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In this paper we develop non-stationary martingale techniques for dependent data. We shall
stress the non-stationary version of the projective Maxwell-Woodroofe condition, which will
be essential for obtaining maximal inequalities and functional central limit theorem for the
following examples: nonstationary p-mixing sequences, functions of linear processes with non-
stationary innovations, locally stationary processes, quenched version of the functional central
limit theorem for a stationary sequence, evolutions in random media such as a process sampled
by a shifted Markov chain.
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1. Introduction

Historically, one of the most celebrated limit theorems in non-stationary setting is, among
others, the functional central limit theorem for non-stationary sequences of martingale
differences. For more general dependent sequences, one of the basic techniques is approx-
imate them with martingales by using projection operators. A remarkable early result
obtained by using this technique is due to Dobrushin (1956), who studied non-stationary
Markov chains. Later the technique was used, also for Markov chains, in Sethuraman
and Varadhan (2005) and in Peligrad (2012). In order to treat more general depen-
dent structures, McLeish (1975, 1977) introduced the notion of mixingales, which are
martingale-like structures involving conditions imposed to the bounds of the moments of
projections of an individual variable on past sigma fields. This method is very fruitful,
but still involves a large degree of stationarity and complicated additional assumptions.
In general, the theory of non-stationary martingale approximation it is much more diffi-
cult and it has remained much behind the theory of martingale methods for stationary
processes. In the stationary setting, the theory of martingale approximations was steadily
developed. We mention the well-known results, such as the celebrated results by Gordin
(1969), Heyde (1974), Maxwell and Woodroofe (2000) and newer results by Peligrad and
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Utev (2005), Zhao and Woodroofe (2008), Gordin and Peligrad (2011), among many oth-
ers. Inspired by these ideas and using a direct martingale approach, we derive alternative
conditions to the mixingale-type conditions imposed by McLeish. Our projective condi-
tions lead to a non-stationary version of the weak invariance principle under the so-called
Maxwell-Woodroofe condition, which is known to be very sharp. Surprisingly, also, is the
fact that our approach leads directly to the quenched invariance principle under the
Maxwell-Woodroofe condition which was first obtained by Cuny and Merlevede (2014)
with a completely different proof. In addition, our approach is also efficient enough to
get the functional version of the central limit theorem for p-mixing sequences satisfying
the Lindeberg condition established in Utev (1990). For this class, we completely answer
an open problem raised by Ibragimov in 1991. Other applications we shall consider are
functions of linear processes with nonstationary innovations, locally stationary processes
and evolutions in random media, such as a process sampled by a shifted Markov chain.

We begin by treating nonstationary sequences with the near linear behavior of the
variance of the partial sums. Then, we discuss the general non-stationary triangular
arrays and give the applications. The proofs are given in Section 5.

2. Results under the normalization v/n

Let (Xx)x>1 be a sequence of centered real-valued random variables in L?(Q, A, P) and
set S, = Z?zl X, for n > 1 and Sy = 0. Let (F;)i>0 be a non-decreasing sequence of
o-algebras such that X; is F;-measurable for any ¢ > 1. The following notation will be
often used: Ei(X) := E(X|F). In the sequel we denote by D([0, 1]) the space of functions
defined on [0,1], right continuous, with finite left hand limits, which is endowed with
uniform topology and by [z] the integer part of z. For any k > 0 let

o(k) = max IE(Sk+i — Sil Fi)ll2 (2.1)

and for any k,m > 0 let

m—1
P=mt Y Er(Skei — Sk)-
i=1
To get the functional form of the central limit theorem under the normalization y/n, we
shall assume the Lindeberg-type condition in the form

1 ¢ 2 1 2

ilgl) - ;E(Xj) < C < o0, and nl;rréo - ;E{X,JUXH >ey/n)} =0, for any € > 0.

(2.2)

Our first result is in the spirit of Theorem 2.4 in McLeish (1977) and gives sufficient

conditions to ensure that the partial sums behave asymptotically like a martingale. As

we shall see, next theorem is a corollary of Theorem 3.1 of the next section which does
not use the normalization /n.
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Theorem 2.1. Assume that the Lindeberg-type condition (2.2) holds. Suppose in addi-
tion that
> 27k25(2%) < 00 (2.3)
k>0
and there exists a constant ¢® such that, for any t € [0,1] and any € > 0,

[nt]

1
lim i P(‘fi X2 +2X,.67 —tz‘ ):0. 2.4
im limsup o ( P kk) c’| >¢ (2.4)

m—r oo n—oo

Then {n~1/2 Zgi]l Xp,t € [0,1]} converges in distribution in D([0,1]) to cW where W
s a standard Brownian motion.

Remark 2.1. Note that by the subadditivity property of the sequence (6(k))x>0, con-
dition (2.3) is equivalent to
> kT5(k) < oo (2.5)
k>1

Moreover condition (2.3) holds under the stronger condition

S k2 sup B (X4l )z < o (2.6)
k>1 >0

Comment 2.1. Using the Cramer-Wold device, we infer that Theorem 2.1 can be
extended to the multivariate setting as follows. Assume that (Xj)i>1 is a sequence of
centered R%valued random variables in L2(£2, A, P). Assume that, for any A € R?, the
sequence of real-valued random variables (A - X})r>1 satisfies conditions (2.2), (2.3) and
(2.4) with ¢> = ¢*(\). Then {n~%/2 L"jl X, t € [0,1]} converges in distribution in
D([0,1]) to X¥/2W where W is a standard Brownian motion on R? and ¥ = (o; ;)¢

ij=1
is a positive definite symmetric matrix whose entries can be defined as follows: o; ; =
%{02(@ +ej) — a*(e;) — 02(ej)} where (e1,...,eq) is the canonical basis of R?. Note

that Gaussian approximation for non-stationary multiple time series that are functions
of an iid sequence has been obtained in Wu and Zhou (2011) but the conditions of
their paper and ours have different range of applications. Indeed, their result is re-
stricted to functions of an iid sequence and their dependence condition is stronger than
Y ok>1 5UPiso |E(Xkti|Fi) — E(Xp44|Fi1)||2 < oo. This later condition is known to be
not comparable with (2.3) (see for instance Durieu (2009)).

For stationary sequences, as a corollary to Theorem 2.1, we obtain:

Corollary 2.2. Let (X,)nez be an ergodic stationary sequence of centered random
variables with finite second moment, which is adapted to a stationary filtration (Fp)nez.
Assume that
> 2R 2By (Sgr) |2 < 00, (2.7)
£>0
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Then, lim,, oo m1E(S2,) = ¢* and the conclusion of Theorem 2.1 holds.

Note that condition (2.7) is equivalent to >, -, k=*/2||E¢(Sk)[2 < oo and known
under the name of Maxwell-Woodroofe condition. Under this condition, Maxwell and
Woodroofe (2000) obtained a CLT. Later, Peligrad and Utev (2005) have shown that
this condition is, in some sense, minimal in order for the sequence (S,/v/n)n>1 to be
stochastically bounded and they proved a maximal inequality and convergence to the
Brownian motion. In order to derive this corollary from Theorem 2.1 we use the fact
that 6(k) = ||E(Sk|Fo)|l2 and then condition (2.3) reads as condition (2.7). In addition,
for k > 0, we get, by the ergodic theorem,

[nt]

lim E|L Z(X,i +2X,00) — Czt‘ = t|EX{ + 2E(Xo05") — |-

n— o0
k 1

It remains to take into account that

—1m—i

E(XoX;) = E(X{) + 2E(Xo67") ,
1

3
3

LR(s2) = E(X2) +

2
m

i=1

<.
Il

proving the corollary since it has been shown in Peligrad and Utev (2005) that, in the
stationary setting, condition (2.7) implies that lim,, ., m1E(S2,) exists.

