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Abstract

The spectra for H
+

5
and D

+

5
are extended to cover the region between 4830 and 7300

cm
�1

. These spectra are obtained using mass-selected photodissociation spectroscopy.

To understand the nature of the states that are accessed by the transitions in this and

prior studies, we develop a four-dimensional model Hamiltonian. This Hamiltonian is

expressed in terms of the two outer H2 stretches, the displacement of the shared proton

from the center-of-mass of these two H2 groups, and the distance between the H2 groups.

This choice is motivated by the large oscillator strength associated with the shared

proton stretch and the fact that the spectral regions that have been probed correspond

to zero, one, and two quanta of excitation in the H2 stretches. This model is analyzed

using an adiabatic separation of the H2 stretches from the other two vibrations and

includes the non-adiabatic couplings between H2 stretch states with the same number

of quanta of excitation in the H2 stretches. Based on the analysis of the energies and

wave functions obtained from this model, we find that when there is one or more quanta

of excitation in the H2 stretches the states come in pairs that reflect tunneling doublets.

The states accessed by the transitions in the spectrum with the largest intensity are

assigned to the members of the doublets with requisite symmetry that are localized on

the lowest-energy adiabat for a given level of H2 excitation.
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Introduction

The H+

5
molecular ion has long been of theoretical and experimental interest. In 1960

Jones and Simpson used H+

5
as a test system for developing a model to study the effect

of delocalization on IR intensity.1 Two years later, Dawson and Ticknee identified a mass

spectrometric signature of this ion in a hydrogen discharge.2 In this report, they noted that

Schaeffer and Thompson had proposed the existence of H2 · H+

3
in their consideration of

H/D exchange between H+

3
and D2.3 Structurally, H+

5
can be thought of as either a strongly

bound complex between H2 and H+

3
, where the binding energy is roughly 2200 cm�1,4 or

as a proton bound complex between two H2 molecules. Much of the more recent interest in

H+

5
hinges on its role in astronomy, both as a bound species and as an intermediate in the

proton transfer following a H2 +H
+

3
collision.

Direct observation of interstellar H+

5
has yet to be reported. However, observation of

H+

3
was first reported by Oka5 in 1996, indicating that H2 + H

+

3
collisions must occur.

Laboratory measurements of the infrared spectrum of H+

5
between 3400 and 4000 cm�1 were

first reported more than thirty years ago by Okumura, Yeh, and Lee.6 Subsequently Bae7

reported a spectrum between 6400 and 7900 cm�1. More recently, one of our groups recorded

the mid-IR spectrum of H+

5
over a larger range of photon energies (from 2500 to 4500 cm�1)

as well as the spectrum of D+

5
between 1500 and 3500 cm�1.4 In this study, two additional

transitions were observed in the H+

5
spectrum and three peaks were reported for D+

5
. All of

these studies exploited the fact that the dissociation energies of H+

5
and D+

5
relative to the

H2 + H+

3
and D2 + D+

3
products are roughly 2230 and 2400 cm�1, respectively. This allowed

them to obtain an action spectrum for the ion of interest by monitoring the growth of the H+

3

or D+

3
mass channel following the photon absorption of a single photon. In addition, Cheng et

al. reported far-IR spectra of H+

5
and D+

5
, which were obtained through an IR-MPD (multi-

photon dissociation) experiment using the FELIX free electron laser.8 This study extended

the region of spectral coverage down to 200 cm�1 for H+

5
and between 699 and 2000 cm�1 for

D+

5
. The spectra obtained in these more recent studies were compared to calculated spectra

3



evaluated using a vibrational configuration interaction approach (VCI).

The history of the assignment of the observed transitions is similarly rich. Due to the lack

of a heavy atom, H+

5
has been termed ‘astructural’.9 While the minimum energy geometry

can be described as a complex of H+

3
with H2, where the shared proton lies on the axis that

connects the centers of mass of the two outer H2 groups and with the two H2 groups lying in

perpendicular planes, the barrier for proton transfer is well-below the zero-point energy in

the vibration that corresponds to the displacement of the shared proton between the outer

H2 units.4,10 The barrier for the hindered rotation of the outer H2 groups is also low, and

the ground state wave function is also delocalized in this coordinate.10,11

The lack of a simple zero-order model for the vibrations in H+

5
along with the absence of a

heavy atom and large changes in the bond lengths and frequencies of the outer H2 stretches

with displacement of the shared proton12 makes assignment of the spectrum sensitive to

the model used in making these assignments. For example, Okumura et al. assigned their

spectrum based on harmonic frequencies obtained from a normal mode analysis by Yam-

aguchi et al., which was based on the minimum energy geometry of the cluster.13,14 This led

to a nominal assignment of the peaks at 3532 and 3910 cm�1 to the fundamentals in the

out-of-phase and in-phase combination of the outer H2 stretches. Subsequently, Bae used

a similar model to assign the higher-energy peaks as transitions to states with two quanta

of excitation in the outer H2 stretches along with zero or one quantum of excitation in the

shared proton stretch. They also identified a lower-energy peak at 4230 cm�1, which was

assigned as a transition to a combination band involving the first excited state in the outer

H2 stretches with one quantum of excitation in the shared proton stretch.

More recently, diffusion Monte Carlo (DMC) studies have identified the most probable

structure of H+

5
as the D2d saddle point structure.10,15 Using this structure as the reference,

VCI calculations of the spectra have been performed, and the resulting calculated spectra

agree well with the vibrational predissociation and IRMPD spectra obtained for transitions

above and below the dissociation limit for the ion, respectively.4,8 Calculated peaks at 3560,
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3950, and 4268 cm�1, which are close in energy and intensity to the peaks in the measured

spectrum, have been assigned to the out-of-phase outer H2 stretch with combination bands

involving the shared-proton stretch and the in-phase outer H2 stretch. Assignment of features

below 3000 cm�1 in H+

5
is more complicated due to the large couplings between the shared

proton stretch, the breathing (H2·H2 stretch) vibration, and the other lower frequency vibra-

tions. Based on a combination of fixed-node DMC studies and two-dimensional calculations

that focused on the shared proton stretch and the breathing vibrations, a model has been

developed that anticipates a series of peaks in H+

5
spanning from ⇠350-2000 cm�1 which are

assigned to a progression in the shared-proton with odd numbers of quanta of excitation.

