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Abstract

We prove positive-characteristic analogues of certain measure rigidity theorems
in characteristic 0. More specifically, we give a classification result for positive
entropy measures on quotients of SLg and a classification of joinings for higher-rank
actions on simply connected, absolutely almost simple groups.
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1. Introduction
Let G be a locally compact, second countable group, and let I' be a lattice in G. Put
X =G/T'. A subset S C X is called homogeneous if there exists a closed subgroup
¥ < G and some x € X such that Xx is closed and supports a ¥-invariant proba-
bility measure. A probability measure © on X is called homogeneous if supp p is
homogeneous and p is the 2-invariant probability measure on supp iL.

Let A be a closed abelian subgroup of G. An A-invariant probability measure p
on G/ TI' will be called almost homogeneous if

,u=/ axvda, (1.1)
A/ANZ
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where

(1) ¥ C G is a closed subgroup such that A/A N ¥ is compact,
2) v is a homogeneous measure stabilized by X, and

3) da is the Haar probability measure on the group A/A N X.

Let K be a global function field, that is, a finite extension of the field of rational
functions in one variable over a finite field IF,,. For any place w of K, we let Ky,
denote the completion of K at w, and we let 0,, be the ring of integers in K,,. As
in the case of number fields, the field K embeds diagonally in the restricted product
]_[;) Ky . Given a place v, we put

(9v=KﬂHow
wF#v

to be the ring of v-integers in K.
For the rest of this paper, we will assume that a place v of K is fixed and we will
put

k:=K,, 0:= 0y, and O:=0,.

Recall that we may and will identify k with F,((671)), the field of Laurent series
over the finite field F,; after this identification, we have o = I, [[0~!]] (see [38, Chap-
ter 1]).

The most familiar case is the one where K = I, (), the field of rational functions
in one variable with coefficients in IF,;. Then if we choose the valuation v coming from
61, we have that @, = F,[6] is the polynomial ring.

1.1. Positive entropy classification for measures on quotients of SLy
Let G = SL(d,k), and let I' < G be an inner-type lattice in G (see Section 2.4 for
the definition and discussion of inner-type lattices; for an explicit example, the reader
may let I' = SL(d, O)). Let X := G/T'. Furthermore, we let A be the full diagonal
subgroup of SL(d, k). Throughout the present article, we always assume that d > 2.
Given an A-invariant probability measure p, we let h,(a) denote the measure-
theoretic entropy of a € A. (We note that the following theorem is a positive-
characteristic analogue of the result of [11].)

THEOREM 1.1
Suppose that | is an A-invariant ergodic probability measure on X, and further
assume that hy (a) > 0 for some a € A. Then p is almost homogeneous.

The conclusion of Theorem 1.1 cannot be strengthened to say that p is homo-
geneous. In fact, K = F,(#) has many subfields K’ (without a bound on [K : K']).
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Defining k’ to be the closure of K’ in k, one could take the measure v to be the Haar
measure on the closed orbit XT" for X = SL(d, k’), and u could be as in (1.1) since
A/(A N X) is compact.

1.2. Joining classification

In 1967, Furstenberg [19] introduced the following notion that has since become a
central tool in ergodic theory. Suppose that we are given two measure-preserving sys-
tems for a group S acting on Borel probability spaces (X;,m;) for i = 1,2. A join-
ing is a Borel probability measure p on X7 x X5 such that the pushforwards satisfy
(i)« = m; for i = 1,2 and are invariant under the diagonal action on X; x X,—
that is, s.(x1, x2) = (s.x1,5.x2) forall s € S and (x1,x3) € X1 X X5.

We give a classification of ergodic joinings in the following setting. Let G; be
connected, simply connected, absolutely almost simple groups defined over k for
i =1,2.Put G; = G;(k), let I'; be alattice in G;, and define X; = G; /T fori =1, 2.
Denote by m; the Haar measure on X;. Let A; : an — G; be two algebraic homomor-
phisms with finite kernel defined over k, and put A; = A;(G2)). We define the notion
of joining as above using these monomorphisms. Let A = {(11(¢), 22(¢)) : t € G2,},
and let A = A(k). (The following theorem is a positive-characteristic analogue of
the work of the first and second authors [12]; see also [16] for stronger results in the
characteristic 0 setting.)

THEOREM 1.2
Assume that char(k) # 2, 3. Suppose that G;, A;, and X; are as above fori = 1,2.
Let 1 be an ergodic joining of the action of A; on (Xi,m;) fori =1,2. Then [ is an
algebraic joining. That is, one of the following holds:
) WL = my X my is the trivial joining, or
2) W is almost homogeneous, and moreover, the group X appearing in the defini-
tion of an almost homogeneous measure satisfies the following:
i i (¥) =G fori =1,2, and
i ker(m;|x) is contained in the finite group Z(G1 x G,) fori = 1,2.

It is also worth mentioning that even for joinings, in general, virtual homogene-
ity cannot be improved to homogeneity. Indeed, let k/k’ be a Galois extension of
degree 2 with the nontrivial Galois automorphism t. Let G; = G, = SL3, and let
I' =T and I', = ¢(T") for a lattice I' C SL(3,k). Let A; = A, be the monomor-
phism (z,s) > diag(z, s, (ts)~!). The measure v could be the Haar measure on the
closed orbit X(I'y x I';) of ¥ = {(g,7(g)) : g € SL(3,k)} and p could be as in
(1.1).
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1.3. Main difference to the characteristic O setting

In the present article, we apply the high entropy method that was developed in the
characteristic 0 setting in a series of papers (see, e.g., [9]-[11], [14]), and for The-
orem 1.1 we also apply the low entropy method (see, e.g., [11], [13], [25]). These
arguments crucially use leafwise measures for the root subgroups (or more gener-
ally the coarse Lyapunov subgroups), which are locally finite measures on unipotent
subgroups (for a comprehensive treatment of leafwise measures, see [14]).

Suppose that we were able, using the above tools, to show that the leafwise mea-
sures on the coarse Lyapunov subgroups have some invariance. Then, using Poincaré
recurrence along A, one could show that the invariance group has arbitrarily large and
arbitrarily small elements. The key difference lies in the next step of the argument. In
the characteristic O setting, a closed subgroup of a unipotent group containing arbitrar-
ily small and arbitrarily large elements has to contain a 1-parameter subgroup—and
hence the leafwise measures for the 1-parameter subgroup have to be Haar, which
gives unipotent invariance for the measure under consideration.

In the positive-characteristic world this is very far from being true. In fact,
using a fairly direct adaptation of the methods used in [11], [12] and elsewhere,
one can find almost surely an unbounded subgroup of a unipotent group that has
positive Hausdorff dimension which again preserves the leafwise measure. How-
ever, as there are uncountably many such subgroups and since these may vary from
one point to another, it is not clear how to continue from this by purely dynamical
methods.

Decomposing the measure p according to the Pinsker o-algebra &, (for some
a € A), we find a subgroup of G that preserves the conditional measure on an atom
for £, and has a semisimple Zariski closure. To classify such subgroups, we use a
result of Pink [29] (see also [23] for related results by Larsen and Pink). This allows
us to deduce invariance under the group of points of a semisimple subgroup for some
local subfield. After this, we use a measure classification result in [28] by Golsefidy
and the third author as a replacement of Ratner’s measure classification theorem in
[32] and [33], extended to the S-arithmetic setting by Ratner [33] (resp., Margulis
and Tomanov [27]).

We note that analogues of Ratner’s measure rigidity theorems for general unipo-
tent flows in positive-characteristic settings are not yet known. Some special cases
have been investigated, specifically in [28], which we use in our proof, and an earlier
work [8]. Finally, we note that ideally one would like to have a result similar to [15]
in the setting at hand. A general treatment as in [15] will likely require more subtle
algebraic considerations.
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2. Notation

2.1

Throughout this article, K denotes a global function field. We let v be a place in K,
fixed once and for all. Denote by O the ring of v-integers in K. Put k := K, the
completion of K at v. Then k is identified with F,((6~1)), the field of Laurent series
over the finite field F; where ¢ is a power of the prime number p = char(K). We
denote by o the ring of integers in k. Then o = F,[[#~!]] and the maximal ideal m
in 0 equals #~'o. The norm on k will be denoted by | - |, or simply by | - |; note
that with our notation we have [0, > 1. With our normalizations, log, (|r|) is the v-
valuation of 7 € k. Unless explicitly mentioned otherwise, a subfield k’ C k is always
an infinite and closed subfield of k; hence, k/k’ is a finite extension.

2.2

Let G be a connected, simply connected, semisimple k-algebraic group. Put G =
G(k). We always assume that G is k-isotropic. Next, fix a maximal, k-split, k-torus
S of G. We will always assume that A = S, in the case of Theorem 1.1, and that A; is
contained in S;, for i = 1, 2, in the case of Theorem 1.2.

Let ;@ denote the set of relative roots ; ©(S, G); this is a (possibly not reduced)
root system (see [1, Theorem 21.6]). Let ¥ denote positive and negative roots with
respect to a fixed ordering on ;®. Recall from [1, Remark 2.17, Proposition 21.9,
Theorem 21.20] that for any « € 5 ® there exists a unique affine k-split unipotent k-
subgroup U,y which is normalized by Z (S), the centralizer of S, and its Lie algebra
iS §(a) 1= Ja + 924 Here, as usual, for aroot B €  ® we let gg be the subspace in the
Lie algebra on which S acts by the root f.

A subset W C ;® is said to be closed if @ € W and Ja € ® imply that Ja € W,
andifa,f e Vand o + § € O imply that @ + 8 € W. A subset W C ;P is said to be
positively closed if it is closed and is contained in ; ®* for some ordering of the root
system. For any positively closed subset W C  ® there exists a unique affine k-split
unipotent k-subgroup Uy which is normalized by Z¢(S), and its Lie algebra is the
sum of {g(q) : @ € V}. Moreover, Uy is generated by {Uy) : @ € ¥ \ 2W}—that is,
Uy is k-isomorphic as a k-variety to [ [,cq\2y U, Where the product can be taken
in any order (see [1, Proposition 21.9 and Theorem 21.20].

If ¥ = {o} and no multiple of « is a root, then we simply write U, for Uy.
We also write Uy = Uy(k) for a positively closed subset ¥ C ;. Given a subset
E C G, we let (E) denote the closed (in the Hausdorff topology) group generated
by E. For each o € P, we fix a collection of 1-parameter subgroups {uq,; : 1 <i <
dy} generating Uy and we define Ug)[R] to be the compact group generated by
{ua,i(r) 1 |rly < R,1 <i <d,}. For any positively closed ¥ C &, we put
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Uy[R] = ({U(a)[R] (o) C ‘-IJ})
Given a € A, we put
W§(a) = {g € G : limg_,100a ¥ ga* =id} 2.1

to be the expanding (resp., contracting) horospherical subgroup corresponding to a.

2.3
Let  ®(A, G) denote the set of roots of A, that is, the characters for the adjoint action
of A on the Lie algebra of G. We consider ¥ C  ®(A, G) to be positively closed if

{o € (S,G):a|A eV} (2.2)

is positively closed in the sense of Section 2.2, and we set

Vy = 1_[ U(a)

d\Ae\If

for any positively closed subset W C x (A, G). We also let Vg denote the underlying
algebraic group. An important special case is when ¥ =[] = {ra € y P(A,G) : r >
0} for some « €  P(A, G). In this case, V]y is called a coarse Lyapunov subgroup.

2.4. Inner-type lattices in SL(d, k)
Recall that in Theorem 1.1 we assumed that I is an inner-type lattice in SL(d, k); we

2 over K, and let

recall the definition here. Let D be a division algebra of dimension s
B = Mat, (D) be a central simple algebra over K; we assume that d = rs. Let  be
any field extension of K so that B ® g 2 >~ Mat, (2)—one can always find a finite
separable extension of K with this property. Define the reduced norm Nrdg : B — Q
of B by Nrdp(g) := det(g ® 1). Then Nrdp(g) € K for all g € B and Nrdp(g) is
independent of the choice of the splitting field 2 and the implicit isomorphism which

we fixed. More generally (see, e.g., [7, Section 22]),
det(g ® 1 —£id) € K[§] forevery g € B. (2.3)

We now use B to define a K-group which is isomorphic to SL; over the alge-
braic closure K of K. Fix a K-basis € for D, and consider the (left) regular repre-
sentation p of D into Maty2(K); that is, g € D is sent to the matrix corresponding
to y > gy. If we express p in the basis €, we get a system { f;(gi;) = 0} of lin-
ear equations in entries g;; with coefficients in K that together define the image
of p. We identify Mat, ;> (K) with Mat, (Mat,2(K)) and we let B’ be the subset of
Mat, ;> (K) consisting of elements gfjd for 1 <i,j <s?>and 1 <c,d <r satisfying
{fg(gl.cjd) =0} forall 1 <c,d <r.Then p identifies B and B’. Moreover, in view of
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the above discussion on Nrdp, there exists a polynomial /& with coefficients in K so
that Nrdg(g) = h(p(g°?)) for all g € B (see [36] and [30, Chapter 2] for a similar
discussion and construction).

For any K-algebra T, define

SL1,5(Y) :={g € Mat, > (V) : fe(gff) =0,h(gff) = 1}.

If @ is any field extension of K so that B ® g  ~ Mat;(£2), then SL; p(£2) is
isomorphic to SL(d, 2). In particular, SL; p (K) is isomorphic to SL(d, K). A group
so defined is called an inner K-form of SLy.

Assume now that B is a central simple algebra over K as above; further, assume
that it satisfies B ® g k >~ Mat, (k). For every place w of K, define

SL1,B(0w) :=SL;,B(Kw) N GL, 2 (0y).

Recall that SL; g (K) diagonally embeds in the restricted (with respect to SL1, g (04))
product [T,, SL1,5(Ky). Put

Ap ={y €SL1,B(K):y €SLy,g(0y) for all w # v}. (2.4)

Then A g is a lattice in SL(d, k) (see, e.g., [26, Chapter I, Section 3]). We will call a
subgroup I' < SL(d, k) a lattice of inner type if there exists a central simple algebra
B over K so that I" is commensurable to A g.

3. Preliminary results

3.1. Algebraic structure of compact subgroups of semisimple groups
Given a variety M which is defined over k. there are two topologies on M(k), the
set of k-points of M; namely, the Zariski topology and the topology arising from the
local field k. We will refer to the latter as the Hausdorff topology.

The following theorems are very special cases of the work of Pink [29] which
play an important role in our study. Roughly speaking, they assert that compact and
Zariski-dense subgroups of semisimple groups have an algebraic description.

