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Abstract—This paper presents a distributed current source 

method for modeling weak magnetic and eddy-current (EC) 

fields induced in biological objects for electromagnetic 

stimulation and sensing applications. Unlike metallic objects 

with negligible displacement currents, the permittivity must be 

accounted for in biological objects. An axial symmetrical 2D EC 

field induced in a biological object is formulated in state space 

representation. Since EC fields cannot be directly measured, the 

solutions to three different variables that provide a means to 

infer the EC effects are derived using the distributed current 

source method, which are the magnetic flux density generated 

by the induced EC at a point, the lumped-parameter magnetic 

flux passing through a sensing coil, and its electromotive force. 

Illustrated in the context of two applications, the solutions are 

numerically evaluated by comparing results with that simulated 

by a commercial finite-element analysis.    

I. INTRODUCTION 

 Magnetic/eddy-current (M/EC) devices play an important 
role as actuators and/or sensors in a broad spectrum of 
applications ranging from manufacturing to biomedical 
engineering. In manufacturing, M/EC actuators have been 
employed on vibration suppression [1][2], induction heat 
[3][4]. M/EC sensors have been widely used in measurements 
of displacement [5][6], thickness [7], electrical conductivity 
[8] and recently, simultaneous geometrical/material- property 
measurements [9]. As a non-invasive neuro- modulation 
technique, transcranial magnetic stimulation (TMS) has been 
used to treat and diagnosis some psychiatric disorder (such as 
Alzheimer’s and Parkinson’s disease), which induces an 
electric field in a specific region that is conductive of the brain 
and causes a localized axial depolarization having positive 
effects for aforementioned disorders in the cortical tissue [10] 
[11]. Magnetic induction tomography (MIT) [12] is an 
electrodeless technique through the use of excitation coils to 
induce an electromagnetic field in the material, which is 
measured at the receiving side by sensors. This noninvasive 
modality that applies an electromagnetic field is sensitive to 
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all three passive electromagnetic properties (electrical 
conductivity, permittivity, and permeability) in tissues.  MIT 
applications include lung monitoring and imaging [13], brain 
imaging [14], liver tissue monitoring [15], to name a few.  
Because EC fields cannot be directly measured, their effects 
are determined by measuring the magnetic flux density (MFD) 
generated by the induced EC at a point, the lumped-parameter 
magnetic flux (MF) passing through a sensing coil, or its 
corresponding electromotive force (EMF). Thus, the design of 
M/EC devices requires a good understanding and 
physics-based modeling of the M/EC fields involved.  

In [16], analytical solutions were derived for axisymmetric 
EC induced by a coil in a semi-infinite conducting slab. Built 
upon the flexible division algorithm that formulates a physical 
field in state space a[17] and the distributed multi-level current 
modeling method [18] that accounts for mutual induction in a 
conductor, a  distributed current source (DCS) method was 
presented in [19] to model the harmonic EC field induced in a 
nonferrous metal and its corresponding magnetic flux density.  
Different from metallic objects, the effects of displacement 
currents and permittivity in biological objects cannot be 
neglected. The modeling of EC induced in biological tissues 
can be broadly classified into lumped-parameter and 
distributed-parameter approaches. The lumped-parameter 
approach, typically known as impedance method (IM) [20] 
[21] and independent impedance method (IIM) [22][23], 
subdivides the object into a network of impedances for 
electromagnetic stimulation. Both IM and IIM methods focus 
on solving the EC induced in excited objects during 
electromagnetic stimulation, and do not calculate the weak 
magnetic field generated from the biological tissues. Finite 
element analysis (FEA) methods (capable of handling 
complex geometries when solving the partial differential 
equations of a physical field) have been most commonly used 
to calculate the EC induced in the biological object and its 
MFD; the latter was solved by subtracting the MFD generated 
by the combined electromagnet (EM) and biological objects 
from that solely by the external EM (without the biological 
object).  Because biological objects typically characterized by 
the relatively small electrical conductivity, the MFD generated 
by the EC induced in the biological object is much smaller 
than that from the EM; as a result, the FEA methods that base 
on the subtraction two MFD fields (with and without the 
biological object) cause significant errors in computation. 
Furthermore, because of the weak MFD generated by the EC 
induced in a biological object, a sensing coil is often utilized in 
bio-electromagnetic sensing applications.  

