AUTOMORPHIC EQUIVALENCE PRESERVES THE SPLIT PROPERTY

ALVIN MOON

ABSTRACT. We prove that the split property is a stable feature for spin chain states which are
related by composition with *-automorphisms generated by power-law decaying interactions. We
apply this to the theory of the Zs-index for gapped ground states of symmetry protected topological
phases to show that the Zs-index is an invariant of gapped classification of phases containing fast-
decaying interactions.

1. INTRODUCTION

Recent studies have rigorously proven the existence of symmetry protected topological (SPT)
phase transitions in one dimension using an invariant of smooth, gapped classification known as
the Zo-index [13,/17]. The Zs-index follows a line of investigation of the invariants which arise from
symmetries of a quantum spin chain [2,/12,/15,|16].

In [13], it is proven that this index is a well-defined invariant for finite-range interactions, regard-
less of boundary conditions, and that the index agrees with the matrix product state index defined
in [15]. Thus it is concluded that the AKLT interaction belongs to a non-trivial topological phase
of finite-range interactions protected by time reversal symmetry. It is also known that extensive
but sufficiently small and fast-decaying perturbations of the AKLT interaction on the chain will
not move the system out of the phase (e.g. see [§]). In particular, an SPT phase may contain
interactions which are not finite range.

The objective of this note is to investigate when the Zs-index is a stable invariant of an SPT
phase in one dimension. We prove that under certain hypotheses, including superpolynomial but
still subexponential decay of interactions and uniqueness of the gapped ground state, that if an
SPT phase contains an interaction with a well-defined Zs-index, then all interactions in the phase
have a well-defined index, and that the index is an invariant of the phase (see Section 3 for the
hypotheses). For this, we follow the proof of Ogata for the finite-range case closely, making the
necessary and material modifications to handle an unbounded range of interaction. This stability
provides further evidence that the Zo-index detects a true phase transition between interactions in
distinct symmetry protected topological phases.

A significant mathematical obstruction to assuming weaker decay conditions is in proving that
certain gapped ground states of interactions satisfy the split property. So far, general results
on sufficient conditions for the split property to hold critically use characteristics of finite-range
or exponentially decaying one-dimensional interactions, such as boundedness of the entanglement
entropy or the validity of Haag duality for the spin chain interactions [5,7]. We comment on the
relationship between split property for translation invariant ground states and Haag duality in
Section 2.

Our main result is that quasi-local deformations of split states preserve the split property. Our
proofs make use of Lieb-Robinson bounds on the speed of propagation of time-evolved observables
which do not depend on the sizes of support. To the best of our knowledge, the results of this note
are the first which generally guarantee the split property for ground states of interactions which do
not necessarily decay exponentially.
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1.1. Notations and assumptions. We consider the one-dimensional lattice (Z,| - |). Let P¢(X)
denote the finite subsets of ¥ C Z. The onsite Hilbert space at z € Z is $, = C%, where d > 2
is taken to be independent of z for simplicity. Let 2,y = M4(C) denote the onsite algebra of
observables. Local algebras of observables for X € P¢(Z) are defined by tensor product:

(1.1) Ax = Q) Ay
zeX

We reserve A as notation for a finite interval of the form [a,b] NZ. Let ;.. denote the maximal
algebra obtained by inclusion of local algebras, and 27 its closure with respect to the operator
norm:

— _or Il
(1.2) Ajoc = U Ax, Az = Ajoe -
XePy(z)

Similarly, let 2y and 2Ar denote the C*-algebras obtained from the local algebras of the left and
right complementary half-infinite chains, respectively:
[I-1
(1.3) A, = U Ax (resp. 2AR).
X€P((—00,0])

We model the interactions between sites of the lattice with interaction functions parametrized by
a dependence t € [0, 1]:

(1.4) O(,t) : Pr(Z) — U
(1.5) X > (X, t) = B(X, 1) € Ay.

For regularity, we assume for each X € P¢(Z) that the dependence ¢t — ®(X,t) is continuously
differentiable. The dynamics 7% : [0,1] — Aut() of the model are generated by the family of
Hamiltonians:

(1.6) HA(®, 1) = Y ®(Z,1),

ZCA

are continuous in ¢ and satisfy 7'6\ = id. For a thorough investigation of properties of ®(-,t) and
the limit of the family (7), the curve 7 : [0,1] — Aut(%z) of *-automorphisms, we refer to Section
3 of |11]. In this case, we say T are the quasi-local dynamics generated by ®(-,t).

In this note, we study antilinear symmetries of the spin chain. Precisely, if 6 : 2z — 2z is an
antilinear x-automorphism, we say that 7 is f-invariant if the generating interactions are fixed by
0:

(1.7) VX € Pp(Z) : 9(®(X, 1)) = (X, ).

Physical considerations require decay of the interaction. To account for the t-dependence, we
quantify the decay using F-functions and F-norms. Precisely, denote:

1
. F, e —— 0.
(1) la) = e Mg B>
where h : [0,00) — [0, 00) is a non-negative, non-decreasing, subadditive function. We observe that
there exists a constant Cg such that for any z,y € Z: ), Fg(|z —2|)Fs(|z —y|) < CsFs(|lz —y|).
We refer to Cp as the convolution constant of Fg.

