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Fermion decoration construction of symmetry protected trivial orders
for fermion systems with any symmetries and in any dimensions
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We use higher dimensional bosonization and fermion decoration to construct exactly soluble inter-
acting fermion models to realize fermionic symmetry protected trivial (SPT) orders (which are also
known as symmetry protected topological orders) in any dimensions and for generic fermion symme-
tries Gy, which can be a non-trivial Z{ extension Zg X Gy (where Z{ is the fermion-number-parity
symmetry and G, is the bosonic symmetry). This generalizes the previous results from group super-
cohomology of Gu and Wen (arXiv:1201.2648), where G is assumed to be Zg x Gp. We find that the
(d + 1)D fermionic SPT phases with bosonic symmetry G, and from fermion decoration construc-

tion can be described in a compact way using higher group homomorphism: BG A B(Z2,2; Z2,d).
In fact, the fermion symmetry is more precisely described by the structure Zg XN Gp N SOs (or
ZI N Gy X\ Ooo with time reversal symmetry). In this case the (d 4+ 1)D fermionic SPT phases are
better described by B(Z] X Gy N SO0u0) 2 B(SOuo, 1; Za, d) [or B(ZI NGy} Oo) B B(Oco, 1; Zo, d)].
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I. INTRODUCTION

We used to think that different phases of matter all
come from spontaneous symmetry breaking™?. In last
30 years, we started to realize that even without symme-
try and without symmetry breaking, we can still have
different phases of matter, due to a new type of or-
der — topological order®* (i.e. patterns of long range
entanglement® 7).

If there is no symmetry breaking nor topological order,
it appears that systems must be in the same trivial phase.
So it was a surprise to find that even without symme-
try breaking and without topological order, systems can
still have distinct phases, which are called Symmetry-
Protected Trivial (SPT), or synonymously, Symmetry-
Protected Topological (SPT) phases®?. The realization
of the existence of SPT orders and the fact that there
is no topological order in 1+1D!%!! Jead to a classifica-
tion of all 1+1D gapped phases of bosonic and fermionic
systems with any symmetries'?°, in terms of projective
representations'®. It is the first time, after Landau sym-
metry breaking, that a large class of interacting phases
are completely classified.

In higher dimensions, the SPT orders, or more gen-
erally symmetric invertible topological (SIT) orders,?” in
bosonic systems can be systematically described by group
cohomology theory?® 3%, cobordism theory!'?3!, or gen-
eralized cohomology theory'®®2. The SPT and SIT or-
ders in fermionic systems can be systematically described
by group super-cohomology theory'”3336_ or spin cobor-
dism theory'®2°, In 241D, the SPT orders in bosonic
or fermionic systems can also be systematically classified
by the modular extensions of Rep(Gy) or sRep(Gy)>".
Here Rep(Gp) is the symmetric fusion category formed
by representations of the boson symmetry G, where all
representations are bosonic, and sRep(Gy) is the sym-
metric fusion category formed by representations of the
fermion symmetry Gy = Z{ X Gy where the representa-
tions with non-zero Z{ charge are fermionic. (Zg N Gy
denote an extension of Gy, by the fermion-number-parity
symmetry Zg 2

For SPT orders in fermionic systems, the modular ex-
tension approach in 2+1D can handle generic fermion
symmetry Gy = Z{ X Gp. However, in higher dimen-
sions, the group super-cohomology theory can only han-
dle a special form of fermion symmetry G¢ = Zg X Gp. In
this paper, we will develop a more general group super-
cohomology theory for SPT orders of fermion systems
based on the decoration construction®® by fermions,'”
which covers generic fermion symmetry Gy beyond Zg X
Gyp. The symmetry group Gy can also include time re-



Gy 1+ 1D 2+ 1D 3+1D Realization

Zs X 7] 2y [Z2) (Z2)|Za [Zs]) (Z) |1 [1](1) Double-layer superconductors with layer symmetry
z] 1 [?2]@) |1 [?2](@@) [1[?7](1) Charge-2e superconductors with a 180° spin rotation

symmetry or charge-4e superconductors

Z¥ x 7] Zy[74)(Z) |1 [1](1)] 1 [1](1) Charge-2e superconductors with coplanar spin order

zZ7 Zy (23] (Z2)| 1 [Z3] (Z2) |24 [Z16] (Z) Charge-2e superconductors with spin-orbital coupling
(U %6 252, 1 [1] (1) |1 [22] (Z2) |23 (23] (Z2) Insulator with spin-orbital coupling
Sui 111 |z [z](2Z)]1 [1](1) Charge-2e spin-singlet superconductor
Zo X Za x Z3 |73 [7] (Z3) [8-16 [7] (Z7)[2-4 [Z2 x Z4] (1)

TABLE I. A table for G-symmetric fermionic SPT orders obtained via the fermion decoration.'” We either list the group
that describes the SPT phases or the number of SPT phases (both including the trivial one). Those fermionic SPT phases
have no topological order, i.e. they become trivial if we break the symmetry down to ZQf . The numbers in [ ] are results from
spin-cobordism approach® 2%, The numbers in () are for non-interacting fermionic SPT phases,>* 26, Note that the numbers
given in Ref. 18, 24—26 are for SIT orders which include both fermionic SPT orders and invertible fermionic topological orders,
while the above numbers only include fermionic SPT orders. The number, for example, 8 - 16 means that the 128 SPT phases
can be divided into 8 classes with 16 SPT phases in each class. The SPT phases in the same class only differ by stacking
bosonic SPT phases from fermion pairs. The last column indicates how to realize those fermionic SPT phases by electronic

systems.

versal symmetry, and in this case, the fermions can be
time-reversal singlet or Kramers doublet. Our approach
works in any dimensions. But our theory does not covers
the fermionic SPT orders obtained by decorating sym-
metry line-defects33%3¢ with Majorana chains (i.e. the
p-wave topological superconducting chains®?).

Our theory is constructive in nature. We have con-
structed exactly soluble local fermionic path integrals (in
the bosonized form) to realize the fermionic SPT orders
systematically. The simple physical results of this paper
is summarized in Table I. A breif mathematical summary
of the results is represented Sections ITT and XVII (and in
Section VIIIC where more details are given). However,
one needs to use mathematical language of cohomology
or higher group to state the results precisely.

We note that there are seven non-trivial fermionic
wyi Xg ZI1))Z,-SPT phases in 341D, while non-
interacting fermions only realize one of them. Other SPT
phases are obtained by stacking the bosonic (Uy x4 Z1)-
SPT phases formed by electron-hole pairs.

II. NOTATIONS AND CONVENTIONS

Let us first explain some notations used in this pa-
per. We will use extensively the mathematical formal-
ism of cochains, coboundaries, and cocycles, as well as
their higher cup product ~ Steenrod square qu7 and

the Bockstein homomorphism f3,,. A brief introduction
can be found in Appendix A. We will abbreviate the cup
product a — b as ab by dropping —. We will use a
symbol with bar, such as a to denote a cochain on the
classifying space B of a group or higher group. We will
use a to denote the corresponding pullback cochain on
space-time M. ¢ = ¢*a, where ¢ is a homomorphism
of complexes ¢ : M1 — B. In this paper, when we
say R/Z-valued cocycle or coboundary we really mean

R/Z-valued almost-cocycle and almost-coboundary (see
Appendix B).

We will use = to mean equal up to a multiple of n, and
use = to mean equal up to df (i.e. up to a coboundary).
We will use |z] to denote the largest integer smaller than
or equal to z, and (I, m) to denote the greatest common
divisor of [ and m ({0,m) = m).

Also, we will use Z,, = {1, ¢!, i25 ... l(n=D3FY
to denote an Abelian group, where the group multipli-
cation is “¥”. We use Z, = {|-% +1],|-% + 1] +
1,---, 5]} to denote an integer lifting of Z,, where
“+” is done without mod-n. In this sense, Z, is not
a group under “+”. But under a modified equality =,
Z,, is the Z, group under “+”. Similarly, we will use
R/Z = (=%, 1] to denote an R-lifting of U; group. Un-
der a modified equality =, R/Z is the Uy group under
“+”. In this paper, there are many expressions contain-
ing the addition “4” of Z,-valued or R/Z-valued, such
as a?" + a%" where a?" and aZ" are Z,-valued. Those
additions “4” are done without mod n or mod 1. In this
paper, we also have expressions like %a?". Such an ex-

pression convert a Z,-valued a%" to a R/Z-valued %a%”,
by viewing the Z,-value as a Z-value. (In fact, Z,, is a Z
lifting of Z,,.)

We introduced a symbol X to construct fiber bundle
X from the fiber F' and the base space B:

pt > F - X=FXB— B —pt. (1)

We will also use X to construct group extension of H by
N40:

1+ N—->NXxe,o H—>H— 1 (2)
Here e; € H?[H;Z(N)] and Z(N) is the center of N.
Also H may have a non-trivial action on Z(N) via « :
H — Aut(N). ey and « characterize different group
extensions.



We will also use the notion of higher group in some
part of the paper. Here we will treat a d-group
B(II;,1;15,2;-- ) as a special one-vertex triangulation
of a manifold K that satisfy m,(K) = II,, (with unlisted
I1,, treated as 0, see Ref. 41 and Appendix L). We see
that II; is a group and II,,, n > 2, are Abelian groups.
The 1-group B(G, 1) is nothing but an one-vertex trian-
gulation of the classifying space of G. We will abbreviate
B(G,1) as BG. (More precisely, the so-called one-vertex
triangulation is actually a simplicial set.)

III. A BRIEF MATHEMATICAL SUMMARY

In this paper, we use a higher dimensional
bosonization®>*2 to describe local fermion systems in
d + 1-dimensional space-time via a path integral on a
random space-time lattice (which is called a space-time
complex that triangulates the space-time manifold). This
allows us to construct exactly soluble path integrals
on space-time complexes based on fermion decoration
construction!” to systematically realize a large class of
fermionic SPT orders with a generic fermion symmetry
Gy = Z{ X Gyp. This generalizes the previous result of
Ref. 17 and 33 that only deal with fermion symmetry of
form Gy = Zg x Gp. The constructed models are exactly
soluble since the partition functions are invariant under
any re-triangulation of the space-time.

The constructed exactly soluble path integrals and the
corresponding fermionic SPT phases are labeled by some
data. Those data can be described in a compact form
using terminology of higher group B(I1;, 1; I, 2; - - - ) (see
Appendix L for details). We note that, for a d-group
Bf(Z2,2; Zs,d) (i.e. a complex with only one vertex), its
triangles are labeled by group elements Z,. This gives
rise to the so called canonical 2-cochain s on the complex
Bf(Z2,2; Zy,d). On each d-simplex in B(Zs,2; Zs,d) we
also have a Z5 label. This gives us the canonical Z5-
valued d-cochain fy on the complex By (Z2,2; Zs, d). Here
By (Z2,2; Zs, d) is a particular higher group characterized
by

dé; =0, df;=0. (3)
Such a higher group is uniquely determined by the above
conditions. Now, we are ready to state our results:

1. The data: For unitary symmetry Gy = Zg Nes G,
the fermionic SPT phases obtained via fermion
decoration are described by a pair (¢, 7441), where

(a) ¢ : BGy = Bf(Z2,2;Z3,d) is a homomor-
phism between two higher groups and

(b) Dgq1 is a R/Z-valued d + 1-cochain on BG,
that trivializes the pullback of a R/Z-valued
d + 2-cocycle wiio = %qufd + %f_dég on
Bf(ZQ, 2; Zs, d), t.e. —dvg11 = @ *Wa42.

FIG. 1.
with order parameter g; and g;.
connects the vertices ¢ and j.

(Color online) The vertices ¢ and j mark the regions
The link labeled by (i7)

2. Model construction and SPT invariant: Us-
ing the data (¢, 7441), we can write down the ex-
plicit path integral that describes a local fermion
model (in bosonized form) that realizes the corre-
sponding SPT phase (see (45)). The path integral
can be evaluated exactly, which leads to the SPT
invariant!8-30:31,43:44 that characterize the resulting
fermionic SPT phase (see (48)). The bosonized
fermion path integral, (45), and the corresponding
SPT invariants, (48), are the main results of this

paper.

3. Equivalence relation: Ounly the pairs (¢, 744+1)
that give rise to distinct SPT invariants correspond
to distinct SPT phases. The pairs (p,v44+1) that
give rise to the same SPT invariant are regarded as
equivalent. In particular, two homotopically con-
nected (p,7441)’s are equivalent. So our data is
really the homotopy classes of the trivializations of
%Sq2fd + %fdég on Bf(Z2,2;Z,d) by the homo-
morphism ¢ : BGy — By(Zs,2; Zs,d).