THEOREM A.1 ([29, Theorem 0.2, Theorem 7.2])
Suppose that @ C SL(2,k) is a compact and Zariski-dense subgroup. Further, assume
that

Q= ({g € @ : g is a unipotent element}). (3.1)

Let k" be the closed field of quotients generated by {tr(p(g)) : g € @}, where p is the
unique irreducible subquotient of the adjoint representation of PGL,, and set
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. {k if char(k) # 2. 42

{c:c?e€k”} if char(k)=2.
Then there is a k-isomorphism (unique up to unique isomorphism)
¢ :SLy xgr k — SL,,

so that @ is an open subgroup of ¢(SL(2,k")).

Proof

Denote by @ the image of @ under the natural map from SL, to PGL,. Then Q is

Zariski-dense in PGL;. By [29, Theorem 0.2], there exist

. a subfield k' C k,

. an absolutely simple adjoint group L defined over k’, and

. a k-isogeny ¢ : L Xz k — PGL,, whose derivative vanishes nowhere,

where k' is unique, and where L and ¢ are unique up to unique isomorphism, so that

the following conditions hold.

. We have @ C ¢(L(k")) (see [29, Theorem 3.6]).

. Let L denote the simply connected cover of L, and let gbe the induced isogeny
from L xz k to SL,. Then any compact subgroup @’ C ¢(L(k’)) which is
Zariski-dense and normalized by [@, @] is an open subgroup of 5(f(k’)) (see
[29, Theorem 7.2]).

The fact that k' can be taken as in (3.2) follows from the proof of [29, Propo-
sition 0.6(a)] (see, in particular, [29, Proposition 3.14])—in particular, since we are
dealing with groups of type A;, we only need the exceptional definition of £’ in
characteristic 2. Moreover, [29, Proposition 1.6] implies that there are no nonstan-
dard isogenies for groups of type 4;. Hence, by [29, Theorem 1.7(b)], the isogeny ¢
above is an isomorphism.

We now prove the other claims. First, let us recall from [20, Théoreme 2] that
since SL; is simply connected, for every unipotent element u € SL(2, k) there exists
a parabolic k-subgroup, P, of SL, so that u € R, (P(k)). Hence, (3.1) implies that

Q= ((Q N Ry (P): P is a parabolic subgroup of SL(2,k)>. (3.3)

Let P be a parabolic subgroup so that @ N R, (P) # {1}. Let a be a diagonal-
izable matrix in PSL(2, k) C PGL(2, k) whose conjugation action contracts R, (P).
Then a contracts ¢ (h) for any h € L(k’), where ¢(h) € R, (P). Put a’ = ¢~ (a).
The above implies that & can be contracted to identity using conjugation by a’. In
particular, / is a unipotent element. In view of (3.1) and the above discussion, f:(k’ )
contains nontrivial unipotent elements. Thus, we get from [3, Corollaire 3.8] (see also
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[20]) that Lisk’ -isotropic. Since Lis simply connected and ¢ is an isomorphism, we

get L= SL,.
Finally, using [26, Chapter I, Theorem 2.3.1], we have
@ N Ry(P) C $(L(K))
for any parabolic subgroup P of SL(2,k). Hence, @ C a(f(k’)) by (3.3). This fin-
ishes the proof in case (a). O

For the second theorem we need some more terminology. By a linear algebraic
group G over k @ k, we mean G | | Gz, where each G; is a linear algebraic group
over k. The adjoint representation of G on Lie(G) = Lie(G;) @ Lie(G,) is the direct
sum of the adjoint representations of G; on Lie(G;), and the group of (k & k)-points
of Gis G(k ® k) = G1(k) x G2 (k).

Suppose that G = G; [ | G, is a fiberwise absolutely almost simple, connected,
simply connected (k @ k)-group. Let p = (p1, p2), Where p; is the unique irreducible
subquotient of the adjoint representation of G?d (see [29, Section 1]). The trace
tr(p(g)) for an element g = (g1, g2) in G(k & k) is defined by

tr(p(g)) = (tf(pl(gl)),tf(ﬁ’z(gz))) ek dk.

Given a subfield k’ C k and a continuous embedding 7 : k' — k of fields, we put
Ar(k'):={(c.T(c)) :c €k'}. (3.4)

As in [29, pp. 16-17], by a semisimple subring k" C k @ k, we mean one of the

following:

(k"-1) k" =ky @ k,, where k; C k is a closed subfield fori = 1,2, or

(k"-2) k" = A (k') for a subfield k&’ C k and a continuous embedding 7 : k" — k.
If k7 = A; (k") and H is a k’-group, then we write, by abuse of notation, also H

for the corresponding 7 (k’)-group as well as the A, (k’)-group obtained from H. The

base change of H from A; (k) to k & k is then defined by

Hxp, k) (k @ k) = (H xp k) | JH xcy K).

THEOREM A.2 ([29, Theorem 0.2, Theorem 7.2])

Assume that char(k) # 2,3, and let G;, i = 1,2 be absolutely almost simple, con-
nected, simply connected k-groups. Let @ C G1(k) x Gy (k) be a compact subgroup
so that 7w; (Q) is Zariski-dense in G; for i = 1,2. Further, assume that

Q= ({g € @ : g is a unipotent element}). (3.5)

Let k" C k @ k be defined as follows:
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k" := the closed ring of quotients generated by {tr(p(g)) : g € @}. (3.6)

Then one of the following holds.
(1) There are
@) closed subfields k; C k so that k" = ki ® k»,
(i)  kj-groups H;, and
(iii)  a k-isomorphism @; : H; xXi, k — G,
so that @ contains an open subgroup of the form

Q1 x @, C ¢y (Hy (k1)) x ¢2(Ha(k2)).

2) There are
(") a closed subfield k' C k and a continuous embedding t : k' — k so
that k" = A (k"),
(")  ak’-group H, and
(iii")  a (k ® k)-isomorphism ¢ : H xpr (k @ k) — G1 ][ Ga,
so that @ is an open subgroup of p(H(k")).
Moreover, k" is unique, and H and ¢ are unique up to unique isomorphisms.

Proof
Similar to Theorem A.1, these assertions are special cases of results in [29], as we now
explain. Let G?d denote the adjoint form of G; for i = 1,2. Denote by @ the image of
@ under the natural map from G; [ [ G2 to G ][ G&. Then 7;(@) is Zariski-dense
in G;‘d fori =1,2.

By [29, Theorem 0.2], we have the following. There exist

. a semisimple subring k” C k ® k,

. a fiberwise absolutely simple adjoint group L defined over k”, and

. a (k @ k)-isogeny ¢ : L xz» (k ® k) — G"id LI ng whose derivative vanishes
nowhere,

where k” is unique, and L and ¢ are unique up to unique isomorphism, so that the

following hold.
. We have @ C ¢ (L(k")) (see [29, Theorem 3.6]).
. Let LL denote the simply connected cover of L, and let ¢ be the induced isogeny

from L x (k ® k) to G; ] 1 G»>. Then any compact subgroup @’ C $(t(k”))
which is fiberwise Zariski-dense and normalized by [(fl, @] is an open sub-
group of a(i(k’ ")) (see [29, Theorem 7.2]).

Recall our assumption that char(k) # 2, 3. Therefore, G; and G, have no non-
standard isogenies (see [29, Proposition 1.6]). This also implies that k" can be taken
as in (3.6) (see [29, Propositions 3.13 and 3.14]). Moreover, by [29, Theorem 1.7(b)],
the isogeny ¢ above is an isomorphism.



DIAGONAL ACTIONS IN POSITIVE CHARACTERISTIC 127

The preceding discussion thus implies that if k” = A, (k”) (see (k”-2)), then (i’),
(ii"), and (iii’) hold. Similarly, if k" = k1 @ k» (see (k”-1)), then (i), (ii), and (iii)
hold, in view of the above discussion and the description of algebraic groups and
their isogenies over k1 @ k, and k @ k. Finally, recall from (3.5) that @ is generated
by unipotent elements; therefore, @ C g(f;(k’ ")) (see [26, Chapter I, Theorem 2.3.1]).
This finishes the proof of case (b). O

We will also need the following lemma. Let U™ (resp., U™) denote the group of
upper (resp., lower) triangular unipotent matrices in SL,. Also, let T denote the group
of diagonal matrices in SL,. Put U* := U* (k) and T := T(k).

LEMMA 3.1

Let the notation be as in Theorem A.1. Put E = ¢(SL(2,k’)). Then
() E=(ENUY,ENU"),

2) E N T is unbounded.

Proof

We showed in the course of the proof of Theorem A.1 that there are nontrivial unipo-
tent elements 4+ € SL(2,k’) so that (h*) € U™, respectively. Since SL, is simply
connected, it follows from [20, Théoréme 2] that there are k’-parabolic subgroups
P* of SL, so that h* € R, (P*). The groups R, (P¥*) are 1-dimensional k’-split
unipotent subgroups; hence, ¢(R, (PT)(k’)) C ¢(SL,) is an infinite group. Note that
@(SL3) = SL, in Theorem A.1. Let U’, denote the Zariski closure of ¢(Ry, (P*)(k")).
Then U, is a nontrivial connected unipotent subgroup of ¢(SL;) which intersects
U# N ¢(SL,) nontrivially. Therefore, U, = U* N ¢(SL,), which implies that

o(Ry(PE)(K)) CUENE. (3.7)

Using the fact that SL, is simply connected one more time, we note that SL(2,k’) is
generated by R, (PT)(k’) (see [26, Chapter 1, Theorem 2.3.1]). This and (3.7) imply
(1) in the lemma.

We now show (2) in the lemma. Let S = Pt N P~. Then S is a 1-dimensional
k’-split k’-torus; put S = S(k’). Now

T'=¢pS)CTUTNTU =T

satisfies the claim in (2). O

3.2. Measures invariant under semisimple groups

We will state in this section the measure classification result by Golsefidy and the third
author in [28] for probability measures that are invariant under noncompact semisim-
ple groups in the positive-characteristic setting. For this we need some notation and
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definitions to help us generalize the notions defined in (2.1) to a general connected
group. Let k be a local field. Suppose that M is a connected k-algebraic group, and let
A : G, — M be a noncentral homomorphism defined over k. Define —A(-) = A(-)~!.

Recall that a morphism from G, to M is said to have a limit at O when it can be
extended to a morphism from A! to M. As in [35, Section 13.4] and [6, Chapter 2 and
Appendix C], we let Pyi(A) denote the smooth closed subgroup of M defined over k
so that

Py(A)(R) = {r € M(R) : A\rA~! from G,, to M has a limit at 0}

for any algebra R/ k.
Let Wy (1) be the closed normal subgroup of Py(1) so that

WHA)(R) = {r e M(R) : ArA~" from G,, to M has a limit at 0}

for any algebra R/ k. Similarly, define WR;(—/\), which we will denote by Wy;(A).
The centralizer of the image of A is denoted by Zy(A). The subgroups
WK;(/\), Zyi(A), and Wy (1) are smooth closed subgroups (see [6, Chapter 2 and
Appendix C]).

The multiplicative group G, acts on Lie(M) via A, and the weights are integers.
The Lie algebras of Zy(A) and Wl\i,l (1) may be identified with the weight subspaces
of this action corresponding to the zero, positive, and negative weights. It is shown in
[6, Chapter 2 and Appendix C] that Py(A), Znm(A), and Wlﬁ()k) are k-subgroups of
M. Moreover, W;r,[ (A) is a normal subgroup of Py;(A4) and the product map

Zni(A) x Wi (1) — Py(A) is a k-isomorphism of varieties.

A pseudoparabolic k-subgroup of M is a group of the form Py (A) Ry, x (M) for
some A as above, where R,, x (M) denotes the maximal connected normal unipotent k -
subgroup of M (see [6, Definition 2.2.1]). We also recall from [6, Proposition 2.1.8(3)]
that the product map

Wi (A) X Zp(A) x WKZ(/\) — M is an open immersion of k-schemes. (3.8)

It is worth mentioning that these results are generalizations to arbitrary groups of
analogous and well-known statements for reductive groups.
Let M = M(k), and put

Wig() =Wy(D(k)  and  Zy () = Zm(A) (k).

From (3.8) we conclude that Wy, (1) Z (1) WA}F (A) is a Zariski-open dense subset of
M , which contains a neighborhood of identity with respect to the Hausdorff topology.
For any A as above, define
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MY Q) =Wk (), Wy (V). (3.9)

LEMMA 3.2
(1)  Forany A as above, M+ (}) is a normal and unimodular subgroup of M.
2) There are only countably many subgroups of the form M (L) in M.

Combining results in [6, Appendix C] together with part (1) in the lemma, one
can actually conclude that there are only finitely many such subgroups. We will only
make use of the weaker statement above.

Proof

Part (1) is proved in [28, Lemma 2.1]. We now prove (2). First, note that if 11,1, :
G,, — M are two homomorphisms so that A; = gA,g~! for some g € M, then
M™T (1) = gM ™t (Ly)g™!. Therefore, by part (1) we have

M7T (A1) =M1(A,) whenever A; = gA,g ™! for some g € M. (3.10)

Now let S be a maximal, k-split, k-torus in M. By [6, Theorem C.2.3], there is some
g € M so that gAg~!:G,, — S. The claim now follows from this, (3.10), and the
fact that the finitely generated abelian group X.(S) = Hom(G,,, S) is countable. [

Given any subfield / C k so that k// is a finite extension, we let Ry ,; denote the
Weil’s restriction of scalars (see [6, Section A.5]).

In the following, let G be a connected k-group, and let ' C G be a discrete
subgroup in G = G(k). Furthermore, let k' C k be a closed subfield, and let H be
an absolutely almost simple k’-isotropic k’-group. Assume that ¢ : Hxzr k — G is a
nontrivial k-homomorphism, and put £ = ¢(H(k’)). We use in an essential way the
following measure classification result by Golsefidy and the third author.

THEOREM B ([28, Theorem 6.9, Corollary 6.10])

Let v be a probability measure on G/ T" which is E-invariant and ergodic. Then there

exist

(1)  some l = (k"Y1 C k, where ¢ = p", p = char(k), and n is a nonnegative
integer,

(2)  a connected l-subgroup M of Ry ;1(G) so that M(I) N T is Zariski-dense in
M,

3) an element gg € G

such that v is the goLgy Linvariant probability Haar measure on the closed orbit

goLT /T with

L=M+Q)(M(I)NT),
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where

. the closure is with respect to the Hausdorff topology, and

. A : G — M is a noncentral [-homomorphism, M ¥ (L) is defined in (3.9),
and E C goM*(X)gy".

3.3. A version of the Borel density theorem

Let k' C k be an infinite closed subfield. We recall from [34, Proposition 1.4] that the
discompact radical of a k’-group is the maximal k’-subgroup which does not have
any nontrivial compact k’-algebraic quotients. It is shown in [34, Proposition 1.4]
that this subgroup exists and the quotient of the k’-points of the original group by
the k’-points of the discompact radical is compact. Let A be a k-split torus. Let
A, C Ry (A) (k') = A denote the k’-points of the maximal, k’-split, subtorus of
Rk’ (A). Suppose that V is a variety defined over k', and assume that Ry i’ (A)
acts on V via k’-morphisms. In particular, A = Ry (A) (k') acts on V = V(k') via
k’-morphisms.

