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for a unified explanation of phenomena such as motion by driving force, shear coupling,
mode switching, and stagnation. We begin with a discussion of the kinematic require-
ments for grain boundary motion and the compatibility of grain boundary shear trans-
formations. The model is based on the principal of minimum dissipation potential, where
the “dual dissipation potential” is the energy loss per unit transformed volume as a re-
sult of interface motion. Several analytical examples are shown to demonstrate that this
model consistently recovers multiple types of grain boundary migration behavior, indicat-
ing that the dissipation potential is an intrinsic grain boundary property. It is also shown
that the model predicts the phenomenon of mode-switching, and that a “yield surface”
can be constructed to relate mechanical loading to mode selection and yield. Molecular
dynamics is then used to measure dissipation potential values (in particular the “dissipa-
tion energy”) for a wide number of boundaries. Rate-independent dissipation energies are
determined for a crystallographically diverse set of 112 Ni grain boundaries using atom-
istic simulations with two distinct types of physical driving forces: an applied stress and
energy jump. Agreement of dissipation energies across driving forces provides verification
for the framework. The model’s simplification of migration mechanisms provides a basis
for unifying the observed varied grain boundary migration behavior subject to crystallog-
raphy, driving force, and boundary conditions. Eventually, this framework can be used to
develop experimentally calibrated models of grain boundary migration at the mesoscale.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Metals and ceramics are polycrystalline, meaning that they are composed of individual oriented crystals called grains
separated by interfaces known as grain boundaries. Understanding grain boundary structure and motion is important for
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Fig. 1. Schematic illustrating the dissipative behavior of grain boundary motion (a) Grain boundary motion carries shear, which is understood in a contin-
uum sense (b) as an eigendeformation Fgg corresponding to a particular mode (1 or 2 in diagram). The relative value of the dissipation energy ¢; (defined
and discussed in detail in Section 2.3) to the driving force (u; — uy) determines the behavior of the boundary. (c) At 0K the boundary moves only if the
driving force exceeds the dissipation energy (bottom row).

tuning a variety of properties in crystalline materials, including strength/ductility (Meyers et al., 2006), corrosion (Shi et al.,
2016) and radiation resistance (Bai et al., 2010). Grain boundaries move significant distances during processes such as grain
growth, recrystallization, and severe plastic deformation, often leading to microstructural coarsening (Rollett et al., 2004b;
Rupert et al., 2009). In engineering applications, it is desirable to either prevent coarsening, retaining a strong material
with small average grain size (Chookajorn et al., 2012), or promote coarsening to eliminate grain boundary area and create
a material with a large average grain size and sharp texture (such as transformer steels (Raabe and Liicke, 1992)). In the
thermodynamic limit of grain growth, all grain boundary area is eliminated and a single crystal is obtained. Grain growth
usually stagnates well before the single crystal state is reached in a metastable state (Holm and Foiles, 2010). Recent ex-
periments on grain growth in free hanging thin films that minimize stresses during annealing show significant coarsening
that extends beyond the typical limits of abnormal grain growth and approaches the single crystal state (Jin et al., 2018). On
the other hand, significant coarsening can be induced by stresses. Polycrystalline tantalum and molybdenum coarsen under
an applied tensile load to a much greater extent than load free samples (Pedrazas et al., 2014; Worthington et al., 2013).
The important supporting role of stress during grain growth, as well as the frequent coupling between crystal and grain
boundary plasticity, motivates a mechanical treatment of grain growth.

Grain boundaries move irreversibly, dissipating energy into heat as they move. Grain boundary migration for a flat in-
terface (Fig. 1a) is traditionally described using a gradient descent of the free energy multiplied by a scalar mobility M. The
mobility thus encapsulates the relationship between rate of motion and the applied thermodynamic driving force F with
units of a stress or equivalently free energy density. Here, the driving force is the derivative of free energy u of a planar
interface with respect to its position x; i.e.

ou
V = MF F:—a. (1)

For curved boundaries with isotropic grain boundary energy and mobility, the driving force is «y, the product of mean
curvature of the boundary («) and interface energy (y ). In the simplified case, most driving forces, including the curvature
driving force, can be seen locally as an energy jump (u; —u;) across a flat grain boundary. Stress deserves special treat-
ment as a driving force because it can couple to the burgers vector (shear component) of interface defects during interface
migration.

Atomistic simulations have revealed a rich dependence of mobility on crystallography, temperature, and driving force.
Olmsted surveyed the mobility of 388 grain boundaries in Ni via molecular dynamics energy jump driving force simulations
and found variation in mobilities over four orders of magnitude with grain boundary crystallography (Olmsted et al., 2009b).
Homer reported almost smooth variation of energy and mobility within grain boundary fundamental zones for these 388 Ni
grain boundaries in a more recent study (Homer et al.,, 2015). Many of these grain boundaries also showed non-Arrhenius
dependence of mobility on temperature, though this behavior remains unconfirmed experimentally (Cantwell et al., 2015;
Humberson and Holm, 2017; Priedeman et al., 2017). In addition to strong crystallographic dependence, boundary migration
is dependent on boundary conditions. This was illustrated in recent work by Thomas et al, in which the boundary conditions
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for several boundaries were varied during energy jump-driven boundary motion via synthetic driving force (Thomas et al.,
2017). It was observed that stresses induced by grain boundary motion can cause stagnation of boundary motion, uncon-
trolled boundary motion, or even repeated switching between modes in a “zig-zag” pattern reminiscent of deformation
twinning in martensite (Ball, 2004; Ball and James, 1989). The wide variety of responses to driving force and boundary
conditions suggests that boundary motion can be well explained from a continuum energetic perspective.

In experiments and simulations, certain flat grain boundaries in bicrystal samples are observed to be immobile until a
sufficiently large shear stress is applied, at which point the grain boundary moves with a coupled normal and tangential
displacement (Fig. 1b) (Cahn et al., 2006; Gorkaya et al., 2010; 2009; Li et al., 1953). When this deformation is a pure shear,
it is characterized by the scalar shear coupling factor 8, = v, /Zy, the ratio between the shear velocity v, and the orthogonal
boundary velocity z = %, where z is the scalar interface position. This coupling results in a permanent plastic deformation
mediated by the motion of the grain boundary. Shear coupled grain boundary motion is generic to a wide variety of crystal
structures, grain boundary geometries, and loading conditions - a compilation of experimental and molecular dynamics data
can be found in Molodov and Molodov (2018) along with a history of the subject.

Atomistic simulations have shown that, just as shears can drive grain boundary motion, grain boundary motion can
generate shears that do not require application of a stress (Homer et al., 2013). There are two fundamental types of driving
forces for grain boundary motion: free energy jumps across the boundary and shear stresses resolved on the boundary
(Han et al., 2018). Energy jump driving forces are discussed in depth in (Gottstein and Shvindlerman, 2009) and include,
for example, energy jumps due to differences in stored elastic energy (Zhang et al., 2004) or dislocation density across the
boundary (Rollett et al., 2004b). Chen and Srolovitz have found via molecular dynamics simulations that the dependence of
shear coupling factor on temperature varies with driving force: energy jump, stress, and strain driven motion all can lead to
different amounts of shear at finite temperature (Chen et al., 2019). This varied behavior has led to the argument that the
shear coupling factor is not an “intrinsic grain boundary property” Chen et al. (2019).

At the atomistic level, deformations swept out by grain boundary migration are accommodated by disconnections (Han
et al., 2018; Hirth, 1994). Disconnections are unit interface defects with coupled burgers vector and step height compo-
nents (by, hy). Each grain boundary has a countably infinite number of crystallographically available disconnection modes
indexed by n, only a few of which are energetically competitive. Disconnections nucleate along grain boundaries and defect
junctions and migrate to sweep out new volumes of energetically favored grains (Combe et al., 2016; Han et al., 2018). The
shape change swept out by a large number of disconnections (b,, hy) of the same mode is represented by a lattice preserv-
ing deformation gradient Ffj; € GL(3, Z). Although disconnection theory provides a valuable understanding of the atomistic
mechanism behind boundary migration, there is a need to link their aggregate behavior to reduced order thermodynamic
models.

Recent advances in grain boundary modeling were made by Thomas et al to account for effects of competing modes, elas-
ticity, and crystallographic anisotropy (Thomas et al., 2017). Otherwise, relatively little has been done at the continuum level
to describe grain boundary motion beyond the simplified mobility-determined force-velocity relationship in Eq. 1. Within
this context, no unified model predicting M from grain boundary geometry has emerged from a large body of experimental
literature (Rollett et al., 2004a). This suggests that the simplified continuum model (Eq. 1) is fundamentally insufficient to
describe the richness and complexity of grain boundary behavior. The fact that there are “mobile” vs “immobile” boundaries
is a key indicator of the need for a more sophisticated model: for immobile boundaries M is undefined; for mobile bound-
aries M is an adequate descriptor, but then there is no distinction between highly mobile boundaries and boundaries that
only become mobile after being subjected to a sufficiently high driving force.

In this work, the theory of crystal plasticity provides inspiration for developing a continuum dissipative framework for
modeling the rich variety of grain boundary migration mechanisms and behaviors. In so doing, many of the concepts from
crystal plasticity carry over cleanly to describe similar behavior mediated by boundary motion. Disconnections correspond
to dislocations, disconnection modes (and consequently shear modes) to slip systems, driving force to critical resolved shear
stress, and so on. This allows for grain boundary yield, rate-dependent boundary motion, rate hardening, and mode selection
to be described in a continuum thermodynamic sense.

We begin with our continuum thermodynamic theory of planar grain boundary motion in the first section of the paper.
The predominant focus is on the derivation of yield criteria (“rate-independent” flow rules) for grain boundary motion via
comparison of a dissipation potential and thermodynamic driving force, demonstrating the important role of stress in energy
driven motion. Next, we address the multiplicity of grain boundary transformations, and present a method for enumerat-
ing compatible shear transformations that is consistent with the disconnection model (Mompiou et al., 2010). Finally, we
propose two possible algorithms for computing dissipation energies with different driving forces: a stress and energy jump.
Calculated dissipation energies for [1 0 0], [1 1 0], and [1 1 1] symmetric tilt boundaries are compared across driving force,
and it is demonstrated that dissipation energy is an intrinsic grain boundary property that is invariant between loading
scenarios. Finally, the results are contextualized in existing literature on grain boundary migration and plasticity.

2. Continuum thermodynamic theory of planar grain boundary motion
In this section we present a unified theory for energy-driven boundary motion in the language of continuum mechan-

ics. Energetic models for dissipative processes such as plastic deformation frequently employ thermodynamic variational
principles to select deformation modes that minimize free energy of a system.
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Constitutive updates of internal variables such as plastic shear rates, or in our case, grain boundary migration rates, are
reduced to a nonlinear optimization problem that admits complex deformation patterns as solutions. We propose a model
analogous to crystal plasticity using the minimum dissipation framework (Carstensen et al., 2001; Hackl and Fischer, 2008;
Kochmann and Hackl, 2011), wherein volumetric slip systems are replaced with boundaries, and slip rates with boundary
velocities.