The data (¢, 74+1) give rise to the fermion SPT states
obtained via fermion decoration. But they do not include
the fermion SPT states obtained via decoration of chains
of 141D topological p-wave superconducting states.

IV. EXACTLY SOLUBLE MODELS FOR
BOSONIC SPT PHASES

Let us first review the construction of exactly soluble
models for bosonic SPT orders with on-site symmetry
group G328, The same line of thinking will also be used
in our discussions of fermionic SPT phases.

A. Constructing path integral

We start with a phase that breaks the G} symmetry
completely. Then we consider the quantum fluctuations
of the Gp-symmetry-breaking domains which restore the
symmetry. We mark each domain with a vertex (see
Fig. 1), which form a space-time complex M9*+1 (see Ap-
pendix A for details). So the quantum fluctuations of the



domains are described by the degrees of freedom given by
gi € Gp on each vertex i. In other words, the degrees of
freedom is a Gy-valued O-cochain field g € C°(MI+L: Gy).

In order to probe the SPT orders in a universal way, we
can add the symmetry twist to the system (i.e. gauging
the symmetry)3%4345, This is done by adding a fixed G-
valued 1-cochain field A € Ct(M¥+L; Gy) with AZ-Gjb € Gy
on each link (i) that connect two vertices ¢ and j. The
cochain field A satisfy the flat condition

(8AC) i1 = AgbAjG,;AkG; =1, (4)

where we have assumed Agb = (A]Gib)_l. Those flat 1-
cochain field will be called 1-cocycle field. The collection
of those Gyp-valued 1-cocycle fields will be denoted by
ZY (ML Gy). We stress that the 1-cocycle field A is a
fixed background field that do not fluctuate.

From the dynamical g and non-dynamical background
field A%, we can construct an effective dynamic Gj-
valued 1-cocycle field a®* whose values on links are given
by

alt = g AT g (5)
Using such an effective dynamic field, we can construct
our model as

Z(Md+1,AGb) - Z

geECO(MI+L;GY)

127 s 4010 ()

where wg,1(a%) is R/Z-valued d-cochain: wgy1(a®) €

CHY(MI*TLR/Z), whose value on a d + 2-simplex
G, Gy, Gy

(igi1---iay1) is a function of a;% a7 a5 -+
_ Gy Gy Gy
(Wdt1)igiy - igsr = Watr1(ag s, ,a:5,,a;5, ). Note that
a% also satisfies the flat condition
Gy — Gy Gy Gy _
(6a™")ije = a;3 aztay) = 1. (7)

So we say a“ € Z1(MILG,). In this case

: G, G, G

the function wgi1(a;; ,a;7% ,a;5, .-+ ) only depends on
Z-Gb- , Ge ,aG*’- , etc , since other variables are determined
0%17 TE1127 Ti213

from those variables:

i11n) ..

G G G
(Wd+1)i0i1“'id+1 = Wd+1(a¢01§1 ) ‘11'122 ) aiglz)';ﬂ e ) (8)

We note that the assignment of ag” € Gy on each
link (éj) can be viewed as a map ¢ (a homomorphism
of complexes) from space-time complex M9t to BG,
which is a simplicial complex that model the classifying
space BGy, of the group Gy. The d+ 1-cochain wgy(a®?)
can be viewed as a pull back of a cochain @4, 1(a%*) in
the classifying space BGy: wqy1(a®t) € CHH(BGy; R/Z).
Here wqy1(a%?) is a function of the canonical 1-cochain
a%. Note that links in BG), are labeled by elements of
G, which give rise to the canonical 1-cochain a“* on BGj,
(see Ref. 41 and Appendix L). The above can be written
as

aGb — ¢*dGb,

wat1(a®") = ¢*@ar1(@). 9)

B. Making path integral exactly soluble

To make the model exactly soluble, we require wgy1 to
be a pullback of a cocycle @wq41 in the classifying space
BGb:

dwgy1(@®) =0 or @ey1(@®r) € 274 BGy; R/Z).
(10)

Why the above condition make our model exactly
soluble? Let us compare two action amplitudes
127 Jaar1 war1 (@) ang o127 [yats wa+1 (@) for two dif-
ferent field values a®® and a®*’. We like to show that if
a% and a®’ can homotopically deform into each other,
then ei27r fMd+1 wd+1(acb) — 61271' fMd+1 wd+1(acb’). But
a® and a® are discrete fields on discrete lattice. It
seems that they can never homotopically deform into
each other, in the usual sense.

To define the homotopical deformation for discrete
fields on discrete lattice, we try to find a flat connection
a% on a complex M1 x I in one higher dimension,
such that a® = a®® on one boundary of M1 x I, and
a% = a%’ on the other boundary of M1 x I. If such
a field a®® exists, then we say a® and a“*’ can homo-
topically deform into each other. In this case, we find
that

127 [\ a41 wat(a’)
M ) e
€ _ e12”f/v1d+1x1dwd+1(a b)

0127 [yya+1 way1(a9)

. - -G
= o' 2™ Jo(matixy) d@a+1(@ b)7 (11)

where ¢ is a homomorphism from M1 x I to BG,.
Therefore €127 Jaat1 wat1(a®) — oi2m [yap1 wapn (@) jf
dwgy1(a%?) = 0 and if a® can homotopically deform
into a“*’ without breaking the flat condition (7).

Let us define a®* and a®’ to be equivalent, if they are
related by

ag”/ = hiagbhj_l, h; € Gy. (12)

Clearly, gauge equivalent configurations can always ho-
motopically deform into each other. We believe the re-
verse is also true: two configurations that can homotopi-
cally deform into each other are always gauge equivalent.

Clearly, the action amplitude e'2™ Jaa+1 warr (a®0) only
depends on the gauge equivalent classes of the field con-
figurations a“*. In fact

o127 a1 war1 (@) _ G127 [y a1 wara(A9D) (13)
which is independent of g; in eqn. (5).

Since the gauge fluctuations represent all the fluctua-

tions of a® which is described by g; in eqn. (5), there

is only one equivalent classe for a fixed AS*. Thus path
integral eqn. (6) is given by

Z(MHHL, A = |Gy [N o127 Tt wain (A7) (1)

and is thus exactly soluble.



The space Z91(Gy; R/Z) of the cocylces wq1(a®?) is
not connected. Each connected piece describes models in
the same phase. Thus the different phases of the mod-
els are given by mo[Z9(Gy; R/Z)] = HTY(BGy, R/Z).
Those models do not spontaneously break the G-
symmetry. Without symmetry twist Ag" = 1, the
volume-independent partition function Z'P(AMd+1)46:47
of the above models is Z*P(M?+1) = 1 for any closed
oriented manifolds. So the models have no topological
orders, and realize only SPT orders. We see that the
SPT orders described by those models are labeled by
H¥*Y(BGy,R/Z).

We Dbelieve that different classes [wgi1] €
HIHL(Gy;R/Z) can give rise to different topological
invariant for space-time Mt decorated with a flat
Gy connection A% id.e. for two different [wy.] and
[wi,1], we can fine the pairs (M1 AGv) such that
127 [jart wa+1(A%)  anq  ei27 fuar1 @i (A9 ape dif-
ferent. Thus different classes, [wgqy1]’s, characterize
different exactly soluble models.

C. Including time reversal symmetry Z7

In the above, we did not include time reversal sym-
metry described by group ZI. In the presence of time
reversal symmetry the full symmetry group Gy is an ex-
tension of Z1: Gy = GY N ZT, where GY is the unitary
on-site symmetry. In this case, the dynamical variable
is still g; € Gy, the symmetry twist is still describe by
Ag” € Gp. But the symmetry twist satisfy a constraint:
The natural projection Gy — Z7 reduce the G}, connec-
tion Ag-” to a ZZ connection Az?;» e 7Z7. Ag; describes a
Z5 bundle over the space-time M1, The tangent bun-
dle of space-time M%*1 give rise to a Ogq41 bundle over
M1 From the Og41 bundle we can get its determi-
nant bundle, which is also a Z5 bundle over M?*!. Such
a Zo bundle must be the homotopic equivalent to the
Z5 bundle described by the ZZ connection Ag In other
words,

AT 2’:d Wi, (15)

where w,, is the n'® Stiefel-Whitney class of M1, In
addition to the above constraint, we also require the La-
grangian 27rwd+1(aG”) to have a time reversal symmetry.
As pointed out in Ref. 28, this can be achieved by requir-
ing wygi1(a®) to be a R/Z-valued cocycle where ZI has
a non-trivial action on the value R/Z — —R/Z.

We see that, to include time reversal symmetry, we
need to extend a space-time symmetry, space-time re-
fection ZI', by the internal symmetry GY to obtain the
full symmetry group Gp. As shown in Ref. 28 and 31,
in this case, the SPT states are labeled by the elements
in H(BGy, (R/Z)r) where time reversal in G has a
non-trivial action on the value T : R/Z — —R/Z. Also,
the differential operator d should be understood as the
one with this non-trivial action.

D. Classification of bosonic SPT phases

However, H4TY(BGY, (R/Z)7) fail to cover all bosonic
SPT orders?®. It misses the SPT orders obtained
by decorating®® symmetry defects with the invertible
bosonic topological orders!?31:46, This problem can be
fixed if we replace Gy by Gyo = Gg X O, where O,, is
the n-dimensional orthogonal group. This generalizes the
extension G, = G ™ ZZ discussed in the last section to
include time reversal symmetry. The time reversal sym-
metry is included in O as the disconnected component,
which is denoted by Z7.

After replacing Gy, by Gyo, we can obtain local bosonic
models that realize more general SPT states, as well as
the bosonic SIT orders®C:

ZMIY = Y e e wen@®) (1)
gECO (MIt1:GLo)
where (a®0);; = giAi?jOgj_l and AX € Go.

Also wgy1(a®v©) is the pullback of @y, q(a®°) €
ZTBGho; (R/Z)7).

We like to stress that the A?]-O is not the most gen-

eral connection of a Gpo bundle on M. We may
bO = Gvo to Ag € Oy via the natural pro-

project A;
The resulting AZ-Oj describes a Oy

jection Gpo — Ouo.
bundle on M9+, and such a O, bundle must be the
tangent bundle of M*! (extended by a trivial bundle).

The different exactly soluble models are labeled by
the elements in H![BGyo;(R/Z)r], where Gyo has
a non-trivial action on the value R/Z, to ensure the
time-reversal symmetry of the Lagrangian®®. However,
since the O, part of Agjo is only the connection of

tangent bundle of M9%t+1, different cohomology classes
may give rise to the same volume-independent partition
function®®*" (i.e. topological invariant) for those limited
choices of Ai?jo . As a result, different cohomology classes
in H[BGyo; R/Z] may give rise to the same G},-SPT
order. Thus, H¥*'[BGyo;R/Z] provides a many-to-one
label of bosonic SPT orders in any dimensions and for

any on-site symmetries3°.

As pointed out in Ref. 30, adding O, has the same ef-
fect as decorating symmetry membrane-defects with E3
quantum Hall states??3®. In other words, our models not
only contain the fluctuating field g;, they also contain
the fluctuations of membrane object formed by E3 quan-
tum Hall states. The Eg quantum Hall state is described
by the following 8-layer K-matrix wave function*® in 2D
space (with coordinate z = x + iy)

W) = TG = I G- gyore =5

i<g,I i,5,1<J



; (18)
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It has gapless chiral edge excitation with chiral central
charge ¢ = 8. The E3 membrane is formed by stacking
three Fg quantum Hall state together.

Another important question to ask is that whether all
the Gp-SPT states can be obtained this way. It is known
that Gypo cocycle models (or H4*(BGyo;R/Z)) do not
produce all the H-type*® bosonic invertible topological
orders in 2+1D. But H4"Y(BGyo;R/Z) may classify all
the L-type*S SPT phases with G}, symmetry in a many-
to-one way.

