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Electron-positron annihilation largely occurs in local thermal and chemical equilibrium after the
neutrinos fall out of thermal equilibrium and during the Big Bang Nucleosynthesis (BBN) epoch.
The effects of this process are evident in BBN yields as well as the relativistic degrees of freedom.
We self-consistently calculate the collision integral for electron-positron creation and annihilation
using the Klein-Nishina amplitude and appropriate statistical factors for Fermi-blocking and Bose-
enhancement. Our calculations suggest that this annihilation freezes out when the photon-electron-
positron-baryon plasma temperature is approximately 16 keV, after which its rate drops below
the Hubble rate. In the temperature regime near 16 keV, we break the assumption of chemical
equilibrium between the electrons, positrons, and photons to independently calculate the evolution
of the chemical potentials of the electrons and positrons while computing the associated collision
integrals at every time step. We find that the electron and positron chemical potentials deviate from
the case with chemical equilibrium. While our results do not affect the interpretation of precision
cosmological measurements in elucidating the standard cosmological model, these out of equilibrium
effects may be important for testing physics beyond the standard model.

I. INTRODUCTION

The chronology of the early universe is the story of
a hot, dense, and entropy-dominated plasma that may
have, at one time, included thermal populations of all
particles in the Standard Model (the so-called “primor-
dial soup”). While particle populations are well described
by thermal and chemical equilibria, the standard cosmo-
logical model incorporates phase transitions that change
the nature of the fundamental forces in the Standard
Model as well as epochs where various processes freeze-
out of equilibrium. Freeze-out from equilibrium is not an
instantaneous process, resulting in deviations of particle
phase-space distributions as the approximations of local
thermal and chemical equilibrium become invalid [1–4].

Upcoming high-precision cosmological observations [5,
6] introduce the promise of the early universe as a testing
ground for the Standard Model and the standard cosmo-
logical model. Out-of-equilibrium effects that occur when
freeze-out is not instantaneous are an especially promis-
ing regime for revealing Beyond Standard Model (BSM)
physics [7–17].

The well-studied epochs of weak decoupling and weak
freeze-out occur when the temperature of the photon-
electron-positron-baryon plasma, T , is approximately
an MeV [18]. Weak decoupling (T ∼ 3 MeV) oc-
curs when neutrinos no longer efficiently exchange en-
ergy with the plasma so they are no longer in thermal
equilibrium. Weak freeze-out (T ∼ 0.7 MeV) occurs
when the charged current lepton-nucleon processes inef-
ficiently inter-convert protons to neutrons, freezing-out
the neutron-to-proton ratio as they fall out of chemi-
cal equilibrium with the leptons. These processes occur
over many Hubble times (expansion timescales), requir-
ing a self-consistent treatment of the Boltzmann evolu-
tion of neutrino distribution functions and a nuclear net-

work to describe the consequent Big Bang Nucleosyn-
thesis (BBN) [1]. The results of these computationally-
intensive calculations may be observable in the energy
density of neutrinos (as parameterized by Neff) and in
primordial abundances as the next generation of cosmic
microwave background (CMB) observatories and thirty-
meter telescopes come on-line [5, 6].

Careful analysis of this epoch reveals a variety of Stan-
dard Model processes that affect the value of Neff and
BBN yields because weak decoupling and weak freeze-
out are not instantaneous. The better known of these
effects is the increase of Neff from its standard, instanta-
neous decoupling value of 3 to the accepted value of 3.046
due to a variety of effects including electron-positron an-
nihilation, out-of-equilibrium neutrino up-scattering off
the photon-electron-positron-baryon plasma, and finite
temperature QED radiative corrections to the in-medium
electron and photon masses [1, 19–22]. Other work has
looked into the effects of neutrino quantum kinetic be-
havior [2, 3] and non-standard cosmological models in-
cluding the introduction of non-zero lepton numbers [23].
BBN yields are also affected through their influence on
neutrino distribution functions and the time-temperature
relationship throughout the BBN epoch.

These in-depth studies are necessary to disentangle
out-of-equilibrium Standard Model effects from BSM
physics, both of which may have an observable signal
in Neff and the BBN yields. During the BBN epoch,
electron-positron creation becomes kinematically sup-
pressed compared to annihilation, driving the equilib-
rium process – e−e+ ⇀↽ γγ – to the right, resulting in
the number densities of electrons and positrons plum-
meting. In the standard cosmological model, BBN yields
and Neff are calculated as if this process always occurs
in local thermal and chemical equilibrium [24].

The goal of this work is to closely examine the pro-
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cess of electron-positron annihilation as it freezes out
from its local chemical equilibrium. We will determine
if and when the electron and positron number densi-
ties freeze-out, investigate the consequent effects on cos-
mological observables, and speculate on whether the ef-
fects of freeze-out should affect the standard BBN cal-
culations. To do so, we calculate the collision integral
for electron-positron annihilation using the Klein-Nishina
amplitude with the appropriate Fermi-blocking/Bose-
enhancing statistical factors. Appendix B details our
methodology to self-consistently and efficiently calculate
these integrals using methods similar to those in Ref. [1].

Throughout this work we use the convention that
h̄ = c = kB = 1. In Section II, we use physical prin-
ciples, including chemical equilibrium between the elec-
trons and positrons, to introduce the standard cosmo-
logical computation to evolve the electron and positron
distributions. Next, in Section III, we calculate the col-
lision integral associated with electron-positron annihi-
lation to infer when freeze-out occurs. We subsequently
use the collision integral to separately evolve the elec-
tron and positron distributions without the assumption
that the charged leptons maintain chemical equilibrium
in Section IV. In Section V we will discuss the results and
present conclusions. Appendix A details the equations of
motion derived and solved in this work.