LEMMA 3.3 ([34, Theorem 1.1])
Let (X,n) be an A-invariant ergodic probability space. Let f : X — V be an A-
equivariant Borel map. Then there exists some vg € Fix A7, (V) so that fun is the A-

invariant measure on the compact orbit Avg. In particular, f(x) € Avg for n-a.e. x.

Proof
This follows from [34, Theorem 1.1] in view of the fact that A}, is the discompact
radical of R,/ (A) as defined in [34] (see also [34, Theorem 3.6]). O

3.4. Pinsker o-algebra and unstable leaves

Throughout this section we assume that G is a k-isotropic, semisimple k-group, and
we let A be a k-split k-torus in G. Put G = G(k) and A = A(k). Let T be a discrete
subgroup of G, and put X = G/ T'. Let a € A be a nontrivial element. Recall that, for
an a-invariant measure p, we define the Pinsker o-algebra as

Pa:={BeB:hy(a.{B.X\ B})=0}.

It is the largest o-algebra with respect to which w has zero entropy (see [37] for
further discussion). Let us recall the following important and well-known proposition;
we outline the proof for the sake of completeness.

PROPOSITION 3.4

The Pinsker o-algebra, $,, is equivalent to the o-algebra of Borel sets foliated by
WG+ (a) leaves.
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Note that the Pinsker o-algebra for a equals the Pinsker o-algebra for a !, which
shows that the proposition also applies similarly for W (a).

Proof

Suppose that € is any o-algebra whose elements are foliated by Wg (a) leaves. Let
p: (X, u) = (Y,p«p) be the corresponding factor map. Using the Abramov—Rokhlin
conditional entropy formula and the relationship between entropy and leafwise mea-
sures (see [14]), we get

h(a, (Y,psp)) = 0.

The definition of the Pinsker o -algebra then implies that € C £,.

For the converse, we recall from [27, Section 9] (see also [14]) that there is
a finite entropy generator (i.e., a countable partition £ of finite entropy) such that
Voo _oa & is equivalent to the full Borel o-algebra, and so that in addition the
past is subordinate with respect to Wg{ (a). That is to say, that on the complement of a
null set, every atom of \/22_oo a~"& is an open subset of a WGJr (a)-orbit. Hence, after
removing a null set, any set measurable with respect to the tail (), ¢ \/;i_oo a & s
a union of WGJr (a)-orbits. Since £, is equivalent to the tail of £ modulo pu, the claim

follows. (]
The following will be used in the course of the proof of Theorem 1.2.

LEMMA 3.5

Let X; = G/ T be as in Theorem 1.2. In particular, G; = G;(k), where G; is a con-
nected, simply connected, absolutely almost simple group defined over k fori = 1,2.
Let a = (ay,az) € A be such that a generates an unbounded group, and suppose
that w is an ergodic joining of the Aj-action on (Xi,m;), for i = 1,2. Let u =
/ Xi%xX> uf‘z du(x), where ufa denotes the conditional measure for [-a.e. x with
respect to the Pinsker o-algebra $,. Then there exists a subset X' C X1 x X, with
w(X") =1 so that

Tix(ury=m; forallx € X andi =1,2.

Proof
Let P denote the Pinsker factor of X, and let T : X — P be the corresponding factor
map. This is a zero entropy factor of X.

Put Z = X; x X, x P, and let

V= //,Lf“ X 8T(x) dYep(x).
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Let p; : Z — X; x P be the natural projection. Then p;«v is a measure on X; x P
which projects to m; and Y, u fori = 1,2. Now (X;,m;) is a system with completely
positive entropy. This follows, for example, from Proposition 3.4 and the ergodicity
of the action of W*(a;); note that the latter holds since G; is connected, simply
connected, and absolutely almost simple (see [26, Chapter 1, Theorem 2.3.1], [26,
Chapter 2, Theorem 2.7]). However, (P, T.u) is a zero entropy system; therefore,
by the disjointness theorem of Furstenberg [19] (see also [21, Theorem 18.16]), we
obtain

PixV =m; X Ty . (3.11)

Let us now decompose p;«V as
X; xB
PixV = /(pi*‘))(xlii(p)]) dpixv.

Then (3.11) implies that, for p;«v-a.e. (x;, p), we have

X, xB
(Pi*V)(x:p)P =m; X Sp‘

This in view of the definition of v implies the claim. O

3.5. Leafwise measures

Recall that G is a k-isotropic, semisimple k-group, and let A be a k-split k-torus
in G. Let S be a maximal, k-split, k-torus of G which contains A. Let ; (S, G) be
the relative root system of G, and let  ®(A, G) denote the set of roots of A as in
Section 2.

Definition
Let U be an A-normalized unipotent k-subgroup of G contained in some W (a).
The leafwise measure ,ug along U is defined for u-a.e. x € X. For all such x, we put

8)? = supp(u;]) and Jg ={vel: vuf{ = Mg}-

The leafwise measures are canonically defined up to proportionality, and we write
o to denote proportionality. The main case we are interested in is when Vy := Uy ()
is the associated unipotent subgroup of a positively closed set ¥ C z®(A, G), in
which case we will use ;L;I’, 8 ;CI’ , J;CI’ to denote ,u}c/‘l’, 8 ;/ vod ;/‘I’, respectively.
LEMMA 3.6
Under the above assumptions, almost surely chl ={velU: vp,g x ;Lfc] }
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Proof

This is true in general, but is particularly easy in the positive-characteristic case. Sup-
pose that u € U is such that uuf{ [ /L;J. Then uuf{ = K,LL;J for some « > 0. Since
U is unipotent, u is torsion of exponent p” for some n, and hence «?" =1, which
implies (since k > 0) that k = 1. O

We recall some properties of leafwise measures which will be used throughout
this article. Our formulation is taken from [13] (see [25]; see also [14] and the refer-
ences therein).

LEMMA 3.7

Let U be an A-normalized, unipotent, k-subgroup of G contained in some W (a).

Then there is a conull subset X' C X with the following properties.

(1) For all x € X', the map x — /Lg from X to the space of Radon measures on
U is normalized so that nY ([1]) = 1 is a measurable map. In particular, nY
is defined for all x € X'.

(2)  Forevery x € X' and every u € U so that ux € X', we have Mg e (/Lgx)u,
where (,ugx)u denotes the pushforward of ng under the map v — vu.

(3)  Forevery x € X', we have uY (U[1]) = 1 and nY (U[€]) > 0 for all € > 0.

4) Suppose that | is a-invariant under some a € A. Then for p-a-e. x € X, we
have nY. o (au¥a™").

LEMMA 3.8 ([13, Section 6])

Let a € A be so that the Zariski closure of {(a), A’ say, is k-isomorphic to G, and
so that A'(k)/{a) is compact. Suppose that | is a-invariant, and let U be an A-
normalized, unipotent, k-subgroup of G contained in W (a). Let Q be any compact
open subgroup of U. Then for j-a.e. x, the Zariski closure of 4 g N Q is normalized
by a and contains J;J.

Proof

Let & denote a countably generated o-algebra that is equivalent to the o-algebra
of a-invariant sets. Then (p,f);] = u;] for ,u,f-a.e. y and p-a.e. x (see, e.g., [14]).
Therefore, we may assume that u is a-ergodic. Let 4l denote a fixed compact open

subgroup of U . For any n € Z, define
il,, = a”iloa*”.

Then L, C Q for large enough n; hence, it suffices to prove the lemma for Q = 4l,.
Let X' C X be a conull set where Lemma 3.7 holds. For any x € X’ and any n € Z,
define
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. - U
F n, = the Zariski closure of [, N d .

Then Fy , is a k-group (see, e.g., [35, Lemma 11.2.4(ii)]).

Note also that Fy , C Fy ;, whenever n > m. Therefore, there exists some ng =
no(x) so that dimFy , = dimFy ,, for all n > ng, where dim is the dimension as a
k-group. Since the number of connected components of Fy ., is finite, there exists
ny=ny(x)sothat Fy , =Fy , foralln>n;. PutFy :=Fy,,.

The definition of Fy ,, in view of Lemma 3.7(4), implies that

—1
Fax,n+1 = an,na .

Therefore, we have
Fox =aFa™'. (3.12)

Let k[G] denote the ring of regular functions of G. For every x € X', let J, C
k[G] be the ideal of regular functions vanishing on Fy. Let m(x) be the minimum
integer so that J is generated by polynomials of degree at most m(x). In view of
(3.12), we have m(x) = m(ax). Since p is a-ergodic, we have that x — m(x) is
essentially constant. Replacing X’ by a conull subset if necessary, we assume that
m(x) =mforall x € X'.

Let T = {h € k[G] : deg(h) < m}. Using a similar argument as above, we may
assume that dim(J, N Y) = £ forall x € X’.

Let f : X — Grass({), the Grassmannian of £-dimensional subspaces of Y, be
the map defined by f(x) = Jx NY forall x € X’. Then f is an A-equivariant Borel
map. Therefore, v = £ is a probability measure on Grass(£) which is invariant and
ergodic for a k-algebraic action of a on Grass({). Hence,

V= [ byvdb
A/ (k)/{a)

is an A’(k)-invariant, ergodic probability measure on Grass(£) equipped with an alge-
braic action of A’(k). By [34, Theorem 3.6], ¥ is the delta mass at an A’(k)-fixed
point, which implies that v = ¥ is the delta mass at an A’(k)-fixed point. Therefore,
f is essentially constant. Using the definition of f, we get that aFya~! = F, for
p-a.e. x. This, (3.12), and the ergodicity of u imply that F,, =F for u-a.e. x.

Now let C C X’ be a compact subset with ;£(C) > 1 — € so that
. ni(x) < Ny forall x € C,
. F,=Fforall x e C.
By the pointwise ergodic theorem, for almost every x € X, there is a sequence m; —
oo so that ™ x € C for all i. Now let x be such a point, and let u € 4V. By
Lemma 3.7(4), we have
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a™ua™" ey, N Jg CF(k)

m,—x

for all large enough i. Since F(k) is normalized by a, we get u € F(k). O

From this point on, we will assume that p is A-invariant. We recall the product
structure for leafwise measures (see [10]). Our formulation is taken from [14, Propo-
sition 8.5 and Corollary 8.8].

LEMMA 3.9

Fix some a € A. Let H =T x U, where U < W (a) and T < Zg(a). Then there

exists a conull subset X' C X with the following properties.

(1)  Foreveryx € X" and h € H such that hx € X', we have uT (u;x)t, where
h=ut=tu' fort €T andu,u’ € U.

(2)  For every x € X', we have uf oc 1, (ul x uY), where 1(t,u) = tu is the
product map.

3) Assume further that T centralizes U. Then for all x € X' and t € T so that
tx € X', we have Y oc uU..

By induction, as in [14, Section 8], this lemma implies a product structure for the
conditional measures .

PROPOSITION 3.10 ([10, Theorem 8.4])

Let W C  ®(A, G) be a positively closed subset of Lyapunov exponents. Let [a1], [a2],
..., |ag] be any ordering of the course Lyapunov weights contained in V. Then for
n-a.e. x € X,

oL (i o ),
(For the proof, see, e.g., [10] or [14, Section 8].)

LEMMA 3.11

Suppose that w is an A-invariant, ergodic probability measure. Let ¥ C  O(A, G) be
a positively closed subset, and assume that o, B € V are linearly independent roots.
Let W' C W be those elements of WV that can be expressed as a linear combination of
a and B with strictly positive coefficients. Then V' is also closed, and for p-a.e. x we
have

(82, 8B cay  and  [81, 8Py

Proof
By [2, Section 2.5], for example, both ¥’ and ¥’ U {«, 8} are positively closed subsets
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of ®(A,G). Let [y1],...,[ye] be an enumeration of all course Lyapunovs in ¥ \
(¥’ U {a, B}). Then by Proposition 3.10,

Y oc (e s BB s s T s plredy
o Ly (Pl s ¥ s ] s plvedy, (3.13)

where ¢ is the product map. Now let f € C.(V'¥). Then (3.13) and Fubini’s theorem
imply that

[ r@aut
Vit 1 Vi ;oW v
= K/ S (avgvervy, -+ vy,) dp ™ dpey”! d//«;cp dl/vx[yl] e dlix[y[]
Vi Vi 4 1% \4
= K’/ f(vﬁvav\lﬂvyl "'vye)dﬂx[ ]d,ux[B] du? de[Vl] d'ux[ye]

Vi Vi ’ Vi 14
= K// f(votvﬂ [vg, va]vwrvy, - Uyg) dpx™ dpey” d/L;cI’ d,uvx[yl] e dﬂx[y[]
for k, k' independent of f. From this we get for ,ugca]—a.e. Vg € Vo) and ME{’ Lae.
v € Vigl,
ny o [vg. valuy ;

hence, applying Lemma 3.6, we deduce that [vﬂ,va]u;l’/ = ;,L;II/. Applying Proposi-
tion 3.10 again, we conclude that also [vlg,va]ui’ = [,L;II. Since J)‘CI’ is a (Hausdorff)
closed subgroup of V¥, it follows that, almost surely,

(sl slBl g ¥. (3.14)
O

LEMMA 3.12 ([10, Section 8])

Let u be an A-invariant probability measure on X . There is a conull subset X' C X
with the following property. Let ¥ C  ®(A, G) be a positively closed subset such that
Ve C Wg (a) for some a. Then for all x € X', if v =[] vy € dy, with vy € Viy for
all @] C Y, then vy € J)[Ca] for all [a].

Proof

We say that a root @ € W is exposed (see [14]) if there exists an element b € A so that
a(b) =1and |B(b)| <1 forall B € W\ [«]. If W is as above, then clearly it has at
least one exposed Lyapunov weight o, and that ¥ = W \ [«] is also positively closed.
Moreover, for any vy € Vjg) and v’ € Vi, it holds that [ve, v'] € Vigr. Suppose that
vV € 4Y with vy € Vjyy and v’ € V. Then
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Via /
f F(g)dn¥ =« / F(8ag’) dul® du?
- / Foav'g) du?
’ / Va1 o/
ZK/f(UaU gag)dﬂx d:ux

Via ’
ZK/f(Uagav’[v’,ga]g’) dpex ™ dpy

for some k independent of f.
It follows by uniqueness of decomposition that for ,u:[‘)‘] -a.e. gq,

o', galpy oy
hence, by Lemma 3.6 we have that v'[v’, g4] € J;I’/. It follows that v, ;LL/[“] = ML/[Q]
and vy € J)[Ca]. Moreover, as for x a.e., the identity is in support of /LL/["‘] by
Lemma 3.7(3), we have that v’ € J;CI’,. The lemma now easily follows by induc-
tion on the cardinality of W. O

For any WGjE (a), we fix some increasing sequence of compact open subgroups
K, with WGjE (a) =, K» and some decreasing sequence of compact open subgroups
O, C K; with {e} =), O,. Then any closed subgroup 4 < WGjE (a) is determined by
the finite subgroups d N K,/ O,, < K,/ Oy, which allows us to speak of measurability
of a subgroup depending on x € X.