The wave functions for these states extend into the H2+H+

3
product channel and the nodes

in the wave functions lie perpendicular to the reaction coordinate.16

The results of two- and four-dimensional calculations using either an adiabatic separation

of the shared proton modes17,18 or MCTDH19,20 have shown that the major features of

the spectrum can be reproduced by a reduced dimensional model that does not include

displacements of the shared proton off of the axis that connects the outer H2 groups and the

internal-rotation of the ion. A later nine-dimensional MCTDH calculation has been able to

reproduce the spectrum up to ⇠7500 cm�1.21 Based on this calculation, peaks at 3528, 3944,

and 4248 cm�1 have been assigned to the out-of-phase outer H2 stretch, an H+

3
breathing

mode, and a transition to a state with a single quantum of excitation in the shared proton

stretch combined with the out-of-phase outer H2 stretch. The peaks at 6823, 7304, 7681,

and 7905 cm�1 have all been assigned as two quanta in the outer H2 stretches combined

with 0, 1, 2, and 3 quanta in the shared-proton stretches. While this assignment is generally

consistent with earlier studies, it is surprising that some of the above assignments seem to

reflect excitation to totally symmetric excited states. Finally, comparison of the results of

the nine- and four-dimensional MCTDH calculations shows that the calculated spectra are

in fairly good agreement despite a shift in the energies that reflects the missing vibrational

degrees of freedom in the lower-dimensional calculation.
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Assignment of a calculated spectrum is necessarily sensitive to the choice of coordinates,

the size of the basis, and the quality of the potential energy surface that is used. Furthermore,

full-dimensional approaches, while providing the ability to reproduce a spectrum with high

fidelity can suffer from a corresponding difficulty in interpretation, as teasing apart the

contributions of many motions can be a challenging process. In the present study, we develop

a four-dimensional model that reproduces the main features in the reported spectra of H+

5

and D+

5
. This model is based on the observation that the assignments described above

focus on the outer H2 stretches, the shared proton stretch, and the H2 breathing vibration.

Consequently, this model includes only these four vibrational motions. The wave functions

and energies derived from this treatment are analyzed in terms of an adiabatic separation

of the high-frequency H2 stretches and the lower-frequency shared proton and H2 breathing

vibrations. Couplings are introduced between states with the same total amount of excitation

in the outer H2 stretches. The combination of the reduced dimensionality and the further

adiabatic separation of the high and low-frequency vibrations simplifies the assignment of

the calculated transitions.

Spectra based on this four-dimensional model are compared to the previously reported

spectra, as well as to our newly-reported spectra between 4850 and 7300 cm�1 for both H+

5

and D+

5
. Based on the analysis of the resulting calculations we suggest a revised description of

the assignments of the peaks in the spectra of these ions in which the states that are accessed

correspond to the symmetry allowed combination bands involving the lowest-energy state

with the appropriate excitation in the outer H2 stretch in combination with states with

increasing excitation in the shared proton stretch.

Theory

Before considering the results of this model, we start by describing the model itself. H+

5
has

nine vibrational degrees of freedom. Two describe the outer H2 bond lengths, two provide
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the distances between the shared proton and the centers of mass of each of the two H2

group, and two more are the angles between the vectors that describe the outer H2 bonds

and the vector that connects the centers of mass of the two H2 groups. The remaining

three coordinates include the torsion angle between the two outer H2 groups and the two

coordinates that describe displacements of the shared proton off of the axis that connects

the centers of mass of the outer H2 groups. In the model presented below, we focus on

the coordinates that describe the outer H2 stretches (r1 and r2), and the distances between

the shared proton and the centers of mass of each of the outer H2 groups (R1 and R2).

This choice of coordinates is similar to that used in prior 4D MCTDH work by Valdes and

Prosmiti19,20 as well as adiabatic treatment by Sanz-Sanz et al.17 The remaining coordinates

are constrained to their values in the D2d reference geometry. Specifically, the three angles

are all constrained to 90� and the shared proton is constrained to lie on the axis that connects

the centers of mass of the outer H2 groups. The D2d structure and the four coordinates that

are used in this study are depicted in Figure 1. This structure corresponds to a low-energy

transition state structure on the potential,12 which, while not the lowest energy structure,

is the most probable structure of the ion when zero-point energy is taken into account.10,15

The choice to focus on these four coordinates is motivated by the fact that the displacement

of the shared proton between the two outer H2 groups carries most of the oscillator strength

and that the spectral regions of interest correspond to transitions involving excitation of

the outer H2 stretching vibrations. This choice is further justified by considering that the

five omitted coordinates have different symmetries than these nominally bright vibrations

and carry significantly less oscillator strength. While transitions involving the other five

vibrations will certainly contribute to the spectrum, the zero-order bright states are expected

to correspond to transitions in the shared proton stretch that build off of states with two or

fewer quanta of excitation in the outer H2 stretching vibrations.
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Hamiltonian

Based on the structure of H+

5
shown in Figure 1, the reduced dimensional Hamiltonian is

given by

H(R1, R2, r1, r2) =
p
2

R1

2µR1

+
p
2

R2

2µR2

+
p
2

r1

2µr1

+
p
2

r2

2µr2

� pR1
pR2

m
H

+

+ V (R1, R2, r1, r2) (1)

where µri represents the reduced mass of one of the outer H2 groups, mH/2, while µRi

provides the reduced mass of the shared proton, with mass m
H

+ and one of the outer H2

groups, which has a mass of 2mH

µRi =

✓
1

m
H

+

+
1

2mH

◆�1

(2)

Because we calculate the spectra for the four isotoplogues of H+

5
in which the four atoms

that make up the outer H2 groups are all the same isotope of hydrogen, we differentiate the

mass of the shared proton from that of the atoms in the outer H2 groups by using m
H

+ and

mH, respectively.

To simplify the Hamiltonian, rather than using R1 and R2 to describe the position of the

central proton we use

a =
R1 �R2p

2

s =
R1 +R2p

2
(3)

This coordinate choice removes the kinetic coupling term from the Hamiltonian in Eq. 1,

leading to
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H(a, s, r1, r2) =
p
2

a

2µa
+

p
2

s

2µs
+

p
2

r1

2µr1

+
p
2

r2

2µr2

+ V (a, s, r1, r2) (4)

where

µa =
4mHm

+

H

4mH +m
+

H

(5)

µs = 2mH (6)

The potential term, V (a, s, r1, r2), is constructed as a spline interpolation over an evenly

spaced grid of electronic energies that consists of 60 points in R1 and R2 and 15 points in r1

and r2 evaluated at the MP2/aug-cc-pVTZ level of theory using the Gaussian22 electronic

structure package. In these calculations, R1 and R2 range from 0.461 Å to 3.461 Å and r1

and r2 range from 0.256 Å to 1.256 Å. It is important to note that the use of the aug-cc-

pVTZ basis is necessary for these calculations as the use of the smaller aug-cc-pVDZ basis

gives qualitatively different spectra which do not agree with the measured spectra for this

ion. This surprisingly large sensitivity of the calculated spectrum to the basis set used for

the electronic structure calculations reflects the very flat potential along a. When the aug-

cc-pVDZ basis is used, the equilibrium structure corresponds to the D2d structure shown in