3. Results for general triangular arrays

Let {X;,,1 < i< n} be a triangular array of square integrable (E(X?,) < oc), centered
(E(X;,n) = 0), real-valued random variables adapted to a filtration (F;,)i>0. We write
as before E; ,(X) = E(X|F;) and set

m—1

k
= ZXi,n and 6}, =m™" Z Ekn (Sk+in — Skon) -

i=1

We shall assume that the triangular array satisfies the following Lindeberg type condition:

supZE ) < C < o0, and nli_)n;oZ]E{X,inIﬂXkﬂ >¢e)} =0, for any € > 0.

n>1 =1

(3.1)
Moreover, for a non-negative integer u and positive integers ¢, m, define martingale-
type dependence characteristics by

n—1

AQ( = SUPZ I Ek,n (Sktun — Sk n)Hz (3:2)

n>1 k=0
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and
[n/¢]
B2*(4,m) = sup Z 1Sk.n(€,m)|3, (3.3)
I k=0
where

1 m—
Sk (€,m) = Z (E(e—1)e41,0 Skt 1)e4un — Sketum)) -

Our next theorem provides a general functional CLT under the Lindeberg condition
for martingale-like nonstationary triangular arrays.

Theorem 3.1. Assume that the Lindeberg-type condition (3.1) holds and that

lim 279/24(27) = 0 and lim inf Z B(24,29)=0. (3.4)
j—o0 j—o0 >

Moreover, assume in addition that there exist a sequence of mon-decreasing and right-
continuous functions vy (+) : [0,1] — {0,1,2,...,n} and a non-negative Lebesgue inte-
grable function o2(-) on [0,1], such that, for any t € (0,1],

v (t)

t
lim hmsup]P’(‘ 3 (XE, +2Xkn6) 7/ UZ(U)du‘ >€) —0.  (35)
m—00 n—oo 1 ’ 0

Then { ZU" Xpinst € [0,1]} converges in distribution in D([0, 1]) to { fo w)dW (u), t
[0,1]} where W is a standard Brownian motion.

The following proposition is useful for verifying condition (3.5).

Proposition 3.2. Assume that the Lindeberg-type condition (3.1) holds. Assume in
addition that for any non-negative integer £,

Jim lim sup 3 IBktn(XinXien) ~ Bon (Ko Xiren) 1 =0 (36)
X n—oo k—=bt1

and, for any t € [0, 1],
Un(t)

t
lim limsupPO 3" (Bom(XE.,) + 2o n(Xiab))) _/ 02(u)du’ > 5) 0. (3.7)
0

m—00 n—oco b1

Then the convergence (3.5) is satisfied.
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Let us apply the general Theorem 3.1 to the sequences of random variables when the
normalizing sequence is v/n. For any non-negative integer v and any positive integers £
and m, let a(u) and b(¢, m) be the non-negative quantities defined by

n—1 n—1

1 1 _
a®(u) = sup — > [ Ba(Skpu — S5 B2(6,m) =sup— > ||Sk(£,m)|3,
n>1 M —o n>1"1 =0
1 m—1
where  5y.(£,m) = — z_;) (E(k—1)e1(S(k+1)e4u — Sketu)) -

The conditions are in the sense an average version of condition (2.3). They are particu-
larly useful in the analysis of quenched limit theorems. By applying Theorem 3.1 to the
triangular array Xg, = Xi/vn; 1 < k < n and v,(¢t) = [nt] we obtain the following
corollary:

Corollary 3.3. The statement of Theorem 2.1 holds when condition (2.3) is replaced
by the following conditions

lim 277/2a(27) = 0 and liminf Y " 27%/2p(2",27) = 0. (3.8)

— 00 — 00
! ! >j

By using the definition of (§(k))r>1 in (2.1), the subadditivity of this sequence and
Proposition 2.5 in Peligrad and Utev (2005) we note that condition (2.3) implies that
lim; 00 277/2a(27) = 0. Moreover, condition (2.3) easily implies the second part of con-
dition (3.8). By using this remark we can see that Theorem 2.1 is a consequence of
Corollary 3.3. We elected to present the results first for sequences of random variables
and then for triangular arrays, for stressing the fact that our results are generalization
to nonstationary sequences of the important results in the stationary setting involving
condition (2.7). The results are also related to conditions in McLeish (1975, 1977). Our
approach uses a suitable martingale approximation whereas McLeish (1975, 1977) proved
first tightness of the partial sum process and then he identified the limit by using a suit-
able characterization of the Wiener process given in Theorem 19.4 in Billingsley (1968).

4. Applications

4.1. p-mixing triangular arrays and sequences

For a triangular array {X;,,1 < i < n} of square integrable (E(X?,) < 00), centered
(E(X;n) = 0), real-valued random variables, we denote by o}, = Var( 22:1 Xy) for
kgnandaizazyn. For 0 <t <1, let

'Un(t)

o2
vn(t) = inf{k:; 1<k<n: kén > t} and W,(t) =0, " E Xin -
o
n i=1
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Define also S, = Sk, = Zle X n. In this section we assume that the triangular array
is p-mixing in the sense that

p(k) =sup max p(J(Xim, 1<i<yj),0(Xin,j+k<i< n)) —0,as k — o0,
n>11<j<n—k

where o(Xy,t € A) is the o-field generated by the r.v.’s X; with indices in A and we
recall that the maximal correlation coefficient p(U, V) between two o-algebras is defined
by

pU, V) = sup{|corr(X,Y)|: X e L*(U),Y € L*(V)}.

Next result gives the functional version of the central limit theorem for p-mixing sequences
satisfying the Lindeberg condition established in Theorem 4.1 in Utev (1990). It answers
an open question raised by Ibragimov in 1991.

Theorem 4.1. Suppose that

n

supo, 2y E(X?)<C<oo, 4.1
sup Jz::l (Xjn) < (4.1)

and .
lim o2 ZE{X%nI(\XkM >eop)}t =0, foranye>0. (4.2)

n— o0
k=1

Assume in addition that
> p(2F) < 0. (4.3)
k>0
Then {Wn(t),t € (0, 1]} converges in distribution in D([0,1]) (equipped with the uniform
topology) to W where W is a standard Brownian motion.

For the p—mixing sequences we also obtain the following corollary:

Corollary 4.2. Let (X,,)n>1 be a sequence of centered random variables in ]LQ(]P’). Let
Sp =Y r_ Xk and 02 = Var(S,). Suppose that conditions (4.1), (4.2) and (4.3) are
satisfied. In addition assume that 02 = nh(n) where h is a slowly varying function at
infinity. Then W,, = {o;! Zgﬂ X, t € (0,1]} converges in distribution in D([0,1]) to
W where W is a standard Brownian motion.

It should be noted that if W,, converges weakly to a standard Brownian motion, then
necessarily 02 = nh(n) where h(n) is a slowly varying function (i.e. a regularly varying
function with exponent 1). This is so since for ¢ € [0, 1] fixed we have Sj,y/0m —% N(0,1)
and in addition, taking t = 1 we have S2 /o2 is uniformly integrable (by the convergence
of moments theorem), implying me] /o2 — t. In the stationary case, let us mention that

the functional CLT under (4.3) has been obtained by Shao (1989).
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Comment 4.1. Ifin Corollary 4.2 above we assume that 02 = n®h(n) where a > 0 and
h is a slowly varying function at infinity, then the proof reveals that, under (4.1), (4.2) and

(4.3), {o,! Zgﬂl X, t €[0,1]} converges in distribution in D([0,1]) to {G(¢),t € [0, 1]}
where, for any t € [0,1], G(t) = \/afot ul*=D/2dW (u) with W a standard Brownian

motion.