Motivated by the interests to compute the MFD generated 
by the EC induced in biological objects and its corresponding 
magnetic flux (MF) and electromotive force (EMF), the DCS 
method [19] for non-ferrous metallic objects is further 
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developed to relax for biological objects by considering the 
permittivity. As a result, the first-order state-space model of 
the non-ferrous metallic objects becomes second-order.  In 
this paper, the MF passing through and EMF generated in the 
sensing coil are formulated as outputs of the dynamics M/EC 
models. The remainder of this paper provides the following: 

− The next section begins with an extended version of the 
distributed current source (DCS) method to model the 
M/EC fields in a 2D axisymmetric biological object for 
magnetic stimulation applications. The biological object 
stimulated by an external EM is discretized into elements 
for state-space formulation of the M/EC fields with the EC 
density (ECD) of the distributed elements as state variables, 
current density passing through the EM and its time 
derivative as inputs. The distributed EC-induced MFD at a 
point and the lumped-parameter MF and EMF of a sensing 
coil are formulated as outputs.  The closed-form harmonic 
solutions are derived.  

− Illustrated with two examples, the DCS method for 
modeling the ECD induced in a biological object is 
numerically evaluated by comparing results with FEA 
simulations.  As will be demonstrated, the DCS method 
overcomes some problems encountered in FEA that lacks of 
the ability to calculate the MFD generated from the tiny 
ECDs induced in the biological object and the large 
differences between the EM-generated MFD and the 
EC-generated MFD by the biological objects. 

II. DCS-BASED EC MODEL IN BIOLOGICAL OBJECTS 

Figure 1(a) illustrates an ECD field induced in a biological 
object (tissues) by a time-varying current I(t) with an average 
value Io flowing through the EM (Ne-turn coil), where the 
parameters involved in the 2D axis-symmetrical model are 
defined in cylindrical coordinates (r, z).  In Fig. 1(a), (ai, ao; a) 
are the (inner, outer radii; half-length) of the EM.  For 
modeling using a DCS method, the object is decomposed into 
nl layers of n elemental biological tissues with the ith element 
characterized by its geometrical/material properties (surface 
area vi, electrical conductivity σi, permittivity εi).  

A. Governing Equations 

The induced ECD field governed by the Maxwell’s 
equations is solved in terms of a magnetic vector potential φ 
(=φE+φC), where φE and φC are the contributions from the EM 
and the mutual inductance among the elemental conducting 
issues respectively: 
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In (1a), the complex permittivity and conductivity (ε, σ) are 
frequency-dependent electrical properties of the bio-materials 
given in (1b, c) where ε0 (=8.852×10-12 F/m) is the 

permittivity of free space,  is the permittivity in the high 

frequency limit and σI is the static ionic conductivity:
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The dielectric spectrum of biological tissues in (1b) whe

n
re 

n,  and n are appropriately chosen to each tissue is 

described by the multiple Cole-Cole dispersion [24][25]. In 
(1c), εIm is the imaginary part of relative permittivity. 
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Fig. 1 Schematics showing variables/parameters in the formulation. 
(a) Electromagnetic stimulation. (b) Electromagnetic sensing. 

