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1. INTRODUCTION

1.1. Homogeneous sets and measures. Number theoretical problems often re-
late to orbits of subgroups (periods) and so can be attacked by dynamical methods.
To be more specific let us recall the following terminology.

Let X = I'\G be a homogeneous space defined by a lattice I' < G in a locally
compact group G. Note that any subgroup H < G acts naturally by right multi-
plication on X, sending h € H to the map x € X + xh~!. We will refer to H as
the acting subgroup. A homogeneous (probability) measure on X is, by definition,
a probability measure p that is supported on a single closed orbit Y = I'gHy of its
stabilizer Hy = Stab(u). A homogeneous set is the support of some homogeneous
probability measure. In what follows, we shall deal only with probability measures
and shall consequently simply refer to them as homogeneous measures.

Ratner’s celebrated measure classification theorem [54] and the so-called lin-
earization techniques (cf. [18] and [45]) imply in the case where G is a real Lie
group that, given a sequence of homogeneous probability measures {u;} with the
property that H; = Stab(u;) contain “enough” unipotents, any weak* limit of {u;}
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is also homogeneous, where often the stabilizer of the weak* limit has bigger dimen-
sion than H; for every ¢. This has been extended also to quotients of S-algebraic
groups (see [55], [44], [26, App. A], and [31, Sect. 6]) for any finite set S of places.
We note that the latter allow similar corollaries (see [31]) for adelic quotients if the
acting groups H; contain unipotents at one and the same place for all i — let us
refer to this as a splitting condition. These theorems have found many applications
in number theory (see, e.g., [28], [26], and [31] to name a few examples), but are
(in most cases) ineffective.

Our aim in this paper is to present one instance of an adelic result which is
entirely quantitative in terms of the “volume” of the orbits, and is in many cases not
accessible, even in a non-quantitative form, by the measure classification theorem
and linearization techniques (as we will dispense with the splitting condition). A
special case of this result will recover “property (7)” (but with weaker exponents)
from the theory of automorphic forms.

1.2. Construction of homogeneous measures. In the following F will always
denote a number field, A will denote the ring of adeles over F', and G will be a
connected semisimple algebraic F-group. We will consider the homogeneous space
X = G(F)\G(A) defined by the group G = G(A) of A-points of G.

We normalize the Haar measure volg on G so that the induced measure on X
(again denoted by volg) is a probability measure. Let us fix the following data
2 = (H,, g) consisting of

(1) an F-algebraic group H such that H(F)\H(A) has finite volume,

(2) an algebraic homomorphism ¢ : H — G defined over F' with finite kernel,
and

(3) an element g € G.

To this data, we may associate a homogeneous set
Yo = o(H(F)\H(4))g C X

and the algebraic homogeneous measure py given by the push-forward, under the
map x — ¢(x)g, of the normalized Haar measure on H(F)\H(A). We refer to such
a set Y as an algebraic homogeneous set; we say it is simple, semisimple, simply
connected, etc., according to whether the algebraic group H is so, and we say it is
maximal if «(H) C G is a maximal® proper subgroup.

Our main theorem will discuss the equidistribution of maximal semisimple simply
connected homogeneous sets. The assumption that H is simply connected can be
readily removed, as we explain in §7.11.

1.3. The intrinsic volume of a homogeneous set. What does it mean for a
homogeneous set to be “large”?

If H = Stab(u) is fixed, then one may define the volume of an H-orbit zH using
a fixed Haar measure on H. However, as we will allow the acting group H to vary
we give another reasonably intrinsic way of measuring this, as we now explain.

Let Y = Y45 be an algebraic homogeneous set with corresponding probability
measure pi5 and associated group Hy = g 1i(H(A))g. We shall always consider
Hy as equipped with that measure, denoted by mg, which projects to pg under
the orbit map.

1Here by maximality we mean maximal as an algebraic group over the algebraic closure of F.
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EFFECTIVE EQUIDISTRIBUTION AND PROPERTY (7) 225

Fix an open subset g C G(A) that contains the identity and has compact
closure. Set

(1.1) VO](Y) = m_@(H@ﬂQQ)il;

this should be regarded as a measure of the “volume” of Y. It depends on g, but
the notions arising from two different choices of €}y are comparable to each other,
in the sense that their ratio is bounded above and below; see §2.3. Consequently,
we do not explicate the choice of {2y in the notation.

The above notion of the volume of an adelic orbit is strongly related to the
discriminant of the orbit; see Appendix B. The theorem below could also be phrased
using this notion of arithmetic height or complexity instead of the volume.

1.4. Notation for equidistribution in X. If in addition G is simply connected
and ((H) is a maximal subgroup of G we will show in this paper that a homoge-
neous measure f1g as above is almost equidistributed if it already has large volume.
Dropping the assumption that G is simply connected we need the following nota-
tion: Let G(A)T denote the image of the simply connected cover (see also §2.1).
Using this we define the decomposition

(1.2) L*(X,volg) = L§(X,volg) & L*(X, VOIG)G(A)+,

where L2(X,volg)®@®" denotes the space of G(A)-invariant functions and
L3(X,volg) is the orthogonal complement of L?(X, volg)E@®" . Note that if G
is simply connected, then G(A) = G(A)T and L2(X,volg)S®" is the space of
constant functions.

The group G(A)™ is a closed, normal subgroup of G(A); see, e.g., [49, p. 451].
Therefore, the subspaces introduced in (1.2) are G(A)-invariant. Let

7t L2(X, volg) = L2(X,volg) ™"

denote the orthogonal projection. Let CZ°(X) denote the space of smooth com-
pactly supported functions on X; see §7.5 for a discussion. Finally let us note that
given f € C°(X)

Tt f(z) = / fdpacayt
b'e
It is worth noting that 7 f is a finite-valued function for all f € C°(X).

1.5. Theorem (Equidistribution of adelic periods). Let Yy be a maximal algebraic
semisimple homogeneous set arising from 9 = (H,1,g). Furthermore, assume that
H is simply connected. Then

[ s~ w00 < vol(¥)0S() - for ail £ € C2(X),
Yy

where y € Yy is arbitrary, S(f) denotes a certain adelic Sobolev norm (see §7.5
and Appendiz A), and ko s a positive constant which depends only on [F : Q] and
dim G.

Below we will abbreviate the assumption that Yy is a maximal algebraic semi-
simple homogeneous set in the theorem by saying that Yy is a MASH set (resp., g
is a MASH measure). We stated the above theorem under the natural assumption
that H is simply connected (but note that ((H) may not be simply connected). In
§7.11 we discuss a formulation of the theorem without that assumption.
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Let us highlight two features of this theorem. Our method relies on a uniform
version of Clozel’s property (7) (see [12], [30, Thm. 1.11], and §4.2 for a summary of
the history). However, it also allows us to give an independent proof of Clozel’s part
of the proof of property (7) except for groups of type A; — i.e., if we only suppose
property (7) for groups of type A;, we can deduce property (7) in all other cases
as well as our theorem. We will discuss this in greater detail in §4. The theorem
also allows H to vary without any splitting condition (as, e.g., in [31, Thm. 1.7]);
an application of this to quadratic forms is given in §3.

1.6. An overview of the argument. To overcome the absence of a splitting
condition we make crucial use of Prasad’s volume formula in [50] to find a small
place where the acting group has good properties (see §§5 and 6.1 for a summary).
This is needed to make the dynamics at this place useful.

The dynamical argument uses unipotent flows (but we note that one could also
give an argument using the mixing property). Assuming that the volume is large,
we find by a pigeon-hole principle nearby points that have equidistributing orbits.
Using polynomial divergence of the unipotent flow we obtain almost invariance
under a transverse direction. By maximality and spectral gap on the ambient
space we conclude the equidistribution; see §7.

The first difficulty is to ensure that one really can choose a place which is “suffi-
ciently small”, relative to the size of the orbit. Using [50] we establish a logarithmic
bound for the first useful (“good”) prime in terms of the volume — see §5. We also
need to use [6] if «(H) is not simply connected (as in that case the stabilizer of g
is larger than Hy = g~ '(H(A))g which affects the notion of volume).

The second difficulty is that we also need to know that there are many points for
which the unipotent orbit effectively equidistributes with respect to the measure in
question. This effectivity also relies on spectral gap, but as the measure pgy (and
so its L2-space) varies we need uniformity for this spectral gap. This is a uniform
version of Clozel’s property (7) (see §4.2).

After completion of this project the first author, R. Riithr, and P. Wirth worked
out a special case [25] that goes slightly beyond the setting of this paper. However,
due to the concrete setting many of the difficult ingredients of this paper were not
needed in [25], which may make it more accessible for some readers.

1.7. Uniform non-escape of mass. We also note the following corollary of the
above which does not seem to follow from the standard non-divergence results
alone.?

Corollary. Let X = G(F)\G(A). Then for every ¢ > 0 there exists some com-
pact X, C X such that u(X.) > 1 — € for every MASH measure u on X.

We will prove the corollary in §7.12.

2. NOTATION AND PRELIMINARY STATEMENTS

2.1. Notation. Let us recall that F' denotes a number field. Throughout the paper
¥ denotes the set of places on F’; similarly let ¥ and ¥, denote the set of finite
and infinite (archimedean) places, respectively.

2The non-divergence estimates for unipotent flows enter our proof (see Lemma 7.3) but remov-
ing all effects from the above-mentioned “splitting condition”, resp., its absence, seems to require
the equidistribution theorem (Theorem 1.5).
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For each v € X, we denote by F, the completion of F' at v. For v € X, we
denote by 0, the maximal compact subring of the completion F, and let w, be
a uniformizer of 0,. We let A = H;ez F, be the ring of adeles over F' and define
Ay = H;ezf F,, where H/ denotes the restricted direct product with respect to the
compact open subgroups o0, < F, for v € Xy.

For any finite place v € ¥y we let k, = o0,/w,0, be the residue field, and
we set q, = #k,. Let |z|, denote the absolute value on F, normalized so that
|@wy|o = 1/q,. Finally let E denote the maximal unramified extension of F,. We
let 0, denote the ring of integers in E and we let k:Av denote the residue field of a,,.
We note that kAv is the algebraic closure of k,.

Fix G and H as in the introduction, and let g (resp., h) denote the Lie algebra
of G (resp., H); they are equipped with compatible F-structures. We define G =
G(A) and X = G(F)\G(A).

In this paper rank of an algebraic group refers to its absolute rank. If we want
to refer to the rank of an algebraic group over a not necessarily algebraically closed
field FE, we will use relative rank or E-rank.

For any v € X let G(F,)" be the image of G(F,), and let G(A)* be the image
of G(A), where G is the simply connected cover of G. If each F,-almost simple
factor of G is F,-isotropic, then G(F,)" is the subgroup generated by all unipo-
tent elements; it is worth mentioning that our notation is different from the usual
notation in the anisotropic case.

Let p : G — SLy be an embedding defined over F. For any v € ¥, we let

K, :=p ' (SLn(0,)) and K; = Hvezf K,. Set also
(2.1) K,[m] := ker(K, — SLy(0,/w,"0,))
for m > 1. It is convenient to write K,[0] := K.

We also set up the corresponding notions at the level of the Lie algebra g of G.
For any v € ¥ we let g, be the Lie algebra of G over F,. For v € ¥ we write
g,[0] for the preimage of the o,-integral N x N matrices under the differential
Dp : g — sly. More generally, we write g, [m| for the preimage of the matrices all
of whose entries have valuation at least m.

Throughout, red, : SLy(0,) — SLy(k,) denotes the reduction mod w, map;
similarly we consider reduction mod w, for the Lie algebras; see [49, Ch. 3] for a
discussion of reduction maps.

For g € G(F,), we write ||g|| for the largest absolute value of the matrix entries
of p(g) and p(g)~".

We let volg denote the volume measure on GG which is normalized so that it
assigns mass 1 to the quotient X = G(F)\G(A). We will also use the same notation
for the induced Haar measure on X.

The notation A < B, meaning “there exists a constant ¢; > 0 so that A < ¢;B”,
will be used; the implicit constant ¢; is permitted to depend on F', G, and p, but
(unless otherwise noted) not on anything else. We write A < Bif A < B < A.
We will use c1,ca,... to denote constants depending on F', G, and p (and their
numbering is reset at the end of a section). If a constant (implicit or explicit)
depends on another parameter or only on a certain part of (F, G, p), we will make
this clear by writing, e.g., <, c3(NV), etc.

We also adopt the x-notation from [24]: We write B = A** if B = c4A*"1,
where k1 > 0 depends only on dimp G and [F' : Q. Similarly one defines B < A*,
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B > A*. Finally we also write A < B* if A* < B <« A* (possibly with different
exponents).

We fix a MASH set Yy, arising from the data 2 = (H, ¢, g) and with correspond-
ing measure pgy as in §1.2. By [49, p. 451] we have «(H(A)) C G(A) is a closed
subgroup and by [52, Thm. 1.13] we also have that G(F)«(H(A))g = supp(ug) is
closed. We will also write gy = g for the element g = (gy)vex € G(A) determining
the MASH set Yy. Let H, = g, '«(H(F,))gy; it is contained in G(F,) and sta-
bilizes . The subgroup H, is a Zariski-dense subset of the F)-algebraic group
g, Lt (H)g,. Of course, H, need not be the set of all F,-points of g, '«(H)g,.

We recall that H is assumed to be simply connected in Theorem 1.5. Therefore,
except for §7.11, the standing assumption is that H is simply connected.

2.2. Lemma (Stabilizer lemma). Let N be the normalizer of «(H) in G. Then the
stabilizer stab(ug) = {h € G : h preserves jig} of g consists of g~ (H(A))N(F)g
and contains g~ o (H(A))g as an open subgroup.

Proof. Without loss of generality we may and will assume g = e is the identity
element. Suppose that h € N(F'). Then since H is simply connected and the simply
connected cover is unique up to isomorphism, the automorphism = +— h~txh of +(H)
may be lifted to an F-automorphism of H, and in particular preserves adelic points;

SO
h™'(H(A))h = ((H(A)).

Also note that the Haar measure on «(H(A)) is not changed by conjugation by h as

H is semisimple. Therefore, G(F)c(H(A))h = G(F)h='(H(A))h = G(F)(H(A))

and h preserves [tg.

Suppose now that h € stab(ug); then h € G(F)(H(A)) because it must pre-
serve the support of pgy. Adjusting h by an element in ((H(A)), we may as-
sume h = v € G(F) and v L(H(A))y C G(F)(H(A)). We note that the con-
nected component of H(A) of the identity with respect to the Hausdorff topology
is the subgroup [[,cy,  H(F,)° and the connected component of the countable
union G(F)1(H(A)) of cosets equals [],c5  t(H(E,). Therefore, y~"«(H(F,))y C
L(H(Fy)) for every v € ¥,. However, by taking Zariski closure this implies that ~y
normalizes ((H), i.e., v € N(F).

For the final claim of the lemma, suppose v; € N(F') and h; € H(A) are such
that v;¢(h;) — e as i — 0o. We need to show that 7; € «(H(A)) for all large enough
i. Without loss of generality we may and will assume that ~; & ((H(A)) for all
and derive a contradiction. If H(F)h; — H(F)h for some h € H(A), then there
exists ; € H(F') so that n;h; — h. Applying ¢ we obtain

yir(n; He(nihi) = o(h™)u(h)
which forces v;(n; ') = «(h™') € G(F) N «(H(A)) for all large enough i. This
is a contradiction to our assumption even if the assumed convergence holds only
along some subsequence. Using the compactness criterion [52, Thm. 1.12] on the
finite volume homogeneous spaces H(F')\H(A) we now obtain that there exists a
sequence e # n; € H(F) with hi_lmhi — e. Note that as the center of H is finite
we see that «(n;) # e for all large enough i. This contradicts G(F)c(h;) — G(F)
by the same compactness criterion [52, Thm. 1.12] applied to X. g

2.3. Volume of homogeneous sets. Let us discuss the definition of the volume
of a homogeneous set in a general context. Let G be a locally compact group and

Licensed to Univ of Calif, San Diego. Prepared on Tue Apr 7 15:09:09 EDT 2020 for download from IP 137.110.41.37.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EFFECTIVE EQUIDISTRIBUTION AND PROPERTY (7) 229

let I' < G be a discrete subgroup. Let p be a homogeneous probability measure
on X = I'\G so that p is supported on a single closed orbit Y = zHy of the
stabilizer Hy = stab(u) = {g € G : g preserves u}. Recall that Y = zHy is called
a homogeneous subset of X.

We normalize the Haar measure my on the stabilizer group Hy = stab(u) so
that my projects to p. lLe., if we choose z € supp(u) and any subset S C Hy
for which the map h € S — zh € Y is injective, then we require that my (S) =
w(zS). Equivalently we identify Y with I'y\Hy (where I'y = stabpy, (z)) and
normalize my so that p is identified with the quotient measure of my by the
counting measure on I'y.

We fix some open neighborhood 2y of the identity in G with compact closure
and use it to normalize a general definition of the volume of a homogeneous subset:
If Y € X is a homogeneous set and my is the Haar measure on its stabilizer
subgroup Hy (normalized as above), then volg, (Y) = my (Qq) .

We claim that volg(Y) < volg, (Y) < volg(Y) if  is another such neighbor-
hood. Consequently we will drop the mention of {2y in the notation of the volume.
To prove the claim it suffices to assume that 2 C €0y, which immediately im-
plies my (2) < my (). To prove the opposite, choose some open neighborhood O
of the identity with OO C Q and find some gi,...,g, € Qo with Qo C |, ¢:0.
This gives my () < >, my(9:0). If my(g;0) > 0 for ¢ € {1,...,n}, then
there exists some h; = gie € Hy N g;O which gives my (¢;0) = my (h; 'g;0) =
my (e710) < my (Q). Consequently my (Qg) < nmy () as required.

In the context of this paper we will work with algebraic homogeneous sets Yy
and algebraic homogeneous measures pg as in §§1.2 and 2.1. By Lemma 2.2 we
have that Hy = g~ 1(H(A))g is an open subgroup of the stabilizer Hy, . Therefore,
the Haar measure on Hy is obtained from the Haar measure on Hy, by restriction
(and this is compatible with the above normalization of the Haar measures). Also,
the volume defined by using the Haar measure on Hy (as done in §1.3) is bigger
than the volume defined using the Haar measure on the full stabilizer subgroup (as
done here). In most of the paper (with the exception of §§5.12 and 7.7) we will
work with the volume defined using the Haar measure on Hy (as in §1.3).

We will assume that Qg = ][], 5, 2y, where Q, is an open neighborhood of
the identity in G(F),) for all infinite places v € ¥ and Q, = K, for all finite
places v € ;.

We will make crucial use of the notion of volume in §5.10, where we will construct
a good place, and again in §7.7.

3. AN APPLICATION TO QUADRATIC FORMS

We now give an example of an equidistribution result that follows from our
theorem but — even in non-quantitative form — does not appear to follow directly
from the (ineffective) measure classification theorems for the action of unipotent or
semisimple groups.

Let Q@ = PGL(n,Z)\PGL(n,R)/PO(n,R) be the space of positive definite qua-
dratic forms on R™ up to the equivalence relation defined by scaling and equiva-
lence over Z. We equip @ with the push-forward of the normalized Haar measure
on PGL(n,Z)\PGL(n,R).

Let @ be a positive definite integral quadratic form on Z", and let genus(Q)
(resp., spin genus(Q)) be its genus (resp., spin genus).
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For the rest of this section, we assume that n > 3.

3.1. Theorem. Suppose Q; varies through any sequence of pairwise inequivalent,
integral, positive definite quadratic forms. Then the genus (and also the spin genus)
of Q;, considered as a subset of Q, equidistributes as i — oo (with speed determined

by a power of | genus(Q;)|).

Similar theorems have been proved elsewhere (see, e.g., [27] where the splitting
condition is made at the archimedean place). What is novel here, besides the speed
of convergence, is the absence of any type of splitting condition on the ();. This
is where the quantitative result of the present paper becomes useful. We also note
that it seems plausible that one could remove the splitting assumptions of [26] in
the borderline cases where m —n € {3,4} by means of the methods of this paper.
However, for this the maximality assumption in Theorem 1.5 would need to be
removed.

3.2. Setup for the proof. We set ' = Q, G = PGL,, and define the quo-
tient X = PGL,,(Q)\PGL,(A). Let us recall some facts about the genus and spin
genus in order to relate the above theorem with Theorem 1.5. For every ratio-

nal prime p put K, = PGL(n,Z,) and note that K, is a maximal compact open
subgroup of G(Qp). We also define K =[] K. With this notation we have

(3.1) G(A) = G(QG(R)K = G(QPGL(n,R)K.
It is worth mentioning that (3.1) gives a natural identification between L?(X, volg )X
the space of K-invariant functions, and

L? (PGL(TL, Z)\PGL(’H, R)a VOIPGL(n,R));

i

this identification maps smooth functions to smooth functions.

Given a positive definite integral quadratic form @ in n variables, the isometry
group H' = SO(Q) is a Q-group; it actually comes equipped with a model over Z.
This group naturally embeds in G, and this embedding is defined over Z. We define
H = Spin(Q) and let 7 : H — H’ be the covering map.

Put K, = H(Q,) N K, K’ =[], K,,, and K'(c0) = H'(R)K", the latter being a
compact open subgroup of H'(A). Note that genus(Q) is identified with the finite set
H'(Q)\H'(Ay)/K’, which may also be rewritten as H'(Q)\H'(A)/K’(c0). Similarly
the spin genus of @ is given by H'(Q)\H'(Q)m(H(Af))K'/K’, which may also be
written as

H'(Q)\H'(Q)7(H(A)) K'(00) / K'(c0).