Similarly, if we do not have time reversal symmetry,
more general bosonic SPT states can be constructed by
choosing the dynamical variables on each vertex to be
gi € Gpso = Gp N SO - In this case, the effective vari-
able in the link will be a®*s© € Gy50. The corresponding
local bosonic models that can produce more general G-
SPT phases for bosons are given by

Z(Md+1) — Z

geCO(MItL;Grs0)

12 Iy wara (@59) (1)

where wgy1(a®s0) is the pullback of @y, (a®so) €
H*(BGyso; R/Z). The cohomology classes in
HY(BGyso;R/Z) give rise to a many-to-one classifi-
cation of bosonic SPT orders which contain decoration
of bosonic invertible topological orders, such as the E3
states.

V. BOSONIZATION OF FERMIONS IN ANY
DIMENSIONS WITH ANY SYMMETRY
Gr=ZING,

In this section, we will construct exactly soluble models
to realize fermionic SPT phases. We will use high dimen-
sional bosonization3>*? and use the approach in the last
section to construct exactly soluble path integrals. Our
discussion in this section is similar to that in Ref. 34,
but with a generalization at one point, so that the for-
malism can be applied to study fermionic SPT phases
with generic fermionic symmetry G = Zg X Gy, beyond
Gf = Zg X Gb.

A. 341D cochain models for fermion

Let us first construct a cochain model that describes
fermion system in 3+1D. A world line of the fermions is
dual to a Zs-valued 3-cocycle f3. So we will use f3 as the
field to describe the dynamics of the fermions.

There are several ways to make f3 describe fermionic
particles. The first way only works when f3 is
a coboundary. In this case, we can do a 3+1D

statistics transmutation®>?2, i.e. by adding a term

i b2 +b—db . . .
emf"”4 Ty , db = fs in the action amplitude. So

our model has the form

ZMY= Y o127 Saqs £(f) 45 (% +b db)
f3€B3(M*4;Z5)

_ Z el2m [ ﬁ(fa)-‘r%&u%’ (20)
f3€B3(M*Z5)

where the path integral is a summation of the cobound-
aries f3 € B3(M*;Z3). Here L(f3) is a R/Z-valued 4-
cochain that depends on the field f3, which can be viewed
as the Lagrangian density of our model. Different choices
of L(f3) will give rise to different models. In the above,
Sg® defined in (A24) is a square operation acting on
cochains . It coincides with the Steenrod square when
acting on cohomology classes
Sg*x = Sq*z, if de =0. (21)
The term %SQQb is included to make f3 to describe
fermions. Here b is a 2-cochain that is a function of f3
as determined by db = f3. However, there are many
different b’s that satisfy db = f35. We hope those different
b all give rise to the same action amplitude*. To see this,
let us change b by a 2-cocycle by € Z2(M*;Z5). We find
that (using (A28))

d

So?(b+ bo) — S62b = Sq?by = (wo + Wby,  (22)

where we have used Sq2by = (wo+w?)bg on M* (see Ap-
pendix I). We see that different solutions of b will all give
rise to the same action amplitude, provided that M* is a
Pin~ manifold satisfying wo +w? ) (see Appendix K).
Without time reversal symmetry, the space-time must
orientable w; = 0. So the first way also requires the
space-time to be spin manifold wq .

In the second way to make f3 to describe fermion world
lines, we do not require f3 to be a coboundary, but we
require the pair (M?, f3) can be extended to one higher
dimensions. In other words, there is a 5-dimensional com-
plex A5 and a cocycle f; on A, such that M* is the
boundary of A®: M* = ON?®, and f3 = f3 when re-
stricted on the boundary M?*. In fact, we have a stronger
requirement on M?*:

For all Zy-valued 3-cocycles f; on M*, the pair
(M*, f3) can be extended to a pair (NV?, f3) in

one higher dimension.

We note that (see (A26))34.

dSg?b = Sg*db = Sq? fs. (23)



So (20) can be rewritten as

Z(M*) = Z 127 faa LU Fim s Sa® s (94)
f3€23(M*Z5)

The above expression directly depends on f5. We do not
need to solve b to define the action amplitude. This is
the better way to write 3+1D statistics transmutation.

However, in order for (26) to define a path integral
in 3+1D, the action amplitude e!2" Jaaa valFa)+im [ies §q2f3
must not depend®* on how we extend f3 on M* to f3 on
N5, This requires that

/“sfﬁéo (25)
N5

for any fs € Z3(N;Z5) and for any closed N®. We note
that on N, Sq®fs = (w? + w3)fs (see Appendix I). So
the condition (25) cannot be satisfied.

To fix this problem, we rewrite the above partition
function as

Z(M*, A%E)

_ Z ei?w.fM4ﬁ(f3)+Azgfs+irrfN5 Sq” fa+(wa+w7) fa

f3€Z3(M*%Z2)
dAZS 2, 4 w3 on M*, (26)

and restrict M* to be Pin~ manifold where w? +wy = 0
(see Appendix K). When N® is also a Pin~ manifold,
then eqn. (26) reduces to eqn. (24). In general,

l&ﬁfﬁ#ﬂw+wﬂéo (27)

for any f3 € Z3(N®;Z5) and for any closed N3, So
indeed, the action amplitude in eqn. (26) does not depend
on how we extend f3 on M* to f3 on N,

We note that corrected partition depends on the Pin™
structure described by AZ% that satisfy 447 2 wo + W3
on M*. So the fermionic path integral can be defined on
Pin~ manifold®* M*, that is a boundary of 5-dimensional
complex N® (which may not be Pin~), and for f3’s that
can be extended to N,

When L(f3) respect the time reversal symmetry, we
may ask if the fermion is a time-reversal singlet or a
Kramers doublet? The fact that the path integral can
be defined on Pin™ manifold implies that the fermions
are time-reversal singlet!842,

We also like to remark that the two path integrals (20)
and (26) are not exactly the same. In (20) the summation
is over the coboundaries f3 € B3(M?*;Z,), while in (26)
the summation is over the cocycles f3 € Z3(M*;7Z,),
which is what we really want for a fermion path integral.

B. Bosonization of fermion models in any
dimensions

The above bosonization of fermion models also works
in other dimensions. In d + 1D space-time, the fermion

world line is described by d-cocycles fy € Z4(MIHL Z,),
after the Poincaré duality. The bosonized fermion model
is given by

ZM A%y = Y 0127 fyqar L(fasea) 4 faA”S
Fa€Z4H(MIH1,Z5)

el™ Srrdre qufd-i-fd(W2+W?)7
dAZE 2wy + (w1)? +ep on ML (28)

Here we have generalized the discussion in Ref. 34 by
including an extra term es in dAZg < wo + (vvl)2 + es
where es is a fixed Zs-valued 2-cocycle background field
on M4t As we will see later that such a generaliza-
tion allow us to study fermionic SPT phases with generic
fermionic symmetry G = ZQf X Gy,

At the moment, we only mention that, in the pres-
ence of time reversal symmetry, when es = 0, the model
is well defined on space-time with a Pin™ structure,
i.e. Wi+wo 0 (see Appendix K), which means that the
fermions are time-reversal singlet42. When ey = w%, the
model is well defined on space-time with a Pin™ struc-
ture, i.e. wo B 0, which means that the fermions are
Kramers doublet*2.

We see that to make the fermion model well defined,
the path integral will depend on the twisted spin struc-
ture of the space-time M1, The above expression gen-
eralizes the one in Ref. 34 by including an extra term es
in dAZ} which defines a twisted spin structure. As we
will see later that such a generalization allows us to study
fermionic SPT phases with generic fermionic symmetry
Gy =ZI NG,

Let us end this section by describing in more detail
how do we compute the partition function eqn. (28). We
first start with a space-time M%!, with a Z, valued 1-
cochain, and a Zs-valued 2-cocycle ey that satisfy wo +
w? % ¢y, Then for energy Z,-valued d-cocycle fq, we can
find an N2 and Zy-valued d-cocycle f; on N2 such
that M*1 = N2 and f; = fq on M1, (We require
M1 to have this property.) We also choose wo +w? on
N2 such that dAZS 2 wy + (w1)2+es on ML, This
choice is always possible. This allows us to compute the
action amplitude and the partition function in eqn. (28),
which are independent of the choices of N4+2, as well as
f4 and wo+ (w1)? on N2, This corresponds to a higher
dimensional bosonization of a fermion system.

C. Bosonized fermion models with Gy = Z§ X\ G,
symmetry in (d + 1)-dimensions

In this section, we try to construct models that de-
scribe fermionic SPT orders in d+-1D with Gy symmetry.

The fermion symmetry group Gy = Zg X Gy is a central

extension of GGy by fermion-number-parity symmetry Z{ .
Such a central extension is characterized by a 2-cocycle



ea € H?*(BGy; Z5) (see Appendix N). So we write, more
precisely, G¢ = Zg Ney G-

To construct fermionic models to realize Gy symmetric
SPT phases, we can first break the boson symmetry G
completely. We then consider the domain fluctuations
of the symmetry breaking state to restore the symmetry.
Just like the bosonic model discussed in the Section IV,
such domain fluctuations are described by g; € Gy on
each vertex. The fermion world-lines are described by d-
cocycle fg as in the last subsection. After bosonization,
such a fermion system is described by

Z(MIT A% = Z 0127 [yt E(flvfd)*‘%fdf“zg
gECO(MITLGy)s fa€Z4(MITYZs)
ei'rr de+2 Sol2f~d+fd("‘724""’%)7 (29)

where N9*2 is an extension of M4+l M+ = gNd+2
and A7 is a twisted spin structure
f
dA%2 2wy + w2 + ea. (30)

Now let us try to couple the above model to the G-
symmetry twist described by Gj-valued 1-cocycle A%t €
ZY(M*,Gy), which satisfies the flat condition

(8AC) 1, = Afijij;jAkG; =1 (31)

In the presence of the background Gj-connection, the
fermion model becomes

f
Z(MIT AC AZE) = §7 o127 fawas £, S A 4 S0 4%2
gECO(MITLGY); fa €24 (MITLZ,)

eiﬂde+2 Sq2fd+fd(W2+Wf)7
dAZE 2wy + w2en(ACY). (32)

where e, is a Zy-valued cocycle ey € H?(BGYy, Z5). More
precisely the evaluation of e5 on a triangle (ijk) is a func-
tion of A% on link (ij) and (jk):
(e2)iji (AT, ASE). (33)
This is the meaning of es(A%"). The Lagrangian L is a
R/Z-valued (d + 1)-cochain in C4*1(MI+L R/Z).
Equation (32) is one of the main results of this paper.
It is a bosonization of fermions with an arbitrary finite
symmetry Gy = Z{ Re, Gp in any dimensions. In fact,
when wy + w? = 0, from d4% 2 ea(A%) we see that

the pair (A%, Ang) actually describes the Gy symmetry
twist A%7, which a flat G connection:

AGT pCs

Gy pGy _ 4Gy
Aij A A ij Ak

G
k= Aikf € Gy. (34)

. . G
To see the above result, we rewrite the above using A, jf ~

!
(A% AZ2) (see Appendix N)

ij 0ty

7} z5 75
(AGY, A ) = (AT A (AR AL (35)

i

f f
= (A AG AT + AT + e(AG, AT

ij
which reduces to
AP ASY = AGY, (36)

f f f
ADE 4 AT 1 e(AS ASH) 2 AT or dATE 2 (A%,

VI. EXACTLY SOLUBLE MODELS FOR
FERMIONIC SPT PHASES: FERMION
DECORATION

Now, we are going to choose the Lagrangian £ such
that the fermion model is exactly soluble. We first wrote

/) MWMN%=/ dL(g, fa ASY).  (37)
Md+1 Nd+2

The fermion model is exactly soluble when

—de(g fa, A%) = 1 (SQfat faea(A%)). (39)

In this case, the action amplitude is always 1. But such
an equation has no solutions if we view g, fg, and ey as
independent cochains, since in general %(Sq2 fa+ fae2) is
not a coboundary.