Using the Biot-Savart’s law [26], φE(rj, t) contributed by the 
current density JE(t) flowing through the exciting EM can be 
determined from (2) where µ0 (=4π×10-7H/m) is the magnetic 
permeability of free space: 
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In dimensionless form with normalized coordinates (R=r/ao, 
Z=z/a, θ), φE can be written in term j(r)Eγs of an integral and 

EM geometry (ri=ai/ao and ra=a/ao), where Jo is the uniform 
current density of the unit input current, IE(t) is the current 
intensity, and NE is the number of turns: 
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In 2D axisymmetric coordinates, φc is the sum of all the n 
elemental magnetic vector potentials contributed by the 
mutual inductance among the elements in the rings [17]:
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In (4a, b) where quadrilateral elements are assumed, the 
double subscript ij indicates that the jth magnetic vector 
potential is contributed by the ith elemental ECD source ji.  
 As EC cannot be directly measured, its effects are inferred 
by one of the three following methods:  

1. The magnetic flux density B = +E CB B( ) generated by 

the combined EM and EC induced in the conductor  at a 
point can be derived from the curl of φ leading to 
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2. The magnetic Bflux (unit: Wb or Tm2) can be determined 

by integrating the B over a cross-sectional area S: 
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B =
s

d B S  (5b) 

3. The induced electromotive force (EMF) Vb sensing coil can 

be determined by the Faraday’s law in (5c) where Nw is the 

number of turns in the coil: 

B=b w

d
V N

dt


−  (5c) 

B. Distributed-Parameter State-Space Formulation 

Using the DCS method, the ECD J of the distributed- 
parameter system (1) can be expressed in terms of its 

elemental ECD sources,  
T

1 i n=J j j j . For the 

discretized 2D axisymmetric system, the jth elemental ECD in 
the tangential direction can be determined in (6): 
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Each of the elemental ECD must obey the law of energy 
conservation referred to here as the continuity equation and 
boundary conditions, which are automatically satisfied for a 
2D axis-symmetrical model.   The variables of interests in (6) 
can be expressed in matrix forms (7a~ c) where (X, U and Y) 
are the (state, input and output) vectors: 
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Using (6) and the definitions (7a, b), (6) is represented in state 
space with specified parameters, 
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Similar to the magnetic vector potential, the magnetic flux 

density B (=BE+BC) at an observed point is contributed by the 

EM-generated MFD BE and the EC-generated MFD BC. The 

output Y1 representing the MFD at Rk point is given by (9a) 
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As shown in Fig. 1(b), the MF in 2D axisymmetric 
coordinates passing through a coil can be regarded as the 
summation of MF through the rings. The outputs Y2 and Y3 
representing the MF passes through a coil and induced EMF 
are given by (10a) and (11) respectively: 
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In (10) where k=1, …, m,  m is the number of segments (each 
with length segment sk); [nkx, nky] indicate the (x, y) 
components of the normal vector; and Rk is the radial position. 

C. Harmonic response of ECD, MF, EMF 

The harmonic solutions to the ECD fields in (7) are given 
in (12), which is determined by substituting J=JRe+jJIm into 
(8), where JRe and JIm are the real and imaginary part of J.  

PR 0 Re( )jdiag  =E , PI 0 Im( )jdiag  =E , where Rj  and Ij  are 

the real and imaginary part permittivity. 
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Similar to the ECD fields, the harmonic response of MFD, MF, 
EMF are given by Y=YRe+jYIm 
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III. NUMERICAL VERIFICATIONS 

The DCS method and its physical insights into modeling 
an induced ECD field of a biological object and its generated 
MFD are illustrated numerically.  Since no analytical solutions 
are available for comparison, commercial FEA software 
(COMSOL) has been used as a basis to verify the 
DCS-modeled M/EC fields of biological tissues. Two 
examples are utilized to illustrate the DCS models for 
electromagnetic stimulation:  

1) Three-layer (brain, skull, and scalp) head model [22], Fig. 
2 and Table I. 

2) Electrical conductivity imaging [27], Figs. 3 to 5 and 
Table II.
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Fig. 2,  2D axisymmetric three-layer head model for TMS example. 
(a) Simulation configuration. (b, c) ECD (Re, Im) parts: DCS and 
FEA. (d, e) Error plots of  ECD (Re, Im) parts.  

