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Abstract. Let A and B be idempotent varieties and suppose that the
variety A ∨ B is congruence permutable. Then the Maltsev product A ◦ B
is also congruence permutable.
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1. Introduction

A group G is called an extension of A by B if there is a normal subgroup N
of G such that N ∼= A and G/N ∼= B. In a series of papers, Bernard and
Hanna Neumann explored the properties of the class AB of groups, each of
which is an extension of a member of the class A by a member of the class
B. They restricted their attention to the case that both A and B are varieties
of groups (and AB is defined to consist only of groups). Among other things,
they proved that AB is again a variety, that (AB)C = A(BC), and that AB is
locally finite if both A and B are locally finite. They also described the set of
equations that hold in AB in terms of those that hold in A and in B. A full
accounting of their results can be found in [9, Chap. 2].

In [7] A. I. Maltsev considered this construction in a very general context.
Among his observations he showed that if A and B are quasivarieties of finite
similarity type then the Maltsev product, which we denote A ◦ B, is again
a quasivariety. Moreover, this product contains both A and B. Consequently,
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A ∨ B ⊆ A ◦ B (join in the lattice of quasivarieties). We reproduce Maltsev’s
construction, specifically for quasivarieties, in Definition 2.1 below.

Unfortunately (and in contrast to the situation for groups), it is not
the case that the Maltsev product of two varieties is generally closed under
homomorphic images. To address this failure Maltsev introduced a further
restriction by requiring his algebras to be polarized. A class C is polarized if
there is a unary term that is constant on every member of C and that constant
is an idempotent element of the algebra. This constant is called the pole of the
algebra. Note that the pole of a group is its identity element, the pole of an
algebra is unique (if it exists), and a congruence class of a polarized algebra
is a subalgebra if and only if it is the congruence class of the pole. Maltsev
proved that if C is a congruence-permutable polarized variety, then for any two
subvarieties A and B the class (A ◦ B) ∩ C is again a variety.

Recently interest in universal algebra has turned in a somewhat differ-
ent direction, towards idempotent algebras. It is easy to see that the Malt-
sev product of two idempotent quasivarieties is again idempotent. Freese and
McKenzie [4] consider the preservation of various properties under the product.
While they show that a number of important Maltsev conditions are preserved,
congruence-permutability is not one of them.

In this short paper we provide some context for this failure. The main
result shows that for idempotent varieties A and B, if A ∨ B is congruence-
permutable then so is A◦B. Combining this with Maltsev’s argument described
above, if A ∨ B is congruence-permutable, then A ◦ B is a variety.

2. Maltsev products

Classes of algebras are always assumed to be of some single fixed similarity
type and closed under isomorphic image. A quasivariety is a class closed under
subalgebra, product, and ultraproduct. Equivalently, under subalgebra and
reduced product. See [3, Theorem 2.25]. A quasivariety is a variety if it is
closed under homomorphic images. For an algebra A, Sub(A) denotes the
set of subuniverses of A. For all other unfamiliar notions of universal algebra
consult [1].

Since we work sometimes in the lattice of varieties and sometimes in the
lattice of quasivarieties, we shall use the notation A∨B for the smallest variety
containing A ∪ B and A ∨Q B for the smallest quasivariety. Note that if A is a
quasivariety then its closure under homomorphic images, H(A), is the variety
generated by A.

Congruence classes play a double role in the context of Maltsev products:
as elements of a quotient algebra and as (potential) subalgebras. It may be
helpful to use separate notations for the congruence class of an element a
modulo the congruence θ to distinguish these roles. We shall write [a]θ when
this congruence class is being treated as a subset, and continue to write a/θ
for the corresponding element of the quotient algebra.
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Definition 2.1. Let A and B be quasivarieties. The Maltsev product of Aand B
is

A ◦ B =
{
R : (∃θ ∈ Con(R)) R/θ ∈ B and

(∀r ∈ R) [r]θ ∈ Sub(R) =⇒ [r]θ ∈ A
}
.

If A and B are subquasivarieties of the quasivariety C then we write A ◦C B =
(A ◦ B) ∩ C .

An algebra is called idempotent if every singleton subset is a subuniverse.
A class of algebras is idempotent if every member algebra is idempotent. Ob-
serve that in an idempotent algebra every congruence class [a]θ is a subalgebra.
We summarize the basic properties of the Maltsev product in the following the-
orem.

Theorem 2.2. Let A and B be quasivarieties.
(1) If the similarity type is finite, or if B is idempotent, then A ◦ B is a

quasivariety. Moreover A ∨Q B ⊆ A ◦ B.
(2) If A and B are idempotent then A ◦ B is idempotent.
(3) If A and B are idempotent subvarieties of a congruence-permutable qua-

sivariety C then A ◦C B is a variety.

In [7] Maltsev proved 2.2(3) under the assumption that C is polarized
rather than idempotent. However the proof is essentially the same in the idem-
potent case. A proof of Theorem 2.2 is also provided in [2].

3. Congruence-permutability of the Maltsev product

In [4, Example 2.1] Freese and McKenzie exhibit idempotent varieties B0

and B1, both of which are congruence-permutable, but their join, B0 ∨ B1,
fails to be congruence-permutable. It follows from Theorem 2.2(1) that B0 ◦B1

can not be congruence-permutable. As we show in Theorem 3.1, this is the
only obstacle to permutability of the Maltsev product.

Theorem 3.1. Let A and B be idempotent varieties. If A ∨ B is congruence
permutable, then so is A ◦ B.

