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ABSTRACT: A global hybrid extension of multiconfiguration
pair-density functional theory (MC-PDFT) is developed. Using a
linear decomposition of the electron—electron repulsion term, a
fraction A of the nonlocal exchange interaction, obtained from
variational two-electron reduced-density matrix (v2RDM)-driven
complete active-space self-consistent field (CASSCF) theory, is
combined with its local counterpart, obtained from an on-top pair-
density functional. The resulting scheme (called A-MC-PDFT)
inherits the benefits of MC-PDFT (e.g, its simplicity and the
resolution of the symmetry dilemma) and, when combined with
the v2RDM approach to CASSCEF, requires only polynomially
scaling computational effort. As a result, A-MC-PDFT can

efficiently describe static and dynamical correlation effects in strongly correlated systems. The efficacy of the approach is assessed
for several challenging multiconfigurational problems, including the dissociation of molecular nitrogen, the double dissociation of a
water molecule, and the 1,3-dipolar cycloadditions of ozone to ethylene and ozone to acetylene in the O3ADD6 benchmark set.

1. INTRODUCTION

The search for a universally accurate and efficient delineation
of electron correlation effects is an active area of research in
modern electronic structure theory."”” For strongly correlated
systems, in particular, where the multiconfigurational character
of the wave function cannot be ignored, the single-determinant
form of Kohn—Sham density functional theory (DFT)>* will
fail, often dramatically so. In such cases, a possible remedy is to
combine multireference and DFT methods (MR+DFT) to
separately model strong and weak correlation effects,
respectively.”~>* The development of multiconfiguration pair-
density functional theory (MC-PDFT)>’ represents an
important step in this direction, as this approach effectively
capitalizes on the complementary strengths of complete active-
space self-consistent field (CASSCF) theory>>™>* and DFT to
offer a robust description of nondynamic correlation effects
and an economical representation of dynamical correlation.
Moreover, MC-PDFT resolves Kohn—Sham DFT’s symmetry
dilemma by relying on functionals of the total density and the
on-top pair-density (OTPD)>**”*’ (as opposed to functionals
of the spin-density). The approach also avoids double counting
the electron correlation by retaining only the classical
Coulomb electron—electron repulsion energy from CASSCF
and relying on OTPD functionals for the nonclassical
contributions. Recently, we presented”” a reduced-density
matrix (RDM)-based formulation of MC-PDFT that retains
these nice properties while significantly reducing the computa-
tional cost of the underlying CASSCF calculations through the
direct variational optimization41 of the active-space two-
electron RDM (2-RDM).** As such, variational 2-RDM
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(v2RDM)-driven MC-PDFT can be applied to challenging
multireference problems that require the consideration of large
active spaces.

Because commonly used”®”” OTPD functionals and their
conventional Kohn—Sham DFT counterparts differ only in the
input densities (as opposed to their actual functional forms),
MC-PDEFT includes some of the same functional error that is
responsible for the delocalization error** that plagues familiar
local spin density approximation and generalized gradient
approximation exchange-correlation (XC) functionals in
Kohn—Sham DFT.*™* This delocalization error arises
because the electron-gas model®® leads to an incorrect picture
of the noninteracting limit, in which the Coulomb repulsion
coupling strength is zero. The global hybrid scheme offers the
simplest remedy for delocalization error by replacing a fraction
of the electron-gas exchange with its exact (Hartree—Fock)
counterpart, which then leads to the correct noninteracting
limit.**~* Unlike Kohn—Sham DFT, MC-PDFT is not a self-
consistent theory, which means that MC-PDFT will be free
from delocalization error,”" provided that the total density and
OTPD that enter the OTPD functionals have the correct
physical behavior. Nonetheless, the OTPD functionals
commonly used within MC-PDFT still contain the same