4.2. Functions of linear processes

Let (£i):cz be a sequence of real-valued independent random variables. We shall say that
the sequence (g;);ez satisfies the condition (A) if (¢7);ez is an uniformly integrable family
and sup; ¢z ||ei]|2 := 0= < 00. Let (a;);>0 be a sequence of reals in £!. For any integer k, let
then Yy, = Y.~ aick—i. Let f be a function from R to R in the class £(c), meaning that

there exists a concave non-decreasing function ¢ from R to R with lim, ,qc(z) = 0
and such that

[f(z) = f(y)| < e(lz —yl) for any (z,y) € R*.

We shall also assume that

C(Kz |ai|> < oo for any finite real K > 0 and Zk_1/2c(205 Z |ai\> < oo, (4.4)
>0 k>1 i>k

and, for any k > 1, define
X = f(Y) —E(f(Yx)). (4.5)

Corollary 4.3. Let (g;)icz be a sequence of real-valued independent random variables
satisfying the condition (A). Let f be a function from R to R belonging to the class
L(c) and let (a;)i>0 be a sequence of reals in ¢*. Assume that condition (4.4) is satisfied
and define (Xg)g>1 by (4.5). Let S, = > p_, Xi and o2 = Var(S,). If 2 = nh(n)
where h(n) is a slowly varying function at infinity such that liminf, _, . h(n) > 0, then
{o,! Zgi]l Xy, t € [0,1]} converges in distribution in D([0,1]) to W where W is a
standard Brownian motion.

Note that, if |a;| < Cp' for some C' > 0 and p €]0, 1], the condition (4.4) holds as soon

/1 W gt < o0, (4.6)
0

ty/|logt|

Note that this condition is satisfied as soon as ¢(t) < D|log(t)|~” for some D > 0 and
some v > 1/2. In particular, it is satisfied if f is a-Holder for some « €]0, 1].

4.3. Application to locally stationary processes

In this section, we are interested by the limiting behavior of the partial sum process
{n=1/2 chn:t]l Xpnst € [0,1]} when (Xjn,1 < k < n) is a locally stationary process as
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considered by Vogt (2012), so in the sense that X}, , can be approximated locally by a
stationary process X (u) in some neighborhood of u, that is for those k where |k/n—u| is
small. More precisely, we shall assume Assumptions (Sp) and (S1) below which are close
to Assumption 2.1 (S7) in Dahlhaus et al. (2018). Assumption (D) is a weak dependence
assumption which cannot be compared to Assumption 2.3 (M7) in Dahlhaus et al. (2018).
Therefore, even if Corollary 4.4 below is in the spirit of Theorem 2.9 in Dahlhaus et al.
(2018), it has a different range of applications.

Assumption 4.1. Let (X, 1 <k < n) be a triangular array of stochastic processes
such that E(X,,) = 0. For each u € [0,1], let Xi(u) be a stationary and ergodic process
such that the following holds.

So) maXlSjsnn_l/z‘ 11 X — Yhmy Xil(k/n)| =% 0.

(
(1) suPyepo 1) | Xu(w)ll2 < o0 and lime o supj, <. [ Xi(u) — Xi(v) ]2 = 0.

ere exists a stationary non-decreasing filtration (Fi)rx>o0 such that for each u €
D) Th ) ) d ing fil ) Fi)i> h that f h
0,1

Z’;l X;(u), the following condition holds: > k>0 27F/25(2%) < .
As a consequence of Theorem 3.1, we obtain

Corollary 4.4. Assume that Assumption 4.1 holds. Then there exists a Lebesgue in-
tegrable function o2(-) on [0,1] such that, for any u € [0,1], limy,— 0o m ™ E(Sy (u))? =

o*(u) and the sequence of processes {n~'/? Ln:ﬂl Xpnst € [0,1]} converges in distribu-

tion in D([0,1]) to {fot o(u)dW (u),t € [0,1]} where W is a standard Brownian motion.

Note that compared to Theorem 2.9 in Dahlhaus et al. (2018), we do not need to
assume that || sup,o 1] | X1 (u)||]2 < oo nor that X (u) takes the form H(u,n;) with H
a measurable function and n, = (¢, < k) where (¢;);ez is a sequence of iid real-valued
random variables. Moreover, let us consider the following example. For any u € [0, 1],
let Yi(u) = Yiuga(u)iep—; and Xi(u) = f(Yi(uw)) — Ef(Yi(u)) with E(sp) = 0 and
leoll2 = oo < oo, a(-) a Lipschitz continuous function such that sup,cig 1) [ (u)] =
a < 1 and f € L(c) as defined in the beginning of Section 4.2. Define then Xy, =
Xi(k/n) + n=32u, (e + -+ + ex_pn) with u,, — 0. It follows that (Sp) is satisfied.
Moreover using Lemma 5.1 in Dedecker (2008) one infers that (S7) is satisfied as well
as (D) provided that (4.6) holds. Note that Assumption 2.3 (M7) in Dahlhaus et al.
(2018) will require fol t~Le(t)dt < oo which is stronger than (4.6). As a counter part, if
f(xz) =z and Yi(u) = > ;50 a(u,i)ep—; with sup;sq|a(u,i) — a(v,i)] < Clu — v| and
Sup,epo0,1] |(u, )| < i with (a;)i>o € £', then Assumption 2.3 (M;) in Dahlhaus et al.
(2018) is weaker than (D). Hence (D) and Assumption 2.3 (M7) in Dahlhaus et al. (2018)
have different areas of applications.
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4.4. Quenched functional central limit theorems

In this subsection we start with a stationary sequence and address the question of func-
tional CLT when the process is not started from its equilibrium, but it is rather started
at a point or from a fixed past trajectory. This process is no longer strictly stationary.
This type of result is known under the name of quenched limit theorem. It is convenient
to introduce a stationary process by using the dynamical systems language. Let (€2, .4, P)
be a probability space, and T : Q — Q be a bijective bimeasurable transformation pre-
serving the probability P. An element A is said to be invariant if T(A) = A. We denote
by Z the o-algebra of all invariant sets. The probability P is ergodic if each element of 7
has measure 0 or 1.

Let Fy be a o-algebra of A satisfying Fy C T~ !(Fy) and define the nondecreasing
filtration (F;)iez by F; = T~ (Fy). We assume that there exists a regular version Pri 7,
of T given Fy,

In this subsection, we assume that P is ergodic and we consider X, a JFy-measurable,
square integrable and centered random variable. Define then the sequence X = (X;);ez
by X; = XgoT% Let S, = X1 + -+ + X,, and W,, = {W,,(¢),t € [0,1]} where W, (t) =
n~Y 2S[m]. It is well-known that, by a canonical construction, any stationary sequence
can be represented in this way via the translation operator. As we shall see, applying
our Corollary 3.3, we derive the following quenched CLT in its functional form under
Maxwell and Woodroofe condition (2.7) which, from the subadditivity property of the
sequence (|[Eo(Sy)|2)n>0, is equivalent to the convergence: >°, <, k~%/2||Eq(Sk)|2 < oo.
This result was first obtained by Cuny and Merlevede in 2014 (see their Theorem 2.7)
with a completely different proof.