II. CHEMICAL EQUILIBRIUM

As evidenced by the cosmic microwave background,
the primordial plasma is well described by local thermo-
dynamic equilibrium. Scattering between photons, elec-
trons, positrons, and baryons remains fast compared to
the Hubble rate, maintaining thermal distributions well
into the BBN epoch. This means the photons, electrons,
positrons, and baryons share a single plasma tempera-
ture T , and the electron/positron distributions are Fermi-
Dirac. When further assuming the process e−e+ ⇀↽ γγ to
be in local chemical equilibrium, the chemical potentials
of the involved particles maintain µe− + µe− − 2µγ = 0,
stipulating µe+ = −µe− . For chemical potentials µe± , we
define the electron and positron degeneracy parameters
η− ≡ µe−/T and η+ ≡ µe+/T . Chemical equilibrium is
implemented by setting η− = η and η+ = −η.
Given local thermodynamic and chemical equilibrium,

the electron and positron momentum/energy distribu-
tions are

fe−(p) =
1

eEp/T−η + 1
(1)

fe+(p) =
1

eEp/T+η + 1
, (2)

where Ep =
√
p2 +m2

e. The evolution of the electron
and positron distributions is encapsulated in the evolu-
tion of T and η. To evolve these quantities, we introduce
two physical principles – conservation of comoving en-

tropy, and the effects of weak interactions on the relative
number of electrons and positrons.
The early universe is homogeneous and isotropic, pre-

cluding spatial heat flows. In the absence of out-of-
equilibrium decays, the total entropy in a comoving vol-
ume is conserved,

d

dt
[sa3] = 0. (3)

Here a is the scale factor in the Friedmann-Lemâıtre-
Robertson-Walker metric and entropy density is

s =
ρth + Pth

T
− ηne− + ηne+ . (4)

The electron and positron number densities are denoted
ne± , and the quantities ρth and Pth are energy density
and pressure of the thermally coupled particles in the
photon-electron-positron-baryon plasma. We treat the
neutrinos and anti-neutrinos as being thermally decou-
pled from the plasma. While the neutrino seas remain
largely thermally coupled to the plasma for T >∼ 1 MeV,
there is sub-percent entropy transfer between the neu-
trinos and the plasma and orders of magnitude less en-
tropy generation from out-of-equilibrium scattering be-
tween neutrinos and the plasma for T <∼ 1 MeV [1]. These
effects are important in fully understanding the evolution
of the universe around the weak decoupling and BBN
epochs [1–4], but are computationally expensive and be-
yond the scope of this work. The scale factor evolves
according to the Friedmann equation,

1

a

da

dt
=

√
8π

3m2
pl

ρ, (5)

where mpl is the Planck mass. The total energy density
of the universe, ρ, includes the contents of the plasma
along with the neutrinos, dark matter, and dark energy,
though the latter two are a negligible fraction of the total
energy density at this epoch.
The number densities of electrons and positrons are af-

fected by the expansion of the universe, creation and an-
nihilation, and charged-current weak interactions. Cre-
ation and annihilation rates are fast compared to the
weak rates, but are computationally expensive to calcu-
late. In order to avoid the need to self-consistently cal-
culate these rates with the evolution, we introduce the
quantity (ne− − ne+)a

3, which is insensitive to both the
expansion of the universe and electromagnetic processes.
Electromagnetic processes preserve the relative number
of electrons and positrons, so the evolution of this quan-
tity does not depend on the collision integral, even when
the assumption of chemical equilibrium is broken.
Weak interactions that inter-convert neutrons and pro-

tons are the only processes that cause (ne− − ne+)a
3 to

change. During the BBN epoch, these processes are

νe + n ⇀↽ p+ e− (6)

e+ + n ⇀↽ p+ ν̄e (7)

n ⇀↽ p+ ν̄e + e−. (8)
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When the above reactions proceed to the right, (ne− − ne+)a
3 increases, while the reverse reactions cause

it to decrease. The rate of change of this quantity is

d

dt

[
(ne− − ne+)a

3
]
= nna

3(λνen + λe+n + λn)− npa
3(λe−p + λν̄ep + λν̄ee−p). (9)

The rates λi, with i indicating the reactants, are computed in Ref. [25]. Rather than directly computing the number
densities of neutrons (nn) and protons (np), we can recast Eq. (9) in terms of the electron fraction

Ye =
np
nb

=
ne− − ne+

nb
, (10)

resulting in

1

nba3
d

dt

[
(ne− − ne+)a

3
]
= (1− Ye)(λνen + λe+n + λn)− Ye(λe−p + λν̄ep + λν̄ee−p), (11)

where nb is the number density of baryons, and the quantity nba
3 is constant. The right-hand-side comes from the

rate of change of Ye [25],

dYe
dt

= (1− Ye)(λνen + λe+n + λn)− Ye(λe−p + λν̄ep + λν̄ee−p), (12)

which accounts for the production and destruction of electrons and positrons by the weak interactions.

Together, the conservation of comoving entropy (Eq.
3), the evolution of the difference in comoving numbers
of electrons and positrons due to weak interactions (Eq.
11), the evolution of Ye (Eq. 12), and the Friedmann
equation (Eq. 5) form a system of coupled differential
equations for dependent variables T , η, Ye, and a (see
Section 1 of Appendix A). It should be noted that the def-
inition of Ye, Eq. (10), is an integral relationship between
all four dependent variables, so while the four aforemen-
tioned differential equations are not independent, we find
it more efficient to simultaneously use them to evolve the
four variables.