So to obtain an exactly soluble model, we further as-
sume fy to be functions of g, A:

fa=mna(g, A°). (39)

This process is called decorating symmetry point-defects
(described by (g, A%")) with fermion particles (described
by f4)'7, or simply fermion decoration. This is also called
trivializing the cocycle Sq* f4 4 faea (see Section VIIIC).
We require ng(g, A*) to be Gy-gauge invariant
G —1,4G
nd(givAijb) = na(gihi, h; lAijbhj)' (40)
We can use such a gauge transformation to set g; = 1:
nd(gi,AiGj") = nd(l,agb) where
Gy _ . 4Gy —1

a;;’ =g} g; - (41)
Thus ng is a cocycle ng € Zd(BGb, Z5). Similarly, we can
choose L(g, f4, AS") to be

Lo, S, A®) = vass(@®) + S faa(a®, 4, (12)
where ¢ (a%, A%?) is given by

dé1(a®r, A%Y) £ [en(a®?) — en(ACY)]. (43)

Here we have assumed that ep(a®) — ea(A%?) is always

a coboundary.
The exact solubility condition becomes

—dvgs1(a®) = % (Sq2 [na(a®)] + nd(aG”)ez(aGb)> :
(44)



where vy, € C91(BGy; R/Z) is a cochain on BGy,. With
proper choices of ng(a®) and ey(a®*), Sq*[na(a®®)] +
e2(a%)ngy(a®") can be a coboundary and the above equa-
tion has solutions. The above is nothing but the twisted
cocycle condition for group super-cohomology first de-
rived by Gu and Wen in Ref. 17 (for the case es = 0 and
d=2,3).

This way we obtain an exactly soluble local fermionic
model

f
Z(MTT AGY A%2)
f
= Z ei27TfMd+1 var1(a®e) 41 fag1(a®p,A%0) 4L faA%2
gECO(MIHL,Gy); fa=na(aCb)

el [ydt2 Sq2f_d+fd(W2+W?),

dAZ: 2, +wi +ea(A), fa = fa on ML (45)

The path integral sums over the G®-valued 0-cochains g
and Zs-valued d-cocycles fq on M1 that satisfy fy =
ng(a®). On N2 f; is a Z,-valued d-cocycles that
satisfy fq = fq = nq(a®") on the boundary. In other
words, f; may not be equal to ng(a®) on N4+2 where
nq(a®) is not even defined. The fy = nq(a“*) condition
on the boundary can be imposed by an energy penalty
term in the Lagrangian. Thus ¢ and f; on ML are
the dynamical fields of the above local fermionic lattice
model (in the bosonized form).

The above model is well defined only if M+ and A%»
satisfy

wo + W% + e (AGb) R 0, (46)

so that the twisted spin structure A% can be defined.
This implies that the fermion in our model is described
by a representation of Gy = Zy ., Gy, where Gy is a
Zg extension of G} as determined by the 2-cocycle es €
H?(BGy; Zs) (see Ref. 41).

Equation (45) is the first main result of this paper:

Equation (45) describes a local fermionic system
(in a bosonized form) where the full fermion sym-
metry is Gy = Zg Aey Gp. Such a fermionic model
realizes a fermionic SPT state obtained by fermion
decoration construction.

The above generalizes the previous results of Ref. 17 and
34 from Gy = Z§ x Gy to Gy = Z§ ne, Gh.
The partition function (45) can be evaluated exactly
Z(MIT AT A7)
_ ‘Gb|Nv el2m Sppds1 Vd+1(AGb)+%fdAZ£

eiﬂ' Snave qufhaz-ﬁ-fd(Wz-‘rW%)7

dAZE 2wy 4 w2 + e(AC), fao 2 fy on ML (47)
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The volume independent*®47 part of the above partition
function is the SPT invariant

f
ZtOp(MdJrl,AGb,AZ?)
f
— 0127 [pqatt Va1 (A%0)+Eng(A%) A2 (48)
ei™ Saare Sq2fd+fd(w2+Wf),

dAZE 2wy + w2 + e(A%Y), fu 2 ng(A%) on MHL,

Eqn. (48) is another key result of this paper. In this
paper, we will assume that the SPT invariant eqn. (48)
can resolve all different fermionic SPT phases. In other
words, the two fermion SPT states belong to the same
phase iff they have the same SPT invariant.

To show the above result let us consider the action
amplitude

!
el S(MITa%b A% A%2)

. f
_ e12'rr fM'i+1 ud+1(aGb)—&-%nd(aGb)fl(aGb,AGb)—Q—%nd(aGb)AZz

i [yat2 Sq2fd+fd(w2+wf)’ (49)
dAZE 2wy w3+ e(A9), fa 2 ng(a®) on M,

where a® is given in eqn. (5). We like to show that the
action ampltude is indepent of g;.
We note that

QIS(MIFT St A AZ3) iS(MITH A% A% A7E)

. f
— e127r Spqds1 ud+1(acb)+%nd(acb)fl(acb,AGb)—&-%nd(aGb)A%

. f
e~ 127 Srpds1 Va1 (A0)+dng(A%)A%2

i [yat2 Sq2.fd+fd(wz+wf)’ (50)

where N4t2 = [ x M?*!, Since ag is given by eqn. (5),
we can have Gp-valued 1-cochain ¢ on N2 such that
a% become a®® and A" on the two boundaries of N4+2.
Now we can choose fq = ng(@®*) on N92 so that it
becomes ng4(A%*) and n4(a®*) on the two boundaries.
Using the relation

_ 1 - 1
d [Vdﬂ(aGb) + §”d(aGb)€1(aGb7 A% + §”d(aa‘7)z‘1zg

‘%[Sq%d(a@’) +na (@ )ex(a”)]
+ %”d(dab)[ez(d&) — e(A")]

1
+ §nd(dG”)[W2 + w2 + e (ACY))].
1
1

= —5186* fa+ falwz +w)), (51)

from eqn. (50), we see that

g s
i a+1 Gy ACGb AZ i d+1 4Gy ACGh AZ
el SMIT1a% A% A%2) _ iS(MIFT A, A% A%2) (52)



The exactly soluble model (45) systematically real-
izes a large class of fermionic SPT phases with any on-
site symmetry Gy and in any dimensions. This class of
fermionic SPT phases is described by the data (now writ-
ten more precisely in terms of cochains on BGp)

es(agy,asy) € Z*(BGy; 7,),
Ra(agy - Gty 4) € Z4(BGy; Za), (53)
Par1(agy, - ,ag", ) € CdH(BGb R/Z),
— gy (@) = - [Sq%d(@ab) + g (@ )ea (a%)).

Here a“* is the canonical 1-conchain on BG}, (for details,
see Ref. 41 and Appendix L). Also ex(a®?), ng(a®?) and
vg+1(a®?) in (45) are pullbacks of &3, fig and 74,1 in (53)
by the homomorphism ¢ : M1 — BG),:
€9 Z ¢*ég, Ng = ¢*ﬁd, Vd+1 = ¢*Dd+1. (54)
We see that, for a fixed fermion symmetry G, the con-
structed SPT states are labeled by [ng(a®"), 7g11(a%"))
(where &5 is fixed), that satisfying the conditions (53).
However, different pairs [ng(a®"), 74, 1(a%")] can some
times label the same fermionic SPT states. Those pairs
that label the same SPT state are called equivalent. The
equivalence relations are partially generated by the fol-
lowing two kinds of transformations:

1. a transformation generated by a d-cochain 7; €
CHBGy;R/Z):

nq(a") — nq(a),
) = Dy (a”

Day1(a v) 4 dija(@®). (55)

2. a transformation generated by a (d — 1)-cochain
Ug—1 € Cd_l(BGb;ZQ)

7q(a%") — ng(a®) + dag_,(ac),

1
Day1(a%r) — Dgp1(a) + §Sq2ad_1(acb) (56)
1 1
+ §ad_1(aGb) = fg(ac) + §ad_1(aGb)ég(&Gb).

More detailed discussions are given in the next Section
VIL

VII. A DESCRIPTION BASED ON HIGHER
GROUPS

The data (53) that characterizes the exactly soluble
model (45) has a higher group description. The higher
group description is more compact, and allows us to see
the equivalence relation between the data more clearly.
For an introduction on higher groups, see Ref. 41 and
Appendix L.
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A. The higher group data for fermionic SPT
models

The exactly soluble model (45) and the related
fermionic SPT state is characterized by the following
data:

1. A particular higher group Bf(Zs,2; Zs,d), deter-
mined by its Zs- valued canonlcal cochains €y and
fa, satisfying dé; = 0 and dfy = 0 (see Ref. 41 and
Appendix L).

2. A particular R/Z-valued (d + 2)-cocycle

- ! = 1z
War2(fa,€2) = §Sq2fd + 5fd€2 (57)

on the higher group Bf(Z2,2; Zs, d).

3. Different trivialization homomorphisms ¢ : BG, —
Bf(Z2,2; Z,d), so that ¢*wgye is a R/Z-valued
(d + 2)-coboundary on BG,. (We like to remark
that different choices of ¢ lead to different choices
ng € Z4BGy;Z3) in (53). If for some choices of
¢, the last equation in (53) has no solution for the
corresponding ng, then ¢ is not a trivialization ho-
momorphisms.)

4. Different choices of the trivialization 74,(a%")
that satisfy —dg1(a®") = ¢*@ata(fa, €2).
To roughly understand the above result, we loosely
rewrite eqn. (45) as
Z(MdJrl,AGb,AZg)
— Z o127 [jqa+1 var1(ah) 4

gECO(MIHL,Gy); fa=na(a®b)

dAZg Z wy + W% + eg(AGb), fa

im [yrare Sq? fa+Ffaez
)

= fi on ML (58)

The first two pieces of data determine the term on
N@+2, oim a2 Sa*fatfaez which is always fixed. In fact,
%Squd—i—%fdeg can be viewed as the pullback of s 2 by a
simplicial homomorphism ¢y : N2 — B (Z2,2; Zs,d):
1., 1 .
§Sq Ja+ §fd€2 = ¢nWat2(fa, €2). (59)
The next two pieces of data determine the term
on M+l ei2m [yar1vari(@®)  Firgt, ng(a®*) and
e2(a®) in (53) are the pullback of f; and é on
B(Z2,2; Zs,d) by the trivialization homomorphism ¢ :
BGy, — By(Z,2; Z2,d) and by ¢pr : ML — BG,,.
Thus if we only consider the pull back ¢:

SSEnaa) + Jnaa®)en(a)

1 - 1 -
= <P*(§Sq2fd + ifdé2)7 (60)



we also require w*(%Squd + % f4€2) to be a coboundary
on BGYy, i.e. there is a cochain 74,1(a%*) on BG), such
that

1y o 1 o
—dDdH(dGb) = §Sq2nd(aGb) + §nd(aGb)eg(aGb). (61)

We see that the above higher group description re-
covers eqn. (53). Therefore, the exactly soluble mod-
els (45) and the corresponding fermionic SPT states are
characterized by a pair (p, 7441), a trivialization homo-
morphism and a trivialization. The different trivializa-
tion homomorphisms ¢ correspond to different choices of
nq(a®) and & (a%). The different trivializations 74
differ by d + 1-cocycles on BGy,.

B. SPT invariant from the higher group
description

The higher group description (g, 7441) also determines
the SPT invariant of the corresponding fermionic SPT
state with a bosonic symmetry Gy. In the following, we
will discuss this SPT invariant in more detail. Given
(¢, P4+1), we have a Zy-valued 2-cocycle &;(A%*) and
a Zy-valued d-cocycle fig(A%") on BGy, as the pull
back by ¢ from the canonical cocycles é and f; on
Bf(Z2,2; Z,d). The fermionic SPT invariant is obtained
for a closed complex M?*! which has a property that,
for any Zs-valued d-cocycle fq on M4+1, there exists a
complex N1 with a Zy-valued d-cocycle fq on it such
that Nt = M? and f; = f; on the boundary M?.
To obtain the SPT invariant, we also need to choose a
homomorphism ¢ : M1 — BG, and a Zy-valued 2-
cochain AZ% on M¢, such that the following condition is
satisfied

dAZi 2 Wo + W 4 ¢y (AY).
For such choices of M94t1 ¢, AZg7 the fermionic SPT in-
variant is given by
t d
Z@?gd+1 (M +17 d)a AZ2)
— oi27 [pat1 ¢*l7d+1(AGb)-i-%[<f>*ﬁd(1‘icb)]z4zg
eiﬂ'deJr’z Sq2fd+f~d(W2+W§),
— o127 [patr ¢*9d+1(AGb)+%(¢*s&*fd)Azg
i [yat2 S(?lzfuﬂrfal(WQJer)7
fd = (JS*T_Ld(AGb) on ML = gNI+2, (63)

We like to remark that the above discussions are valid
regardless if we have time reversal symmetry or not.
Without time reversal symmetry, M1 must be ori-
entable, and w; = 0. With time reversal symmetry,
ML can be non-orientable. Also w; is contained in
AG_since G} contain the group Z1 of time reversal sym-
metry.
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C. Egquivalent relations between the labels (¢, 7441)

It is possible that the SPT states labeled by
different pairs (p,7qy1) and (¢',7;,,), d.e. by
different  triples  [62(a®?), f4(@%"), Ugr1(a®?)]  and
[y (ar), fi(a%r), v, (a®?)], are the same SPT states
since the two triples may give rise to the same SPT
invariant (see eqn. (48) and eqn. (63)). In this case, we
say that the two pairs are equivalent. [Note that the
homomorphisim ¢ : BG, — B(Zs,2; Z3,d) determines
e2(a%) and fy(a®®) on BGy.]

