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Abstract— We present a drift-diffusion and Poisson solver 
using a finite-element method to study carrier dynamics under 
ultra-high solar concentration.  By modeling the carrier densities 
and the electric potential in quasi steady-state and dynamic 
conditions, we can use the splitting of the quasi-Fermi levels to 
model electrical properties such as open-circuit voltage.  In this 
work, we analyze the validity of previously used approximations 
on open-circuit voltage and the effects of increasing optical carrier 
densities on small band gap solar cells. Graded mesh refinement is 
implemented to improve runtime. Ultimately, we show a change in 
the carrier profiles that may lead to detrimental charge carrier 
extraction.   

Keywords—photovoltaic cells; finite element analysis; numerical 
simulation; germanium. 

I. INTRODUCTION 
Concentrating photovoltaics (CPVs) are a low cost 

renewable energy option to compete with cheap fossil fuels. By 
generating comparable power in a decreased illumination area, 
they reduce cost without sacrificing power output. The present 
record for CPV efficiencies occurs in devices subject to solar 
concentrations greater than 500 suns [1]. At ultra-high solar 
concentrations, when solar concentration is greater than 1000 
suns, we need to reexamine our understanding of the physics 
behind electrical properties of the cell. At these ultra-high 
concentrations, the devices move from the “low-injection” to 
“high-injection” regime as the number of optically generated 
carriers approach the equilibrium carrier densities. This 
changes our understanding of carrier dynamics and the 
dominant type of carrier transport in the device, as drift current 
begins to rival diffusion current [2].  

Germanium (Ge) solar cells have been successfully used as 
the bottom junction for high-efficiency concentrator 
multijunction photovoltaics (MJPVs) [3].  With a small band 
gap of 0.661eV and intrinsic carrier concentration on the order 
of 1013 cm-3, the performance of Ge solar cells is more sensitive 
to thermal [4] and Auger recombination [5] effects that limit 
device performance. Due to these complications, it is no longer 

trivial to model the open-circuit voltage VOC in small band gap 
PV cells operating under ultra-high solar concentrations.  

For high irradiance (X > 100), it has been experimentally 
confirmed that the following approximation holds: 

 

 
(1) 

 
 

where n is the diode ideality factor, k is Boltzmann’s constant, 
T is absolute temperature, q is the elementary charge, ISC is 
short circuit current, I0 is the diode reverse saturation current, 
and X is solar concentration [6].    

However, for ultra-high solar concentrations the 
approximation in (1) should be reexamined. To test the validity 
of this expression for small band gap semiconductors at ultra-
high irradiance, we use the definitions of quasi-Fermi levels 
(EFn and EFp) to model VOC under quasi-steady state and 
dynamic conditions on a device of length L.  

 

 (2) 

 (3) 

Fig. 1 Schematic of a simple germanium solar cell with the boundaries of the 
depletion region - xN and xP - shown. This image is not to scale. 
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(4) 

 

To better understand the effects of high-optical carrier 
generation on small band gap Ge solar cells, we built a drift-
diffusion and Poisson solver to isolate the behavior of the 
optically generated carriers from any thermal processes. To 
investigate VOC in small band gap semiconductor solar cells, we 
use a standard finite-element approach with Lagrange elements 
to create a flexible solver that iteratively computes n(x,t), p(x,t) 
and V(x,t) as a function of solar concentration.  We extract VOC 
from the computed quasi-Fermi levels and show its evolution 
with solar concentration can be modeled by (1). Additionally, 
we notice a change in device behavior when optically generated 
carriers begin to rival extrinsic carriers that could be 
exacerbating thermal degradation of electrical properties seen 
experimentally under ultra-high solar concentrations. 