At this point it is useful to delineate different types of grain boundary motion in this work. In all cases, it may be safely
assumed that there exists in every nontrivial grain boundary a characteristic amount of energy released during motion
(per unit volume), which we will refer to as dissipation energy (¢;), corresponding to a particular motion mechanism at
0 K. The set of possible motion mechanisms comprises a spectrum of dissipation energies or energy barriers. It is worth
distinguishing the terms dissipation energy and energy barrier. Dissipation energy (¢;) is a threshold value of the driving
force required to suppress an intrinsic energy barrier to motion (Ey). While dissipation energy is an energy per unit volume,
the energy barrier for interface motion is typically expressed as an energy per unit area. Mishin and Ivanov defined E, as
the amplitude of a spatially periodic potential representing the incremental motion of a planar interface by a transformation
height h (Ivanov and Mishin, 2008). In the Mishin-lvanov model, dissipation energy and energy barrier are related by the
interface transformation height as ¢j = wEg/h (Ivanov and Mishin, 2008).

Stress and energy jump driving forces may suppress the spectrum of energy barriers at 0 K in different ways. While an
energy jump driving force (such as an applied magnetic field) is expected to select the motion mechanism whose barrier
vanishes first at 0 K, independent of the direction of the intrinsic GB shear, a shear stress gives preference to a motion
mechanism that produces deformation parallel to the shear stress. In the case where the same motion mechanism is chosen
by both a stress and energy jump driving force, the dissipation energy ¢¢ should not vary. Three cases can be considered
for a single motion mechanism:

1. At finite temperature with no applied driving force, a grain boundary is equally likely to move in either direction
(Fig. 1c, top) - we denote this as random walk.

2. A free energy difference across the grain boundary can come from many physical sources such as a difference in elas-
tic energy density between grains or differences in dislocation density during recrystallization (Gottstein and Shvin-
dlerman, 2009). When a free energy difference is applied across the boundary at finite temperature, the low energy
grain is predicted to grow at the expense of the high energy grain (Fig. 1c, middle) - we call this thermally activated
motion.

3. When the driving force exceeds the intrinsic energy barrier, then the boundary may be expected to move even in
the athermal limit. Motion occurs when the energy dissipated during energy driven motion is equal to the intrinsic
barrier to migration which we define as dissipation energy (¢¢) (Fig. 1c), bottom) - we refer to this as energy-driven
motion.

Energy driven motion is relevant to experiments and simulations at finite temperature whenever a variation in driving
force affects grain boundary migration mechanisms, such as grain boundary stagnation or zig-zag motion in (Thomas et al.,
2017). In this work, we use dissipation energy to construct a continuum thermodynamic model of grain boundary motion.
We focus predominantly on energy-driven motion in this work, establishing a model for rate independent boundary motion
at 0 K that considers a variety of motion mechanisms and loading scenarios.

2.1. Kinematics: compatible grain boundary shear transformations

Deformation twinning is an example of permanent deformation accommodated by shear transformation associated with
twin boundary motion. We expand on this concept by noting that the motion of every boundary must be associated with a
deformation Fgg € GL(3, Z). The deformation must (1) satisfy Hadamard compatibility with respect to the interface normal
vector N:

Jda € R? such that F;s=I+a®N, (2)
(2) be isochoric
det(Fg) =1, (3)

and (3) preserve crystallographic symmetry. (Precisely, given point sets X,Y c R3, where Fgg corresponds to a mapping ¢:
X — Y, then there also exists an isometry R € SO(3): X — Y.) Because no nontrivial rotation satisfies compatibility, the
first two requirements imply that F # R except in the special case that R = Fgg = I. This has the important implication that
Fgp # ¢, i.e. the grain boundary shear does not necessarily satisfy the Cauchy-Borne rule (CB). (Ericksen, 2008). (The CB rule
assumes that all atoms within the lattice displace according to the average deformation of the continuum. Ericksen (2008))
This implies that the macroscopic deformation is accommodated crystallographically by a combination of CB-type displace-
ments along with “shuffles,” so while ¢ preserves the crystallographic symmetry, it does not preserve ordering.
Restrictions (1) and (2) restrict the form of Fgg to simple shear. By allowing for non-CB deformations, a wide (count-
ably infinite) number of possible grain boundary shears are possible. Some nontrivial grain boundary shears do satisfy CB;
this forms the basis for some recent work on deformation twinning Sun et al. (2018). However for most grain boundaries,
non-CB deformations appear to be more likely mechanisms for transformation. It is also apparent that every boundary has
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Fig. 2. Illustration of the many types of possible grain boundary shears including forward shear (blue) backward shear (red) and pure shuffle (yellow). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

a “shuffle-only,” zero-shear transformation corresponding to the shuffle transformation on the boundary’s coincident site
lattice (Fig. 2a). This allows for the unification of shear-coupled and non-shear-coupled motion within the same kinematic
framework.

The multiplicity of grain boundary shear transformations may be understood as the continuum representation of the
action of different disconnection modes. At the atomic level, each compatible shear transformation corresponds to a discon-
nection type that nucleate at the grain boundary and migrates to sweep out new volume of energetically favored crystal.
Eventually this results in the shear observed by Fgg, in which the pure-shear off-diagonal component is exactly the coupling
factor B, (Fig. 2b). A coupling factor of zero corresponds to boundary motion without shear (Fgg = I), while an infinite cou-
pling factor corresponds to pure grain boundary sliding (F;g incompatible). Pure grain boundary sliding is an incompatible
transformation common in twist boundaries (where step and burgers vector components of disconnection are decoupled
(Han et al., 2018)), and is not included in this present work. It should be noted that by “zero-shear” we refer strictly to
shuffle-only, not combinations of equivalent shears. If multiple modes are energetically favorable for a single boundary, as
is the case in zig zag or thermally activated motion, new values for shear coupling factor are accessible via combinations
of modes. In this work, grain boundaries are assumed to move in a single energetically favored mode at any given point in
time.

2.2. Special linearized elasticity

The mechanical process of simple grain boundary migration of interest include two stages of deformation: (i) grain
boundary shear transformation, and (ii) the elastic response of applied loading. Grain boundary shear is clearly a “large”
strain, but the elastic response is well within the linear regime. Therefore, we use a special formulation for elasticity that
retains the convexity of linearized strain, but also preserves the notion of Hadamard compatibility.

Let a planar boundary parameterized by a nondimensionalized position Z = z/L (where L is a characteristic length) move
upwards such that Grain 1 is transformed into Grain 2, and that the compatible grain boundary shear transformation is
Fgp. Grains 1 and 2 have anisotropic elastic modulus tensors Cq, C, satisfying major and minor symmetry. Then the strain
energy density for both grains are,

UF) = 3 (F D) : C(F D), G(F) = 5 (F—Fp) : Co(F — Fep), @

where F is the deformation gradient, I is the identity and A : B = A;;B;;. Although small strain is usually expressed in terms
of the strain tensor &, the minor symmetry of C;, C, result in an equivalent expression. As stated above, using F instead of
€ allows for a more natural treatment of large compatible deformations. It is important to emphasize that, despite appear-
ances, the small strain approximation is still used, so many of the requirements for large strain models (such as material
frame indifference) will not be satisfied.
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2.2.1. Thermodynamic potentials and Clausius-Duhem inequality
The Helmholtz energy of a single crystal is defined here to be

A(F,Q, T)=U(F)+u(@Q,T) (5)

where U is the elastic strain energy density, Q is a vector of internal variables, T is the temperature, and u is a thermo-
dynamic potential that is independent of F, such as a synthetic driving force. Here, and subsequently, all thermodynamic
potentials are per unit volume unless stated otherwise. The Gibbs free energy is defined similarly via the Legendre trans-
form,

G(P.Q.T) = sup [P F—A(F,Q, T)], (6)

where P is the first Piola-Kirchhoff stress tensor. Using the special form of linearized elasticity, the Helmholtz and Gibbs
energies have the explicit forms

AF.Q.T) = 3 (F — Fip) : C(F — Fop) + u(@.T) 7

G(P,Q,T) = %P:C*1P+P:FGB+U(Q,T), (8)

where C-! is the compliance tensor. Assuming that grain 1 is the grain above Z and grain 2 is the grain below it, the
combined Helmholtz energy for the bicrystal is:

A(Fl’Baf’T):fAZ(I:Z)_fAl(Fl)7 (9)

where it is assumed that the deformation on either side of the boundary is uniform and affine, described by deformation
gradients F;, F,. (Note that the subscripts 1 and 2 correspond to grains, and not deformation/disconnection modes.) The
interface displacement Z can be interpreted as an internal variable. Following the Coleman-Noll procedure (Coleman and
Noll, 1974), the thermodynamic driving force corresponding to the internal variable Z is.

0A
1=-73 =A1(B) — Ay (F), (10)

which is the nondimensional equivalent of the classical driving force in Eq. 1. The applied stress tensor decomposes P =
P¢ + PV, where P¢ = dA/dF is the purely elastic stress and PV is the stress corresponding to dissipation. These definitions
enable the expression of a formal Clausius-Duhem inequality for planar boundary motion

P (P—;’—;‘)ﬁ(A](Fz)—Az(a))zo, (11)

where F is the time derivative of the of deformation gradient tensor.
2.3. Grain boundary dual dissipation potentials and the principle of minimum dissipation potential

Recall that the deformation gradients Fj; enumerate boundary shear transformations undergone by the grain as the
boundary passes through it. The deformation is irreversible and each has an energetic cost associated with the transforma-
tion. This energy can be represented using the so-called dissipation potential ¢(q), where ¢ is the driving force, and ¢ is
the power (per unit volume), ostensibly dissipated as heat. The driving force is power-conjugate to the boundary velocity Z,

and so it is more natural to work with the dual dissipation potential ¢*(2).

Definition 1. The grain boundary dual dissipation potential for the shear corresponding to mode n, ¢;; (f) is the dissipated
power per unit volume associated with the transformation of a lattice from one orientation to another via the grain bound-
ary transformation F. It is also the Legendre transform of the dissipation potential ¢(q).

There exists one dual dissipation potential for each grain boundary mode, and thus, the selection of the mode is osten-
sibly determined by the mode with lowest dissipated energy. However, the difference between modes selected by traction-
driven vs. displacement-driven boundary conditions show that the dual dissipation potential alone does not determine mode
selection; rather, it is the combination of dual dissipation potential and deformation power that determine the optimal Fgg.
Conservation of energy dictates that the differential elastic energy loss due to boundary motion must precisely equal the
energy dissipated; i.e.

SA = —-8¢* (12)

If both are convex, then Eq. 12 has a variational expression. The variational formulation of the mechanics of dissipative
systems was first introduced by Onsager (1931) as the principal of minimum dissipation potential. It has since been stud-
ied extensively and applied to plasticity (Carstensen et al. (2001); Hackl and Kochmann (2008); Mielke (2002); Ortiz and
Repetto (1999), microstructure evolution (Mielke and Ortiz, 2008), and viscous solids (Roubicek, 2009; 2010), etc. We ap-
ply the principal of minimum dissipation potential to construct a variational model for grain boundary motion. (It should
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be emphasized a variational model is primarily a mathematical convenience, and its existence does not necessarily imply
a fundamental natural law (Cahn and Mullins, 1962; Hillert and Agren, 2006; Martyushev and Seleznev, 2006; Zamberger
et al.,, 2015).) The variational expression for which Eq. 12 is the solution is

5 = arginf min [%A; G.T)+¢: (2)]. (13)

A = rng An(Fi, B, 2, T) subject to boundary conditions, (14)
)

where mode selection (minimization over n) is introduced as part of the model, not necessarily as a consequence of the
principle of minimum dissipation potential.