Corollary 4.5. Assume that (2.7) holds. Then there exists a constant c¢* such that
lim,, oo n’l/QIE(S?l) = c? and W, satisfies the following quenched weak invariance prin-
ciple: on a set of probability one, for any continuous and bounded function f from
(D([0,2), ]| [l0) to R,

tim Eo(£(W,)) = [ Fze)W(dz).

n—oo

where W is the distribution of a standard Wiener process.

The conclusion of this corollary can also be expressed in the following way. Denote by
PY(A) a regular version of conditional probability P(A|Fy)(w). Then for any w in a set
of probability 1, W, converges in distribution in D([0,1]) to W under P¥.

Since condition (2.7) is verified by a stationary p—mixing sequence satisfying (4.3) (see
for instance Peligrad and Utev (2005)), the quenched functional CLT in Corollary 4.5
holds under (4.3) holds. Note that for a stationary Gaussian process, its spectral density
provides an useful tool to bound the p-mixing coefficient (see for instance Theorem 27.5
in Bradley (2007)).
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4.5. Application to a random walk in random time scenery

Consider the partial sums associated with (Xj)r>0 which is a sequence of random vari-
ables, {(;};>0, called the random time scenery, sampled by the process (Y)r>0, defined
as

Yi=k+¢r, k>0,

where {¢,}n>0 is a “renewal”-type Markov chain defined as follows: {¢y;k > 0} is a
discrete Markov chain with the state space Z* and transition matrix P = (p;;) given by
Prk—1 = 1 for k > 1 and p; = poj—1 = P(r =j), j = 1,2,..., (that is whenever the
chain hits 0 it then regenerates with the probability p;). Therefore the sequence (Xj)r>0
is defined by setting

Xk = Cyy -

We assume that E[r] < oo which ensures that {¢,},>0 has a stationary distribution
7w = (m;,4 > 0) given by

[ee]
T = To Z Di, ]:1,2
i=j+1
where m9p = 1/E(7). We also assume that p; > 0 for all j > 0. This last assumption
implies the irreducibility of the Markov chain.

In Corollary 4.6 below, we shall make the following assumption on the random time
scenery:

Condition (A1) {{;};>0 is a strictly stationary sequence of centered random variables
in L*(P), independent of (¢x)k>0 and such that, setting G; = o((i, k < i),

; UE(QC\/Igo)lz < oo and nlgr;@j;lgn IE(Ci¢;1G0) — B(¢iC)]lh = 0. (4.7)

Applying Theorem 2.1 and Proposition 3.2, we can prove the following result concern-
ing the asymptotic behavior of {n='/2S,,;,¢ € [0,1]} when the chain starts from zero
(below Py,—o is the conditional probability given ¢¢ = 0).

Corollary 4.6. Assume that E(72) < oo and that {(;};>0 satisfies condition (A1 ). Let
So =0 and S, = Zle X; for any k > 1. Then, under Pg,—o, {n=/2S,,t € [0,1]}
converges in distribution in D[0,1] to a Brownian motion with parameter ¢* defined by

m

¢ = E(G) (1 + QZ“U) +2 Z E(¢oGm) Z(Pj)o,m—j . (4.8)

i>1 m>1 j=1

Note that E(72?) < oo is equivalent to > ., iP(7 > i) < co and therefore to the
finitude of the series )., im;. -

The proof of the above corollary being long and technical, it is postponed to the
supplementary material Merlevede, Peligrad and Utev (2018).
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5. Proofs

In all the proofs, we use shall use the notation a,, < b, which means that there exists a
universal constant C' such that, for all n > 1, a,, < Cb,,.

5.1. Preparatory material

The next result is a version of the functional central limit theorem for triangular arrays of
martingale differences essentially due to Aldous (1978) and Génssler and Hausler (1979)
(see also Theorem 3.2 in Helland (1982)).

Theorem 5.1 (Aldous-Génssler-Héausler). Let v,(+) : [0,1] — {0,1,2,...,n} be a se-
quence of integer valued, non-decreasing and right-continuous functions. Assume (d; n)1<i<n
is an array of martingale differences adapted to an array (Fin)o<i<n Of nested sigma
fields. Let o(+) be a non-negative function on [0,1] such that o2(-) is Lebesgue integrable.
Suppose that the following conditions hold:

max |d; | is uniformly integrable, (5.1)
1<j<n
and, for all t € [0,1],
() t
Z d?m —F /0 o?(u)du asmn — oo. (5.2)
=1

Then {Z;i(f) djn,t € [0,1]} converges in distribution in D[0,1] to {f(f o(u)dW (u),t €

[0,1]} where W is a standard Brownian motion.

5.1.1. A maximal inequality in the non-stationary setting

The following theorem is an extension of Proposition 2.3 in Peligrad and Utev (2005) to
the non-stationary case. The proof follows the lines of the proof of Theorem 3 in Wu and
Zhao (2008), but in the non-stationary setting, and is then done by induction. The proof
is left to the reader but details can be found in the proof of Theorem 3.2 in Cuny et al.
(2017).

Theorem 5.2. Let (Xi)rez be a sequence of real-valued random wvariables in L2 and

adapted to a filtration (Fi)kez. Let S, = > p_y Xk, So = 0 and S}, = maxi<p<n |Sk|.
Then, for anyn > 1,

. n 1/2
Iilz < 3( DD IX13) T +3v2Au(X). (5.3)
j=1
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where
r—1 2777

- /
Z( E(Skoi — S(k_1)2a'|]:(k—2)2j+1)||§)1 2,

j=0 k=

with v the unique positive integer such that 2" ~1 < mn < 27.

5.2. Proof of Theorem 3.1

Recall that X := {Xy, : k=1,...,n} = (Xgn)}{_,; is a triangular array of real-valued
random variables in L? adapted to a filtration (Fj ,,)o<k<n. Without loss of generality,
we assume that X, = 0 for ¥ > n and F,, = F, , for £ > n. Moreover, by abuse of
notation, we will often avoid the index n. In particular, we shall write X} = X}, and
Fi = Fi.n, and we will use the notations

Ej(X) = E(X|F;), Pj(x) = Ej(X) - E;1(X).

For a positive integer n, define the unique positive integer r such that 277! < n < 27.
For each n let also S, = Y _, X and Sy = 0.

Theorem 3.1 will follow from a martingale approximation and an application of The-
orem 5.1, for the approximating martingale.

5.2.1. Step 1: A general Lemma.

Let us first introduce some notations. Let m be a fixed positive integer such that m < n.
Let us then define

3

m—1 m—1

| 1
0y = o 12:; Eo(Xep1 4+ ...+ Xoqs), D' = Z P(Seyi) = o 2 Py(Sei — Se-1),
(5.4)
and
m 1 m m
Y/ = —Eo(Sepm — S0), R =) Y/". (5.5)

Then, D™ = (DJ*)7_, is a (triangular) array of martingale differences adapted to the
filtration (Fj)o<k<n and the following decomposition is valid:

Xe=D+67, -0 +Y,",. (5.6)
Also, for any positive integer m and k, we have
Sy =M +607 -0+ R (5.7)

As an intermediate step in proving Theorem 3.1 we shall prove a lemma under a set of
assumptions which will be verified later. The next assumption (H) aims to guarantee
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that, in a certain sense, S; can be approximated by M, ,’Cnl (for m’ a subsequence of m)
and it is then used to verify the conditions of Theorem 5.1.
There exists an increasing subsequence of integers (m;);>1 with m; — oo as j — oo
such that
1 00 SUP,, > >0 ) ||YmJ 13 =
(H) := { limy 00 sUp,51 Ap(Y™) =0,
lim; o0 5P, 51 X5 1657 121V 12 = 0,

where
2d r

An(Y™) Z(ZHE W = By

r=0 k=1

2

1/
| Fk—2y2-) |2 )

We are now in the position to state our general lemma.