The function Fjg depends on h, but we will suppress the h-dependence in notation, and when
the choice of 3 > 0 is immaterial, we will suppress the $-dependence as F' = Fg. Then |-, 5 is
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defined for the family ®(-,¢) as:

[2(Z,1)]] >
P = sup sup ( .
(19) || ||h’5 a:,yEZ ZGPZf(Z) tE[O,l] Fﬂ(|x - y|)

z,yeZ
We note that if [|®|], 5 < oo, then the interaction decays uniformly as a function of the diameter:
(1.10) 12X, )] < [19]],5 £ (diam(X)).

We will denote:
(7 = sup ||[®(Z,1)].
(1.11) 12(Z) 0,15 S 12(Z,1)]|

Lastly, we state the split property from [5,7] which will be best suited for our analysis.

Definition 1.1. A state w of Ay satisfies the split property if there exist states wy, and wgr of
the left and right algebras Ay, AR, respectively, such that w is quasi-equivalent to wy, ® wg.

For brevity, we will refer to states which satisfy Definition [I.1| as split states. The formulation
of the split property in Definition agrees with that of e.g. [6,13] when w is pure and wz, and wg
are the restrictions of w to the left and right algebras, respectively. There are higher-dimensional
generalizations of the split property, such as the distal or approximate split property of [9]; however,
we do not comment on whether these are stable.

We will express the quasi-equivalence relation between states by ~. We consider only factor
states, so we recall an asymptotic condition for quasi-equivalence of factor states w and ¢ of the
quasi-local algebra 2y (cf. Corollary 2.6.11 in [3]): w ~ ¢ if and only if for all € > 0, there exists
X. € Pf(Z) such that Y € Py(Z) and B € Ay with Y N X, = () imply:

(1.12) w(B) —@(B)| < [|Bl|e.

2. SPLIT STATES

2.1. Support-independent Lieb-Robinson bounds. In the following, we prove special cases of
Lieb-Robinson bounds for the integer lattice and certain configurations of supports. These bounds
will be useful in proving Theorem

Let n,m € N, such that m < n. For ease of notation, we define the following family of sets:
(2.1) An(m,n) = [-n,—m] U [m,n]

Lemma 2.1. Suppose ||®|, 5 < oo for B > 2. There exists a constant k(3) > 0 such that for all

choices n,m,c,p € N with c < m < n, if [-n — p,n+ p| C A, the following inequality holds for all
A e An(m,n) and B € A\ An(m —c,n+p):

(2.2) [l (A), B]|| < w(8) Al B]| (' = 1) F—2(min {p, c})
where k() and v can be taken as:
_ 16 o 1y-2
K(B) = - (6/2=1)
(2.3)
v=2|[®| 3 Cs-

In particular, (8) does not depend on n,m,c,p or the function h(x).
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Proof. Denote Cr(a,b) = A\ An(a,b). By iterative arguments (cf. [10]), it can be shown that the
commutator in (2.2 is bounded above by the series:

A o (20"
sup . (A),B]|| < 2B a
(2.4) AemAn<m,n)\{0}H[t( ), Bl[| < 2| \]; Tk
lAll=1

where the right-hand side is convergent for az defined:

(2.5) ay = Z Z e Z oy (Zy) HCI)(Zl)H[O,l] T ”‘I)(Zk)H[o,l]

Z1 €S (An(m,n)) Z2€57(21) Zyp €57 (Zk-1)

(2.6) Sy (W) = { poRvnYZ D

Here, S\(W) ={Z CA:ZNW #0,ZNW¢# 0} denotes the boundary sets of W. Let Cz denote
the convolution constant of Fj3. For any k:

(2.7)

ap < > > > Yoo > 1@l 192l y

acEAn(m,n) 21,02k _1EA ZleSA(An(n,m)) ZQESA(Zl) ZkESA(Zk—l)
y€Cr(m—c,n+p) x,21€21 21,22€ 23 2k—1,YE€EZK

< Y Y 22l OB Fs (2 — yl)

z€An(m,n) 21€A Z1€S)(An(m,n))

yeCr(m—c,n+p) x,21€21
. 1
< (& k Ckfl e—h(mln{p,c}) [
< (@l ¢4 )Y DD (e
z€An(m,n) yeCr(m—c,n+p)
Since:
(2.8)

1 1 1
Z Z (1+|$—y|)5§2m<zx:<n(l+d(x,0r(mc,n+P))6/2 Z (1+7)8/2

m<z<n yeCr(m—c,n+p) r>min{p,c}
I SpE———
- (1+7)B/2

r>min{p,c}
the symmetry in the sum of the last inequality of ([2.7]) implies:

—1_—h(min{p,c 1 ’
ar < 8] 5 C5 e {p’})< > W)

r>min{p,c}
1
(1 + min {p, c})?~2

(29) <8 Hé”i,ﬁ 0271(5/2 _ 1)7267h(min{p,c})

<825 CE(8/2 = 1) *Faa(min {p,c}).
Hence the inequality (2.2]) holds with the choices:

_ 16 2
(2.10) K(B) = o, (B/2-1)

v=2 ||‘I)Hh,5 Cs.