Recall that a variety (in fact a quasivariety) is congruence-permutable if
and only if there is a ternary term q(x, y, z) (a Maltsev term) such that the
equations q(x, x, y) ≈ q(y, x, x) ≈ y hold. The proof of Theorem 3.1 hinges on
the observation that if A ∨ B is congruence permutable then there is a single
term q that simultaneously acts as a Maltsev term on A and on B. A key role
is played by the following result [5, Lemma 2.8] of Kearnes and Tschantz.

Lemma 3.2. Let W be an idempotent variety that is not congruence permutable.
If F = FW (x, y) is the 2-generated free algebra in W , then F has subuniverses
U and V such that
(1) x ∈ U , y ∈ V ;
(2) y /∈ U , x /∈ V , and
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(3) S = (U × F ) ∪ (F × V ) is a subuniverse of F × F.

Proof of Theorem 3.1. Let q be a Maltsev term for A ∨ B. Assume A ◦ B is
not congruence permutable. We shall derive a contradiction. Let W = H(A ◦
B). Since A and B are idempotent so is W . Certainly W is not congruence
permutable so we can apply Lemma 3.2 to W .

So set F = FW (x, y). Let U and V be the subuniverses provided by the
lemma and S = (U × F ) ∪ (F × V ). Since F is free and W = H(A ◦ B), we
have F ∈ A ◦ B. Hence there is a congruence λ on F such that G = F/λ ∈ B,
X = [x]λ ∈ A and Y = [y]λ ∈ A. Of course x ∈ X and y ∈ Y .

Let a = (x, x), b = (x, y), c = (y, y), and d = (y, x). Note that a, b, c ∈ S
while d /∈ S. We shall derive a contradiction by showing that, in fact, d ∈ S.

Let d′ = qF
2
(a, b, c) = (p1, p2). Then a, b, c ∈ S implies d′ ∈ S as well.

From the definition of S we must have either p1 ∈ U or p2 ∈ V . Without loss
of generality let us assume that

p2 ∈ V. (3.1)

Now from the definitions of a, b, c, and d′, we have p1 = qF(x, x, y). But G =
F/λ ∈ B and q is a Maltsev term for B, hence, p1/λ = qG(x/λ, x/λ, y/λ) =
y/λ, i.e., p1 λ y. Thus

p1 ∈ Y. (3.2)

Similarly, p2/λ = qG(x/λ, y/λ, y/λ) = x/λ, so

p2 ∈ X. (3.3)

Now let e = (x, p2) ∈ U × F ⊆ S. Define e′ = qF
2
(d′, e, a) = (p3, p4).

Then e′ is a member of S. As before, p3/λ = qG(p1/λ, x/λ, x/λ) = p1/λ, so

p3 ∈ Y. (3.4)

From (3.3), p2, x ∈ X, hence p4 = qF(p2, p2, x) = qX(p2, p2, x) = x since q is a
Maltsev term for X ∈ A.

Finally, let f1 = (y, p2) and f2 = (p3, p2). Then f1, f2 ∈ F × V ⊆ S

by (3.1). Therefore qF
2
(f1, f2, e′) ∈ S. But

qF
2
(f1, f2, e′) =

(
qY(y, p3, p3), qX(p2, p2, x)

)
= (y, x) = d

proving that d ∈ S. Contradiction. �

Corollary 3.3. Let A and B be idempotent varieties and suppose that A ∨ B is
congruence-permutable. Then A ◦ B is variety.

Proof. Let C = A ◦ B. By Theorem 2.2(1), C is a quasivariety, and by Theo-
rem 3.1, it is congruence-permutable. Therefore A ◦ B = A ◦C B is a variety by
Theorem 2.2(3). �

Corollary 3.4. Let A be an idempotent, congruence permutable variety. Then
A ◦ A is congruence permutable. Furthermore A ◦ A is a variety.
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Unfortunately Theorem 3.1 does not provide a recipe for finding a Malstev
term for A ◦ B given the term for A ∨ B. We have managed this in one case.
Let Sq denote the variety of squags. This is the variety of binars defined by the
identities

x · x ≈ x, x · y ≈ y · x, x · (x · y) ≈ y.

This variety is obviously idempotent. It is congruence-permutable with Maltsev
term q(x, y, z) = y · (x · z). Therefore by Corollary 3.4, Sq ◦ Sq must be a
congruence-permutable variety. In [6] Li showed that a Maltsev term for Sq ◦Sq
is p(x, y, z) =

(
x(z(xy))

) · (
z(x(zy))

)
.

Problem. Find an equational base for Sq ◦ Sq . Is this variety finitely based?

While we have stated Theorem 3.1 for varieties it could just as easily
have been stated for quasivarieties.

Corollary 3.5. Let A and B be idempotent quasivarieties. If A ∨Q B is congru-
ence permutable then A ◦ B is congruence permutable.

Proof. Suppose that C = A ∨Q B is a congruence-permutable quasivariety.
Then W = H(C) is a congruence-permutable variety. But it is easy to check
that W = H(A)∨H(B). Therefore by Theorem 3.1, H(A)◦H(B) is congruence-
permutable. Consequently A ◦ B ⊆ H(A) ◦ H(B) is congruence-permutable as
well. �

One wonders whether an analog of Theorem 3.1 holds for other conditions
that are not preserved by Maltsev products. For example, if A and B are
idempotent varieties and A∨B has a majority term, must A◦B have a majority
term? We do not know the answer, although an affirmative answer is consistent
with our current understanding of the subject. Certainly a proof will look quite
different from that of Theorem 3.1 since no congruence-distributive analog of
the Kearnes–Tschantz lemma is known.
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