Figure 1, with se = 1.50 Å, while with the larger basis, there is a small barrier (73 cm�1)

in the D2d geometry, and se = 1.54 Å. When we take one-dimensional cuts through these

potentials along a at the appropriate value of se with the outer H2 bond lengths constrained

to their values in the minimum energy geometry, we find that the calculated anharmonic

frequencies of the shared proton stretch are roughly 40% larger when the aug-cc-pVDZ basis

is used (1000 cm�1) compared to when aug-cc-pVTZ is used (674 cm�1). While such one-

dimensional calculations are not expected to provide accurate frequencies for this ion, the

sensitivity of this frequency to the basis set used for the calculation anticipates the sensitivity

of the higher-dimensional calculations to this choice.
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The large sensitivity of the shape of these potential cuts to the basis set raises the question

of what would happen if a larger basis were used, and we repeated the analysis using an

aug-cc-pVQZ basis. In this case the equilibrium value of s is still 1.54 Å, the barrier height

is slightly higher, 90 cm�1 and the anharmonic frequency becomes 683 cm�1. These values

can also be compared to those reported by Xie et al. based on CCSD(T)/aug-cc-pVTZ

calculations where the barrier height is 48.4 cm�1 and se = 1.54 Å.

Adiabatic Separation of the High and Low Frequency Vibrations

To facilitate the interpretation of the results of these calculations and to reduce the size of

the basis sets required to express the Hamiltonian matrix, the calculations are performed by

employing an adiabatic separation of the high-frequency H2 stretches and the low-frequency

displacement of the shared proton between the two H2 groups. This type of vibrational

adiabatic separation has been used to study a number of molecular systems, going back to

the work of Johnson and Reinhardt in their study of water.23 Such a treatment has been

shown to be an effective approach to decouple high- and low-frequency vibrational motions.

In the present study, the states are described in terms of two sets of quantum numbers. The

first set of quantum numbers provides the excitation of the outer H2 stretch, ⌫H
2
. Since the

H2 stretch excitation is divided between the two outer H2 oscillators, for each value of ⌫H
2
,

there are ⌫H
2
+ 1 adiabatic states. These are identified by the letters A, B and C. The

associated wave functions are obtained by solving the two-dimensional Schrödinger equation

H
H2(a, s) =

p
2

r1

2µr1

+
p
2

r2

2µr2

+ V (r1, r2; a, s) (7)

for the vH2
+1 wave functions, �vH2

,↵(r1, r2; a, s), and the corresponding energies, E⌫H
2
,↵(a, s),

at each set of values of a and s. In this notation, ↵ represents the specific adiabatic state

(A, B, C). In the absence of couplings among the adiabatic states, the wave functions and

energies would be obtained by solving the Schrödinger equation based on
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H
H

+

⌫H
2
,↵ =

p
2

a

2µa
+

p
2

s

2µs
+ E⌫H

2
,↵(a, s) (8)

This approximation reduces the four dimensional problem to a pair of coupled two dimen-

sional problems. Conceptually, this is analogous to creating a set of effective potential energy

surfaces that are functions of the coordinates of the shared proton, which are obtained by

averaging the four-dimensional potential over the wave functions for the outer H2 stretches.

While computationally attractive, this separation is only valid when the adiabatic po-

tential energy surfaces remain separated by significantly more than the frequencies of the

low-frequency vibrations. This requirement holds for states that have different values of ⌫H
2
,

but it is not satisfied by adiabatic states with the same value of ⌫H
2
. Thus non-adiabatic cor-

rections need to be introduced to allow for couplings between these states. These corrections

account for the observation that in some geometries, the eigenstates of the Hamiltonian in

Eq. 7 show a strong dependence on the given value of a and s. These changes in the H2

wave functions can be viewed as coming in two types. In the first, the average H-H distance

and the width of the wave function adjust as the system shifts from H+

5
to a structure that

more closely resembles H+

3
·H2. While important, this term will couple states with the same

as well as different value of ⌫H
2
. It is also small compared to the resultant change in the

nature of the vibrational wave function coming from changes in a near a = 0.

At a = 0, the D2d symmetry of the ion requires that the vibrationally excited states in

the outer H2 stretches reflect this symmetry. For example, for ⌫H
2
= 1 these states would

be the in- and out-of-phase combinations of the states with one quantum of vibrational

excitation in one of the H2 bonds. As the shared proton shifts toward one of the outer H2

units, the structure of the ion is better described as a complex of H+

3
and H2. As the H2

stretch frequency in H+

3
is lower than that of H2, the two outer H2 oscillators are no longer

equivalent, and so the H2 wave functions more closely resemble local mode states (as opposed

to normal mode ones). The lower energy state will have the H2 stretch in H+

3
excited, and

in the higher energy state the H2 is excited. In the discussion that follows, we will describe
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an approach for accounting for this contribution to the non-adiabatic couplings.

Evaluation of the Adiabatic States

Since we are focusing our analysis on the non-adiabatic couplings between states with the

same value of the ⌫H
2
quantum number, we start by re-expressing the wave function as

��⌫H
2
,↵; a, s

↵
=

⌫H
2X

j=0

c
↵
j (a, s)

��j, ⌫H
2
� j

↵
(9)

where the
��j, ⌫H

2
� j

↵
states used in the expansion are obtained by performing a vibrational

self-consistent field (VSCF) calculation to obtain a set of separable wave functions based

on the Hamiltonian in Eq. 7 at the chosen value of (a, s) (See Supporting Information for

details). The corresponding expansion coefficients, c↵j (a, s) are obtained by evaluating the

overlap between these wave functions and the eigenfunctions of Eq. 7, �⌫H
2
,↵(r1, r2; a, s), at

the same value of a and s and with the same value of ⌫H
2
. The coefficients are then scaled

to ensure that the
��⌫H

2
,↵; a, s

↵
states are normalized. With the expressions for the wave

functions for the adiabatic states provided by Eq. 9, the matrix elements of the coupled