What are the equivalent relations for the pairs
(¢, 74+1)? In the following, we are going to propose that
(¢, Va41) and (@', 7y, ;) are equivalent if they can be ho-
motopically connected. However, it is possible that such
an equivalent relation is not large enough. It may be pos-
sible that (o, 7q41) and (¢, 7, ;) can described the same
fermionic SPT state even if they are not homotopically
connected.

Mathematically, (¢, 7441) and (¢, 7, ;) are homotopi-
cally connected if

1. There exists a homomorphism ® : I x BG, —
Bf(Z>,2; Z,d) such that on the two boundaries,
® reduces to ¢ and ¢’.

2. There exists a R/Z-valued d + 1-cochain fizy; on
I x BGy such that —dfig4+1 = P g0 and figy1
reduces to 7441 and 7 41 0n the two boundaries.

In the following, we like to show that homotopically con-

nected (¢, 7q41) and (¢, 7 ;) give rise to the same SPT

invariant (63), and hence the same fermionic SPT order.
We note that

Z:’?ngrl (Md+1’ ¢7 AZZ)

Zto’p" (Md+1a ¢a AZ2)

P Va4

— oi27 [jat1 @ Day1(AC)+1 (o™ " fa) A%2
) . - s 2t
e~ 127 [pat1 ¢ g1 (AC)+3(67¢" fa) A%2

oI [yvar2 Sa® fat fa(wat+wi) | (64)

where N9t2 = [ x M. The homomorphism ¢ :
ML — BG, induce a natural homomorphism é :
N2 T x BGy. We choose fq on N2 to be
fi = ¢*®* f;. We note that f; becomes ¢*¢*fy and
#*(¢')* fa on the two boundaries of N2, We also have
a R/Z-valued d + 1-cochain on N2 pigi 1 = ¢*figes.
We note that g1 becomes ¢*vgy1 and ¢*y | on the
two boundaries of N2, Therefore
Ztop

©sVd+1 (Md+1a ¢7 AZQ)
ZtOP (Md+17 ¢7 AZQ)
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PVar

. Tk = 3 £ . z H
— 61277de+2 d[¢ ,ud+1+%fdf422] o™ [yat2 Sa? fa+ fa(wa+w?)

— ol27 [yar2 do* figr1+ 35 (Sq® fat fad™ @ &) _ 1. (65)



Before ending this section, we like to introduce a larger
equivalence relation. (¢,7411) and (¢', 7)) are cobor-
dant if

1. There exist a complex C, such that 9C, =
Bf(Z3,2; Zy,d)U—B§(Z2,2; Zs,d) and a homomor-
phism @ : C, — Bf(Z2,2; Z3,d) such that on the
two boundaries, ® reduces to ¢ and ¢'.

2. There exists a R/Z-valued d+ 1-cochain fig4+1 on Cp

such that —dfigs1 = P*wgyyo and figy1 reduces to
Vg1 and 7, on the two boundaries.

It is very tempting to regard two cobordant labels as
equivalent. However, so far we cannot show that two
cobordant labels give rise to the same SPT invariant.

D. Stacking and Abelian group structure of
fermionic SPT phases

We have seen that the higher dimensional bosonization
is closely related to a higher group By(Zs,2; Z2,d), and a
particular choice of a R/Z-valued cocycle %Sq2 fa+ % faéo
on the higher group. Such a choice of cocycle has an
important additive property

1 - 1,2 4
5Sq2(fd + fa) + SUfat foes
1a (1 R 1z 1 £ 1 £l =
= (Qqufd + ifdez) + (§Sq2fd + §fde2)' (66)

This additive property insures that the fermionic SPT
phases can also be added so that the collection of
fermionic SPT phases actually form an Abelian group.
The addition of two SPT states physically corresponds to
stacking two SPT states one on top another, which im-
plies that the SPT phases should always have an Abelian
group structure.

For two SPT phases described by (74(a%?), 7411(a%?))
and (7i;(a%), 7,1 (a%")) (with the same &(a®?)), they
add following a twisted addition rule

(s Vay1) + (g, U, 1)

o _ 1_ _
=(Ra + g, Vas1 + Vg1 + 504 — ). (67)

VIII. A MORE GENERAL CONSTRUCTION

FOR FERMIONIC SPT STATES
A. With time reversal symmetry

The action amplitude

!
0127 [qar1 £(9,fa, A0)+5 faA®2 Gim [\cave SQ* fatfa(watw])
(68)

in (32) contains bosonic field g and fermionic field fqg.
The bosonic field couples to a Gjp-connection A% and
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the fermionic field couples to a spin connection A7} (for
the twisted spin structure). More generally, the action
amplitude has the following gauge invariance

wo + W2 = Wy + wi + dug, A% —>AZ£+u1, (69)
where u; is a Zo valued 1l-cochain. Such a gauge in-
variance ensure the proper coupling between the fermion
current and the spin connection.

To construct more general fermionic SPT states and
to include time reversal symmetry, like what we did in
Section IV D, we generalize g and f; and allow them to
couple to A®* and A7} as well as the space-time connec-
tion A9 fE O~. We can package the three connections
A ATz
where

and A into a single connection Ag-f ?eGyo

Gro = G3 N O (70)
Here full fermion symmetry group is given by
Gy=GynZ23. (71)

i.e. G(} is the fermion symmetry with time reversal re-
moved.

So a more general action amplitude can have the fol-
lowing form

0127 [aat1 £(9.f,A%10) Jim [\rata Sq® fat+fa(wa+wi) (72)

where we may choose the field g to have its value in
Gyro. Now g; transforms non-trivially under space-time
transformation. More precisely, under space time trans-
formation Og41, g; transforms as

gi — gih, h e Gfo. (73)

where h has a property that under the natural projection
Gro = Gro/GY = O, (74)

h becomes h® = 7(h) € O, such that h° is in the Ogyq
subgroup of Oy,. The symmetry twist is now described

by Agfo € Gfo on each link (ij), such that, under the
e}
i) € Oar C
O and Aioj is the connection that describe the tangent

bundle of the space-time M+1.
The above action amplitude should be invariant under
the following gauge transformation

projection T, Agfo become Aioj =7(A

Wo + W% — Wo + W% + dul, Agfo — Agfo(f)(ul)ij

(75)
It also has the following gauge invariance

Ag-fo — h;lAg-‘thj, gish; € Gfo.
(76)

gi = gihi,



This leads to a more general bosonized fermion theory
Z(MH A%s0) (77)
_ Z o127 [qar1 £(9,fa, ACTO) (im [\rare Sa* fatfa(watw])
GECO (MG 10 fa € Z4(METLZ5)
This allows us to introduce effective dynamical variables
on the links given by

Gro __ Gro —1
Q;; —giAij g5 >

g; € Gfo. (78)

Using the effective dynamical variables we can con-
struct a local fermionic exactly soluble models (in the
bosonized form) that describes the fermion decoration

Z(M1, AGr0) (79)
- Z o127 [iqa+ vay1(a®r0) ol [yat2 Sa° fatfa(watw?)
gECO (MG o) fa=na(a®IO)
where M9t is the boundary of N4+2, f; on N'4t2 satisfy
dfy =0, and f; on N2 is an extension of f; on M1,

The above model can realize more general fermionic SPT
states, which are constructed using the following data:

ﬁd(@cfo) € Zd(BGf0;ZQ);
Dar1(a®10) € O (BG 03 R/Z);

—dg4q1(a®10) = %
+ %ﬁd(&cf‘j)[‘%(do) +wi(@)] (80)

Sq*fig(aco)

9= F(dg-fo) € O (see eqn. (74)), and ng, Vi1

in (79) are the pullbacks of 7ig, 7g+1. Here we like to
stress that the time reversal transformation has a non-
trivial action on the value of Dy11: Ugy1 — —Ugq1. Thus
d is defined with this action and should be more precisely
written as dy, (see Appendix A).

Eqn. (79) is exactly soluble since its action amplitude
is independent of dynamic field g;:

where a

61277 S a1 vatr1(a®F0) eiﬂ' Sndre Sa? fatfa(watw?)
— o127 [atr Va1 (A9F0) el [yatz Sq® fa+fa(wa+w?) (81)
(Note that a“7© and A%s© only differ by a gauge trans-

formation.) Thus, the partition function can be calcu-
lated exactly (see Sec. VIIIC 2)

Z(Md+1 AGr0)
= |G yo| N ei2 Smas va+1(A9F0) i [yrare Sa® fatfa(wa+wi)
fa=mn4(A%°) on M*T = NI+2, (82)
This leads to the SPT invariant
Zt0P (M1, ACG0)
— o127 [ygat1 vas1 (ATTO) im [\ asa S fart fa(watw?i)
fa=na(A%°) on M = Nd+2, (83)

Eqns. (79) and (83) are the second main result of this
paper:
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For fermion systems with full fermion symmetry
Gy = Z{ X Gp where GG, contains time rever-
sal symmetry, the fermions transform as represen-
tations of Gro,,, = G?p XN Ogy1 (for imaginary
time), under combined space-time rotation and in-
ternal symmetry transformation. Using the data
[Ra(a®70), Dgy1(a%0)] in eqn. (80), we can con-
struct an exactly soluble fermionic model (79) (in
a bosonized form), which realizes a fermionic SPT
state characterize by the SPT invariant (83).

Here we would like to stress that

to describe the symmetry of a fermion system, it
is not only important to specify the full fermion
symmetry group G, it is also important to specify
the group Gyo,,, = G X Og41 for the combined
space-time rotation and internal symmetry trans-
formation.

Our model for fermionic SPT state uses the information
on how fermions transform under the combined space-
time rotation and internal symmetry transformation.

B. Without time reversal symmetry

If there is no time reversal symmetry, we can choose
the dynamical variable on each vertex to be g; € Gyso =
G ¢ N SOs. Under space time transformation SOg41, g;
transforms as

gi — gih, h € Gyso. (84)

h also satisfy that under the natural projection m :
GfSO — Gfso/Gf = S04, h become K0 = 7T(h) S
S504+1 C SOx.

The symmetry twist now is described by Ag-f %0 €

Gyso on each link (ij), such that A7° = W(Agfso) €
S0g441 C SO and Afjo is the connection that describe
the tangent bundle of the space-time M%+1. The effective
dynamical variables on the links are given by

G0 = g AT g (85)

a'ZJ ) J

Using the effective dynamical variables we can con-
struct a local fermionic exactly soluble models (in the
bosonized form)

Z(./\/ldH, AGrs0) (86)

=2

gECO(MI+L,G50)s fa=na(a“F50)

. G .
el2m S vara(a fso)elﬂchHz qufd,Jrdez'

where M9t1 is orientable and is the regular boundary
of orientable N4t2 and wo is the second Stiefel-Whitney
class on N4*2. The above models are constructed using
the following data:

ﬁd(deso) S Zd(BGfso; 22)7



l7d+1(deo) S Cd+1(BGfso; [R/Z);
1 Lo
—dvg4 (a750) = §Sq2nd(acfso)

1
+§ﬁd(&GfS°)vv2(&SO), (87)

where @ € SO is obtained from agf %9 by the natural

projection Gyso — SOs. Again ng and vgq41 in (86) are
the pullbacks of 4y and 74y1. The SPT invariant for the
constructed model (86) is

pr(./\/ld—H, AGfSO)

_ eiQTr fMd+1 Vd+1(AGfSO) eiwad+2 Sq? fa+fawa
fa =na(A95°) on M = N2, (88)

Eqns. (86) and (88) are the third main result of this
paper:

For fermion systems with full fermion symmetry
Gy = Zg X Gp where GGy contains no time re-
versal symmetry, the fermions transform as rep-
resentations of Grso,,, = Gy N SOq1 (for imag-
inary time), under combined space-time rotation
and internal symmetry transformation. Using the
data [ng(a%rs0),04,1(a%7s0)] in (87)), we can
construct an exactly soluble fermionic model (86)
(in a bosonized form). Such a fermionic model re-
alizes a fermionic SPT state characerized by the
SPT invariant (88).