Received: November 25, 2019
Published: February 26, 2020

https://dx.doi.org/10.1021/acs.jctc.9b01178
J. Chem. Theory Comput. 2020, 16, 2274—2283


https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Mohammad+Mostafanejad"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Marcus+Dante+Liebenthal"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="A.+Eugene++DePrince++III"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/showCitFormats?doi=10.1021/acs.jctc.9b01178&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?goto=articleMetrics&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?goto=recommendations&?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?goto=supporting-info&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?fig=tgr1&ref=pdf
https://pubs.acs.org/toc/jctcce/16/4?ref=pdf
https://pubs.acs.org/toc/jctcce/16/4?ref=pdf
https://pubs.acs.org/toc/jctcce/16/4?ref=pdf
https://pubs.acs.org/toc/jctcce/16/4?ref=pdf
pubs.acs.org/JCTC?ref=pdf
https://pubs.acs.org?ref=pdf
https://pubs.acs.org?ref=pdf
https://dx.doi.org/10.1021/acs.jctc.9b01178?ref=pdf
https://pubs.acs.org/JCTC?ref=pdf
https://pubs.acs.org/JCTC?ref=pdf

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

functional error that leads to delocalization error in Kohn—
Sham DFT.

In light of the great success of the global hybrid scheme in
standard Kohn—Sham DFT, several proposals have been
offered that extend this approach to the multiconfiguration
regime;>”>* for a survey of these techniques, the reader is
referred to ref 28. The present study is inspired by the
multiconfiguration one-parameter hybrid density functional
theory (MC1H) method of Sharkas et al.,** which is similar to
MC-PDEFT in that it captures nondynamical correlation with
multiconfiguration self-consistent field (MCSCF) theory and
the remaining dynamical correlation effects via DFT. The
MCI1H method has motivated the development of other MR
+DFT techniques, such as pair coupled-cluster doubles ADFT
(pCCD-ADFT)*"** and A-density functional valence bond (A-
DFVB),”* where 1 refers to the hybrid parameter that controls
the admixture of nonlocal exchange effects. Through this
parameter, both pCCD-ADFT and A-DFVB can interpolate
between DFT and a MR scheme (i.e., pCCD or VB).””** In
this work, we follow the general strategy proposed in refs 30
and 52 to realize a global hybrid MC-PDFT formalism that
reduces OTPD functional error through the admixture of
nonlocal exchange; we term this approach A-MC-PDFT. A-
MC-PDFT differs from the MC1H approach that inspired it in
two respects. First, A-MC-PDFT is not a self-consistent theory,
whereas MC1H is. Second, like pCCD-ADFT (and unlike
MC1H), A-MC-PDFT relies on XC functionals of the total and
on-top pair densities, rather than functionals of the total and
spin densities.

The manuscript is organized as follows. Section 2 provides
the theoretical details of A-MC-PDFT. In section 3, we discuss
the application of 1-MC-PDFT to the dissociation of molecular
nitrogen and the symmetric double dissociation of a water
molecule, as well as to the standard O3ADD6 benchmark set.
Because we employ a v2RDM-driven formulation of A-MC-
PDFT, we explore the influence that the quality (i.e., the N-
representability”) of the input RDMs has on the -MC-PDFT
energy. Previous work™ suggested that the results obtained
from v2RDM-driven MC-PDFT were somewhat insensitive to
the N-representability of the underlying RDMs, but we
demonstrate in section 3 that the global hybrid scheme cleans
up enough of the OTPD functional error that one can
sometimes discern errors associated with approximately N-
representable RDMs. Concluding remarks and potential future
directions are then provided in section 4.

2. THEORY

Throughout this work, we use the conventional notation of
MR methods when labeling the orbitals: the indices i, j, k, and |
denote inactive (doubly occupied) orbitals; ¢, u, v, and w
represent active orbitals; and p, g, r, and s indicate general
orbitals. A summation over repeated indices is implied in all
expressions.

We begin by defining the nonrelativistic Born—Oppen-
heimer electronic Hamiltonian
fata A

% %%,

l. Pas
+ 21/75 a 1)
where 4" and a represent second-quantized creation and
annihilation operators, respectively, and the Greek labels run
over @ and f# spins (the sum over which is implied). The
symbol K = (ylhly,) represents the sum of the electron
kinetic energy and electron—nucleus potential energy integrals,
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and U = (yylwyp) is an element of the electron repulsion
integral (ERI) tensor. Because the electronic Hamiltonian
includes up to only pairwise interactions, the ground-state
energy of a many-electron system can be expressed as an exact
linear functional of the one-electron RDM (1-RDM) and the
2-RDM**%°
1
= Ipryr 4 Z2pra,ra
E ="Din! + *Dit} @)
Here, the 1-RDM and the 2-RDM are represented in their
spin-free forms, with elements defined as