Hamiltonian matrix are

H
⌫H

2

↵,j,k;↵0,j0,k0 =

X

l

c
↵
l (aj, sk)c

↵0

l (aj0 , sk0) haj, sk|T |aj0 , sk0i+ E⌫H
2
,↵(aj, sk)�↵,↵0�j,j0�k,k0 (10)

where the dependence on a and s is expressed in a discrete variable representation (DVR).24

We can then find the wave functions and energies of this Hamiltonian, noting that the wave

functions,  ⌫H
2
,n(a, s), will have contributions from the ⌫H

2
+ 1 values of ↵, that is

 ⌫H
2
,n(a, s) =

X

↵

�⌫H
2
,n,↵(a, s) (11)

Given that adiabatic potential energy surfaces are used to obtain the wave functions
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and energies, a similar adiabatic procedure is also used to obtain the intensities. This is

accomplished by evaluating the matrix elements of the dipole surface between the adiabatic

states that represent the various levels of excitation of the outer H2 stretches as a function

of a and s. Care must be taken to ensure that the phases of these adiabatic wave functions

are consistently defined. These transition moments are then used to evaluate the matrix

elements of the dipole moment in the adiabatic representation.

Numerical Details

All wave functions and energies in this study were obtained using a DVR. The underlying

basis for these calculations has been described by Colbert and Miller.25 The energies for the

adiabatic potential surfaces were evaluated using 60 points in r1 and r2 with both coordinates

ranging from 0.5 Å to 2.0 Å. The VSCF wave functions were evaluated using the same grid

to facilitate the evaluation of the c↵j (a, s) coefficients in Eq. 9. The evaluation of the matrix

elements in Eq. 10 was performed using a two-dimensional DVR with 100 points in both s

and a. For these calculations, a ranged from �2.45 Å to 2.45 Å and s ranged from 0.6 Å to

3.6 Å. All calculations were performed in Mathematica.26

Experimental Methods

The H+

5
and D+

5
cations were produced in a pulsed discharge ion source using needle electrodes

mounted in the throat of a pulsed supersonic expansion of pure hydrogen.27 Efficient cooling

is obtained by pulsing the discharge for 10 µsec at the temporal center of a 300 µsec gas pulse.

The ions are analyzed and mass-selected in a specially designed reflectron time-of-flight mass

spectrometer.28 The density of these selected ions is far too low for absorption spectroscopy,

and therefore we employ photodissociation measurements. To accomplish this, the ions are

excited with the tunable output of an optical parametric oscillator/amplifier (OPO/OPA)

laser system (Laser Vision) which tunes smoothly throughout the 2000 – 4500 cm�1 mid-IR
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and 4850 – 7300 cm�1 near-IR regions. Upon resonant excitation, dissociation proceeds by

the elimination of H2 (D2), and the spectra are recorded with a digital oscilloscope (LeCroy)

in the resulting H+

3
(D+

3
) fragment ion channels.

Results and Discussion

Spectrum of H
+
5

To start, we consider the spectra for H+

5
, shown in Figure 2. The previously reported

spectrum below 2000 cm�1, obtained in an IRMPD study of the ion,8 is shown by the grey-

shaded region in the top panel of this figure. In the middle panel, we show the spectrum in

the region of the fundamental in the outer H2. This spectrum was obtained by single photon

dissociation of the ion to H+

3
+ H2.4 Finally, in the bottom panel, previously unreported

spectra are shown. The transitions at 6684 and 7159 cm�1 along with two additional features

at 7490 and 7770 cm�1 have previously been reported by Bae and assigned to vibrations

involving two quanta of excitation in the outer H2 stretches.7 The features between 4500

cm�1 and 6000 cm�1 have not been previously reported.

Below 3000 cm�1

As noted in the introduction, the series of roughly equally spaced peaks below 3000 cm�1,

which are labeled Ia through Ig, can be attributed to a series of transitions from the ground

state to states that each have an odd number of quanta in the shared proton stretch.4,8,16

The associated motion can be thought of as the vibration of a delocalized proton between

the two outer H2 groups. As a result, the wave functions that correspond to excitation of this

vibration have amplitude near the minimum in the potential as well as along the wells that

correspond to the dissociation channels that lead to the formation of H+

3
+ H2. This can be

seen in the plots of the wave functions that were evaluated using the lowest energy adiabatic

potential for this ion, shown in Figure 3. Excitations to the states plotted correspond to
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features in the spectrum that carry intensity larger than 1 km mol�1.

The wave functions associated with the states that are accessed in the transitions labeled

Ia to Ig in Figure 2 are plotted in Figure 3, while the 24 lowest-energy states (E < 3200

cm�1) are shown in Figure S7. Closer examination of these wave functions shows that the

ones that carry larger intensities are characterized as being antisymmetric along a, and have

significant amplitude and relatively few nodes in the region where the ground state wave

function has amplitude. It is this nearly constant amplitude and relatively few nodes in

the excited state wave functions in the configurations where the ground state has amplitude

that leads to the surprisingly long progression seen in the calculated spectrum plotted in

top panel of Figure 2. This calculation is based on a model in which only excitation in the

shared proton is expected to have intensity (s, being a totally symmetric vibration, is not

IR active).

This assignment is further supported by a comparison of the scaled results of the four-

dimensional calculations, which are shown with red sticks in the top panel of Figure 2 and

reported in Table 1 (information for the 24 lowest energy states provided in Table S2),

with the recorded spectrum shaded in grey in the top panel of Figure 2. In this Table, the

assignment of the number of quanta in the shared proton vibration is determined by the

number of nodes in the calculated wave function that are perpendicular to the equipotential

contours that extend into the product channel.

Displacements of the shared proton off of the axis that connects the centers of mass

of the two outer H2 groups and the rotation of the outer H2 groups will lead to shifts in

the frequency of the shared proton stretch. Therefore in Figure 2 the calculated transition

frequencies have been scaled by 0.802. This scaling factor is the ratio of the calculated

frequency of the fundamental in the shared proton stretch of 455 cm�1 and the value of

365 cm�1, which is based on nine-dimensional multi-configurational time-dependent Hartree

calculations.19

The need for this scaling factor can be seen by comparing the results of the current study
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to the results of prior reduced dimensional (two- and four-dimensional) treatments and to

those obtained by a full-dimensional treatment of the spectrum. For example, in Figure S5,

we compare the present ones to those resulting from analysis of a two-dimensional potential

surface, V (a, s), which was obtained by minimizing the electronic energy with respect to

the outer H2 bond lengths.16 While the relative intensities of the transitions are generally

unaffected by the inclusion of the outer H2 stretches in the calculation, the frequencies

are notably lower when using the current four-dimensional approach. Similarly, Valdés and

Prosmiti19 compared the results of four- and nine-dimensional calculations over a comparable

spectral range. They found that the fundamental in the shared proton stretch based on a

similar four-dimensional calculation was at 505 cm�1 while a fully-coupled nine-dimensional

calculation gave a value of 365 cm�1.