Let go € PGL(n,R) be so that g5 H'(R)gg = g, t(H(R))go = SO(n,R), the
standard compact isometry group. We define the associated MASH set Y := Yy =
m(H(Q)\H(A))(gq; €, - -)-

3.3. Lemma. The volume of the MASH setY , the spin genus of Q, the genus of Q,
and the discriminant of Y (as defined in Appendiz B) are related to each other via®

vol(Y') =< | spin genus(Q)[* < | genus(Q)|* =< disc(Y)*.

We postpone the proof to Appendix B.1.

3See §2.1 for the x-notation.
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3.4. Proof of Theorem 3.1. Let Q) be a positive definite integral quadratic form
in n variables as above. Let f € C°(X)X be a smooth, compactly supported
and K-invariant function. Denote by 7% : L?(X,volg) — L?(X,volg)PSt(m4)
the projection onto the space of PSL(n,A)-invariant functions; this is a G(A)-
equivariant map. Therefore, 7 (f) is K-invariant as f is K-invariant. Thus by (3.1)
we have 77 (f) is G(A)-invariant which implies

(3.2) 7r+(f):/devolG

for all K-invariant f € C2°(X).
Let f € C°(X)X. Applying Theorem 1.5, with the homogeneous space Y and
in view of (3.2), we get

‘/deu@—/xfdvolc

Using vol(Y) =< |spin genus(Q)|* > |genus(Q)[* (see Lemma 3.3) this implies
Theorem 3.1.

< vol(Y)r0S(f).

4. A PROOF OF PROPERTY (T)

The following theorem was established in full generality through works of Sel-
berg [56], Kazdan [38], Burger-Sarnak [11], and the work of Clozel [12, Thm. 3.1]
completed the proof.*

4.1. Theorem (Property (7)). Let v be a place of F' and let G, be an F,-algebraic
semisimple group which is isotropic over F,. Let G be an algebraic F-group such
that G is isomorphic to G,, over F,. Then the representation L3(G(F)\G(A)) — the
orthogonal complement of G(A)™"-invariant functions — is isolated from the trivial
representation as a representation of G,(F,). Moreover, this isolation (spectral
gap) is independent of G.

A corollary of the above (dropping the crucial uniformity in G) is that, if I is any
S-arithmetic lattice in the group G, and {I'x}n>1 is the family of all congruence
lattices, then the I'-action on L?(I'/T y) possesses a uniform spectral gap.

Our main result offers an alternative to Clozel’s part of the proof. (Besides the
groups of type Aj, this is the most “non-formal” part, as it relies on a special
instance of the functoriality principle of Langlands.)

4.2. Short history of the problem. Let us describe some of the history of The-
orem 4.1. First, it is not difficult to reduce to the case of an absolutely almost
simple, simply connected group G. This being so, it follows by combining the
following distinct results and principles:

(1) Property (7): If the F,-rank of G(F,) is > 2, it follows from Kazhdan’s
“property (7")”, which furnishes the stronger statement that any represen-
tation not containing the identity is isolated from it; see [38] and the work
of Oh [47] for a more uniform version that is of importance to us.

4Clozel states this theorem for a fixed F-group G, however, his proof also gives Theorem 4.1.
Our proof of Theorem 4.1 will include uniformity in the F-group G.
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(2) Groups of type A;: If the rank of G over the algebraic closure F is equal to
1,i.e., G xp F is isogenous to SLs, then G is necessarily the group of units
in a quaternion algebra over F'. In that case, the result can be established
by the methods of Kloosterman or by the work of Jacquet-Langlands and
Selberg; see [36,56].

(3) Burger-Sarnak principle: Let p : G — G’ be a homomorphism with finite
central kernel, let G’ be absolutely almost simple and simply connected,
and suppose that property (7) is known for groups that are isomorphic to
G over F. Then property (7) is known for G’ at any place where G(F,) is
isotropic; see [11].

(4) Groups of type A,,: Property (7) is true for groups of the form SL(1, D),
where D is a division algebra over F' whose dimension is the square of a
prime; or for groups of the form SU(D, x), where D is a division algebra over
a quadratic extension E of F', and x is an “involution of the second kind”
on D, i.e., inducing the Galois automorphism on E; see Clozel’s work [12].

(5) For us the uniformity of the spectral gap across all types of groups and
across all places is crucial. This is obtained by combining the above results
and was done by Gorodnik, Maucourant, and Oh [30, Thm. 1.11].

The hardest of these results is arguably the fourth step. It is established in
[12] and uses a comparison of trace formulae. In addition to these results, Clozel
[12, Thm. 1.1] proves that any absolutely almost simple, simply connected group
defined over F' admits a morphism from a group Resg/,rG, where G is an algebraic
F’'-group isomorphic to one of the types described in (4).

4.3. Effective decay of matrix coefficients. Let us also note that by the work
of Cowling, Haagerup, and Howe [16] and others the conclusion in Theorem 4.1 is
equivalent to the existence of a uniform decay rate for matrix coefficients on the
orthogonal complement of the G(A)T-invariant functions. Once more, for groups
with property (T') this statement is true for any representation; see [30,47]. Due to
the assumption that G is simply connected, we are reduced to studying functions
in f € L3(G(F)\G(A)) with [ f =0 see [30, Lemma 3.22].

More precisely, Theorem 4.1 is equivalent to the existence of some ko > 0 such
that for all K,-finite functions f1, fo € L*(G(F)\G(A)) with [ fi = [ fo = 0, the
matrix coefficient can be estimated as follows:

41) g fi fo)] < dim(K, - f1)F dim(E, - f2)2 || fill2 [ f2ll2 Ea. (90)",

where g, € G,(Fy), mg, is its associated unitary operator, K, is a good maximal
compact open subgroup of G, (F,), (K, - f) is the linear span of K, - f, and ZE¢g, is
a Harish-Chandra spherical function of G, (F,).

As noted in Theorem 4.1 the constant ko is independent of the precise F-
structure of G. What we did not mention before (as we did not have the notation)
is that ko is also independent of the place v. For groups with property (7') these
statements are proven in [47].

We are able to give a direct proof of (4.1) (relying on [47]) which avoids the
third and fourth® points of §4.2 (but leads to weaker exponents). Indeed, using

5By only avoiding the fourth point we may restrict ourselves to compact quotients and obtain
in these cases a constant k2 that only depends on dimpg G, the type of G, over F, and the
dimension of F, over Qp, where p|v, but not on F' or even the degree [F : Q]. If we wish to avoid
the third and fourth the constant depends on [F' : Q] dimp G.
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the second point, we are left with the case where G is an absolutely almost simple,
simply connected group over F of absolute rank > 2. In that case, one applies
Theorem 1.5 to translates of the diagonal copy of X = G(F)\G(A) inside X x X
by elements from G(F,) to establish a uniform decay rate for matrix coefficients
and so Theorem 4.1.

We will explain this step first in a special case and then in §4.5 in general.

4.4. A purely real instance of transportation of spectral gap. Let G, G5 be
almost simple, connected Lie groups, and suppose G2 has (T) but G has not. Let
I" be an irreducible lattice in G = G1 X G, e.g., this is possible for G; = SU(2,1)(R)
and G2 = SLg(R)

We wish to bound the matrix coefficients of G; acting on X = I'\G. Let Ga =
{(h,h): h € G} < G x G and notice that the diagonal orbit (I' x I')Ga C X x X
is responsible for the inner product in the sense that the integral of f; ® fo over
this orbit equals the inner product (f1, f2). In the same sense is the deformed orbit
(I' x I')Ga(g,e) responsible for the matrix coefficients of g. The volume of this
deformed orbit is roughly speaking a power of ||g||, hence effective equidistribution
of this orbit gives effective decay of matrix coefficients.

We note that the main theorem® of [24] does not apply to this situation as the
acting group giving the closed orbit has been conjugated and does not remain fixed.
However, if g = (g1, ¢e), then the almost simple factor of Ga corresponding to Gs
remains (as a subgroup of G x G) fixed and this is the part with known effective
decay (due to property (T)). In this case the method of [24] (which is also applied
in this paper in the adelic context) can be used to show effective equidistribution
and so decay of matrix coefficients for the Gi-action. In all of this, the rate of
(i.e., the exponent for) the decay of matrix coefficients for G; only depends on the
spectral gap for G5 and the dimension of G (but not on I').

4.5. The general case with absolute rank at least two. Let F' be a number
field and let G be an absolutely almost simple, simply connected F-group whose
absolute rank is at least two. Let v be a place of the number field F' such that
G(F,) is non-compact. For any g € G(F,) put X, = {(zg,z) : « € X}, where we
identify g with an element of G(A). Then X, is a MASH set, and in view of our
definition of volume of a homogeneous set there exist two positive constants ks, k4
(depending only on the root system of G(F,)) such that

gl << vol(Xg) < lg™*-

As mentioned before we want to apply Theorem 1.5 to X, C X x X. However,
we want the proof of that theorem to be independent of (3) and (4) of §4.2. We
note that in the proof of Theorem 1.5 that spectral gap will be used for a “good
place” w. In §5 (see also §5.11 and the summary in §6.1) the following properties
of a good place will be established:

(i) char(k,) > 1 is large compared to dim G,
(ii) both G and ((H) are quasisplit over Fy,, and split over F/Z,
(iii) both K,, and K, are hyperspecial subgroups of G(F,,) and the subgroup
H,, (the component of the acting group at the place w), respectively.

6In that theorem the implicit constant in the rate of equidistribution is allowed to depend on
the acting group and so implicity in this instance also on g.
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Indeed almost all places satisfy these conditions. We also will show the effective es-
timate g, < log(vol(homogeneous set))?; this needs special care when the F-group
H changes. In our application to Theorem 4.1, however, the algebraic subgroup
H={(h,h):he G} < GxG isfixed and X, changes with the element g € G(F,).
In this case we find a place w # v (independent of ¢g) which satisfies (i), (ii), and
(iii) so that in addition G is F,-split.” Note that by the Chebotarev density theo-
rem, [49, Thm. 6.7] there are infinitely many such places. Then by our assumption
that the absolute rank of G is at least two we have the required spectral gap for
G(F,,) since this group has property (T). Therefore we get: there exists a constant
k5 > 0 (which depends only on the type of G) so that for all K, -finite functions
f1, f2 € LE(X) we have

(4.2)  [(mn, fr, fo)| < dim(K - fi)Y2 dim{ Ky - f2) V2 full2l fell2 iRl

where the implicit constant depends on G(F,,); see [47].
Fix such a place, then using (4.2) as an input in the proof of Theorem 4.1 and
taking g large enough so that ¢, < log(||g||) we get from Theorem 1.5 the conclusion

of the theorem. In particular, if f = f; ® fo with f; € C°(X) for i = 1,2, then

‘/ fd,qu—/ fl®f2dV01G><G’
XxX XxX

= [(mofu. fo)x - /X f1 dvolg /X fodvolg | < llgl S (f):

where kg > 0 depends on dim G, [F': Q] (if X is non-compact), and k5 as in (4.2).
The implied multiplicative constant depends on X and so also on the F-structure
of G. We note however, that this constant is irrelevant due to [16], which upgrades
the above to a uniform effective bound on the decay of the matrix coefficients as
in (4.1) with k2 independent of G. This implies Theorem 4.1.

5. CONSTRUCTION OF GOOD PLACES

See §2 for general notation. In particular, 2 = (H,, g) consists of a simply
connected semisimple F-group H, an F-homomorphism ¢ : H — G, and an element
g = (gv) € G(A) determining a homogeneous set; the stabilizer of this set contains
the acting group Hy = g~ 't(H(A))g. We will not assume within this section (or
the related Appendix B) that «(H) is a maximal subgroup of G.

The purpose of this section is to show that we may always choose a place w
with the property that H, = g, t(H(Fy,))gw C G(F,) is not too “distorted”.
The precise statement is the proposition in §5.11, but if the reader is interested in
the case of Theorem 1.5 where Y waries through a sequence of sets where w and
H,, are fized (e.g., the argument in §4) the reader may skip directly to §6. This
section relies heavily on the results established in [50] and [6] which in turn relies
on Bruhat-Tits theory.

"In fact we may also ensure that F splits over Q, by applying this argument for Resp/q G-
In this case Fyy = Qp for w|p and so G(Fy) is a simple group over Q, from a finite list that is
independent of F' and even of [F': Q]. Using this one can establish the earlier noted independence
of ko from [F : Q).
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5.1. Bruhat-Tits theory. We recall a few facts from Bruhat-Tits theory; see [60]
and the references there for the proofs. Let G be a connected semisimple group
defined over F. Let v be a finite place. Then
(1) For any point = in the Bruhat-Tits building of G(F3,), there exists a smooth
affine group scheme ngx) over 0,, unique up to isomorphism, such that: its
generic fiber is G(F,), and the compact open subgroup 65’”)(%) is the
stabilizer of x in G(F}); see [60, 3.4.1].
(2) If G is split over F, and z is a special point, then the group scheme Qﬁq(jx) is
a Chevalley group scheme with generic fiber G; see [60, 3.4.2].
(3) red, : 051(}9“")(01,) — @(z)(k‘v), the reduction mod w, map, is surjective,
which follows from the smoothness above; see [60, 3.4.4].
4) &, @) is connected and semisimple if and only if x is a hyperspecial point.
Stabilizers of hyperspecial points in G(F,) will be called hyperspecial sub-
groups; see [60, 3.8.1] and [50, 2.5].

If G is quasisplit over F;,, and splits over E, then hyperspecial vertices exist,
and they are compact open subgroups of maximal volume. Moreover a theorem of
Steinberg implies that G is quasisplit over T, for all v; see [60, 1.10.4].

It is known that for almost all v the groups K, are hyperspecial; see [60, 3.9.1]
(and §2.1 for the definition of K, ). We also recall that: for almost all v the group
G is quasisplit over F; see [49, Thm. 6.7].

5.2. Passage to absolutely almost simple case. We will first find the place w
under the assumption that H is F-almost simple; the result for semisimple groups
will be deduced from this case.

In this section we will need to work with finite extensions of F' as well. To
avoid confusion we will denote A for the ring of adeles of a number field £. This
notation is used only here in §5 and in Appendix B.

Suppose for the rest of this section, until specifically mentioned otherwise, that
H is F-almost simple. Let F/F be a finite extension so that H = Resp//p(H'),
where H' is an absolutely almost simple F’-group; note that [F’ : F] < dimH. We
use the notation v € Y for the places of F’. For any v € X, there is a nat-
ural isomorphism between H(F,) and [, , H'(F},); this induces an isomorphism

between H(Ar) and H'(Ap/).

5.3. Adelic volumes and the Tamagawa number. Fix an algebraic volume
form w’ on H' defined over F’. The form w’ determines a Haar measure on each
vector space b, := Lie(H') ® F/, which also gives rise to a normalization of the
Haar measure on H'(F),). Let us agree to refer to both these measures as |w,,|. We
denote by |wj | the product measure on H'(Ap-); then

(5.1 Whl (' (FO\H (&) = D3 (])

where 7(H') is the Tamagawa number of H', and D is the discriminant of F’. In
the case at hand H’ is simply connected, thus, it is known that 7(H') = 1; see [41]
and [50, Sect. 3.3] for historic remarks and references.

The volume formula (5.1) is for us just a starting point. It relates the Haar
measure on Y to the algebraic volume form w’ (and the field F’). However, the
volume of our homogeneous set Y as a subset of X depends heavily on the amount
of distortion (coming from the precise F-structure of H and g).
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5.4. The quasisplit form. Following [50, Sect. 0.4] we let H' denote a simply
connected algebraic group defined and quasisplit over F’ which is an inner form of
H'. Let L be the field associated® to H’ as in [50, Sect. 0.2], it has degree [L : F'] < 3.
We note that H' should be thought of as the least distorted version of H'; it and
the field L will feature in all upcoming volume considerations.

Let w? be a differential form on H’ corresponding to w’. This can be described as
follows: Let ¢ : H — H’ be an isomorphism defined over some Galois extension of
F’". We choose w” so that w’ = ¢*(w"); it is defined over F’. It is shown in [50, Sect.
2.0-2.1] that, up to a root of unity of order at most 3, this is independent of the
choice of ¢.

As was done in [50] we now introduce local normalizing parameters A, which
scale the volume form w® to a more canonical volume form on H'(F’,).

5.5. Normalization of the Riemannian volume form. Let us start the defi-
nition of these parameters at the archimedean places.

Let g be any d-dimensional semisimple real Lie algebra. We may normalize an
inner product on g as follows: Let gc be the complexification of g and let go be
a maximal compact subalgebra. The negative Killing form gives rise to an inner
product (-,-) on go. This can be complexified to a Hermitian form on gc and then
restricted to a (real) inner product on g.

As usual, the choice of an inner product on a real vector space determines a
non-zero v € Ag* up to sign. We refer to this as the Riemannian volume form
on g, and again write |v| for the associated Riemannian volume on g or on a real
Lie group with Lie algebra g. Note that the Hermitian form depends on the choice
of the maximal compact subalgebra, but the Riemannian volume is independent of
this choice.

For any archimedean place, let A,» > 0 be such that \,/|w| coincides with the
Riemannian volume on #H'(F),) (using the above normalization).

5.6. Normalization of the Haar measure at the finite places. For any finite
place v’ of F’, we choose an o} ,-structure on H', i.e., a smooth affine group scheme
over o/, with generic fiber H’. To define A,/ at the finite places we have to choose
the o] ,-structure more explicitly, as in [50, Sect. 1.2].

We let {P,, C H'(F),)} denote a coherent collection of parahoric subgroups of
“maximal volume”; see [50, Sect. 1.2] for an explicit description. Let us recall that
by a coherent collection we mean that [] P, is a compact open subgroup
of /H/(AF/J).

Note that any F’-embedding of H’ into GLy- gives rise to a coherent family of
compact open subgroups of H'(Ag/) which at almost all places satisfies the above
requirements on P, ; see §5.1. At the other places we may choose P, as above
and then use (1) in §5.1 to define the o ,-structure on H'(F),). Let us also remark
that maximality of the volume implies that the corresponding parahoric is either
hyperspecial (if H’ splits over an unramified extension) or special with maximum
volume (otherwise).

’l)/EZF/’f

8In most cases L is the splitting field of H’ except in the case where H’ is a triality form of D4
where it is a degree 3 subfield of the degree 6 Galois splitting field with Galois group S3. Note
that there are three such subfields which are all Galois-conjugate.
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This allows us, in particular, to speak of “reduction modulo w.,”. If v/ is a

finite place of F’, we let M, denote the reductive quotient of red, (P, ); this is a
reductive group over the residue field.

For any non-archimedean place, let £,, € F!, be so that £,w? is a form of

maximal degree, defined over o},, whose reduction mod w/, is non-zero, and let

v
>\fv’ = |£v’|v’-

5.7. Product formula. Let us use the abbreviation Dy p = DLD;,[L:F/] for the
norm of the relative discriminant of L/F"; see [50, Thm. A]. It is shown in [50, Thm.
1.6] that

e
(5.2) [T » =D A

where A > 0 depends only on H over F and [F’ : Q], 5(H’) = 0 when H' splits over
F’ in which case L = F’, and s(H') > 5 otherwise; these constants depend only on
the root system of H'.

It should be noted that the parameters \,, were defined using H’ and w® but
will be used to renormalize w!, on H’.

5.8. Local volume contributions. Recall that we fixed an open subset g =
[Les. Qo x Iles, Kv C G(A) and defined vol(Y) of an algebraic semisimple
homogeneous set Y using this subset; see (1.1) and §2.3.

For every v € ¥, we may assume that {2, is constructed as follows. Fix a
bounded open subset =, C g, which is symmetric around the origin such that exp
is diffeomorphic on it and so that

(5.3) every eigenvalue o of ad(u) for u € Z, satisfies |0, < 10
where we regard the norm |-|, as being extended to an algebraic closure of F,,. With
this we define Q, = exp(Z,). We will also require that properties similar to (5.3)
hold for finitely many finite-dimensional representations which will be introduced
in the proof below; see the discussion leading to (5.5).

To compare the Haar measure on H(F,) with the Haar measure on the Lie
algebra b, in the following proof we also recall that the derivative of the exponential
map exp : b, — H(F,) at u € b, is given by”

1 — exp(—adu) adu  (adu)?

A4 - =1 — — 4
(5-4) adu 2 + 3! +

For v € Spy, set K = 17 (g, Kyg, '), and put K = 17 (g,Qg, ") for v €
Y F.oo. Note that, for each finite place v, the group K is an open compact subgroup
of H(F),). For any place v € ¥ s we can write

K} C H K}, where K, is the projection of K into H'(F},).
v’ v
Let J,» be the measure of K, under A\, |w.,|.
We define p,» = char(k,/) and note that q,, = #k, = p!, for some | < [F" : Q).

9We think of the derivative as a map from b, to itself by using left-mutiplication by the
inverse of exp(u) to identify the tangent plane at the point exp(u) with the tangent plane at the
identity. As the latter is measure preserving, this identification does not affect the estimates for
the Jacobian of the exponential map.
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Proposition. The local terms J, as above satisfy the following properties:
(1) For v’ a finite place of F', J, < 1.
(2) Let v' be a finite place of F' such that L/F' is unramified at v'. Suppose
that H' is not quasisplit over F!, or K, is not hyperspecial; then J,» < 3/4.
If in addition q,» > 13, then J, < max{ﬁ, %} <1/2.

(3) For an archimedean place v of F, (HU Ayt |wh )(K{f) is bounded above

ll,U

by a constant depending only on G and €.

Proof (Case of v’ finite). Let P, be a minimal parahoric subgroup containing K,.
Let M, be the reductive quotient of the corresponding k,/-group red,, (B,) where
B, is the smooth affine o0,/-group scheme whose 0,/-points are P,; existence of
such is guaranteed by Bruhat-Tits theory; see (1) of §5.1.

This gives

_ / * / _ #Mv/ (kv’)
J,U/ = )\,U/ ‘wv/‘(KU/) S )\’U’ ’wv/’(Pv/) = q(dimMU,+dimﬂv,)/2
where the last equality is [50, Prop. 2.10]. The same proposition also shows that
the right-hand side is at most 1 as claimed in (1).