We also record for completeness the following useful bound.

Corollary 2.2. Suppose H<I>||hﬁ < oo for B>2. If X,Y C A with max X < minY, then for all
AeAx, Bely,

(2.11) 7 (4), BY|| < w(8) 1A | B]l (" ~ 1)Fs_s(d(X, V).

Proof. The conclusion follows from observing that the origin has no distinguished role in the proof
of Lemma [2.1] O

We remark that taking the A — Z limit in Lemma [2.1] and Corollary [2.2] shows that the infinite
volume dynamics 7 also satisfies the corresponding support-independent Lieb-Robinson bound.

2.2. Automorphic equivalence and the split property. We say states w and ¢ of %y are
automorphically equivalent if there exist quasi-local dynamics 7 : [0,1] — Aut(2z) such that:

(2.12) w=por.

In this section we prove that the split property is stable under automorphic equivalence. To proceed,
we remark that if w is a split factor state, w ~ wy, ® wg, then for any 8 € Aut(2dz), the following
states are also factor: w,®@wr, wr,@wrof and wofB. Next, let ®L(-,t) : Py((—o0,0]) — Uzc (o0 Az

denote the restriction of ®(-,¢) to the left half-infinite chain. Define ®f(-,t) the same way using
the complementary right half-infinite chain. ®%(-,¢) generates quasi-local dynamics 7% : [0,1] —
Aut(AL) (resp. 7). Likewise, the interaction ®V(-,¢) : P¢(Z) — Ajo. defined by:

(2.13) BY(X, 1) { BX1) X (00,0 or X C 100

generates quasi-local dynamics 7V : [0,1] — Aut(2z). Then in the notation:
(2.14) (wrom) ® (wrom) = (wr ®wr) o 7y’

In the following theorem, we consider interactions which decay by at least a power law, setting
h in (1.8) to be the zero function.

Theorem 2.3. Suppose 7 : [0,1] — Aut(2(z) are quasi-local dynamics with a generating interaction
®(-,t) such that |||, 5 < co. Ifwo is a split factor state and B > 3, then wy = wp o7y is also a split

factor state, for all t € [0, 1].

Proof. Denote by wr,; = wr, o TtL (resp. wr¢) and wy = w. Suppose € > 0 and n,r € N such that
r > n. Recalling the sets An(a,b) in (2.1, let E,; : 2z — Ap,(n,2(n4r)) denote the conditional
expectation with respect to the product trace state. Since w is split and factor, there exists
N, (¢) € N such that n > N,(g) implies:

(2.15) wo R (1:(A)) — wr @wr © Enr(1:(A))] < & |[Enr (:(A))]| < Al

The following bounds will be derived independently of r, and so we will be able to let r tend to
infinity. Evidently for A € j¢:

(2.16)
wi(A) — wr e @ wre(A)| < (W —wr @ wr) o T(A)| + lwr ® wr(r(A) — 77(A4))]

< (|w 0 By (11(A)) — w1, ® w5 0 B (72 A))] + 2 [72(A) — By (7 (4))] )

+ || (A) = 72 (A4)||-
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Lemma [2.1) implies that if supp(A4) C An(2n,2n + r):

(2.17) I7(A) = Enp(me(A)) || < 26(8) || All (1 = 1) Fp_a(n).

To conclude the proof, it is left to show that for fixed ¢ € R, the quantity ||7:(A) — 77(A)| decays
as a function of n, uniformly in the norm of A. This will follow from a Gronwall-type inequality.
Let A be any interval containing [—2(n + ), 2(n + r)]. Define:

(2.18) falt) = mMA) = 70N (A)

where 7% and 79" are the corresponding finite-volume dynamics. Since fy(t) satisfies the ODE

and initial value problem:

i[HA(®Y, 1), fa(t)] + i[HA(D,t) — HA(DY,1), 7 (A)]
0

%f/x(t)
fa(0)

(2.19)

the following bound is valid:

|t]
IEA@ < A0 + /0 ds ||[HA(®, s) — Ha (3, s), 72 (A)]|

(2.20) _ /'t s
0

We can further divide the admissible Z in the sum of the last line of (2.20]) into:

Y ez s)msA(A)]H.
ZCA:

ZN(—00,0]#0

ZN[1,00)#0

Cr={ZCA:ZN(-00,0] #0,ZN[1,00) #0,Z C [-n,n]}

(2:21) Cri={Z CA:ZN(=00,0 #0,ZN[1,00) #0,Z L [-n,n]}.