Ine — Ine At A
Df = 'j = (¥a;2,1¥) ®
and
) ) _ Atata a
D}t =Dl = (Yla,a, a4, |¥) (4)

respectively. Again, the summation over the spin labels in eqs 3
and 4 is implied.
The MC-PDFT expression for the electronic energy is

Encpprr = 2k + hI'DL + Ey + E_[p, T1, IVpl, IVITI]
()

where p(r) and II(r) are the total density and on-top pair
density, respectively, and the Hartree energy, Ey, is defined as

) . 1
E. =2 i 2, t{lDt - tletle
H yl] + Lii u+ zl‘/uw uw (6)
E,. represents either a translated (t)*” or fully translated (ft)>’
OTPD XC functional. Given a total density and a spin density,
m(r), derived from a single Slater determinant, the spin
polarization factor, {(r) = m(r)/p(r), can be expressed as™

{(r) = {1 = R(r) 7)
where
4T1(r)
R(r) =
) p*(x) (8)

The basic assumption of translated OTPD functionals is that a
similar relationship holds for arbitrary (ie. correlated)
densities, and thus the translated spin polarization factor can

be defined as

J1=R() R(r) <1

0 R(r) > 1

Ct(r) =
)

In this way, {,(r) can be used to construct an approximate spin
density that enters a standard XC functional. Fully translated
functionals are similarly defined with the distinction that they
also depend upon the gradient of the OTPD. The interested
reader is referred to ref 40 for additional details.

The total electronic density and its gradient that enter E,
are defined as

p(x) = "Diy (r)y(r) (10)

and

Vp(r) = "DIVy, () (x) + v, (£) Vi (r)] (11)

respectively. The OTPD and its gradient can similarly be
expressed in terms of the 2-RDM as

https://dx.doi.org/10.1021/acs.jctc.9b01178
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1) = *DEy O O o)

(12)
and
VII(r) = *DEIVy (2w (£ ()y(x)
+ (1) Vi () (0 (x)
+ (0 () Vi (0)y(x)
+ (0 (0)y(0) Vi (r)] (13)

respectively. In the MC-PDFT formalism, the 1-RDM and 2-
RDM can be taken from any reference calculation capable of
generating “good” RDMs that include nondynamical correla-
tion effects. In this work, the 1-RDM and 2-RDM are taken
from v2RDM-driven CASSCF calculations, and they satisfy
either two-particle (PQG)*>® or PQG plus partial three-particle
(T2)?° N-representability conditions.

To reduce the functional error in the MC-PDFT formalism,
we define the A-MC-PDFT energy expression in which a
fraction 2 € (0, 1) of the OTPD exchange is replaced with
contributions from the reference 1-RDM and 2-RDM

i 1\t
E, mc-pper = 2 + h, D, + Ey

1 B
+ A 5uara, - DD - 0, - 1)
+ EAp, 10, IVpl, IVITI] (14)

Here, the two-cumulant, *A, is the part of the 2-RDM that
cannot be reé)resented in terms of the 1-RDM and is defined
according to L6z

*Df, = A%, + DD}, - 'D{!'D; (13)
The complement OTPD functional, E}i['], is given by
Ellp, I, IVpl, IVII]
= E_[p, T, IVpl, IVITI] — E[p, T, IVpl, IVIT]  (16)

which is the difference between the conventional exchange-
correlation OTPD functional (E,[-]) and its A-dependent
hybrid version (EX[-]).*

The exchange part of the complement functional is easily

defined, as it simply scales linearly with the mixing parameter
429:30,52

Ex’l[p, I1, IVpl, IVIT] = (1 — A)E [p, I1, IVpl, IVIII]
(17)
The correlation contribution to the complement OTPD

functional can be obtained through uniform coordinate scaling
of the density ag? 3052

Ellp, 10, IVpl, IVIIN]
= E/[p, I, IVpl, IVITI] — EX[p, T, IVpl, IVIII]
= E[p, I, IVpl, IVIII]

— Z2E[pM4, 1V IVt A, IvIT A (18)
inéwhich the scaled density and OTPD functions are defined
3
as
() = (1/Ap(x/2) (19)
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() = (1/2910(x/2) (20)