Using [50, Prop. 2.10] one more time we have: if H' is not quasisplit over F},,

or H' splits over the maximal unramified extension F/'UT, but P, is not hyperspecial,
then

#MU/(kU/) < q'U/ + 1
(@im M,/ +dim M,)/2 = g%,

o
Therefore, we assume now (as we may), that H' is quasisplit over F),.

As the quasisplit inner form is unique we obtain that H’ and H’ are isomorphic
over F,.

Note that if v’ does not ramify in L, then H’ splits over the maximal unramified
extension F,. Indeed, by the footnote on page 236 in most cases L is the splitting
field of H' which gives the remark immediately. In the case of the triality form
of 5Dy the splitting field of H' is a degree 6 Galois extension E/F’ with Galois
group S3 which is generated by L C E and its Galois images. As v" does not ramify
in L, this also implies that v’ does not ramify in E. As s We may assume H' and H'
are isomorphic over F),, the group H' also splits over F/,.

In view of this the only case which needs extra argument is when H' is F),-
quasisplit, split over }/7;, the only parahoric subgroup containing K, is a hyper-
special parahoric subgroup P,, and K}, C P,. Note that (1) and the fact that
K? C P, in particular imply that'® J,, < 1/2. It remains to show that the
stronger bound holds in this case as well.

We will use the notation and statements recalled in §5.1. Let 3, be the smooth
group scheme associated to P,, by Bruhat-Tits theory. Since P, is hyperspecial we
have red, P,/ is an almost simple group. The natural map P, — red, B, (k) is
surjective. We also recall that since H' is simply connected red, 3,/ is connected;
see [60, 3.5.3]. Let qu,l ) denote the first congruence subgroup of P/, i.e., the kernel
of the natural projection.

10Let us mention that this bound is sufficient for finding a “good place” in §5.10. However, the
stronger estimate in (2) will be needed in §5.12 if «(H) is not simply connected and in Appendix B.
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First note that if qu,l) ¢ K, then the finite set Pv(,l)/PS) N K, injects into
P,/K},. But Pé,l ) is a pro-p,s group and hence any subgroup of it has an index
which is a power of p,,. Therefore, we get the claim under this assumption. In
view of this observation we assume Pi,l ) ¢ K. Therefore, since K, C P, we
have K://Pig,l) is a proper subgroup of PU//PIS}) = red, P, (ky ). The latter is a
connected almost simple group of Lie-type and the smallest index of its subgroups is
well understood. In particular, by [39, Prop. 5.2.1] the question reduces to the case
of simple groups of Lie-type. Then by the main Theorem in [43], for the exceptional
groups, and [15] for the classical groups, see also [39, Thm. 5.2.2] for a discussion,
we have [P}, : K,] > g, so long as g,y > 13. The conclusion in part (2) follows
from these bounds.

(Case of v infinite:).'! Note that up to conjugation by G(F),) there are only
finitely many homomorphisms from H(F,) to G(F,) with finite (central) kernel.
We fix once and for all representatives for these maps. We will refer to these
representatives as standard homomorphisms (and the list depends only on G(F3)).
We fix a compact form b, o for the group H(F,). Taking the negative of the
restriction of the Killing form to the compact form we extend it to a Hermitian
form on hS and restrict it to a Euclidean structure on b,, which we will denote
by gq. For each standard homomorphism we fix a standard Fuclidean structure on
gy as follows: Let j, be the derivative of a standard homomorphism. Let g, 0 C gC
be a compact form of g, so that jo(hy,0) C gv,0- As above for the Euclidean structure
q on h,, we use the compact forms g, ¢ to induce standard Euclidean structures
associated to j, which we will denote by pg.

We also let pg : G — SLp be a representation given by Chevalley’s theorem ap-
plied to the semisimple algebraic group j,(H) considered over F),, and let wj, € FP
be so that j,(H) = Stabg (wj,). As there are only finitely many standard homomor-
phisms we may require that the analogue of (5.3) holds also for these representa-
tions. In particular, we obtain that for u € =, there is a one-to-one correspondence
between the eigenvalues and eigenvectors of Dpgu and the eigenvalues and eigen-
vectors of po(expu). Hence for any u € Z, and w € FP we have

11

(5.5) po(expu)w = w implies that po(exp(tu))w = w for all t € F,.

Let Dv : b, — g, denote the derivative of the homomorphism ¢ : H(F,) —
G(F,). Then the map Ad(g,!) o D¢ induces an inclusion of real Lie algebras
j: by = gu, and a corresponding inclusion of complexifications j¢ : hS — g&. Let
go € G(F,) be so that j, = Ad(go) o] is the derivative of one of the standard
homomorphisms. Then g,; = Ad(gy ')gv,0 C g5 is a compact form of g, so that
j(bv,0) C gv,;- The compact form g, ; induces a Euclidean structure on g,, which
we refer to as p; and satisfies [[Ad(go)ullp, = [Jullp; for all u € g,.

Recall the definition of =, from (5.3). We now will analyze the preimage K of
995 in H(F,) under the map ¢, and show that it equals exp(j~*(Z,)). Clearly
the latter is contained in K and we only have to concern ourselves with the opposite
implication. So let h € K satisfy g, 'u(h)g, = expu € Q, for some u € =,.
We need to show that u € j(h,). Note that g, '«(H)(F,)g, is the stabilizer of
w = pj, (95 )wj, in G(F,). So exp(u) fixes w and by the property of Z, in (5.5) we
obtain exp(F,u) C g5 1¢«(H)(F,)g,. Thus we have u € j(h,) as we wanted.

11See also [50, Sect. 3.5].
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Let us write E(u) for the Jacobian of the exponential map and use the abbrevi-
ation fiq =[]/, Av|w;/| for the normalized Riemannian volume on b, We define

(56) Joim (Mol O = | B gt

where we used also the definitions above. In view of (5. ) (which pulls back to an
analogous claim for u € j~!(Z,) and its adjoint on b,) and (5.4), E(u) is bounded
above and below for all u € j~*(Z,). Therefore

T, = / ditg(u) = 11g (i1 (B0)).
u€j~H(Ey)

Now note that for the derivative j, of a standard homomorphism we have

l[ullg = 3o (@llpe = 13(w) Iy
which also gives
Jy = r“’q(j_l(Ev)) = p(Ev N (b)),
where f; is the f-dimensional Riemannian volume (induced by p;) on the sub-
space j(h,) C g, with £ = dim b,,.
Let uy,...,us € j(h,) be an orthonormal basis, with respect to the standard

Euclidean structure pg, for j(h,). Then there exists a constant ¢; (which depends
only on =, and so on G) such that

{E\)\,ng/cl Arty Gj(hv)} C Z,Njlhy) C {ZIA <y Arlr € j(b, )}

which gives

Hul A - /\U’KHPJ'
Hu N - Auf”ﬁo

Jo = p15(Z0 (o)) = flur A== Awglly; =

However, the last expression is independent of the choice of the basis of j(h,). Let

us now choose it so that u; = Ad(gy *)(uo ) fori = 1,...,¢ and a fixed orthonormal
basis ug 1, ..., uoe of jo(hy) w.r.t. po. This gives
1

v =

I A* Ad(gg ") (wo, A+ Atio,e)lpa
and part (3) of the proposition will follow if we show that
I A* Ad(gg ) (woa A~ Ao,e) v,

is bounded away!'? from 0 (independently of j).

To see this claim recall that the Killing form B := Bg(p,) is a G(F),) invariant
non-degenerate bilinear form on g, whose restriction to j,(b,) is non-degenerate.
Let @p be the quadratic form on Afg, induced by B. Then |@Qp(-)| is bounded
from above by a multiple of || -||2. Our claim follows from the fact that the value of
Qg at the vector /\ZAd(go_l)(qu A---Auge) is non-zero and independent of gg. O

12This could also be seen using the more general fact that A°Ad(G(Fy))(uo,1 A~ Auge) is a
closed subset of /\ng which does not contain 0.
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5.9. Finite index in volume normalization. Let C be the central kernel of
H — ((H). We may identify g~ 1.(H(A))g with the quotient of H(A) by the
compact group C(A) — it is a product of infinitely many finite groups.

The associated homogeneous space Y = G(F)¢(H(A))g is identified with

TTA\H(A),

where
A= (H)(F)N(HA)).

Note that A is a discrete subgroup of «(H(A)), which is a closed subgroup of G(A).
We need to compare the Haar measure on H(F)\H(A) (studied in this section)
with the Haar measure on t~!A\H(A) (used to define the volume of V).

Now H(F)C(A) € +7'A. The quotient :*A/H(F)C(A) = A/(H(F)) is iso-
morphic to a subgroup &’ of the kernel

S:= ker(Hl(F, c) - [[H'(F. C)>.

This can be seen from the exact sequence of pointed sets
H(F) % ((H)(F) > H'(F,C),

arising from Galois cohomology, whereby A is identified with the preimage under
9 of S. The group S is finite by [49, Thm. 6.15] and so is §’.

We endow H(A) with the measure for which H(F)\H(A) has volume 1, use on
t(H(A)) the quotient measure by the Haar probability measure on C(A), and use

counting measure on A. With these choices the homogeneous space A\¢(H(A)) =
t"TA\H(A) has total mass

1
75 mass of (H(F)C(A)\H(A)),
where the Haar measure on H(F)C(A) is such that each coset of C(A) has measure

1. Together this gives that the mass of A\¢t(H(A)) equals #iéf).

Finally, the size of C(F') is certainly bounded above and below in terms of
dim(H), by the classification of semisimple groups. As for & D &', it is finite!?
by [49, Thm. 6.15]. Indeed we can give an explicit upper bound for it in terms
of dimH; see the proof of [49, Lemma 6.11]. We outline the argument. The
absolute Galois group of F acts on C(F), by “applying Galois automorphisms to
each coordinate”; we may choose a Galois extension E/F such that the Galois group
of E acts trivially on C(F). Then [E : F] can be chosen to be bounded in terms of
dim(H). By the inflation-restriction sequence in group cohomology, the kernel of
H(F,C) — H'(E,C) is isomorphic to a quotient of H!(Gal(E/F), C(F)), whose
size can be bounded in terms of dim(H). On the other hand, the image of S consists
of classes in H!(E,C) — i.e., homomorphisms from the Galois group of E to the
abelian group C(F) — which are trivial when restricted to the Galois group of each
completion of E. Any such homomorphism is trivial, by the Chebotarev density
theorem.

Let us summarize the above discussions.

131t need not itself be trivial, because of Wang’s counterexample related to the Grunwald-Wang
theorem.
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Lemma. Normalize the Haar measure on H(A) so that the induced measure on
H(F)\H(A) is a probability measure. Then the induced measure on the homoge-
neous set G(F)u(H(A))g equals ##Cﬁg/m) € [&, M), where M > 1 only depends on
dim H.

5.10. The volume of a homogeneous set. In view of our definition of volume
and taking into account the choice of Q, the equation (5.1) implies that

(5.7 vol(v) = FE D3I TT (o fa62))

VEX R
where [wy| == [T/,
Since K C [],

/
‘wv”'

K,

/l’U

#C(F) , 1e(i') 1 dimH’ . -1
(5.8 vol(v) = LoUD A pdet pham =TT (0,1 Ty, A

7 L/F'
#S UEEF
1s(H') 3 dimH’ . n—1 i} .
> Dj D} T Owieblisn™ TT [T &5 K3
’UIGZF/J vET P

where we used (5.7) and (5.2) in the first line and part (3) of the proposition in
§5.8 in the second line. Let us note the rather trivial consequence!® vol(Y) > 1
of (5.8). Below we will assume implicitly vol(Y') > 2 (which we may achieve by
replacing {2, by a smaller neighborhood at one infinite place in a way that depends
only on G).
Let X% be the set of finite places v such that L/F is unramified at v but at least

one of the following holds:

o KJ C Il Ky or

e there is some v'|v such that H' is not quasisplit over F!,, or

e there is some v'|v such that K is not hyperspecial.
Then, in view of the proposition in §5.8 we find some kg > 0 such that

1 ! L dim H’
(5.9) vol(Y) > DESUDEI™H 9#5l 5 Do 9#
where s(H') > 0 as in §5.7. We note that (5.9) and the prime number theorem
imply the existence of a good place in the case at hand.

5.11. Existence of a good place in general. Recall that the discussion in this
section, so far, assumed H is F-almost simple. For the details of the proof of the
existence of a good place we return to the general case. Thus, let H = H; --- Hy,
be a direct product decomposition of H into F-almost simple factors. Let F ]’ /F
be a finite extension so that H; = Resp, r(H;) where H is an absolutely almost
simple Fj-group for all 1 < j < k. As above [F} : F| is bounded by dim H. Let
H; and L;/F} be the corresponding algebraic group and number field defined as in
§5.4.

For any place v € X let K be as above. We have K C Hle IL,
K7, is the projection of K7 into H;(F]'v/) and, in particular, it is a compact open
subgroup of H’,(F; /) when v is finite.

K7, where
bl

/"U

4 This would also follow trivially from the definition if only we would know that the orbit
intersects a fixed compact subset.
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Proposition (Existence of a good place). There exists a place w of F' such that

(i) G is quasisplit over F,, and split over Z?':,, and K, is a hyperspecial subgroup

of G(Fu),

(ii) L;/F is unramified at w for every 1 < j <k,

(iii) H’ . is quasisplit over F} , (and split over }'{]’;) for every 1 < j <k and
every w'|w,

(iv) K} = Hle Hw,|w K3 ., and K7, is hyperspecial for all 1 < j < k and

all w'|w, and finally
(v) quw < (log(volY))2.

Proof. First note that similar to (5.7)-(5.9) we have

k
. -1
VO](Y) >> 21 H (Dzj H’U/GEF{ (AU"C‘);"(KJ‘,U/)) ) )
j=1 ’

where I is the number of finite places where the first assertion in (iv) does not
hold. Note that at the archimedean places replacing K by [] oo K ;o leads to a
lower bound of the volume to which we may again apply part (3) of the proposition
in §5.8.

As was done prior to (5.9), let X% be the set of finite places v of F' where L;/F
is unramified at v for all 1 < j < k but (iii) or (iv) does not hold. Then

k
b
vol(Y) > 927 ur H DZ‘;'
j=1

This implies the proposition in view of the prime number theorem. More con-
cretely, suppose T' = q,, is the smallest norm of the prime ideal of a good place
(satisfying (i)—(iv)) and recall that by Landau’s prime ideal theorem the number of
prime ideals in F' with norm below T is asymptotic to %. Recall that (i) only fails
at finitely many places w € ¥ so we restrict ourselves to places w with g, > cs.
Hence if T' > ¢4 = c4(F, c3) we may assume that there are more than @ places
with norm between cs and T" where (ii), (iii), or (iv) fails. Combining this with the

above estimate gives

K T
Vw = VT <« mm < log, vol(Y') — log, c2,
which implies (v). O

5.12. Comparison of two notions of volume. Let N be the normalizer of +(H)
in G. By Lemma 2.2 we have

stab(ug) = g~ ((H(A))N(F)g.

It will be essential for our argument in §7.7 to control the “interplay” between the
volume defined using Hy = g~ *(H(A))g (as done so far) and the volume defined
using ¢~ L.(H(Ar))N(F)g (which contains Hy as an open subgroup). In fact it will
not be too difficult to reduce from v € N(F') to the case where v € «(H(F,)) at

finitely many places. Note that v € «(H(F},)) at one place implies that v € «(H)(F).
Let us make this more precise; recall that vol(Y) = mg(Hg N Q) ™! where Qg =

(HveEF,oo QU) Ky and Ky = [[ ey, , Koo We write j(-) = g u(-)g and use this

map also for one or several local factors. Note, in particular, that H, = j(H(F},)).
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Let w be a good place given by the proposition in §5.11. We define S = ¥ U{w},
Fs =[I,cq Fv, and

Vg =j(H(Fs)) x [[ Ko
veEX\S
Let Hy = j(H(Ar))Ng where
Ng =g Yy e (H)(F):v € (H(F,)) for all v € S}g,
Note that Hy C Hy C stab(ug). We will see in §7.7 that we need to compare
vol(Y') with
vol(Y) = mg(Hy N Q) L,
where mg is the unique Haar measure induced on stab(ug) from my.
Define A := Vg Nj(H(F)) and A := Ug N Ng.

Lemma (Volume and index). The index of A in A controls the ratio of the above
notions of volume, i.e., we have

(5.10) vol(Y) < [A : A] vol(Y),
where the implicit constant depends on G(F,) for v € Y.
Proof. Set

B := {j(H(AFp))y:v € Ns and (j(H(Ar))y) N Qo # 0}.

We will first prove that #B < [A : A].
The properties of the good place w, in particular, guarantee that using the strong
approximation theorem for H we have

H(Ap) = H(FS)< I1 K;;)H(F).
veX\S
Let now j(H(Ap))y € B; then there exists some g, € j(H(Fs)][,ex\ s K7) and
some ¢ € j(H(F')) so that g,y € Qo. Hence for all v € ¥\ S we have (67), € K,.
This says
57 € Ng N (j(H(FS)) < I K) — A

veEX\S

Suppose now & € j(H(F)) is so that 6’y € A; then
56~ e ANjH(F)) = A<A.

Hence we get a map from B — A/A.

This map is injective. Indeed let v,+" € Ng be as in the definition of B, suppose
that d,,6, € j(H(F)) are as above, and d,y and d,.7 map to the same coset in
A/A. Then Adyy = Ao+, and in particular, j(H(Ar))y = j(H(Ar))y'. In other
words we have shown that #B < [A : A].

With this we now have the estimate

(s 00) = Y mal(hy)90) < (R : Alma(2500),
j(H(AF))veB
where we use for every j(H(Ap))y € B some h, € j(H(A)) with h,y € Q. The

claim now follows from the independence, up to a multiplicative scalar, of the notion
of volume from the neighborhood g; see §2.3. O
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The landmark paper [6] by Borel and Prasad deals with questions similar to
bounding the above index, [A : A]. The setup in [6] is that A is defined using a
coherent family of parahoric subgroups at every place. However, our group A is
defined using { K}, and K may only be a parahoric subgroup for almost all v. We
will use the strong approximation theorem to address this issue and then use [6] to
estimate the above index.

We will again need some reductions due to the fact that our group H is not
necessarily absolutely almost simple. Recall that H = H; - -- Hg is a product of
F-almost simple groups where H; = Resp//, r(H,) with H, an absolutely almost
simple F)-group.

Let v € ¥\ S; that is: v is a finite place and v # w. The Bruhat-Tits building
B, of H(F,) is the product of the corresponding buildings B; , for 1 < i < k. The
group H, is naturally identified with j([], .., Hj(¥7 ,/)) and acts on B,; this action
is identified with the action of [, |, Hi(F} /) on the product of the corresponding
buildings B; .. Our group K/, (which by definition is the group obtained by
projecting K7, into H;(F} ,,)) is a compact open subgroup of H}(F} ) for all places
v" of F] over v. Hence by [60, §3.2] the fixed point set Fix; ,s of K}, inB, isa
compact and non-empty subset.

Let H denote the adjoint form of H and let ¢ : H — H be the universal
covering map. The adjoint form H is identified with [, Res Fl/ r(H,) where H is
the adjoint form of H}. Recall that A C g~ '.(H)(F)g, and let ¢/, : j(H) — H be so
that ¢ = ¢/, 0j. Then ¢/ (A) € H(F). In particular, A naturally acts on B; . for
all 7 and all places v" of F above v.

—_—

Lemma. The fized point set Fix; ,» of A in Bi. is a non-empty compact subset

——~—

which satisfies Fix; v C Fix; .

Proof. Let A, (resp., Kv) be the closure (in the Hausdorff topology) of the projec-
tion of A (resp., A) in K,. By the strong approximation theorem, we have

A, =H,NK, =j(K}).

Moreover, taking projections, we may identify both A and A as lattices in
j(H(Fs)). Therefore, we have [A, : A,] < [A:A] < 0.

Hence, using [60, §3.2], the fixed point set Fix; ,» of A in B; . is a non-empty

compact subset which satisfies Fix; ,» C Fix; s as claimed. O

Let us fix, for every v € ¥ \ S, one point in B, which is fixed by A. This
determines a subset ®; s of the affine root system A;,,. The collection {®;, }
gives us a coherent collection of parahoric subgroups P;,» C Hj(F] ). For every
v e ¥\ S, let P, denote the stabilizer of I, , @i in j(H)(F,). We define two
subgroups

/|U

N =5(TTBUE) 0 (g < T P)).

7,0 fw

A/ — ]Vj(H’s)XHv#w ]SU(A/)v

where Hg = IL Hv/\v,ves H;(Fz’v)
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Note that A C A’ and A C A’ by the construction of the parahoric subgroups.!®
Moreover, A’ is a finite index subgroup of A'; see [6, Prop. 1.4].

Recall the definition of the fields L;/F; from §5.11. As we have done before we
define a subset ¥* C Yr; as follows. Let X’ be the set of finite places v of F
where L; /F is unramified at v for all 1 < i < k but at least one of the following

fails:
(1) H; , is quasisplit over F} , (and split over F] ) for every 1 <i < k and
every v'|v,
(2) K7, is hyperspecial for all 1 <7 <k and all v'|v and K} = Hm,‘v K.

Define ¥°, to be the set of places v € % ; so that L;/F is ramified at v for some
1<i<k Put ¥ =% UX’ :note that ¥°N.S = 0.

Let us note that if K7, is hyperspecial for all 1 < i < k and all v'|v but
K5 # 11 oo Ko, then

(5.11) [H K7, :K;j] > po.