The contribution of the Cy; terms to the upper bound in (2.20)) are majorized using decay of the
interaction. Let 6 > 0 such that 8 > 2 4+ 4. Then:

Y @z Y 2||A||(Z{||<1><Z,s>||:x,yeZ})

ZeCrr JJE(—OO,—TL]

+ > 2HAH<Z{H<I>ZS x,yeZ})

xEnoo
y€(—00,0]
(2.22) oo o0

<4 A [®llog Y > Fala+y)
a:—ny—O

> 1
< 4]|A]l ||® F (z+1
1Al ||0,8;l B—1-4/2 ; 14z + y)+9/2

8
< [(5_2_5/2)5 i ]F,B26/2(n)'
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And an application of Lemma [2.1] majorizes the contribution from C7. Note we have the simple
bound HZZECI o(Z, S)H < 3|y 5 n. And so:

(2.23) > [0(Z,5), mMA)]|| < BrB) 1@]lg 4 [AlN(* = D)nFs_s(n).

ZeCr
The conclusion follows from the fact that the upper bounds in (2.22) and (2.23)) are independent
of the sufficiently large, finite interval A and r. O

Lastly, we remark on when the left and right states in Theorem [2.3]can be taken to be restrictions.

Corollary 2.4. Suppose wg is a factor state such that wy ~ wola, @ wolay,, and T satisfies the
hypotheses of Theorem . Then wy = wp o T4 ~ wela, ® welay, for allt €0, 1].

Proof. Tt suffices to show that wyls, ~ wols, o 7F (vesp. for the right algebra). This will follow
by methods used in the proof of Theorem and so we will be brief. By a familiar asymptotic
condition of being a factor state (cf. Theorem 2.6.10 of [3]), the assumptions that wy is factor
and 7 is a quasi-local map imply wy|g, is also a factor state. Then Gronwall-type inequalities on

fa(t) = (7 — TtU’A)(A), A € A, N Ajpe, show that wyly, and wply, o 7F are quasi-equivalent. [

2.3. Comment on Haag duality and translation invariant states. Now, we consider the
split property for translation invariant pure states. A result of Matsui [5] shows that uniform decay
of correlations in a translation invariant pure state ¢ of 2z which satisfies Haag duality, implies ¢
is split.

It is also proven in [5] that if ® is a translation invariant, finite-range interaction whose local
Hamiltonians have a unique ground state and uniform spectral gap, ¢ is a translation invariant,
pure ground state of ®, and the GNS Hamiltonian H, > 0 has a nondegenerate eigenvalue at 0,
then ¢ satisfies Haag duality. The conclusion is then ¢ is necessarily split.

In the following, we remark a sufficient condition on the decay of an interaction to guarantee
uniform decay of correlations, i.e. in terms of bounds which do not depend on the support size of
the observables. We leave open the question of sufficient conditions for Haag duality to hold for a
general translation invariant state.

Corollary 2.5 (Uniform correlation decay). Suppose w is a gapped ground state of ®, with ||(I)Hh,5 <
o0, and the GNS Hamiltonian H,, > 0 has a nondegenerate ground state, i.e. :

(2.24) (i) sp(Hw) \ {0} C [y,00) and (ii) ker(H,) = CQ
There exists a constant (F) > 0 such that for all X,Y finite with max X < minY,
(2.25) |w(AB) = w(A)w(B)| < p(F) |A] || B e HXY)
We may take:
r(B) 2w+ )
u(l) = (1 + +
(2.26) ) m myh(d(X,Y))
_ 7
u =
2v 47y

Proof. The proof is essentially the same as the one given in [10] changed only to use the Lieb-
Robinson bound from Corollary[2.2] and so we will be brief. We suppress in notation the dependence
7



on the representation. We may assume (€2, BQ) = 0. For free parameters «, s, taking b sufficiently
small, the method of proof in [10] gives:

72 K vs— 1 —as
220)  lo(Ara(B)] = |2 Ara(E))] < A |B] (e + S eromnainn g emert)

S\/ T

Setting o = v/2s and s such that:
(2.28) s(v+~/2) = h(d(X,Y))
and taking the limit b — 0 yields the bound. ([l

Proposition 2.6. Let ® be a translation invariant interaction on a quantum spin chain such that
||(I>Hh76 < 00. Suppose w is a pure, translation invariant, gapped ground state of ®, and that the
normalized GNS Hamiltonian H, has a nondegenerate eigenvalue at 0.

If w satisfies Haag duality, then w is quasi-equivalent to wly, @ wly,-

Proof. This follows immediately from Corollary 3.2 of [5] and the uniform decay of correlations
guaranteed by Corollary
O

3. APPLICATION TO SPT PHASES

We recall the heuristic notion of a topological phase as an equivalence class of uniformly gapped
interactions, where two such interactions ®g, ®; are related if and only if there exists a sufficiently
smooth interpolating family of interactions ®(s), 0 < s < 1, such that ®(0) = ¢y and ¢(1) = ¢4,
and ®(s) is gapped above the ground state, uniformly in s. It is known that in this case, the infinite-
volume ground states of ® and ¥ obtained through weak—x limits of finite-volume ground states
are automorphically equivalent (cf. Theorem 5.5 of [1]). The equivalence relation for a symmetry
protected topological phase has the additional requirement that the ®(s) are fixed by the given
symmetry. The hypothesis of a uniform gap is essential, and we formulate this condition as the
following working definition: Say that ® has a uniform gap if there exist v > 0 and minimum
interval length R, > 0 such that if A is a finite interval, diam(A) > R, implies:

(3.1) sp(HA(®)) = sp_(Ha(P)) Usp, (HA(P))
with:
(3.2) min{)\—,u:)\Esp+(HA(<I>)),,u€sp_(HA(CID))} >y

and diam(sp_(Ha(®))) — 0 as diam(A) — oco. Let I'(Z) denote the uniformly gapped interactions
on Z.