LEMMA 3.13

W@ . o
Letac A. Then d,, is P,-measurable.
Proof

We prove this for W (a); the proof in the other case is similar. There is a full measure
set X’ C X so that, whenever x, wx € X’, for some w € Weq (a), then we have

Wz (a) Wz (a)
Mx G o Mw;?

Wg (a) Wg (a)
x

This implies that =dy . The lemma now follows from Proposition 3.4.

O

LEMMA 3.14
Let a €  ®(A,G) be such that Viq) < W (a). Then the subgroup J,[Ca] is Pg-
measurable.
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Proof
In view of Proposition 3.4, it suffices to show that x + J )[Ca] is constant along W (a)-
leaves almost surely, which is an immediate corollary of Lemmas 3.13 and 3.12. [

4. High entropy part of Theorem 1.1

We now start the proof of Theorem 1.1. Recall that A is the full diagonal subgroup of
G = SL(d, k). Throughout Sections 4-6, u denotes an ergodic A-invariant measure
on G/T.

For any o € &, there exists a k-embedding ¢, : SL, — SL,; so that U, =
¢ (UY) and U_y = ¢u(U7), where U* denote the upper and lower triangular
unipotent subgroups of SL,. We let Hy: = Im(gy). Let T denote the diagonal sub-
group of SLy. Let t, = (g ,21) € T be an element so that a(ge(ty)) = 6% and
B(pq(ty)) = 0% withe € {—1,0,1} for all B € ®\ {+a}, where 0 is as in Section 2.1.
Put

g := Po(la).

Then Uy C W (dq).
Given a root o € ¢, we define

O :={Bed:Us CWT(aa)}

and put @, = —d7.
LEMMA 4.1

Let o € ®, and let B € O, \ {—a}. The following hold:
() Bracdl

2) if B+ na € © for some integer n > 1, thenn = 1,
(B) aed,

Proof

Assertions (1) and (3) are general facts, which follow from the definitions and hold
for any root system. Part (2) is a special feature of root systems of type A, which is
the case we are concerned with here. O

A well-known theorem by Ledrappier and Young [24] relates the entropy, the
dimension of conditional measures along invariant foliations, and Lyapunov expo-
nents, for a general C? map on a compact manifold, and [27, Section 9] provides an
adaptation of the general results to flows on locally homogeneous spaces.

The following is taken from [9, Lemma 6.2] (see also [11, Proposition 3.1] and
[14]). For any root « € ®, there exists sq () € [0, 1] so that, for any a € A with
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|e(a)| > 1, we have
hy(a,Uy) = sq () 10g|a(a)},

where h, (a, Uy) denotes the entropy contribution of U, . Indeed, s (1) is defined as
the local dimension of the leafwise measure along o as we now recall. Define

Ug( n n
D (o U () = lim log(px" (a Ualllag")

—00 n

where the limit exists by [10, Lemma 9.1], and define h,(aq,Us) = fD,L(aa,
U,) dpu, the entropy contribution of Uy. Since D, (aq, Uy)(x) is A-invariant and p
is A-ergodic, we have

hu(ae.Uy) = Dy(a,U)(x) for p-ae. x.

Therefore, s, () = %D w(a,U)(x) for pu-a.e. x. Moreover, the following properties
hold:

(Sq-1) sq() = 0if and only if ©$ is the delta mass at the identity,

(Sq-2) Sq(n) =1if and only u% is the Haar measure on U,,

(sq-3) for any a € A we have

hu(@) =) sa(p)logt |a(a)],

where log™ (£) = max{0, log £}.
The following is the main result of this section.

PROPOSITION 4.2 ([15, Theorem 5.1])

Let a € ® be so that 1S is nontrivial for p-a.e. x. Then at least one of the following
holds.

(1)  We have /Lf = §iaforall B € @, \ {—a} and p-a.e. x.

2) Jf"‘ are nondiscrete subgroups of Uy, for i-a.e. x.

Proof
Recall that, for SL(d), the roots o can be identified with ordered tuples of indices
(i,j) e{l,...,d} satisfying i # j. We use the local dimensions sq = 5(;, j) to define
a relation on {1,...,d}. In fact, we write i X j if i = j or s, j) > 0, and we write
i~ jifi 3 j Zi.Lemma 3.11 implies that 3 is transitive; that is, if i 3 j = k, then
alsoi Sk fori,j ke{l,...,d}.

It follows that ~ is an equivalence relation on {1, ...,d} and that 3 descends to
a partial order on the quotient by ~. Let us write [{] for the equivalence classes with
respect to ~. To simplify matters, we may assume (by applying a suitable element of
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the Weyl group) that, for every i, the equivalence class [i] = {m,m+1,m+2,...,n}
consists of consecutive indices for some m <i and n > i. Moreover, we may assume
that i X j for two indices implies that either i ~ j ori < j.

We now prove that i 3 j implies that i ~ j. Otherwise, we claim that we can
choose a diagonal matrix a with two different eigenvalues (equal to powers of 6;
see Section 2.1) such that the leafwise measures of the stable horospherical sub-
group W (a) are nontrivial and such that the leafwise measures of the unstable
horospherical subgroup WG+ (a) are trivial almost surely. More precisely, assuming
[[]={m,m+1,m+2,...,n} (so that by the indirect assumption, j > n), we define
a to be the diagonal matrix with the first m eigenvalues equal to 8¢~ and the
last d — m eigenvalues equal to 6~". By assumption, s; ;) > 0, which implies that
h,,(a) > 0 by (s¢-3), the choice of a, and since i <n < j. However, forallk <n </
we have s; x = 0 (by our ordering of the indices) and hence %, (a~!) = 0 also by
(8¢-3). This contradiction proves the claim that i 3 j implies that i ~ j.

Given aroot « = (i, j) with sy > 0, there are now two options: either [i] = {7, j }
or the cardinality of [i] is at least 3. In the first case, we have s(; ¢) = S¢j,¢) = S,i) =
Sw,j) =0forall £ ¢ {i, j}, and translating this to the language of roots, we obtain (1).
In the second case, let £ € [i] \ {i, j } and apply Lemma 3.11 for the roots (i, £), (£, j)
to see that J @.7) (and similarly also J(j ’ )) is a nondiscrete group almost surely. [

5. Low entropy part of Theorem 1.1
We use the notation introduced in Section 4. In view of Proposition 4.2, the following
is the standing assumption for the rest of this section. There is a root « € ® so that

Sqg =5_q >0 and sg=0 .1
for any B € d>fxt \ {o, —a}. Let us put
Zy:=2ZcUx) N ZG(U—y) = ZG(Hy).

We have the following.

LEMMA 5.1 ([11, Lemma 4.4(1)])
There is a null set N so that, for all x € X \ N, we have

WGJr(aa)x N(X\N)CUgx.

In particular, forall x € X \ N ifu € Wg(aa) is so that ux € WGJr(a(,)x N(X\N)
and pS = pl.., then u € 4%.

Proof
In view of Lemma 3.9, there is a null set N; so that, for all x € X \ N, we have that
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W (aa) . . B n .
Ux is a product of the leafwise measures ux for all Ug C W (aq). By (5.1), it

follows that
W (aa) a
supp (i ) =supp(uy) forallx € X \ Nj. (5.2)
Recall also that there is a null set N, so that if x,ux € X \ N, for some u € WGJr (aqy),
then

Wg (aa) Wg (aa)
G \"« G\«
X X Uyx u.

(5.3)

Let x € X \ (N1 U N3). Then, by (5.2), we have supp(/Lng(aa)) C Uy. Therefore,
by (5.3), we get u € U,. This finishes the proof of the first claim if we require that
N D NLUN,.

To see the last assertion, let N3 C X be a null subset so that p u oc u§ for all
x ¢ N3.Set N =Ny UN, UN3. Let x € X \ NV, and let u be as in the statement. In
view of the first part in the lemma, we have u € U, . Our assumption and the fact that
U, is a commutative group give

o __ 0 o
Uy = My xU X [y

Now one argues as in the proof Lemma 3.11 and gets u € 4. O
We also recall the following definition from [13].

Definition 5.2

Let H,Z C G be closed subgroups of G. We say that the leafwise measures uf are
locally Z-aligned modulo p if, for every ¢ > 0 and neighborhood B% C Z of the
identity, there exists a compact set Q with «(Q) > 1 — ¢ and some § > 0 so that for
every x € Q we have

{yeQ:,uf =uf}ﬁBx(8)CBﬁx.
The following is a direct corollary of the main result of [13], proved there explic-
itly also for the positive-characteristic case.

THEOREM 5.3 ([13, Theorem 1.4])

Under the assumption (5.1), one of the following holds.

(LE-1) We have that u$ is locally Z-aligned modulo 1.

(LE-2) There exists an ay-invariant subset Xin, () C X with (X (a)) > 0 so that
for all x € Xy () there is an unbounded sequence {Ux m} C Wg (ay) such

that 5 = Wy . x-
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6. Proof of Theorem 1.1
Recall the notation in Section 2.1 and in particular, kK = K, where K is a global func-
tion field and v is a place of K and we work with the maximal torus A. Throughout
our discussion, I' C SL(d, k) is a lattice of inner type (see Section 2.4).

Put GL(n, 0),,, = ker(GL(n, 0) = GL(n,0/0™0)).

LEMMA 6.1 ([11, Lemma 5.3])
For any positive integer n there exists some m = m(n) > 1 with the following prop-
erty. Let a = diag(ay, ..., a,) with

|v(a,~)—v(aj)| >m foralli # j.

Then ga is diagonalizable over k, for all g € GL(n,0),,. Moreover, if ay, ..., a,, are
the eigenvalues of ga, then it is possible to order them so that v(a;) = v(a;) for all i.

Proof
Let lgn be the composite of all field extensions of k of degree at most n!. Then the
characteristic polynomial of any element in GL(n, k) splits over kn. Moreover, ky is
a local field; that is, lgn /k is a finite extension. We let v denote the unique extension
of v to lgn

We begin with the following observation. There is some m, > 1 so that every
g € GL(n,0), can be decomposed as g = g~ g%+ with g* € W* N GL(n,0),
and g° € AN GL(n,0);, where W (resp., W) is the group of upper (resp., lower)
triangular unipotent matrices. Indeed, in view of (3.8), the product map is a diffeo-
morphism from

(W~ NGL(n,0);) x (ANGL(n,0)1) x (W NGL(n,0))

onto its image. Therefore the claim follows from the inverse function theorem.

We show that the lemma holds with m = m,,. First, note that after conjugating by
a permutation matrix, we can assume that v(a;) > --- > v(a,). Let g € GL(n,0)s,,
andlet by, ..., b, be the eigenvalues of ga listed with multiplicity and ordered so that
v(by) > --- > v(by). Note that b; € lgn for all 1 <i <n. Let || || be the max norm
on the ith exterior power A'k” with respect to the standard basis {e WA Aeg )
Denote by || || the operator norm of the action of GL(n, k,) on Ailgﬁ for1 <i <n.
Choosing a basis of IEZ,’ consisting of the generalized eigenvectors for ga, we get

lim|[ ' (ga) """ = b1 ---i| forall . ©.1)

We now claim that

[Af(ga) | = | AT a*|| = |as -+-a;|*  forall L. (6.2)
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The second equality in the claim is immediate. To see the first equality, note that if
81,82 € GL(n, 0),, then

g1ag;> gag-a=gilagya a*gsya g a).

Moreover, since g¥ € GL(n,0); and v(a;) — v(a;11) > m for all i, we have that

agya"! and gda—'g; a belong to GL(n, 0),,. Using this, we get

(ga)' = geata)g),

where g¢, g, € GL(n,0), and a, € GL(n,0); for all £. This implies (6.2).

Now (6.1) and (6.2) imply that v(a;) = v(b;) for all 1 <i < n, in particular,
v(b;) # v(b;) whenever i # j. This implies that the b;’s are distinct and hence ga
is a semisimple element. We now show that b; € k for all i. Recall that by, ..., b, are
roots of the characteristic polynomial of ga which is a polynomial with coefficients
in k. For every 1 <i <n, let Gal(b;) = {b; : b; is a Galois conjugate of b;}. Then
{b1,...,by} is a disjoint union of |_|;‘=1 Gal(b;, ) for some {iy,...,i;} C{1,...,n}.
Since v(b;) # v(b;) whenever i # j and Galois automorphisms preserve the val-
uation, we get that Gal(b;) = {b;} for all i. This establishes the final claim in the
lemma. U

PROPOSITION 6.2
Recall that T is an inner type lattice. Then u$ is not locally Z-aligned modulo .
In particular, under the assumption (5.1), we have that (LE-2) in Theorem 5.3 holds.

Proof

We recall the argument from the proof of Theorem 5.1 in [11]. Let m be large enough
so that the conclusion of Lemma 6.1 holds with n = d — 2. Without loss of generality,
we may assume that o(diag(as, ...,a,)) = aja, . Define

r 0 0
B=3[0 r 0]:rel+620,CeGL(d—-2,0),y CGL(d,0).
0 0 C

Put 8 := B N Z,; we note that B is a compact open subgroup of Z,. Let a =
diag(az,az,as,...,ag) € AN Zy with v(az) # 0, and |v(a;) — v(a;)| > m for all
i > j > 2.In particular, we have a(a) = 1.

Suppose that (LE-1) holds. Then, by Poincaré recurrence for p-a.e. gI' € G/ T,
there exists a sequence £; — oo so that

ae"gF eBgl' foralli.



144 EINSIEDLER, LINDENSTRAUSS, and MOHAMMADI

Hence, for all i there exist some y; € I' and some /; € B so that h;ati = gy;g7".

Now Lemma 6.1 implies the following. If ¢; is large enough and we write

ri 0 0
gvig t=hiati =0 r o], (6.3)
0 0 D

then D; is diagonalizable whose eigenvalues have the same valuation as af.’ for all
3 < j <d. Dropping the few first terms if necessary, we assume that (6.3) holds for
all i.