Lemma 5.3. Assume that the Lindeberg-type condition (3.1) holds and that condi-
tion (H) is satisfied. Assume in addition that there exist a sequence of non-decreasing

and right-continuous functions v,(-) : [0,1] = {1,2,...,n} and a non-negative Lebesgue
integrable function o2(-) on [0,1] such that (3 5) holds Then { 3 Xt € [0,1]} con-
verges in distribution in D([0,1]) to {fo € [0, 1]} where W is a standard

Brownian motion.

Proof. To soothe the notations, we will often write m instead of m;. To prove the lemma,
let us first analyze the negligibility in some sense of the variables 6;* and R]*. Notice
that from the definition (5.4)

max |07'|* < m® max E;( max. | X5 [?) .
0<k<n 0<j<n 7 V1<k<

By applying the Doob’s maximal inequality and next truncation, we derive

E[ max E;( max |[X,)] < 4E(En(121,?§n|xk|2)> < 45+4I;E{X,§I(|Xk| > e)}.

Combining it with the previous estimate, taking into account the Lindeberg-like condition
(3.1) and letting n tend to infinity and then ¢ — 0 we obtain for each m, that

m|2
E(Orgnlgé(nwk ’) > 0asn— oco. (5.8)

Note that, proceeding similarly, we also have that, for each m,

]E(llgkaécn|Dk ’) = 0asn — oo. (5.9)

Now, by applying Theorem 5.2 to the array (Y™)recz, we have

1<k<n 1<k<n

k-1 1/2
| max (R[], = || max | S v, <3(Z||ym|| ) vRA, ).
/=0
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Taking m = my, by assumption (H) the terms in the r.h.s tend to 0, uniformly in n by
letting j — oco. Hence, we derive the bound

sup || max 1R[], 08 j — co. (5.10)

By the relations (5.8) and (5.10) we have the following martingale approximation

k k
> Xin— > Dy
i=1 (=1

limsupH max ’ —0asj—o00.
n 2

1<k<n

This limit clearly implies
v (t) vn (t)

lim sup H sup ‘ Z Xin — Z D;"
n 1= =1

te(0,1

‘2—>Oasj—>oo, (5.11)

and also for jp fixed,

Sup]E(S?l) < supz ||D;nj0 H2 +€j, 5
nZlé:l

n>1

where €5, is a finite positive constant. Now, by definition (5.4),

mjo—l mJO—l
1Dl < — > IPw(Skri = Silla € — D> [Ex(Skyi — Si)ll2-
Jo  i—o Jo =0

Hence, since Xy, = Xy, =0, k > n,

SOID N3 < m2 > 1 Xll3 - (5.12)
k=1 k=1

Therefore, by the first part of (3.1),

supE(S?%) < Cj, < 0. (5.13)

n>1

From (5.8), (5.9), (5.10), (5.11) and (3.5), we can deduce that we can find a sequence
of positive integers £(n) such that £(n) — oo and setting m;, = my (),

i gz 106, = 0 i | e 1D 1], = 0. (514)
nlggoH 1rgnlfgcn|Rk |, =0, (5.15)
vy () v () ,
lim || sup ‘ Xin— D||| =0, (5.16)
n=ee e ; ; ol
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and, for any ¢ € [0, 1],
v 1) , ‘
Tim | ,; (X2 4 2X,00) —/0 o?(u)du| > £) =0 (5.17)
In addition, by condition (H), on the same subsequence (m/,) we also have

hmn—woz HY nHQ =0,
(H') := < limy— 00 An(Ym )=0,

_ ! !
limy, o0 Yo 107" |2V " [|2 = 0.

By (5.16), it suffices to show that { ;"] ®) D;ﬂl" ,t € [0,1]} converges in distribution in
D([0,1]) to ¢W. We shall verify now that the triangular array of martingale differences

(D,"™)1<e<n satisfies the conditions of Theorem 5.1. The condition (5.1) follows from the
second part of (5.14). In order to verify condition (5.2) we proceed in the following way.
We start from the identity (5.6) written as (m = m])

Xe4 07 = DY+ 07, + Y%,
Therefore
X7 42X007" + (07")° = (DJ')? + (0,°1)% + (Y771 )* + 207V, + 2D (07 +Y[™).

We sum over ¢ and get

Un( ) m
Z (X7+2X00;")+ (avn(t))2 = Z

=

v (t)

m m n (1) m(gm m
oy (DO, 2D 0+ Y )+ R (va(1))

where
vn (t)—1 vy (t)—1

R/(vn(t)) _ Z (Yvémyl)Q ) Z QZ’LnYkmn .
k=0

£=0

By the Cauchy-Schwarz inequality and condition (H') we have that

E( s<u1<) |R' (v (t ZHY "||2+22||9 ||2||Ykm"||2—>0asn—>oo.
0<t<1

Furthermore, by using the first part of (5.14) we also have

E sup \(0;’;(”)2 — (002 = 0asn — oco.
0<t<1

Now, by gathering the above considerations and by also using (5.17), we shall have

n(t)
ZZ_I 2 / u)du in probability as n — oo,
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if we can prove that ZZ;(lt) 2D;n;1 (0;”_4‘1 +}an;11) — 0 in probability. Because (92;"”1 +Y£;1‘)
is a previsible (i.e. Fy_1 ,-measurable) random variable, the result follows again from
(5.14) and (H’), by using the following fact, which is Theorem 2.11 in Hall and Heyde
(1980):

Fact 5.1. Let (Z;)I, be real-valued martingale differences adapted to a non-increasing
filtration (F;)o<i<n and let (Ay)j_; be real-valued random variables such that Ay is
Fir_1-measurable. Then, there exists a positive constant ¢ such that

k
> Az
i=1

together with the following remark: by (5.16) and (5.13),

E max
1<k<n

n 1/2
<c{E1r<n,g§n|Ak2}“2{;E<ZE>} .

on(t) on(t)

lim sup Z | D" ||3 = lim sup H Z D"~
=1 " =1

v () v (t) v (t)

< limsup sup || Z Xin — D;n:“' ;—Himsup H Z X“lHZ <Cj, .
1 n—

n—oo tel0,1] 4 i=1

2
2

i=

This ends the proof of the lemma. ¢

5.2.2. Step 2: end of the proof of Theorem 3.1.

We are going to prove that Theorem 3.1 follows from an application of Lemma 5.3. With
this aim we start by noticing the following fact: if the second part of (3.4) holds then
there exists an increasing subsequence of integers (m(j));>1 with m(j) — oo as j — oo
and such that

J

im Y 272B(2%,2m0)) =0, (5.18)
—00
£>m(j)

Hence, to show that condition (H) of_ Lemma 5.3 holds, we shall prove that its three
assumptions are satisfied with m; = 2™0U). So, in what follows m; = 2™) where m(j) is
an increasing subsequence of integers tending to infinity and such that (5.18) holds. As
before, we will sometimes write m instead of m;.