Sharkas, Toulouse, and Savin demonstrated numerically29 that
single-parameter multiconfigurational hybrid density func-
tionals yield results of similar quality when ignoring such
density scaling relations. Following ref 30, we neglect these
relations for the total density and OTPD in the correlation
complement functional and define

Ellp, 1L, IVpl, IVIT] = (1 — AME[p, I, IVpl, IVIII]
(21)

Using eqs 17 and 21, the A-MC-PDFT energy expression takes
its final form

E) mcporT = Zhii + hlilDli + Ey

w U ii u Jji

1 B
+ X(EUJ;[ZA;L -'p!'D!] - D! — v.l.’]

+ (1 = D)E,[p, T, IVpl, IVIII]

+ (1 = 2*)E[p, 10, IVpl, IVITI] (22)

where, for A = 0 or A = 1, the A-MC-PDFT energy expression
reduces to that corresponding to MC-PDFT or the underlying
multiconfiguration reference method, respectively.

We note that the presence of the two-cumulant in eqs 14
and 22 opens the possibility of double counting of electron
correlation, as some of the correlation effects captured by this
quantity may also be described by the correlation complement
functional. In eq 22, the two-cumulant and correlation
functional appear with factors of A and (1 — A%), respectively.
As such, with an appropriately chosen correlation functional
and mixing parameter, this issue of double counting can, in
principle, be mitigated. However, we have no formal guarantee
that double counting is completely absent in the formalism.
We also note that, because the kinetic energy contribution is
evaluated using a correlated 1-RDM, both A-MC-PDFT and its
parent MC-PDFT formalism have the potential to double
count some kinetic correlation effects. The good numerical
performance of MC-PDFT demonstrated in prior studies,
however, suggests that this issue may not cause significant
difficulties.

3. RESULTS AND DISCUSSION

The RDMs that enter the MC-PDFT and A-MC-PDFT
equations were obtained from v2RDM-driven CASSCF
calculations performed using a plugin64 to the Psi4 electronic
structure pa.ckage;65 the active space RDMs, which satisfy
either the PQG or PQG+T2 N-representability conditions,
were optimized according to a boundary-point semidefinite
programming (SDP) algorithm“‘67 similar to those described
in refs 43 and 68. Both the MC-PDFT and A-MC-PDFT
procedures, along with the translated and fully translated
versions of the SVWN3,°~7" PBE,”> and BLYP”*’* XC
functionals, have also been implemented in a plugin to
Psi4.”>7¢

3.1. N, and H,0 Bond Dissociations. In this section, we
consider the accuracy of MC-PDFT and A-MC-PDFT for
describing the dissociation of N, and the double dissociation of
H,O; the nonparallelity errors (NPEs) in the respective
potential energy curves (PECs), which are obtained by
comparing the MC-PDFT and A-MC-PDFT results with
those from complete active-space second-order perturbation
theory (CASPT2), serve as a useful metric in this context. The

https://dx.doi.org/10.1021/acs.jctc.9b01178
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Figure 1. NPE in the dissociation curves for the N, molecule as a function of the mixing parameter, 4, when using PQG (a, b) or PQG+T2 (c, d)
N-representability conditions and translated (a, c) or fully translated (b, d) 2-MC-PDFT functionals.

MCPDFT (PQG) —@— ipRE
MCPDFT (PQG+T2

)
) —e—
A-MCPDFT(PQG) —fll—
A-MCPDFT(PQG+T2) =she—

ftPBE

ftSVWN3

ftBLYP

Figure 2. MC-PDFT and A-MC-PDFT NPEs (kcal mol™") associated with the dissociation of N,. The mixing parameter for A-MC-PDFT is chosen
to be that which gives the lowest NPE for each functional considered in Figure 1. Each concentric ring denotes an additional 15 kcal mol ™" error.

CASSCEF calculations underlying CASPT2, MC-PDFT, and 4-
MC-PDFT employed full-valence active spaces and the cc-
pVTZ basis set,”” and, in the case of v2RDM-driven CASSCF,
the ERI tensor was represented within the density-fitting (DF)
approximation,”®” using the cc-pVTZ-JK auxiliary basis set.*’
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All MC-PDFT and A-MC-PDFT computations also employed
the DF approximation. The CASPT2 computations were
performed using the OPEN-MOLCAS electronic structure
package,®' and the standard imaginary shift®* of 0.20 E, and

https://dx.doi.org/10.1021/acs.jctc.9b01178
J. Chem. Theory Comput. 2020, 16, 2274—2283
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Figure 3. MC-PDFT and --MC-PDFT NPEs (kcal mol™") associated with the double dissociation of H,O. The mixing parameter for A-MC-PDFT
is chosen to be that which gives the lowest NPE for each functional. Each concentric ring denotes an additional 15 kcal mol™! error.

