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Abstract—The uplink performance of a mixed analog-to-digital
converter (ADC) massive multiple-input multiple-output (MIMO)
architecture with a space-constrained array at the base station
(BS) is analyzed. We investigate the effect of spatial correlation
and mutual coupling on the spectral efficiency (SE) of the system.
First, we analyze to what extent adding a small number of high-
resolution ADCs can impact the channel estimation accuracy.
Then, we derive a closed-form approximation for the SE. Our
analysis demonstrates how a space constraint on a uniform linear
array (ULA) can affect the design of a massive MIMO system
with low-resolution ADCs. It is shown that by equally spacing a
small number of high-resolution ADCs over the array, one can
dramatically reduce the performance gap between a system with
all low-resolution and all high-resolution ADCs.

I. INTRODUCTION

Power consumption is one of the main concerns for next
generation wireless networks. Deploying power efficient base
stations (BSs) while satisfying the high data rate demand is
of crucial importance in designing next generation systems.
Massive multiple-input multiple-output (MIMO) with low-
resolution analog-to-digital converters (ADCs) is a viable
approach to meet the aforementioned objectives.

The uplink performance of a massive MIMO system (in
terms of spectral efficiency (SE)) with low-resolution ADCs
was studied in [1] and [2] for independent Rayleigh fading
and Rician channel models, respectively. It was shown that
although exploiting low-resolution ADCs leads to SE loss,
the main benefits of utilizing a large number of antennas at
the BS is still achievable. In particular, it is shown that the
performance loss due to using one-bit ADCs can be overcome
by equipping the BS with more antennas [3]. However, the
previous work assumed uncorrelated Rayleigh fading channels
with no mutual coupling where adding more antennas at the
BS does not impose any penalty on system performance [4],
[5].

One of the challenges of deploying massive MIMO sys-
tems is to fit a large number of antennas in a constrained
physical space [6]. In this scenario, adding more antennas
leads to increasing spatial correlation and mutual coupling
among adjacent antennas which can cause severe performance
degradation. Hence, it is not possible to arbitrarily increase the
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number of antennas at the BS to offset the SE loss. In [7], it is
observed that contrary to the Rayleigh fading case, the user’s
channels are no longer asymptotically orthogonal in the space-
constrained scenario. The SE and energy efficiency of massive
MIMO systems with space-constrained arrays are shown in
[8], [9] to be concave functions of the number of antennas.
This demonstrates that in space-constrained arrays, it is not
beneficial to increase the number of antennas beyond a certain
threshold within a limited physical space. In [10], the increased
correlation among adjacent antennas in the space-constrained
array is leveraged to reduce the RF chain complexity. The
SE of a space-constrained array with linear receivers for
Rayleigh and Rician fading channels is studied in [11] and
[12], respectively.

Instead of equipping the BS with more antennas, an alterna-
tive approach to improve the performance of massive MIMO
systems with low-resolution ADCs is to introduce a small
fraction of high-resolution ADCs in the system for certain
antennas [13]. The SE of such mixed-ADC architectures under
Rayleigh and Rician fading channels is investigated in [14]-
[16]. In [17], it is shown that, to obtain accurate channel
state information in mixed-ADC architectures, round-robin
training is required, which consumes a large portion of the
available time-bandwidth resources. This makes mixed-ADC
architecture with round-robin training unfavorable in channels
with a short coherence interval.

In this work, we analyze the performance of mixed-ADC
massive MIMO with space-constrained arrays. The Mixed-
ADC architecture is a suitable approach to bridge the gap be-
tween massive MIMO with low- and high-resolution ADCs in
space-constrained arrays. First, it does not require an increase
in the number of antennas and therefore avoids the severe
performance degradation due to mutual coupling. Moreover,
it can take advantage of intrinsic correlation among adjacent
antennas of a space-constrained array as done in [10]. This
phenomenon can eliminate the need for round-robin training
for channel estimation in mixed-ADC architectures. In this
paper, we first analyze the channel estimation performance of
such systems. Since the channel coefficients are correlated un-
der the space-constrained assumption, high-resolution ADCs
in a mixed-ADC architecture are added to improve the channel
estimation accuracy of all channel coefficients. Based on
this channel estimate, we exploit a maximum-ratio-combiner
(MRC) at the BS and derive a closed-form approximation for
the SE which explicitly shows the contribution of the low- and
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high-resolution ADCs on the SE of a mixed-ADC architecture
with a space-constrained array. It is shown that by equally
spacing the high-resolution ADCs over a uniform linear array,
one can dramatically reduce the performance gap between a
system with all low-resolution and all high-resolution ADCs.