1,0 |v

Indeed the reduction mod v" of the group scheme corresponding to K, is an
almost simple group and K, maps onto the k;,» points of this group.’ Let R
be the semisimple group obtained from Hi,v’lv K7, by taking it modulo the first
congruence subgroup. By construction of K, the image of K modulo the first
congruence subgroup of Hi,v’lv K7, let us call it R’ projects onto each factor of
R. If R' does not equal R, then (5.11) follows. If these two equal each other, then
an argument as in the proof of part (2) of the proposition in §5.8 implies (5.11).

This observation together with parts (1) and (2) of the proposition in §5.8 implies
that for all v € ¥ we have

(5.12) (T ol o ) () <

1,0 |v

Py +1
P2

if ¢, > 13.

Lemma (Bound on index). The indez of A in A satisfies the bound

(5.13) (A2 A] < Netms D Tl ong (D, e
where
o vy =3 [Li: Q] and kg =2 [F : F],
e hr, is the class number of L;,
e a =2 if H, is an inner form of a split group of type D, with r even, resp.,
a =1 otherwise, and finally
e b =1 if H, is an outer form of type D, with r even, resp., b =0 otherwise.

15To verify the second inclusion, for example, we first verify that A belongs to j(H’S) X Hugs B,:
it projects to j(H’S) at places in S because A C V¥g, and it projects to the P, by the way they
were chosen. We then verify A normalizes A’. Because of the inclusion A C Ng we can regard
A as acting on H(F) = [], H,(F/). It preserves the subset of this defined by intersecting with
(HG x I] P; ) because each P, normalizes ILi o0 Piw
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Proof. We first consider the map A /A — A /A’. This is an injective map. Indeed,
if ye NNA, then y € A C Ug and v € A’ C j(H(F)). Hence

v € Vs NjH(F)) = A.

We, thus, get that [A:A]<[A:A).
Bounding [A" : A’] is rather non-trivial. This is done in [6, §2 and §5], and we
have

.. /. b
/] < H2haLiN[L1.Q]+2[Fi.F}#E (DLi/Fi’)ba

with a,b and hy, as in the statement of the lemma. O

The following is crucial in the application of the volume for the pigeon-hole
argument in §7.7.

Proposition (Equivalence of volume definitions). The above two notions of volume
are related in the sense that there exists some kg > 0 so that

(5.14) vol(Y)™ < vol(Y) < vol(Y)
if vol(Y') is sufficiently large depending only on the dimensions dim G and [F : Q).
Proof. For any number field F we have
he < 10%(5) "9 Dp;
see, e.g., equation (7) in the proof of [6, Prop. 6.1]. Also recall that
Dpyym = DLi/DLfZ_,“F” > 1.

These imply the following!® estimates (for the field related quantities coming in
part from (5.13) and (5.8)). If H. is an outer form, then a = 1 and b < 1. Hence in
this case we have

ho aDlemHlDzﬁ/(;L/) b>>D2/d1mH Dzﬁ/(;[,) 2’
where ¢ = [L; : F]] equals 3 if H} is a triality form of Dy, resp., 2 otherwise.

Suppose HJ is an inner form of type other than A;. Then L; = F}, a < 2, and

b = 0. Together we get

ho aDlemHlDzﬁ/(?,) b >>D L dimH/— Dzs/(?/) D2d1mH -2
Finally let H, be an inner form of type A;,; then L; = F/, a =1, b =0, and we
have
he aDzdlmHlDzs/(?F{/) b > DQIdlmH _ D;/,Q

These estimates together with s(#;) > 5 when H; is an outer form and L; = F
when #! is an inner form give

@ 3 dim H/ (H))— b 1/2
(5.15) hpeDp DR s (D Dy )

We now prove (5.14) and note that Vol(Y) < vol(Y) follows directly from the
definition.

16See [6, Prop. 6.1], and also [2, Prop. 3.3], for more general statements.
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For the opposite inequality we argue as follows:

vol(Y) >

A vol(Y') by (5.10)

—1
(5.16) > (N’”*"S(#Eb) []2n¢.(Ds, /F;)”) vol(Y) by (5.13).

Now by (5.15) we have

a -t —LdimH,+1 -~ Lls(H))+L
(5.17) (T12n4. (Prym)) > T D, DA,

i

Moreover, by (5.12) we have

(5.18) N s (TITT Ml ) (5D)

DR

D=

Note that for the few bad places with g, < 13 the power of N simply becomes an
implicit multiplicative constant.

In view of (5.17) and (5.18), the lower bound in (5.14) follows from (5.16) and
the asymptotic in (5.8). O

6. ALGEBRAIC PROPERTIES AT A GOOD PLACE

As in §§1.2 and 2.1 we let Y = Yy be the MASH set for the data 2 = (H, ¢, 99)
and let G be the ambient algebraic group; in particular we are assuming that H is
simply connected and that «(H) is maximal in G. In this section we collect algebraic
properties of the MASH set Y and its associated groups at a good place w. These
properties may be summarized as saying that the acting group is not distorted at
w and will be needed in the dynamical argument of the next section.

6.1. Good places. We say a place w € X is good (for Y') when

e w satisfies (i)—(iv) in the proposition concerning the existence of good places
in §5.11,

e in particular G and ((H) are quasisplit over F,, and split over F;, the
maximal unramified extension, and!”

e char(k,) >N r 1, where p(G) C SLy as before.

We note that the last property of a good place as above allows us, e.g., to avoid
difficulties arising from the theory of finite-dimensional representations of algebraic
groups over fields with “small” characteristic.

By the proposition in §5.11 we have: there is a good place w satisfying!'®

qw < (log(vol Y))?.

Let g9, € G(Fy) denote the component of gy at w. For simplicity in notation
we write j,, : H— G for the homomorphism defined by j,,(-) = gé}wb(')gg,w at the
good place w. We define the group H; = H(F,,) and recall from §5.8 the notation
K = j Y (K,). It is worth mentioning again that j, (H;) does not necessarily
equal j,,(H)(F,) or the group of F,,-points of any algebraic group.

7For the last claim increase in the proof of §5.11 the value of ¢3 accordingly.

18The good place for the proof of Theorem 4.1 is found as in §4.5: There are infinitely many
places where G splits, and all properties of a good place for the maximal subgroup H = {(h, h) :
h € G} < G x G are satisfied for almost all places.
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6.2. Compatibility of hyperspecial subgroups. By the properties of the good
place G and H are quasisplit over F;, and split over ﬁ; Furthermore, K,, and
K are hyperspecial subgroups of G(F,,) and H} = H(F,), respectively.

Let vert and vert* denote the vertices corresponding to K, and K in the
respective buildings. As was recalled in §5.1, Bruhat-Tits theory associates smooth
group schemes &,, and $),, to vert and vert* in G(F,,) and H(F),), respectively, so
that K,, = &,(0,) and K = $,/(0,). Since j,, is a homomorphism, Jw(H)(ﬁ;)

acts on the building of H(F,).
Let p,, be the prime number so that w | py, i.e., p,, = char(ky).

Lemma. For p, > 1 the following hold. The stabilizer of vert* in Jw(H)(ﬁ;)
equals j,, (9w (0w)), i.e., the image of the stabilizer of vert* in H(ﬁw) under the
map j,,. Moreover, the homomorphism j,, extends to a closed immersion from £,
to &, which we continue to denote by j,,.

—

Proof. Let h € Jw(H)(ﬁ;) be in the stabilizer of vert* in j,, (H)(F,). In the follow-
ing paragraph we will use similar arguments to that of [6, §2] and we refer to that
for unexplained notions. Then the induced action of h on the affine root system
fixes the vertex corresponding to vert™; this implies h acts trivially on the affine root
system; see [35, 1.8]. It follows from [35, 1.8] and [6, Prop. 2.7] that h € Jw(H(ﬁ;,))
(i.e., represents the trivial cohomology class with reference to [6, §2.5(1)]), at least
for p,, large enough. Now by [60, 3.4.3] the smooth scheme structure corresponding
to the stabilizer of vert* in H(f’;) is deduced from $),, by base change from 0,, to
0w. Therefore, j,, (., (0)) equals the stabilizer of vert* in j,, (H)(F,) which is the
first claim of the lemma.
We now claim

(6.1) Juw($w(0w)) C Gy (0w).

Assuming the claim, let us finish the proof. By the criterion described in [10, 1.7.3,
1.7.6], the homomorphism j,, extends to an 0,-morphism jw : Hw — Gy which
by [51, Cor. 1.3] is a closed immersion.

Let us now turn to the proof of (6.1). It suffices to prove

P ju(Hw(0w)) C SLy (0w).

Put p,, := poj, . Then p, (., (0,)) is a bounded subgroup of SLN(}/W;), hence it is
contained in a maximal parahoric subgroup P of SLy (f‘;) — We may even suppose
that P is a hyperspecial parahoric subgroup. Let us assume P # SLy(0,,) as there
is nothing to prove otherwise.

Inside the building of SLy over 13;, let vy be the vertex corresponding to P
and let v be the vertex corresponding to SLy(0,,). Choose a geodesic, inside this
building, connecting the vertex vy with the vertex v. Consider the collection C of all
facets whose interior meets this geodesic path. Any element of P N SLy(0,,) fixes
all facets in C — recall that, in the building for SLy, fixing a facet setwise implies
fixing it pointwise. Therefore, p,, (£, (04)) fixes all the facets in C.

In this language, we must show that p,($.,(0,)) fixes the vertex v. The union
of facets in C is connected, and so its 1-skeleton is connected; thus we may choose
a path vg,v1,...,v, = v starting from the vertex vg and ending at v, where any
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two adjacent vertices belong to a common chamber. Let P; be the stabilizer of
v;. We have seen above that p, (9., (0,)) C P; and we will argue inductively that
puw($Hw(04)) C P; for all 0 <4 < /.

For each 0 < i < £ there is an element g; GPGLN(E\U) so that P; :giSLN(EE)gi_l.
Denote by SLy,4, the corresponding scheme structure, that is, P; = SLy g, (04). As-
sume Py, (9w (04)) C SLn g, (0). By [10, 1.7.3, 1.7.6] the homomorphism p,, extends
to an 0,,-morphism p, : $., — SLy g, which by [51, Cor. 1.3] is a closed immersion.
Let redy (pw) : Huw (kAw) — SLn g, (l;; ) be the corresponding homomorphism on spe-
cial fibers. Then the finite group red,, (f.) (35_w (kw)) is contained in red,, (P;NP;11)
which is a proper parabolic subgroup of SLy 4,; and we must show that the same
is true with k,, replaced by lg;

Since each proper parabolic subgroup of SLy can be expressed as the intersection
of certain subspace stabilizers, our assertion reduces to the following: Regarding
$Hw as acting on an N-dimensional representation via red, (pw), and if p, >y 1,
the following holds:

—~N —
If (k) fixes a subspace W C ky, , then £, (k) also fixes W.

Passing to exterior powers, and using the semisimplicity we reduce to the same
statement with the subspace W replaced by a vector v. But £, is generated
by unipotent one-parameter subgroups, i.e., by closed immersions u : G, — 4.

Because the map £, — SLy 4, /kw is a closed immersion, we can regard u as a

closed immersion G, — SLy g,/ l;; also, and from that we see that the coordinates
of u(t)v are polynomials in ¢ whose degree is bounded in terms of N. Since these
polynomials vanish identically for ¢t € k,,, we see that, for p,, > 1, they vanish
identically on E; , too. O

In view of the above lemma, and abusing the notation, j, (£ ) is a smooth sub-
group scheme of &,,. Taking reduction mod w on &,,, which induces the reduction
map on j,, (), we have j,, ($,) C &, for the corresponding algebraic groups over

l;; (the residue field of ZE';, i.e., the algebraic closure of k).
6.3. Lemma (Inheritance of maximality). Let ((H) < G, the place w € Xy

and gg.. € Gy be as above. Then j,,(9y) is a mazimal connected algebraic subgroup
of &, provided that p,, is large enough.

Proof. First note that the subgroups &,,(0,,) and j,, (94 )(04,) are hyperspecial sub-
groups of G(F,) and j,,(H)(Fy); see §5.1 (1) as well as [60, 2.6.1 and 3.4.3]. In
particular, j,, ($,) and &,, are connected by §5.1 (4).

Let us also recall our assumption that both G and H split over f’; Therefore,
by §5.1 (2) we have: j,($,) and &,, are 0,-Chevalley group schemes with generic

—

fibers Jw(H)(ﬁ;) and G(F,), respectively.
We now show that this and maximality of «(H) in G implies that the subgroup
juw($w) is a maximal subgroup of &,,.

We first claim that j,,($),,) is not contained in any proper parabolic subgroup of
By

To see this, let H (resp., G) denote the split Chevalley group over Z which has
the same type as H (resp., G). These are affine schemes. For an arbitrary ring R,
we denote by Hg the base change of H to R, and similarly for G.
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We want to make an argument involving the “scheme of homomorphisms from H
to G”. Such a scheme, whose R-points are canonically in bijection with homomor-
phisms of R-group schemes Hr — Gp is constructed in [19], but it is too big for us,
because it has many components corresponding to Frobenius twists of morphisms.
Thus we use a homemade variant.

Let Oy and Og be the ring of global sections of the structure sheafs of H and
G, respectively. Fix generators fi,..., fi for Og as a Z-algebra. There are finitely
many conjugacy classes of homomorphisms Hg — Gg. Therefore, there exists a

finite-dimensional H(Q)-stable subvector space M C Oy ® Q with the following
property: For any homomorphism p : Hg — G@, the pullback p* f; belongs to M.

Write M = M N O.

Let S be the affine scheme defined thus: an R-point of S is a homomorphism of
Hopf algebras p* : Og ® R — Og ® R such that p(f;) C M ® R. Said differently,
S(R) parameterizes homomorphisms of R-group schemes p : Hgp — Gpr with the
finiteness property just noted, i.e.,

(6.2) Pfie MR, 1<i<r.

It is easy to see by writing out equations that this functor is indeed represented by
a scheme of finite-type over Z.

If R is an integral domain whose quotient field £ has characteristic zero, then
S(R) actually classifies arbitrary homomorphisms Hp — Gg (i.e., there is no need to
impose the condition (6.2)). This is because an arbitrary homomorphism Hg — Gg
has the property (6.2), since we can pass from Q to £ by means of the Lefschetz
principle.

Next, let M be the projective smooth Z-scheme of parabolic subgroups of G (see
[19, Theorem 3.3, Exposé XXVI]) and let Y C § x M be a scheme of finite-type
over Z defined as follows:

Y :={(p,P) : p(H) C P},

where the condition “p(H) C P” means, more formally, that the pull-back of the
ideal sheaf of P under p* is identically zero.
In view of the main theorem in [32] we have for all p,, > 1 the reduction map

V(o) — y(l;;) is surjective. This together with our assumption that jw(ﬁw)(l;;)

is contained in a proper parabolic subgroup of &,, (l?:;) implies that there exists
some f : $, — &, and some parabolic P of G so that f(H) C P, moreover, the
reductions of f and j, coincide. A contradiction will follow if we verify that f(H)
is conjugate to j,,(H) (which is conjugate to «(H) by definition).

Both f and j,, define 0,-points of S and their reductions to k:/\w—points coincide.
We will deduce from this that f(H) and j,(H) must actually be conjugate, as
follows.

By an infinitesimal computation (which we omit) the geometric generic fiber Sg
(i.e., the base-change of S to Q) is smooth, and moreover the orbit map of G@ is
surjective on each tangent space. Therefore, each connected component of S@ is a
single orbit of Gg.

Let S1,..., S, be these geometric connected components. We can choose a finite
extension F D Q so that every S; is defined over E and also has an E-point, call
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it x;. For simplicity, we suppose that £ = Q, the general case being similar, but
notationally more complicated.

By “spreading out”, there is an integer A and a decomposition into disjoint
closed subschemes:

S xz Spec Z[4] = HS,-,
i.e., S; is a closed subscheme, the different S; are disjoint, and the union of S; is
the left-hand side. Note that each S; is both open and closed inside the left-hand
side.

In particular, if p,, > A, any 0,-point of S will necessarily factor through some
S;. Therefore, if two 0,-points of S have the same reduction, they must factor
through the same S;. In particular, the associated I/ﬂ\u—points of § belong to the
same S;, and therefore to the same geometric G-orbit (i.e., the same orbit over Q).
This implies that f(H) and j,,(H) were conjugate inside G(Q), giving the desired
contradiction.

Let now & be a maximal, proper, connected subgroup of &,, so that j,,($.) C
& C &,. Then by [7, Cor. 3.3] either & is a parabolic subgroup or it is reductive.
In view of the above discussion & must be reductive, and by the above claim in
fact semisimple. Hence there is an isomorphism f : S Xz k/\w — & where S denotes
the Chevalley group scheme over Z of the same type as ©.

We are now in a similar situation to the prior argument, i.e., we will lift the of-
fending subgroup & to characteristic zero using [32]. Let H,S, G be split Chevalley
groups over Z of the same type as ., 8, &,,. Consider the Z-scheme parameteriz-
ing pairs of homomorphisms

(p1: H— G, py: Lie(S) — Lie(G)) with image(dp;) C image(p2),

where we impose the same finiteness conditions of p; as in the prior argument.
The pair (j,,, f), together with identifications of £,, and & with H and S, gives

rise to a ky-point of this scheme with the maps dp; and ps injective; for large
enough p,, this lifts, again by [32], to an 0,-point (p1, p2), and still with dp; and
P2 injective.

But, then, p1(H o ) cannot be maximal, e.g., by examining its derivative. As in
the previous argument we deduce that j,, (H) is not maximal, and this contradiction
finishes the proof. O

6.4. A Lie algebra complement. We regard g as a sub-Lie-algebra of sly. Let
B be the Killing form of sl whose restriction to g we will still denote by B. The
properties of the good place w give us, in particular, that the restriction of B on
the Lie algebra b,, = Lie(H,,) has the following property.

Lemma. Assuming p,, s larger than an absolute constant depending only on the
dimension the following holds. If we choose an 0,-basis {e1,...,eqimu} for hw N
sly(0y), then det(B(e;, €;))ij is a unit in 0. That is:

(6.3) B restricted to b, Nsly(0,) is anon-degenerate bilinear form over o,,.

Proof. Let the notation be as in the previous section, in particular, abusing the no-
tation we denote the derivative of j,, with j,, as well. Let §),, denote the smooth o,,-
group scheme whose generic fiber is H(F,,) and $,,(0,,) = K, given by Bruhat-Tits
theory. The Lie algebra Lie(j,,(9w)) of j,,(9) is an o,-algebra. The Lie algebra
b is isomorphic to Lie(j,, (9w)) ®o,, Fu- Fix an o0,-basis {e;} for Lie(j,, (9 )), this
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gives a basis for b,,. Now since H splits over 1/7; and K is a hyperspecial subgroup
of HY, we get: $,,(0,) is a hyperspecial subgroup of H(ﬁ;), see [60, 2.6.1 and
3.4.1]. Fix a Chevalley 0,,-basis {€;} for Lie(j,,($w)) ®o, 0, which is a Chevalley
basis for h, @, Fu; see [60, §3.4.2 and 3.4.3)].

Recall that j,, (9,,) denotes the reduction mod w,, of j,, ($,,). This is a semisimple

k.,-subgroup, therefore, in view of our assumption on characteristic'® of k,, we get
det B(&, &) # 0,

hence, det B(€;,€;) € 0, . This implies that det B(e;,ej) € 075, as {e;} is another
0,-basis for Lie(j,, (Hw)) @o,, 0w- O

It follows from (6.3), and our assumption on char(k,,) that there exists an 0,,-
module v3'~ [0] which is the orthogonal complement of b,,[0] in sly(0,,) With respect
to B; see, e.g., [1]. Let t,,[0] = t5'~[0] N g and write t,, for its F,-span. Then we
have

(6.4) gw[m] = (hw N gw[m]) ® (tw Ngy[m]) forall m >0

(see discussion after (2.1) for notation).

6.5. The implicit function theorem at the good place. Recall that p, =
char(k, ). The first congruence subgroup of SLy(0,,) is a pro-p,, group; see, e.g.,
[49, Lemma 3.8]. Moreover, a direct calculation shows that if the w-adic valuation of
Puw 1s at most p,, — 2, then the first congruence subgroup of SLy(0,,) is torsion free.
The condition on the valuation comes from estimating the radius of convergence of
the exponential map on N x N matrices with entries in F),; we just use the estimate
that the p-adic valuation of n! is bounded by n/(p — 1). This condition is satisfied
in particular if w is unramified over p,, or if p,, > [F: Q] + 2.

In what follows we assume w is so that p,, > max{N3,[F : Q] + 2}. In view of
the above discussion, for such w we have exp : g, [m| — K,,[m] is a diffeomorphism
for any m > 1,; see, e.g., [20, Ch. 9] for a discussion.

Let us also put H), = gé}wL(H)(Fw)g@’w = j(H)(Fy).

Lemma. For any m > 1 we have
(i) Huw 0 Ky[m] = exp(bo N guwlm]).
(ii) Moreover, every element of K,,[m] can be expressed as exp(z)h where h €
H, N Kym|, and z € ty, N gy [m).

Proof. We shall use the following characterization of the Lie algebra of H,: u
belongs to b, if and only if exp(tu) € H,, for all sufficiently small ¢; see, e.g., [9] or
[29, Lemma 1.6].

For z € by N gw|m], exp(tz) defines a p-adic analytic function of ¢ for ¢ € o0,.
If f is a polynomial function vanishing on H/ , we see that f(exp(tz)) vanishes for
t in a sufficiently small neighborhood of zero, and so also for ¢t € o0,,. Therefore,
exp(tz) € K, [m| N H),. Recall that K,,[m] is a pro-p,, group, hence, K,,[m] N H,
is also a pro-p,, group. This, in view of our assumption that p > N, implies that

9The requirement here is that char(k.,,) is big enough so that the following holds. The restric-
tion of B to each simple factor of Lie(j,, (Hw)) is a multiple of the Killing form on that factor,
and this multiple is bounded in terms on N. We take char(k, ) to be bigger than all the primes
appearing in these factors.
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Ky[m]N H! C Hy, indeed [H!, : H,] < FX/(FX)N which is bounded by N?; see,

e.g., [49, Ch. 8.
Conversely, taking h € H,, N K,,[m], there is some z € g,,[m] with exp(z) = h.
Then h* = exp(¢2) € Hy,, N K,[m] for £ =1,.... The map ¢ +— exp(tz) is p,-adic

analytic, so exp(¢z) € H,, N K,,[m] for all ¢ in a p,-adic neighborhood of zero. It
follows that z in fact belongs to the Lie algebra of H,,.