We elect an initial plasma temperature Ti = 10MeV,
sufficiently high that we are assured that the electron-
positron annihilation rate is much greater than the Hub-
ble rate. At this temperature, the weak interactions (Eqs.
6-8) are in chemical equilibrium so that the initial elec-
tron fraction is [18]

Ye,i =

[
exp

(
− mn −mp

Ti
+ ηi

)
+ 1

]−1

. (13)

The initial degeneracy parameter, ηi, is chosen to be con-
sistent with the observed baryon-to-photon ratio from
CMB observations [26],

nb,f
nγ,f

=
nb,f

2ζ(3)
π2 T 3

f

= 6.1× 10−10, (14)

where ζ(3) ≈ 1.20206 and the subscript f indicates the
values at the end of the calculation. (Here, we assume
there is no BSM physics that changes the baryon-to-
photon rates between the keV scale and recombination

[7].) Since nba
3 is conserved, the initial baryon number

density is

nbi = (6.1× 10−10)
2ζ(3)

π2

(
afTf
aiTi

)3

T 3
i . (15)

In the standard cosmological model [18, 27],

Tfaf =

(
11

4

) 1
3

Tiai, (16)

which accounts for the heating of the plasma when the
rest mass energy in electrons and positrons is liberated by
annihilation. The initial baryon number can be related
to the initial degeneracy parameter through integration
of the Fermi-Dirac distribution,

nb,i =
1

Ye,i
(ne− − ne+)i ≈

1

Ye,i

1

3
ηiT

3
i , (17)

assuming that T ≫ me and ηi ≪ 1. Eqs. (13-17) produce
the initial conditions to evolve T , η, Ye, and a through
the epoch where annihilation is important.
Figure 1 presents the results of this chemical equilib-

rium solution. The number of particles in a comoving
volume for each species in the photon-electron-positron-
baryon plasma is plotted as a function of decreasing
plasma temperature. When the plasma temperature
drops below about an MeV, pair production becomes en-
ergetically suppressed, causing the numbers of electrons
and positrons to fall precipitously, with positrons track-
ing electrons until electron numbers abruptly level off and
positron numbers continue to plummet. As seen in Fig.
1, this difference is driven by rapid growth in η.
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FIG. 1. Top panel: number of particles in a comoving volume
for electrons (thick solid curve), positrons (thin solid curve),
photons (upper dashed curve), and baryons (lower dashed
curve) as a function of plasma temperature. Bottom panel:
electron degeneracy parameter, η (with η− = η and η+ =
−η).

Local chemical equilibrium should hold so long as the
creation/annihilation rates for e−e+ ⇀↽ γγ remain fast
relative to the Hubble rate. The rapid decrease in elec-
tron and positron numbers causes the equilibrium cre-
ation/annihilation rate to similarly fall off. The following
section utilizes the equilibrium solution to calculate the
annihilation rate to assess the possibility of annihilation
freeze-out.

One minor issue with this calculation is the lack of a
BBN nuclear network calculation. BBN would “protect”
neutrons from undergoing free neutron decay by locking
up the free neutrons primarily in 4He nuclei. In the stan-
dard cosmological model, this occurs at T ∼ 100 keV and
results in Ye ≈ 0.88 at late times (while in our calcula-
tion Ye → 1 as free neutron decay eventually converts
every neutron into a proton). Modern BBN codes [28–
30] assume that the electrons and positrons remain in
thermal equilibrium with the plasma and are in chemical
equilibrium with each other. As we do here, they relate
the evolution of the electron/positron chemical potential
to charge conservation (the net number of electrons over
positrons is equal to the number of protons), but in ad-
dition to the weak interaction, they also include nuclear
reactions.

To ensure that this approximation has negligible ef-
fects on our results, we performed the same calculation

FIG. 2. Annihilation rates for electrons (Re− , thick solid line)
and positrons (Re+ , thin solid line) as a function of decreasing
plasma temperature. Also plotted is the Hubble rate (dashed
line) for comparison. Each of these rates are calculated using
the results from the chemical equilibrium solution.

with a constant Ye equal to its initial value throughout
the evolution, and found no significant changes in the
conclusions. Having bracketed the solution that includes
BBN, we expect that self-consistently following the nu-
clei through BBN will not affect the conclusions of this
work.

III. ANNIHILATION RATES

To determine when the annihilation process e−e+ →
γγ freezes out, we compute the fractional rate of change
of the number density of electrons and positrons, due
solely to annihilation,

Re± ≡ 1

ne±

⏐⏐⏐⏐dne±dt
⏐⏐⏐⏐
e−e+→γγ

. (18)

The time derivative of the number densities can be cal-
culated directly from the collision integral,

dne±

dt

⏐⏐⏐⏐
e−e+→γγ

=
d

dt

∫ ∞

0

p2dp

2π2
fe±(p)

= −
∫ ∞

0

p2dp

2π2
Ca(p). (19)

Here, Ca is the collision integral for the annihilation path-
way,

dfe±

dt

⏐⏐⏐⏐
e−e+→γγ

= −Ca(p), (20)

which is one of many terms in the Boltzmann equation
for the rate of change of fe± . Appendix B outlines the
computation of the collision integral.
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Figure 2 presents Re± calculated using T , η, Ye and
a from the chemical equilibrium solution. Due to the
paucity of positrons, Re− drops below the Hubble rate
at 16 keV, so at this time the universe expands much
faster than the rate at which electrons annihilate with
positrons. However, Re+ remains many orders of mag-
nitude faster than the Hubble rate as it is much more
likely for a positron to annihilate on the significantly
more abundant electrons, so essentially every positron
will annihilate with an electron.