Notation: We use boldface letters to denote vectors, and
capitals to denote matrices. The (i, j) element of matrix A and
the ith element of vector a are denoted by [A];; and a;, respec-
tively. The symbols (.)*, (.)7, (.)#, and ® represent conjugate,
transpose, conjugate transpose, and Hadamard product, re-
spectively. A circularly-symmetric complex Gaussian (CSCG)
random vector with zero mean and covariance matrix R, is
denoted by v ~ CN(0, R,). We use diag{C} to denote the
diagonal matrix formed from the diagonal elements of the
square matrix C. R,,, denotes crosscorrelation of vectors u
and v. Ci(.), Si(.), E{.}, V{.}, and %R{.} denote cosine and
sine integrals, the expectation and variance operator, and the
real part of a complex value, respectively.

II. SYSTEM MODEL

Consider the uplink of a single-cell multi-user MIMO
system consisting of K single-antenna users that send their
signals simultaneously to a BS equipped with a uniform linear
array (ULA) with M antennas. The M x 1 signal received at
the BS from the K users is given by

y = /pGs +n, (1)

where p represents the average transmission power from the
users, G = [g1, -+ ,gx| € CM*K js the channel matrix
between the users and the BS. The symbol vector transmitted
by the users is denoted by s € CX*! where E {SSH} =1k
and is drawn from a CSCG codebook independent of the other
users, and, n ~ CN (0, R,,) denotes additive CSCG receiver
noise at the BS. The channel matrix can be decomposed as

G = TAHD?, )

where T is the mutual coupling matrix which is defined as

1\
T= (IM + RZ> (3)

where R denotes low noise amplifier (LNA) input impedance.
For thin half wavelength dipoles, the elements of Z can be
characterized as [19]

[Z]” =30 <2Cl(2ﬂ'dw) — Cl(flj + 7T) — Cl(flj — 7T)

+ _] (—281(27Td”) + Sl(ém + 7T) + Sl(flj — 7T))>, 7 # _]
[Z);; = 30(y + log(2m) — Ci(27m) + jSi(27)), (4

where d;; is the distance between antennas 7 and j normalized

by the wavelength, &; = m\/1+ 4d12j, and « denotes the
Euler-Mascheroni constant.

We consider a physical channel model where the angular
domain is comprised of P finite directions, as in [18]. Hence,
A is an M x P matrix whose pth column denotes the array
steering vector corresponding to the direction of arrival ¢, €

[—%,5] and is given by
1 , , _ .
a =—]1, 67]271'(1125111(8917)’ - ’e*JQﬁdlMSHl(gpp) T7
(‘pp) \/ﬁ[ ]
®)
and H = [hy,--- ,hg]| € CP*X is the propagation response

matrix and represents the fast fading whose elements are dis-
tributed identically and independently as CA/ (0, 1). Geometric
attenuation and shadow fading are modeled by the diagonal
matrix D whose kth diagonal element is denoted by Si. In
the remainder of the paper, we assume that A and D are
priori known at the BS [11], [18]. By considering the mutual
coupling effect, the additive noise covariance matrix, R,,, can
be derived as

Ry =
T(0(ZZ" + R3Ty) — 2RNR(p*Z) + AT BR(Z)) T,
(6)

with ]E{'I,N'L]P\I/} = G?IM, E{UN’LL%} = 0’511\,{, Ry = %’;,
E{uNzJI\{,} = Ufai I/, where iy and uy denote the equiv-
alent noise current and voltage of the LNA and k, 7', and
B represent the Boltzman constant, environment temperature,
and bandwidth, respectively.

We consider a mixed-ADC architecture at the BS in which
My antennas are connected to high-resolution ADCs while
M, antennas are fed to low-resolution ADCs. As a result, by
partitioning the channel matrix G, we can rewrite (1) as

M

In (7), Go = ToAHD: € CMxK (G, = T;AHD: €
CM:1x Ky contains the channel coefficients from the users to
the My (M) antennas connected to high-resolution (low-
resolution) ADCs and ng (n;) denotes the corresponding
elements of n, and similarly for Ty and T;. Therefore, the
received signal at the BS is

==Lt

where Q(-) represents the element-wise quantization opera-
tion. We adopt the additive quantization noise model (AQNM)
for the quantizer output [1]-[15]

Q(y1) = ay1 +q, 9)

where 0 < o < 1 is a linear gain dependent on the number of
quantization bits and q denotes the quantization noise which
is uncorrelated with y; and whose covariance matrix is given
by

Rq=a(l —a)diag(Ry,), (10)

where Ry, denotes the covariance of y;.
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We assume a block-fading model where each channel re-
mains constant in a coherence interval of length 7' symbols
and changes independently between different intervals. At the
beginning of each coherence interval, the users send their 7-
tuple mutually orthogonal pilot sequences (K < n < T to
the BS for channel estimation. The remaining 7' — 1 symbols
are dedicated to uplink data transmission.