In both examples, the material properties (σ, εr) are 
determined by the Cole-Cole dispersion in (1b, c). Four-vertex 
quadrilateral elements as shown in Fig. 2(a) were used in the 
simulations, where the vectors (p1 to p4) denote the vertex 
positions; and (sk and nk where k=x± and y±) are the kth 
boundary line and normal vector respectively.  The 2D 
quadrilateral elemental areas, boundary lines, and normal 
vectors can be calculated from (16a~c): 
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A. ECD induced in the head model of TMS 

Figure 2(a) shows the 3-layer (brain, skull and scalp) head 
model for TMS [20]. Modeled using the DCS method in the 
2D-axisymetric coordinates, the three layers of the half-circle 
geometrical structure are denoted as GM (grey matter), CB 
(cortical bone) and WS (wet skin) in Fig. 2(a). The EM 
configuration and head model, along with the parametric 
values used in simulations, are summarized in Table I where 
the distance Zo (between EM and head) is normalized to a.  
Figs. 2(b, c) plot the simulated real and imaginary parts of the 
induced ECD. The close agreements validate the DCS 
methods. The RMS error between the DCS method and FEA 
solutions is quantitatively evaluated. The RMS errors of the 
real and imaginary parts are 0.0031 and 0.0393 respectively. 
The element position of the maximum ECD is at (R, Z)=(0.776, 
−15) and its values are (0.06, 1.125) A/m2 for the (real, 
imaginary) parts respectively. Fig. 2(d), (e) are the errors of 
real and imaginary part ECDs, which are determined by the 
ECD values of the DCS method subtracted from the FEA 
method. The relatively large differences in Fig. 2(d, e) are due 
to the abrupt change near the boundary of different materials. 

TABLE I. SIMULATION PARAMETERS OF TMS FOR HEAD MODEL 

Electromagnet (EM) 

Coil geometry (cm) Current 

Inner radius,  ai 2 JE (kA) 7.66 
Outer radius, ao 2.5 f (kHz) 3.6 
Thickness, a 0.25  

Head model (Zo=8.2) 

Geometry (normalized to a) Material 

 Radius # of layers σ (S/m) εr 

GM Hg   32 8 0.001069 56950.1 − j 534495 
CB Hb 2.4 3 0.00203 1080.33 − j 101542 
WS Hs 2.4 3 0.00106 30373.7 − j 5283.29 

RMS (real, imaginary) error between the DCS solutions and FEA  

( )
2

1

1
RMS

n

DCS FEA
i

y y
n=

= −  
RMS error (real) = 0.0031 
RMS error (Imaginary) = 0.0393 

B. MFD, MF and EMF for electromagnetic sensing 

Figure 3(a) shows the example of electrical conductivity 
imaging demonstrated in [27] via contactless measurements 
using an excitation coil and a pair of sensing coils, where 
conductive solution was used to simulate the object material; 
and the permittivity was not considered. As an illustrative 
application, the experimental setup in [27] was modeled using 
the DCS method for electromagnetic sensing but the 
conductive solution was replaced by wet skin material as an 
example of the biological object in this study. The parametric 
values used to simulate this electromagnetic sensing 
application in Table II and Fig. 3(a). The results are 
summarized in Figs. 3 to 5, from which the observations can 
be made: 

− Fig. 3(b) shows the (Re, Im) parts of the EM-generated 
MFD along the radius in the cross-section of Sensing Coil 1, 
which were computed from the analytical solutions and 
compared with FEA.  Figs. 3(c, d) compare the (Re, Im) 
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parts of the ECD computed using the DCS and FEA 
methods. The comparisons between DCS and FEA show 
excellent agreements. 

(a) Simulation configuration R=r/ao

(Gauss)

(b) Sensing coil 1 (BE) 

ai

Ho

Zs

Zs

a

Zo
RoZ

=z
/
a

R=r/ao

ao
Sensing 
coil 2

Sensing 
coil 1

J(A/m2) J(A/m2)

(d) ECD Im part      

Anal 
FEA Re
FEA IM

BzBr
Rs

(c) ECD Re part      

DCS
FEA

DCS
FEA

 

 
Fig. 3 Magnetic sensing example. (a) Simulation configuration. (b)  
EM-generated MFD (Re, Im) parts of Sensing Coil 1. (c, d) ECD (Re, 
Im) parts: DCS and FEA. 