IV. OUT OF EQUILIBRIUM

With annihilation freeze-out estimated to occur at 16
keV, we lift the assumption of local chemical equilibrium
and reexamine this period more closely. Electrons and

positrons continue to efficiently scatter with the plasma,
so their distributions are still Fermi-Dirac,

fe±(p) =
1

eEp/T−η±
+ 1

, (21)

but allowing for deviations from chemical equilibrium im-
plies that the electron and positron degeneracy param-
eters evolve separately. With independent electron and
positron degeneracy parameters, we need to re-evaluate
the four coupled equations of motion used in the chem-
ical equilibrium solution, Eqs. (3, 5, 11, 12), to account
for the separate degeneracy parameters (see Section 2 in
Appendix A). In addition, we introduce the time evo-
lution of the sum of electron and positron numbers in
a comoving volume, (ne− + ne+)a

3, which is modified
by weak interactions as well as creation and annihilation
processes:

d

dt

[
(ne− + ne+)a

3
]
= nna

3(λνen − λe+n + λn) + npa
3(−λe−p + λν̄ep − λν̄ee−p) + 2a3N . (22)

The first two terms on the right-hand-side account for the
creation and absorption of electrons and positrons in the
weak interactions, and N accounts for out-of-equilibrium
effects from creation/annihilation,

N =
dne−

dt

⏐⏐⏐⏐
e−e+⇀↽γγ

=
dne+

dt

⏐⏐⏐⏐
e−e+⇀↽γγ

. (23)

To determine N , we self-consistently calculate the col-
lision integral for creation/annihilation, C(p),

dfe±

dt

⏐⏐⏐⏐
e−e+⇀↽γγ

= Cc(p)− Ca(p) ≡ C(p), (24)

where Ca(p) is the collision integral for the annihilation
pathway as in the previous section, and Cc(p) is for the
creation pathway. It follows that

N =

∫ ∞

0

p2dp

2π2
C(p). (25)

Further details on the collision integral calculations can
be found in Appendix B.

Together, Eqs. (3, 5, 11, 12, 22) yield a system of cou-
pled differential equations for dependent variables T , η−,
η+, Ye, and a. As with the chemical equilibrium solution,
the definition of Ye, Eq. (10), is an integral relationship
between all the dependent variables. While this state-
ment again means that the differential equations are not
independent, we simultaneously solve the five differential
equations for the five variables, as we did in the chemical
equilibrium solution.

Figure 2 shows that the creation and annihilation rates
are many orders of magnitude greater than the Hubble

rate for T > 16 keV, which would require far too many
time steps to integrate these equations from T = 10 MeV
as we did with the chemical equilibrium solution. How-
ever, because we expect chemical equilibrium to hold for
T > 16 keV, we can use the chemical equilibrium solution
to determine initial conditions for this non-equilibrium
solution.

Figure 3 presents the solution to these fully non-
equilibrium conditions between 24 and 12 keV, lasting
about a Hubble time and bracketing the period of inter-
est. The initial conditions for Ye and a are taken from
the chemical equilibrium solution at T = 24 keV, and the
initial degeneracy parameters for electrons and positrons
are derived from η in the chemical equilibrium solution
at T = 24 keV with η− = η and η+ = −η.
Deviation from η+ = −η− indicates a shift away

from local chemical equilibrium, so the quantity ∆η =
η−+η+ parameterizes the magnitude of any such out-of-
equilibrium effect. The initial conditions set the initial
value of ∆η = 0, but the non-equilibrium solution imme-
diately deviates from this initial condition. Throughout
the evolution, ∆η ≪ η−, and the electron degeneracy pa-
rameter in the non-equilibrium solution (η−) differs from
the equilibrium solution (η in Figure 1) by an amount
on the order of ∆η. As a result, the positron-to-electron
ratio and the electron chemical potential as shown in Fig-
ure 3 slightly differ from the corresponding values in the
chemical equilibrium solution with a fractional difference
on the order of ∆η.

To test the validity of taking the initial conditions
directly from the chemical equilibrium solution, we re-
peated the process of determining initial conditions at 25
keV, then evolved the non-equilibrium equations. Once
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FIG. 3. Results from the non-equilibrium solution using
the chemical equilibrium solution as the initial condition at
T = 24 keV. From top to bottom, the plots show the positron-
to-electron ratio (ne+/ne−), electron degeneracy parameter
(η−), and the deviation of the electron and positron degener-
acy parameters from equilibrium, ∆η = η− + η+, for plasma
temperatures from 24 keV to 12 keV.

again, the initial conditions are chosen such that the ini-
tial ∆η = 0 and the non-equilibrium solution immedi-
ately deviates from this value. We found that this solu-
tion was consistent with the results presented in Fig. 3
for 24 keV < T < 12 keV.

There are two possible observable consequences of this
out-of-equilibrium process: BBN yields and Neff . The
light element abundances formed in BBN are sensitive to
the time-temperature relationship and the neutron-to-
proton ratio during the BBN epoch (∼ 100 keV), both of
which are influenced by the electron and positron distri-
bution functions. The observationally inferred value of
Neff is affected by the electron/positron number densi-
ties and out-of-equilibrium entropy transfer between the
neutrinos and the plasma. We find that electron-positron
annihilation freeze-out occurs at a sufficiently late time
that there should be negligible effects on BBN yields and
Neff .