Since I' is an inner-type lattice, there exists a central simple algebra B over K so
that I" is commensurable with A g (see Section 2.4). There exists some i (which we
fix) and infinitely many j’s so that y; :=y; yi_l € Ap. We have

gpig "t =hja b nt
hence if £; — ¢; is large enough, we get from /2, h;! € B C GL(n,0); that
0
A —1 _
8Yi8§ =

’

0
’
0

S O

0
D
where D is diagonalizable and whose eigenvalues have the same valuation as af-j ~t
for all 3 < j < d. Indeed, after conjugation by hi_l, we may apply Lemma 6.1. Alto-
gether, (LE-1) in Theorem 5.3 implies that there exists an element y € A g with the
following properties:

. y is a semisimple element,
. no eigenvalue of y is a root of unity,
. all of the eigenvalues of y are simple except exactly one eigenvalue which has

multiplicity 2.

We now claim that none of the eigenvalues of y lies in K. To see this, assume
that y has an eigenvalue o € K. Recall from the definition of A p in Section 2.4 that
A p is bounded in SL; g (Ky,) for all w # v. In particular, w(o) = 0; otherwise, the
group generated by y in SL, g (K4, ) would be unbounded. This in view of the product
formula implies that v(0) = 0. Hence, o is a root of unity, which is a contradiction.

Since y € Ap, by (2.3) we have that the coefficients of the characteristic poly-
nomial of y are in K. This and the fact that y is semisimple imply that there exists a
finite separable extension K of K which contains the eigenvalues of y (see [1, Section
4.1(c)]). Thus, using the above claim, we get that the eigenvalue with multiplicity 2
is not in K and is separable over K. Since any Galois conjugate of this eigenvalue
is also an eigenvalue of y with the same multiplicity, we get a contradiction with the
fact that y has only one nonsimple eigenvalue. ([
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6.1. Pinsker components have nontrivial invariance
We begin with the following corollary of the results in Sections 4 and 5.

COROLLARY 6.3
Under the assumptions of Theorem 1.1, we have the following: there exists some o €
® and a p-conull subset Xy, () C X so that Jf"‘ are nondiscrete for all x € Xi, (20).

Proof
Since h,(a) > 0, for some a € A there exists some o € ® with 5, > 0. In view of
Proposition 4.2, the claim in the corollary holds true almost surely unless « satisfies
(5.1).

However, in this case Theorem 5.3 and Proposition 6.2 imply that (LE-2) must
hold true. Put X’ = {x € X : 4% is nontrivial}. By (LE-2) and Lemma 5.1, we get
that X’ has positive measure. Moreover, X’ is A-invariant in view of Lemma 3.7(4).
Since p is A-ergodic, we get that (X’) = 1. Now choose £ € Z such that X; =
{x € X" : 4% N Uxy[{] is nontrivial} satisfies u(X;) > 0. Applying ergodicity and
the pointwise ergodic theorem, we see that x € X a.e. satisfies that there exist some
a € A and infinitely many n > 0 and infinitely many n < 0 such that ajax € X.
Using Lemma 3.7(4), this implies the corollary. O

Throughout the rest of this section, we fix some root « so that the conclusion of
Corollary 6.3 holds true, and we put X,y := Xiny (). For any root §, let Ag denote the
1-parameter diagonal subgroup which is the group of k-points of the Zariski closure
of the group generated by ag. For the sake of notational convenience, we will denote
Ag = {,é(t) it € k™), where ag = ,5(9). Recall that Vg is contained in Wg(aa).
For the rest of this section, we denote the Pinsker o-algebra $,, for a, simply by .
We further take a decomposition

w= / u? dp(x), (6.4)
X

where Mf denotes the & conditional measure for pu-a.e. x € X.
Since p is A-invariant and A commutes with a4, the o-algebra P is A-invariant.
Hence, we get

auf = /,La‘{l)x for n-a.e. x € X. (6.5)

Recall the definition of Hy = ¢, (SL(2,k)) from the beginning of Section 4. For
every x € X, we put

JHe={geHy:gun? =p}. (6.6)
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It follows from (6.5) that
Hax =aHca" (6.7)

foralla € A and p-a.e. x.

COROLLARY 6.4
We have that (4%,d;%) is Zariski-dense in Hy as a k-group for p-a.e. x € Xiny.

X7 X

Moreover, (4%,d;%) C Hx.

Proof

The first claim follows from Corollary 6.3. To see the second claim, note that by
Lemma 3.14, we know that Jf“ is measurable with respect to . Equivalently, the
groups Jf“ are (almost surely) constant on the atoms of a countably generated o-
algebra &’ that is equivalent to . We now decompose p as in (6.4) into conditional
measures for the o-algebra $’, and we take the leafwise measures of /Lf " for the
subgroup U,.

However, Proposition 3.4 implies that we may assume that the atoms with respect
to P’ are unions of Ug-orbits. This implies in turn for the leafwise measure that
(,uf,)g“ = uf for ,uf,-a.e. y and p-a.e. x (see [18, Proposition 5.20] and [14,
Proposition 7.22] for a similar argument). Fixing one such x, we obtain that (/L;Z) ' g‘)‘
is almost surely invariant under J§ = J%. However, this implies by the relationship
between the measure and its leafwise measures that 1" is invariant under 42. Since
uf = ,uf almost surely, we may apply the same argument for 4_*. Therefore,
JE C J, for p-ae. x. O

6.2. Algebraic structure of Hy

Recall from the beginning of Section 4 that Hy = ¢ (SLa(k)). Put Uiy (0y) =
¢ (U%(0,)), where U™ (resp., U™) denotes the group of upper (resp., lower) trian-
gular unipotent matrices in SL,. Note that Hy = (U, U_,). By Corollary 6.4, for
p-a.e. x we have (4%, J%) C Hy. Define

@y = (Hx N Uy (00), Hx N U_g(0y)). (6.8)
Put
Xp :={x € X : @, is Zariski-dense in Hy and @, N U4, are infinite}. (6.9)

Corollary 6.4 and the above definitions imply that X N Xj,y is conull in Xj,,. In
particular, Corollary 6.3 implies that u(Xp) = 1.

Note that for all x € X, the group @, satisfies the conditions of Theorem A.1
in Section 3.1. For any x € X p, define
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k. := the field generated by {tr(p(g)) : g € Qx},

and put

ky =

{kx if char(k) # 2, 6.10)

{c:c?€kl} if char(k)=2.

Theorem A.1 then implies that there exist

(C-1) a unique (up to a unique isomorphism) k-isogeny ¢y : SLp X, k — SL,
whose derivative vanishes nowhere, and

(C-2) some nonnegative integer my

so that

@x (SL(2,0x)m, ) C @x C ¢x(SL(2.kx)), (6.11)
where oy is the ring of integers in k, and
SL(2.0x)m :=ker(SL(2,0x) — SL(2, 0/ @} 0x)),
with @, a uniformizer in o,. Let us put
Ex = ¢x(SL(2,ky)). (6.12)

We will use without further remark the following lemma, which is a consequence
of the implicit function theorem. The group generated by U¥ (wl'oy) is an open
subgroup of SL(2,0x),,; for example, a direct computation yields that this group
contains SL(2, 0x)2m-

LEMMA 6.5

Consider the Borel o-algebra arising from the Chabauty topology on closed sub-
groups of (k,+) and SL(d, k).

(1) The map x + ky is a Borel map on X p.

2) The equation (6.12) defines a Borel map, x > E, on X p.

Proof
The map x — @, is a Borel map from a conull subset of X into the set of closed
subgroups of Hy(0y). This and (6.10) imply that x + k, is a Borel map on the conull
set Xp, as we claimed in (1).

By part (1), the map x — ky is a Borel map. Also recall from Lemma 3.1(1)
that Ex = (Ex N Uy, Ex N U_y). Therefore, part (2) follows if we show that the map
x = Ex N Uy is a Borel map. Note, however, that if we realize ULy = {u, : r € k}
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as a ky-vectors space, then Ex N ULy = {u, : r € ky} is a 1-dimensional k,-subspace
of U4, respectively. Hence,

ExNUyq={ur:r€ky,uy € @y NUiy},

which implies the claim. U

LEMMA 6.6

We have the following.

(D) The map x + ky, is essentially constant.

(2) The map x +— E is an A-equivariant Borel map on a conull subset of X .

Proof
We claim that k, C kg for all a € A. First, let us note that, by symmetry, this also
implies that k,x C k. Therefore, it implies that the map x — k, is A-invariant; since
U is A-ergodic, we get part (1).

We now show the claim. Let m, be as in (C-2). Recall from (6.7) that there is
a full measure set X’ C X so that, for all x € X’ and all a € A, we have #H,, =
ada~'. Now, for any a there exists some My q > My so that if m > my 4, then

agx(SL(2,0x)m)a"" C Qax. (6.13)
Define [ (m) to be the field generated by {tr(o(g)) : g € ¢x(SL(2,0x)m)}. Then
Ix(m) =k, forallm>my. (6.14)

Indeed, this is true for the field generated by {tr(p(g)) : g € SL(2, 0x)m}. Since ¢x
has nowhere vanishing derivative and there are no nonstandard isogenies for type A4,
(see [29, Proposition 1.6]), we get p; = p» o ¢, where p; and p, are the adjoint
representation on the source and the target of ¢,. This implies (6.14). It follows from
(6.13) and (6.14) that k, C k4, as we claimed.

Let us now prove part (2). By part (1), there is an A-invariant conull set X’ and
a subfield k’ so that kx, = k’ for all x € X’. Let o’ denote the ring of integers in k’.
We note that the same proof as in the proof of Lemma 6.5(2) implies that E, N U4,
is the Zariski closure of C N U in Ry /¢ (SLy) for any nontrivial open subgroup C
of Q.

Now let a € A and x € X'. Then by (6.13), we have

agx(SL(2,0")m)a™" C Qax

for all m > my 4. Since adya™! = H,x and @5 (SL(2, 0'),) is open in @y by (6.11),
we thus get that agy (SL(2, 0"),,)a! is open in @,y for all m > my 4. Since Uiy are
normalized by A, for all a € A and all m > my , we have
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agx(SL(2,0)m)a' NUsq = a(px(SL(2,0")m) N Usa)a™".
Taking the Zariski closure in R,/ (SLyg), we get that
a(Ex NUsq)a ! = Egy N Udq.

This and Lemma 3.1(1) imply the claim. O

PROPOSITION 6.7
For pi-a.e. x € Xp, we have E, C Hx.

Proof
Let x € Xp, and put A’, := Ex N A. In view of Lemma 6.6(2), we have

A, =ExNA=aExa ' NA=a(ExNA)a' =4, (6.15)

for p-a.e. x and all @ € A. Since p is A-ergodic, we get that x > A’ is essentially
constant. Let us denote by A’ this essential value.

Then by Lemma 3.1(2), we have that A’ is an unbounded subgroup of A, =
H, N A. The group A is a 1-dimensional, k-split, k-torus; therefore, A, /A’ is com-
pact. For any s € k, we let & (s) € A, be the cocharacter associated to « and evaluated
at s—that is, @(s) is the diagonal matrix with eigenvalues s, s~ 1 and 1 with multi-
plicity d — 2 so that a(d(s)) = s2. This implies that there exist some £ > 0 and some
r € 0%, so that if we put s := 0%r, then &(s) € Ey. In particular, d&(s) normalizes both
E,NUyand E, NU_,.

For every ¢ > 0, there is subset Xp(¢) C Xp with u(Xp(g)) > 1 — € so that the
map

P
X

is continuous on X (¢). Now by Poincaré recurrence, for p-a.e. x € X »(¢) there is
a sequence ny ; — 00 so that @(s"*) € X p(¢) for all i and a(s"~-i)x — x. Then
11m %&(s"xi)x C fo.
1—>00
Recall from (6.11) that @, N U, contains an open compact subgroup of Ey N Uy.
Therefore, using (6.7) we get that

Ex NUy C lim a(s"%)(@Qx N Ugy)a(s ") C lim Hggnx.iyy C H
1—>00 1

for p-a.e. x € Xp(e). Choosing a sequence &, — 0, we get that £, N Uy C J; for
u-a.e. x € Xp. Similarly, we get Ex N U_, C H; for p-ae. x € Xp. Recall from
Lemma 3.1(1) that E is generated by E, N Uyy. Therefore, E, C H# for u-a.e.
XEXp. O
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6.3. Applying the measure classification for semisimple groups
We now apply the measure classification theorem due to Golsefidy and the third
author (Theorem B from Section 3.2).

LEMMA 6.8

Let p be as in Theorem 1.1. Then there exist a closed infinite subfield | < k and a
smooth algebraic l-subgroup M < Ry ;1 (SLy) such that M(l) N " is Zariski-dense
in M over I, and a noncentral cocharacter A : G, — M over [ so that the topological

group

L=M*Q)(M(@)NT)

satisfies that L /(L N T') has finite volume. Moreover, for u-a.e. x, the Ey-ergodic
component of ,uf equals hvy for some h € SL(d, k) so that x = hT', and vy, is the
homogeneous measure on L /(L N T).

Proof
Let k" denote the essential value of the map x > k (see Lemma 6.6(1)). In view of
Proposition 6.7, for p-a.e. x the measure uf is invariant under E.

Since the o-algebra & is A-invariant, we have a ,uf = /,LZ)X foralla € A and p-
a.e. x. Moreover, by Lemma 6.6(2), we have E,, = aEya! for p-a.e. x. Therefore,
if we let

uy = f vz du? (2) (6.16)

be the ergodic decomposition of p,f with respect to Ex (where for ,uf -a.e. z we let
v, denote the E-ergodic components of uf ), then

= / asv, du? (2) (6.17)

is the ergodic decomposition of ,ufx with respect to E,x.
Applying Theorem B in Section 3.2, we conclude that for 7 -a.e. z the measure
v, is described as follows. There exist
(B-1) I, = (k") C k, where g, = p"?, p =char(k) and n, > 1,
(B-2) a connected [;-subgroup M; of Ry,;.(SLg) so that M (/;) N T is Zariski-
dense in M,
(B-3) anelement g, € G,
such that v, is the g, L, g;l—invariant probability Haar measure on the closed orbit
g:L.T'/T with

L;= Mz—i_()‘z)(Mz(lz) N F),
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where
. the closure is with respect to the Hausdorff topology, and
. Az : Gy — M is a noncentral /,-homomorphism, MF (1) is defined in (3.9),

and Ex C MF(1;).
Note that M, in (B-2) is /;-smooth—indeed, M, (/) is Zariski-dense in M, (see [35,
Lemma 11.2.4(ii)]).
For any z where v; is described as above, let (I, [M], [M; (1,)]) be the corre-
sponding triple where [e] denotes the I" conjugacy class. This is well defined and we
will refer to it as the triple associated to z. Given a triple (I, [M], [M T (1)]), put

S(I, M. [M*TW)])={zeX:(I.M],[M™T(2)]) is associated to z}.