C. A description based on higher groups

Again, the data (87) that characterizes the exactly sol-
uble model (86) has a higher group description. The ba-
sic idea is the same as that introduced in Section VII,
however, in this section we will elaborate in more detail.

1. Without time reversal symmetry

The exactly soluble model (86) and the related
fermionic SPT state is characterized by the following
data:

1. A particular higher group B;(SOx, 1; Z2, d), deter-

mined by its Zs-valued canonical cochain d fd =)
(see Ref. 41 and Appendix L).

2. A particular R/Z-valued (d 4 2)-cocycle
- v lgos 1z g0
Wd+t2 = 55(1 fa+ ide2(a ) (89)

on the higher group B;(SOx, 1; Z2, d).

3. Different trivialization homomorphisms ¢ :
BGfSO — Bf(SOOO, 1; Zg7d), where GfSO = Gf N
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SOs, so that ¢*@gy2 is a R/Z-valued (d + 2)-
coboundary on BGygo. (We like to remark that
different choices of ¢ lead to different choices ng €
Z4BGts0;Z2) in (87). If for some choices of ¢,
the last equation in (87) has no solution for the
corresponding n4, then ¢ is not a trivialization ho-
momorphisms.)

4. Different choices of the trivialization 74, 1(a%/5°)
that satisfy —dgy(a®7s0) = ©*@aya(fa,a’®).

To understand the above result, we note that the
first two pieces of data determine the term on N4t2:
eim [ya+z Sa®fatfawe  which is always fixed. In fact,
%Sq2 fa + % faws can be viewed as the pullback of
@gqir2 by a simplicial homomorphism ¢y : N2 —
B(SO0s0,1; Zs, d):

%SQZfd + %deQ(@SO) = ¢n@ara(fa,a%?). (90)

Here a°© is the pullback of a°?: a%¢ = (b}‘\,éso. We re-
quire ¢ to be a homomorphism such that ¢°¢ = ngj‘Vc‘LS o
is the connection that describes the tangent bundle of
N2 In this case, Sq°fq + fawa(a®C) is a Zy-valued
coboundary on N4+2,

The next two pieces of data determine the term on
Mt oi27 [as Vd+1(acfso). First, nd(aG-fSO) and
wo(a®?) in (87) are the pullback of f; and Wwo(a%?) on
Bf(SOs,1; Z5,d) by the trivialization homomorphism
¢ : BGrso — By(SOx,1;Z5,d). (To be more pre-
cise, nq(a®s5°) and wq(a®?) in (87) are pullbacks of
ﬁd(@Gfso) and Wg(aso) by o : M+ BGfso.)
Thus

1 1
550 Aa(@50) + 5na(@0)wy(a77)
dess 1.
= [§Sq2fd + §de2(aSO)]~ (91)
We also require ¢*[3Sq°fy + & faw2(a®s0)] to be

a coboundary on BGygo. i.e. there is a cochain
U4.1(a%59) on BG ¢so such that

—dg41(a®50) = =Sqna(a®r50)

il R

+ g (a®750)wq(a%9)  (92)

[\

Therefore, the exactly soluble models (86) and the cor-
responding fermionic SPT states are characterized by a
pair (@, 74+1), a trivialization homomorphism and a triv-
ialization. The different trivialization homomorphisms ¢
correspond to different choices of ng(a®5°). The differ-
ent trivializations vg4 differ by d+1-cocycles on BGfso.

In fact, the exactly soluble models (86) can be written
explicitly using the higher group data:

Z(_/\/ld+1, AGfSO) _ Z eiQTr(fMd+1 PrPdr1+[dre ¢f\7@d+2)’
(34



N, M, M,

M, N, M,
(a) (b) (©)

FIG. 2. (Color online) Three space-time M1, Ma, and
M1 U —Ms, plus their extensions. Ni, N2, and N. The
ratio of the action amplitudes (which are pure Uy phases) for
space-time (a) and (b): Z(a)/Z(b) = Z(a)Z*(b) is given by
the action amplitude for space-time (c): Z(a)Z*(b) = Z(c).

— dPg41 = ©* Dat2, (93)

Here ¢y is a simplicial homomorphism ¢, : MATE —
BGso, such that ¢3,a%/50 is gauge equivalent to
AGiso:

grso

G _
10 = g A0 g (94)
Also, ¢x is a simplicial homomorphism ¢x : N2 —
B(Grso0,1; Z2,d), such that, when restrict to the bound-

ary of N2, g = poar.

2. An exact evaluation of the partition function

Let us examine the action
2™ [pat1 O H127 [yare Sn@av2 for  different ¢y
but a fixed . ¢n is chosen such that it is given
by ¢¢arr at the boundary ON9T2.  We know that
%Sq2fd + %fdvvg(aso) = ¢NwWat2 is a R/Z-valued
coboundary on N2, thus the value of e!™ Jxva+z On@it2
only depends on ¢n on the boundary N2 i.e. only
depends on @¢ys.  Therefore, the action amplitude
127 [pqat1 OrrPas1+i27 [pava Sn@at2 jg g function of ¢yy.

We call ¢pr, - M‘f“ — BGfso and ¢y, - M;‘“ —
BG¢so cobordant, if there exists a homomorphism ¢ :
N2 5 BGso such that N2 = MO LU mMITL
$N = ¢, on the boundary ./\/l‘lHl, and pn = ¢, on the
boundary M3+ (see Fig. 2(c)). We can show that two
cobordant ¢, and ¢, have the same action amplitude.
This is because the difference (the ratio) of the action
amplitudes is given by (see Fig. 2)

amplitude

eiQﬂ[fMiHl 1y ’7d+1*fMgl+1 hrry Va1 127 [\raye dNDat2

(95)

where ¢y = ppn. Because oy = ¢pr, Or pn = Ppr, OD
the two boundaries of A'%2, we have

i27 d+1 (b Vd+1 ' d+1 d) Vd+1
[f/vt M, .]M Mo ]
i27 d+1 PNVd+1 ' d+1 PNVd+1

—el27 Sz deNPata (96)
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Now the difference (the ratio) of the action amplitudes is
given by

el2m Sz dpNTar1+oNDate
:ei2ﬂ' Snvare dpNTat1+en e Date

—el2m Saratz eN(dZay1+o " 0ata) _ (97)

We like to remark that in the action amplitude
@127 [aqa+r ParPasr+i27 [yrat2 $3@atz the homomorphism
bar : ML BGfso usually cannot be extended to
a homomorphism ¢y : N2 — BG g0 (i.e. ¢pr is not
cobordant to a trivial homomorphism). As a result the
action amplitude is not equal to 1. If the homomorphism
o+ MUY — BGrgo can be extend to N2, the ac-
tion amplitude will be equal to one. If ¢pr, and @ar,
are cobordant, then ¢y;, and ¢p, on M; and My in
Fig. 2(c) can be extended to N. In this case, the action
amplitude for space-time Fig. 2(c) will be equal to one.

In our exactly soluble model (93), the homomorphism
éar is determined by a“7$© which in turn is given by the
dynamical fields g; on vertices and the background field
ACss0 in the links (see (85)). For a fixed A9rso the
different homomorphisms ¢,; are all cobordant to each
other, and the corresponding action amplitudes are all
equal to each other. Therefore, the partition function for
our model (93) can be calculated exactly

Z(/\/ld+1, AGfSO) _ Z eiQTr(fMd+1 PrParr+[yare ¢7\/@d+2)
9373
_ VN” ei27r fMd,+1 Vd+1(AGfSO)+i7rde+2 Sq? fa+fawe (98)

where V' is the volume of Gyso and N, the number of
vertices in M9t1. We see that the fermionic SPT state
realized by (93) [which is labeled by a pair (p, 7g41)] is
characterized by the SPT invariant

ZtOP(Md+1,AGfSO)

—el27 [at1 Va1 (ASTSO)fim [\ raya qufd+de2, (99)
where f; = ng(A%750) on N2 and
1
—dygy1 (ASH50) = §Sq2nd(AGfSO)

+ %nd(AGfSO)WQ(ASO). (100)

Here A7C = W(Agfso) € SO4 and A% must be the
connection for the tangent bundle on M9+,
Equation (99) can also be rewritten as
Ztop(Md+17AGfso)
—eli27 [yat1 PRy Par1+i27 [yrate ¢}F\r‘2}d+2’

Onlanare = PP, (101)

where the homomorphism ¢,; : M1 — BG fso is de-
termined by the background field A%ss0 via

AGsso — gr GGrso, (102)



Also ¢y is a homomorphism ¢y : N2
B¢(SO0w0,1;Z5,d), such that, on the boundary M4+t =
ON*+2 ¢y is given by @dar, where ¢ is a homomorphism
¢ : BGyso = Bf(SO0s,1;Z5,d).

3. Equivalent relations between the labels (¢, Day1)

It is possible that the SPT states labeled by
different pairs (p,7q1) and (¢',7;,,), i.e. by
different pairs [ng(AG7s0) gy (AGrs0))] and
[n),(A%rso) v (A9rsO)], are the same SPT states
since the two pair may give rise to the same SPT
invariant. In this case, we say that the two pairs are
equivalent.

What are the equivalent relations for the pairs
(¢, V1) or [ng(A9rs0) vy (A9rs0)]? Here is our pro-
posal: (¢,7qy1) and (@', 7)) are equivalent if

1. There exists a R/Z-valued d + 2-cocycle Qg2 on
I x B(SO0x,1; Z3,d) such that when restricted on
the two boundaries of I x B(S0x,1; Z2,d), Qa0
becomes @q42 in (117).

2. There exists a homomorphism ® : I xBGfso — I X
B§(SOx,1; Zs, d) such that on the two boundaries,
® reduces to ¢ and ¢’.

3. There exists a R/Z-valued d + 1-cochain fiz41 on
I x BGfSO such that —dfig4+1 = (I’*Qd_;,_z and figy1
reduces to Vg1 and 77} 41 on the two boundaries.

In the following, we like to show that equivalent
(@, P441) and (@', 7)) give rise to the same SPT in-
variant (99), and hence the same SPT order. We note
that

Z(;cjgd+1 (Md+1v ¢) AG]‘VSO)

top d+1 G
Zwl,g/ (M 7¢aA fSO)

d+1
. * = 1G * — 1G
— QIQWfMdJrld’ Va1 (ATFS0)—¢ V¢'1+1(A f50)

elim NI Sq2fd+fd(W2+Wf)' (103)
where N9t2 = [ x M1, The homomorphism ¢ :
ML BG, induce a natural homomorphism gZA) :
N2 - T x BGy. We choose fq on N2 to be
fa= qAS*CIY‘fd. We note that fy becomes ng = ¢*¢* fy
and n/, = ¢*(¢')*f4 on the two boundaries of N¢+2,
We also have a R/Z-valued d + 1l-cochain on N¢+2:
Hd+1 = é*/jd_i'_]_. We note that pg1 becomes ¢*Ugyq
and ¢*7,, on the two boundaries of N2, Therefore
(using eqn. (87))

Zttp(?ngrl (Md+1, ¢’ AGfSO)

Ztop , (M‘Hl, ¢7 AGfSO)

©' Vg

(104)

_ ei27r de+2 d((i;*ﬂd+1)eiﬂ'de+2 Sa® fa+ fa(wa+w?) =1,

which complete our proof (see (101)).
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The fermionic SPT states can also be labeled by
[g(@%750), Dgyq(aC750)] where ng(@®750) is a Zy-valued
d-cocycle and 74, 1(a%5°) is a R/Z-valued d + 1-cochain
on BGyso. They are functions of canomical cocycle
a%rs0 on BGso. In terms of [ng(a®rs0), vgq(ars0)],
the equivalence relations are partially generated by the
following two transformations (see (A29)):

1. Transformation generated by d-cochain

ﬁd(@GfSO) S Cd_l(BGfso; [R/Z)

na(@®750) —ng(a®sso)

7a41(@%759) =441 (a%750) + dig(@®ss°).  (105)

2. Transformation generated by d — 1-cochain a4 €
Cd_l(BGfso; Zg)

nq(a50) = na(@“5°) + dg_1(a%°) (106)

1
Par1(@®150) = g1 (a%50) + §ad—1(@Gfso)W2(@SO)

1 1
+ 5S4 (a%150) + g1 (a950) — na(a®r=e).

d—1

We can show the above two transformation generate
equivalent relations since they do not change the SPT
invariant (99).