The second assertion is a consequence of the first and the implicit function the-
orem, thanks to the fact that exp is a diffeomorphism on g,,[m] (see the discussion
before the lemma). O

6.6. Adjustment lemma. As usual we induce a measure in H,, using a measure
on its Lie algebra. Then,

exp : by N gw[m] = Hy N Kym], m>1

is a measure preserving map. To see this, it is enough to compute the Jacobian
of this map; after identifying the tangent spaces at different points in H,, via
left translation the derivative may be thought of as a map b, — h,. We again
apply (5.4) for u € by,. If now u € by N gy[m|, then adu preserves the lattice
Hw N 8,]0] and induces an endomorphism of it that is congruent to 0 modulo the
uniformizer. It follows that (5.4) is congruent to the identity modulo w,,, and in
particular the Jacobian is a unit which implies the claim.

The following is useful in acquiring two measure theoretically generic points
to be algebraically “in transverse position” relative to each other; see the lemma
regarding nearby generic points in §7.8.

Lemma (Adjustment lemma). Let m > 1 be an integer, and g € K, [m]. Given
subsets Ay, As € K, [1]N Hy, of relative measure > 1/2, there exists o; € A; so that
oy tgas = exp(2) for some z € vy, ||2|| < ¢;™.

Proof. Write, using the previous lemma, g = exp(z)h where z € v, ||z]| < ¢,™,h €
H,NKy,[m]. If « € K,[1]N H, C SLy(0,) we have:

alg =exp(Ad(a)z)(a h).

The map f : o — o~ 'h is measure preserving. In view of our assumption on
the relative measures of A; and As, we may choose o € A; with f(a)~! € As; the
conclusion follows. O

6.7. The principal SL;. In the dynamical argument we will use spectral gap
properties and dynamics of a unipotent flow. The following lemma will provide us
with an undistorted copy of SLo. Here undistorted refers to the property that the
“standard” maximal compact subgroup of SL, is mapped into K,, which will be
needed to relate our notion of Sobolev norm with the representation theory of SLs.

As before we let $),, be a smooth 0,,-group scheme whose generic fiber is H(F,)
and so that $,,(0,) = K.

Lemma. There exists a homomorphism of 0, -group schemes
0: SL2 — f’:)w,

such that the projection of 0,,(SLa(Fy)) into each F,-almost simple factor of H,,
is non-trivial where 6,, = j,, of.

The following proof is due to Brian Conrad. We are grateful for his permission
to include it here.[14]
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Proof. By our assumption $),, is semisimple. Letting R = o,, for ease of notation,
pick a Borel R-subgroup B in £),, and a maximal R-torus 7 in B (which exist by
Hensel’s lemma and Lang’s theorem [49, §6.2]). Let R — R’ be a finite unramified
extension that splits T, so (9, T, B) g/ is R'-split.

By the existence and isomorphism theorems for reductive groups over rings [13,
Thm. 6.1.16] this R’-split triple descends to a Z,, )-split triple (H,T,B). By [13,
Thm. 7.1.9(3)], ($w, T, B) is obtained from (H, T, B) by twisting through an R’/R-
descent datum valued in the finite group of pinned R’-automorphisms of (H, T, B)
(all of which are defined over Z, )). A specific Z,,)-homomorphism 6 : SLy — H
is constructed in [58, Prop. 2] that carries the diagonal torus into T and carries
the strictly upper triangular subgroup into B. Though it is assumed in [58] that
the target group is of adjoint-type, semisimplicity is all that is actually used in the
construction.

We claim that for any local extension of discrete valuation rings Z, ) — A
(such as Z,) — R'), the map 64 is invariant under the finite group I' of pinned
automorphisms of H. It suffices to check this invariance over the fraction field E
of A, and then even on Lie(Hg) since char(E) = 0. This in turn follows from
the explicit description of Lie(fg) in Serre’s paper because pinned automorphisms
permute simple positive root lines respecting the chosen bases for each.

Thus, O is compatible with any I'-valued R’/R-descent datum (such as the one
obtained above), so fr/ descends to an R-homomorphism SLy — $),,. This has
the desired property relative to almost simple factors of the generic fiber over F,
because (by design) the composition of g with projection to every simple factor of
the split isogenous quotient H&d is non-trivial. ]

We will refer to 6,,(SLa) as the principal SLo in what follows. We define the
one-parameter unipotent subgroup u : F,, — 6,,(SLa(Fy,)) by

o=a((s )

and define the diagonalizable element

=0, <<ng p(i))) € 0, (SLo(Fa)).

6.8. Divergence of unipotent flows. In the dynamical argument of the next
section we will study the unipotent orbits of two nearby typical points. As is well
known the fundamental property of unipotent flows is their polynomial divergence.
We now make a few algebraic preparations regarding this behavior at the good
place w.

Recall that t,, is invariant under the adjoint action of 6,,(SLz). Let ¢V denote
the sum of all trivial 6,,(SLy) components of t,,, and put t2* to be the sum of all
non-trivial 6,,(SLy) components of t,,. In particular t,, = t%V + 2 as a 6,,(SLs)
representation.

Even though we will not use this fact, let us remark that t!*¥ does not contain any
H,-invariant subspace. To see this let V' be such a subspace. Let V[1] = VNg,[1],
in particular, V[1] is a compact open (additive) subgroup of V' and the exponential
map is defined on V[1]. Then the Zariski closure of the group generated by exp(V[1])
is a proper subgroup of G which is normalized by H,, and centralized by 6,,(SL2).
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In particular, it is normalized by ¢(H), the Zariski closure of H,,. This however
contradicts the maximality of «(H) in view of the fact that G is semisimple.

Let t1"* be the sum of all of the highest weight spaces with respect to the diagonal
torus of 0,,(SLy) in t1. Note that t2"* is the space of u(F,)-fixed vectors in tit.
Let t™° be the sum of all of the remaining weight spaces in t2! where mov stands
for moving.

Using this decomposition we write t,, = th"* 4+ MV 4 '™V therefore, given

trv

20 € t, we have zg = z0% + 289V 4+ 28V, In view of the construction of 6,,(SLs)
and char(k,) > 1 we also have

(6.5) to[m] = 2V m) 4+ ¢V [m] 4 'V [m] for all m > 0.

hwt t 20

Note that elements in v,"" are nilpoten

In the following we understand G as a subvariety of the N2-dimensional affine
space via p : G — Maty. We call a polynomial p : F, — G(Fy,) admissible if it
has the following properties:

1) The image of p is centralized by u(F,,) and contracted by a~!, i.e., for ever
( ge of p y y y

t we have a=Vp(t)a®¥ — e as N — oo; in particular the image of p consists
of unipotent elements.

(2)

(3) p(0) = e, the identity element.
(4) All coefficients of p belong to 0.
(5)
(6)

have p(tg) = exp(w!,z), where 0 < r < N2, and z is a nilpotent element
of v, [0] \ ty[1].
Note that p(F,,) C exp(xh¥!) for all admissible polynomials.
The following construction and its dynamical significance is one of the driving
tools in unipotent dynamics; we refer the reader, e.g., to [53] and [21, Lemma 4.7]
in the real case.

Lemma (Admissible polynomials). Let zg € v,[l] with 2 # 0. There exists
T € F, with |T| > ||28°V]|"*qy,', and an admissible polynomial function p so that:

exp(Ad(u(t))zo) = p(t/T)g:,
where g; € G(Fy) satisfies d(g¢, 1) < ||20]|*quw whenever |t| < |T.

Proof. By the above we may write 2o = 28" + 2V + 28 with 2§ € 2 [1]. By (6.5)
we have ||z < ||z0]| for @ = hwt, mov, trv.

Let us now decompose Ad(u(t))zg = p"™Wi(t) + p™°V(t) + 25V according to the
above splitting of t,,. Since zy & t2"* + ¢V the polynomial p™* is non-constant,
has degree < N2, and p™*(0) = 2. Let po(t) = p™*(t) — 28", and choose
T € F, of maximal norm so that the polynomial po(7T's) has coefficients of norm
less than one. Then p(s) := exp(po(T's)) defines a polynomial of degree at most N3.
In fact po(T's) is nilpotent for every s and exp(-) evaluated on nilpotent elements
is a polynomial of degree at most N with values in Maty. Moreover, it still has
integral coefficients so long as char(k,) > N. This polynomial satisfies conditions
(1)—(5) of admissibility by definition.

20This can be seen, e.g., because they can be contracted to zero by the action of the torus

inside 0., (SL2).
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Note that each coefficient of pg(t) is bounded from above by a constant multiple
of ||z5°V|| and so the rth coefficient of po(tT") is bounded from above by a constant
multiple of ||25°°Y|||T|". By our choice of T we have that for some r € {1,..., N?}
we have [|z5°V[||T|"q", > 1. Therefore we obtain that |T'| > ||z5°V|| "¢,

Suppose that condition (6) fails, i.e., we have po(T's) € g,[IN? +1] for all s € 0,,.
As char(k,) >y 1 we then may choose N? points in o, with distance 1. Using
Lagrange interpolation for the polynomial po(7's) and these points we see that the
coefficients of po(T's) all belong to 0,,[N?+1]. However, this contradicts our choice
of T and proves (6).

Finally we define the function ¢ — ¢; by the formula

p(t/T)ge = exp(Ad(u(t))zo) = exp(p"™* (t) + ™ () + 2)

for all ¢t € F,, with |t| < |T'|. We note that the polynomial p™°V(¢) corresponds to
the weight spaces that are not of highest weight. We will now use the description of
the SLa-representation t,, in terms of a basis consisting of weight vectors obtained
from a list of highest weight vectors in ti%t. In fact, our choice of the place w
implies that this basis can be chosen integrally and also over o,,. Using this basis
we see that the coefficients of p™°¥(t) appear also as coefficients in p"™*(¢) up to
some constant factors of norm one — recall that p,, > N. Moreover, terms in
p™V(t) always have smaller degree than the corresponding terms with the same
coefficient (up to a norm one factor) in p"™*(¢). Together with our choice of T this
implies that
™ ) < 1717 < 126" [ quw

for all t € Fy, with [¢| < |T|. In fact, this holds initially for each of the monomials
in the various weight spaces appearing in p™°V, but then by the ultrametric triangle
inequality and integrality of the weight decomposition also for their combination
p™. Since p(t/T) = exp(p™*(t) — z™*) and ||24™"], [|267]| < [lz0l, the estimate
concerning d(g, e) for all t € F,, with |[t| < |T'| now follows since the map exp :
gw[l] = Ky[1] is 1-Lipschitz. O

6.9. Efficient generation of the Lie algebra. In the dynamical argument of the
next section the admissible polynomial constructed above will give us elements of
the ambient group that our measure will be almost invariant under. We now study
how effectively this new element together with the maximal group H,, generate
some open neighborhood of the identity in G(F),).

Lemma. There exist constants £ and L > 1, depending on N, such that, for any
z € thwtO] \ ehVY1], the following holds: Every g € K,[L] can be written as

9=0192-..90, where g; € Ky N (Hy Uexp(z)Hy, exp(—2)).

Note that z as in the above lemma is a nilpotent element (because it belongs to
the highest weight space), and its exponential exp(z) belongs to K, \ H,. It turns
out that the latter statement continues to hold even reduced modulo w, and this is
what is crucial for the proof.

It was mentioned in §6.5 that our choice of w implies that for all m > 1 the
group K, [m] is a torsion free pro-p,, group; we also recall that K,,[m] C G(F,)™.

Proof. Let &,, (resp., $,) be smooth o0,-group schemes with generic fiber G,
(resp., H(F,)) so that K,, = &,/(0,) (resp., K = $,(0,)). Recall the nota-
tion: for any o0,-group scheme 9 we let I denote the reduction mod w,,. As was
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shown in the lemma of §6.2 j, (9., (0,)) and &,(0,) are hyperspecial subgroups
of Jw(H)(}/?:U) and G(ZE';), respectively. Furthermore, they are 0, Chevalley group
schemes with generic fibers Jw(H)(F;) and G(f*’;); see, e.g., the discussion follow-
ing (6.3).

Since the group ), is quasisplit over k,, we may choose one-dimensional unipo-
tent subgroups 4, for 1 < ¢ < dimH, with the property that the product map
H?;ITHQZ — $w is dominant. In fact, these can be taken to be the reduction mod
w,, of smooth closed o0,,-subgroup schemes 4l; of $,,; see [60, §3.5].

To see why, fix a collection il , of one-dimensional unipotent groups which gen-
erate £, as an algebraic group. We prove inductively on r that we may choose
at,. .., such that the Zariski closure Z, of [],_, i, is r-dimensional. Suppose
this has been done for a given r. Then for any § the closure of Z,. - i is an irre-
ducible algebraic set; if it is r-dimensional, it must therefore coincide with Z,.. If
r < dim H this cannot be true for all choices of 3, by the generation hypothesis,
and we deduce that we can increase r by taking a,11 = .

By Lemma 6.3, j,,($,) is a maximal connected algebraic subgroup of &,,. Now
let g be the reduction modulo w,, of exp(z). We claim that

(6.6) 9 ¢ Juw(Ow),

from where it follows that gj,,($.,)g " together with j,, (£.,) generates ®,,.
Indeed, if (6.6) failed, the elements g* for ¢ € Z belong to j,, (Hw). Let z be the

reduction of z to the Lie algebra of &,,. Now ¢t € A' > exp(tz) € SLy defines a
one-parameter subgroup of SLy over k,. Consider the associated homomorphism

(6.7) A' = End(AY"™HLie(SLy)).

The degree of this map is bounded only in terms of N, dim(G). The value of (6.7)
at each t € Z preserves the line in AY™HLig(SLy) associated to the Lie algebra
of j,(9w). In a suitable basis, this assertion amounts to the vanishing of various
matrix coefficients of (6.7). But if a matrix coefficient of the map (6.7) vanishes for
all t € Z, it vanishes identically — possibly after increasing the implicit bound for
char(k, ) in §6.1 if necessary. Therefore the one-parameter subgroup ¢ — exp(tz)
of SL normalizes the Lie algebra of j,,($),,). Therefore

[2, Lie ji, (9w)] C Lie j, (Huw)-

But this contradicts the assumption on z — e.g., we can find an element H in the
Lie algebra of j,, (£, ), arising from the SLo in §6.7, such that [z, H] is a non-zero
multiple of z, and Z is not in Lie j,, ($) by (6.4).

For simplicity in the notation, put i, = exp(z)j,, (&) exp(—z). Arguing just as
above, we see that we may choose X; (for i = 1,...,dim G), each equal to either
juw (W) or L for some i, with X; = j,, (L) for i = 1,...,dim H and such that if we
define ¢ via

dim G () dim G
123 1t
@:%::H%i———) Qﬁw—riu—%(ﬁw,
i=1 =1

then the map ¢ is dominant.
The above definition implies that ¢ is a polynomial map on the dim G dimen-
sional affine space with deg(p) < N*.
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Therefore, in view of our assumption on the characteristic of k,,, one gets that ¢
is a separable map. We recall the argument: note that ¢ is a map from the dim G

dimensional affine space X into the affine variety &,,. Let ' = k/\w(i) and let £ be

the quotient field of E;[Q* (&,)] in E. In view of the above construction, E is an
algebraic extension of E’. By Bezout’s theorem the degree of this finite extension
is bounded by a constant depending on deg(y); see, e.g., [61] or [22, App. B]. The
claim follows in view of char(k,) >y 1. B

In particular, ® = det(D(p)) is a non-zero polynomial. This implies that we
can find a finite extension &/, of k, and a point ¢’ € X(k,) so that ®(a’) =
det(Dg/(¢)) # 0. Note that in fact under our assumption on char(k,,) and since
deg(p) < N* there is some point a € X(k,) so that ®(a) # 0. This can be seen
by an inductive argument on the number of variables in the polynomial ®. For
polynomials in one variable the bound one needs is char(k,,) > deg(®); now we write
®(ay,...,adima) = Zj ®7 (as, . .. ,adimg)a{ and get the claim from the inductive
hypothesis.

All together we get: there is a point a € X(0,) so that det(D,(¢)) is a unit in
0.5. The implicit function theorem thus implies that there is some b € K,, so that
¢(X(0y)) contains bK,,[L], where L is an absolute constant. Therefore

(¢(x0w) " (¢(x(ow))
contains K,,[L] as we wanted to show. O

The following is an immediate corollary of the above discussion; this statement
will be used in what follows.

6.10. Proposition (Efficient generation). Let p : F\, — G(Fy,) be an admissible
polynomial map as defined in §6.8. Then there exist constants L > 1 and ¢, de-
pending on N, so that: each g € K, [L] may be written as a product g = g1g2 - .. gs,
where

gi€{h€Hy:|h| < qi} U {p(t)pf‘) it €0y, and 0 < s < 2N}i1.

Proof. Let tg € 0,, be as in property (6) of admissibility so that p(ty) = exp(w],z),
where 0 < 7 < N2, and 2z € t2V*[0] \ ¢2Vt[1].

Let a € 6,(SL2(Fy,)) be the element corresponding to the diagonal element
with?! eigenvalues p,',p,. Since r > 0, we will use conjugation by a € H,
to produce again an element which we may use in the previous lemma. Indeed,
let j > 1 be minimal for which a/p(tg)a™ = exp(w’ Adlz) ¢ K,[1] and note
that j < N2. If 2/ = @’ Ad’ 2 € t,,[0] (and 2’ ¢ t,[1] by choice of j), we set 2/ = 2/

and will use this element below. However, if 2’ ¢ t,,[0], then ||2/|| = ¢, for some
i € N with i < 2N. In this case we find that the element 2’ = p¢ 2’ € tv,,[0] \ v, [1]
satisfies

alp(to)™»a™’ = o exp(pl, @], z)a”7 = exp(pi,2') = exp(”),
and can be used in the previous lemma. For this also note that we may assume

that F' is unramified at w, since there are only finitely many ramified places for F

21'We apologize for the notational clash between py,, which is the residue characteristic of Fy,,
and the polynomials p, pg.
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and the implicit constants in the definition of “good place” are permitted to depend
on F'; this gives that p,, is a uniformizer for F' at w.

Increasing ¢ to accommodate the change in the formulation of the statements,
the proposition follows from the previous lemma. O

7. THE DYNAMICAL ARGUMENT

Throughout this section we let w € X denote a good place for the MASH Y =
Yy with 9 = (H, 1, g5). Moreover, we let 0,,(SLs) be the principal SLs as in §6.7
satisfying that 6,,(SLa(F,)) is contained in the acting subgroup H,, at the place w
and 6,,(SLa(0y)) < Ky.

7.1. Non-compactness. As usual, when X is not compact some extra care is
required to control the behavior near the “cusp”; using the well-studied non-
divergence properties of unipotent flows we need to show that “most” of the inter-
esting dynamics takes place in a “compact part” of X. We will also introduce in
this subsection the height function ht : X — R<(, which is used in our definition
of the Sobolev norms.

For the discussion in this subsection we make the following reduction: put G’ =
Resp/g(G) and H = Resp/g(H); then G" and H' are semisimple Q-groups and we
have the Q-homomorphism Resp/q(t) : H — G’. Moreover

L'(Q)\L'(Ag) = L(F)\L(AF) for L = G, H

and we also get a natural isomorphism between L'(Zy) and [],,, L(0,); see [49] for
a discussion of these facts. Similarly we write H; = Resp/q(H;) for any F-simple
factor H; of H.

As is well known (e.g., see [5]) there exists a finite set = C G'(Ag) so that

G'(Ag) = | | G'(Q)EGL KT,

£eE

where G, = G'(R) and K} is the compact open subgroup of G'(Ag,s) corre-
sponding to Ky < G(Afry). We define G| and K similarly for every rational
prime q. We let Sy = So(G) be the union of {oo} and a finite set of primes so
that = C [[,cq, GO K-

We now recall the standard terminology for S-arithmetic quotients (S is a finite
set). Set K'(S) =[] ¢ Ky and put Zg = Z[é 1q € 5], Qs = R x [[,c5Qq and

s = G'(Qgs). We let g’ be the Lie algebra of G’. We choose an integral lattice g/,
in the Q-vector space g’, with the property that [g7, g7] C g7 Let g5 = Zsgy, be
the corresponding Zg-module. We also define ||u||s = [, cg ||/l for elements v of
the Lie algebra gl = Qg ®q ¢’ over Qg.

Our choice of Sy now implies G'(Ag) = G'(Q)G'sK'(S) whenever S D Sy, which

also gives
G/(Q\G/(ho)/K'(S) = Xs = T's\Gs = L)\ (G, < [] K7)
q€S\So

where I's = G/(Q)NK'(S). In that sense we have a projection map wg(z) = zK'(S)
from X to Xg.
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Similar to [24], for every z € X we put
ht(x) i= ht(ms(x)) = sup{ [|Ad(g ™ )ull5" : w € g7, \ {0} and

g € G5 with mg(z) = Fgg}.

We note that in the definition of ht(mwg(z)) we may also fix the choice g of the
representative for a given 7wg(z), the supremum over all u € g’ZS will be independent
of the choice. If S 2 Sy, we may choose g such that g, € K| for ¢ € S\ Sp. This
in turn implies that the definition of ht(x) is also independent of S O Sy. Define

S(R) :={z € X : ht(z) < R}.