Out-of-equilibrium effects are small (∆η ∼ 10−6) at
T ≈ 24 keV, yet the BBN yields are set before this time,
at higher plasma temperatures when ∆η is many orders
of magnitude smaller. (see, e.g., Refs. [1, 31] for a discus-
sion of BBN with out-of-equilibrium Boltzmann neutrino
transport.) As a result, we expect the BBN yields calcu-
lated with the standard assumption of thermal and chem-

ical equilibrium in the electron/positron distributions to
be insensitive to the loss of local chemical equilibrium
observed in this calculation.
Neff parameterizes the energy density in ultrarelativis-

tic particles (photons and neutrinos/anti-neutrinos in the
standard cosmological model), ρrad, at the epoch of pho-
ton decoupling,

ρrad =

[
2 +

7

4

(
4

11

)4/3

Neff

]
π2

30
T 4. (26)

The value of Neff = 3 is predicated on a number of sim-
plifying assumptions [27] that neglect a number of ef-
fects. Out-of-equilibrium scattering between neutrinos
and electron/positrons distorts neutrino spectra, trans-
ferring entropy from the plasma to the neutrinos, and
increases the total entropy of the universe [1]. Non-zero
electron/positron mass and finite-temperature QED af-
fect the equation of state for electrons, positrons, and
photons in the plasma. Together, these effects increase
Neff by ∆Neff ≡ Neff − 3 ≈ 0.046 [1–3, 19]. The initial
non-zero electron/positron degeneracy parameters are re-
sponsible for a negligible increase, ∆Neff ≈ 10−19, due to
a higher initial plasma entropy. On the other hand, the
non-zero final number density of electrons (and negligi-
ble number density of positrons) results in a negligible
decrease, ∆Neff ≈ −10−7, because some of the entropy
remains in the electron seas at recombination.

V. DISCUSSION AND CONCLUSIONS

In this work, we found that the electrons and positrons
remain in local chemical equilibrium throughout the BBN
epoch and that this chemical equilibrium persists until
the plasma temperature is approximately 16 keV, when
the electron annihilation rate drops below the Hubble
rate. This annihilation freeze-out occurs after the BBN
yields have been set and when the number densities of
electrons and positrons are sufficiently low such that
the value of Neff is unaffected. To reach this conclu-
sion, we self-consistently calculated the collision integral
for electron-positron annihilation using the Klein-Nishina
amplitude and the appropriate Fermi-blocking and Bose-
enhancing statistical factors to take into account out-of-
equilibrium effects.
The currently accepted value of Neff is predicated on

the complete annihilation of the electrons and positrons
from thermal number densities that are nearly equal to
the photon number density to essentially zero [27]. The
slight changes in the degeneracy parameters of electrons
and positrons when the chemical equilibrium approxima-
tion is abandoned does not change this conclusion – so
as long as the standard cosmological model is assumed,
annihilation freeze-out should have a negligible effect on
the value of Neff .
BBN calculations assume chemical equilibrium be-

tween the electrons and positrons with the photons to
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model the creation/annihilation process (e−e+ ⇀↽ γγ)
[24]. We found that this approximation holds well
throughout the BBN epoch, so BBN calculations in the
standard cosmological model are not affected by the
specifics of the annihilation freeze-out process.

BSM physics or non-standard cosmological models
may push the annihilation freeze-out earlier (or nuclear
freeze-out earlier) so that they may influence these cos-
mological observables. Two possibilities that would re-
quire BSM physics to alter the standard cosmological
model are a higher baryon-to-photon ratio during the
BBN epoch and a higher effective electron mass.

While the baryon-to-photon ratio is directly measured
from the CMB, this value is indicative of the baryon-to-
photon ratio in the epochs immediately preceding pho-
ton decoupling, not necessarily at earlier epochs [7]. Al-
though the deuterium and helium BBN yields and ob-
servations appear to form a concordance between the
baryon-to-photon ratio at recombination and the BBN
epochs, the lithium problem may suggest a more compli-
cated evolution of this quantity.

For example, the out-of-equilibrium decay of a BSM
particle during or after the BBN epoch could generate en-
tropy in the plasma, significantly decreasing the baryon-
to-photon ratio [12]. In this scenario, there would be
a higher baryon-to-photon ratio during the BBN epoch,
leading to a higher annihilation freeze-out temperature.
This should result in larger number densities of electrons
and positrons throughout the BBN epoch when com-
pared to the standard cosmological model. Solely due
to this effect, we would expect to see a decrease in Neff

because some entropy will remain in the electron and
positron seas. In addition, an increased positron num-
ber density throughout the BBN epoch would reduce the
number density of neutrons through positron capture,
e++n→ p+ ν̄e, which has no energy threshold [27]. This
more pronounced scarcity of neutrons will suppress the
production of the light elements in BBN. These consider-
ations would need to be considered alongside the effects
that involve the specifics of the BSM particle decay – de-

cay pathways into high-energy out-of-equilibrium neutri-
nos and the late entropy-generation that dilutes thermal
neutrino populations – which also influence the inferred
value of Neff and BBN yields.
Non-standard interactions between electrons and

positrons and the plasma could increase the effective
mass of the electrons and positrons [27]. A higher ef-
fective in-medium electron mass would cause the precip-
itous decline in electron and positron numbers seen in
Figure 1 to occur at a higher temperature, in turn, re-
sulting in the strong decrease of Re± seen in Figure 2
occurring at a higher temperature as well. The result
is a higher annihilation freeze-out temperature. The in-
crease in the effective electron/positron mass due to finite
temperature QED corrections is too small to significantly
change the annihilation freeze-out temperature, so BSM
physics would be required to produce such an effect. The
effects of the higher freeze-out temperature on Neff and
BBN yields will be the same as those discussed in the
previous scenario, but the particular BSM models will
also affect BBN yields and possibly Neff through altered
nuclear physics or fundamental constants [32–34].
In conclusion, we have computed the collision integral

for electron-positron annihilation throughout the weak
decoupling and BBN epochs of the early universe. We
find that electrons and positrons fall out of local chemical
equilibrium with the photons at a sufficiently late time
such that there will be no signature of this freeze-out on
Neff or BBN yields. However, one should be cautioned
that non-standard cosmologies may result in non-trivial
consequences of this annihilation freeze-out.
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Appendix A: Equations of Motion