Verifying first condition in (H). We first notice that, by the definition (3.2) and
first part of condition (3.4)

n—1

n—1
sup 3 V"3 = m; 2 sup ¥ [Ex(Sktm, — Sk)l3 =m;?A%(m;) — 0 as j — oo,
nzly o nzl 7y

(5.19)
which proves the first condition in (H).
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Verifying second condition in (H). This needs more considerations. It is convenient
to use the decomposition

d 24°r b o2¢7r
1/2
S (X I~ R o Fa)I2) Z(ZHE o =Ry 1 Fe-227)13)
r=0 k=1 r=0 _
2d T /2
+ Z (Z [E(RYSr — Rik—1y2r | Fe—2)20)|I2 )
r=b+1 k=1

where b is the unique positive integer such that 2° < m < 2°*1. To estimate the first sum
in the right-hand side, notice that, by the properties of the conditional expectation, we
have

271
||]E(RZ§T - k 1)2'"|’F(k 2)2 < Z ||]E }/34, k—1 QT‘f(k 2)21) |
=0
1 27 —1
s - > ESes (6-1)20+m — Ser(g-1)2- | Fo—2)2010) |2
=0
1 k2" —1
< m Z IE(Se-tm — SelFe—2-)|l2 - (5.20)
t=(k—1)2r

Therefore, by definition (3.2),

gd-—r 24=7m k21

. 1/2 27"/2 1/2
(ZHE Rl Foop ) <2 (Y Bk S Fia)l3)
k=1 t=(k—1)2"
or/2 21 5\ /2 2T/2A
< — " <
< S (0 S = SFIE) < S-Alm),

giving
2d T

/2 2 A
Z(Z”E Rigor = R vyor [F(k-2)2r "2) 2-1 \ﬁ@

r=0 k=1

To estimate the second sum we also apply the properties of the conditional expectation
and write this time

IE(Rys — Rik_1y2r [Fr—2)2r) |2
m—1

<[ S B~ S ralFz )| = 180 @ mlle . (5:21)
u=0
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Hence, by definition (3.3)

24-r d
/2
Z (ZH]E (Rior — Ri—1)or [Fe-2)27)[I2 ) Z B(2",m).
r=b+1 k=1 r=b+1
So, overall,
2d—r

i(ZHE(m R P l) < e A VE'S B
r=0 k=1 = Ge—njar (b V2-1 vm r=b+1

(5.22)
This gives

2

sup A, (Y™) <

2 mW/2A(2m0)) 4 1/2 Z B(27,2m\))
r=m(j)
which, together with condition (3.4), prove the second condition in (H).

It is worth to notice that we have proved the following maximal inequality for the array
of Y’s (the proof comes from an application of inequality (5.3) to the array (¥,")iez and
by taking into account bounds (5.19) and (5.22)).

Lemma 5.4. There exists a positive constant C such that, for every positive integers
n and m such that m < n,

d
|lrg]a<xn|zy |||2§3(1+ ;ﬁfl)\ﬁﬁ)w > 272B(27,m),

r=[log,(m)]

where d be the unique positive integer such that 29~ < n < 24,

Verifying third condition in (H). For any positive integer ¢ such that ¢ < m;, we
write its decomposition in basis 2,

[logy (4)]+1

i= Z cx(i)2% where ¢ (i) € {0,1}.

k=0

Denote by i, = Y j_o cx(i)2F (hence ifiog, (5))+1 = %), for u > 0 and set i_; = 0. We have

m—1 [logy(¢)]+1

16712 < — Z [E¢(Seti — Se)ll2 < — Z Z IEe+i,—1 (Setin — Setin—i)l2

Cu() B,y (Setiy_y+2v — Seviy )2
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Hence, by taking into account definition (3.2),

n—1

S 16 s

=0

m—1[loga())]+1  n-1

(3 culBesio s (Sevs s — St 1) (ZWH )"

1 [log, (4)]+1

s%Z > A<2“(Z||Ym||) SRNEES)

So, by the first part of condition (3.4), there exists a constant C' such that

= m m c — £ w/2 = m||2 1/2 = m||2 1/2
S 167 a1l < = Z Z E (S vemig) < v (Y 1vB)
=0 i=1  u=0 =0 =0
With m =m; = 270) and taking now into account (5.19), it follows that
1 2C ‘ ,
07 |2 Y, A - 2-mU)/2 g(2m )y |
Zn Yl < o Ay = 2 @)

which converges to zero as j — oo by the first part of (3.4). This shows that the third
condition in (H) is satisfied and ends the proof of the theorem.

5.3. Proof of Proposition 3.2

Once again, to soothe the notation, we will avoid the index n involved in the variables
and in the o-algebras. In particular, we shall write X}, = X}, ,, and F, = Fj, »,, and we will
use the notations E;(X) = E(X|F;) and P;(z) = E;(X) — E;_1(X). Moreover, without
loss of generality, we assume that X}, , = 0 for £ > n.

Clearly it is enough to show that, for any ¢ € [0, 1] and any fixed integer ¢ > 0,

”n(t)

lim ‘ ;; (Er(XkXsr) — IEO(XkaM))Hl —0. (5.24)

n—oo

With this aim, note that for any positive fixed integer b (less than v, (¢)), by the Cauchy—
Schwarz inequality,

b b b+¢

D B (X Xire) = Eo(XaXpro) 1 < 207" Y Xkl | Xarella <2 (1 Xll3 -
k=1 k=1 k=1
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Hence, for any € > 0,

b b+-¢
D IER( Xk Xkte) — Eo(XeXero)lln < 2{°(0+0) + Y _E(X1x,5¢) }
k=1 k=1

which converges to zero as n — oo followed by € — 0, by taking into account condition
(3.1). Now

vn (t) vn (t)
Z (B (XeXnte) — Bo(XpXipe)) = Z (Er(XeXnte) — Erep(XpXpi0))
k=b+1 k=b+1
v (t)
+ Z (Ex—u(XkXnre) — Eo(Xp Xiyr)) -
k=b+1
Taking into account condition (3.6), we have

'U'n(t)
lim lim sup ‘ 3 (Br(XiXise) —EO(XkaM))Hl 0.

00 n—oo

k=b-+1
‘We show now that
v (t)
lim lim sup H 3 (Ba(XnXire) — Enoo(Xp Xiie) H —0. (5.25)
b—© noco kb1 1

Together with the convergences proved above, this will show that (5.24) is satisfied.
To prove (5.25), we fix a positive real € and write

Un (t)

H Z (Ek(XkaH)—Ekfb(XkaM))H
k=bt1

1

v (t) v (t)

<| X @) -Eemio)|| + | D B - B
k=b+1 k=b+1

where
/ "
Ykl :Xka+gl|Xka+[|§€2 and Yk,Z :Xka+€1\Xka+e|>52~

Note now that the following inequalities are valid: for any reals a and b and any positive
real M,

|ab|1{|ab|>M} < 2_1(\a2 + b2|1{|a2+b2\>2M}> < a21{a2>M} + b21{b2>M} .

Hence,
Un (t)

ST (BT - EOLF-0)| < 4d B x50
k=b+1 k=1
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which together with condition (3.1) imply that

vy ()

nlgngo‘ 3 (En(YY)) ~ Eie b(YM))H ~0. (5.26)
k=b+1
On another hand,
v, (t) vn(t) b—1 b—1 vn(t)
S EeY) —Ben(Vi)) = D D> Pr (Vi) => > Pr (V).
k=b+1 k=b+1 j=0 §=0 k=b+1

where we recall P;(-) = E(:|F;) — E(-[F;-1). Since (Pr—;(Y} ,))k>1 is a sequence of
martingale differences,

vy (t) v ( v (
| > E)-Ea ()|, ZH S P . Z( S P00 2)"”
k=b+1 j=0 k=b+1 j=0  k=b+1

By the Cauchy—Schwarz inequality,
IPe—; (Y5 < 1By (Y OI5 < 21X Xnrelln <271 (|XkN5 + [ Xnrell3) -

Therefore

vn (%)

| > )~ Bees(3i)] < besun > xe)”

k=b+1 =4 T k=b+1

which converges to zero by taking into account condition (3.1) and by letting e going to
0. This last convergence together with (5.26) entail (5.25) and then (5.24). This ends the
proof of the proposition.