The solution of Eq. 14 for A*, F;, F, is equivalent to solving for linear momentum balance via the principal of minimum
potential energy. Just as dual dissipation potentials in crystal plasticity determine slip behavior, the form of ¢; determines
the evolution of the boundary. For instance, a boundary exhibiting power-law rate hardening would have a dual dissipation
energy of the form

$13) = il + %cb:;pw, (15)

where ¢7, ¢;, are constants and p is the power hardening exponent. (The units of ¢}, are energy per unit volume per
unit time to the p-th power.) It will be shown subsequently that if p=2 and ¢}, = 0, then ¢, = 1/M, the reciprocal of the
“mobility.” In the “rate-independent” case where ¢;;, = 0, the first coefficient ¢}, dictates the critical driving force necessary
to initiate boundary motion - i.e. a yield stress. These parameters can be used to fit a model for ¢; that is capable of
capturing a wide range of boundary behavior. It also allows for the treatment of “mobile” vs “immobile” boundaries. The
parameter ¢, is of particular interest as it allows for the quantification of boundary yield.

Definition 2. The grain boundary dissipation energy for mode n, ¢}, is the energy per unit volume required to transform
a crystal from one orientation to another via a grain boundary transformation Ff,.

The dissipation energy is a property that is unique to each grain boundary, and is independent of the loading or boundary
conditions to which the boundary is subjected. For the rate-independent case, transient simulations are not necessary to
measure ¢f; quasi-static simulations can be used (and, in fact, should be used) to measure this quantity. Special attention
is given in this work toward the determination of the dissipation energy for each boundary. In the following section, the
model will be applied to a selection of boundary conditions to illustrate the effect of the dual dissipation potential on mode
selection and boundary evolution.

2.4. Examples

In this section, the minimum dissipation potential model for grain boundary motion is applied to a selection of simple
loading conditions that are known to cause boundary motion. To streamline notation, a single mode is considered for all
examples, and the sub/superscript n is dropped. For simplicity, the following form is used for the dual dissipation potential

A 1A 1 1A
o (12 = g5zl + 5451 122 (16)
Example 1 (Motion from applied driving force). Let the two grains be free from an applied mechanical load. A prescribed
energy difference is applied to the two grains so that
A(F1,F2,Z,T)=2U2—2Ll1, (17)

where u4, u, are constants. Practical examples include the application of a synthetic driving force in molecular dynamics
simulations, or the creation of low-energy surfaces in thin materials. Substituting into the expression for minimum dissipa-
tion potential yields

. . , gl —u2) — g5l +(un - 112) > 4+
Z = arginf min [2(u2 —uy) +¢3(|2|)] =gl —m) = @5l —(u1-1) <~ (18)
; 0 else

In the special case when ¢§ — 0 (i.e. there is no yield criterion), then the evolution equation reduces to:

1
Z=—(u; —up), (19)
?
which is the same form as Eq. 1, where ¢; = 1/M, the reciprocal of grain boundary mobility. In the other special case where
¢; — 0 (i.e. infinite mobility), then the boundary velocity is either 0 or + oo. This is analogous to elastic-perfectly-plastic
behavior in crystal plasticity.
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Example 2 (Stress-driven motion). We consider the case where the boundary is subjected to a uniform stress state P. Be-
cause the solution is quasi-static (no dynamics are considered), the conservation of momentum jump condition requires that
[[P]] = 0 across the grain boundary. Accounting for the dual (applied stress) boundary condition, the problem becomes

- argz_mf[%(;gg [242B) ~P: B) 20 (R) ~ P F) |) + 95121 | (20)

—arg inf[z*(G2 P) - G, (p)) + ¢5(|z*|)] 21)

z
The general solution is
+¢%(G1 (P) = G2(P) — ¢5)  +(G1(P) — G2 (P)) > ¢

—q%;(Gl (P) —Gy(P) — ¢5) —(G1(P) — Gy(P)) < —¢; (22)
0 else

[\
Il

It is often the case that shear coupled motion occurs in boundaries for which there is no difference in elastic strain energy
across the boundary. Therefore, it is instructive and useful to make the simplification that the two grains, though elastically
anisotropic, do not exhibit a difference in strain energy under this particular loading. Mathematically, this can be stated as
Pc ker((Cl‘1 - (Cf). With this simplification, the expression for the interface velocity reduces to:

+¢%[P5 (Fos—D) — @3] +P: (Feg—1) > ¢
~g: P (Fos =) — 3] —P: (Fes—1) < 5 (23)
0 else

Ny
I

This piece-wise form indicates that for every mode there is a set
Yo={PeL(R> R®),|P:(E—1)|> ¢;(Fs — D)}, (24)

so that the boundary 0Y, defines a yield surface corresponding to that shear mode. The total yield surface (accounting for
every possible shear mode) is given by the boundary of the intersection

9 ( N Yn> (25)
n
For symmetric tilt boundaries loaded with a pure shear stress P, perpendicular to the tilt axis,

Yo ={P3 e R, [Py : Bu(0)] > ¢§(B:(0))} (26)

where £,(0) is the coupling factor which depends on misorientation angle 6 and disconnection mode n. An explicit formula
for Bn(0) is given in Section 2.

In general, an elastic energy difference may contribute to grain boundary yield. For thermodynamically identical bound-
aries with zero elastic energy difference under a pure shear load, a mixed loading state with normal and shear components
may break the thermodynamic symmetry of the system and induce an elastic energy difference across the boundary, de-
pending on grain boundary geometry.

Example 3 (Displacement-driven grain boundary motion). We consider the case where a grain boundary is driven to move
as the result of an imposed deformation. It has been observed that loadings of this type can cause initial movement of
boundaries, but that the motion is eventually arrested. We seek to replicate this behavior with the continuum dissipation
model.

Let Grain 1 occupy the region L/2 > X3 > z and Grain 2 the region —L/2 < x3 < z, where x3 is the coordinate normal to
the boundary and Z = z/L, where z is the location of the boundary (initially zero), L is the height of the bicrystal, H2 is the
cross-sectional area, and V = H2L the volume of the bicrystal. We impose a shear deformation on the bicrystal such that the
overall (average) deformation gradient is given by Fy, where Fy is a simple shear.

A brief calculation shows that this constraint can be expressed as

(%+2)F2+<%—2)Fl =F —ZFg, (27)

where Fgg, as before, is the shear associated with grain boundary motion. The expression for the optimal Helmholtz energy
is

A'(2) = inf A(F;. B 2) subject to (% +2)5 + (% —2) F —F —2Fy (28)
1»

where the Helmholtz free energy is

AELB2) = (5 +2)AE) + (5 -2)MF). (29)



I. Chesser, T. Yu and C. Deng et al./Journal of the Mechanics and Physics of Solids 137 (2020) 103827 9

To enforce the kinematic constraint we introduce the Lagrange multiplier A:

A*(2) = sup inf A(F;, . 3) — A : {(1 +2)F2 + (1 —2) F-F +2FGB} (30)
A BB 2 2
Stationarity for the F;, F, gives
0A1  0A;
T O0R  0R Gl

which, together with Eq. 27, is a solvable system for F;, F,. The exact solution in the general case is cumbersome, and it is
therefore instructive to consider a reduced-order system. Let the F;, F, be pure shear parameterized by y{, ¥, the grain
boundary shear by y g, and the imposed shear by y . Furthermore, let the crystals have elastic moduli (¢, @y such that
the Helmholtz free energy is

1,1 . 1,1
A(y1,%2.2) = §<§ +Z)M27/22 + 5(5 —Z>M1V12~ (32)

(We note that @1 # o implies anisotropy rather than differing material properties across the boundary.) Substituting this
form into the reduced expressions for Eqs. 27 and 31, we find that

_ 2 (Lyo — 2ycp) vy = #1(Lyo — zYcp) (33)
pa(L/2 +2) + pua(L/2 - z) ua(L/2 +2) + pua(L/2 - z)
Substituting we have the expression for the minimum Helmholtz energy
1 ppa(yo — 2yes)’ (34)
2u1(1/242)+ p2(1/2-2)°
Introducing the following nondimensionalization
a t ~ M1 A A n top*
t:— = —, A:—, *27’ 35
to H M2 23 ¢ M1 (33)
(where a dot over a hatted variable implies differentiation with respect to f). The nondimensionalized Helmholtz energy

1S

2!

A(Y1.¥2.2) =

(Yo _2V63)2
A +22)+(1-22) (36)

Applying the nondimensionalization to the minimum dissipation equation, we have

Ay, y2.2) =

~

Z= arg;inf[%f + J)*(f)] (37)

for which the stationarity condition gives
dA  apr

0z 93

0. (38)

Substituting Eq. 16, we arrive at the following differential equation for Z that can be integrated explicitly:

9A 92

. ~,0Z
o5 + sgn(af> +di5z =0, (39)
A test case is considered in which the applied shear y is increased quasi-statically by incrementally increasing the amount
of strain and allowing the system to equilibrate (Fig. 3). A value of 0.01 is used for ¢7, and the shear is applied incrementally
to demonstrate the transient behavior of the model. Numerically integrating Eq. 39 and plotting the stress-strain curve
shows that the system exhibits a distinct elastic-plastic behavior, which changes as a function of the dissipation energy @5
Note that the sawtooth-like behavior in the stress-strain curve (Fig. 3b) is the transient response to stairstepped loading,
and should not be mistaken for stick-slip behavior.

The initial stairstepped region is elastic and recoverable, but once the driving force exceeds the dissipation energy, the
boundary begins to move. Because the shear is stairstepped, the boundary is subjected to an initially high driving force,
prompting rapid motion, but then the motion is arrested as the grains equilibrate. Eventually, the boundary reaches the end
of the domain and can not move any further, and the bicrystal (which is now a single crystal) continues along an elastic
curve,

Example 4 (Grain boundary stagnation). Grain boundaries that are subjected to fixed ends as well as an additional driving
force (such as a synthetic driving force in MD) are sometimes observed to stagnate. To treat this scenario, we consider the
formulation derived in Example 3, with the following added to the Helmholtz energy

A A-3A0 (40)
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Fig. 3. Numerical integration of Eq. 39 for increasing imposed shear with varying dissipation energies. (a) plots the interface position with respect to time.
(b) plots the stress strain curves (where time is a proxy for strain). Note that ¢, is slightly less than the observed yield strain. This is the result of the
elastic anisotropy (2 # 1).
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Fig. 4. Numerical integration of Eq. 41 for a stepped synthetic driving force. The driving force is applied and the boundary is allowed to equilibrate. The
dissipation energy controls the threshold at which the boundary moves, as well as the stagnation location.

where Adl =2(u; —uy)/q is a nondimensionalized driving force. By repeating the calculations in Example 3 with this
additional term, the evolution equation becomes

0A - 0z ~, 0Z .