− Fig. 4(a) plots the (Re, Im) parts of the weak MFD 
generated by the ECD induced in the biological object. Fig. 
4(a) is the FEA simulated Re part of the MFD contributed 
by the ECDs induced in the biological object, which was 
obtained by subtracting the EC-generated MFD simulated 
using FEA mesh (Fig. 4d, EM only) from that using FEA 
mesh (Fig. 4c, both EM and object). However, because of 
the large differences between the MFD generated by the 
EM and that by the induced ECD in the biological object, 
FEA fails to compute the MFD contributed by the induced 
ECD in the biological object.

EM

ObjectB
c(
μ
T
)

Re

(a)  

Br(Re)

Bz(Re)

B
c(
μ
T
)

R=r/ao

(c) 

(d)

EM

Br

Im

B
c(
μ
T
)

Bz

(b) 

R=r/ao

×103
 

 
Fig. 4.  Object EC-generated MFD. (a) DCS modeled MFD 
(Re, Im) parts. (b) FEA-modeled MFD (Re, Im) parts. (c, d) FEA 
meshes (with and without object) for computing object-EC MFD.   

− To further compare the DCS- and FEA-modeled MFD 
generated by induced EC in the biological object, the 

electrical conductivity of wet skin is multiplied by a factor 
of 106 such that the EM-generated MFD and the 
EC-generated MFD are in similar order-of-magnitude. As 
illustrated in Fig. 5, DCS models yield smoother results as 
compared with FEA results.   

− The EMF generated from the induced ECD of the sensing 
objects are investigated by (15). The EMF (Y3Re, Y3Im) of 
Sensing Coils 1 and 2 for the wet skin are (0.1328, 0.0375) 
V and (0.0552, 0.0156) V, and for conductivity solution are 
(1.04, −0.001) V and (2.507, −0.021) V.

(c)  R=r/ao R=r/ao

B
c(
μ
T
)

B
c(
μ
T
)

(d) 

(a)  

J(kA/m2) J(kA/m2)

(b)

DCS
FEA

DCS
FEA

FEA Im
DCS Im FEA Im

DCS Im

DCS Re
FEA Re

DCS Re
FEA Re

 

 
Fig. 5 Comparing DCS and FEA Simulations with electrical 
conductivity multiplied by a factor of106.  (a, b) ECD (Re, Im) parts. 
(c, d) MFD (Re, Im) parts. 

TABLE II. PARAMETRIC VALUES OF ELECTROMAGNETIC SENSING 

Exciting coil 

Geometry (cm) Current 

ai 3 I0 (mA) 200 

ao 15 f (kHz) 500 

a 3.5 NE 100 

Biological object 

Normalized Geometry 
Material 

 σ(S/m) εr 

Zo 2.86 WS 0.1779 3614.5− j6403.8 

Ro 2 Cond. Sol. 6.72 0 

Ho 2.67    

Sensing coils 
Nw = 10000 Zs = 1.42 Rs = 1 

IV. CONCLUSION 

The M/EC fields of the biological objects in 
2D-axisymmetric coordinate are formulated in state-space 
representation. The DCS method is numerically verified, 
which agrees well with the results computed using 
commercial FEA software. The simulation results 
demonstrate the DCS method perform better than FEA for 
calculations of the weak MFDs generated from the tiny ECDs 
induced in the biological objects. The applications of the DCS 
method are demonstrated by two examples: the calculations 
of ECD fields of a multiple layer head model for TMS and 
EMF of the sensing coils for the electromagnetic sensing. It is 
expected that the DCS method has broad applications on the 
design analysis of bio-mechatronics systems. 
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