5.4. Proof of Theorem 4.1

We apply Theorem 3.1 to the triangular array {o,'Xgn,1 < k < n},>; and the o-
algebras F,, = 0(X;n,1 < i < k) for k > 1 and Fy,, = {0,Q} for k& < 0. For
convenience, we can set Xy, , = 0 for £ > n. Again, to soothe the notations, we will omit
the index n involved in the variables and in the o-algebras.

As a matter of fact, we shall first prove that under the conditions of Theorem 4.1, the
following reinforced version of condition (3.4) is satisfied:

. —1/2 _ : L _

n}gnoom A(m) =0 and W%gnoo Z B(2°,m)=0. (5.27)
£>[log, (m)]

In order to check the conditions below, we shall apply the following inequality, derived

in Theorem 1.1 in Utev (1991). More exactly, under (4.3) there exists a finite positive
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constant k such that for any positive integers a < b,
b
186 = Sall3 < w5 D IXll3. (5.28)
i1=a+1

The first characteristic A%(m) defined by (3.2) is then estimated as follows. Write first
the following decomposition:

n—1 n—1 n—1
> R (Sktm — SIF <2 IER(Skam — Sippvm) 3 +2> I1Ex(Seym — Sk)lI3-
k=0 k=0 k=0

(5.29)
Note now that for any integer k and any positive integers a,b with a < b,

Bk (Sktb — Skra)ll3 = cov(Ba(Skrs — Skta)s Sktb — Ska)
< p(@) Bk (Sk+b — Skta)ll2l| Skt — Sktall2 -

Hence
IEx(Sk+b — Skra)llz < p(a)||Skib — Skall2,

which combined with (5.28) implies, under (4.3), that there exists a finite positive con-
stant & such that that

k+b

& (S5 — Skta)ll3 < wo%(a) Y [IXill3- (5.30)
i=k+a+1

Therefore, starting from (5.29) and taking into account (5.28) and (5.30), we get, under
(4.3) and (4.1), that

n—1 n—1 k+m n—1k+[v/m]
0.2 Y IB(Skrm — k)13 < 2602 Y (V) Y IXilE+ 26020 D IS
k=0 k=0 i=k+[v/m]+1 k=0 i=k+1
< 2C{mp*([Vm]) + vm} .
Hence
m~'A%(m) < 2C{p*([vV'm]) + m_l/z} , (5.31)

which tends to zero as m — oo. This proves the first part of assumption (5.27).
Next, observe that by (5.30), under (4.3),

1 m—1 9 K m—1 k2" 4u
HE Z E(Sk2r+u—5(k71)2r+u\]:(k72)2r+1)H2 s - Z p* (2" +u—1) Z 13-
u=0 u=0 i=(k—1)2"4+u+1
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Thus, by taking into account (4.1), we derive that

[n/2r]+1 m—1 2
B*(2",m) = sup o Hi Z E(Skar4u — Sk 1)2T+u|f(k72)2r+1)H2
K m—1
<C—= 22" +u—1) < Crp?(2" — 1
se HZZO P ( +u ) = URp ( )7

where the last inequality comes from the fact that p is non-increasing. Taking into account
(4.3), this shows that the second part of (5.27) is satisfied.
Now, we apply Proposition 3.2 to verify the last condition (3.5). To do it we need to
verify its assumptions (3.6) and (3.7) by recalling that since Fy , = {0, Q}, Eq(-) = E(+).
First, we notice that by the definition of the p-mixing coefficients and the condition
(4.1), for any non-negative integer ¢,

n
0,0 > Bk (X Xire) — E(Xp Xipo)|1 < p(b)y,” Z | Xk Xpre — E(Xy Xito)]|2
k=b+1 k=b+1
n+¢
< 0.2 Xill2 || X < 0,2 X b)C — 0 asb
< p(b Z [ Xk 2] Xktell2 < p(b ZH kl3) < p(b)C = 0 as b — oo,
k=b+1

which proves the first assumption (3.6).

To end the proof of the theorem, it remains to prove that (3.7) holds. Note that since
we have proved that condition (5.27) is satisfied, a careful analysis of the proof of Lemma
5.3 reveals that, setting DJ* = m ™! Z?IOI Py(Se+i) and 0" = m™! Z?;l E¢(Xeg1+.. .+
Xeti),

v (t)
lim limsupo,® sup | S (E(Xfm)@f);ﬂ) —E(D}?‘)z)’ —0, (5.32)

m—=0 p—oo te0,1] ' ]

and
v (t) v (t)

sup ’ Z Xin— Z DT’H (5.33)

te[0,1]

lim limsupo
m—00 n—o0

Taking into account (5.32), to prove that (3.7) holds, we then need to show that, for any
tel0,1],

lim limsup |o;,? Z E(Dy*)? —t| =0. (5.34)

m—r o0 n—oo

But, since Zv"(t) E(Dy)? = || >n) ® Dy*||3, by taking into account (5.33), the conver-
gence (5.34) will follow if one can prove that, for any ¢ € [0, 1],

J,ZQ]E(Sgn(t)) —t, asn —00. (5.35)
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With this aim, we note that since H ZZ":'(lt) Xkn

vp (t)—1
< | 20 X |, 1K 2, by

definition of v, (t), we have v/t < o} ZZ":(lt) Xinllz € V4o, | Xo, (t),nll2- This implies
1 Xvnymll2 _ 0

On

(5.35) by noticing that the Lindeberg condition (4.2) implies that lim,, o
The proof of Theorem 4.1 is complete.

5.5. Proof of Corollary 4.2

By taking v, (t) = [nt], we need to ensure that (5.35) holds, which is straightforward
since we assume that o2 = nh(n) where h is a slowly varying function at infinity.

5.6. Proof of Corollary 4.3
We note first that, for any k£ > 1,

[ Xkllz < 21 (Yr) = F(O)ll2 < 2[le(1YaDl2 < 2¢([[Ykll2)

where, since ¢ is non-decreasing and concave, we have used Lemma 5.1 in Dedecker

(2008). Therefore by (4.4)

sup || Xk|l2 < 20(0g Z |ai|) < o00.
k21 i>0

This proves the first part of (2.2). Now, to prove the second part of (2.2), it suffices to
show that, for any € > 0,

I 2
Jim kZEﬂf(Yk) — FOPL{ vy —r(©)>evmy) = 0- (5.36)
=1

With this aim, we set C' = Y .. ]a;| and let K be a positive integer. We denote by

ef = €i1)., >k Using the fact that for positive reals a,b and ¢, (a + b)gl{a+b>25} <

40*11,501 + 4b* 145y, we infer that, for any e > 0,

2
E(1f (Ya)=f O) P15 (vie) = £(0) | 520 vi)}) < 4HC< > |ai€;c/—i|> H2+402 (KC)1{o(kcyseym)y -
i>0

The last term in the right-hand side converges to zero as n — oo. Next, since ¢ is non-
decreasing and concave, Lemma 5.1 in Dedecker (2008) gives

) )]
n ¢ Ai€k—; <=>c ( a;illler_. ) <02<su ey a; )
Tl;H (;)l 1k zl 9 = n}; Z' 1H| k ’L||2 > keIZ)” kHQZ' z|

i>0 i>0
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But, since (£7);ez is an uniformly integrable family, limsup g _, . Supiez [} |l2 = 0. To-
gether with the fact that lim,_, ¢(z) = 0, this proves that

1< 2
fim timsup -3 o o), = 0.
Jim_limsup — ; c ; laiey_; ,

—00 n—oo

ending the proof of (5.36) and then of (2.2).