55 TPosen (5) + ¢>i‘5 = Ad. (41)
Eq. 41 is numerically integrated, with ¢; = 0.1, for an incrementally increasing driving force and a selection of dissipation

energies (Fig. 4). As expected, the dissipation energy controls the threshold for boundary motion, and determines the point

at which the grain boundary stagnates. In this case, the blue curve (¢ = 0.0) indicates the true equilibrium position for

which the elastic energy is minimized. The other curves are restricted at an earlier point, and approach the position at

which the dissipation energy is greater than the change in elastic energy.

3. Crystallographic enumeration of grain boundary shears for STGBs

Recall that, as a grain boundary migrates, its sweep out a macroscopic deformation composed of a sequence of de-
formations FZ;, where n indexes crystallographically allowed disconnection modes. At finite temperature or with appro-
priate boundary conditions, grain boundaries may switch between modes or move in multiple modes simultaneously
Thomas et al. (2017). In this section, we enumerate compatible FZ; for yield of a symmetric tilt grain boundary (STGB)
in a single mode.

STGBs are described by three parameters: a tilt axis p (normalized with two degrees of freedom) and a misorientation
angle 6. A STGB is created from a single crystal by symmetrically rotating upper and lower halves of the crystal by + 6/2
about the rotation axis p. Since the grain boundary plane of an STGB (with normal fi) is a mirror plane, STGBs are often
referred to as twin boundaries. To satisfy compatibility, F%; must be a pure shear for flat STGB migration. Deformation is then
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parameterized by a scalar coupling factor S,(p,0) that depends on STGB geometry. Each grain boundary has a countably
infinite number of crystallographically accessible modes indexed by n.

Yield is determined by dissipation energy ¢¢(Ba(p.0)). In practice, only modes with relatively small shear and normal
displacements will be energetically competitive. Fig. 2a shows shear coupling mode trajectories for (1 0 0) tilt boundaries in
Al within a minimum shear and transformation height (for an FCC Al lattice). shear coupling factors 8(0) for p = (1 0 0) and
varying n form approximately linear trajectories as a function of misorientation angle 6. Each shear coupling mode trajectory
has a zero shear reference state (yellow shaded region) corresponding to a grain boundary with F;p =1 and 8 = 0. At 0 and
90 °, compatible shear transformations for zero shear reference states trivially map perfect crystals to perfect crystals and
have zero dissipation energy. On the other hand, the zero shear reference state with K, = (3 1 0) has nonzero dissipation
energy and corresponds to a pure shuffling transformation. A simple calculation shows that the coupling factors for each
shear coupling mode trajectory are given by

ﬁ:2tan<9 _29*), (42)

where 0* is angle corresponding to the zero shear reference state.

Each shear coupling mode trajectory is indexed by the second invariant plane of shear K, = p x n which is the same
before and after a compatible shear transformation in a symmetric tilt boundary (Fig. 2b) Pitteri and Zanzotto (2002). K,
is an explicit crystallographic enumeration of the counting index n. Algorithm 1 gives a practical method for computing all
compatible shear transformations for a given symmetric tilt boundary within a maximum shear and transformation height.

Algorithm 1 Enumeration of FZ; for STGBs.

1: GB < GBlist > define sequence of grain boundaries with tilt axis p and varying tilt angle 6 [53]
2: set (Smax, Mmax) > maximum allowed transformation shear and height
3: for (6,n) in GB do > n is boundary plane direction [h k 1] in crystal frame of grain 1

4: for 0* ¢ [emins emax] do

5 h = |Ky|max [ cos(%"), sin(?5)]

6 s=2h tan(eai)

7: if (s, h) < (Smax, hmax) then

8 keep (s, z)

9: Fp=1+se; e > e; and e, are reference vectors in the lab frame
10: B=3

11: end if

12: end for

13: end for

Our shear coupling mode enumeration results are consistent with the shear migration induced geometry (SMIG) model
and the disconnection model (Han et al., 2018; Mompiou et al., 2010). A similar expression for coupling factor can be found
in Molodov and Molodov (2018), though zero shear reference states are not explicitly mentioned. In this work, we compute
the energetic barriers to atomic motion during compatible shear transformations via atomistic simulation.

4. Computing dissipation energy via atomistic simulation

Dissipation energy ¢¢(Bn(P.60)) is computed for a wide range of symmetric tilt grain boundaries using two atomistic
simulation methods with different driving forces: an energy jump driving force, also known as a synthetic driving force
(SDF), and displacement driven shear (DDS). Atomistic models and simulation methods are described in detail below.

4.1. Bicrystal dataset

We consider migration of symmetric tilt grain boundaries (STGBs) in this work, using as an example grain boundary
structures the 73 bicrystals with (1 0 0), (1 1 0), or (1 1 1) tilt axes in the 388 boundary Olmsted survey (Olmsted et al.,
2009b). Later, we will also consider 39 grain boundaries with X3 misorientation and varying boundary plane inclination.
STGBs are a convenient choice for computing dissipation energy because they are observed to move in a variety of discon-
nection modes with nonzero shear coupling factor in experiments and molecular dynamics (MD) simulations (Cahn et al.,
2006; Homer et al., 2015). STGBs are parameterized by a single degree of freedom, the misorientation angle 6. The sub-
sequent motion mechanism of the grain boundary is characterized by the shear coupling factor 8, which varies with dis-
connection mode for the same grain boundary. Note that the scalar mobility and shear coupling factor trajectories of these
boundaries in Ni was surveyed in synthetic driving force simulations at 1000 K by Homer et. al in Homer et al. (2015).
Tables 1-4 in Homer et al. (2015) provide a convenient tabulation of boundary crystallography, energy, and mobility for this
dataset.
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Fig. 5. (a) Calculation of dissipation energy using displacement-driven stress-strain curves. (b) Calculation of dissipation energy using a ramped synthetic
driving force.

All atomistic bicrystal models satisfy periodic boundary conditions in the y-z interface plane and have free surfaces along
the x direction normal to the grain boundary plane. The grain boundary energy of each structure is minimized over trans-
lational microscopic degrees of freedom, as described in Olmsted et al. (2009a) using the Foiles Hoyt EAM Ni interatomic
potential (Foiles and Hoyt, 2006). To survey the effect of interatomic potential on dissipation energy, we also simulate mi-
gration of a set of Al STGBs from the Tschopp survey Tschopp and McDowell (2007) using the Mishin EAM Al potential
(Mishin et al., 2001). For Ni boundaries, we use the same numbering scheme as the original Olmsted survey (see supple-
mentary info of Olmsted et al. (2009a)). All Ni bicrystal structures have dimensions larger than 16 nm in the interface plane
normal direction with cross sections larger than 3 x 3 nm2. Al bicrystal structures are comparatively thin in the direction
of the tilt axis, with only one or two periodic repeats, but typically have dimensions larger than 5 nm in the direction of
shear perpendicular to the tilt axis and larger than 16 nm in the plane normal direction.

4.2. Measuring dissipation energy via displacement driven shear simulations

During DDS simulations, a pure shear strain is applied to each bicrystal model by displacing fixed slabs at the top and
bottom of the bicrystal in opposite directions along the z direction in the plane of the boundary. Note that the z direction
is perpendicular to the tilt axis along the y direction, and that in general the direction of shear in the boundary plane may
impact coupling mode (Molodov and Molodov, 2018; Yin et al., 2018). Displacement of both slabs in steps of 0.04 A (per
slab, 0.08 A total) is accompanied by a conjugate gradient energy minimization (Grippo and Lucidi, 1997) at 0 K with force
tolerance of 10-8 eV/A and dimensionless energy tolerance 10~8 in LAMMPS (Plimpton, 1995). All bicrystals undergo 500
displacement steps, or 4 nm total shear displacement. Total shear strain varies with simulation box size for each bicrystal. At
sufficiently large shear strains, all grain boundaries yield via plastic deformation. The grain boundaries surveyed, even among
tilt boundaries, show a diverse array of plastic deformation mechanisms, including disconnection motion, grain boundary
sliding, full and partial dislocation emission, and combinations thereof. Since Ff, is only well defined for combined normal
migration and grain boundary sliding (disconnection motion), we only consider grain boundaries that yield via disconnection
nucleation and motion. In the discussion that follows, we develop a procedure for filtering stress strain data so that we only
keep data corresponding to disconnection motion. Finally, we discuss a method for measuring dissipation energy from stress
strain curves.

A variety of stress strain curves for different bicrystal geometries are shown in Fig. 5a. Out of the five boundaries, only
three have sawtooth stress strain behavior over the full range of plastic deformation. A sawtooth plastic wave is a necessary
but insufficient condition for plastic deformation via disconnection motion. Boundary 4, for example, commonly known as
the incoherent twin boundary with (1 1 2) boundary planes, has a sawtooth plastic wave for shear strains larger than 0.04,
but yields via extension of Shockley partial dislocations from the grain boundary into the bulk crystal at a strain of 0.015.
An initial stress drop after dislocation nucleation is followed by a hardening regime and a sawtooth stress-strain regime
corresponding to mixed disconnection and bulk dislocation motion. We do not consider mixed data, as in this case, which
contains dislocation activity in bulk grains. Boundary 117, however, despite showing an initial regime of grain boundary
sliding marked by irregular stress drops, does produce usable sawtooth stress strain data corresponding to disconnection
motion for shear strains larger than 0.12. In this case, a steady state is reached without generating bulk dislocation content.
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In summary, stress strain data is admissible for measurement of dissipation energy if a plastic steady state is reached which
is sawtooth and free of defects in the bulk grains. Four out of five of the boundaries in Fig. 5a provide usable stress strain
windows for dissipation energy measurement.

Dissipation energy (¢§) is computed from admissible stress strain data using the following formula

1 [&r» 1

qb;:—/ o:de~ —oy:(e5p,—€ip). (43)
fV Eip fV

where fy is the volume fraction of energetically favored grain swept out by the moving grain boundary, &, o are the stress

and strain tensors, &;, and &g, are arbitrarily chosen initial and final plastic strains (both greater than the yield strain) and

oy is the yield stress. The proof of this relation is as follows. We begin by considering the quantity

Efp
1% o :de (44)

ip

where V is the volme of the bicrystal. If the measured strain causes the boundary to move from h; to hy, then

h
& =Ec+ ZSGB, (45)

where ¢, is the elastic component of the strain, &g is the grain boundary shear strain (a constant), and L is the height
of the bicrystal. Because the boundary has fully yielded, the elastic strain does not change. Consequently, the differential
element of strain in this region is

de =€GB%- (46)

Substituting (46) into (44) returns
hy dh
V/ (o: eGB)T =AAh (0 : &gp) (47)
hy

where A = V/L is the area of the boundary. We now change to the convention of special linearized elasticity (see Section 2.2),
such that o+—P and ecg — Fgg — I. Then (47) becomes

AAh(P: (Fgg—1)) (48)
Assuming (without loss of generality) that the boundary moves upwards, we have from (23)

P (Fp—1)— ¢ = 2 (49)
If the boundary is moved quasi-statically, then this reduces to

P:(Fpp-1) =¢; (50)
This, in combination with (48) and (44), results in the final expression

= V[T 51
¢0_AAh~/8.,-_p o:.de ( )

where AAh/V = fy,, proving the first equality in Eq. 43. The second (approximate) equality in Eq. 43 follows from the elastic-
perfectly-plastic approximation, o ~ o

The calculation of oy : (€, — €; ) is shown pictorially as the area of the green box in Fig. 5a. Plastic work is approxi-
mated as the rectangular area under the plastic part of the stress strain curve, and is normalized by transformed volume
fraction fy to obtain ¢j. Computing fy requires information about normal displacement of the boundary that is not contained
in the stress strain curve. fy is computed in a separate post-processing step by tracking the average position of the grain
boundary via the centrosymmetry parameter. The shear coupling factor 8 is computed by dividing the known total shear
displacement by normal migration distance.