Note that there are only countably many such triples. Indeed, there are only countably
many closed subfields / C k’ as in Theorem B(1); also, there are only countably many
M’s as in Theorem B(2). For any such / and M, there are only countably many choices
of M T (L) by Lemma 3.2(2). Therefore, there exists a triple (/, [M], [M *(1)]) such
that

w(S(1. M],[MT(1)])) > 0.

Note, however, that in view of (6.17), &(I,[M],[M T (1)]) is A-invariant. This,
together with the fact that p is A-ergodic, implies that

u(S(, ML [M*)]) = 1.

This finishes the proof of the lemma. O

Weletl,M, and L := M+(A)(M(l) N T) be as in Lemma 6.8. Define
N := the Zariski closure of Ng/(M(/)) N T in G’, (6.18)

where G’ := Ry/1(SLy) and G’ := G'(I) = SL(d, k). Therefore, N is a smooth
group defined over [ (see, e.g., [35, Lemma 11.2.4(ii)]). In view of (B-2) above, we
have

MCN°  and NC NgM), (6.19)

where N° denotes the connected component of the identity in N.

LEMMA 6.9

We let A" be the group of I-points of the maximal, [-split, torus subgroup of Ry A.
Then there exists some go € SL(d,k) so that A;p C goN(l)gy! and Agol'/T =
supp(f4).
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Proof
Recall that LT is a closed subset of G and that, for u-a.e. x and /Lf -a.e. z, we have

supp(v;) = gLT/T (6.20)

for some g € G. We note that, while the element g is not well defined, the set gLL.T"
is well defined. This, in view of (B-2), determines the set gM(/)I" as the smallest set
of the form R(/)I", where R is an [-subvariety so that v (R(/)I'/T") > 0 (see [28,
Theorem 6.9]; see also the original [27, Proposition 3.2]). Now let g, g’ € G be such
that gM()T" = g¢'M([)T". Then

M) cl| Je'eMD)y.
¥
Hence, by Baire’s category theorem, there is some y, so that M(/) N g~ g’M(l)yy is
open in M(/). Since M is Zariski-connected, any open (in Hausdorff topology) subset
of M(!) is Zariski-dense in M (see [26, Chapter 1, Proposition 2.5.3]). This and equal-
ity of the dimensions imply that M(/) = g~'g’M([)yy. Therefore, g~ g'moyo = 1
for some mq € M(/) and we get

M() =g~ ¢M)yo = v5 ' M(Dyo.
That is, yo € Ng(M(1)) N T and
g 'g' =vo 'mg" € (No(M()) NT)M().
Hence, by (6.18) and (6.19), we have
g7 'g € (Ng(M()) NT)M(/) CN(). (6.21)

Let N =N() and G’ = G’(/) = SL(d, k). Then, by (6.21), we get a Borel measur-
able map f from &(/,M, M *(1))to G'/N = SL(d,k)/N definedby f(x)=gxN.
The preceding discussion, in view of (6.17), implies that f is an A-equivariant
Borel map, where the action of A4 on SL(d,k)/N is induced from the natural action
of Ri/1(A) on G'/N.
Now by Lemma 3.3 there exists some

goN € FiXA;p(SL(d,k)/N)

so that f.u is the A-invariant measure on the compact orbit AgoN. Using the
Birkhoff ergodic theorem for the action of 4 on X and the compactness of the orbit
AgoN, we can choose the representative gg € SL(d, k) so that Agol"/ " = supp(n).
Let us recall that Fix 4»(SL(d.k)/N) = {gN : g 'Afg C N}. In particular, go
satisfies
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1 4% N. 6.22
8o A; 80 C N, (6.22)

as we claimed. O

6.4. The algebraic K-groups F and H

While the groups M <N are still somewhat mysterious at this stage, we can describe
their k-Zariski closure quite precisely. Recall that I' C SL(d, k) is a lattice of inner
type. Hence, there exists a central simple algebra B over K so that I" is commensu-
rable with A g (see Section 2.4). We define the shorthand I'p :=T N Ap.

LEMMA 6.10

With notation as in Theorem 1.1, let F be a connected, noncommutative algebraic

subgroup of SLy4 so that F(k) N T is Zariski-dense in F and A' = A N goF(k)gy" is

cocompact in A for some go € SL(d, k). Then F is defined over K and we have the

following:

() g'AgoCF;

2) F has no K-rational character for any purely inseparable algebraic field
extension K of K;

3) F is a reductive K-group;

4  Fk)NT isalattice in F(k);

5) the commutator group [F,¥] is nontrivial, simply connected, and almost K -
simple;

(6) moreover, [F,F|(k) =~ ]_[;lzl SL(dy, k) with d = ndy; in fact, apart from the
order of the indices, the group go[F,F|gy U equals the subgroup consisting of
n block matrices along the diagonal.

Proof

Since I'p is finite index in I" and F is connected, we have that F(k) N ['p is Zariski-
dense in F. This and the fact that I'p C A p imply that F is defined over K (see [35,
Lemma 11.2.4(ii)]). Since A/A’ is compact and since A is Zariski-connected and
k-split, we also have that A’ is Zariski-dense in A. Since also gy 1A'go C F(k), we
obtain g, 'Ago C F as k-groups. Let K be a finite purely inseparable extension of K.
For every place w of k, there exists a unique extension 1 of w to K. Recall that
k = K, for a fixed place v of K. Let (see (2.4))

Ap={yeSLip(K):yeSLyg(og) forall ¥ # 5}.

Let O be the ring of ¥-integers in K. Suppose that y is an arbitrary K -rational
character of F. Then there exists some D € 9, depending on y, so that

B:=y(I'sNF) C x(Ap NF(K)) C %@.
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In particular, there exists some £y € Z so that, for any place w # ¥ in K and any
r € B, we have W(r) > £y. Note further that 8 is a multiplicative group; hence,
w(*B) is a subgroup of (Z,+). In consequence, we have w(r) = 0 for any place
W # ¥ in K and any r € 8. By the product formula, we also get that #(r) = 0 for all
r € *B. Therefore, ‘B is a finite group consisting of roots of unity. This implies that
there is a finite index subgroup I C Tz N F so that y(T"") = 1. Since F is connected
and I'g NF is Zariski-dense in F, the group I is also Zariski-dense in F. This implies
that y is trivial on F, as claimed in (2).

We note that part (2) and [5, Theorem 1.3.6] imply part (4) directly. Below we
give an argument using (3) which avoids the full force of [5, Theorem 1.3.6]. In par-
ticular, the classification of pseudoreductive groups in [6] which is used to resolve the
main difficulties in [5] is not used in our proof of (4).

We now prove part (3). Let K be a finite, purely inseparable extension of K so
that R, (F) is defined and splits over K (see [1, Corollaries 15.5, 18.4]). Restricting
the adjoint representation of F to the Lie algebra of R, (F) and taking the determinant,
we obtain a K -character. We claim that if R, (F) is nontrivial, then this character is
also nontrivial. In view of this claim, (3) follows from (2).

We now show the claim. Recall that R, (F) is a K -split, unipotent subgroup.
Since SL; is simply connected, we get from [20] (see also [3]) that there exists a
K -parabolic subgroup P of SL; so that R, (F) C R, (P) and Nsp, (R, (F)) C P. The
claim now follows; indeed, g, 'Ago C F C Ng. 4+ (Ry(F)) and g 1Ago is a maximal
torus which is k-split and hence also Iﬁ;—split. Part (4) follows from (2), (3), and
[22]. Note that the absence of a unipotent radical (defined over k or not) makes the
necessary arguments in our case much simpler. For the rest of the argument, we fix a
maximal K-torus T in F which is k-split (see [6, Corollary A.2.6]). Note that by [6,
Theorem C.2.3], there is some g € F(k) so that

1

gTg™" = g5'Ago.

We now establish part (5). First, note that F is not commutative, so [F, F] is non-
trivial. Let K’ be a separable field extension of K such that T splits over K’. There-
fore, there exists some g; € SL;(K’) so that nggf1 is the full diagonal subgroup of
SL;. Moreover, let Ty C T be the central torus of F. Then

1[F. Flgi" C g1[Zst, (To). Zst, (To)Jg7" = [ [ SLq,
i

for some integers di,d>, ... (that depend on the subgroup g1Tog;!). Since T C F
has absolute rank d — 1, the rank of [F,F] equals d — 1 — dim(Ty). Moreover, the
torus Ty is central in Zg; , (To); hence, we have

d — 1 — dim(To) > rank([Zsr, (To). Zsr, (To)]) = > (di — 1).
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Together with the above inclusion, we thus get that d — 1 —dim(To) = >, (d; — 1).
Since [F,F] is semisimple and [[; SL;, has no proper semisimple subgroup of the
same rank, we get g1[F,F]gi' = []; SLy,. Let Wi, ... be the various irreducible
subspaces for the action of [F, F| on the d-dimensional vector space that are defined
over K’ and correspond to the various blocks of g[F, F]gl_l. As F is nonabelian,
at least one of the subspace (say, W;) has dimension at least 2. Let W be the sum
of W; and all its Galois images. Then W is invariant under F and is defined over
K—recall that K’/ K is separable. Since F has no K -rational characters, we see that
W has full dimension. Otherwise, the determinant of the restriction of F to W gives
a K-character which is nontrivial since T is a maximal torus—indeed, over K’ we
can conjugate T to A the diagonal subgroup. Now any subspace of the standard d -
dimensional representation of SL; that is invariant under A and whose weights sum
to zero is trivial. This implies that [F, F] is semisimple and almost K-simple. In par-
ticular, we obtain d; = d; for all i, j, which gives part (6). O

Define

A

F := the Zariski closure of N(/) N T" in SL. (6.23)

In particular, F is a smooth group defined over k (see [35, Lemma 11.2.4(ii)]). Put
F = F°, the connected component of the identity in F. Since [[": 'p] < oo, we have
that F coincides with the connected component of the identity in F B := the Zariski
closure of N(/) N I'g in SL;. Now F B is a smooth group defined over K; therefore,
F is also a smooth group defined over K and hence over k.

LEMMA 6.11
(1)  N(I) C F(k) and hence N(!) is Zariski-dense in F.
2) F satisfies the conditions in Lemma 6.10.

Proof
For part (1), we note first that the definition (6.23) implies that

N()NT CF(k) = Ri/1(F)(1) € G'(1).

Therefore, by (6.18) we have N C R/ (F). Taking /-points, we get part (1).

We now show that part (1) implies (2). To see this, we first note that F is con-
nected by definition. Next recall that by (6.19) we have E, C M(l) C N(I) for u-
a.e. x. In view of the definition of E (see (6.12)) and the fact that F is finite index
in f‘, we get that F is noncommutative. Moreover, note that F is Zariski-open and
closed in F. By the definition of F in (6.23), we have that F(k) N T is Zariski-
dense in F. Together, it follows that F(k) N I" is Zariski-dense in F. Finally, by (6.22)
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we have g5' AP go C N(/) C F(k). Since A}’ is cocompact in A, we obtain the last
assumption—namely, that A N goF(k)g, 1is cocompact in A. O

Put

A

H := the Zariski closure of M(/) N I'g in SL,. (6.24)

Note that H is a smooth group defined over K and hence over k. Put H := H°, the
connected component of the identity in H; then H is also a smooth group defined over
K and hence over k.

LEMMA 6.12

(1) M) C H(k), and hence M(l) is Zariski-dense in H.
2) [F.Fl=H

3) H is almost K -simple.

4)  H(k) = [][SL(do, k) where d = ndy.

Proof
Recall from (B-2) that M C Ry,;(SLy) is connected and that M(/) N I' is Zariski-
dense in M. Since M is connected and [I" : I'g] < oo, we get that

M(]) N I'p is Zariski-dense in M. (6.25)
Therefore, as in the proof of Lemma 6.11(1), we have
M(/) N Tg C H(k) = Ry (H) (1) C G'(1).

This in view of our preceding discussion implies that M C Ry, l(ﬁ). Since M is
connected and Ry ,;(H) is a finite index subgroup of Ry, I(I:I),1 we get that M C
Rk, 1(H). Taking [-points, part (1) follows.

By (6.19), we have gM(l/)g~! = M(!) for all g € N(/). Hence, by part (1) and
Lemma 6.11(1), we obtain that H C F is a normal subgroup of F and hence of F.
Moreover, since E, C M(!) for u-a.e. x, we have that H is noncommutative. As was
mentioned above, H is a K-subgroup of F. Hence, Lemmas 6.11(2) and 6.10(5) imply
that

[F.F] C H. (6.26)

We now show the other inclusion. In view of Lemmas 6.10 and 6.11, we have
that goR(k)T'/ T is a closed orbit with finite goR(k)g, !-invariant measure for R =
F, [F, F]. Moreover, by the choice of go in Lemmas 6.9 and 6.10(1), we have that

'Indeed, in view of the smoothness of H, it follows from [6, Proposition A.5.9] that R /; (H) is connected.
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w is supported on AgoI'/T" C goF(k)T"/T. (6.27)

Since Ey C [F,F] and since any E-ergodic component of u is supported on a homo-
geneous space gog[F,F|(k)['/ T, for some g € F(k) we get that M(/) C [F,F](k).
This completes the proof of part (2) thanks to part (1) and (6.26). The fact that H
satisfies parts (3) and (4) now follow from part (2) and Lemmas 6.11 and 6.10. O

Letusput Ay = AN goH(k)g(jl. In view of Lemmas 6.11 and 6.12, we see that
goH(k)gy ! has a block structure. Put Cy = go Z(F(k))gp . Then A” := AxCy is a
cocompact subgroup of A. We have the following.

LEMMA 6.13
We can decompose the measure as

n :[ axnda,
A/Stab(n)

where da is the Haar measure on the compact group A/Stab(n), and n is an Ag-
ergodic component of | which is supported on goH(k)T'/ T'. Moreover, we have

1= [ veane)

Proof

Recall from (6.27) that u is supported on the closed orbit goF(k)I"/ . Hence, Cg N
gol'gy ! acts trivially on supp(it). Moreover, by Lemmas 6.11 and 6.10(4), we have
that Z(F(k))I'/ T is compact. This and the fact that A/A” is compact implies that

A/Au(CaNgolgy ") (6.28)

is a compact group. Therefore, the Ag(Cy N gol'gy!)-ergodic decomposition of
can be written as

/ axnda,
A/An(CungoTgy )

where 7 is an Ag(Cp N goI'gy!)-invariant measure on goH(k)I'/ T'. This implies the
decomposition of u as in the lemma.