III. TRAINING PHASE

In this section, we investigate the linear minimum mean
squared error (LMMSE) channel estimator for different ADC
architectures at the BS. In all scenarios, the pilot sequences
are drawn from an 1 x K matrix ®, where the kth column
of ®, ¢,, is the kth user’s pilot sequence and PHP = I
Therefore, the M x 1 received signal at the BS becomes

Yo Go Ny
Y= [YJ - W[QG ](I) + [aNl +NJ

where N (INy) is an My x n (M; x n) additive noise matrix
and N, denotes the quantization noise. The LMMSE estimate
of the k-th user propagation response, hy, is

(11

1
fy = JMBH@pﬁkBBH " Rw) Yo, (12)

where

oRngn,
(0?Ra, + Rq>] (13)

K
Rq = ol — a)diag ( (Z ﬁk> T,AARTH 4 Rm) .

k=1
s
By defining the channel estimation error, € = h;, —h, we have
—1
Ry =npfBY (mpBBBY +Ry) B (15)
—1
R, = (Ip + npﬁkBHRwlB> (16)

where Rﬁk and R., denote the covariance matrix of ﬁk and
€, respectively.

In contrast with independent Rayleigh fading channel where
each high-resolution ADC only can improve the estimation
accuracy of the channel associated with the antenna connected
to it [14], in this model each high-resolution observation sees
information about all P channel coefficients coefficients due
to the coupling matrix T and array steering matrix A. Hence,
the high-resolution ADCs will have a stronger contribution to
increasing the estimation accuracy of all channel coefficients
due to the correlation among the observations. In Section V,
we numerically show to what extent adding a small number
of high-resolution ADCs improves the channel estimation
accuracy.

IV. SPECTRAL EFFICIENCY

In the data transmission phase, all users simultaneously send
their data symbols to the BS. Without loss of generality, we
index the antennas such that the first NV are connected to high-
resolution ADCs. From equation (1), the received signal at the
BS after quantization can be approximated as [15]:

ro| _ \/ﬁG()S + ngp
ry vpaGis +ang +qq|’
where qg denotes the quantization noise whose covariance

matrix is given by:

Ry, = a (1 — o) diag (pG1G{' + R, ).

a7

(18)

For dataAl detection, the BS uses the MRC receiver W = G
where G = [g1, ..., & denotes the estimate of the channel.
Therefore, the resulting signal at the BS is

. - H \ o H
G G G n
& WH Iro _ 0 0 >0 0 )
° [rl} VP [Gl aG,|® * Gy ony +qq
(19)
The kth element of S is

Sk =+/D (g&g% + agﬁglk) Sp+

K
VD Z (&0r80i + aB1L81i) si+
i=1,ik

K
\/52 (&he0i + aglheri) sit
i=1

80,10 + agfinl +&flqs, (0

where o, &1k, €ox = Bok — Boks E1k = G1k — glk are the
kth columns of GO, Gy, & 2 Go — Go, and & £ Gy — Gl,
respectively. The BS treats gOkgok + aglkglk as the desired
channel and the other terms of (20) as Gaussian noise when
decoding the signal. Consequently, a lower bound for the
ergodic achievable SE at the kth user can be written as [15]

~H 4 ~H ~ 2
S = (1 — %) E{10g2 <1 4 P | 8080k ‘gaglkglk | )}7

(2D
where
K
Q=p Z |&0k80i + agTr&1il*+
i=1,i#k

pz Bi (gOkAORezAO g0, + 8l AR AT g1+
i=1

20 {giL AoRe, AT gﬁ})+
(HgOkH2 + || 1]? )

51) (él - 51) + Rm) g1k

(22)

2
a(l — ) g diag (

with At £ TtA
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An approximation for the achievable SE of a mixed-ADC
system with mutual coupling and MRC detection is presented
in the next theorem.