Although Eq. 43 correctly captures ¢ for a specific stress-strain curve, it is important to note that the stress-strain
curve will be simulation size-dependent. In fact, realistic boundary migration can, in general, exhibit large disconnection
structures that require a sizeable simulation domain to resolve (Race et al. (2015)). Therefore, the calculated value for ¢j
can only be considered accurate insofar as the computational bicrystal is representative of a real boundary. However, even
with a small simulation size, it is possible to approximate ¢. In the boundaries considered here, the effect of the simulation
size (normal to the boundary) was determined. By incrementally increasing the length of the simulation, the sawtooth stress
strain curve converges to an elastic perfectly plastic stress strain curve in the limit of infinitely large system size normal to
the GB plane (Fig. 6). Apparently, in the limit, the average yield stress converges to peak yield stress as the elastic strain
increment associated with each stress drop approaches zero (Ivanov and Mishin, 2008; Mishin et al., 2007). Therefore, by
integrating the maximum stress instead of the average stress, the dissipation energy is approximated for a simulation cell
that is infinite in the grain boundary normal direction. A similar process can (and should) be used to study the effects in
the limit of in-plane simulation size; however, the computational cost of such a study is considerable and is outside of the
scope of the present work.



14 I. Chesser, T. Yu and C. Deng et al./Journal of the Mechanics and Physics of Solids 137 (2020) 103827

(a) 1 Str?in driven ‘migration,y [111] 27.1‘° 4-51) (b) 1 Shear driven GB migration, [111] 27.1° STGB

® max
® average
081 1 0.8+ J
5 =
[ [
C06f g @ n o o e © © & & 1  206f oottt mATm A Ao | max
2 2
o ] [
E . e © ° ° B -t/ /- £4-£4- -/ |average
= 0.4} Y ) ] = 0.4 1
g 3 Q
= % I
0.2} ] 0.2r 1
¢
0 ‘ ‘ . ‘ 0 s s . s
5 10 15 20 25 0 0.01 0.02 0.03 0.04 0.05
grain size (nm) shear strain

Fig. 6. (a) Average stress converges to yield stress as system size increases normal to the GB plane (b) Definition of average and yield stress for an example
stress strain curve.

4.3. Measuring dissipation energy via synthetic driving force simulations

The SDF method applies a free energy jump across the grain boundary which favors growth of the low energy grain. We
seek the critical driving force (units of GPa) at which the grain boundary starts to move, and therefore ramp the magnitude
of the synthetic driving force upward from zero until a critical yield stress is reached. By Example 1, this critical yield stress
is equal to dissipation energy for the selected grain boundary migration mechanism for rate-independent motion.

We use the SDF implementation of Janssens that is freely available in the misc package of LAMMPS (Janssens et al.,
2006). Each sample is annealed in an NVT ensemble at 10 K for 50 ps prior to application of a driving force. Following
(Deng and Deng, 2017), an energy of %E =0.00001 eV/atom is added to each atom every 0.05 ps, corresponding to a SDF
ramp rate of 0.2 meV/ps. Rate dependency is a concern in extracting cutoff stress values from finite temperature simulations.
It is shown in (Deng and Deng, 2017) that a ramp rate of 0.2 meV/ps is sufficiently slow for convergence of yield stress for
a X5 boundary at 10 K in an NVT ensemble.

Boundaries with migration mechanisms that generate bulk defect content are not considered, equivalent to our filtering
procedure for stress driven data. Fig. 5b shows boundary position (volume fraction transformed) as a function of driving
force for five grain boundaries. All boundaries move at a critical driving force equal to dissipation energy. Boundary 4, as in
the DDS simulations, nucleates Shockley partials during motion, giving rise to an apparent reversal in motion direction, and
is not considered further. The other four plotted boundaries give usable data.

The volume average of the order parameter associated with the driving force is used to dynamically track normal dis-
placement along the x direction during SDF simulations. Shear displacements along y and z directions are monitored by
tracking the displacements of two free slabs at the top and bottom of the bicrystal.

5. Results and discussion

We compare dissipation energies computed with stress (DDS) and energy jump (SDF) driving forces across (1 0 0), (1 1
0), and (1 1 1) symmetric tilt grain boundaries. By Example 1, the yield surface for an energy jump driving force is simply
the envelope of compatible shear transformations (disconnection modes) with minimum dissipation energy. By Example 2,
the yield surface for stress driven motion is constructed by dividing the dissipation energy ¢; , of a given disconnection

mode (by, hy) by its coupling factor 8, = ﬁ—z.
5.1. Comparison of dissipation energy across driving forces

[1 0 0] tilt boundaries are the canonical class of boundaries for studying shear coupled grain boundary migration in
both simulations and experiments and, as such, are an important test case for our energetic framework for grain boundary
mode selection. Fig. 7 comprises the main simulation result of this work: coupling factor and dissipation energy trajectories
give an energetic argument for mode switching as a function of grain boundary geometry for two driving forces. Where
coupling factor values agree across driving force, dissipation energy values also agree well. [100] tilt boundaries are shown
to migrate in two distinct shear coupling modes across a range of tilt angles, consistent with experimental observations and
prior simulation work. The transition between the K; = (100) and K, = (110) mode is accompanied by a change in sign of
coupling factor. The (1 0 0) mode is energetically favored for boundaries with relatively low tilt angles, while the (1 1 0)
mode is favored for large tilt angles. The critical mode switch angle is sensitive to driving force, and some boundaries in
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the SDF simulations have near zero shear coupling factors that do not fall onto either coupling factor trajectory. We return
to this exception below, but first comment on the directionality of grain boundary motion with applied driving force.

When the same pure shear load is applied to bicrystals with misorientation angles 8, and 8, below and above some
mode switch angle 0("100)%(110), the boundary will migrate in opposite directions. When the same energy jump driving
force is applied to boundaries with positive and negative shear coupling factor, the grain boundary will move in the same
direction but with opposite sense of shear. Mode switching for a single grain boundary with a change in coupling factor will
result in a reversal of motion for a stress and zig zag motion for a synthetic driving force: the shape change associated with
grain boundary migration is sensitive to driving force.

Dissipation energies that correspond to equivalent shear coupling modes across DDS and SDF simulation agree closely.
We denote data points with consistent coupling factors across driving force as equal mode. If different disconnection modes
are selected by SDF and DDS for the same grain boundary, as is the case in the range 22-35°, we do not expect dissipation
energies to agree across driving force, and data points are labeled off mode. Off mode data are plotted with X symbols. A
mechanism oriented discussion of off-mode data points can be found at the end of this section. The differences in dissipation
energies across driving force ¢ «pr — @5, pps for (1 0 0) tilt boundaries are less than 300 MPa, with the exception of
boundaries at tilt angles of 36.9,42.1, and 43.6° which have errors between 0.5-1 GPa. Possible sources of error are discussed
in Section 5. All dissipation energies are tabulated in the supplementary information. We proceed to compare the shape of
dissipation energy curves for both driving forces across tilt angles.

In analogy to grain boundary energy, we separate dissipation energy behavior into low and high angle regimes. Since the
grain boundaries at 0 and 90 degrees are trivially perfect crystals (with (1 0 0) and (1 1 0) boundary planes), we expect
a minimum dissipation energy of zero at these angles. Recall that zero dissipation energy corresponds to the zero shear
identity transformation FZ% =1 that involves no atomic displacement for a perfect crystal. For low angle grain boundaries
(LAGBs) with misorientation angles within 15 degrees of a perfect crystal, we expect a gradual rise in dissipation energy
from zero. For both driving forces, dissipation energies are observed to increase for three LAGBs from 8.8 to 12.7° and
four boundaries from 78.4 to 73.7°. The latter range extends beyond the typical angular regime considered to be low angle.
Apparently, dissipation energies decay to small values near zero in the range 0 to 8.8 and 78.4 to 90° for these Ni boundaries.
LAGB behavior is sensitive to interatomic potential, as shown by the LAGB dissipation energy behavior for the Al (1 0 0)
dataset for the K, = (110) mode in Fig. 8a. A linear dissipation regime comprising seven Al data points from 73 to 85°
extrapolates to zero dissipation energy at 90°. Determining the functional form of dissipation energy decay for LAGBs across
interatomic potentials and, in particular, whether a Read-Shockley type rule exists, is an open problem.

High angle grain boundaries (HAGBs) with a (1 0 0) tilt axis form a nonconvex dissipation energy surface for the (1
1 0) mode. Locations of minima and maxima for HAGB dissipation energies agree across driving force as well as the Ni
and Al interatomic potentials compared via DDS simulations in this work. The locations of minima and maxima appear to
be independent of driving force and interatomic potential, suggesting a strong dependence of dissipation energy on grain
boundary geometry for the same coupling factor trajectory. Whereas cusps in the grain boundary energy landscape represent
energetically favored orientations that are important for faceted pattern formation, local minima in the dissipation energy
landscape represent locally favorable shuffling paths that may impact the motion of more general grain boundaries. The cusp
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Fig. 8. (a) Dissipation energies for GB motion by shear displacement (DDS) for two EAM potentials. The Al potential only exhibits one coupling mode
trajectory ((1 1 0) mode) across the range of surveyed tilt angles. Locations of maxima and minima agree across potential for 6 > 52°. (b) Yield surface for
motion by shear displacement (DDS). By example 2, the yield surface is a rescaled version of the dissipation energy curve. This rescaling is important for
determining cut-off angles for mode switching events.

locations in the grain boundary energy surface are not well correlated with minima in the dissipation energy surface. For
instance, the local minimum in the dissipation energy surface at 46.4° does not correspond to a local minimum in the grain
boundary energy landscape. We find disagreement in the shape of dissipation energy trajectories for Ni and Al potentials for
angles less than 50°. Although the Al dissipation energies generally increase for the (1 1 0) mode, below 50°, the behavior
is not monotonic.

DDS and SDF simulations favor different migration modes in the range 22-35°, as indicated by disagreement in coupling
factors over this window. Shear driven motion favors the high shear (1 1 0) mode even at relatively low tilt angles, consis-
tent with the coupling between shear stress and grain boundary deformation P : (FZ%; —I) that is present in the stress and
displacement driven, but not energy jump driven case. At angles below 46.4°, the dissipation energy increases monotonically
to a large value in excess of 15 GPa at 18.9°. This regime is characterized by an increasing energetic cost of shuffling for
large shears, offset by the favorable P : (FZ; —I) coupling term that contributes to mode selection for stress driven motion.