OPEN-MOLCAS’s default value of 0.25 E,, for the IPEA shift®®
were applied throughout.

Figure 1 illustrates the effect of the mixing parameter, 4, on
the NPE for N, when enforcing the PQG or PQG+T2 N-
representability conditions and adopting either translated or
tully translated -MC-PDFT functionals. The NPE is defined
as the difference in the maximum and the minimum deviations
between the -MC-PDFT and CASPT2 PECs from an N—N
distance of 0.7 A to an N—N distance of 5.0 A. With the
exception of that for tPBE combined with the PQG N-
representability conditions, all NPE curves presented in Figure
1 exhibit their minimal value between A = 0.70 and 0.90.
Specifically, when enforcing the PQG (PQG+T2) N-
representability conditions and adopting tSVWN3, tPBE,
tBLYP, ftSVWN3, ftPBE, and ftBLYP functionals, the optimal
A values are 0.90 (0.90), 0.00 (0.80), 0.75 (0.80), 0.90 (0.90),
0.80 (0.80), and 0.80 (0.80), respectively. For tPBE/PQG, it
appears that the optimal A value is 0.00 in this case, although
the NPE at 4 = 0.80 is only 0.3 kcal mol ™" larger. Note that the
optimal values of the mixing parameters in all other cases lie
between A1 = 0.70 and 0.90, which are close to the value of A =
0.75 used within the pCCD-ADFT-based study of N,
dissociation presented in ref 32.

Figure 2 presents the NPEs associated with the MC-PDFT
and hybrid A-MC-PDFT PECs, using the optimal A values
identified for each functional/N-representability combination
considered in Figure 1, and the data reveal several interesting
features. First, as noted in ref 40, for both translated and fully
translated MC-PDFT functionals, the NPE is somewhat
insensitive to the N-representability of the RDMs. On the
other hand, 1-MC-PDFT clearly yields lower NPE values when
the underlying RDMs satisfy both the PQG and T2 conditions;
it appears that the consideration of nonlocal exchange effects
alleviates enough of the functional error to allow us to discern
the error associated with approximate N-representability of the
reference RDMs. Second, while the NPEs vary significantly

2278

with the choice of MC-PDFT functional, nonlocal exchange
effects serve as a great equalizer; the NPE are quite similar for
all 2-MC-PDFT methods, when enforcing a given set of N-
representability conditions. Unsurprisingly, the improvement
in the NPEs is largest for the A-tSVWN3 and A-ftSVWN3
functionals. Third, as observed in ref 40, the choice of
translated or fully translated functionals does not significantly
affect the NPE associated with functionals within either the
MC-PDFT or A-MC-PDFT formalisms. Fully translated
functionals yield slightly lower NPE values than translated
functionals, but this difference is far less significant than the
improvements afforded by the admixture of nonlocal exchange
effects.

Similar trends are observed for the NPEs associated with the
H,O double-dissociation PEC. Figure 3 depicts the NPE for
each functional, where the mixing parameter is chosen to
minimize the A-MC-PDFT NPE between O—H bond distances
of 0.6 and 5.0 A. In this case, when enforcing the PQG (PQG
+T2) N-representability conditions and adopting tSVWNS3,
tPBE, tBLYP, ftSVWN3, ftPBE, and ftBLYP functionals, the
optimal A values are 0.70 (0.70), 0.45 (0.50), 0.45 (0.50), 0.70
(0.70), 0.50 (0.50), and 0.50 (0.50), respectively. Relative to
the case of N,, the optimal mixing parameters, in general, are
smaller for this problem. The only exception is tPBE, where
the optimal value of A = 0.45 is clearly larger than the optimal
value for N, dissociation (0.0). We again note that the
inclusion of nonlocal exchange effects significantly reduces the
NPEs, in general, and the variation in the performance of A-
MC-PDEFT functionals is much less than that of the MC-PDFT
functionals. In contrast to the case of N,, the quality of the
NPEs associated with .-MC-PDFT functionals is less depend-
ent upon the N-representability of the underlying RDMs. The
NPEs for each A-MC-PDFT functional, as a function of the
mixing parameter, and PECs generated using the optimal
values for the mixing parameter are illustrated in the
Supporting Information.