II. PROBLEM FORMULATION 
     Our partial differential equation (PDE) system consists of 
two carrier continuity equations and Poisson’s equation. The 
carrier concentrations of electrons (n) and holes (p) are  
 

 (5) 
 (6) 

 

which can be interpreted as the superposition of the equilibrium 
concentrations and the optically generated carriers,  and . 
The carrier continuity equations describe the flux of electrons 
and holes as a function of solar cell thickness and time. 
Poisson’s equation characterizes the electric potential (V) that 
arises from carrier concentration profiles. Our PDE system is 
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where  and  are material parameters and  and 
 are the doping profiles of the n-type and p-type material, 

respectively. We will be using the material parameters of Ge 
for our model.  

A. Computation Optimization 
To handle the widely varying orders of magnitude in our 

problem, we implemented a nondimensionalization scheme 
based on the Debye length for space and the dielectric 
relaxation time constant for any time-stepping formulations [7]. 
Results for time-stepping formulations are shown in [8]. This 
introduces a scaling to the system, that increases robustness of 
the iterative process and improves the accuracy of the 
numerical solutions. 
 

Additionally, we implemented graded mesh refinement 
(GMR) since we know our system requires high refinement at 
both edges of our device. The area leading up to and including 
the depletion region (0.3 m+xp) and a section of the same 
length at the end is more refined than the middle portion.  For 
X=1 to X=10,000 the average runtime for the original code is 
1568 seconds and the average runtime for GMR code is 130 
seconds. This significantly decreased the runtime of our code 
and produces similar results, as seen in Table I and Fig. 2, 
respectively. 

B. Generation and Recombination 
Instead of the simplified uniformly illuminated condition, 

our generation profile varies spatially for optically generated 
carriers based on the Beer-Lambert Law [9]. Light intensity is 
attenuated as a function of depth through the material and the 
absorption coefficient, , which is a material parameter. 
Therefore, our generated carrier profiles will also decay 
proportional to , and our generation profile is of the form 
 

 (10) 
 

where X is the solar concentration as defined above and  is 
the flux of above band gap photons. 

We consider our recombination rate U as an addition 
process of three independent types: radiative, Shockley-Read-
Hall (SRH), and Auger recombination rates. All three rates 
depend on how far the carrier densities are from the equilibrium 
value: np – ni

2. The radiative recombination rate 
 

 (11) 
 

depends on the radiative recombination constant Rec (
 cm3/s). The SRH recombination rate 

 

 (12) 

 

considers a single trap energy level, ET, with electron and hole 
lifetimes,  (  seconds) and  (  
seconds), respectively, to determine the rate [9]. The Auger 
recombination rate 
 

 (13) 
 

depends on An and Ap, the Auger constants for germanium. 
Since each type of recombination is independent of each other, 
we can define the total recombination rate as 
 

. (14) 

TABLE I.  RUNTIME COMPARISONS 

 Runtime (minutes:seconds)  

X Original code GMR code Improvement Factor 

10 26:03.85 2:07.44 11.65 

10,000 26:45.00 2:11.58 12.20 
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C. Finite-element method and Boundary Conditions 
To solve our PDE system, we use a finite-element method 

(FEM), Newton’s Method, and nested iteration to numerically 
approximate solutions. The equations are written in weak form 
and boundary conditions (BCs) are applied at the beginning and 
end of the device depth, x=0 and x=L, to complete the system. 
This non-linear variational system is linearized via Newton’s 
Method to iteratively approximate the solution on a hierarchy 
of grids with increasing resolution [7].  

We use Neumann BCs for the electric potential, where the 
value of the derivative is imposed on the boundary. We weakly 
constrain the derivative of the potential – the electric field,  – 
to be zero, which allows the electric potential to evolve more 
naturally with the changing solar concentrations [8].    

 
 

(15) 

 
 

 

(16) 

For our carrier concentrations, we set the flux of the carriers to 
be zero at the boundary to represent the conditions at VOC. We 
do this by using Robin BCs, which constrain the derivative to a 
value of the function at the endpoints. Surface recombination 
effects, Sr, help define the Robin BCs [10]. 

 

 (17) 

 (18) 

 (19) 

 (20) 
 

Since the value of the electric field at the boundaries is zero, 
there is no drift component to the current.  Therefore, the above 
equations state that any carrier that diffuses to the boundary 
must recombine there through a surface trap state. 