In the following, we also work with a familiar formulation of equivalence in a gapped SPT
phase [1]. While we note that more general symmetries may be handled in this framework, we
restrict our discussion to the antilinear x-automorphism = of time reversal since it is one of three
symmetries which protect the Haldane phase in odd-spin quantum spin chains [4,/13-17]. We do
not claim that these are necessary conditions for being in the same topological phase.

Our application is showing that the Zs-index is a well-defined invariant for a =-protected topo-
logical phase which contains at least one interaction with a well-defined Zs index (e.g. a finite-range
interaction), provided the decay Fj is sufficiently strong.

Assumption on decay: Suppose 3 > 0. Let 3 be determined by h(x) = Rz’ for any R > 0 and
b € (0,1], so that (1.8)) becomes:
1

(3.3) Fy(x) = e 1" AraP
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We may assume, without loss of generality, that § > 6. We will suppress the dependence of the
JF-norm on the variables:

(3.4) Il e p = Il -
Definition 3.1 (Equivalence in an SPT phase). Define:
B(F) = {<I> eI(Z): (i) |®|p < oo, (ii) ® has a unique ground state,

(3.5)
(iii) VX € Pp(Z), B(®(X)) = <I>(X)}.

Define an equivalence relation =~ on B(F) in the following way: ®o ~ Py if there exists an inter-
polating path s — ®(-,s) € B(F) such that:

(3.6)
() for each X € P¢(Z), s+ ®(X,s) is continuously differentiable

(v) sup Z sup
x,Y€ZL XEP;(2) s€[0,1]
z,yeX

19(X, 5)]| + | X [®(X, )]
< F(lz = y)) ) =

(vi) they >0 and R, in the uniform gap condition for ®(-,s) can be taken independent of s.

Assumption (iii) of Definition implies we(Z(A*)) = wa(A), where we is the unique ground
state of some representative ®. Condition (iv) of Definition [3.1|specifies the smoothness of the local
Hamiltonians, and (v) is an assumption on the uniform spatial decay of the interactions. Precisely,
(v) is sufficient decay to guarantee that the generated spectral flow will be a quasi-local map.

3.1. Extension of the Z, index. We first describe the Zs-index defined by Ogata and defer
to [13] for the details. Suppose ¥ € B(F) is finite-range with pure gapped ground state ¢. Since
the entanglement entropy of ¢ is bounded, it follows by [7] that ¢ ~ ¢la, ®pla,; and if (g, Hr, QR)
is the associated cyclic representation of ¢y, then mr(Ar)” is a Type I factor. Hence we may
assume there is an isomorphism ¢ : 7r(2Ar)” — B(R) for some Hilbert space K. Since |y, is
S-invariant, = defines a unique antilinear x-automorphism = of B (R) satisfying:

(3.7) VA e Ur: Zo(np(A)) = L(T[‘R o E(A)), and 22 = id.

By Wigner’s theorem for antilinear *-automorphisms, there exists an antiunitary Jr, on K, unique
up to phase, such that =(T) = Ji T Jry. Evidently J2 € {—1,1}, and Theorems 2.2 and 2.6
of |13] show that the quantity J,%R does not depend on K and is an invariant of the ~ relation
restricted to finite-range interactions. The Zs-index is thus defined by Ogata as ¢ = JﬁR. The
extension is straightfoward to define.

Definition 3.2 (cf. Definition 3.3 of [13]). For ® € B(F') with pure ground state w such that
w e~ wly, ®wlag,, define:

(3.8) b =Ji € {-1,1}

where Jg is an antiunitary implementing the extension Z of time reversal to the von Neumann
algebra generated by the associated cyclic representation of w|s,.
9



Lemma 3.3. Suppose there exists Oy € B(F') such that the unique ground state wy of ®¢ is quasi-
equivalent to woly, ® wolay,. Then 6o is well-defined for all ® € B(F) such that  ~ ®y.

Proof. Let ®(-,s), 0 < s < 1, be an interpolating path in B(F") between &g = ®(-,0) and ¢; =
®(-,1). By Theorem 2.2 of [13], it suffices to show that the GNS representation of the right chain
restriction of w, the pure ground state of ®, generates a Type I factor. But Theorem 6.14 of [11],
and the assumptions in and imply that the interaction W(s) which generates the spectral
flow a5 € Aut(z) of the family ®(.,s) satisfies the hypotheses of Theorem we may take

h(z) = O(a"/ log?(z?)). .