Consistent with the experiment, the intensity of the transitions in this progression re-

mains large until ⇠2300 cm�1, after which no additional transitions in this calculated pro-

gression carry significant intensity. Based on Figure 3, the excited state that corresponds to

the Ig transition, which is the final state in this progression with significant intensity, has

nine quanta of excitation in the shared proton vibration. An earlier study8 identified this

transition, which is observed at roughly 2600 cm�1, as involving the second overtone in the

shared proton stretch, which is consistent with the amplitude near the potential minimum

showing three distinct nodes, and 68% of the amplitude being localized in this region of the

potential.

Fundamental in the outer H2 stretch

Next we consider transitions to states that involve one quantum of excitation in the outer

H2 stretches, shown with blue lines in the middle and lower panels of Figure 2 and identified

as transitions IIa to IIh. The energies and wave functions for the states involved in these

transitions are evaluated using the adiabatic potentials that correspond to the two states

that have ⌫H
2
= 1, and the calculations incorporate the non-adiabatic couplings between
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these states as described above. To make comparisons to experiment, the position of the

IIa peak is shifted to match the position of the feature near 3500 cm�1, and the positions

of the remaining peaks associated with transitions to states with ⌫H
2
= 1 are scaled relative

to peak IIa by the same 0.802 scaling factor used for the ⌫H
2
= 0 peaks. Below 4500 cm�1

the agreement between the measured and calculated spectra is excellent. For the higher-

energy features, the agreement is less satisfying, although there is clearly intensity in the

calculated spectrum in the regions where there is intensity in the experiment. The missing

features likely reflect excitation of degrees of freedom that are not included in the calculation,

specifically the bends and internal rotation of the H2 and H+

3
subunits that make up the ion.

Given that we have obtained good agreement between the calculated and experimental

spectra for peaks IIa to IIc, it is interesting to consider the assignments of the states involved

in these transitions. By performing the calculations in an adiabatic representation, we are

able to explore the contributions from the adiabatic states that involve the outer H2 stretches

when analyzing the nature of the states that contribute to the observed intensity above 3000

cm�1. The wave functions that correspond to the blue peaks in Figure 2 that are labeled IIa

to IIh are provided in Figure 4. The lower-energy adiabatic potential (State A) corresponds

to the out-of-phase combination of the H2 stretches when the shared proton is equidistant

from the centers of mass of the two H2 units. When the shared proton is displaced toward one

of the outer H2 units the lower energy state is the one for which the vibrationally excited H2

molecule is closer to the shared proton and the H2 molecule that is further from the shared

proton is in its ground state. Overall, the wave function that is associated with the lower-

energy adiabatic surface is antisymmetric with respect to exchange of the two outer H2 units.

The wave functions that are associated with the higher-energy adiabatic potential (State B)

are symmetric with respect to this exchange, and when the shared proton is displaced toward

one of the H2 units the other H2 is the one that is vibrationally excited. This behavior of

the wave functions for the outer H2 stretches can be seen in Figure 5.

The assignments for the labeled blue peaks in the spectrum are provided in Table 1. The

17



wave functions associated with these transitions are provided in Figure 4 (the wave functions

for 24 lowest-energy states with ⌫H
2
= 1 are plotted in Figure S7). As the calculation of the

⌫H
2
= 1 wave functions considers two adiabatic surfaces these assignments include both a

state label, expressed in terms of the number of nodes in the wave function along the shared

proton stretch coordinate, and the fraction of the probability amplitude that is localized on

each of the adiabatic potentials. As can be seen, the present assignment of the three peaks

identified as IIa, IIb, and IIc departs from the assignments described above. In addition, the

fact that we reproduce the spectrum without consideration of the bending vibrations makes

the assignment of the IIc feature to an overtone in the bend unlikely. We find that the three

peaks in the calculated spectrum are assigned to transitions to states that have most of their

amplitude on the lower-energy adiabat (State A) with zero, two, and four quanta of shared

proton excitation respectively. There is also a smaller but increasing contribution from the

higher-energy adiabat (State B). The pattern continues for the transitions to higher energy

states with one quantum of excitation in the outer H2 stretches.

First Overtone in the outer H2 stretch

A similar picture emerges for the transitions to states with two quanta of excitation in the

outer H2 stretches. The results of our analysis of the wave functions for these transitions are

provided in Figure 6 and Table 1 (the wave functions associated with the 24 lowest-energy

states with ⌫H
2
= 2 are plotted in Figure S8). For these states, we have shifted the energies

of the calculated transitions so that the peak identified as IIIa is at the same frequency as

the feature in the spectrum at 6684 cm�1, and the relative positions of the ⌫H
2
= 2 features

are scaled using the same 0.802 scaling factor used for the peaks with ⌫H
2
= 0.

In this case, the lowest-energy adiabatic surface (State A) corresponds to two quanta of

excitation in the antisymmetric outer H2 stretch. The second adiabat (State B) corresponds

to a single quantum of excitation in each of the H2 molecules. The third and highest-

energy adiabat (State C) corresponds to two quanta of excitation in the symmetric outer H2
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stretch. It is notable that for these adiabats, States A and C are symmetric with respect

to the exchange of the outer H2 units while State B is antisymmetric with respect to this

exchange. In this case, most of the amplitude remains on the lowest-energy adiabat, and

the two observed transitions labeled IIIa and IIIb correspond to one and three quanta of

excitation in the shared proton stretch, respectively.

As noted above, Bae7 identified two additional features in the spectrum above 7300

cm�1 at 7490 and 7770 cm�1, and the feature at 7490 cm�1 had larger intensity than the

one at 7130 cm�1. Based on the results provided in Figure 6 and Table 1, we find that the

next two transitions involving states with two quanta in the outer H2 stretches that carry

intensity greater than 0.5 km mol�1 occur at 7341 and 7769 cm�1 and are less than half

as intense as the ones labeled IIIa and IIIb. A comparison between that spectrum and our

calculated spectrum over the same frequency range is provided in Figure S9. The agreement

is generally good for the two lower-energy features, but the calculation fails to capture the

intensity of the peak at 7490 cm�1. The fact that intensity is observed in this region is not

entirely surprising, although the peaks are larger than is anticipated by these calculations

as well as the previously reported nine-dimensional MCTDH calculations.21 The states that

are accessed by calculated transitions in this spectral region are labeled IIIc and IIId and

follow the progression described above with five and seven quanta of excitation in the shared

proton stretch.