III. RESULTS 

A. Evolution of  with Solar Concentration (X) 
     We ran our original and GMR solvers at a series of increasing 
solar concentrations (X=1-10,000) and extracted VOC from the 
quasi-Fermi levels computed from our carrier densities. Fig. 2 
demonstrates that our GMR method is in good agreement with 
our original solver and at ultra-high levels of solar concentration, 
Auger recombination processes dominate and as a result limit 
VOC. Our computed values for VOC can be fit to (1) with a diode 
ideality factor that represents low-level injection (n=1) up to 
~100 suns solar concentration.  At higher solar concentrations, 
the results fit n=2/3, representing Auger recombination 
processes dominating.  Our results are in very good agreement 
with previous work done on Ge solar cells at ultra-high solar 
concentration with the commonly employed device simulation 
software PC1D [5, 11], demonstrating the validity of our method 
of implementing the problem and that (1) seems to hold at higher 
concentrations. 

Fig. 3 shows our solutions under 1 sun solar concentration 
and 1000 suns solar concentration.  As we increase the intensity 
of light on our device, we see an increase in optically generated 
carriers in the less doped p-type region of the device (x>0.3 m).  
At 1000 suns, it becomes difficult to distinguish between 
majority and minority carriers in the p-type region, as . 
To investigate this phenomena further, we took a closer look at 
the quasi-Fermi levels of the carriers.  We define an “average” 
quasi-Fermi level for the device to help us differentiate between 
the n-type and p-type regions once the distinction between 
majority and minority carriers is less clear.   

 

                          
 

(21) 
 

If , the above expression shows the material 
is p-type, 
   

 

If , the above expression shows the 
material is quasi-intrinsic, 
 

         (23) 
 

By plotting the average quasi-Fermi level with the intrinsic 
Fermi level (Ei), we clearly see the n-type and p-type regions of 
our device at 1 sun solar concentration, with the PN-junction 
marked by the crossover point of these two functions. 
 However, when we increase the solar concentration to 1000 
suns, so that  in the low-doped region, we lose our 
distinct barriers between the n-type and the p-type materials.  In 
fact, the region where there are equal optically generated carriers 
(x>0.3 m) appears to be intrinsic.  This could impact device 
performance in experimental work, as photovoltaic devices are 
designed with a specific built-in voltage to efficiently sweep 
carriers away from where they are generated to prevent 
recombination from occurring.  Inefficient carrier extraction 
could be leading to the increased Auger recombination seen by 
Vossier et al. in their PC1D simulations [5]. Combined with the 
increase in thermally generated carriers arising from below band 
gap absorption, this could be exacerbating the degradation of 
VOC that occurs due to thermal effects [6]. 

Fig. 2 VOC as a function of solar concentration (X). Fit for computed data with 
and without graded mesh refinement based on different recombination 
mechanisms dominating. Both versions of our solver are in good agreement 
with previous ultra-high concentration work in the literature [5]. 
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IV. CONCLUSIONS 
In this work, we presented our drift-diffusion and Poisson 

solver that uses a finite-element method and graded mesh 
refinement to study carrier dynamics under ultra-high solar 
irradiation.  We analyzed the validity of previously used 
approximations on VOC and the effects of increasing optically 
carrier densities on germanium solar cells.  Although we find 
our simulations fit the previously employed assumption for VOC 
(X) quite well, we point out a change in the carrier profiles that 
may be compounding with undesirable thermal effects and 
impacting experimental electrical properties. Future work will 
involve adding in thermal behavior to improve our model.  
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Fig. 3 Computed results for 1 sun solar concentration (top) and 1000 suns solar concentration (bottom). Left: carrier concentration 
profiles (units of cm-3). At 1000 suns solar concentration the electrons and holes are of similar order of magnitude in the less doped 
p-type region.  Middle: energy band diagrams showing the quasi-Fermi levels for each carrier. Right: further analysis of quasi-
Fermi-levels to identify regions of n-type (red) and p-type (blue) behavior in the device.  
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