In fact, we have a more general equivalent re-
lation in terms of [ng(a®759),vgy1(a%/50)] in (87).
Here ng(as0) = ¢4, ng(@%s0) and vgyqi(as0) =
¢ Par1(a%rs0) are a d-cocycle and a d + l-cochain
on space-time ML [ng(a%r50),v4,1(a%50)] and
[n}(a®50), 1/, 1 (a%759)] produce the same SPT invari-
ant if they satisfy (see (A29)):

1. Equivalence relation generated by d-cochain ng €

Cd_l(./\/ld'H; [R/Z)

nél(aGfso) ;nd(aGfso)

Vi1(a%159) Zvgi1(a%r50) + dng. (107)

2. Equivalence relation generated by d — 1-cochain
ug € Cdfl(MdJrl; Zg)

2

ny(a9r50) = ng(a®rs0) 4 dug_y (108)

1
Viar1(a©759) = v (a©750) + §“d—1WQ(&SO)

1 1
+ =8q%ug_1 + = dug_y — ng(as0).
2 2 d—1

Because u4—1 and 74 are cochains on M1 which do
not have to be the pullbacks of cochains ug_1(a%7s©)
and 74-1(a%s°) on BGjso. So the above equivalent
relation is more general.

We can show that above [n4(a%759), v4,1(a%59)] and
[n)(a%7s9), 0/ 1 (a%/s9)] produce the same action am-
plitude (thus the same SPT invariant). So the above
relations are indeed equivalent relations.



Md+]
N(/+2

FIG. 3. (Color online) The boundary of I x N'4*? is given
by N2 U T x M U N2 The boundary of T x Mt is
given by M+t ma+t,

We first introduce a Zs-valued cochain Q449 on I X

Nd+2

1 1
Qd+2 = §Sq2Fd + §Fdw2 (109)

where Fj is a Z-valued cocycle on I x N4+2 given by

Fi=fq+ dUz_1 (110)
and Ug_q is a Zs-valued cochain on I x N'%t2. We know
that the boundary of I x N9*2 has three pieces N92,
I x M1 and N9+2. U,_; is chosen such that it be-
comes 0 on one of the A2, and becomes ug_; on the
boundary of the second N'42: Ma+1 = GN+2. Using
(A26), we see that €445 is actually a cocycle on I x V412,
Therefore, we have (see Fig. 3)

. . 2
1 :6127Tflde+2 dQgy2 e”TfIxM‘HQ Sq Fd+FdW2X

e*iﬂdeH Sq® fa+ faws etim N SqQ‘fé+féW2’ (111)

where f; = f4 + dUz—; on N2, On the boundary
MY = gNH2 | 1 2 fu 4+ dUs—q becomes n/, = ng +
dug—1 (see (106)).

Next we

(A29)):

eiﬂflde+2 Sq?Fy+Fawa

calculate (using

elm Jrw pmd+2 807 (fa+ dUg—1)+(fa+dUa—1) w2

ei‘ﬂ' Jix pmdr2 Sq2fd+fdw2+d(SCIQUd—l+dUd—1d‘:1nd+Ud—1W2)

: 1 2 1 1
el2TF Jix amd+2 d(Vd+1+§5@ Us—1+35 dUd—ldt’lnd‘f‘fUd—lWQ)

— 27 [pqdt2 Va1 o= 127 [ g2 vag (112)
Combined with (111), we find
eiZTr fMd+2 I/d+1+i7rde+2 Sa® fa+ fawz
— ol27 [yate Vg HiT [yate SA i+ fawe (113)

The action amplitudes are indeed the same.

We like to remark that [n4(a®75°),v4,1(a%5°)] and
[n)(a%50), 1/, (a%759)] not related by the above two
types of transformations may still describe the same
SPT phase. To really show [ng(a®759), 14,1 (a%750)] and
[n)(a®50), 1/, 1 (a%759)] describe different SPT phases,
we need to show they produce different SPT invariants.
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4. Stacking and Abelian group structure of fermionic SPT
phases

We have seen that the higher dimensional bosonization
is closely related to a higher group B¢(SO,1; Z2,d),
and a particular choice of a R/Z-valued cocycle %Sq2 fa+
% faws on the higher group. Such a choice of cocycle has
an important additive property

SSEa+ Ji) + 3 Ua+ Foyws

S (S8 fut g faw) + (ST + 3w, (114)
which insures that the fermionic SPT phases form an
Abelian group, as required physically by the stacking op-
eration of SPT states.

For two SPT phases described by (7ig,7g+1) and
(N, Vg, 1), they add following a twisted addition rule

(s Dag1) + (g, Vg q)

1
=R + sV + Py + 57— g)- (115)
This allows us to extract the group fSPT 441 (Gfs0) given
by the stacking of fermionic SPTs with symmetry G7.
Clearly there is homomorphism

fSPTd+1(Gfso) — Hd(BGfSO; Zs)
(Rd, Var1) = 7ig-

Not every 7y allows a solution of 7yy1; the im-
age of the above homomorphism is a subgroup of
H%(BGs0;Zs), which will be called the obstruction-
free subgroup, denoted by BHY(BGs0;Zs). The ker-
nel of the above homomorphism is a quotient group of
HY*1(BGts0;R/Z). This is because of the extra gauge
transformation %(quﬂd—1 + Ug—1w2) when g = 0. Let
I' ¢ HY*Y(BGfs0;R/Z) be the subgroup generated by
%(quﬂd71 + Ug—1W2),Vg—1 € Cdil(BGfso;Zg), we
have the following exact sequence for group extension:

0= H™'(BG1s0;R/Z)/T — 1SPTa41(Gys0)

—)BHd+1(BGfso;Zg) — 0 (116)

whose corresponding group 2-cocycle in
H2 [BHd(BGfso; Zz), HdJrl (BGfS(); [R/Z)/F] is given
by 37 = n,.

If all the symmetry in the fermionic SPT states is
gauged, we obtain a bosonic topological order with emer-
gent fermions. We know that bosonic topological orders
form a commutative monoid under the stacking operation
K46, However, For bosonic topological order with emer-
gent fermions, they cannot have inverse for the stacking
operation X, and thus they are not invertible topologi-
cal orders'?46:4950  However, we may modify the stack-
ing operation by allowing the pairs of fermions from the
two stacked phases to condense (equivalently, identifying



fermions from the two stacked phases). Such a modified
stacking operation is discussed in detail in Ref. 37 and
51. We denote the modified stacking operation by Xy.
The gauged fermionic SPT states also form an Abelian
group under the modified stacking operation Xy, as in
(115).

5. With time reversal symmetry

In the above, we discussed the situation without time-
reversal symmetry. In the presence of time reversal sym-
metry, we have the following result. The exactly soluble
model (79) and the related fermionic SPT state is char-
acterized by the following data:

1. A particular higher group B(Ooo, 1; Z2,d), deter-

mined by its Z,-valued canonical cochain dfy = 0
(see Ref. 41 and Appendix L).

2. A particular R/Z-valued d + 2-cocycle on

Gave £ 55 Ta+ hlwa(a®) + W@ (1)

on Bf(Ox, 1; Z2,d).

3. Different trivialization homomorphisms ¢ :
BGfO — Bf(OOO, 1; Zs, d), where Gfo = Gf>\Ooo
4. Different choices of the trivialization vg,1(a%7°)
that satisfy —dvg,1(@70) = @*@ara(fa,a®).
We like remark that in the above, the time reversal sym-
metry in O acts non-trivially on the value of v 41 (see
Appendix A).
We can also use [ng(a%70), 7441(a%79)] in (80) to la-
bel the fermion SPT states with time reversal symmetry.

The equivalence relations are partially generated by the
following two relations (see (A29)):

1. Equivalence relation generated by d-cochain 74 €
Cdil(BGfso; [R/Z)
mg(a®ro) Zng(a®e)
Va1 (a910) =741, (a%9°) + dia(@re) - (118)
2. Equivalence relation generated by d — 1-cochain
Ug—1 € Cd_1<BGfSO§Z2>

7, (ar0) = ng(a®ro) + dig_,(a%r°) (119)

1
yy1(a%70) = 0gi1 (@©0) + idﬂd_l(ﬁafo) i1 a(a®0)

1 1
+ ingﬂd—l(@Gfo) + §ﬂd—1(agm)[v_"2(ao) + w3 (a9)]

The corresponding SPT invariant is given by
Zt0P (ML, ACG o)
— o127 [pat1 var1 (ASTO) i [ ars Sq2fd+fd(wQ+w§)7
=27 Jad+1 ShuPar1+i27W [yrare d@ate
(120)

falonarz =na,  ON|ana+z = pdu
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IX. 141D FERMIONIC SPT STATES

In this and next a few sections, we are going to ap-
ply our theory to study some simple fermionic SPT
phases. In 141D, the SPT invariant dose not depend on
ny (see (99)). Thus the different 141D fermionic SPT
states are labeled by cocycles v5. After quotient out
the equivalence relations, we find that 1+1D fermionic
SPT states from fermion decoration are classified by
H?(BGs0;R/Z) without time reversal symmetry and by
H?[BGo; (R/Z)r] with time reversal symmetry, where
(R/Z)r remind us that the time reversal symmetry in

Gjo has a non-trivial action on R/Z EN —-R/Z.
Since Gfso = G§ N SOuo, H*[BG0; (R/Z)7] is given
by a quotient of a subset of

H'[BSOs; H'(BG;R/Z)] ® H*(BSOs; R/Z)&®
H*(BG;R/7) (121)

(see  Appendix F). Using the universal coef-
ficient theorem (E4) and (G6), we find that
H'[BSOs; H'(BGf;R/Z)] = 0. Also H?(BSOw;R/Z)
does not involve symmetry G can only correspond
to fermionic invertible topological order. In 1+1D, we
believe that fermion decoration construction produces all
fermionic SPT states. Thus 141D fermionic SPT states
are classified by a subset of H?(BGy;R/Z) without time
reversal symmetry. This is consistent with the result
obtained by 1+1D bosonization:

141D fermionic SPT states with on-site symmetry
Gy are classified by H?(BGy;R/Z) without time
reversal symmetry.

With time reversal symmetry, H*[BGo;(R/Z)r] is
given by a quotient of a subset of

H'[BOo; HY(BGY;R/Z) ) ® H*(BOs; R/Z)®
H?*(BGY:R/7) (122)

where the time reversal symmetry in O, may have a non-
trivial action on H'(BGf;R/Z) (see Appendix F). In the
above, we have used the fact that Gyo = G())c AOqo, Where
G(])c is the fermionic symmetry group after removing the
time reversal symmetry . The above result is consistent
with the result from 1d bosonization:

141D fermionic SPT states with on-site symmetry
Gy are classified by H?[BGy;(R/Z)7] with time
reversal symmetry.

We like to remark that the 1d topological p-wave
superconductor®® is a fermionic invertible topological or-
der. It is not a fermionic SPT state.

X. FERMIONIC Z, x Z{-SPT STATE

In this section, we are going to study the simplest
fermionic SPT phases, where the fermion symmetry is



given by Gy = Z3 X Z2f symmetry. In this case, Gy = Z
and e; = 0. We will consider 2+1D and in 341D sys-
tems. A double-layer superconductor with layer exchange
symmetry can realize Zs x Zg symmetry.

Our calculation contains three steps: (1) we first cal-
culate the Zs-valued cocycle 7ig; (2) we then compute the
R/Z-valued cochain 7g441; (3) last we construct the cor-
responding SPT invariant trying to identify distinct SPT
phases labeled by (74, 74+1). Our calculation also come
with two flavors: (1) without extension of SO, and (2)
with extension of SO.,. Since our approaches are con-
structive, both of the above two flavors produce exactly
soluble fermionic models that realize various SPT states.
However, the approach with extension of SO, is more
complete, i.e. it produces all the SPT phases produced
by the approach without extension of SO,

A. 241D
1.  Without extension of SOwo

Calculate n9: We note that cohomology ring
H*(BZy;75) is generated by 1-cocycle a?2. Thus fy €
H?(BZy;Z5) = 75 has two choices: ny = a,(a??)?,
a, =0,1.

Calculate 75: Next, we consider diz in (53). Since
é> = 0, only the term $Sq°n, = 1n% is non-zero. The
term 113 = 2 (a”2)" is a cocycle in Z*(BZ2; R/Z). Since
H*(BZ;R/Z) = 0, thus 373 is always a coboundary in
B*(BZ;R/Z). Therefore (53) has solution for all choices
of . Noticing that (see (A32))

1
§d(azz)3

L zovozaye L 7o 70020 702 07
§(da 2)(@"?)” — 7@ 2(da”?)a "’—I—i(a 2)“da”?