Proposition 3.4. If & € B(F) and ¢ ~ Py, then 6o, = 0.

Proof. The proof direction is essentially due to Ogata in [13], and so we prove in detail only the
necessary modifications to handle unbounded range of interaction. It is sufficient to show that the
composition o o [(al)™! ® (af)~1] is an inner automorphism, for all s € [0,1]. Here we take the
spectral flow maps to be generated by an interpolating curve ®(-, s) as in Lemma

Let « denote the uniform gap of the ®(s). We show that there exists a continuous family
V(s) = V(s)* € Az such that in the uniform topology:

(3.9) nlg]go Di_p ) (8) — D{nm](s) =V(s).
Di_y, n(s) denotes the Hastings generator defined in (4.2) of the Appendix. This implies the
composition a; o [(af)™! @ (af)~1] is inner. To do this, define g, € C([0,1],2lz) by:

(3.10) gn(8) = Di_y ) (s) — Df_n’n](s).

We will prove that the sequence g, (s) is uniformly Cauchy. Fix Ny € N, and let m,n € N be such
that 4Ny < m < n. Then:

) =anl) = | [ arwoee (5 @)

XC[ No,No]

(3.11) /W (" = Ums)( > (q’u)’(X,S))]

X C[—No,No]

+ R(”? m, NOv S)

where R(n, m, Ny, s) is defined to be the remainder difference between g,,(s) — g (s) and the brack—
eted quantity in () Using Lemmas H and [3.6[ and the simple bound HH [—No,No) (P H

3No [|2']] p:
(3.12) 19:(5) = gm ()]l < 2(3NoS21(No) + 22(No)) |||
which tends to 0 uniformly in s as Ny — oo. O

We conclude this section with the necessary technical lemmas used in the proof of Proposition
which prove bounds analogous to those in the proof of Lemma 5.1 of [13] but remain valid for
interactions which are not finite-range but decay by . We freely use the function I, defined in
Lemma [4.1] of the Appendix.

Lemma 3.5. Let v > 0 and W, be the weight function in . Let W : Pr(Z) — Ujoe be an
interaction such that || V|| < oo with generated time-independent dynamics T : R — Aut(z). Let
" denote the finite-volume time-independent dynamics generated by V in the interval [—n,n].

10



If N,K € N and N < K, then for all A € 20_y ) and n > m > 2K:

(3.13) H/ dt W (8) () — Ttm)(A)H < Q(K — N) |A]
for the decaying function:

Wollr s 2
319 ) = an(Rety20) + (07 (101, g+ 22T g
Proof. Let T > 0 be a positive parameter. We can find a bound for the integral:
(3.15)

T T It]
[ aw o =) < [ awiol [ dr [ ®) = B .77
by further dividing the difference of the local Hamiltonians as:
(3.16) Hi_p)(¥) = H_pp) (0) = Y W(X)+ ) U(Y)+ > ¥(Z)
XeL YeER zec

for index sets defined:
317 L={XC[n0:XN[-n,—m—-1#0} R={Y C[0,n]: YN[m+1,n]#0}
(3.18) C={Zc[-n,n]:ZNnA(m,n)#0, ZN(—00,0] #0, ZN(0,00) # 0} .

First we bound the contribution from L. For a,b € Z such that —n <a < -m —1and a < b <0,
denote:

(3.19) \I/(a;b):Z{XGL’:minX:a, max X = b}.

Then:
(3.20)

/_TT dt \Wv(t)]/ou dr

Using Lemma

T [¢]
g/_Tdt Wt)y/O a3 Y e b, A

—n<al-m—1 a<b<0

> v )

Xel

(3.21)
> @y, 7 A< > < > @), AN+ > |H‘1’(a;b)ﬁf1(f1)]||>
—n<a<-m—1 a<b<0 —n<al-m—1 a<b<a/2 a/2<b<0

< (m?/6)* | ¥]| - | Al <H(5)(6”’T' —DFpa(K - N) + 2Fﬁ—4(K)>-

Denote Zp, = [*dt Wy ()| [ dr S ot Sacpeo I (asb), 7 (A)]||. Substituting (3.21
into (3.20)) yields:

322 T < (02 el 141 (20,00l Fama() + "R 0T, 5 ).

14

By symmetry, if Zp is the corresponding integral using the interaction on R, then ([3.22)) holds with
Ig in place of 7. Next we bound the contribution from C. But since these sets in C have diameter
of at least 2K,
(3.23) < 3(x/6)2 ||| - Fy—s(2K).

> U(2)

zeC

11



Hence we have the inequality:

3 24
H / dt W ><A>H < 4| A| I, (T) + L0 /6)2 [Ws (0)t] 2] 9] 1A Fss(K)
Wall7 s
|2t o e a7 s - ),
Setting T = PE=M" vields (3.13). O

It can be shown that lim, o [ dt W (t)7/*(A) = [ dt W, (¢)1:(A), although we do not use this
fact here.