Tunneling and the Assignment of Combination Bands

An interesting feature of the spectra with zero to two quanta of excitation in the outer H2

stretches is the similarity between the energy spacings involving the first two peaks built off of

the H2 excitation with ⌫H
2
= 1, 2 (384 cm�1,4 and 475 cm�1) and the fundamental frequency

in the shared proton stretch8 (⇠375 cm�1). Based on this similarity in the spacings, it would

be reasonable to conclude that the peaks labeled IIa and IIIa involve transitions to excited

states in the outer H2 stretch, while IIb and IIIb correspond to transitions to combination
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bands with excitation in one of the outer H2 molecules and one quantum of excitation in

the shared proton stretch. Based on the analysis of the present calculations, this does not

seem to be the case. This raises the question of how to reconcile the revised description of

the assignments with the nearly constant spacing between these pairs of peaks.

If we perform the calculation of the spectrum based on our adiabatic potentials (without

inclusion of the non-adiabatic coupling terms), the agreement between the experimental

and calculated spectra deteriorates significantly (see Figure S12). To explore the role of

non-adiabatic couplings, we focus on the one-dimensional minimum-energy path potentials

(MEPs), shown in Figure 7, which are evaluated as functions of the displacement of the

shared proton along the axis that connects the centers of mass of the two outer H2 groups

(a) by minimizing the energy as a function of the distance between the two outer H2 groups

(s) based on the two-dimensional adiabatic surfaces (see Figure S13). The reason for the

large difference between the spectra obtained with and without consideration of the non-

adiabatic couplings reflects the large change in the nature of �⌫H
2
,↵(r1, r2; a, s) near a = 0.

In Figure 5 we plot these wave functions for all of the states used in this study when a = 0.0

and ±0.495 Å with s = 1.8 Å. As is seen, even a small change in a shifts the wave functions

from normal mode functions to nearly local mode functions with the vibrational excitation

in only one of the outer H2 units.

To better understand the effects of this coupling and to sort out the origin of the discrep-

ancy in assignments, we develop a one-dimensional model that replicates the most important

features of the four-dimensional system. To do this, we use the MEPs described above and

shown in Figure 7 and then reintroduce the non-adiabatic couplings. From these cuts, we

find that the barrier at a = 0 increases from approximately 50 cm�1 on the ⌫H
2
= 0 surface to

roughly 1000 cm�1 on the potential surface that corresponds to State A when ⌫H
2
= 2. The

increase in the barrier height with excitation of the outer H2 stretches reflects the 805 cm�1

energy difference between the vibrational frequency of the two H2 stretches when a = ±0.495

Å, reflecting the 1000 cm�1 frequency difference between the H2 stretch frequency in an iso-
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lated H2 molecule and in H+

3
. When a = 0, the local H2 frequencies are equal and the spacing

between the two adiabatic surfaces is reduced to 112 cm�1.

While the dependence of the energy difference between the two H2 oscillator on the

position of the shared proton is responsible for the barrier heights, the height of the tunneling

barriers alone is not sufficient to yield the observed pattern in the energy levels. It is only

when we introduce the non-adiabatic couplings that we obtain energy-level pattern that is

consistent with high-barrier tunneling. Specifically, the energies of the six lowest-energy

states with ⌫H
2
= 1 come in pairs of closely spaced levels, and these pairs of levels are

separated by larger energy gaps, as seen in Table S3. The spacing between the average

energies of the states (0) and (1) and states (2) and (3) are calculated to be 372.5 and 377

cm�1 for the levels with ⌫H2
= 1 and 2. These values are both very close to the fundamental

frequency of the shared proton stretch. A similar energy level pattern is obtained when we

consider the energy levels obtained from the one-dimensional calculation based on the MEP

potentials shown in Figure 7 in which the non-adiabatic couplings are considered. The origins

of the large influence of the non-adiabatic terms in the Hamiltonian on the appearance of the

tunneling doublets in the energy level pattern reflects the large change in the H2 vibrational

wave functions, shown in Figure 5, with small changes in a near a = 0. By analogy to

electronic structure, this rapid change leads to large derivative coupling terms between the

adibatic states near a = 0, or, if we had expressed the problem in a diabatic representation,

weak couplings between the diabatic states that correspond to particular states associated

with the outer H2 stretches. As a result, although in the one-dimensional representation the

two wells in the potentials shown in Figure 7 appear to be separated by modest barriers,

the coupling between the wave functions localized in the two wells is weak due to the fact

that the associated H2 stretch wave functions associated with the adiabats when ⌫H2
6= 0 at

positive and negative values of a are orthogonal to each other (see Figure 5).

This tunneling behavior is further manifested in the projections of the vibrational wave

functions onto a, shown in Figure S11, and in the wave functions obtained from the one-
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dimensional model, which are shown in Figure 8. As can be seen in the plots in Figure 8 and

Figure S11, the pairs of wave functions plotted in the same panel have the same width and

can be considered as the in- and out-of-phase contributions of pairs of wave functions, one

localized at positive values of a and one at negative values of a. This is exactly the behavior

one would expect for tunneling doublets. Additionally, as the energy is increased the widths

of both members of the pairs of wave functions increases, as expected for a progression in

the excitation of a specific vibration.

Taken together, the revised assignment of the transitions observed in the region of the

fundamental in the outer H2 stretches corresponds to transitions to the symmetric member

of tunneling doublets with increased numbers of quanta in the shared proton stretch, with

the shared proton shifted toward the H2 molecule that is vibrationally excited. Likewise,

for the transitions to states with two quanta in the outer H2 stretches, the ones that carry

intensity correspond to transitions to the antisymmetric member of tunneling doublets with

increasing numbers of quanta in the shared proton stretch, with the shared proton shifted

toward the H2 molecule that is vibrationally excited.