Note that
(7.1) ht(zg) < | g||*ht(z) for any g € G,,,v € .
If v € ¥ the implicit constant is 1 and moreover
(7.2) ht(zg) = ht(x) for any g € K,.

Finally, we need the following.

7.2. Lemma. There exists constants k19 > 1 and ¢1 > 0 such that for all x € X
the map

(7.3) g+ g is injective on {g = (9o, gf) : d(goo, 1) < crht(z) "1, g5 € K}}

Proof. Suppose that xg; = xg- for g1, g2 belonging to the set above. In what follows
take S = Sp. Let g1,5 and g2, 5 be the S component of g; and g».

Fix g € G such that mg(z) = I'sg. Then I'sgg1 s = I'sggs,s, and so glysgilg
fixes g_lg’ZS. In particular, gl,wgiio fixes

L, := gilg/Zs N g/Z7

the intersection being taken inside of g’; this can also be described as those elements
u € g~ gy that satisfy |lul|, <1 for all non-archimedean v € S.

We consider L, as a Z-lattice inside the real vector space g’ ® R. For every
A € L, we have ||A|| > ht(x)~!. The covolume of L, inside g’ ® R is the same
as the covolume of g—! g7, inside g’ ® Qg, and this latter covolume is independent
of x. By lattice reduction theory, then, L, admits a basis Aq,...,Aq such that
| A\i]] < ht(z)@=D,

Thus, if we choose the constant k¢ sufficiently large and c¢; suitably small, we
have

H(gl,oogiio)/\i —X\i| < ht(z) " forall 1 <i<d,

and thus the fact that g1,009s, io fixes the lattice L, setwise implies that it in fact
fixes L, pointwise. This forces g1,009s. io to belong to the center of G._, and this

(o op)

will be impossible if we choose ¢; small enough. O

Let w € ¥ be the good place as above, which gives that H;(F,,) is not compact
for all j, and let p,, be the prime so that w | p,,. Then H}(Q,, ) is not compact for
all j.

We have the following analogue?®? of [24, Lemma 3.2].

22We note that due to the dependence on p we do not obtain at this stage a fixed compact
subset that contains 90% of the measure for all MASH; see the corollary in §1.7.
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7.3. Lemma (Non-divergence estimate). There are positive constants k11 and K12,
depending on [F : Q] and dim G, so that for any MASH set Y we have

py (X \6(R)) < pytR™™2,
where py, i a rational prime with w | py, for a good place w € ¥ forY.

Proof. The proof is similar to the proof of [24, Lemma 3.2], using the S-arithmetic
version of the quantitative non-divergence of unipotent flows which is proved in [40],
for which we set S = Sy U {pw}. We recall parts of the proof.

Recall that H’(Qy,,) is not compact for any F-almost simple factor H; of H and
that H(F,) is naturally identified with the group of Q,,,-points of Resg, /g, (H);
see, e.g., [49]. Let H, = gé}wb(H(Fw))gg,w be the component of the acting group
at the place w, where gy € G(A) is the group element from the data 2 = (H, (¢, g)
determining the MASH set Y = Y.

Let us note that discrete Zg-submodules of Q% are free [40, Prop. 8.1]. Fur-
thermore, by [40, Lemma 8.2] if A = @le Zgv; is a discrete Zg-module, then the
covolume of A in V = @le Qgv; is defined by cov(A) = [],cq [Vi A~ A vy
and we will refer to A as an S-arithmetic lattice in V.

Let h € G. A subspace V C g is called I'sh-rational if V' N Adfllg’ZS is an
S-arithmetic lattice in V'; the covolume of V' with respect to I'sh is defined to be
cov(V N Adglg’zs) (and is independent of the representative). One argues as in
the proof of [24, Lemma 3.2] (given in Appendix B of [24]) and gets: there exist
positive constants ¢y and k13 such that

(7.4) there is no x-rational, H,-invariant
proper subspace of covolume < cop,, "3

where we fix some x € mg(Y). We define p = cop,,"13.

Let now U = {u(t)} be a one-parameter @, -unipotent subgroup of H,, which
projects non-trivially into all Q,, -simple factors of Resg, g, (H). Then, since
the number of z-rational proper subspaces of covolume < p = cop, "' is finite
and by the choice of U above, a.e. h € H, has the property that hUh~! does
not leave invariant any proper z-rational subspace of covolume < p. Alternatively,
we may also conclude for a.e. h € Hy,, N K, that U does not leave invariant any
proper zh-rational subspace of covolume < p.

Since H is simply connected, it follows from the strong approximation theorem
and the Mautner phenomenon that ug is ergodic for the action of {u(t)}. This also
implies that the U-orbit of xzh equidistributes with respect to ug for a.e. h. We
choose h € H,, N K,, so that both of the above properties hold true for z’ = xh.

Let 2/ = T'sh’. Hence, for any I'sh/-rational subspace V, if we let

Yy (t) = cov(Adyw(V N Ady g7,)),
then either vy is unbounded or equals a constant > p. Thus, by [40, Thm. 7.3]
there exists a positive constant k14 so that
(7.5) [t [th < roa’ult) ¢ S(e )} < pi ()7 : |tha < 1)

for all large enough r and € > 0, where o = k12 only depends on the degree of the
polynomials appearing in the matrix entries for the elements of the one-parameter
unipotent subgroup U (see [40, Lemma 3.4]). The lemma now follows as the U-orbit
equidistributes with respect to 4.
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We note that the proof of (7.4) also uses non-divergence estimates and induction
on the dimension, which is the reason why the right-hand side contains a power of
p. ]

7.4. Spectral input. As in §6.7 we let 6,,(SLs) < gg_le(H)g%w be the princi-
pal SLo and also recall the one-parameter unipotent subgroup

o-n((11)

In the following we will assume that the representations of SLo(F),), via 6,,, both
on
Li(ug) = {f € L*(X, o) : [ fdug =0},
and on LZ(X,volg) are 1/M-tempered (i.e., the matrix coefficients of the M-fold
tensor product are in L2T¢(SLy(F,)) for all € > 0). (Recall again here that H is
simply connected.) As was discussed in §4 this follows directly in the case when

H(F,) has property (T), see [47, Thm. 1.1-1.2], and in the general case we apply
property (7) in the strong form; see [12], [30], and [24, §6].23

7.5. Adelic Sobolev norms. Let C*°(X) denote the space of functions which
are invariant by a compact open subgroup of G(A¢) and are smooth at all infinite
places. There exist a system of norms Sz on C2°(X) with the following properties;
see Appendix A, in particular, see (A.3) and (A.4).

S0. (Norm on C.(X)). Each Sy is a pre-Hilbert norm on Cg°(X) = C>®(X) N
C.(X) (and so in particular finite there).

S1. (Sobolev embedding). There exists some dy depending on dim G and [F : Q)
such that for all d > dy we have || f| L~ <a Sa(f).

S2. (Trace estimates). Given dy, there are d > d’ > dy and an orthonormal basis
{ex} of the completion of C°(X) with respect to Sy which is orthogonal
with respect to Sy so that

2
ZSd/<€k)2 < oo and Z ii?((::))2 < 00.
K k

S3. (Continuity of representation). Let us write g- f for the action of g € G(A)
on f € CX(X). For all d > 0 we have

Salg - ) < llgl**Sa(f)
for all f € C2°(X) and where

llgll =TT llgell

veEXD

Moreover, we have S;(g-f) = Sq(f) if in addition g € K. For the unipotent
subgroup u(-) in the principal SL at the good place w we note that ||u(t)|| <
(1 + [t|)YN for all t € F,.

S4. (Lipshitz constant at w). There exists some dy depending on dim G and [F :
Q] such that for all d > dy the following holds. For any r > 0 and any

23Note that the Fy-rank of the almost simple factors of H are never zero, since H is Fi,
quasisplit.

Licensed to Univ of Calif, San Diego. Prepared on Tue Apr 7 15:09:09 EDT 2020 for download from IP 137.110.41.37.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



264 M. EINSIEDLER, G. MARGULIS, A. MOHAMMADI, AND A. VENKATESH

g € Ky[r] we have

lg - f— flloo < a2"Sa(f)
for all f € C°(X).

S5. (Convolution on ambient space). Recall from §§1.4 and 2.1 that 77" is the
projection onto the space of G(A)™ invariant functions and that L3(X, vol)
is the kernel of 7. Let Avy, be the operation of averaging over K,,[L], where
L is given by Proposition 6.10. For ¢t € F, we define Ty = Avp x 0, *xAvy
by convolution. For all z € X, all f € C°(X), and d > dy we have

T (f — 77 f)(2)] < gl T2 he(2) | Ty l|2,08a(f),

where ||T;||20 denotes the operator norm of T; on L%(X,volg). Once
more dy depends on dim G and [F': Q].
S6. (Decay of matriz coefficients). For all d > dy we have

(7.6) |(l®)fus fo) z2gun — / f1 duig / Fodyis

where dy depends on dim G and [F : Q]; recall that H is simply connected.

< (L [the) 72MS4(f1)Sa(f2),

7.6. Discrepancy along v-adic unipotent flows. We let M be as in §7.4 and
choose the depending parameter m = 100M.
We say a point x € X is Ty-generic w.r.t. the Sobolev norm § if for any ball of

the form J = {t € F, : |t — to|lw < |t0‘1lu_1/m
[tolw = To, we have
1

@0 DANE = [ st - / £ dpig

for all f € C°(X). Here |J| denotes the Haar measure of J and we note that the
definition of n(J) = |tg|, is independent of the choice of the center g € J.

}, with its center satisfying n(J) =

<n(J)"Y"S(f)

Lemma (Ty-generic points). For a suitable dy depending only on dim G and [F : Q)
and all d > dy the measure of points that are not Ty-generic w.r.t. Sg is decaying
polynomially with Ty. More precisely,

u@({y €Y :y s not To—genem'c}) < T51/4M
for all Ty > qj,.

Proof. We let S = S;, and will make requirements on dy > 1 during the proof. We
first consider a fixed f in L?(X) which is in the closure of C'°(X) with respect to
S. Since H is simply connected, by (7.6) we have

W) Sz — | [ Fna|

where we assume dj is sufficiently big for S6. to hold.
For a fixed J let D;(f)(x) be defined in (7.7). Then we have

[ 1Dsn(@) ds = ¥ /J (D) u(s) ) dsdi - ( / fdu@>2-

Split J x J into |t — sl < n(J)20Y/™ and |t — s, > n(J)2E"Y™); in view
of (7.8) we thus get

/X D5 (f)(@)| dg < n(J)"TTO=70S(f)2)

(7.8) < (L+[tw)2MS(1)?,

Licensed to Univ of Calif, San Diego. Prepared on Tue Apr 7 15:09:09 EDT 2020 for download from IP 137.110.41.37.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



EFFECTIVE EQUIDISTRIBUTION AND PROPERTY (7) 265

Still working with a fixed function f, this implies in particular that
1 2 M+l _L 2
,u_@({x € X :Dyf(x)>n(J)" /mA}) < A"2n(J) 1m ~ I S(f)

for any A > 0. We note that by our choice of m the second term —4 - in the

exponent is more significant than the first fraction. 4M

Given n € N, the number of disjoint balls J as above with n(J) = ¢! is bounded
above by g,n(J)/™. Consequently, summing over all possible values of n € N with
gy, > Tp and all possible subsets J as above, we see that

(7.9) u@({x € X :Dyf(z)>n(J) Y™\ S(f) and n(J) > TO})
12M+1 1

n - —
< )\72qw Z qw( 4Mm 4M) < >\72TO 1/8M’
q>To

where we used Ty > ¢,

To conclude, we use property S2. of the Sobolev norms. Therefore, there are
d > d > dyp and an orthonormal basis {ex} of the completion of C2°(X) with
respect to Sg which is orthogonal with respect to Sz so that

(7.10) > Sw(en)? <oco and Y ZIhn < oo
k k

Put ¢ = (32, Sa(ex)?) ™'/ and let B be the set of points so that for some k and
some J with n(.J) > Ty we have?*

DJek(x) > Cn(J)fl/de/ (ek)

In view of (7.9), applied for f = e; with Ay = c%, and (7.10) the measure of

this set is < TJI/SM.

Let f € C°(X) and write f = > frer and suppose x ¢ B. Let J be a ball
with n(J) > Tp. Then using the triangle inequality for D; we obtain

Dy(f)(@) <Y IfulDaler)(@) < en( )™ | fulSa (ex)
k k

1/2 1/2
< en(J)"Ym (Zlka) <Z&1/(€k)2>
k k

=n(J)"Y"S(f). O

7.7. Pigeon-hole principle. We now use a version of the pigeon-hole principle to
show that if vol(Y") is large, then in some part of the space and on certain “small
but not too small” scales Y is not aligned along stab(u). This gives the first step
to producing nearby generic points to which we may apply the effective ergodic
theorem, discussed above.

With the notation as in §7.1 put

Xope = & (plyrr 20/

then by Lemma 7.3 we have pg(Xepe) > 1 — 2720,

24Thanks to S1. and assuming dg is big enough, all expressions considered here are continuous
w.r.t. Sg for all d > dp.
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Let us also assume that the analogue of (5.3) holds for A*Ad for 1 < ¢ < dim G
where as usual Ad denotes the adjoint representation. Therefore, we have that the
analogue of (5.5) holds for A*Ad. More precisely, for any infinite place v, any u € Z,,

and all z € \"g, we have
(7.11) A*Ad(expu)z = z implies that Ad(exp(tu))z = z for all t € F,

forall 1 </ <dimG.

We now fix 0% = [[,cx_ 05 x Ky C G(A) with ©) C exp(Z,) open for all
infinite places v so that the map ¢’ € ©* — z¢’ € X is injective for all x € Xp.
Note that in view of our choice of Xy and (7.3) we may and will choose ©* with
volg(©*) > p,™* for some k15 > 0. We will also use the notation

O*[w™] ={g € O" : gy € K,y[m]}

for all m > 0.

Recall from the stabilizer lemma (Lemma 2.2) that the stabilizer of our MASH
set is given by Stab(ug) = g,,"¢(H(A))N(F)gs where N denotes the normalizer
of «(H) in G. In the following we will use §5.12 and in particular the notation
S =Y U{w}, E;, and Ng introduced there.

We claim that

(7.12) stab(ug) N O*[w'] C Hy = NsHy.

To see this let ¢’ = vh € stab(ug) N O*[w!] with v € g,,'N(F)gy and h € Hg.
At all v € ¥ apply (7.11) with ¢ = dimH(F),), with the vector z belonging
to A‘Ad(g; !)Lie(t(H)(F,)), and taking u such that exp(u) = g¢/. The quoted
statement shows that a one-parameter subgroup containing g, normalizes H,, and
since the connected component of the normalizer of the Lie group H, equals H,
this implies v, € H,. In particular we get v € g;L(H)(F)g@. At the place w we
use the fact that
Ko[1] Nu(H)(Fy) € o(H(Fy))

to establish the claim.
For a subset N' C G(A) denote the “doubled sets” by Mo = A - N1 and
Ny =Ny - Ns.

Lemma. Suppose a measurable subset E C'Y satisfies uy(E) > 3/4. Let N C G

be open with Ny C ©*[w!] and volg(N) > 2vol(Y) ™. Then there exist z,y € E so
that © = ygo with go € Ny \ stab(ug).

Proof. Let {z; : 1 < i < I} be a maximal set of points in Xy such that z,N
are disjoint. By our choice of ©* (as a function of X, and so of g,) we have
I < volg(N)~!. By maximality of I we also have that {z;N5 : 1 <14 < I} covers
Xcpt- This observation implies in particular that there exists some g so that

1
i NE)> —.
:LL.@($ 0N2 ) =97
Fix some y; € x;,NaNE; then any ys € x;,NoaNE is of the form y, g, where g € Nj.
Suppose, contrary to our claim, that every ys € x;,No N E were actually of the
form y;h with h € stab(ug) N Ny. Recall that stab(ug) NNy C Hg. The orbit
map h — yih, upon restriction to Ny, is injective by assumption (on ©*) and
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y1 € supp(pg), we thus get pg(x;,Na N E) < mg(NgnN Hg). The definition of the
volume of a homogeneous set together with the above discussion now gives

1 . S —
volg(N) < 7 < 29 (2iyNo N E) < 2mg(Ny N Hy) < 2vol(Y) ™!
which contradicts our assumption. O

7.8. Combining pigeon-hole and adjustment lemmas. For any v € ¥ let
0, C ©; be so that (0,); C O} and put © = [[,cx O, x K;. We may assume
that volg(©) > c3 vol(Y) ™! where c3 depends only on G(F,) for v € Zo,. We define
Olw™] = O N O*[w™]. We will use the notation v9(f) :=v(g- f) (with f € C.(X))
for the action of g € G on a probability measure v on X.

Put § = S, for some d > dy so that the conclusion of the generic points lemma
of §7.6 holds true.

Lemma (Nearby generic points). Let r > 0 be so that
2volg(Ow"]) ™! < vol(Y)".

There exists 1,22 € Xept NY and g € G so that xo = 19 and

(1) z1,x9 are both T-generic for pg for some T > qf;

(2) g € O [w];

(3) we may write*> g, = exp(z), where z € v,, is not fized by Ad(u(t)) and in
particular z # 0. Moreover ||z|| < q,".

Proof. Let us call € X¢py a T-good point if the fraction of h € K,,[1] N H,, for
which zh is T-generic exceeds 3/4, with respect to the Haar measure on H,,. Note
that by the defintion zh € X, for all h € K, and € X¢. We apply the generic
points lemma in §7.6 and obtain that for 7" > ¢ the pg-measure of the set of
T-generic points exceeds 0.99. Using Fubini’s theorem, and our choice of X we
conclude that the measure of the set £ = {y is a T-good point} exceeds 3/4.

By our assumption on r and (5.14) we have volg(©[w"]) > 2\%1(3/)_1. Let N =
O[w"]. Applying the lemma in §7.7 there are T-good points y;,y2 € X such that

y1 = Y290 where go € O [w"] \ stab(u).

By the adjustment lemma in §6.6 and definition of T-good points, there exists
91,92 € Ky[l] N Hy, so that z; := y,;g; are T-generic, and so that g := gflgogz
satisfies g, = exp(z), where z € v, and ||z]| < ¢,".

Now let us show that z is not centralized by wu(¢). Suppose to the contrary.
Because zo = x19 and z1,x9 are T-generic, for any f € C5°(X) and any tg € F,,
with [tg| > T, we have

o (f) = 1% (F)] < Ds(f)(x2) + Dylg - f)(z1) < [to] /™ (S(f) +S(g- f))

which implies pg is invariant under g. But we assumed gg ¢ stab(ug) which also
implies g ¢ stab(ug). O

25 As before g, denotes simply the w-component of g € G(A).
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7.9. Combining generic point and admissible polynomial lemmas. We refer
to §6.8 for the definition of admissible polynomials.

Lemma (Polynomial divergence). There exists an admissible polynomial p : F,, —
G(Fy) so that:

(7.13) PO () = o ()] < vol(Y)*S(f)  for all t € o,

Proof. We maximize r in the nearby generic points lemma of §7.8. This gives
pﬁ)“)qgﬂ)dlmc' > vol(Y)®. Using ¢, < (logvol(Y))? we may simply write ¢, >
vol(Y')*.

Let x1,22 be two Ty-generic points given by this lemma, in particular, there
is g € ©*[w"] so that xo = x1g9 where g, = exp(zp), and 2y € v, is not fixed
by Ad(u(t)). In the notation of §6.8 we have z{**V # 0. Then by the admissible
polynomials lemma in §6.8 there exists T' € F,, with

T > Nl25" 17" = [|zo] ™ > vol(Y)*,
and an admissible polynomial p so that:
(7.14) exp(Ad(u(t))zo) = p(t/T)g:
where d(g¢,1) < ||z0]|* when [t| < |T|.

Suppose tg € F,, with |tg| < |T| and as in §7.6 put J = {t € F,, : |t — to|w <
\to|11[1/m}. Fix some arbitrary f € C°(X). Then by the generic point lemma in
§7.6 and assuming |tg|, > Ty we have

\m [ wat-0)a- [ raus

Let p : F\y = G(A), be a polynomial given by p(t/T),, = p(t/T) with p as above
and? p(t), = g, for all v # w. Using property S4. and (7.14) this polynomial
satisfies

(7.16)  f(zau(=t)) = f(zru(=)p(t/T)) + O([|z0]"S(f))
flaru(=t)p(to/T)) + O(IT|7"S(f)) + O(ll20[I*S(f))
J (defined by tg), where we used S4. and the definition of

(7.15) < Jto|]"Y™S(f), i=1,2.

for |to| > |T|'/? and t €
J in the last step.
All together we get

(7.17) WD) = ()] < vol(Y)*S(f)  for |T|V? < |t < |T.

Indeed this follows from (7.15) and (7.16).

Now choose t; € o0, with [t;| € [|T|7'/2, q,|T|~'/?], this implies that (7.17)
holds for ¢ = ¢;T. Also note that with this choice p(t1) € Kylrlog,, (vol(Y))]
for some constant £ > 0 (that only depends on the parameters appearing in the
definition of an admissible polynomial). The latter implies that (7.17) holds for p(¢;)
instead of p(t/T') trivially as a consequence of S4. Since p(t/T) = p(t/T)p(0)~! =
p(t/T)p(t1) " 1p(t1), we get (7.13) from (7.17) in view of property S3. — note that,
if |t| < |T|~'/2, (7.17) holds for p(t/T) instead of p(t/T) trivially as a consequence
of S4. O

26The element g above need not have “small” v components for v # w.
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7.10. Proof of Theorem 1.5. For simplicity in notation we write y for pg. Let
p: F, — G(Fy) be the admissible polynomial given by the polynomial divergence
lemma in §7.9. Let Avy, be the operation of averaging over K,,[L], where L is given
by Proposition 6.10. Then, it follows from that proposition and property S3. that

[1(f) = p(Avr +f)] < g (vol Y) 7S (f) < vol(Y)*S(f)

for all f € C2°(X). Note that in Proposition 6.10 any g € K,,[L] is written as a
bounded product of two types of elements. The first type of elements belong to
{h € Hy, : ||k < ¢k}, preserve i, and distort the Sobolev norm by a power of q,,.
The second type of elements are powers of the values of the admissible polynomial
at 0,,, preserve the Sobolev norm, and almost preserve the measure.