For the final claim, we note that the above discussion also shows that 848 C P,
where 841 is the o-algebra of Ag-invariant sets. Hence, the conditional measures
,u;(’; for the Pinsker o -algebra can be obtained by double conditioning—that is,

P A P
py = W™y



158 EINSIEDLER, LINDENSTRAUSS, and MOHAMMADI

for p-a.e. x and quH—a.e. y. Again because of the compactness of (6.28) and the
equivariance properties of the conditional measures, it suffices to consider one of
the conditional measure n = quH. For the Pinsker conditional measure nf , we
have considered in (6.16) a decomposition into ergodic components for the group
E, . These ergodic components have been completely described in Lemma 6.8. The
lemma follows by integration over 7. O

The following proposition describes the algebraic structure of the group L in
Lemma 6.8. It turns out to be more convenient for us to explicate the structure of the
finite index subgroup

Lp:= M+(/\)(M(l) N FB)

of L. Note that LI'/T" = LgI'/T.

PROPOSITION 6.14

Let n be as in Lemma 6.12(4). Then there exist

(1)  acollection (I; : 1 <i <n) of closed (not necessarily distinct) subfields of k,

(2)  forevery 1 <i <n, a connected, simply connected, absolutely almost simple
li-group H; and an isomorphism ¢; : H; x;, k — SLg, (where SLy, is con-
sidered as the ith block subgroup corresponding to the indices (i — 1)dy +
1,...,idy)

so that Lp = 1_[?:1 i (H; (I;)) C H(k).

Proof

In view of (6.25) and parts (3) and (4) of Lemma 6.12, the groups M and H satisfy the

conditions in [28, Section 7] for the lattice I'g. Therefore, [28, Theorem 7.1], which

in turn relies heavily on [6], [29], and [23], implies the following. There exist

(a) a collection (/; : 1 <i <r) of closed subfields of k,

(b) forevery 1 < j <n,some 1 <i(j) <r and a continuous field embedding
Tj - l,‘(j) —> k,

(©) for every 1 <i <r, a connected, simply connected, absolutely almost simple
l;-group H; (which is a form of SLy,),

(d) foreveryi e{l,...,r},some j €{l,...,n} withi(j) =1,

(e)  an isomorphism ¢ : [[{_ Hi X qy_ ;) @ik — [[SLa,, with v =
(T15.+.5Tn)

sothat Lg = o([]i_, H;(;)) C H(k).

We now claim that

r=n. (6.29)
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Assuming (6.29), and after possibly renumbering and replacing /; by 7; (/;) for 1 <
i <r =n, we get the proposition. O

We now turn to the proof of (6.29). Put A := H(k) N I, and recall the notation
Ag=A4nN gOH(k)gal. In view of Lemma 6.13, we can reduce the study of the mea-
sure u to the study of the measure 1, which is an Ag-ergodic invariant measure on
goH(k)/A. Put

n
H/ = R@;{=l k/r(GBf=1 li)(]_[ SLd())
Jj=1

Then H' is a smooth @;_, /;-group and H'(P;_, ;) = H(k) (see [6, Proposi-
tion A.5.2]). Moreover, Lg = ¢([]:_,; Hi(l;)) is the group of @;_, /;-points of a
€P;_, li-subgroup of H’ (see [6, Proposition A.5.7]). Define

R := the Zariski closure of Ny (Lp) N Ain H'. (6.30)

Put

R= R(é zi) C H(k).

i=1

Then R C Nyk)(LB).
In view of (6.20) and Lemma 6.13, we have the following. For n-a.e. x € H(k)/A
and nf-a.e. z, we have

supp(vz) = gogLA/A = gogLpA/A

for some g € H(k). Therefore, arguing for each i separately, as in the proof of
Lemma 6.9 we get the following. There is a cocompact subgroup Ay C Ay and some
g1 € H(k) so that

g7'80 " Agog1 C R;

moreover, Aggog1 = supp(n).

In particular, we have that Ay normalizes the group gog1L s gl_l go 1 Recall now
that Ay is a maximal torus in the block diagonal group goH(k)gy!. These and the
fact that Ay is cocompact in Ay imply that the block structure of Lz and H agree
with each other; that is, r = n. To see this, assume thati(j) = 1for j =1,2. Leta be
an element in Ay which equals the identity in all the blocks j =2,...,n, and in the
first block it is a diagonal element which generates an unbounded group. Then since
a normalizes gog1Lpg 1_1 &o !, we get a contradiction. O
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COROLLARY 6.15
We have that Ny (L )/ Z(H(k))L g is a torsion abelian group.

Proof
In view of Proposition 6.14, it suffices to argue in each SL4,-block separately. Hence,
we fix some i € {1,...,n}. First, note that H; is an /;-form of SL;,. Suppose now

that g € SL(dp, k) normalizes H; (/;). Since H; (/;) is Zariski-dense in the /;-group
H; (see, e.g., [26, Chapter 1, Proposition 2.5.3], we thus get that g induces an /;-
automorphism of H; . Extending the scalars from /; to k, we see that the automorphism
is inner; that is, this automorphism o; (g) belongs to H';i‘d (k). Together it follows that
0i(g) € HX¥(/;). This automorphism is, moreover, nontrivial if and only if g is not
central in SL,. Hence, we get a monomorphism g — o (g) from

Nsi (do k) (LB N SL(dy, k))/Z(SL(dO, k))
into H?d(li). This map sends H; (/;) to [H?d(l,-),H?d(l,-)] by [26, Chapter 1, Theo-
rem 2.3.1], and the claims hold true by [26, Chapter 1, Theorem 2.3.1]. O

Let us now complete the proof of Theorem 1.1.

Proof of Theorem 1.1

In view of Lemma 6.13, we may and will restrict our attention to the measure 7
appearing in the statement of that lemma. Similar to the proof of (6.29), put A :=
H(k) N I'. Define

n
H = Ren_ 1iar i (]_[ SLdO).
i=1

Then H' is a smooth @@!_, /;-group and H'(P;_, ;) = H(k) (see [6, Proposi-
tion A.5.2]). Moreover, Lg = []/_; H;(/;) is the group of !_, /;-points of a
P7_, li-subgroup of H’ (see [6, Proposition A.5.7]). Since H'(P;_, l;) = H(k), we
may view Z(H(k)) as a finite subgroup of H'(D;_, /;). Define

R:=Z(H(k)) (the Zariski closure of Ny)(Lp) N A in H').

Put R = R(@;_, ;) € H(k). Since H(k) = H'(&(/;)), we have Z(H(k)) C R.
Moreover, R C Ny)(L ), and by Corollary 6.15, we have

[R,R] C Z(H(k))Lp. (6.31)

In view of (6.20) and Lemma 6.13, for n-a.e. x € goH(k)/A, we have
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supp(vx) = gogLA/A =gogLpA/A (6.32)

for some g € H(k) depending on x.

Therefore, arguing as in the proof of Lemma 6.9, we get the following. There is a
cocompact subgroup Ay C A containing Z(H(k)) and there is some g; € H(k) so
that g7 ' g5 ' Aj;8081 C R. We may furthermore require that Aggog1 T/ T = supp(n).
This gives the decomposition

n =/ axn da, (6.33)
An/ Ay
where
. da is the Haar measure on the compact group An/ Ay,
. n' is an Ay-invariant and ergodic probability measure on ggR/A’, where

A":=RN A and g, = gog1-
Note that we have implicitly identified here gy R/A" with ggRA /A (which in
turn itself has already been implicitly identified with g RT"/T).
We now further investigate the measure 7. In view of (6.32), we can write

n = / vy dn'(x), (6.34)
gyR/AN

where vy is the gygLpg™" g6_1 -invariant measure on gogLg A’/ A’, where we write
xasx =gogA'/A for g € R.

Since L g is normal in R, we get that ' is gg L g g(’)_l-invariant. Moreover, since
Z(H(k)) C Ag, we also have that ' is Z(H(k))-invariant. Finally, since LgA /A is
closed in H(k)/A, we have that Z(H(k))L g A’ is a closed subgroup of R. Let L', =
Z(H(k))L p. We define 1/ as the pushforward of 1’ under the canonical quotient map
from gy R/A into gyR/LgA’, and similarly 7}, as the pushforward to goR/Lz A’
With this we obtain from (6.34) that, for vp , = v za7/A/,

N = / gxvrL dny(gLpA")
g(/)R/LBA’

Z/ 2. (/ heve dh) iy (gL A')
g(/)R/L/B A Z(H(k))

—@ [ s b, dn)aneeLpad. 639
R/L/BA’ ZH(k))

for a (g() " Ajygo-invariant and ergodic probability measure np on P = R/Lp A,
We note that the measure defined by the inner integral in (6.35) is actually homo-
geneous. Furthermore, by Corollary 6.15 we know that P = R/L’3 A’ is a torsion
abelian group.
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We claim that
the image of (g{) ' Ag, in P is compact and in particular closed. (6.36)

Assuming (6.36), let us finish the proof. Indeed, (6.36) implies that np equals the
Haar measure on a coset of

((g0) "' Augo) LA’/ LA,

This together with (6.33) finishes the proof. O

We now prove (6.36). Let {s1....,s,} C (g5) ' Ay g, be a subset which generates
a cocompact subgroup of (g{))_lA/Hgf,. By Corollary 6.15, there exists some m € N
so that 5" € Z(H(k))Lp = L'g forall 1 <i <r. Let D be the group generated by
{s™,...,s™}. Then D is cocompact in (gp) ' Aygq and the natural orbit map from
(g0) ' Aygp to P factors through the natural map from (g() ™' Ayg(/ D to P. These
maps are continuous and (g() ™! A};g4/ D is compact; thus, (6.36) follows. O

7. Joining classification

7.1. On the group generated by certain commutators

A key to the classification of joinings is the following simple general fact about a
rank-2 k-torus. Let G denote a connected, simply connected, absolutely almost simple
group defined over a local field k with char(k) > 3. Let A : G2, — G be an algebraic
monomorphism defined over k; let A = A(an). Fix a maximal, k-split, k-torus S C G
so that A C S. Further, let T D S be a maximal torus of G which is defined over k.
Put ® := ®(T,G), 1 := 1 P(S,G), and ® := , D(A, G). For ¥ C D, set

9 (W) := {a € D(T,G) :as € W} (7.1)

PROPOSITION 7.1
The group G is generated by the commutators [V(q], V(g]], where a, B run over all
linearly independent pairs in ®.

We need the following lemma from [12, Lemma 4.2] (see also [10, Lemma 9.6]).

LEMMA 7.2

Let § € ® and §' € 9([8]). Then there exist some B € ® and some B’ € §([B]) with the
following properties:

(1) {B.8) is a linearly independent subset of ®,

2) 8 —p ed.
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Proof
Let k be the algebraic closure of k. Let

YT ={ecR®X*(T):als € RS},

where X *(T) denotes the group of characters of T.

Let ¢’ be the k-span of {ga’, [ga’. gp’] o', € @\ T}. It follows easily from the
Jacobi identity (see the proof of [12, Lemma 4.2] for details) that g’ is an ideal of g.
Recall that A = )L(G,Zn). Therefore, ® has at least two linearly independent roots, and
¢’ is not central. Since g has no proper noncentral ideals, we have g’ = g.

In particular, we get that

g C Y. Gwt+ Y. low.0p)

a’e®\T o, B/ eP\T

Since &’ € T, the above implies that g5 C Dy greq\ v [0er, 9p/]- But for every o,
B’, we have [go'. 9p/] € go’+p and hence ' = o’ + B’ for some o', B’ € &\ Y. In
particular, since 8’ ¢ T, it holds that 8 := f’|4 is linearly independent from . O

Proof of Proposition 7.1

Since the statement of the proposition is on the level of algebraic groups, the validity
of the statement over the algebraic closure k of k implies that of the statement when
the groups are considered as algebraic groups over k. Over k, we can write for every

oD,
Vi = l—[ Us/
8’ed([a])

with each U/ a 1-parameter unipotent group over k.

Since the group G is absolutely almost simple, and in particular semisimple, the
root groups Us, for §’ € ® generate. Therefore, to prove the proposition, it is enough
to show that for every §’ € ®, one can find « and f8 in ®, linearly independent, so that

Us' C [Via1, Vg1l (7.2)

Let B, B’ be as in Lemma 7.2 applied to § := §'[4, and &', and let ' = §’ — B’ and
@ = &’|a. In particular, @ and B are linearly independent.

Recall that char(k) # 2,3. Hence, by [4, Section 4.3], irregular commutation
relations do not occur. This means in particular (see also [2, Section 2.5]) that

[Ua/, Uﬂ/] = Ua/_;’_ﬂ/_

But Uy C Vi), Ugr C Vg1, and by definition &’ + B’ = §’. Thus (7.2) is proved, and
hence the proposition follows. ([
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7.2. The main entropy inequality and the invariance group of the leafwise measures

From now on, we use notation from Theorem 1.2. In particular, for i = 1,2, G;
denotes a connected, simply connected, absolutely almost simple group defined
over k. We put G; = G; (k) and G = G; x G,. Recall also that char(k) > 3. Suppose
that there are fixed two algebraic monomorphisms A; : G2, — G; defined over k; let
A; = 2;(G2) and 4; = A; (k). For i = 1,2, fix a maximal, k-split, k-torus S; C G;
so that A; C S;, and set  ®; :=  ®(S;,G;) and ®; :=  P(A;, G;). Define A to be
the smooth k-group so that

A(R) := {(A1(r). 22(r)) : 7 € G (R)?}
for any algebra R/ k;let A := A(k).
Let
® =;P(A, Gy xGy).

Using the natural homomorphisms from A to A;, fori = 1,2 we can view y ®(A;, G;)
as subsets of ®; moreover, we have

D=, PA,G) UrP(Az,Gy).

For each « € @, we can write the coarse Lyapunov group Ve € G1 x G as a product

V[;] X V[g] with V[ix] C Gi: by convention, if a ¢ ®, then V[;] ={1}. Fori = 1,2, fix

a maximal, compact, open subgroup &; C G; and put & := &; x &,. Recall that u
denotes an ergodic joining for the action of A; on (X;,m;) fori =1,2.

PROPOSITION C ([12, Section 3]) _
Leta = (ay,a3) € A, and let ¥ C ® be a positively closed subset. Put
W =Vy CWg «c,(@).
Then W = Wy x Wy, where W; C G; fori = 1,2 and
hu(a, W) <hy,, (a1, W1) + hy(a, {id} x W,). (7.3)

Furthermore, the following hold.

(1)  Ifthe equality holds in (7.3), then W) is the smallest algebraic subgroup of Wi
which contains 1, (supp(u;'v) N &).

2) The equality ho_ldsfor W =Ws «c, (a).

3) For every o € ®, the equality holds for W = V).

Proof
The main inequality follows from [12, Proposition 3.1].% Parts (2) and (3) follow from

2The arguments in [12] generalize to the setting at hand without a change.



DIAGONAL ACTIONS IN POSITIVE CHARACTERISTIC 165

[12, Proposition 3.3, Corollary 3.4]. To see part (1), note first that by [13, Proposi-
tion 6.2], we have that

71 (supp(uF) N &)

is a (Zariski-closed) subgroup which is normalized by a and contains ; (supp(,u}f’)).
Part (1) now follows from [12, Proposition 3.2]. O

COROLLARY 7.3
For any a € ®, we have that 7; (8 )[Ca] N &) is Zariski-dense in w; (Vi) fori =1,2.