Lemma 3.6. Let v,W,, and ¥ be the same as in Lemma . Suppose K € N and K <n. Then:

(3.25) Tawmer -2 Y w2)| <o) )

U are generated by ¥ and UV, respectively, and Qo is the decaying function:

—6352[( (m/4) ) > Q(m)

meN meN
(3.26) m>x m>z

12 R b
Q(y)=(7r2/6)4< L26B) ) W1 +10max{H\IlH};,H\IJI%}HWV(t)]t]HD)@2(9/4)

where T, T

Proof. First, let J,m € N be natural numbers such that J < m < n. Denote:

mJ_/ dt W, (1) (7 — 7 )( 3 \IJ(Z))

ZC[—m,m]
Zg[—J,J]
Furthermore, denote:
(3.27) B={X C[-n,n]: XN[-n,0]#0,X N (0,n] # 0}
(3.28) D={ZcC[-m,m]: ZNAn(J+1,m) #0}.

Then for T > 0, as in Lemma

(3.29) zm,Jga(m—J)qu\ny(TH/_ dt W (¢ |/ dr

S (g )|

As before, we separate the sum ), V(Z) into left, right and centrally localized terms of the
interaction:

(3.30) SNUZ)=D VX)) + D UY)+ Y U(Z)
zZeD XeLl YeR zeC
(3.31) L={XeD:XC[-m0}, R={YeD:YC(0,m]}

(3.32) C={ZeD:ZN[-m,0] £0, ZN(0,m] # 0} .
12



We first control the contribution to the integral from £. We start this by gathering the interactions
of L by intervals into ¥ (a;0) => {¥(X): X € L, min X = a, max X = b}:

STewy= > @b+ Y Up(ab) = U+ U

(3.33) wer ~m<a<—J—1 ~-m<a<—J-1
a<b<a/2 a/2<b<0
Let I, = [—|a/4], |a/4]]. Then:
(3.34)
o Y|l X (] T owedan. S w)
XeB —m<a<—J—1 a<b<a/2 XeBXCl,
H| T e, > wenl|)
a<b<a/2 XeB:X¢1,

By applying Lieb-Robinson bounds, the following inequality is valid:
(3.35)

[ > me(ad), Y ‘II(X)] < Y wB)IIE Fs(lb — al)lal(e!™ — 1) Fs_a(la/4])

a<b<a/2 XeB:XClI, a<b<a/2
2
m 2 vlr| ‘a’|
< — v —1)————F3_ 4
< Tonl8) 1 (M = ) s P19/

and the right-hand side is summable in |a|. And by both decay of the interaction and application
of Lieb-Robinson bounds,

(3.36)
X ). S ||| X e, Y wsa)
a<b<a/2 XeB:X¢1, a<b<a/2 _82221:/4

+ [ ST (b)), Y \Ifs(c;d)}

a<b<a/2 a/4<c¢<0
la/4|<d<n

1 v\r
@+ Ja/d)? ( 2] ‘”)

where Wg(c;d) is defined as W, (a;b) only with respect to the index set B. Hence:

). v

XeB

< 26(8)(x2/6)% | W]

(3.37) ‘ < 6k(B)(m2/6)* | W3 e Fa_5(J/4).

And again by decay of the interaction:

). 3 v

XeB

(3.38) < 2| (w)| < 2(x/6)" | W][% Fy_a(J/2).

> U(X)

XeB

13



By symmetry on the chain about 0, this majorizes the contribution from R as well. And decay of
the interaction also yields a bound on the contribution from C in the same manner as in (3.38]):

[ > (), T;}(Z \I'(Z))]

XeB zeC

(3.39) < 3(n?/6)" |3 Fo—a(J).

Hence if we set T' = %(J /4)b, the integral expression

j—/idt ym(t)\/ot'd?“ [Z‘I’(X)’T’%Z\P(Z))]H

XeB ZeD
of the right-hand side of the inequality (3.29) is bounded:

7 < 12;1(ﬂ)y(7r2/6)4

_R b
N Wl e 2 70

(3.40)
+ 1007 /6) " masx { W3, 113 b W5 (D¢l Fa-a(/2).

The right-hand side of the inequality (3.40) is bounded above by Q(J), as defined in (3.26)). Then
(3.29)) continues as:

(3.41) T < 60m = ) |0 1, (5 (/2)) + QL)

Now we prove the inequality (3.25). There exists a maximal My € N such that n > MyK, and so:

Ink = Dok k +Iskok + -+ Inpr,(mo— 1)k + Lo Mok

M() MO
(3.42) <ol k3 1 (FK/") + 3 QUE)
P P
Set H, (1) = 6 Wl e S pen I (/) ) + Sppen Qo). =
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4. APPENDIX: GENERATOR OF THE SPECTRAL FLOW

In this appendix we briefly recall notations and properties of the spectral flow. For a more
detailed analysis of quasi-locality and symmetries of the spectral flow, see e.g. Sections 6 and 7
of [11] and Proposition 5.4 of |1]. In finite volume A, the spectral flow is implemented for gapped,
continuously differentiable families of Hamiltonians Hy (s) by unitiaries solving:

(4.1) CUA(s) = IDA()UA(s), U(0) = 1

for the Hastings generator:

(4.2) Di(s) = /_ Z dt Wy(t)Tf’s(ngA(s))

Here v > 0 refers to the uniform gap of the Ha(s), and W, € L' N L™ is chosen as the odd
function, positive on (0,00) from Equation (2.12) of [1]. Explicit estimates on the integral I, (t) =
[ dr W, (r) > 0 are known:

14



Lemma 4.1 (Lemma 2.6 of [1]). Fort > 36058,

(4.3) L, (1) < [130247)¢"° exp < _ 3(111%)

[1]

(1))?
REFERENCES

S. Bachmann, S. Michalakis, B. Nachtergaele, and R. Sims. Automorphic Equivalence within Gapped Phases of
Quantum Lattice Systems. Commun. Math. Phys. (2012) 309: 35. https://doi.org/10.1007/s00220-011-1380-0
S. Bachmann and B. Nachtergaele. On gapped phases with a continuous symmetry and boundary operators. J.
Stat. Phys., 154, 91-112 (2014) https://doi.org/10.1007/s10955-013-0850-5

O. Bratteli and D. W. Robinson. Operator algebras and quantum statistical mechanics, 2 ed., vol. 1, Springer
Verlag, 1997.

Z.-C. Gu and X.-G. Wen. Tensor-entanglement-filtering renormalization approach and symmetry-protected topo-
logical order. Phys. Rev. B 80, 155131. 26 October 2009. https://doi.org/10.1103/PhysRevB.80.155131

T. Matsui. Spectral gap, and split property in quantum spin chains. J. Math. Phys. 51, 015216 (2010).
https://doi.org/10.1063/1.3285046

T. Matsui. The Split Property and the Symmetry Breaking of the Quantum Spin Chain. Commun. Math. Phys.
(2001) 218:393. https://doi.org/10.1007/s002200100413

T. Matsui. Boundedness of entanglement entropy and split property of quantum spin chains. Reviews in Mathe-
matical Physics. Vol. 25, No. 09, 1350017 (2013) https://doi.org/10.1142/S0129055X 13500177

A. Moon and B. Nachtergaele. Stability of gapped ground state phases of spins and fermions in one dimension.
J. Math. Phys. 59, 091415 (2018). https://doi.org/10.1063/1.5036751

P. Naaijkens. Haag duality and the distal split property for cones in the toric code. Lett. Math. Phys. 101 (2012),
341 - 354. https://doi.org/10.1007/s11005-012-0572-7

B. Nachtergaele and R. Sims. (2009) Locality Estimates for Quantum Spin Systems. In: Sidoravi?ius V. (eds)
New Trends in Mathematical Physics. Springer, Dordrecht. https://doi.org/10.1007/978-90-481-2810-5_39

B. Nachtergaele, R. Sims, and A. Young. Quasi-Locality Bounds for Quantum Lattice Systems. Part I. Lieb-
Robinson Bounds, Quasi-Local Maps, and Spectral Flow Automorphisms. arXiv:1810.02428v1

M. Nakamura and S. Todo. Order Parameter to Characterize Valence-Bond-Solid States in Quantum Spin Chains.
Phys. Rev. Lett. 89, 077204. https://doi.org/10.1103/PhysRevLett.89.077204

Y. Ogata. A Zso-index of symmetry protected topological phases with time reversal symmetry for quantum spin
chains. arXiv:1810.01045v1

Y. Ogata and H. Tasaki. Lieb-Schultz-Mattis Type Theorems for Quantum Spin Chains Without Continuous
Symmetry. Commun. Math. Physics (2019). https://doi.org/10.1007/s00220-019-03343-5

F. Pollmann, E. Berg, A.M. Turner, and M. Oshikawa. Entanglement spectrum of a topological phase in one
dimension. Phys. Rev. B 81, 064439. https://doi.org/10.1103/PhysRevB.81.064439

F Pollmann, E. Berg, A.M. Turner, and M. Oshikawa, Symmetry protection of topological phase in one dimension,
Phys. Rev. B 85, 075125 (2012). https://doi.org/10.1103/PhysRevB.85.075125

H. Tasaki. Topological Phase Transition and Zz index for S = 1 Quantum Spin Chains. Phys. Rev. Lett. 121,
140604. https://doi.org/10.1103 /PhysRevLett.121.140604

DEPARTMENT OF MATHEMATICS. UNIVERSITY OF CALIFORNIA, DAvis. Davis, CA. 95616. USA
E-mail address: asmoon@math.ucdavis.edu

15



	1. Introduction
	1.1. Notations and assumptions

	2. Split states
	2.1. Support-independent Lieb-Robinson bounds 
	2.2. Automorphic equivalence and the split property
	2.3. Comment on Haag duality and translation invariant states

	3. Application to SPT phases
	3.1. Extension of the Z2 index
	3.2. Acknowledgments

	4. Appendix: Generator of the spectral flow
	References