Role of Torsion

Before concluding our discussion of the spectrum of H+

5
, we need to consider the role of

the torsional motion on the spectrum. In addition to the shared proton stretch, the torsion

of the outer H2 units reflects a large amplitude vibration in this ion. Earlier studies have

demonstrated that the ground state wave function is fully delocalized in this coordinate.10,11

On the other hand, the results that have been presented so far are based on a cut through

the potential with the torsion coordinate constrained to 90�. To check if the above results

are sensitive to the value of the torsion angle used in the evaluation of the potential surface,

we repeat our calculation of the spectrum using a value of 0� for the torsion angle, which

corresponds to the structure shown in Figure S1. Comparing the spectra obtained for these

two structures, we find that they are almost identical, as is shown in Figure S3. The fact
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that the spectrum does not change when the value of the torsion angle is shifted from 90� to

0� suggests that while the torsion is indeed large amplitude, its motion is nearly completely

decoupled from the other vibrations considered in this study. This is consistent with the

results of earlier work using DMC.29

Comparison with D
+
5

We have also evaluated the spectrum for D+

5
, and the comparison between the calculated and

recorded spectra are provided in Figure 9. The associated wave functions and assignments

can be found in Figures S16-S18 and Tables S11-S13. The calculated spectra in Figure

Figure 9 have been shifted and scaled using a procedure that is analogous to that used to

adjust the calculated spectrum for H+

5
, and the parameters can be found in Table S1. The

agreement between the calculated and measured spectra is generally very good, especially

when we consider that the transition near 2500 cm�1 is near the dissociation threshold for

this ion. A similar difference between the calculated and measured intensity of this transition

has been noted by Valdés and Prosmiti based on their nine-dimensional MCTDH calculation

of the spectrum of the ion.21 Since the ions are only detected when the vibrationally excited

population dissociates into D2 and D+

3
fragments, the diminished intensity in the spectrum

compared to calculation is consistent with this excited sate having an energy that is close to

the dissociation energy of the ion.

In addition to the previously reported spectra, shown in the upper two panels of Figure

9, we also report the spectrum from 4830 - 7300 cm�1 in the bottom panel. This spectrum

contains four peaks at 4860, 5220, 5495, and 5688 cm�1. Our calculated spectrum agrees

well with the experiment with respect to the positions of these peaks, but has some notable

differences with respect to the intensities. The difference in intensity compared to the peak

at 4860 cm�1 can be attributed to the laser power in the experiment in this region being

diminished relative to the region above ⇠5000 cm�1. A more notable difference is the

intensity of the peak around 5495 cm�1. In both H+

5

7 and D+

5
this third peak has the largest
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intensity of the four peaks in the spectral regions near the overtone in the outer H2 or D2

stretches. Comparing the H+

5
and D+

5
spectra, we find that they are very similar once the

frequency scale for the D+

5
spectrum are multiplied by roughly

p
2. It is notable, therefore,

that for H+

5
the nine-dimensional MCTDH calculations show the same difference in intensity

for this third peak.21 A possible explanation for this discrepancy between the calculated

and measured intensities is that neither calculation fully accounts for the rotation of the H+

3

fragment.

Given the otherwise good agreement of the frequencies it is interesting to analyze the

wave functions that we have obtained for D+

5
. As we found for H+

5
, the states that are

accessed by the transitions to states with ⌫D
2
= 2 have most of their amplitude on State A

with increasing quanta of excitation in the shared proton stretch. In the case of the lowest

energy bright state the tunneling splitting between this level and the one with no quanta of

excitation in the shared proton stretch is less than 1 cm�1. This allows us to explore the

relative sizes of the anharmonicity of the H2 and D2 stretches based on the frequencies of

the lowest energy transition that carries in intensity, which corresponds to excitation of one

or two quanta of excitation in the outer H2 or D2 stretch.

H2D
+
H2 and D2H

+
D2

Much of the spectroscopy of H+

5
can be interpreted in terms of the motions of an excess

proton that is trapped between two H2 molecules. While such a bonding structure is not

uncommon, and protonated dimers of water,30 CO2,31 and N2,32 for example, have displayed

similar structures, H+

5
is unusual in that deuteration not only has a large impact on the

amplitude of the shared H+ or D+ motion, it also doubles the mass of the molecular cage

that traps the excess proton. This in turn has a significant effect on the amplitude of the

breathing motion of the outer H2 or D2 molecules, which can be seen to be strongly coupled

to the shared proton stretch, given the curvature of the ground state wave function shown

in the upper left panel of Figure 3. As a result, full deuteration of the ion not only affects
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the amplitude of the shared proton stretch motion, it also limits the extent to which the

wave functions extend into the H+

3
+ H2 product channel. Both of these factors lead to the

observed shorter progression in the shared proton stretch in D+

5
compared to H+

5
.

To sort out the contributions to the spectrum from deuterating the central proton as

opposed to deuteration of the outer H2 groups, we also calculate the spectra for H2D+H2

and D2H+D2, where the isotopically unique atom is the central proton. The resulting spectra

are provided in Figures S22 and S28 while the corresponding energies and wave functions

are reported in Tables S14-S16 and Figures S23-S25 for H2D+H2 and Tables S17-S19 and

Figures S29-S31 for D2H+D2. Comparing the spectra shown in Figures 2 and 9 to those

shown in Figures S22 and S28, we find that the range of the progression in the shared proton

stretch is correlated to the masses of the outer H2 units, while the frequency of this vibration

reflects the deuteration of the central proton.

This trend can be understood in terms of the similarity between the ground state wave

function,  0,0(a, s), and the excited state wave functions,  ⌫H
2
>0,n(a, s). To quantify this, we

consider the contour of �2

0,0,A(a, s), as defined in Eq. 11, that contains 99% of the probability

amplitude. By evaluating the integrated area of each �
2

⌫H
2
,n,↵(a, s) over this region, ⇠⌫H

2
,n,↵

(see Tables S3, S12, S15, and S18), and then evaluating

⌅⌫H
2
,n =

X

↵

⇠⌫H
2
,n,↵ (12)

we are able to quantify the degree to which each state is localized near the minima in the

potential. To explain the trend we evaluate ⌅n,⌫H
2

for the three states with ⌫H
2
= 1 labeled

IIa, IIb, and IIc in Figure 2 which correspond to the wave functions  1,0(a, s),  1,2(a, s), and

 1,4(a, s). For all four deuterated analogs of H+

5
considered ⌅1,0 ⇡ 0.92. However, for H+

5
and

H2D+H2 we find that ⌅1,4 ⇡ 0.65, while for D+

5
and D2H+D2 we find that ⌅1,4 ⇡ 0.78. This

indicates that the wave functions for D+

5
and D2H+D2 remain significantly more localized

near the minima in the potentials as the shared proton is excited. This reflects a difference
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in the adiabatic potentials obtained when the outer units are H2 as opposed to when they are

D2. The ability of the shared proton wave function to extend further away from the minima

when H2 is the outer unit supports a longer progression by reducing the orthogonality with

the ground state wave function. It is worth keeping in mind that as  1,n has contributions

from �1,n,A and �1,n,B, ⌅1,n will have contributions from ⇠1,n,A and ⇠1,n,B.