The yield surface for shear strain driven motion (Fig. 8a) inherits the shape of the dissipation energy curve. However,
relative to the DDS dissipation energy curves, high shear data points with large coupling factor are lowered preferentially
on the yield surface compared to small shear data points, leading to a shift in critical angle to a lower value than either
the DDS or SDF dissipation energy curves. We have insufficient data to determine an exact cutoff point, but note that finite
temperature stress driven experiments and molecular dynamics simulations predict a cutoff in the range 30-35° (Cahn et al.,
2006; Gorkaya et al., 2010; 2009).

Five grain boundaries driven by an energy jump driving force (SDF) show near zero shear coupling factor in the transition
region between (1 0 0) and (1 1 0) modes. Examination of simulation trajectories reveals that vacancies are ejected behind
these boundaries as they move. Although this motion mechanism is interesting in its own right for application to radiation
damage of grain boundaries Bai et al. (2010); Han et al. (2013); Li et al. (2013), the migration data is inadmissible by our
filtering criterion and we denote such boundaries with plotted X symbols.

Detailed analysis of dissipation energy and mode selection results for [1 1 0] and [1 1 1] STGBs are given in Appendix A.
For on-mode boundaries, dissipation energies agree closely.

5.2. The need for improved optimization during mode selection in atomistic simulations

The appearance of the (1 0 0) mode in 0 K Ni DDS simulations is, to our knowledge, the first observation of the (1 0 0)
mode at 0 K for any interatomic potential.

We observe the (1 0 0) disconnection mode for the Foiles Hoyt Ni potential at O K, but do not observe the same mode
in Al or Cu interatomic potentials at 0 K. Above 10°, these potentials exhibit the (1 1 0) mode, and below 10° they show
a combination of grain boundary sliding and bulk dislocation activity. The absence of the (1 0 0) mode in Cu is consistent
with the 0 K results of Mishin and Cahn Cahn et al. (2006); Deng and Deng (2019). Mishin and Cahn state that, for the
motion mechanism associated with the (1 0 0) mode in Cu at 0 K, “since the row translations [along the tilt axis] by 1/2[0 O



I. Chesser, T. Yu and C. Deng et al./Journal of the Mechanics and Physics of Solids 137 (2020) 103827 17

%3 BP FZ, Dissipation Energy, Ni, SDF 10 K ® Therma”y Activated ( | (J 1 ) .
110
j ° (O Thermally Damped ( )
[ #
-7 -6 -5 -4 3 2 £l 'y X
log(eV /atom) ° ® . 'Y Mixed : @
° ° ° .. X Immobile @ O
L4 b ° e S) o O
® o o ° 4 O
o® 6] @p oXe) .
(LL1), @11,
@ oe @ o O @ @ @

(111)% WAVANSVANY/S SSVANSSVANAN AN1721)
(a) (b)

Fig. 9. Dissipation energy and mobility type are correlated. Boundaries that yield easily under an energy jump (low dissipation energy, blue) tend to
move more slowly with increasing temperature (thermally damped behavior, blue). Beyond some cutoff dissipation energy, boundaries move in a thermally
activated manner. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) (a) Dissipation
energies plotted in X3 boundary plane fundamental zone on log scale (b) Mobility type classification from Homer survey Homer, Patala, Priedeman 2015.
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1] and 1/2[0 0 1] are symmetrically equivalent, this mechanism cannot operate at 0 K” Cahn et al. (2006). The motion of Ni
at 0 K in the (1 0 0) mode suggests a strong dependence of mode selection on small changes in relaxed boundary structure
that rely on interatomic potential and the optimization method used to relax the initial boundary structure. In other words,
rearrangements of grain boundary structure may break the symmetry mentioned by Mishin and Cahn, even at 0 K.

Frolov has shown that different metastable states of the same crystallographically defined ¥5(310) grain boundary can
consistently couple in different modes at finite temperature (Frolov, 2014). Varying the density of these grain boundary
structures was important to observing different modes. Our framework does not currently incorporate dissipation energy
spectra arising from multiple metastable states for the same grain boundary. Minimum grain boundary energy does not
imply minimum dissipation energy for a given mode, and we expect that more thorough consideration of metastable states,
including variable density states, can lead to changes in mode on the yield surfaces for energy jump and stress driven
motion. There is an opportunity to develop grain boundary structural optimization algorithms that choose low dissipation
energy modes during grain boundary migration simulations.

We note that a possible nonlinear dependence of dissipation energy on driving force may impact mode selection. Dis-
sipation energy may be viewed as an energy barrier to homogeneous disconnection nucleation, as explained further in
section 5.6. Combe and Legros studied the dependence of homogeneous disconnection nucleation barriers on stress at 0 K
via nudged elastic band (NEB) simulations Combe et al. (2016). Energy barriers were plotted as a function of shear displace-
ment for two atomic displacement trajectories representing the (1 0 0) and (1 1 0) mode. It was shown that energy barriers
for both modes did not decay linearly to zero with increasing shear displacement. An initial linear decay of the barrier was
followed by a sublinear approach to zero energy barrier where yield is expected. Although the (1 0 0) mode would have
been selected by a linear dependence of energy barrier on shear displacement, Combe showed that the (1 1 0) mode was
selected as a result of this nonlinearity. Transition path calculations such as the NEB method should be performed for SDF
and DDS displacement trajectories with the same shear coupling mode in order to determine the nonlinear dependence of
dissipation energy on shear displacement and synthetic driving force.

5.3. Relationship between dissipation energy, mobility, and temperature

Dissipation energies correlate well with mobility type. Mobility type is a classification for thermal behavior of grain
boundaries that describes the sign of change of mobility with increasing temperature. In the original Olmsted mobility
survey of 388 GB structures, 15% of the boundaries showed a decrease in mobility with increasing temperature, a phe-
nomenon known as anti-thermal motion (Homer et al., 2014). A particularly important class of anti-thermal boundaries are
twin boundaries with X3 misorientation and varying boundary plane inclination (Priedeman et al., 2017). These boundaries
show different types of thermal behavior depending on boundary plane inclination, with [1 1 0] asymmetric tilt bound-
aries showing thermally activated behavior (red, Fig. 9b) and most other boundaries showing antithermal behavior (blue,
Fig. 9b) (Priedeman et al., 2017). Remarkably, dissipation energies computed via SDF simulations at 10 K show a near per-
fect correlation with mobility type. Low dissipation energies correlate with high mobility, anti-thermal behavior, while high
dissipation energies correspond to low mobility, thermally activated boundaries. This correlation is consistent with explicit
energy barrier calculations via the GIFE method in (Chesser and Holm, 2018). Just as yield stress is easier to model than
scalar grain boundary mobility, mobility type is more easily predicted than scalar mobility.

At finite temperature, grain boundaries may facet, undergo roughening transitions (Holm and Foiles, 2010; Olmsted et al.,
2007) (described in (Han et al., 2018) as the simultaneous presence of multiple disconnection modes), or undergo structural
transformations. All dissipative mechanisms at finite temperature are sensitive to the rates of change of driving forces. The
random walk component of motion due to thermal fluctuations must also be considered (Ulomek and Mohles, 2016). These
factors make correlation of a scalar mobility to low temperature parameters difficult.
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Despite the complexity of the general case, we can explore the effect of temperature on dissipation energy using sev-
eral existing results in the literature for finite temperature DDS simulations. Ivanov, Trautt, and Frolov have surveyed the
dependence of yield stress on temperature for several STGBs, demonstrating a decay of yield stress as T2/ with increas-
ing temperature for a single disconnection mode Frolov (2014); Ivanov and Mishin (2008); Trautt et al. (2012). At ho-
mologous temperatures of 0.8-0.9, near zero yield stresses are observed associated with grain boundary sliding transitions
Cahn et al. (2006) for these boundaries. Dissipation energy can be approximated from these results as yield stress divided
by coupling factor. Dissipation therefore saturates to near zero values for these boundaries at high temperatures.

Recent work by Yu and Deng extends the 10 K ramped SDF calculations in this work to a larger temperature range from
100 to 1000 K Yu et al. (2019). Although the dependence of critical driving force on grain boundary geometry and tem-
perature is complex, a correlation is observed between the sign of the change in critical driving force and mobility with
temperature. Antithermal boundaries exhibit critical driving forces which apparently increase with temperature, while ther-
mally activated boundaries show critical driving forces which decrease in temperature (similar to the finite T DDS results).
Explaining these finite temperature results is out of the scope of the model put forth in this paper, which only considers
rate-independent motion in the athermal limit.

5.4. Sources of error for dissipation energy computation

Dissipation energies computed via stress driven motion tend to be smaller than those computed from energy jump driven
motion by 0-400 MPa. One possible source of error is the rate dependency of SDF calculations at finite temperature. As
shown by Deng in Deng and Deng (2017), high ramp rates overshoot yield stresses and therefore overestimate dissipa-
tion energy. In this work, the ramp rates of 10 K SDF simulations were chosen to be sufficiently small to give converged
dissipation energies for several boundaries studied in Deng and Deng (2017). A second source of error is the implementa-
tion of the synthetic driving force itself. In this work, the Janssens Janssens et al. (2006) implementation was used instead
of ECO Ulomek et al. (2015) because of computational efficiency. Ulomek and Mohles showed for a general ¥7 bound-
ary Ulomek et al. (2015) that mobilities computed by the Janssens SDF implementation are systematically smaller than
those computed by the ECO implementation. This difference in mobilities implies a smaller energy barrier to motion for
the Janssens implementation compared to the ECO implementation. Despite this difference, both methods give consistent
motion mechanisms and mobility trends with respect to temperature.

5.5. Dependence of dissipation energy on elastic energy difference

Pure shear is an unrealistic stress state for a grain boundary in a real polycrystal, where mixed normal and shear stresses
will be resolved upon the boundary (Combe et al., 2017). For specific loading states and grain boundary geometries, an
elastic energy difference can contribute to the driving force for grain boundary motion. STGBs loaded under pure shear have
no elastic energy difference across the grain boundary. It is shown in Appendix B that normal strains lead to an elastic
energy difference for [1 0 0] and [1 1 1] STGBs, but not [1 1 0] STGBs.

Elastic energy difference is incorporated into our continuum thermodynamic framework as an extra term in the yield
criterion in Example 2. Elastic energy difference is expressed as %P: ((Cl‘1 —Cgl)P, where C; and C, the elastic moduli
tensors of the two grains and P is the applied stress tensor.

Recent work by Deng demonstrates a linear scaling of yield stress with small normal strains applied to the bicrystal
for displacement driven motion of [1 0 0] STGBs in Cu (Deng and Deng, 2019). With application of small normal strains
in addition to shear displacements, the surveyed grain boundaries have the same coupling factor during all simulations
(corresponding to the (1 1 0) mode, in this case). Dissipation energy can be computed by dividing yield stress by coupling
factor, implying a linear change in effective dissipation energy with normal strains from compressive strains of -0.03 to
tensile strains of 0.05 (Deng and Deng, 2019).