Let t € F,. Denote by 6,(;) the delta-mass at u(t), and let x denote convolution
of measures. Using the fact that p is u(t)-invariant the above gives

(7.18)  |u(f) = m(AvL x6y 1) * Avp *f)] < vol(Y) ™ *(S(dyw) * Ave *f) + S(f)).

Recall that we are assuming H is simply connected, thus ((H(A)) C G(A)" and
in particular 7% f is Hy-invariant. Also since K,[L] C G(A)T, the support of
Avp, %0, * Avy, is contained in G(A)T. These observations together with (7.18)

imply

u(f =7 f)l
< |M(AVL *6u(t) * AVL *(f — 7T+f))| + VO](Y)_*(S((Su(t) * AVL *f) + S(f))

But Avy, reduces Sobolev norms, and by property S3. the application of w(t)
multiplies them by at most (1 + [t|,,)*V?. Therefore

u(f =7l < /X ITe(f — 7 F)(@)] du(@) + vol(Y) 7 (1 + [the) "N S(f),

where we write T; for the “Hecke operator” Avr 0, * Avy.
By property S5. we have for any z € X

ITe(f =% f)(@)] < g2 he(2) | Tell2,08(f);

moreover, by (A.12) we have ||T;|20 < ]t!;l/QMq?UdL.
Let R > 0 be a (large) parameter; writing [ |T.f(z)|du(x) as integrals over
S(R) and X \ &(R), in view of the lemma in §7.1, we get

u(f =7 )]
< (Y2 g DR 4 pig R4 4 vol (V) (1 + [th)*Y ) S(f).

Optimizing |t|,, and R, using the fact that q,, < (logvol(Y))?, we get the theorem.
We note that the power of vol(Y') depends only on the parameter M from S6.,
dimp G and [F': Q. O

7.11. Beyond the simply connected case. The proof of the main theorem above
assumed that H is simply connected. In this section, using the discussion in the
simply connected case, we will relax this assumption. It is worth mentioning that
for most applications the theorem in the simply connected case already suffices.
Let H denote the simply connected covering of H, and let 7 : H — H denote the
covering map. We define H = H(F)x(H(A)), which is closed since it corresponds
to a finite volume orbit of 7(H(A)) in H(F)\H(A). By the properties of the simply
connected cover H’ is a normal subgroup of H(A) and H(A)/H' is abelian; see,
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e.g., [49, p. 451]. As H(F)\H(A) has finite volume the same applies to H(A)/H’
which implies this quotient is compact. Let v be the probability Haar measure on
this compact abelian group.

Suppose the data Z is fixed as in the introduction, dropping the assumption
that H is simply connected and let Y = Y5 be as before. We also define the MASH
set and measure

(V7)) = («(H(F)\H(F)n(FL(A)))g. 1)

which is defined by the simply connected group ﬁ, the homomorphism ¢ o 7, and
the same element g € G(A) as for Y.
Then, we have p = fH( )/ H f"*dv(h) where fi" is the probability Haar measure

on ¢ (H(F)\H(F)w(ﬁm))h) g.
Moreover, in view of our definition of volume and the fact that H(A)/H’ is

abelian we have vol(Y) = vol(Y g~1u(h)g) (as those orbits have the same stabilizer
group). Applying Theorem 1.5 we get

B (f) = A" ()] < vol(Y) " S(f)  for all h € H(A)/H'.
All together we thus have | [ (f — 7t (f))dp| < vol(Y) " S(f). N

It seems likely that the argument in §5.12 could be used to show that vol(Y') =<
vol(Y')*. We will not pursue this here.

7.12. Proof of Corollary in §1.7. We will first consider MASH measures for
which the algebraic group H is simply connected.

Let € > 0 be arbitrary. Choose some compact Z C X with p,g@a)+(Z) >1—§
for every x € X. Now choose some f. € C°(X) with 1z < f. < 1. Applying
Theorem 1.5 to f. and any MASH measure pgy with 2 = (H,t,g) and H simply
connected we find some ¢4 with

/fe dpg > /X fe dvolg —csS(fe) vol(Y) ™0,

In particular, there exists some c5 = ¢5(€) such that if vol(Y) > ¢, then

o (supp(fe)) = /fe dpg >1—e

In the case where vol(Y') < ¢5 we first find a good place w as in §6.1 with g, < 1
and then apply Lemma 7.3 to find another compact set Z’ with g (Z’) > 1—e. The
set X, = supp(fe) U Z’ now satisfies the corollary for all MASH measures with H
simply connected.

If ny is a MASH measure and H is not simply connected, then we can repeat
the argument from the previous subsection to obtain pg(X.) > 1 — € also.

APPENDIX A. ADELIC SOBOLEV NORMS

We begin by defining, for each finite place v, a certain system of projections
pr,[m] of any unitary G(F),)-representation; these have the property that

Z pr,[m] = 1.

m>0
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The definitions in the archimedean place likely can be handled in a similar fashion
using spectral theory applied to a certain unbounded self-adjoint differential oper-
ator (e.g., by splitting the spectrum into intervals [e™,e™*1)). However, we will
work instead more directly with differential operators in the definition of the norm.

A.1. Finite places. Let v be a finite place. Let Av,[m] be the averaging projection
on K, [m]-invariant vectors, put pr, [0] = Av,[0] and pr,[m] = Av,[m]— Av,[m — 1]
for m > 1.

We note that, if u is any spherical (=K, [0]-bi-invariant) probability measure
on G(F,), then convolution with g commutes with pr,[m] for all m. Indeed, the
composition (in either direction) of u with pr,[m] is zero for m > 1, and equals u
for m = 0.

A.2. Adelization. We denote by m any function on the set of finite places of F' to

non-negative integers, which is zero for almost all v. Write ||m|| = [[, ¢;**. Note
that
(A1) lm| >1 and #{m: m < N} = O,(N*),

which follows since ¢¢ bounds the number of ways in which £ can be written as a
product of [F' : Q] factors.

For such m, we set K[m] := [] K,[m,), and pr[m] := [], pr,[m,]. Then

vEX
pr[m] acts on any unitary G(A)-representation, and )  prim] = 1. We remark
that if f € C°°(X), then ), prm|f = f and the left-hand side is actually a finite
sum. We may refer to this as the decomposition of f into pure level components.

If we fix a Haar measure on G(Ay), then
(A2) vol(K[m]) ™" < flm|"+ 4™,

where the implicit constant depends on G,p (cf. §2.1) and the choice of Haar
measure. Here one uses a local calculation in order to control [K,[0] : K, [m,]] for
a finite place v; see, e.g., [46, Lemma 3.5].

A.3. Definition of the Sobolev norms. For any archimedean place v we fix
a basis {X,;} for g, = g ®p F,. Let V. = L?(X), where, as in the text, X =
G(F)\G(A). Given an integer d > 0 we define a degree d Sobolev norm by

(A.3) Sa(f)? =) (IImIId > Ilprlm](1+ ht(%))dpf(x)H%) ,
D

m

where the inner sum is over all monomials D = [[,cs, Dy with D, € U(g,) of
degree at most d, in the given basis {X, ;} and degD = > d, < d. For a compactly
supported smooth function on X any of these Sobolev norms is finite. It is easy to
see that

(A.4) Sa(f) < Sa(f)ifd<d'.

Note that since ht(:) is Ky = K[0]-invariant, we see that prim] commutes with
multiplication by (1 + ht(z)) and with the differential operators D,,.

We note that the contribution of the finite places to the above is related to the
“level” of f, since for a finite place v a function of the form pr, [m,]f should be
thought of as having pure level m, at v.

Also note that, if X is compact, then ht(-) is uniformly bounded and may be
dropped from the definition.
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A.4. Property S1. — Upper bound for L*°-norms. We shall now verify prop-
erty S1. of the Sobolev norms. Let us recall from (7.3) that the map g — zg is an
injection for all g = (goo, gf) With goo € Goo = G(Fx_ ) with d(geo, 1) < crht(z) "0
and g € Ky.

Let f belong to the completion of C2°(X) with respect to Sg. Suppose first that
f is invariant under K [m] for some m. For any x € X define the function g — f(xg)
on

Qoo(z) ={9 € G : d(g,1) < c1ht(z) "0}

Then by the usual Sobolev inequality, see, e.g., [24, Lemma 5.1.1], there is some
integer dp > [F': Q] dim G so that we have

|f ()] <<Zm/ IDfI%,
D

Qoo ()

where the sum is taken over all D of degree at most dj.

Let d > 1+ k10dp,. If we integrate the above over K|[m], then in view of the fact
that f is invariant under K|[m] we get from (A.2) and the estimate vol(Q (7))~ <
ht(x)/ﬁo[F:Q] dim G }at

A. 2 v Vi 2
A5) 1) < vol Kfa]) ™ ol () 3 / P
< l|lm 1—|—htx dp £|2
DY / oy YD
< [lm]® ZH (1 -+ ht(2)) DS |2

D

where again the sum is over all D of degree at most d.

Let us now drop the assumption that f is invariant under a fixed compact
subgroup of Ky. In this case we may decompose f into a converging sum f =
>, br[m]f, and obtain

(A6) [f@)P =1 prlmlf ()P <D lml =) llm]?| prlm] /()
<> lmll ™ Y llml| 2] prim] (1 + ht(2))*Df |3 < Sav2(f)?,

where we used Cauchy-Schwarz, the above, the definition in (A.3), and the estimate

Sl =3 3 Rt <oe

k21 mi|m|| =k

A.5. Property S2. — Trace estimates. Let r > 0, let Dy be a monomial of
degree at most 7, and let m be arbitrary. Furthermore, let f € C2°(X), and apply
(A.5) to the function Dy pr[m]f, multiplying the inequality by ||m/||"(1+ht(z))" we
get

|1 -+ bt ()" Do prom] £ )
< clml™” 3 / (1 + () ™D prlm] 2,

oo(z)XK[m
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where the sum is over D of degree at most d+r and d > k1ody is as above. Moreover,
this also gives

lm|"| (1 + ht(2))" Do prml f (2)* < ellml| ~*Satr+s(f)

for all d as above and s > 0.
For z € X put L, o (f) = ||m|"(14+ht(z)) "Dy prim]f(x). Then the above implies

Tr(|Len|?|S3) < cllm||~* for all d >d+r+ s and any s > 0;

see [3] and [24] for a discussion of relative traces.

Integrating over x € X, using (A.1) to sum over m, and summing over Dy with
deg Dy < 1 we get Tr(S?|S3,) < 1, again for all d > d+ 17+ s and s > 2.

Let us now use the notation of S2. Given dy, the above shows that there ex-
ists d' > do and d > d’' with Tr(S7 |S7) < oo and Tr(S3|S7) < oc. To find an
orthonormal basis with respect to Sy which is orthogonal with respect to Sy as in
S2. one may argue as follows. Recall that Sy (f) < S4(f) and therefore, by Riesz
representation theorem, there exists some positive definite operator Op, 4 so that

<f17f2>8d/ = <Opd’,d f1, fa)s, for fi, fa € CZ°(X).

This operator satisfies Tr(Opy 4) = Tr(S3|S7) and so it is compact. Now choose an
orthonormal basis with respect to S; consisting of eigenvectors for Opy ;. There-
fore, this basis is still orthogonal with respect to Sy, and S2. follows from the
definition of the relative trace.

A.6. Property S3. — Bounding the distortion by g € G(F,). Let v € G(F,)
for some v € Y. Note that g commutes with any differential operator D used
above as well as with the averaging and projection operators Av,[-] and pr,,[]
for v/ € ¥4\ {v}.

So if g € K, (or more generally g € Ky), then gK,[m,]g~! = K,[m,] for
all m,, > 0. This implies that the action of g commutes also with the decomposition
of f € C(X) into pure level components at v, and so Sy(g - f) = S(f) by (7.2)
and (A.3).

Let now g ¢ K,, and f € C¢°(X). This also implies

9K, [2log, |lgll +m]g™! C K,[m].
Using this, that pr,[¢]f is invariant under K,[¢] for £ > 0, and that
Av,[€ —1](pr,[f]f) =0
for £ > 1, we get for all m,¢ > 0 that
pr,[m](g - (pr,[£]f)) = 0 unless [m — ¢| < 2log, ||
Applying this and defining R = 21log, |[|g| we get

11+ ht)? pr, [m](g - £)ll2
= [profmi+n0?(g- > prlar)

2

e—m|<R
< Y g n e A
|e—m|<R
< QR+ 1)g|* max |1+ 1) pr, (A7 |2
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where we also used (7.1). Fixing f € C2°(X) we now apply this for the func-
tions Hu'ezf\{v} pr,. [m,/|Df and sum over all m and D to get

Salg - f)?
<R+ Y lmlt Y [a+mtoni T prolmelnr]]

m,D [l—m,|<R v eXp\{v}
< 2R+ 1)%g)%Sa(f)? < |lg]**Sa(f)?,

which gives S3.

For v € ¥ the argument consists of expressing the element Ad,(D) in terms of
the basis elements considered in the definition of S4(-), and bounding the change
of the height as above.

Let now u(-) be the unipotent subgroup as in Property S3. In view of the
definition of K,, we get p o 6,,(SLa(0,)) C SLy(04). Therefore, ||u(t)]| < |t as
was claimed.

A.7. Property S4. — Estimating the Lipshitz constant at w. Let f belong
to the completion of C2°(X) with respect to S4. First note that if f is invariant
under K[m] for some m, then g - f is also invariant under K|[m] for all g € K.
Therefore, prim|g - f = ¢ - prim]f for all g € K,,. Also note that if g € K, [r] and
f is K[m] invariant with m,, <r, then g- f = f.

Let now g € K, [r] and let f be in the completion of C2°(X) with respect to S.
Therefore, as in (A.6) we can use (A.5) and get

2 2

(g f= D@ =D prlml(g- f = @) =] (g-prlm]f — pr[m]f)(x)

m

2

=| Y (g-pr[m]f — pr[m]f) ()

< Dm0 mlPi(g - prim]f - prlmlf)(x)?
< 3 ml ™Y mlP pr[m(g - f - ()

< Y ml| 72 Y [lm | 2| pr(m) (1 + ht(2))D(g - f — I3
m,D

Mgy >T
K 2 Sara(g- f— 1) < 43" Sar2(f)?,
where in the last inequality we used property S3.
A.8. Property S6. — Bounds for matrix coefficients. Recall that at the good

place w there exists a non-trivial homomorphism 6 : SLy(F,,) — H, C G(F,,) such
that Kgr, = 0(SLa(0,)) C K¢. We also write

o-r((11)
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Let v be a MASH measure on X which is invariant and ergodic by 6(SLa(Fy,)).
Recall from §7.4 that the SLo(F},)-representation on

LS(X,V):{feLz(X,u):/fdu:O}

is 1/M-tempered. B
Let fi, fo € CX(X). Consider I := (u(t)f1, fo)r20) — [ fidv [ fodv. By [16]
(see also §4.3) |I| can be bounded above by

(A7) (1 + |te) /*Mdim(Ksy, - A1)"2 dim(Ksw, © f2)2 ) f1ll 220 | f2ll 22 0)-

Suppose that f; is fixed by K[m], the dimension of Kgr,,-f1 is bounded above by
the number of K[m| N Kgr,,-cosets in Kgy,,, which in turn is bounded by

(A.8) (K, [0] : Kyp[my,)] < g dimG,

Decomposing f; := > pr,[m]f1 and similarly for f;, we see that in general:

1) < L+ 1tl) 2 T D2 Il ™ € prlml £l 20
i€{1,2} \ m

We now apply Cauchy-Schwarz inequality and (A.5) to the expression in the paren-
thesis to get

2

1 dim
> lm| = 4™ pr(m] fill 20
< [l G2 prim] £l 72,
< Z | G2 Z (1 + ht(2))*"D(pr[m] f;)|13 < Saim a+2+a(fi)-
m D

This gives property S6.

A.9. Property S5. — The operator T; and Sobolev norms. We will use the
same notation as above. Recall that we defined the operator T; to be Avy x0, ;) *
Avy, where Avy, is the operation of averaging over K,,[L], with L > 0 as in Propo-
sition 6.10.

Here we will modify the argument in the proof of property S1. to get the desired
property. Let us note again that ht(-) is invariant under K[0].

Let d > k10dp and let f be an arbitrary smooth compactly supported function.
Then

(A.9) Dpr[m|Tin" f = pr[m|DTyn" f =0, whenever degD > 1.

Indeed 7 (f) is invariant under G(A)T and the latter contains exp(g,) for all
v € Y. We also note that T;w+t = 7+ because G(A)™ contains {u(¢)} and L > 1
satisfies K,,[L] C G(A)*. Given m let us put pr(®)[m] = [T, Pr[my]. Note that

(A.10) DT, =T,D and pr™[m|T, = T, pr'™[m].
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For any m put ®,,(x) = pr[m]T:(f — 7" f)(x); note that ®,, is K[m] invariant.
Arguing as in (A.5) for the function ®,,(-) and using (A.10) we get

ALD) D)2 < vol(K]m]) " vol(9 12/ DD, 2
<& ||| *ht () Z | prm —7T+f))|!2
< ||| *ht () ||Tt||2oz | pr) [m] D3,

where in the last step we used the fact that both pr, [m,,] and 7+ are projections,
together with (A.9) and (A.10).

Since Ty = Avp x0y ) * Avy, we have: pr[m|T; = 0 for all m,, > L. Also recall
that ) pr[m| = 1. Therefore,

Ti(f =7t f)(z) = > prm]Te(f — 7t f)(x).

: < ~
i <1 By (1)

Arguing as in the last paragraph in §A.4, using (A.11) and the above identity
we get

ITe(f =7 N @) <he(@)Tel3o Y mll™?) pr [m]DfI3

mima, <L

D
< ht(@) | Tel2 (L + D)glHDE 37 [lm|4+2) prt [m] D |13
MMy, =0
D
w 2
< (@) TelBoal*PF > 2> prima] (or™ [m)D )|
mmw—O My

< () | Te I3 oq(d”)LZIIde“IIPr m|Df |3

which implies S5.

Let us note that the argument in §A.8 applies to the representation of SLy(F),)
on LZ(X,volg), i.e., the orthogonal complement of G (A)T-invariant functions. Sup-
pose this representation is 1/M-tempered; then similar to (A.7) we get

[(u(®) - f1. fo) = (7 fr, 7t fo)
< (14 [the) ~V2M dim(Ksry 1)/ dim(Ksry: f2) /2 full2 | f2 -
This estimate and (A.8), in view of the definition of T, imply
(A12) ITellz0 < (1+ tho)~/2M 205,

APPENDIX B. THE DISCRIMINANT OF A HOMOGENEOUS SET

The paper [23] defined the discriminant of a homogeneous set in the case when
the stabilizer is a torus. Here we shall adapt this definition to the case at hand; see
also [24, Sec. 17].

Let H be a semisimple, simply connected group defined over F. Asin §1.1 we fix a
non-trivial F-homomorphism ¢ : H — G with central kernel and let (g,), € G(A).

Put Y = «(H(F)\H(A))(gv)o-
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We choose a differential form w of top degree on H and an F-basis {f1,..., f-}
for Lie(H) such that w(z) =1 for

2= fi A A fr € A"Lie(H).
1

Using p: G — SLy and ¢ we have poi(z) € A"sly. We put z, := poAd(g,)” " o
t(z). For each v € ¥, we denote by w, the form of top degree on H(F,) induced by
w.

Let || ||, be a compatible system of norms on the vector spaces A"sly ® F,. In
particular, we require at all the finite places v that the norm || ||, is the max norm.
Denote by B the bilinear form on A"h induced by the Killing form. We define the
discriminant of the homogeneous set Y by

D(H D(H
(B.1) disc(Y) = 5((H)) HdlSCU = % H |2 ||,

where

(1) disc,(Y) = |B(o.1v,(,L)U)|11,/2sz||U is the local discriminant at v, and is inde-
pendent of the choice of the F-basis,

(2) D(H) > 1 is defined in (B.13), and

(3) 0 < £(H) <1 is defined in (B.15).
The second equality in (B.1) uses the fact that [, |B(wy,wy)[y = 1 which is a
consequence of the product formula and the equality B(w,,w,) = B(w,w).

One key feature of this definition is that it is closely related to the volume in the

sense that

(B.2) vol(Y)* < disc(Y) < vol(Y)*.

We outline a proof of this in this section.
Before doing that let us use (B.2) to complete the discussion from §3.

B.1. Proof of Lemma 3.3. We use the notation from §3. In particular, F' = Q,
@ is a positive definite integral quadratic form in n variables; H = SO(Q), and

H = Spin(Q).
Let gg € PGL(n,R) be so that gélH’(R)gQ = SO(n,R) and put
Y = Yo = n(H(Q)\H(A))(gq.e.. ).

We recall that K’ and K’(co) are compact open subgroups of H'(Af) and
H'(A), respectively. Also recall the notation K* = K’ N w(H(Ay)), and K*(c0) =
m(H(R))K*. Finally put

K§(o) = gélK*(oo)gQ = gélK/(oo)gQ N Hgy.
Lemma. We have the following:
(B.3) vol(Y)* < spin genus(Q) < vol(Y).