https://dx.doi.org/10.1021/acs.jctc.9b01178
J. Chem. Theory Comput. 2020, 16, 2274—2283


http://pubs.acs.org/doi/suppl/10.1021/acs.jctc.9b01178/suppl_file/ct9b01178_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.9b01178?fig=fig3&ref=pdf
pubs.acs.org/JCTC?ref=pdf
https://dx.doi.org/10.1021/acs.jctc.9b01178?ref=pdf

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

12.0

10.0

8.0

6.0

MAE (kcal mol™")

4.0

2.0
A—tPBE =il
A-tBLYP
0.0 | | | |

A-tSVWNS ==3¢— |

0.
12.0

0.6

0.8 1.

© T T T T

10.0

8.0

6.0

MAE (kcal mol™")

4.0

2.0
A—tPBE =—fll=—
7‘»—tBLYP ‘

0.0 ‘ ‘

A-tSVWN3 =—3¢—

0.0 0.2 0.4 0.6 0.8 1

A

.0

20 - A-ftSVWN3 =3¢ |
A—ftPBE —l—
A-ftBLYP
0.0 | | | |
0.0 0.2 0.4 0.6 0.8 1.0
120 1 ‘ ‘ ‘ :
10.0 -
o7
8.0 E
6.0 |
4.0 |- E
2.0 :""'". A—fISVWN3 —9—
A—HPBE =——fl—
A-ftBLYP
0.0 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

A

Figure 4. MAE (kcal mol™) in calculated O3ADDG6 energies as a function of the mixing parameter, 4, when RDMs satisfy PQG (a, b) and PQG
+T2 (¢, d) N-representability conditions and when adopting translated (a, c) and fully translated (b, d) A-MC-PDFT functionals.

Table 1. Calculated Relative Energies (kcal mol™") of the Stationary Points and Separated Reactant Molecules That Comprise

the O3ADD6 Dataset

0; + GH, — O; + C,H, —

method N-representability A4 vdW TS cycloadd. vdW TS cycloadd. MAE
A-tPBE PQG 0.20 —-0.42 7.84 —67.75 -2.19 491 —57.66 1.30
A-tBLYP 0.35 0.24 12.51 —61.41 =2.70 8.82 —56.18 2.75
A-tSVWN3 0.50 —1.15 7.72 —73.88 =5.72 4.69 —72.34 5.19
v2RDM-CASSCF 1.00 0.55 23.33 —56.41 —6.93 18.97 —69.54 9.73
A-tPBE PQG + T2 0.20 —0.40 7.69 —68.00 —1.86 4.87 —57.57 1.29
A-tBLYP 0.35 0.27 12.82 —61.51 -1.97 9.23 —55.88 2.78
A-tSVWN3 0.45 —1.26 6.92 =75.19 —4.51 4.10 —71.78 5.13
v2RDM-CASSCF 1.00 0.63 25.86 —55.60 —4.19 21.55 —68.13 10.04
MC1H-PBE® 0.25 —1.08 3.66 =70.97 —-1.25§ 0.13 —61.26 3.35
MCI1H-BLYP® 0.25 —0.36 6.74 —63.76 —0.47 2.57 —54.21 1.30
reference values® —1.90 7.74 —63.80 —1.94 3.37 —57.15

“The optimal mixing parameter. “From ref 30. “Best estimates from ref 85.