For large normal strains, a nonlinear dependence of yield stress on strain is observed which is associated with a change
in grain boundary structure. At sufficiently high normal strains, this change in grain boundary structure can also be accom-
panied by a change in shear coupling mode (from (1 1 0) to (1 0 0)) (Combe et al., 2017). Our model does not account for
this nonlinear regime and associated change in boundary structure.

5.6. Reconciling dissipation energy with other energy barriers as a metric for mode selection

We have defined a dissipation potential which captures rate-independent yield via dissipation energy (¢;) and rate-
dependent mobility via a higher order dissipation term (¢7) that we do not directly model. We have demonstrated that
dissipation energy (¢;) provides a selection criterion for compatible shear transformations (disconnection modes) indepen-

dent of driving force in the rate-independent, athermal limit. A correlation between ¢; and mobility type sgn(%) is found.
We caution, however, that extending this model to mode selection in the cases of rate-dependency and/or thermal activation
does not necessarily follow.

Now we reconcile dissipation energy with disconnection nucleation barriers and activation energies measured in simula-
tions and experiments. Each type of energy barrier is compared in magnitude and as a metric for mode selection. There are
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often significant differences in energy barriers measured from experiments and MD simulations. Molodov et. al find activa-
tion enthalpies for [1 0 0] symmetric tilt grain boundaries in bicrystal experiments with nominally pure Al that vary little
with misorientation angle with an average value of 1.45 eV in the temperature range 280 to 400 ° C (Molodov et al., 2007).
Apparently, both motion in the (1 0 0) and (1 1 0) mode corresponds to similar activation enthalpies in these experiments.
These values are extracted as the slope of mobility versus temperature profiles. [1 1 0] symmetric tilt grain boundaries were
found to have lower activation enthalpies between 0.72-1.09 eV (Brandenburg and Molodov, 2019). Dissipation energies
computed in this work vary from 10~3 to 0.5 eV/atom and are usually at least an order of magnitude smaller than experi-
mentally measured activation enthalpies. On the other hand, activation energies extracted from mobility versus temperature
curves during MD SDF simulations are often quite similar to experimental values Coleman et al. (2014); Humberson and
Holm (2017). We argue that dissipation energy is a different quantity than activation enthalpy, and that differences in the
magnitude of these quantities can be reconciled by considering the impact of temperature, driving force magnitude, and
system size on grain boundary motion.

MD simulations of grain boundary migration are frequently overdriven with small system sizes. In this work, driving
forces are often on the order of GPa compared to 10 MPa or less in experiments. This pushes grain boundary migration into
the “on state,” as is required for energy driven motion at 0 K. In this case, the grain boundary moves uniformly due to the
homogeneous nucleation of disconnections loops which quickly join across neighboring periodic boundary conditions. The
boundary appears to move up all at once due to coordinated shuffling of atoms. Ulomek proposed that grain boundary mi-
gration at finite temperatures can be viewed as a two step process with two energy barriers: a thermally activated initiation
step involving long range motion of only a few atoms within the grain boundary and the coordinated shuffling of atoms to
move the boundary (Ulomek and Mohles, 2016). By fitting velocity-temperature data for a particular grain boundary driven
at 20 MPa, Ulomek showed that the initiation step gives a relatively large energy barrier consistent with experimental acti-
vation enthalpy values (though different mechanisms could lead to similar values). The thermally activated initiation step is
hypothesized to become increasingly important at small driving forces and low temperatures, whereas the shuffling step is
associated with a scalar mobility that is not assumed to obey a thermally activated rate law and dominates at high temper-
atures. Overall, we find that activation enthalpy values from experiments and MD simulations do not provide an effective
metric for mode selection, likely because of competing mechanisms. It may be possible to decouple an energy barrier for
shuffling processes similar to dissipation energy from finite temperature simulation trajectories.

Han and Srolovitz have formulated an analytical model for disconnection mode selection based on nucleation controlled
disconnection motion (Han et al., 2018). First we elaborate on the term “nucleation controlled.” In the small system size or
high driving force limit, disconnection nuclei are very closely spaced across periodic boundary conditions and the boundary
migrates nearly uniformly. For large system sizes and lower driving forces, disconnection island structures are observed to
reach a critical size before overcoming a nucleation barrier and growing. It is typically assumed that the nucleation barrier is
larger than the growth barrier, though these barriers have only been measured via NEB calculations for quasi-2D nucleation
in a few flat grain boundaries (Combe et al., 2016). The nucleation barrier is expressed as a competition between the free
energy penalty of the disconnection loop (which adds new surface area and defect interactions to the system) and a driving
force term. In the model of Han and Srolovitz, an excess enthalpy term for each disconnection (b, h) is proportional to A|h| +
Bb2, where A and B are constants that incorporate excess step energy, elastic moduli, disconnection dipole spacing, system
size and geometry, and disconnection core size and energy Han et al. (2018). Driving force terms Pi;b and (u; — uy)h are
introduced linearly coupling shear stress and an energy jump driving force to the burgers vector and step height component
of each disconnection. For certain continuum level assumptions on A and B, mode selection predictions are made for shear
coupling factor for symmetric tilt and (1 0 0) asymmetric tilt grain boundaries under constant driving force at 0 K. These
predictions largely agree with coupling factors measured at finite temperature in the simulation literature (Chen et al., 2019;
Han et al., 2018). Dissipation energy can be considered a lower bound for nucleation energy because it does not take into
account the excess energy associated with disconnection island or loop structure. It is a direct atomistic measurement of the
shuffling process associated with uniform grain boundary migration that does not make assumptions about grain boundary
core structure. Both disconnection nucleation barriers and dissipation energies appear to provide meaningful information
about mode selection. Determining the relative magnitude and correlations between the two quantities is the subject of
ongoing work.

Dissipation energy is similar to the generalized interfacial fault energy (GIFE) of Barrett et. al in its scale invariant nature.
It applies to uniform migration of any flat grain boundary. In the GIFE method, energy barriers to disconnection motion are
approximated along uniform shuffling paths during disconnection motion which are linearly interpolated between an initial
and final state Barrett et al. (2017). The height of these energy barriers are found to correlate with disconnection mode
selection in HCP metals. The NEB method may also be used for further relaxation of these trajectories.

Overall, we find it encouraging that dissipation energy gives an energetic argument for disconnection mode selection for
multiple driving forces, grain boundary geometries, and boundary conditions that aligns well with existing mode selection
data for [1 0 0] STGBs from simulations and experiments. In this work, we have considered flat boundary migration un-
dergoing a single compatible shear transformation. In real polycrystals, a diversity of modes are active across curved grain
boundaries, typically at high homologous temperatures where diffusion can play an important role. Network constraints such
as triple junctions modify compatibility conditions during grain boundary migration and can couple to crystal plasticity via
formation of annealing twins (Thomas et al., 2019). Metrics are needed to correlate atomic rearrangement to boundary struc-
ture for a wide range of possible motion mechanisms and grain boundary geometries. We note that dissipation energy can
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be interpreted as a special case of “softness,” a generic energy barrier to atomic rearrangement recently defined in machine
learning studies on evolution of glass and polycrystalline microstructures during annealing (Sharp et al., 2018). There are
many opportunities in extending our continuum framework to multi-mode scenarios.

6. Conclusion

In this work, we have presented a general continuum thermodynamic model for grain boundary motion, and shown
that many types of GB behavior can be explained as special cases of this theory. The framework is inspired by previous
work on crystal plasticity and the theory of martensitic phase transformations, combined with the constructions of grain
boundary shears and dissipation energies. The model is applied to several test examples, verifying that the correct behavior
is produced. The key results from this work are that (1) the minimum dissipation potential model captures GB motion
for many different driving forces, (2) dissipation potentials are observed to be consistent between loading modes, and (3)
they can be used to determine mode selection and shear coupling resulting from an arbitrary driving force in the rate
independent, athermal limit. We emphasize that the results of this work are based on the hypothesis that a collection of
energy barriers and coupling modes are, collectively, intrinsic grain boundary properties. Our results establish a baseline for
understanding low temperature grain boundary migration for a variety of motion mechanisms and loading scenarios in the
rate independent limit.
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Appendix A. Further analysis of tilt boundaries

The supplementary file DissipationenergiesSTGB.xlIsx contains tabulated values for all dissipation energy values for STGBs.

A.l. [1 1 0] tilt boundaries

[1 1 0] tilt boundaries are an important class of grain boundaries with the incoherent ¥3(112)||(112) and coherent
¥3(111)||(111) twin boundaries at 70.5 and 109.5°. 15 out of 24 (1 1 0) STGBs are filtered out of our analysis corresponding
to yield mechanisms that generate bulk dislocation content, leaving 9 admissible data points. Often, inadmissible simula-
tions involve nucleation and extension of shockley partial dislocations into the bulk grains. In contrast to the Ni potential,
the Al potential with a higher stacking fault energy gives 12 admissible data points. Since low SFE metals tend to have low
barriers for shockley partial nucleation Wang and Huang (2004), we suggest that high stacking fault energy interatomic po-
tentials or BCC elements may be most appropriate for studying disconnection motion in (1 1 0) STGBs. We recall that our
thermodynamic framework, cast in the language of crystal plasticity, is amenable to implementation in continuum models
that consider a wide variety of dissipative mechanisms, including bulk crystal plasticity.

In total, we find only two equal mode (1 1 0) STGBs with equivalent shear coupling factors across driving force. These
equal mode data point exhibit motion in the K; = (100) mode, and are the only SDF data with a non-zero shear coupling
factor. Dissipation energies agree within 300 MPa across driving force, consistent with equal mode (1 0 0) STGB data. The
coherent twin boundary migrates with zero shear coupling factor in SDF simulations, apparently in the zero shear K; = (112)
mode, but migrates in the K; = (111) mode during DDS simulations. In addition to the coherent twin, four other boundaries
move in the (1 1 1) mode during DDS simulations. This mode is not predicted by the Frank Bilby equation, as noted in
Homer et al. (2013).

Unlike the Ni potential, the Al potential exhibits a linear regime (defined by three points) tending toward zero dissipation
energy at 180°. In addition, at least three shear coupling modes are observed across the range of Al (1 1 0) tilt boundaries.
Overall, {1 1 0) STGBs represent a commonly observed class of boundaries with a zoo of possible dissipative mechanisms
and disconnection modes. Successfully modeling the behavior of these boundaries will require incorporating detailed models
for grain boundary plasticity into other models for plasticity.
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Fig. A.1. (a) Mode selection results for motion via shear displacement (DDS) and energy jump (SDF). Four reference shear coupling trajectories are plotted

(from left to right, K; = (100), (111), (112), (110)). Points with x exhibit a coupling mode with near zero shear that is not consistent with our enumeration

scheme (for small shear/height transformations). Unlike results for (1 0 0) STGBs, points with x involve no additional defect content generated by moving

boundary. (b) Dissipation energy trajectories for (1 1 0) STGBs with consistent modes connected by dashed lines. Only two on mode points may be
compared across driving force.
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Fig. A.2. (a) Mode selection results for motion via shear displacement (DDS) and energy jump (SDF). Two reference shear coupling trajectories are plotted
(from left to right, K; = (110), (145)). Points with x exhibit a coupling mode that is not consistent with our enumeration scheme (for small shear/height
transformations). Unlike results for (1 0 0) STGBs, points with x involve no additional defect content generated by moving boundary. (b) Dissipation energy
trajectories for [1 1 1](110) STGBs with consistent modes connected by dashed lines. Five on mode points may be compared across driving force.