Conclusions

In this study, spectra of H+

5
and D+

5
from 4830-7300 cm�1 have been reported. We have

explored the nature of the states that are accessed in these and previously reported spectra

using a four-dimensional model Hamiltonian. The calculations were performed by adiabat-

ically separating the outer H2 modes from the shared proton motions and then introducing

non-adiabatic coupling for states with the same amount of outer H2 excitation. We find that

much of the observed intensity reflects the excitation of the shared proton stretch as the wave

function extends in to the H
+

3
+ H2 dissociation channel with zero, one, and two quanta of

outer H2 excitation. This work demonstrates the effectiveness of a coupled four-dimensional

adiabatic treatment to modeling the vibrational excited states of the highly-fluxional H+

5

and D+

5
molecular ions.
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Table 1: Frequencies (in cm�1), Intensities (in km mol�1), and Assignments of
the Labeled Peaks in Figure 2.

Labela Frequency Intensity State Ab State Bb State Cb

cm
�1

(km/mol) n
c
H

+ Percentd n
c
H

+ Percentd n
c
H

+ Percentd

Ia 365 2321.20 1 100.00 � � � �
Ib 904 180.41 3 100.00 � � � �
Ic 1340 54.70 5 100.00 � � � �
Id 1692 26.03 7 100.00 � � � �
Ie 1968 18.00 9 100.00 � � � �
If 2174 29.49 11 100.00 � � � �
Ig 2267 64.54 9 100.00 � � � �
Ih 2834 2.41 17 100.00 � � � �
Ii 2963 2.67 17 100.00 � � � �
IIa 3520 332.33 0 94.30 1 5.70 � �
IIb 3889 72.18 2 79.30 1 20.70 � �
IIc 4192 19.93 4 54.80 1 45.20 � �
IId 4391 1.42 4 67.20 3 32.80 � �
IIe 4818 2.44 8 52.40 3 47.60 � �
IIf 4935 2.86 8 85.50 5 14.50 � �
IIg 5084 5.41 9 78.90 3 21.10 � �
IIh 5151 1.43 10 63.60 5 36.40 � �
IIIa 6685 10.29 1 97.30 0 2.30 1 0.40

IIIb 7040 4.46 3 91.60 0 6.00 1 2.40

IIIce 7341 0.69 5 82.30 0 10.30 1 7.40

IIIde 7769 1.99 7 70.90 0 4.50 1 24.50

IIIee 7923 1.54 9 80.90 1 3.70 1 15.40

IIIfe 8305 3.52 9 70.50 1 7.70 1 21.90

a As identified in Figure 2.
b The adiabatic states with the same ⌫H

2
in increasing energy as described in Eq. 9.

c Number of nodes along the proton transfer coordinate.
d Percentage of the probability amplitude associated with the adiabatic state.
e Not shown in Figure 2.
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Figure 1: The D2d structure of H+

5
and the coordinates used for the calculations.

33



Figure 2: Experimental spectra (shaded grey) with calculated spectra (sticks) of H+

5
overlain.

The top panel compares the spectrum reported in Ref. 8 to the calculated transitions with
⌫H

2
= 0 (red sticks). The middle panel compares the spectrum reported in Ref. 4 to the

calculated transitions with ⌫H
2
= 0 and ⌫H

2
= 1 (red and blue sticks). The bottom panel

compares our newly recorded spectrum reported to the calculated transitions with ⌫H
2
= 1

and ⌫H
2
= 2 (blue and green sticks). The positions of the transitions in the calculated

spectrum have been shifted and scaled as described in the text and tabulated in Table S1.
The intensity of Ia peak extends off the scale of the plot. A larger version of this figure can
be found in Figure S2.

34



1

2

3

s
(Å
)

Ia Ib

1

2

3

s
(Å
)

Ic Id

1

2

3

s
(Å
)

Ie If

-2 -1 0 1 2
1

2

3

a (Å)

s
(Å
)

Ig
-2 -1 0 1 2

a (Å)

Ih

Figure 3: Wave functions for the states probed by transitions indicated by red sticks in
Figure 2 labeled Ia to Ih. The energies, intensities and assignments of transitions to these
states are provided in Table 1. As there is only one adibatic surface when ⌫H

2
= 1, we only

plot �0,n,A as defined in Equation 11.
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Figure 4: Wave functions for the states probed by transitions indicated by blue sticks in
Figure 2 labeled IIa to IIh. The energies, intensities and assignments of transitions to these
states are provided in Table 1. The wave functions are divided into the contributions from
the two adiabatic states with one quantum in the H2 stretch, �1,n,A and �1,n,B as defined in
Equation 11, which are identified as State A and State B.
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Figure 5: Plots of the H2 wave functions for a = 0 and ±0.495 Å at s = 1.8 Å for ⌫H
2
= 0, 1, 2

for H+

5
. The wave functions when a = ±0.071 Å are provided in Figure S10.
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Figure 6: Wave functions for the states probed by transitions indicated by green sticks in
Figure 2 labeled IIIa and IIIb. The energies, intensities and assignments of transitions to
these states are provided in Table 1. The wave functions are divided into the contributions
from the three adiabatic states with two quanta in the H2 stretch, �2,n,A, �2,n,B, and �2,n,C

as defined in Equation 11, which are identified as State A, State B, and State C.
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Figure 7: The minimum energy paths through the adiabats for ⌫H
2
= 0, 1, 2. The curves are

evaluated by finding the minimum in the potential with respect to s for each value of a.
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Figure 8: The one-dimensional wave functions associated with the six lowest-energy states
evaluated using the ⌫H

2
= 1 State A and State B minimum-energy curves shown in Figure 7

with non-adiabatic couplings introduced. The wave functions are divided into the contribu-
tions from the State A and State B adiabats. The wave functions for the two lowest-energy
states are plotted in the top panel, those for the next two states are plotted in the middle
panel, and the final two excited state plotted in the bottom panel.
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Figure 9: Experimental spectra (shaded grey) with calculated spectra (sticks) overlain for
D+

5
. The top panel compares the spectrum reported in Ref. 8 to the calculated transitions

with ⌫H
2
= 0 (red sticks). The middle panel compares the spectrum reported in Ref. 4 to

the calculated transitions with ⌫H
2
= 0 and ⌫H

2
= 1 (red and blue sticks). The bottom panel

compares our newly recorded spectrum reported to the calculated transitions with ⌫H
2
= 1

and ⌫H
2
= 2 (blue and green sticks). The positions of the transitions in the calculated

spectrum have been shifted and scaled as described in the text and tabulated in Table S1.
A larger version of this figure can be found in Figure S15.
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