inequality follows from the defining property of S,. O

Acknowledgments

S. F. is partially supported by NSF grants DMS-1622134 and DMS-1664803, and
also acknowledges the NSF grant CCF-1934904. L. J. is funded by the FNRS,
Belgium.

References

[1] S. Bahmani and J. Romberg, Near-optimal estimation of simultaneously sparse and
low-rank matrices from nested linear measurements, Inf. Inference 5(3) (2016) 331—
351.

[2] T.Blumensath, Sampling and reconstructing signals from a union of linear subspaces,
IEEE Trans. Inform. Theory 57(7) (2011) 4660—4671.

[3] T. Cai and A. Zhang, ROP: Matrix recovery via rank-one projections, Ann. Statist.
43(1) (2015) 102-138.

[4] E. J. Candés and Y. Plan, Tight oracle inequalities for low-rank matrix recovery
from a minimal number of noisy random measurements, IEEE Trans. Inform. Theory
57(4) (2011) 2342-2359.

[5] E. J. Candes, T. Strohmer and V. Voroninski, Phaselift: Exact and stable signal
recovery from magnitude measurements via convex programming, Commun. Pure
Appl. Math. 66(8) (2013) 1241-1274.

[6] R. DeVore, P. Guergana and P. Wojtaszczyk, Approximation of functions of few
variables in high dimensions, Constr. Approz. 33(1) (2011) 125-143.

[7] M. Fornasier, J. Maly and V. Naumova, Sparse PCA from inaccurate and incomplete
measurements, preprint (2018), arXiv:1801.06240.

[8] S. Foucart, Sampling Schemes and Recovery Algorithms for Functions of Few Coor-
dinate Variables, preprint (2019).

[9] S.Foucart and M.-J. Lai, Sparse recovery with pre-Gaussian random matrices, Studia
Math. 200(1) (2010) 91-102.

[10] S. Foucart and G. Lecué, An IHT algorithm for sparse recovery from sub-exponential
measurements, IEEE Signal Process. Lett. 24(9) (2017) 1280-1283.

[11] S. Foucart and H. Rauhut, A Mathematical Introduction to Compressive Sensing,
Appl. Numer. Harmon. Analysis (Birkhauser, 2013).



Anal. Appl. 2020.18:25-48. Downloaded from www.worldscientific.com

by PENNSYLVANIA STATE UNIVERSITY on 05/09/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

48 S. Foucart et al.

12]
13]
14]
[15]
116]
7]
18]

[19]

[20]

21]

S. Foucart and S. Subramanian, Iterative hard thresholding for low-rank recovery
from rank-one projections, Linear Algebra Appl. 572 (2019) 117-134.

J. Geppert, F. Krahmer and D. Stoger, Sparse power factorization: Balancing peak-
iness and sample complexity, Adv. Comput. Math. 45(3) (2019) 1711-1728.

M. Golbabaee and M. E. Davies, Inexact gradient projection and fast data driven
compressed sensing, IEEE Trans. Inf. Theory 64(10) (2018) 6707-6721.

C. Hegde, P. Indyk and L. Schmidt, Approximation algorithms for model-based com-
pressive sensing, IEEE Trans. Inform. Theory 61(9) (2015) 5129-5147.

M. Iwen, A. Viswanathan and Y. Wang, Robust sparse phase retrieval made easy,
Appl. Comput. Harmon. Anal. 42(1) (2017) 135-142.

M. Kabanava, R. Kueng, H. Rauhut and U. Terstiege, Stable low-rank matrix recov-
ery via null space properties, Inf. Inference 5(4) (2016) 405—441.

R. Kueng, H. Rauhut and U. Terstiege, Low rank matrix recovery from rank one
measurements, Appl. Comput. Harmon. Anal. 42(1) (2017) 88-116.

K. Lee, Y. Wu and Y. Bresler, Near-optimal compressed sensing of a class of sparse
low-rank matrices via sparse power factorization, IEEE Trans. Inf. Theory 64(3)
(2017) 1666-1698.

M. Magdon-Ismail, NP-hardness and inapproximability of sparse PCA, Inform. Proc.
Lett. 126 (2017) 35-38.

P. Manurangsi, Almost-polynomial ratio ETH-hardness of approximating dens-
est k-subgraph, Proc. 49th Annual ACM SIGACT Symp. Theory of Computing
(STOC 17) (ACM, Montreal, QC, Canada, 2017), pp. 954-961.

S. Oymak, A. Jalali, M. Fazel, Y. C. Eldar and B. Hassibi, Simultaneously struc-
tured models with application to sparse and low-rank matrices, IEEE Trans. Inform.
Theory 61(5) (2015) 2886-2908.

H. Rauhut, R. Schneider and Z. Stojanac, Low rank tensor recovery via iterative
hard thresholding, Linear Algebra Appl. 523 (2018) 220-262.

I. Roth, M. Kliesch, G. Wunder and J. Eisert, Reliable recovery of hierarchically
sparse signals and application in machine-type communications, preprint (2016),
arXiv:1612.07806.

I. Roth, A. Flinth, R. Kueng, J. Eisert and G. Wunder, Hierarchical restricted isome-
try property for Kronecker product measurements, 56th Annual Allerton Conf. Com-
munication, Control, and Computing (IEEE, Monticello, IL, 2018), pp. 632-638.

J. Shen and P. Li, A tight bound of hard thresholding, JMLR 18(1) (2017) 7650-7691.



	Introduction
	Theoretical Sample Complexity
	Optimal Sample Complexity with Factorized Measurements
	Toward Practical Sample Complexity
	Tail and Head Projections
	Low-rank structure
	Bisparsity structure
	Joint low-rank and bisparsity structure

	Sample Complexity with Rank-One Measurements
	Proofs of Auxiliary Results
	Restricted isometry properties
	Convergence of the idealized iterative hard thresholding
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