Let us consider now the following choice of (F;);>0: Fo = {0, Q} and F; = o(X1,..., X)),
for ¢ > 1. If one can prove that conditions (2.6) and (3.6) are satisfied and also that, for
any t € [0,1],

)
lim limsup —| > {E(X,?) + QE(Xké);”)} - t’ ~0, (5.37)

m—00 nayoo Op —1

then the corollary will follow by applying Theorem 2.1 and by taking into account Propo-
sition 3.2.

To prove that (2.6) holds, we set E. the expectation with respect to € := (g;);ez and
note that since F; C F.; where F.; = o(ex, k < i), for any i > 0,

IE(X k| Fi)ll2 < NE(X kil Fe,)ll2 - (5.38)

For any ¢ > 0,

|E(Xpril e i)| =

k—1 k—1
E. (f( Z a£52+i—e+z a£5k+i—£>) —E. (f( Z ae€2+i—z+z aﬁbﬂ-@)) ‘ ;
=0 >k =0

0>k

where (g});¢z is an independent copy of (g;);ez. Hence, by Lemma 5.1 in Dedecker (2008),

IEXk il Pl < [le( 3 lacllenri-e = cheidl )|, < (2003 lal).

>k 0>k

proving that (2.6) holds under (4.4). We prove now that (3.6) is satisfied. With this aim
we recall that Fy is the trivial o-field, and we first write that for any non-negative integer
k,j, and n,

Er(Xk4nXjtn) = B(XptnXjtn) = Ex(f (Yean) f (Yign)) = B(f (Yesn) f (Yign))

— E(f (Vi) JEx (f (Yitn) = E(f(Yj4n))) = E(f (Vitn) ) Er (f (Yign) — E(f(yk-&-n)(é) 0

But, by using coupling arguments as before and Lemma 5.1 in Dedecker (2008), we infer
that since lim,_,o c(z) = 0 and the first part of (4.4) is assumed,

lim - sup |[Ex(f(Yein)f (Yjin) = BUf Yeqn)f (YVien))[1 =0, (5.40)
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and

lim sup [E(F(Y ) Ea(f (Visn) — E(F (Vi) = 0. (5.41)
n=00 j>>0

Starting from (5.39) and taking into account (5.40) and (5.41), the convergence (3.6)

follows since we assumed that 02 = nh(n) where h(n) is a slowly varying function at

infinity such that liminf,,_, . h(n) > 0.

We turn now to the proof of (5.37). With this aim, note first that since condition (2.6)
is satisfied and 02 = nh(n) where h(n) is a slowly varying function at infinity such that
liminf, _, h(n) > 0, condition (5.27) holds. Now as quoted in the proof of Theorem
4.1, if the Lindeberg-type condition (3.1) and condition (5.27) are both satisfied, then to
prove (5.37) it is enough to show that (5.35) holds (here with v, (t) = [nt]). This comes
obviously from the fact that we assumed that o2 = nh(n) where h(n) is a slowly varying
function at infinity. This ends the proof of the corollary.

5.7. Proof of Corollary 4.4

The fact that, under (D), lim,, oo m~'E(S,,(u))? = 0(u) has been proved in Peligrad
and Utev (2005). Note now that, by (Sp), it suffices to prove the functional CLT for the
process {n~1/2 Zgi]l Xi(k/n),t € [0, 1]}. With this aim, we shall apply Theorem 3.1
with Xy, = n~Y/2X,,(k/n). Note first that the condition (3.4) clearly holds under (D).
The first part of the Lindeberg condition (3.1) holds since sup,¢ 1 | Xo(u)|]2 < oo. For
the second part we note that, for any A > 0,

1
lim n 1ZE{X0 k/n)I(IXG(k/n)| > A)} =/ E{X§(u)I(1X§(u)| > A)}du,
which converges to zero as A — oo by the dominated convergence theorem. It remains
to prove that (3.5) is satisfied. Using (S7) and proceeding as in the proof of Theorem 2.7
in Dahlhaus et al. (2018), one can easily prove that

1 f {2k /n) + Zxk /) ( ki: Xt/ } o Ot %E(S‘m(u))zdu'
L=k+1

Now, taking into account assumption (D) and the fact that sup,cp 1 | Xk (u)]|2 < oo,
Theorem 5.2 entails that SUP,e0,1] E(Sm(u))? < K. Hence by the dominated conver-

gence theorem, fo P E(Sp (1) 2du —m o0 fot o?(u)du. This completes the proof of (3.5)
and then of the corollary.

5.8. Proof of Corollary 4.5

For any integrable random variable f from Q to R we write K(f) = Ppz,(f). Since
P is invariant by T, for any integer k, a regular version Prjr, of T given Fj is then
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obtained via Prz,(f) = K(f oT~*)oT*. With these notations, for any positive integer
0, EB(f o Tt Fo) = K*(f). We denote

1 n—1 R
Mar () = sup = 37 K™ (1f]).
nzl o

Applying Corollary 3.3, Corollary 4.5 will follow if one can prove that, with probability
one,

supn~ ! Eo(X?) < C < o0, 5.42
R
Jim > Eo{XPI(|Xk| >ey/n)} =0, forany e >0, (5.43)
k=1

there exists a constant ¢? such that, for any ¢ € [0,1] and any ¢ > 0,
[nt]

1 9 m—1
lim Lims IP(’f X2+ 2%, S Ei(Sees — S —tQ‘ ):0, 5.44
im limsup Py nZ( k-l-m k; k(Sk+ k)) c’| >¢ ( )

m—00 n—oo

k=1
S 272 My ([Eo(S00)?) < o0, (5.45)
>0
and _
27 —1 )
. iy 1/2 —j u
lim inf ;2 2P (|27 ;) E_gey1(Sye 0 T%)|*) = 0. (5.46)

To prove (5.42) and (5.43), it suffices to apply, for instance, Lemma 7.1 in Dedecker
et al. (2014). To show (5.45) and (5.46), let introduce the weak LZ2-spaces: L% :=
{f e L' : sup,.o A?P{|f| > A} < oo}. Recall that, when p > 1, there exists a norm
| l2,0 on L*® that makes 2% a Banach space and which is equivalent to the ”pseudo”-
norm (supy-q A2P{|f| > A})!/2. Moreover, by the Dunford-Schwartz (or Hopf) ergodic
theorem (see Krengel (1985), Lemma 6.1, page 51, and Corollary 3.8, page 131), there
exists C' > 0 and such that for every f € L? and any non-negative integer ¢,

I(Mae (1) 220 < CIf - (5.47)
With the help of (5.47), it is then easy to see that (5.45) and (5.46) are satisfied under
(2.7).
It remains to prove that (5.44) is satisfied. Since, under (2.7), lim,, ;o m~Y/2E(S2)) =
c2, by the ergodic theorem and the proof of Corollary 2.2,

[nt] m—1
. . 1
n}gnoo n11_>n010 ’ﬁ ; (X,f + an ; Ex(Sk+i — Sk)) - th‘ = 0, almost surely.

This proves (5.44) by taking into account the properties of the conditional expectation
(see, e.g., Theorem 34.3; item (v) in Billingsley (1995)). The proof of the corollary is
complete.
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Supplementary Material

Supplement A: Supplement to ”Functional CLT for martingale-like nonsta-
tionary dependent structures”

(doi: COMPLETED BY THE TYPESETTER; .pdf). The supplementary file Merlevede,
Peligrad and Utev (2018) contains a detailed proof of Corollary 4.6.
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