Throughout this work we have assumed that the elec-
tron and positron distributions are described by a Fermi-
Dirac spectrum, parameterized by a temperature, T and
degeneracy parameter, η = µ/T ,

f(p;T, η) =
1

eEp/T−η + 1
, (A1)

with Ep =
√
p2 +m2

e, and T is the common temperature
of all particles in the plasma. This should be an excellent
assumption since electromagnetic scattering between the
elements of the photon-electron-positron-baryon plasma
occurs at a rate much greater than the Hubble rate
throughout the calculation.
To self-consistently determine the equations of motion

for T (t) and η(t), we need to calculate the energy density,
ρ, pressure, P , and number density, n, of electrons and
positrons from the distribution functions:

ρ(T, η) =

∫ ∞

0

p2dp

π2
Ep f(p;T, η) (A2)

P (T, η) =

∫ ∞

0

p2dp

π2

p2

3Ep
f(p;T, η) (A3)

n(T, η) =

∫ ∞

0

p2dp

π2
f(p;T, η) (A4)

These quantities can be expressed in terms of dimen-
sionless functions by defining ϵ = p/T and x = me/T ,

I1(x, η) =
ρ

T 4
=

1

π2

∫ ∞

0

dϵ ϵ2Eϵ f(ϵ;x, η) (A5)

I2(x, η) =
P

T 4
=

1

3π2

∫ ∞

0

dϵ
ϵ4

Eϵ
f(ϵ;x, η) (A6)

N(x, η) =
n

T 3
=

1

π2

∫ ∞

0

dϵ ϵ2 f(ϵ;x, η), (A7)

where Eϵ =
√
ϵ2 + x2. Further, define the partial deriva-

tives of these functions

Ji(x, η) = −∂Ii
∂x

Ki(x, η) =
∂Ii
∂η

(A8)

L(x, η) = −∂N
∂x

M(x, η) =
∂N

∂η
(A9)

with i = 1, 2. Each of these functions are, by design,
dimensionless and positive definite.

1. Chemical equilibrium

In the chemical equilibrium solution, ηe− = η and ηe+ = −η. The total entropy density is

s = T 3

(
I−1 + I−2 + I+1 + I+2 +

4π2

45
− ηN− + ηN+

)
+ sν . (A10)
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In the preceding equation, the ‘−’ superscript corresponds to using the electron degeneracy parameter as the appro-
priate argument for each function, e.g., I−1 = I1(x, η), while the ‘+’ superscript corresponds to using the positron
degeneracy parameter, e.g., I+1 = I1(x,−η). While the entropy in the neutrino seas change through weak interactions
beyond weak decoupling, it is a small effect that does not impact our results. We therefore assume that neutrinos are
decoupled from the plasma, so that the total entropy in the neutrino seas in a comoving volume, sνa

3, is separately
conserved.

The conservation of entropy in a comoving volume produces the differential equation:[(
I−1 + I−2 + I+1 + I+2 − η(N− −N+) +

4π2

45

)
3

T
+
(
J−
1 + J−

2 + J+
1 + J+

2 − η(L− − L+)
) me

T 2

]
dT

dt

+
[
K−

1 +K−
2 −K+

1 −K+
2 − (N− −N+)− η(M− +M+)

] dη
dt

+

[
I−1 + I−2 + I+1 + I+2 − η(N− −N+) +

4π2

45

]
da

dt
= 0. (A11)

The evolution of the quantity (ne− − ne+)a
3, Eq. (11), yields the differential equation:[(

N− −N+
) 3

T
+
(
L− − L+

) me

T 2

]
dT

dt
+
(
M− +M+

) dη
dt

+
(
N− −N+

) 3

a

da

dt
=
nba

3

T 3a3
dYe
dt

. (A12)

The quantity, nba
3, is the number of baryons in a comoving volume is constant and equal to its initial value.

The evolution of Ye due to weak interactions, Eqs. (6-8) is

dYe
dt

= (1− Ye)(λνen + λe+n + λn)− Ye(λe−p + λν̄ep + λν̄ee−p). (A13)

Each of the weak rates are integrals over the electron distributions [25], so they depend on T and η.
The evolution of the scale factor is given by the Friedmann equation,

1

a

da

dt
=

√
8π

3m2
pl

[(
I−1 + I+1 +

π2

15

)
T 4 +

7π2

40
T 4
cm,

]1/2
(A14)

where Tcm = Ti(ai/a), and we have neglected the baryon energy density.
These four coupled differential equations, Eqs. (A11-A14) define the evolution of the four dependent variables, T ,

η, Ye and a using the initial conditions discussed in Section II.
It should be noted, however, that Ye can be calculated directly (without a differential equation) from

Ye =
T 3a3(N− −N+)

nba3
. (A15)

We chose to treat Ye as a dynamical variable with its own differential equation, but confirm that the above relationship
between Ye, T , a, and η hold.