3.2. 03ADD6 Benchmark Set. The O3ADD6 benchmark
set is composed of the energies of several stationary points
associated with the 1,3-dipolar cycloadditions of ozone (O;) to
ethylene (C,H4) and Oj to acetylene (C,H2), relative to the
energies of the isolated reactants. The stationary points [the
van der Waals complex (vdW), the transition state (TS), and
the cycloadduct (cycloadd.)] and the separated reactants are
all assumed to be in singlet spin states. These systems present a
challenge to quantum chemical methods, as the highest-
occupied molecular orbital (HOMO) — lowest-unoccupied
molecular orbital (LUMO) double excitation character in O,
and the near-degeneracy of the x and #* orbitals
corresponding to the reactive 7 bonds in the olefins result in
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strong MR character in several of the species along the reaction
coordinate.’”** Here, we apply the MC-PDFT and A-MC-
PDFT methods to this data set, using the aug-cc-pVTZ basis
set’” and geometries for the stationary points given in ref 85.
All v2RDM-driven CASSCF and A-MC-PDFT calculations
employed the DF approximation to the ERI tensor and the
aug-cc-pVTZ-JK auxiliary basis set. To compare our results
with those from refs 30 and 85, we consider active spaces
composed of 2 electrons in 2 orbitals [denoted as (2e,20)] for
the reactants and (4e,40) active spaces for the vdW, TS, and
cycloadd. species; the orbitals comprising each active space are
defined in ref 30. Following refs 85 and 30, we neglect
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vibrational zero-point energy contributions to the energies of
the stationary points and separated reactants.

We identify the optimal nonlocal exchange mixing
parameter, specific to the O3ADD6 benchmark set, for several
A-MC-PDFT functionals by minimizing the mean absolute
error (MAE) in the relative energies of the stationary points
and the isolated reactant molecules. The reference values to
which the calculated relative energies are compared are taken
from ref 85. Figure 4 depicts the MAEs in the calculated
relative energies as a function of 4, and the data clearly convey
the importance of nonlocal exchange effects for this problem,
particularly in the case of 1-tSVWN3 and A-ftSVWN3. For all
functionals considered, the inclusion of some fraction of
nonlocal exchange is beneficial, although this fraction is, in
general, smaller than the optimal fraction for minimizing the
NPE in the N, and H,O dissociation curves considered above.
The optimal 4 values, which are tabulated in Table 1 and in the
Supporting Information, are insensitive to the choice of N-
representability conditions. The only functional that requires a
different mixing parameter under different N-representability
conditions is tSVWN3, and this value only changes by 0.0S in
this case. One possible reason for this insensitivity is the small
size of the active spaces considered. For example, for the
(2€,20) active space, the two-particle conditions alone are
sufficient to yield ensemble-state N-representable RDMs.

While the v2RDM-driven CASSCF method can capture
nondynamical correlation effects that are important in the
systems comprising the O3ADDG set, the large average errors
associated with the approach (9.73 and 10.04 kcal mol™" when
the calculations are performed under the PQG and PQG+T2
N-representability conditions, respectively) reflect its inability
to describe dynamical electron correlation. These effects are
well described by MC-PDFT and A-MC-PDFT; each hybrid
functional considered here, as well as the base MC-PDFT
functionals (aside from tSVWN3 and ftSVWN3, see
Supporting Information), substantially reduce the error
associated with CASSCF. In particular, the admixture of 20%
nonlocal exchange into the translated PBE OTPD functional
reduces the MAE to only 1.30 kcal mol™ (PQG) or 1.29 kcal
mol™! (PQG+T2), which is close to the 1.0 kcal mol™!
threshold for “chemical accuracy.” The description of the
O3ADD6 afforded by A-MC-PDFT with this functional is
similar in quality to that exhibited by the MC1H-BLYP
approach of ref 30 and superior to that displayed by the
MCI1H-PBE approach of that same work.

We note that the quality of the A-MC-PDFT results, like that
of the v2RDM-driven CASSCF, is independent of the N-
representability of the underlying RDMs, in this case. As
mentioned above, the likely reason for this behavior is the
small size of the active spaces employed. Both sets of
conditions we consider yield exact CASSCF RDM:s for systems
with (2e,20) active spaces, and the (4e,40) active spaces are
not so large that we would expect significant differences to
arise between RDMs satisfying the PQG and PQG+T2
conditions. We also note that full translation of the OTPD
functionals does not necessarily lead to a reduction in the
MAEs associated with MC-PDFT or A-MC-PDFT. For
example, a fully translated PBE functional with a 20%
admixture of nonlocal exchange (the optimal value for this
fully translated functional) performs slightly worse than the
corresponding translated functional; the MAE in this case is
2.28 kcal mol™". A complete set of O3ADD6 relative energies
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and MAEs for translated and fully translated MC-PDFT and A-
MC-PDFT can be found in the Supporting Information.