Proof. Using the definition of the volume as in (1.1), we have up to a multiplicative
constant depending on €, that vol(Y) =< my(KZQ(oo))*l. On the other hand we

have
my ( K (00)
L=pg(Y)=) %,
h
where 1 < ¢, < #(H'(Q) N hK’(co)h™ ) for every double coset representative

H'(Q)hK™(o0) € H(Q)\H'(Q)w(H(A))/ K™ (00).
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Since ¢, is bounded by the maximum of orders of finite subgroups of PGL,(Q),
see, e.g., [57, LG, Ch. IV, App. 3, Thm. 1] we get that, up to a constant depending
on {2y, we have

(B-4) vol(Y) = #(H'(Q)\H'(Q)m(H(A)) /K" (c0)).

Recall that
spin genus(Q) = #(H'(Q)\H'(Q)w(H(A))K'(c0) /K’ (0)).

Hence (B.4) implies the claimed upper bound in the lemma.

We now turn to the proof of the lower bound. The idea is to use strong approxi-
mation and discussion in §5.12 to relate the orbit space appearing on the right side
of (B.4) to the spin genus.

Let p be a good prime for Y given by the proposition in §5.11. In view of the
strong approximation theorem applied to the simply connected group H, the choice
of p, and the definition of K*(oc0) we have

(B.5) m(H(A)) = m(H(Q))r (H(Qy)) K™ (c0),
where we have identified H(Q,) as a subgroup of H(A).

Therefore, every double coset H'(Q)7(h)K'(c0) has a representative in 7(H(Q))).
That is: we use (B.5) and write w(h) = m(8,4,...)w((h),e,...))k*, where § € H(Q),
h;, € H(Qy), and k* € K*(o0).

Let now hél), h/f) € H(Q,) be so that

(B.6) m((hP,e,..)) = (v, 7, .. )m (B e, ..))k,

where v € H'(Q), k € K'(c0). Let us write k = (ky, (kq)qp); we note that ¢ =
is allowed. Then we have

vkg =1 for all g # p.

Hence we get k = (kp,'y_l,’y_l,...). This, in particular, implies v € K(/I for all

q # p, that is,
(7:7,---) € H(Q) N H'(Q,) K' (o).
Put A’ := H'(Q) N H'(Q,)K'(c0) and A := 7(H(Q)) N H'(Q,)K'(c0). Taking
their projections into H'(Q,), we identify A and A’ as two lattices in H'(Q,). Note
that A is a normal subgroup of A’. We write

N/A=U[_ Ay,
Also write K,/ K, = U5_k; K. The above discussion thus implies

(B.7) h?) |_|A% WD)k K.

Define the natural surjective map from 77( (Q)\7(H(A))/K*(0) to H'(Q)\H'(Q)
m(H(A))K'(00)/K'(00) by
T(H(Q)) (7 (hp), e, ...) K*(c0) = H'(Q)(w(hy), e, ...) K'(c0).
Then since A C 7(H(Q)) and K; C K*(o0) we get from (B.7) that the preimage
of H'(Q) (w(hy),€,...)K'(c0) is contamed in U, ; Di,j where
D; ;= {r(H(Q))(n(hy,),e,...)K*(00) : vim(hp)k; € Am(h;,) K}

Note also that D; ; has at most one element.
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Putting this all together, we get the following:
spin genus(Q) = #(H'(Q)\H'(@)W(H(A))K’(oo)/K’(oo))
the above discussion ~ > #(H/ (Q)\H/ (Q)W(H(A))/K*(OO))

[A":A] [KZ/) : K;]
B.4 vol(Y')
(B.8) B4) 5> [A':AHK]’D:K;]'

We now bound the denominator in (B.8). First note that
(K K] < [H(Qp) - m(H(Qy))] < M

where M <1 is an absolute constant.
Bounding the term [A’ : A] is far less trivial and relies on results in §5.12. Put

A =H'(Q) Nn(H(Q,))K’(c0). Then
A A] =[N A[A: A) < [H'(Qy) : m(H(Q,))][A : A] < M[A : Al

Finally the index [A : A] is controlled as in (5.13). We note that the quan-
tities appearing on the right side of (5.13), in particular ¥, are the same for
the group m(H(A)), which we used to obtain the bound in (B.8), as well as for
(9g.e,...) 'm(H(A))(9g,e¢, .. .), which is used to define Y. Therefore, in view of
the equivalence of volume definitions proposition in §5.12 we get

spin genus(Q) > vol(Y)*
which is the claimed lower bound. O

By (B.2) we also know vol(Y) < disc(Y)*. So it remains to discuss the genus
of Q. For this we are making the following claim.

Claim. For any given T the number of equivalence classes of quadratic forms @
with |spin genus(Q)| < T is < T™*.

Proof. Let X’ C X be a compact set so that u(X’) > 0.9 for any MASH mea-
sure p; this exists by the corollary in §1.7. Suppose @ is a quadratic form with
| spin genus(Q)| < T. We see that

G(Q)(g9g.e,...)Hy N X' is non-empty.

We may assume that X’ is invariant under SO(n,R); then the above also gives
some ¢(h) € ((H(Ay)) with G(Q)(gq, t(h)) € X’. By the correspondence between
the spin genus of ) and the gélK '(00)gg-orbits in Y we have found a quadratic
form @, in the spin genus of () for which the conjugating matrix gg, can be chosen
from a fixed compact subset L C PGL(n,R).

Let us now note that the spin genus of @), equals the spin genus of Q). So in view
of (B.3) the MASH set Yy, associated to the quadratic form @)}, has volume which
is bounded above and below by powers of the volume of the MASH set Yg.

We will use the assumption gg, € L in order to relate the size of the spin genus
with the volume of the rational MASH set Y, = n(Hg, (Q)\Hg, (A)), where Hy,
is the spin cover of the orthogonal group of @ (and we intentionally did not
include gq, in the definition). Indeed, since gg, € L, we get from (B.2) and (B.3)
that

(B.9) | spin genus(Q)| = vol(Yg, )* < vol(Y;)* = disc(Y})*.
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The definition of disc(Y})), see (B.1), gives

. D(H D(H
dlSC( h = g(Hsh H lzollo = g(th) H (h )Hom
VEXD

where z(h) € A"sly is the primitive integral vector which is a rational multiple of
(zy)v; and in the second equality we used the product formula. Note that z(h) =
fiA---A fr determines the group Hg, and hence the form @}, (up to homotheties).
In particular, since D(Hq,)/E(Hg,) > 1 we get [|2(h)|lcc < T*. As there are
only <« T* many integral vectors of norm <« T* in A"sly we obtain the claimed
estimate. g

We can now finish the proof of Lemma 3.3. Let us recall from the definitions

that
genus(Q) = |_|spin genus(Q);)
7

where ); € genus(Q). Let Yg, denote the MASH’s which correspond to @); as above.
Then by (B.3) we have spin genus(Q;) =< vol(Y;)*. Note however that vol(Y;) =
vol(Y;) for all 4, j since the corresponding algebraic stabilizers are the same; indeed
Y; = Y;h for some h € SO(Q) and SO(Q) normalizes the algebraic stabilizer of Y;.
Suppose now genus(Q) = S. Then the above MASH sets all have the same volume
vol(Y;) = V which, in view of the above claim, gives S < V* and finishes the proof
of Lemma 3.3.

B.2. Expressing the discriminant in terms of the volume. Recall the no-
tation from the proof of part (3) in the proposition®” in §5.8. In particular,
we fixed finitely many standard homomorphisms of H(F),) into G(F,) for any
archimedean place v. Recall also that corresponding to the standard homomor-
phism j, = Ad(go) o j we have a Euclidean structure py and that || ||,, denotes the
corresponding Euclidean norm.

In this section we have fixed a compatible family of norms || ||,. Note that for
any archimedean place v we have || ||, < || ||y, with constants depending only on
the dimension. Therefore, without loss of generality we may and will assume that
{f1,..., fr} are chosen so that

(B.10) e< | A"jo(fi A Afe)llpy, <

for any archimedean place v where ¢ is a universal constant.
Fix an archimedean place v, as in the proof of part (3) in the proposition in §5.8
we have

(Bll) (AR AN 1

B s A At g , 1y
= Trad Do tnengois N Ao YA Jo(fr A A ),

where {uq,...,u,} is chosen as in there.
Note that 1/c < || A" Ad(gy ) (A" Jo(fr A+ A f)llp; < ¢, by (B.10). Hence we
get
= . = 1 o _ 1
(B.12) Jv -~ ”Ul AN /\Uerj - H/\rAd(ng)(/\"jo(fl/\"'/\fr))Hpo ™ Nzvllo

where the implied constants are absolute.

27We note that the standing assumption in §5.8 was that H is F-simple. However, the proof
of part (3) in the proposition in §5.8 works for the case of semisimple groups.
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Therefore, in view of (5.6) and (5.7), in order to prove (B.2) we need to control
the contribution from finite places.

We will use the notation from §5. Since H is simply connected we can write
H as the direct product H = H; - - - Hy of its F-almost simple factors. Let Fj’ /F
be a finite extension so that H; = Res Fl/ r(H’) where H is an absolutely almost
simple F-group for all 1 < j < k. Then [F] : F] is bounded by dim H. Let #’ and
L;j/F} be defined as in §5.4. Put

s(H)) dimH,\1/2
(B.13) D) = (I1, D) D7)

For each j let w’ denote a differential form of top degree on H’; and choose an
Fi-basis {ffj), s fﬁj)} for Lie(H’) so that w] (219)) = 1 where

2D = fD N FD e AT Lie(H)).

We may and will work with the F-basis {fi,..., f.} for Lie(H) obtained from
{ fi(] )} using the restriction of scalars, i.e., we assume fixed a basis {el(J )} for F/F

and write fi(J) in this basis for each 1 <14 <r;. As before put z = fi{ A--- A f, and
let w be a form of top degree on H so that w(z) = 1.

For each v’ € Ep, let wj ,» denote the form of top degree on H/;(F ) induced
by wi. Similarly, for any v € X let w, denote the form of top degree on H(F})
induced by w.

Given v € ¥ we define a form of top degree on H(F,) by w, := ((w;,v')v’lv)j'
Since H(F}) is naturally isomorphic to [; [],, Hj(F} ), it follows from the def-
initions that w,(z) = 1. Therefore, for every v € ¥ we have w, = w,.

Let v € X ¢; following our notation in §5.3, we denote by |w,| the measure
induced on Lie(H) ® F, and abusing the notation the measure on H(F},). Since
wy(z) = 1, the o,-span of the {f;} has volume 1 with respect to |w,|. Applying a
suitable change of basis to the {f;}, we may assume that there is an integral basis,
{e1,...,en2_1}, for sly(0,) with the property that each po Ad(g,!) o u(f;) = cie;
for 1 <4 <r. Then, ||2y||v =[], |ci|o where || ||, denotes the compatible family of
norms which we fixed before and z, = p o Ad(g; ') o (2).

For every v € Xy let H) be the scheme theoretic closure of p(g, 't(H)g,) in
SLy/0,. Then for each v € ¥y we have

H:,(0,) = p(g, '¢(H)gy) N SLy (0y).

Put H, := ¢ (gpp~ ' (H,)g, ') for any v € .

Recall that K} = 7 (g,p 1 (SLn(0,))g, !); using the above notation we have
K} =H,(0y).

We write Lie(K*) = Dpo Ad(g,!) o t(Lie(H) ® F,) Nsly(0,).

Let red,, denote reduction mod w, with respect to the scheme structure induced
by H,. In particular red, K = K?/(K:)1) where (K*)™) is the first congruence
subgroup of H,(0,). For p, > 1, (Kfj)(l) is the image under the exponential map
of the first congruence subalgebra of Lie(K}).

Let us recall that k, is the residue field of F, with char(k,) = p, and #k, =
¢, = pl for some | < [F : Q. Similarly &, is the residue field of F}, and

7,07
l.
! / J
#kmﬂ =G = Dv -

Licensed to Univ of Calif, San Diego. Prepared on Tue Apr 7 15:09:09 EDT 2020 for download from IP 137.110.41.37.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



282 M. EINSIEDLER, G. MARGULIS, A. MOHAMMADI, AND A. VENKATESH

With this notation, the above discussion implies that for p, > 1 we have

lzollo =TT leio = Jwoler o Ao A e f)|
= (Jw|({u € Lie(H) ® F, : Dpo Ad(g; ") o u(u) € slx(0,)}))
= (Jwol(Lie(K3)))
= (Jwol (7)) ™ (#(xed, K7) - g5 S0 T),

In the last equality, we used the fact that exp is a measure preserving diffeomor-
phism on 5[5\1,)(00) and h[1] for all p, > 1.

For small p,, not covered above, exp is a measure preserving diffeomorphism on
h[m] for large enough m; see §6.5, in particular (5.4) and the discussion in that
paragraph. Hence the contribution of these small primes is < 1.

Recall that H = H; - - - Hy, is a direct product and |w,| = [, [,
fore, the above, in view of (5.7), (B.1), and (B.12), implies

(B.14) [Tz =< ey volY) [T #(xed, K3) - gy o™ H,
v veX

-1

|’ /| There-

/"U

dim H’; /2

where D({F;}) =[], DF; 7

B.3. The upper bound. Let the notation be as in §5.6, in particular, for all j
and all v" € Xp ¢ the parahoric subgroup P; , of maximum volume in H;(F7 ) is
fixed as in that section. Abusing the notation, we denote the corresponding smooth
0} . group scheme by P} ,. Given a v € Xp ¢ put Py := [[; ][/, Pj,or- Define

(B.15) EM) : =Ilex,, #Pu(ky)g, ™0
- Hj HU/GEF!J#PJ"U/(%U,) . (q;’v,)—dim H)

Using Prasad’s volume formula and the order of almost simple finite groups of
Lie-type, see [50, Rmk. 3.11], we have the following. The quantity £(H) is a
product of the values of the Dedekind zeta functions of FJ/ and certain Dirichlet
L-functions attached to L;/F; at some integer points. In particular, £(H) is a
positive constant depending on F}, L;, and H. Moreover, [50, §2.5, §2.9] imply

#,Pg/',@’(k;}v) ’ (q;,v)_dimH/j <L
All together we have shown
(B.16) 0<&EMH) <1

Let ¥°, denote the set of places v € X ¢ so that

e for all j and all v’ € EFj{’f with ¢'|v we have v" is unramified in L;, and
e one of the following holds:
— there is some j and some v'|[v so that the group H is not quasisplit
over F' j{, or
— all H}’s are quasisplit over F ,, hence H’; is isomorphic to H/; over
F; , for all j and all v'[v, but K7 is not hyperspecial.
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It was shown in (5.12) that we have

(B.17) Mowo|(K3) < 45 forallv e 2

if g, > 13.
Let ¥ be the set of places v € X s so that there exists some j and some v'|v
in F} which ramified in L;. Put X" := 33, U X2
s(H})/2
Put D({Lj}a {FJ/}) = Hj DL]-/FJ(
of (B.17) we get
(B.18) vol(Y) > D{L;} {F;))DHUFY ] »e.

IS

. Then, as we got (5.8) from (5.7), in view

Combining (B.14) and (B.18) we get the upper bound as follows:

D(H
dise(Y) = gy} H lzollo
Hvezf #(red, K*).q; 4™H

= D({L;},{F}}) vol(Y) £(H)

v #(red, Hy(ky)) - ¢ dim H
< VOI(Y)*H 22 ( g(H)( )

<vol(Y)” J] #5p i < vol(v),

vexb

where in the last inequality we used #(red, H,(k,)) < ¢}, and also the fact that
for any v € 322 we have p,|D({L;}, {F};}).

B.4. The lower bound. We now turn to the lower bound. For this part we work
with normalized volume forms. Fix the notation

)‘ ‘w’U| _H H ) ]v/ ]v/;

see §5.6 for the notation on the right side of the above.
We will need the following. If M is a connected linear algebraic group over k,,
then

(B.19) (g — DI™M < LM(k,) < (go + 1)3™M,

see, e.g., [46, Lemma 3.5].

Given a parahoric subgroup P, of H(F,), let B, denote the smooth o, group
scheme associated to it by Bruhat-Tits theory. Recall from §5.1 that P, maps onto
P, (ky). We also remark that since H is simply connected the k,-group scheme ‘B,
is connected; see [60, 3.5.3]. o

Let v € ¥y for any j and any v'|v we choose a parahoric subgroup P/, which
is minimal among those parahoric subgroups containing 7; .- K ; here 7r]7v/ denotes

the natural projection. Put
P, =]I1I%

j v'|v
Then K C P,.
We will prove the lower bound in a few steps. First we prove some local estimates,
i.e., we bound terms appearing in the product on the right side of (B.14) for all
v € Xy. Taking the product of these estimates then we will get the lower bound.
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1. Step. We have
(B.20) (Av!wv\(K;))_l(#(redv K?) - gy SmH)
= ()\v‘wv‘(Pu))_l[P,U : K:](#(redv K;‘) . q—dimH>

v

—1{P,:PM[PD (KD %\ —dim
= (olwn|(P)) T Bt (# (red, K7) - g M)

by (3) i 85-1(\, |w, |[(P,)) T [PEY 1 (K2 V1 (#B (k) - g B0,

v

where P{" and (K)™) denote the first congruence subgroups defined using the
0,-scheme structures B, and H,, respectively.

2. Step. In this step we will estimate the contribution coming from the product
Mocs, (#B,0k)) - g 9.

The fact that for any v € %2 we have p,|D({L,}, {F;}) together with (B.18)
implies #%° < log(vol(Y)).

Now since B, is connected, we can use (B.19) together with the definition of £(H)

and get
—dim —dim #Po (ko) ;dimH
H <#%(kj’u) "y ¢ H) = H (#&(kv) "4y d H) m
vEXy vEDy vexrd
(B.21) > E(H) (log vol(Y)) ™ ™*°

for some k16 > 0 depending only on F' and G.

3. Step. We will now get a control over ()\U]wv](Pv))_l[Pv(l) (K.
We claim that there exists some 0 < k17 < 1, depending only on dimg G, so
that for all v € ¥ at least one of the following holds: either

(Aol (P)) T [P+ (B D] > (Aol (K5)) ™

— K W, gy 7
(B.22) = (Aolwsl () 7(‘#&(’““”“’“ (o) ]> ,

#(red, K¥)
or v € ¥ and

(B.23)  (lwnl(P) P (KW 2 12 (Al (K3) 2.

Let us first recall that A,|w,|(Py) < 1; see [50, Prop. 2.10]. Therefore, if P, = K,
then (B.22) holds for any 0 < x;7 < 1. In particular, if v ¢ X\ ¥, then (B.22)
holds for any 0 < k17 < 1.

Recall that K* C P,. Assume first that (K)®) C pY.

Then, since PV is a pro-p, group we have [qul) (K] > p,. We again note
that by [50, Prop. 2.10] we have
(B.24) gy M < N lw,|(Py) < 1L
Therefore, (B.22) follows if we show

#(redv K:)H”[qul) . (K:)(l)]l—nn > (#&(kv))fin

> (Aol (P) ™ (#90 ()) ™
The second inequality holds for any 0 < w17 < 1 in view of the upper bound
in (B.24). The first inequality follows from the upper bound in (B.19) and our
assumption [Pgl) (K] > p, if we take 0 < k17 < 1 to be small enough.
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Similarly, if A,|w,|[(Py) < 2/p,, then (B.22) becomes
(Aol (P) TP (K DP =7 > (p,, f2) 7

#Bo (ko) "7
= (#(redv K;)) :

Since #&(k“)) = p}, the above estimate, and hence (B.22), hold for all small

#(red, K*
enough k17 provided that A,|w,|(Py) < 2/p,.
In view of these observations and [50, Prop. 2.10] we get that (B.22) holds unless

PV = (K)™ and we are in one of the following cases:

e v’
or
e vE Eb and P, is a special parahoric subgroup.

First note that under the assumption pM = = (K*)™, the estimate in (B.23)
follows from (B.24) so long as we choose k17 small enough. This establishes the
claim for v € 2.

Therefore, we may now assume that PV = (K:)M, v e ¥, and P, is hyperspe-
cial. We claim that these imply P, = K if p, > 1 which then implies that (B.22)
holds for any 0 < k17 < 1.

Assume p, > 1 is large enough, so that the exponential map is a diffeomor-
phism from 5l§\p(ov) onto SL%)(%). Our assumption PV = (K)™ implies that
Lie(K}) = Lie(3,). Since P, is hyperspecial, we have PU/REI) is the k,-points of
a semisimple group which is generated by unipotent subgroups. These unipotent
subgroups are reduction mod w, of unipotent subgroups of P, [60, §3.5.1]. In view
of our assumption p, > 1, unipotent subgroups of P, are obtained using the ex-

H is F,-quasisplit, and P, is a hyperspecial parahoric subgroup,

ponential map from Lie($3,) = Lie(K). Hence K surjects onto Pv/Pv(l). Since
piV = (K;)M), this implies P, = K as we claimed.

4. Step. We now conclude the proof of the lower bound. We use the notation

Joo = (Hvezw Jv>_1'

Recall that in view of part (iii) of the proposition in §5.8 we have J, < 1 for all
the archimedean places v. Taking the product of (B.22) over all v € ¥y, using the
fact that p,|D({L;},{F}}) for all v € > and (B.23), and arguing as in §5.10 we
get the lower bound as follows:

dise(Y) = Fgf H lzollo
= DL}, {F)}) vol(y) Teeze #oete Ko 707 -
> D(H) H ()‘v‘wu“K:))_l oes, #(re;le)(S)'q; dim H (53)
veEX
> D(H)J [Tes, (Avlwvl(K:))g_(II_S)?—%(redv KX)-q; dimH)
> gy e L1 Qelecl (R) IR (D] (B.20), (B.21)
vEXy
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D(H)'/? *\) T F1
> (1ogv(01()y))m Joo H ()‘v’%|(Ku)) ’ (B.22), (B.23)
UGZf
D(H)"17 A\ —H1
> (1ogv(o1()y))~_16 H ()\v’%|(Kv)) ’ Joo, D(H) > 1
vEY
> vol(Y')™s (5.8).

The proof of the lower bound in (B.2) is now complete.
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