2. Out of chemical equilibrium

When we no longer assume chemical equilibrium, we are left with two independent degeneracy parameters, ηe− = η−

and ηe+ = η+. The total entropy density is

s = T 3

(
I−1 + I−2 + I+1 + I+2 +

4π2

45
− η−N− − η+N+

)
+ sν . (A16)

We use the same notation as previously used in this Appendix, where ‘−’ corresponds to electrons, e.g., I−1 = I1(x, η
−),

and ‘+’ corresponds to positrons, e.g., I+1 = I1(x, η
+). The conservation of entropy in a comoving volume yields[(

I−1 + I−2 + I+1 + I+2 − η−N− − η+N+ +
4π2

45

)
3

T
+
(
J−
1 + J−

2 + J+
1 + J+

2 − η−L− − η+L+
) me

T 2

]
dT

dt

+
(
K−

1 +K−
2 −N− − η−M−) dη−

dt
+

(
K+

1 +K+
2 −N+ − η+M+

) dη+
dt

+

(
I−1 + I−2 + I+1 + I+2 − η−N− − η+N+ +

4π2

45

)
da

dt
= 0. (A17)
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The most easily distinguished difference between this equation and the corresponding one in the equilibrium scenario,
Eq. (A11), are the separate degeneracy parameters, η− and η+, and their derivatives.

Likewise, in this scenario, the evolution of (ne− − ne+)a
3 yields the differential equation:[(

N− −N+
) 3

T
+
(
L− − L+

) me

T 2

]
dT

dt
+M− dη

−

dt
−M+ dη

+

dt
+

(
N− −N+

) 3

a

da

dt
=
nba

3

T 3a3
dYe
dt

. (A18)

The evolution of Ye and a, Eqs. (A13,A14), remain unchanged. However, it should be noted that the weak rates
depend on both η− and η+.
Now that there are two independent degeneracy parameters, we require an extra independent differential equation.

We introduced the evolution of (ne+ + ne−)a
3, Eq. (22), which results in the differential equation:[(

N− +N+
) 3

T
+
(
L− + L+

) me

T 2

]
dT

dt
+M− dη

−

dt
+M+ dη

+

dt
+
(
N− −N+

) 3

a

da

dt

=
nba

3

T 3a3

[
(1− Ye)(λνen − λe+n + λn) + Ye(−λe−p + λν̄ep − λν̄ee−p) + 2

Na3

nba3

]
. (A19)

As before, the nba
3 is left explicitly uncancelled in the expressions above because it is constant. The net electron-

positron annihilation rate, N , is defined in Eq. (25).
The five coupled differential equations, Eqs. (A13,A14,A17-A19) define the evolution of five dependent variables,

T , η−, η+, Ye and a, whose initial conditions and solutions are discussed in Section IV.

Appendix B: Simplification of the Collision Integral

This appendix details the reduction of the collision integral for electron-positron annihilation from a nine-
dimensional integral to three-dimensional in a manner similar to the appendix in Ref. [1]. For the annihilation
process, e− + e+ ⇀↽ γ + γ, the Klein-Nishina amplitude is [35]

⟨|M|2⟩ = 2e4

[
P ·K2

P ·K1
+
P ·K1

P ·K2
+ 2m2

e

(
1

P ·K1
+

1

P ·K2

)
−m4

e

(
1

P ·K1
+

1

P ·K2

)2
]
≡M, (B1)

where e is the elementary charge, me is the electron mass, P and Q are the four-momenta of the electron and positron,
respectively, and K1 and K2 are the photon four-momenta. We define the four-momenta of the electron as P = (E,p)
with particle energy E and three-momentum p such that P ·P = E2−p2 = m2

e, with p = |p|, and the same convention
for positrons. Likewise, for the photon, K = (k,k) with photon three-momentum k and energy k = |k|.
The collision integral is

C =
1

2Ep

∫
d3q

(2π)32Eq

d3k1
(2π)32k1

d3k2
(2π)32k2

(2π)4δ(4)(P +Q−K1 −K2)M(P ·K1, P ·K2)F (Ep, Eq, k1, k2), (B2)

and

F (Ep, Eq, k1, k2) ≡ Fc − Fa

= fγ(k1)fγ(k2)[1− fe−(Ep)][1− fe+(Eq)]− fe−(Ep)fe+(Eq)[1 + fγ(k1)][1 + fγ(k2)] (B3)

is the statistical factor for the creation (Fc) and annihilation (Fa) of electrons and positrons with the appropriate
Fermi blocking and Bose enhancement terms. For the case F = Fa, we define Ca as the collision integral for solely
the annihilation pathway (e−e+ → γγ) and F = Fc defines Cc for the creation pathway (γγ → e−e+).

Integrating over k2 reduces the delta function to a one-dimensional energy-conserving delta function:

C =
1

(2π)516Ep

∫
d3q

Eq

∫
d3k1
k1k2

δ(Ep + Eq − k1 − k2)M(P ·K1, P ·K2)F (Ep, Eq, k1, k2)

⏐⏐⏐⏐
k2=|p+q−k1|

, (B4)

where K2 = (k2,p + q − k1), and k2 is no longer an independent variable of integration, but is related to the other
integration variables through momentum conservation, and

k22 = |p+ q|2 + k21 − 2|p+ q|k1 cos θ1, (B5)
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defining the new integration angle θ1 angle between the vectors k1 and p+ q.
We need to evaluate the four-dot products

P ·K1 = Epk1 − p · k1 (B6)

P ·K2 = Epk2 − p · (p+ q− k1) = Epk2 − p2 − p · q+ p · k1, (B7)

which requires us to parameterize the dot products p · q and p · k1 in terms of the variables of integration. First,
define θq as the angle between p and q so that

p · q = pq cos θq (B8)

|p+ q| =
(
p2 + q2 + 2pq cos θq

)1/2
. (B9)

The vector p + q is in the plane generally defined by p and q, but k1 is not necessarily in this plane. This means
k1 is defined by both θ1, the angle between it and p+ q, and an azimuthal angle ϕ1 measured out of this plane. To
determine p · k1, we need to introduce another angle, ψ, between p and p+ q. It follows that

p · k1 = pk1 (cosψ cos θ1 − sinψ sin θ1 cosϕ1) , (B10)

with cosψ =
p · (p+ q)

p|p+ q|
=

p+ q cos θq√
p2 + q2 + 2pq cos θq

. (B11)