4. CONCLUSIONS

We have presented a one-parameter global hybrid extension of
the multiconfiguration pair density functional theory approach,
inspired by the multiconfigurational one-parameter hybrid
DFT developed in ref 30. Like MC1H, A-MC-PDFT relies
upon a linear decomposition of the electron—electron
interaction operator to incorporate a fraction of nonlocal
exchange into the MC-PDFT formalism. Unlike MCIH, A-
MC-PDEFT is not a self-consistent theory, and the functionals
we employ are functionals of the total density and on-top pair
density, whereas the those employed in ref 30 are standard
functionals of the total density and spin density. In both of
these respects, the present approach is similar to the pCCD-
ADFT of ref 31, with the principal distinctions unique to this
work being the source of the reference on-top pair densities
and the fact that A-MC-PDFT can, in principle, be applied to
arbitrary total spin states, while pCCD-ADFT is a closed-shell
theory.

Not surprisingly, the admixture of nonlocal exchange
improves the quality of the MC-PDFT energy, as measured
by NPEs in molecular dissociation curves and the performance
of the approach when applied to the O3ADD6 benchmark data
set. It should be emphasized, however, that the results
presented herein represent a best-possible scenario for the
accuracy of A-MC-PDFT, in that the mixing parameter is
system-dependent and chosen specifically to minimize the
error for the case in question. A universally useful A-MC-PDFT
formalism would require a single mixing parameter optimized
over a large data set, as is done in Kohn—Sham DFT-based
global hybrid schemes. Alternatively, the accuracy of the
approach could be improved, in principle, by choosing a local
mixing function,>™"”**** f(r), as opposed to a constant value
A, which could be defined in terms of the total density and the
OTPD; we believe that this strategy may be the most
promising path toward a general MC-PDFT-based formalism
that incorporates nonlocal exchange effects. In addition, the
MC-PDFT formalism could be further improved by general-
izing the OTPD functionals to consider range separation of the
coulomb interaction (see ref 32, for example) or double
hybridization.

As mentioned above, A-MC-PDFT is not a self-consistent
method. This choice was motivated, in part, by technical
considerations. The SDP algorithm we employ in the v2RDM-
driven CASSCF that underlies A-MC-PDFT assumes a linear
objective function; complete self-consistency in v2RDM-based
A-MC-PDFT would require an SDP algorithm suitable for
nonlinear objective functions,**®” which would be orders of
magnitude less computationally efficient than the linear solver
we currently employ.®® Regardless, as long as the total density
and OTPD derived from CASSCF are qualitatively correct, the
lack of self-consistency should not be problematic,” as the
associated errors have been shown to be smaller than those
associated with the use of approximate functionals in MR
+DFT methods.*® Notable exceptions would be cases for
which an approximate (i.e, v2RDM-driven) CASSCF yields
qualitatively incorrect densities. In ref 40, we demonstrated
that v2ZRDM-driven CASSCF calculations yield an incorrect
dissociation limit for CN7; challenges associated with
heteronuclear dissociations are well-known in the context of
v2RDM-based methods.”” MC-PDFT built upon incorrect
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v2RDM-CASSCEF densities, not surprisingly, also fails in this
case. The admixture of nonlocal exchange does not improve
this situation, as A-MC-PDFT simply interpolates between two
incorrect limits (see Supporting Information). This case should
serve as a reminder that both MC-PDFT and A-MC-PDFT are
only as reliable as the densities obtained from the underlying
MR approach.

Lastly, we highlight one unfortunate formal aspect of A-MC-
PDFT. One of the nice properties of MC-PDFT is that, unlike
some other MR+DFT methods, it avoids double counting of
electron correlation within the active space. This is achieved by
retaining the classical Coulomb energy from CASSCF and
relying on OTPD functionals for nonclassical contributions to
the electron—electron interaction energy. However, upon
introducing a nonzero exchange mixing parameter, 4, this
property is formally lost in A-MC-PDFT. The two-cumulant in
eq 14 introduces some correlation effects within the active
space that may also be described by the OTPD functional.
Because both correlation contributions appear with A-depend-
ent scaling factors, an appropriately chosen value for the
mixing parameter may partially address this issue. Presumably,
double counting is minimized along with the total error in any
fitting procedure used to determine A, but we cannot formally
guarantee that this is the case.
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