A.2. [11 1] tilt boundaries

We consider two classes of (1 1 1) STGBs: those with zero shear, perfect crystal reference states with (1 1 0) and (1 1
2) boundary planes. These two classes, denoted [1 1 1](110) and [1 1 1](112), have reference states separated by a rotation
of 90° about the (1 1 0) tilt axis.

A.2.1. [1 1 1](110) boundaries

All DDS simulations of [1 1 1](110) boundaries exhibit the same (1 1 0) shear coupling mode. SDF simulations deviate
from the (1 1 0) mode at 32° and approach zero. Equal mode boundaries moving in the (1 1 0) mode are characterized by
small dissipation energies on the order of 10 MPa for SDF and 1 MPa for DDS. Small dissipation energies are indicative of
fast moving boundaries with easy shuffling transformations. Consistent with LAGB behavior for other tilt axes, dissipation
energies approach zero at 0°. This class of boundaries is delimited by the ¥3(112)||(112) incoherent twin boundary at 60°,
which is inadmissible. In contrast to the (1 1 0) STGB dataset, only two inadmissible datapoints are filtered out of these
simulations (the other being DDS at 38.2°). Two boundaries in SDF simulations may couple in the (1 4 5) mode associated
with the ¥7(231) zero shear reference state, though we do not have sufficient data to strengthen this conclusion.
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Fig. A.3. (a) Mode selection results for motion via shear displacement (DDS) and energy jump (SDF). Three reference shear coupling trajectories are plotted
(left, top and bottom K; = (110), (110) and right (231)). Points with x exhibit a coupling mode that is not consistent with our enumeration scheme (for
small shear/height transformations). Unlike results for (1 0 0) STGBs, points with x involve no additional defect content generated by moving boundary.
(b) Dissipation energy trajectories for [1 1 1](112) STGBs with consistent modes connected by dashed lines. Six on mode points may be compared across
driving force.

A.2.2. [11 1)(112) boundaries

Whereas the [1 1 1](110) boundaries are delimited by the (1 1 2) incoherent twin boundary, the [1 1 1](112) boundaries
are delimited by the (1 1 0) incoherent twin boundary at 60°. Though the (1 1 0) twin boundary represents a shallower,
higher energy cusp in the GBE landscape than the (1 1 2) twin boundary, it is one of the most mobile boundaries in the
Olmsted survey Olmsted et al. (2009b).

Equal mode boundaries are observed to follow two shear coupling factor trajectories with equal magnitude and opposite
sign. This indicates that a symmetric motion mechanism is available to the boundaries, as in the motion of (1 1 0) twin
boundaries during SDF simulations with shuffling vectors along two shockley partial (1 1 2) directions Humberson and
Holm (2017). Dissipation energies for equal mode boundaries agree within 400 MPa for these boundaries.

In contrast to other boundary sets, [1 1 1](110) boundaries have several off mode DDS data points with apparently
no bulk dislocation content. It is possible that these boundaries include an additional sliding component coupled to grain
boundary migration, despite having regular sawtooth stress strain behavior.

Appendix B. Elastic energy difference calculation

In this section we investigate the conditions necessary for an elastically anisotropic bicrystal to exhibit identical response

to an applied loading. Recoursing to usual linearized kinematics (in terms of &), elastic energy U is expressed as
1

U= Esijcijklgkl (B.1)

where C;jy, is the fourth order elastic modulus tensor and &;; a strain tensor in the lab frame. In practice, we usually consider

strains &;; applied in the lattice frame of each grain. We take R e SO(3) to be a rotation from the lab frame to the lattice
frame such that

€ij = Ripéqugj (BZ)
resulting in a transformed expression for elastic energy
1. . 1. ~ .
U= 56pa (R?;)Rls(cijkquerl)Sst = jgpq(cpqsrgst (B.3)

We consider the elasticity tensor for a cubic material. Switching to Voigt notation, C;jy; is expressed in reduced form as a
second order tensor C;;. Strain is transformed to the voigt strain vector &

Gy G G O 0 0 &1

G Cn G O 0 0 &2

G G G O 0 0 | ess
Gi=1lo 0 0 cu 0 057|260 (B.4)

0 0 0 0 C44 0 2831

0 0 0 0 0 C44 28]2
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Expressing C in the lattice frame,

A -1
€ = XCX (B.5)
where X is a transformation matrix with components
a? a? a? 2ap,a 2a3a 2aqa
1 2 3 12013 13011 1nap
az az az 2050 20530 2a,a
21 2 23 22023 23021 21022
2 2 2
_| 9 as, as3 2a3y0a33 2a33a3; 2az1a3; (B.6)

Q21031 02032 (3033 (2033 + (23032 (3031 + 21033 (21032 + (2203
031011 0A32012 (33013 032013 + 033012 033011 + 031013 (31012 + 032071
andyr  Gupdxz (13023 A1p023 +0A130p2  A1301 +d1103 Al + 4120

where a;; = cos(€;, e;).
We suppose that both halves of the bicrystal have equal volume. Then, subject to a strain vector € the elastic energy
difference is

1
AU = Ezai(cfj - Cijej (B.7)
Therefore, ker(C2 — C!) represents all strains that induce no strain energy difference.

Example B.5. ((100)symmetric tilt) A rotation matrix operator is needed to determine C for a crystal rotated along the x;
axis from the laboratory frame. In Voigt notation, the transformation matrix is:

cos? 6 sin? 6 0 0 0 ~2sinf cosH
sin? 6 cos? 6 0 0 0 2sin6 cos 6
0 0 1 0 0 0
R = B.8
©® 0 0 0 cosf sin6 0 (B.8)
0 0 0 —sinf cos® 0
sinf cos® —sinfcosf O 0 0 2cos26 —1

Then the elastic difference tensor is
C?—-C'=R'(6/2)CR(/2) —R'(-0/2) CR(-6/2) (B.9)

Here, let us make the assumption that 2C;; — 2Cy; —C44 > 0 and 0 < 6 < /2. After considerable algebra, this allows us to
express the eigenvalues of C2 — C! as:

A1 = +v2cos(8)sin(0)(2cos()? — 1)(2Cy; — 2Cip — Caq) (B.10)
ko = —v/2cos(8)sin(0)(2cos()? — 1)(2Cy; — 2Cip — Caa) (B.11)
AM=Ag=As5=Ag=0 (B.12)
Corresponding to eigenvectors
—v2/2 V22
v2/2 —2/2
Vv = 8 vV, = g V3, V4, V5,V € (Spal’l{lﬁ, Uz})l (B]3)
0 0
1 1

Then the elastic difference for vq, v, is
AU = —(2C11 — 2Ci2 — Cag)en2 (611 — €22) sin(20) (B.14)
These results prompt the following observations:

. All eigenvalues are zero for 0 = nm /2

. No energy difference for shear in the 2-3 or 1-3 directions

. Pure shear in the 1-2 direction is zero (eigenvalues cancel out)

. Signs change if 6 > /2 or 6 < 0, and eigenvectors are undefined when eigenvalues are zero.

. Combination of tension/compression in the 1-1 and 2-2 directions and shear in the 1-2 direction leads to nonzero
elastic energy difference

G A WN —
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Example B.6. ((110)symmetric tilt) Making the same assumptions as before, we consider as the transformation tensor the
Voigt rotation matrix about a (1 1 0) axis. Proceeding as above gives eigenvalues of C2 — C! with the following relationships:

M=Ay=0 (B.15)
A3 = —Ag (B.16)
As = —Ag (B17)

The eigenvalues and eigenvectors have cumbersome expressions that depend on € and are excluded here for brevity. The
calculated elastic energy difference is

sin(@
AU = 4«(5) (2Cyy — 2Cyp — C44)(5811813 +12€12813 + 3811623 — 3813622 — 5622623 — 2613633 (B.18)
+2623833 + 3(€13 — £23) (611 — 4€12 + 822 — 2633) CO5(0)) (B.19)

We make the following notes about these results:

. All eigenvalues are zero for 6 = nx

. No energy difference for strains with only one component, including pure shear in the 1-2 direction

. No energy difference for shear in the 1-2 direction combined with normal strains

. Energy difference for shear in the 1-2 direction with nonzero shear strains in 1-3 or 2-3 direction. Elastic energy
difference vs. tilt angle curves are asymmetric and unimodal about 8 = 7 /2 for combinations of shear strains. With
addition of normal strains, elastic energy difference may change sign at an intermediate tilt angle.

5. Energy difference for shear in the 1-3 or 2-3 direction only with normal strains. Appropriately chosen parameters

can once again lead to sign change in elastic energy vs. tilt angle curves.

A WN —

Example B.7. ((111)symmetric tilt) Using the voigt rotation matrix about a (1 1 1) axis and proceeding as above, we find
eigenvalues of C2 — C! with the following relationships:

)\.1 = )\2 = —%(ZCU — 2C12 — C44) sin (?) (BZO)
)\,3 = )\4 = +§(2C11 —2Cyp — C44) sin (?) (321)
A =Ag=0 (B.22)

The eigenvectors do not depend on 6. Note that this is true for the (1 0 0) case but not the (1 1 0) case. The elastic energy
difference is

4sin(36/2)
3v3

We note the following about the results:

AUny = (2Cn — 2C1y — Caa) (811 (812 — €13) — €12822 + £22823 + E13833 — £23633) (B.23)

1. All eigenvalues are zero for 6 = n%”

2. No energy difference for strains with only one component, including pure shear in the 1-2 direction

3. Energy difference for shear in the 1-2 direction combined with normal strains in the 1-1 or 2-2 direction, or combi-
nation of shear along 1-3 with normal strains in 1-1,2-2, or shear along 2-3 with normal strains 2-2 and 3-3.

Summary

For the (1 1 1) and (1 0 0) tilt axes (three and four fold symmetry about tilt axis): combinations of shear and normal
strains lead to an elastic energy difference. Elastic energy difference vs. tilt angle curves are symmetric for all combinations
of strains. The overall elastic energy difference curve may change sign with a change in relative amounts of strain.

For the (1 1 0) tilt axes (two fold symmetry about tilt axis): Unlike the other cases the eigenvectors of elastic modulus
difference tensor depend on tilt angle. The shape of the elastic energy v. tilt angle curves may lose symmetry about the
midpoint angle or change sign at some intermediate tilt angle for an appropriately chosen set of strains. Like the (1 0 0)
case, variations in strain may lead to a sign flip of the entire curve. A shear along the 1-2 direction leads to an elastic
energy difference only in combination with other shear strains.
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Supplementary material

Supplementary material associated with this article can be found, in the online version, at doi:10.1016/j.jmps.2019.
103827.
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