This parameterizes the amplitude in terms of almost all the integration variables:

M(P ·K1, P ·K2) =M(p, q, θq, k1, θ1, ϕ1). (B12)

When considering d3q = q2 dq d cos θq dϕq and d3k = k2 dk d cos θ1 dϕ1, the integrand is independent of ϕq, so this
integral can be performed which results in a factor of 2π, so

C =
1

(2π)416Ep

∫
q2 dq d cos θq

Eq

∫
k21 dk1 d cos θ1 dϕ1

k1k2
δ(Ep+Eq−k1−k2)M(p, q, θq, k1, θ1, ϕ1)F (Ep, Eq, k1, k2). (B13)

To complete the integral over θ1, we introduce the u substitution,

u2 = k22 ⇒ 2k2 du = −2|p+ q| k1d cos θ1. (B14)

This allows us to rewrite the colision integral as

C =
1

(2π)416Ep

∫
q2 dq d cosq
Eq|p+ q|

∫
dk1 dϕ1

∫ b

a

du δ(Ep + Eq − k1 − u)M(p, q, θq, k1, θ1, ϕ1)F (Ep, Eq, k1, u), (B15)

with

a =
[
|p+ q|2 + k21 − 2|p+ q|k1

]1/2
= ||p+ q| − k1| , (B16)

b =
[
|p+ q|2 + k21 + 2|p+ q|k1

]1/2
= |p+ q|+ k1. (B17)

The delta function is non-zero on the interval [a, b] only if

a < Ep + Eq − k1 < b, (B18)

which will constrain the range of the other integrals once the delta function is resolved. To determine these ranges
we need to consider two cases:

Case 1: k1 < |p+ q|. The inequality has two parts, first:

|p+ q| − k1 < Ep + Eq − k1

⇒ |p+ q| < Ep + Eq. (B19)

This is always true because |p+q| < p+q (triangle inequality), and momenta are always less than their corresponding
energy. Further, the second inequality:

Ep + Eq − k1 < |p+ q|+ k1

⇒ k1 >
1

2
(Ep + Eq − |p+ q|) ≡ kmin. (B20)
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The right-hand side is always positive, as stated previously. This reduces the range of the k1 integral such that its
integrand is non-zero.

Case 2: k1 > |p+ q|. This case differs from Case 1 only in the first inequality,

k1 − |p+ q| < Ep + Eq − k1

⇒ k1 <
1

2
(Ep + Eq + |p+ q|) ≡ kmax, (B21)

and again, the second inequality yields k1 > kmin.
Putting the cases together, we find that the delta function is non-zero when kmin < k1 < kmax, so upon evaluating

the du integral the delta function fixes cos(θ1) in terms of other variables:

cos θ1 =
|p+ q|2 + k21 − k22

2k1|p+ q|

=
|p+ q|2 − (Ep + Eq)

2 + 2k1(Ep + Eq)

2k1|p+ q|
. (B22)

The collision integral then becomes

C =
1

(2π)416Ep

∫
q2 dq d cosq
Eq|p+ q|

∫ kmax

kmin

dk1

[∫ 2π

0

dϕ1M(p, q, θq, k1, θ1, ϕ1)

]
F (Ep, Eq, k1, k2), (B23)

where, once again, k2 = Ep +Eq − k1. Note that only M depends on ϕ1, so we can perform the integral in the square
brackets analytically. To simplify our notation, we define the function

M̃(p, q, θq, k1) =
1

(2π)(2e4)

∫ 2π

0

dϕ1M(p, q, θq, k1, θ1, ϕ1). (B24)

The amplitude, Eq. (B1), depends only on the four-dot products P ·K1 and P ·K2. These dot products can be

written in the form A + B cosϕ1. The function M̃ , above, can be analytically integrated as long as A > B. These
four-dot products can be shown to be positive definite, which proves that A > B, by considering the annihilation
process in the center-of-momentum frame where the four-momenta can be written as P = (Ep,p), Q = (Ep,−p),
K1 = (k,k), and K2 = (k,−k).

P ·K1 = k(Ep + p cosϑ) > 0

P ·K2 = k(Ep − p cosϑ) > 0, (B25)

where ϑ is the angle between p and k. This means that the individual terms in the amplitude are positive definite in
any frame, and allows us to analytically perform the integral resulting in:

M̃(p, q, θq, k1) = −2 + (3m2
e + EpEq − pq cos θq)

(
1√

X2 − Y 2
+

1√
Z2 − Y 2

)
−m4

e

[
X

(X2 − Y 2)3/2
+

Z

(Z2 − Y 2)3/2
+

2

X + Z

(
1√

X2 − Y 2
+

1√
Z2 − Y 2

)]
(B26)

X = Epk1 − pk1 cosψ cos θ1 (B27)

Y = pk1 sinψ sin θ1 (B28)

Z = m2
e + EpEq − pq cos θq −X (B29)

ψ and θ1 are defined in terms of p, q, θq, and k1 in Eqs. (B11) and (B22).
The final form of the collision integral is therefore

C =
e4

(2π)38Ep

∫ ∞

0

q2 dq

Eq

∫ 1

−1

d cos θq
|p+ q|

∫ kmax

kmin

dk1 M̃(p, q, θq, k1)F (Ep, Eq, k1, Ep + Eq − k1). (B30)

This integral is calculated using Gauss-Legendre quadrature for the two inner integrals (cos θq, k1) over finite ranges
and using Gauss-Laguerre quadrature for the outer integral (q) over the infinite range.
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