Proof
In view of Proposition C(3), this is a direct consequence of Proposition C(1) and the
definition of $1%1. O

Fix an element a = (a1, a») € A that is regular with respect to ® (i.e., a(a) # 1
for any o € ®). We denote the Pinsker o-algebra, $,, simply by &. Disintegrate 11 as

= / u¥ dp(x), (7.4)
X

where p2 denotes the & -conditional measure for p-a.e. x € X. Similar to (6.6),

define

P
x

Hy =1g € G xGy:gn? =pul).

We have a#xa™! = H,x foralla € A and p-a.e. x (see (6.7)).

LEMMA 7.4
For p-a.e. x and any linearly independent o, § € ®©, the measure y,f is almost surely
invariant under (8%, 8PN —nar is, 181, 8P c %,

Proof

By Lemma 3.14, for every o € ® and u-a.e. x, we have that u is invariant under
1 ,Ea], and hence, by Lemma 3.12, is invariant under )} for any positively closed ¥ C
®. By Lemma 3.11, we have therefore that, for any linearly independent o, 8 € @,
the measure Mf is almost surely invariant under [§ ,[Ca], 8 )[cﬂ ]]. O

Recall that & = &; x &, is a compact, open subgroup of G = G X G;. Define

Q.= ({g eHyNB:gis unipotent}).
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COROLLARY 7.5
For p-a.e. x, i (Qy) is Zariski-dense in G; and mw;(Hy) is unbounded fori =1, 2.

Proof

For any x, let L; , denote the Zariski closure of 7;(€,) in G;. Let o, B € @ be two
linearly independent roots. By Corollary 7.3, almost surely 7; (8 ,[Ca] N &) is Zariski-
dense in ; (V[o]) and similarly for 8, fori = 1,2. By Lemma 7.4, [8)[60‘] N o, 8)[}3] N
B] C Q. It follows that

7 ([Via). Vig1l) € Lix

for any two linearly independent o, B € ®. The first part of the claim follows using
Proposition 7.1.

For the second, by Lemmas 7.4 and 3.12 there is an o € ® such that 4 )[f‘] is non-
trivial. If )[f’] were to be bounded on a set of positive measure, then its diameter would
be a monotone, increasing, measurable function under an appropriate subsemigroup
of A, in contradiction to Poincaré recurrence. O

7.3. Proof of Theorem 1.2

Let X’ C X be a conull subset so that the conclusions of Lemma 3.5 and Corollary 7.5
hold true on X’. By Corollary 7.5, for all x € X’ the group @, satisfies the conditions
of Theorem A.2 in Section 3.1. Therefore, there are two possibilities to consider.

Case 1. Thereis asubset X" C X’ with u(X"”) > O so that forall x € X" andi = 1,2,
the following conditions hold. There are

. subfields k; » C k,

® ki,x -groups Hi,x s

. k-isomorphism ¢; » : H; x X¢, . kK — G;, and

. open, compact subgroups @; x C ¢; x (H; x (ki x))

sothat @ x x @5 x C Q.

LEMMA 7.6
For every x € X" and every h € @ x, define

Fe(h):={v(h,. Do~ v e K}

(1) For every h € @, x, we have Fx(h) C Hx.
2) There exists an element h € @ x such that F (h) is unbounded.

Proof
Part (1) is immediate since Q1 x {1} C Q.
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We now prove part (2). Let {v,} C #x be a sequence so that 71 (v,) — oo (see
Corollary 7.5). Let

Up = (Un,l’ Un,2) = (ry/l,lsn,lrn,lvr,/,,zsn,Zrn,2)

be the Cartan decomposition of v,. Then s,,;1 — oco. Passing to a subsequence if
necessary, we assume that

. {ry i} and {rr’u.} converge for i = 1,2, and moreover,
. P:={geGi:{s, 11 gSn,1) is bounded} is a proper parabolic k-subgroup of
Gi.

Since @, x is Zariski-dense in the k-group G, there exists some s € @ x which
does not lie in »~'Pr where r, 1 — r. The claim in part (2) holds for this 5. O

Proof of Theorem 1.2: Case 1
Let x € X", and let h and Fy(h) be as in Lemma 7.6(2). Suppose that {(g,,1)} C
Fx(h) is an unbounded sequence. By part (1) of that lemma, we have

(gn,1) € #Hy foralln. (7.5)
Recall from Lemma 3.5 that
mix(ul)y=m; fori =1,2. (7.6)

Since G is connected, simply connected, and absolutely almost simple, it fol-
lows from the generalized Mautner phenomenon (see [26, Chapter 1, Theorem 2.3.1],
[26, Chapter 2, Theorem 7.2]) that (X1, m) is ergodic for the action of the unbounded
group ({g»}). This, together with (7.5) and (7.6), implies that u? = m; x my (see,
e.g., the argument in Case 1 of the proof of [17, Proposition 4.3]). Since u(X”) > 0
and p is A-ergodic, we get that u = m | X m,. ([

The rest of this section is devoted to the analysis of the following case.

Case 2. Replacing X’ by a conull subset, which we continue to denote by X”, we have

the following. For every x € X’, there are

. a subfield k, C k and a continuous embedding 7 : k, — k,

. a ky-group Hy,

. a (k @ k)-isomorphism ¢y : Hy XA, (,) (k ® k) — G1 [ [ G2 where as in
(3.4), A, (kx) ={(c,tx(c)) 1 ¢ € kx},

so that @, is an open subset of the image under ¢, of Hy (k,) with the latter consid-

ered as a subset of the (k @ k)-points of Hx XA, _(k,) (k & k) using the injection of

rings A;, : kx — k @ k. Moreover, A, (k) is unique, and H, and ¢, are unique up

to unique isomorphisms. Let us further recall that
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ky = the field of quotients of the ring generated by {tr(p(g)) : g € Qx}, (7.7

where p denotes the nonconstant irreducible representation occurring as subquotient
of the adjoint representation of Gi.
Put £, = Qox(Hx(kx)) C Gy x Gjy.

PROPOSITION 7.7

(1) There is a subfield k' C k and an embedding t© : k" — k so that A, (kx) =
A (k") on a conull subset of X.

2) The map x +— E is an A-equivariant Borel map on a conull subset of X .

Proof

In view of (7.7) and the fact that x > @, is a Borel map, we get that x > A, (kx)
is a Borel map (see the proof of Lemma 6.5(1)). To see the other claims in part (1),
first recall that a#Hya~! = H,, foralla € A and p-a.e. x € X. Hence, for any a € A
there exists some finite index subgroup @y (a) C @, so that

a@Qy(a)a™ C Qux. (7.8)

Therefore, the same arguments as in the proof of Lemma 6.6(1) apply here and finish
the proof of part (1) (see (6.13) and (6.14)).
We now turn to the proof of part (2). Put

G = Ricok/a. (k) (Gl ]_[G2>'

This is a A;(k")-group.
Now, part (1), the fact that ¢ is an isomorphism, and the universal property of
the restriction of scalars functor (see [6, Section A.5]) imply that

Ex = (Rikok/a. o) (@x)Hy)) (A (k).

Hence, using [26, Chapter 1, Proposition 2.5.3], we get that E is identified with the
A+ (k")-points of the Zariski closure of @, in the A;(k’)-group G’. Since the map
x — @, is Borel, we thus get that x — E is a Borel map.

To see the A-equivariance, first recall from (7.8) that @, (a)a™" is an open sub-
group of @, . Thus, using [26, Chapter 1, Proposition 2.5.3], we get that E,y is the
Zariski closure of a@y(a)a™"! in G’(A;(k’)). On the other hand, this Zariski closure
equals a E wa~1; the claim follows. O

LEMMA 7.8
For p-a.e. x € X, we have Ey C Hy, and E is not compact.
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Proof
We first recall from [31, Theorem T] that since Hy is connected, simply connected,
and absolutely almost simple, any open and unbounded subgroup of E, equals Ej.
Thus, since @, C Ky is an open subgroup of E,, both assertions in the lemma will
follow if we show that #x N E is unbounded for p-a.e. x € X.

However, the proof of Corollary 7.5 shows that for some « € ®, we have that
Q,Nnd )[Ca] is nontrivial. Since x — E is an A-equivariant map, using Poincaré recur-
rence as in Corollary 7.5 it follows that #, N E is unbounded. O

Proof of Theorem 1.2: Case 2
The argument is similar to the proof of Theorem 1.1.

Step 1. Let
ul = [X vzdud (2) (7.9)

be the ergodic decomposition of MSZ) with respect to E.
As before, k @ k is a A (k’)-algebra. Put

G = Ricok/a. (k) (Gl ]_[G2>'

This is a connected group defined over A, (k’) (see [6, Section A5]). Moreover, I'y X
I'; is a lattice in G’ (A, (k")) = G1(k) x G2 (k) = G1 x G, =G.

Applying Theorem B in Section 3.2, we conclude that for uf -a.e. z the measure
v, is described as follows. There exist
(1) I, = (k") where g, = p"#, p =char(k), and n; > 1,
(2)  aconnected A;(l;)-subgroup M, of Ra, (ky/A, .)(G’) so that

M, (Ar(lz)) Ny xTy)

is Zariski-dense in M, and
3) an element g, € G; X G3,
such that v, is the g, L, gz_l—invariant probability Haar measure on the closed orbit
gz Lz (I x T2) /(T x I'2) with

L;= Mz+(/xz)(Mz (At(lz)) N (Fl 2 F2))7

where
. the closure is with respect to the Hausdorff topology, and
. Az : Gy — M; is a noncentral A;(/;)-homomorphism, M Z+ (A7) is defined in

(3.9),and Ex C M (X;).
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Arguing as in the proof of Lemma 6.8, there exists a triple (lo, [Mp], [MOJr (Ao0)]) so
that

(L. Mz, [M (A2)]) = (lo, [Mo], [MgF (Ro)]) for pu-ae. x and pu7 -ace. z.

Put Lo := My (R0) (Mo (A (lp)) N (T'1 x Ta)).

Step 2. One of the following holds:
(a) Lo=G1 xGy,or
(b) ;i (Lo) = G; and ker(m;|r,) C C(Gy x Gyp) fori =1,2.

To see this, first note that, by Lemma 3.5, we have ni*uf =m; for p-a.e. x € X
and i = 1,2. This, together with (7.9), implies that

m; = m*uf =/ TixVg d,uf(z) for p-a.e. x.
X

Since v, is invariant under E,, the projection 7;4(v;) is invariant under 7; (Ey).
By Lemma 7.8, the group m; (E) is an unbounded subgroup of G; fori = 1, 2. Since
G; is simply connected, m; is m; (Ey)-ergodic (see [26, Chapter 1, Theorem 2.3.1],
[26, Chapter 2, Theorem 7.2]). Therefore,

P
wixVz; =m; for pi -ae. z.

In particular, we get that 7; (g, Log; ') = G; for ,U,;Z)-a.e. zandi =1,2.

Since G; is absolutely almost simple, any proper normal subgroup of G;, as an
abstract group, is central (see [26, Chapter 1, Theorem 1.5.6]). This implies that one
of the following holds:

. Ly=G1 xGy,or

. ;i (Lo) = G; and ker(m;|,) C C(G1 x Gp) fori =1,2,

as we claimed. If Ly = G x G, then we are done with the proof. Hence, our standing
assumption for the rest of the argument is that (b) above holds.

Step 3. The assertion in (b) also holds for M, and MO+ (Ao) in place of Lg. Let
us first show this for M. Since Ly C M, we have

Tl’i(Mo) = Gi fori = 1,2.

Therefore, as above, either My = G x G, or (b) holds for M. Assume to the contrary
that My = G X G,. Recall that A¢ : G,;, — My is a noncentral homomorphism. Since
G; is connected, simply connected, and absolutely almost simple for i = 1,2, using
[26, Chapter 1, Proposition 1.5.4, Theorem 2.3.1], we have that either

. MOJF(AO) =G X Gy, or

. M(;'_()&()) C G; forsomei =1,2.

However, since M0+ (X0) C Ly, the above contradict our assumption that (b) holds.
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We now turn to the proof of the claim for MO+ (Ao). Since My # G x G, and
Mg (Ao) C My, the claim follows if we show that

mi (Mg (Ao)) = G;  fori =1,2. (7.10)

To see this, note that Ao(/;) C Mo(Ao). Since (b) holds for My, we have that
i (Ao(ly)) is unbounded for i = 1,2. Therefore, (7.10) follows from [26, Chapter 1,
Proposition 1.5.4, Theorem 2.3.1].

Let us record the following corollaries of the above discussion for later use. Since
(b) holds for M0+ (A9), Lo, and M, we have

NG, xG,(Mp) C CMy, (7.11)
where C := Z (G x G;). We also have that
MOJr (Ao) is a finite index subgroup of Lo and of M. (7.12)
Step 4. Both
Mg (ho)(Ty xT2)/(Ty xT2)  and  Mo(Ty x T2)/(Ty x T2)

are closed orbits with probability-invariant Haar measures. In particular, vy is the
Haar measure on the closed orbit

gx Mgt (Ao)(T1 x T2) /(T x I'y).

Indeed, let A := My N (I'; x I'z). Then by (7.12) and Step 1, A is a lattice in My, as
was claimed for M.

Using (7.12) once more, we have that A N M0+ (Ao) has finite index in A. This
implies that A N M, (o) is a lattice in M (Lo); hence, the claim for M T (Xo).

Step 5. We are now in a position to finish the proof. In view of (7.11), (7.12), and
Step 4, we can argue as in the proof of Lemma 6.9 (see, in particular, (6.21)) and get
the following. Let C' := C N (I'; x I',). The decomposition

M=/vxdu

yields the Borel map f(x) = gxC’ My from a conull subset of X to G; x G2/ C’'Mj.
Moreover, f is an A-equivariant map. Hence, it follows from Lemma 3.3 that there
exists some

go € FiXA;p (Gl X Gz/C/M())
0

so that fiu is the A-invariant measure on the compact orbit Agg.
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By Lemma 3.2 and (7.12), we have that MO+ (Ao) is a normal and finite index
subgroup of My; furthermore, C’ is a finite group. Therefore, arguing as we did to
complete the proof of Theorem 1.1 after (6.34), we get that there is some g1 € My so
that

asvda,

/I‘I/AﬂgoglM(jr()ko)gl_lgo_1
where da is the probability Haar measure on the compact group
A/AN gog1 My (Ro)gi o,
and v is the probability Haar measure on the closed orbit
2081 My (Ao)(T'y x T2) /(1 x T).

Hence, Theorem 1.2(2) holds with £ = gog1 M, (ho)g7 gy " O
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