Theorem 1. For a mixed-ADC massive MIMO system with
MRC detection and an array of thin dipoles, the SE of the kth

user is

n A
S~ (1 _ f) log, ( 1 ,
y T 0g2< +I+B+N+a(1—a)Q)
(23)
when mutual coupling effects are considered, where A, T, BB,
N, and Q are shown at the top of the next page, and

I =Ry AfTA, t€{0,1}, T, =R, AfTA,, t€{0,1}

Ty = ARy A, t€{0,1}, T5, = AR, A, t € {0,1}.

Proof. From [15], [20], an approximation for (21) can be
calculated as

pE{| &blgor + ogligu 17}
E{02}

Sk:(l—%)logQ 1+

(29)
Using Lemma 2 of [21], the expected values of the desired
signal, interference, and noise can be easily calculated. To
calculate the expected value of the last term in (22), we have

E {gﬁgdiag (p (Gl - 51) (G1 - 51)H + Rnl) glk}

M, K

=2 > E{|guml*} E {lg1im[*}+
m=1 i#k
My

p Z E {|G1rm|*} + E {|G1km|?|erem|® }+

m=1
E {gﬁanlglk} .
Given that E {|g1im[*} = 5i [AlA{i]mm, we need to cal-
culate the expected values of SN [G1am |2 S0 [G1km %,
M ~ 2 2 . ~ .
and > 1 |G1km|?|€1km|?. Since Gipm is a complex normal

random variable with variance E {| glkm|2} = B [flk} ,
5 2 mm
we have E {|giem[*} = 257 [Flk} . Hence

M,
> E{|gueml*} = 287 Tr(C1x © T1).

m=1

(30)

The expected value of 2%21 |91km | |€1%6m |* can be derived
similarly. |

In the next section, we show how adding a small number of
high-resolution ADCs impacts the channel estimation accuracy
and SE of the system.
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Fig. 1. Channel estimation error versus SNR.

V. NUMERICAL RESULTS

In this section, we numerically investigate the performance
of the space-constrained mixed-ADC massive MIMO system
in terms of channel estimation error and SE. We assume static-
aware power control in the network [22], so that p = pg/fy.
Furthermore, we assume K = n = 10, and a uniform linear
array with uniformly distributed angle of arrivals, i.e., ¢, =
—7/3+(p—1)7/P, p=1, ..., P asin[18]. The normalized
distance between antenna elements is denoted by d = da,/M
where d,;, is the normalized array length. In all figures, we
assume 7' = 200, P = 20, and SNR £ %

Fig. 1 shows the advantage of the mixed-ADC architecture
in the channel estimation phase for a system with M = 100
antennas and d,, = 10. As a benchmark, we have sketched the
channel estimation error, i.e., %Tr (R.), of a system with all 1-
bit ADCs and all-high-resolution ADCs. “Co-located” denotes
a mixed-ADC system with My = 20 high-resolution ADCs
which are embedded in the array side by side. “Equidistant”
refers to a mixed-ADC system where the high-resolution
ADCs are equally spaced over the array. It can be seen that
the mixed-ADC architecture with equidistant spacing reduces
the gap between the all-high-resolution architecture and the
all-1-bit architecture by one half at high SNRs.

As mentioned above, one approach to compensate for SE
loss when all antennas are connected to low-resolution ADCs
is to increase the number of antennas. However, this is true
only for the case that there is no constraint on the size of the
array. As we show in the next example, when the array size
is constrained, increasing the number of antennas can lead
to saturation in SE. Therefore, the only viable approach to
achieve a predefined SE seems to be through a mixed-ADC
architecture.

Fig. 2 shows the impact of increasing the number of
antennas for different array lengths d,,. It can be seen that as
long as the antenna spacing is greater than half a wavelength,
the SE increases monotonically as a function of the number of
antennas at the BS. Eventually, the SE of the system saturates
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2 2 2 2 2
A = pB <|Tr(F0k)| + Tr(T5,) + o (|Te(T1k)]? + Tr(I3,)) + 20 {Tr(FokFlk)Tr(Fok)Tr(Flk)}) (24)
K
2
I=pY Bi(Tr(Torlo:) + *Tr(T1xl'1:) + 209R {Tr(Toxl'1:)}) (25)
ik
K
2
B=p>» Bi(Tr(Toxl§,) + & Tr(T1l,) + 2098 {Tr(Toxl'5,)}) (26)
i=k
R aR,
N =Tr (Ry (TA)H| 0 POt TA (27
i (TA) aRon;ng a’Ry, )
K
a H T T T T H
Q=p |8 | Te(lu © (AAI) + 29T (Pap © o) + pBTr(Par © T5) + Tr (R, (T1A) "R, T1A) - (28)
itk
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