() (@) — a2 () + ()
= (Sq'a’)(a™)? +a”(Sq'a®)a’ + (a”*)’Sq’a”
(a”)?, (123)

we find that the solution has a form
« «
L 7"(522)3 + il

~72\3
1 5 (@)%

where &z (a%2)? € H3(BZ2;R/Z).

We like to remark that in order for 1(a%2)? to be well
defined mod 1, we need to view the Z,-valued a? as Z-
valued with values 0 and 1. Let us use a?? denote such
a map from Zs-valued to Z-valued. Thus more precisely,
we have

U3 = o, =0,1. (124)

Qy
Y

vy =

1 Qp

1 —(a?2)3 + a, =0,1. (125)
As a result, Z5 x Z{ SPT states are labeled by (cy, ay).

Thus, there are 4 different Zy x Zg fermionic SPT states
from fermion decoration.
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SPT invariant: The four obtained Z5 x Z'Qf fermionic
SPT states labeled by a;,,a, = 0,1 are realized by the
following local fermionic model (in the bosonized form as

in (45))
Z(M3, A%) (126)
=) el nt2ew (42)% 4o, (a72)2 A% +im fys Sa fot fawa
9ECO(MHZ3); f2an (a?2)?
Its SPT invariant is

ZtOp(MS, AGb)

. , I
26127r f.M3 7(1"220"’ (AZ2)3+%(A22)2AZZ elTrfN4 Sq2f2+f2W27

folgprs = n2,  dAT S, (127)

2. With extension of SOs

Calculate ny: First Gyso = Za x Spins, where Z{ is
contained in Spin... Since Ny € H2[B(Z3 X Spins); Z2),
fig can be written as a combination of a2, w; and Ws.

However, for Spin. wi E Wo 210, Thus ng is given by

n2 = Oén(dZQ)Q- (128)
Thus 7y has two choices: a,, =0, 1.

Calculate 73: Next, we consider 73(a%759) in (87) which
becomes

1 1 s
—dus = §Sq2ﬁ2 + 57 dAZ}

= @)t @)’

dA%}
2

(129)

where we have labeled dgfso € Gyso = Za (Zf>\SOOO)

_f
by a triple (a2 AL as?). We have used the fact that

Qij s Sig > Gij
W2 (aS9) is a coboundary: Wy = dAZ:.

the above equation has a form

The solution of

7%, A%) L (@) + (@) + S (at)PAT

(130)
where o, =0, 1.
SPT invariant: The SPT invariant is given by
ZtOP(M:"AGfSO)
o127 s S (AT2)%4 2p 4720 op (472)27]
eiﬂ' Sra Sq2f2+f2W2’
fo| gprs = an(A?2)?, dA” 2w, (131)

where the background connection A%75¢ is labeled by a
triple (A%2, AZg,ASO). As a result, Z5 x Z{ SPT states
from fermion decoration are labeled by (v, o). Tt turns



out that all those labels (., o) are inequivalent accord-
ing to (105) and (106). Thus there are 4 different Zo x ZJ
fermionic SPT states from fermion decoration.

However, for non-interacting fermions, the 241D Z5 x
Zg -SPT phases are labeled by Z. After include interac-
tion, Z reduces to Zg, and there are 8 different fermionic
Zy x Z1-SPT phases? 5. The extra fermionic SPT
phases must come from the decoration of the topolog-
ical p-wave superconducting chains.?®3¢ In this paper,
we only develop a generic theory for fermion decoration,
which misses some of the Z5 x Z{ fermionic SPT phases.
We hope to develop a generic theory for the decoration of
the topological p-wave superconducting chains in future.

B. 341D
1.  Without extension of SO

Calculate 7i3: i3 € H3(BZ;Z3) = 75 has two choices:
n3 = a,(@?2)3, a,, = 0,1. These two fi3’s are not equiv-
alent.
Calculate 7,: 74 is obtained from (53), which has a form
—dy = %scﬁ(@b)?’. (132)
It turns out that $Sq°(a?2)% = 1(a%2)® (see (M5)), which
is a non-trivial element in H%(BZy;R/Z) = Z5. Thus
74 has no solution when «,, = 1 and «,, must be zero.

When n3 = 0, 74 has only one inequivalent solution since
H*(BZy;R/Z) = 0.

2. With extension of SO

Calculate 7n3: From Grso = Zz X Spins, we see that
ng € H3(Gyso;Zs) is generated by a?? and Stiefel-
Whitney class w,,. For Spin., wi = wo = 0. Also,
SqlfoQ 2l W1Wo + W3 B Ws3. Since Wy is a coboundary
for Spine,, w3 is also a coboundary. Thus, 73 is given by

fis = ap(a?2)®, @, =0,1. (133)
Calculate 74: 74 is obtained from
—dy, = %qu(a%)?’. (134)

Since $Sq°(a?2)? = 1(a%2)? (bee (M5)) is the non-trivial
element in H5(BGts0;R/Z) = Z5. Thus vy has solution
only when «,, = 0.

When ng = 0, 74 has a form
ay
2
oay1,0,2=0,1, a,

Q
(a®2)* + §2W4 + aypr,

€1[0,1),

Pa(a%150) =
(135)

where p; is the first Pontryagin class. However, £ (a%2)*
is a coboundary in B*(BGs0;R/Z).
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2,d

Also, in 3+1D space-time M?, wy; = w3 + wi (see
Appendix 14). Since M?* is orientable spin manifold,
w3 = wi =0, we also have wy = 0. Last a, is not
quantized and dlﬁerent values of al,’s are connected and
belong to the same phase. Thus the above solutions
are equivalent. We find that there is only one trivial
fermionic Zy X Zg SPT phases in 341D from fermion
decoration. This agrees with the result in Ref. 17.

Ref. 18 and 19 showed that there is only one trivial
fermionic Zy x Zg—SPT phases in 3+1D. Our result is
also consistent with that.

XI. FERMIONIC Z}:-SPT STATE

In this section, we are going to study fermionic SPT
phases with G = ZI symmetry in 241D and in 3+1D.
Such a symmetry can be realized by a charge-2e super-
conductor of electrons where the Zf symmetry is gen-
erated by 180° S,-spin rotation. Another way to real-
ize the Z ;f symmetry is via charge-4e superconductors of
electrons. This kind of fermionic SPT states is beyond
the approach in Ref. 17, 35, and 36 which only deal with
Gy of the form Gy = Z§ x G,

For fermion systems with bosonic symmetry G, = Za,
the full fermionic symmetry G is an extension of Gj by
Z{ . The bosonic symmetry Gy = Z> has two extensions
described by ey € HQ(BZQ;ZQ) = 75. For &y = 0, the
extension is Gy = Z{ X Zy. The corresponding fermion
SPT phases are discussed in the last section. For &, =
(@?2)2, the extension is G; = Z§ X Zy = ZJ. We will
discuss the corresponding fermionic SPT phases in this
section.

For Gy = Zic, the group Grgo is an extension of SO
by Z 1 :

Grso = Z1 ey SO =

(ZI N Zo) N 504.  (136)

The possible extensions of SO, by Z, are labeled by
ey € H?(BSOu;7,) = 75 which is generated by &, =
2W2( SO)

The links in the simplicial complex BG 5o are labeled

alrso ¢ Gyso (see Ref. 41 and Appendix L). We may
label the elements ELiijso € Gyso by a pair aSO € SO0u

!
and diZj“ € Zf::

by a;;

aCrso = (a1 59). (137)

This allows us to introduce two projections w(&gf 59) =

£

a;? and o(a gfso) = aZ (see Appendix N). Thus we can
f

also label the links using a pair (dZZ]“,alSJO) Although

wo(a%9) is a cocycle in C?(BSOy; Zs), 2wa(n(a®59)),
when viewed as a function of a“f5¢ is a coboundary
in B2(BGfSO;Z4). In other words, the two canonical



¥
1-cochain on BGyso, a?© and diZj“, are related by (see

ij

(N13))

da?l £ 2w, (a%0). (138)
We can write dzf as

a%i X g% 4 947 (139)

_ —f .
where @22 and A% are Zs-valued 1-cochains. We see

a?l g, da% 2. (140)
Equation (140) implies that

Bai?2 2 55(a%C) + dA%. (141)

which can be rewritten as (see (A32))
Sqta?z Z (a%)? 2 w,(a%0) + dA%. (142)

A. 241D
1.  Without extension of SO

Calculate ny: First, ny € HQ(BZQ;ZQ) = 7Z5. It has

two choices: ny = ap,(a?2)?, a,, = 0, 1.
Calculate v3: Similar to the last section, 73 satisfies

L Qn a7, Qn 7,00
—dz73=7"Sq (a”?) +7(& 2)%gy = 0. (143)
Thus, 73 has two solutions:
vy = %(a@){ a, =0,1, (144)

since H*(BZy;R/Z) = Zs.
SPT invariant: The four Z{ fermionic SPT states la-
beled by au,, «, = 0,1 have the following SPT invariant

Ztop(MB,AZ27AZ£)

. o 3, an L
— pli2m IvE T”(AZ2)3+T’(AZQ)2AZZ el‘n'fN4 Sq2f2+f2W2’

f 2 2
dAZQ = wsy + (1422)27 f2‘6_/\/4 = an(AZ2)2 (145)

where the space-time M?3 is orientable and wq = 0. How-
ever, as we will see below, the four Zic fermionic SPT
states all belong to the same phase.

On 241D space-time manifold, wy + w? = 0 (see
Appendix 13). The Zic fermionic symmetry requires
the space-time M3 to be a orientable manifold with
wy + (A%2)2 = 0 and w; = 0. Thus (472)? is always a
coboundary: (A4%2)? = duy.

Let us write fo = fo + v, duy where fo £ 0 on ON4,
which implies e!™ Jxt Se’fa+f2w2 — | The SPT invariant
now becomes (see (A29))

ZtOP(M3,AZ2,AZ£)

22

. f
— eiQﬂjM3 O‘T”Azz duy + 4 du; A% ei7r fMg an (Sg%uy +uiwa)

— ol™ [as anlur (Wot dua)+(ur dusturws)] _ (146)

We see that the SPT invariant is independent of a,, a,,.
Thus at the end, we get only one ZJ fermionic SPT
phase, which is the trivial SPT phase.

2. With extension of SOso

Calculate ny: With extension of SO, in general,
no(arso) € H*(BGrso;Z2) is given by [using the pair
(@5°,a?1) to label aGrs0]

7ig(@%750) = o 1Wa(a79) + ay 0(@?2)?, (147)
0.1, 0pn2 = 0,1. The above can be reduced to
na(a%50) = v, (a”2)? (148)

an = 0,1, due to the relation (142). So fz(a®/5°) has
two choices, and H*(BGrs0;Z2) = Zs.

Calculate 75: Next, we consider v in (87) which be-
comes

1 1 L an .
—dis L SSq%hg + ShgWs - %(az2)2dAZ£, (149)

2
where we have used (142) and (148). We find that o5 is
given by

by & %(#2)3 4 %(azz)%izﬁ, a, =0,1.  (150)

SPT invariant: This leads to the SPT invariant
ZtOp (./\/137 AGfso)

. f
— ol2m Sz S (A%2)3 420 (A%2)2 A%2 eiwa4 sq2f2+fQW2’

f?‘a/\/’z; = an(AZ2)27

which as calculated above is always an identity. Thus,
there is only one trivial Z‘{ SPT fermionic phase in 2+1D.
This agrees with the result obtained in Ref. 37.

The Z Z symmetry was denoted by G_(C) symmetry
in Ref. 26. There, it was found that for non-interacting
fermion systems with Z/ = G_(C) symmetry, the SPT
phases in 241D is classified by Z. The result from Ref. 37
indicates that all of those non-interacting fermion ZZ{ -
SPT states actually correspond to trivial SPT states in
the presence of interactions.

dAZ: 2wy 4 (A%2)2 (151)

B. 341D
1. Without extension of SO

Calculate 7i3: fi3 € H3(BZy; Z5) has two choices:

iz = an,(a??)?, (152)



a, = 0,1, since H3(BZy;Z3) = Z5.
Calculate 7,: Next we want to solve

1
—dpy = 5(Soﬁng + fizéy) = 0. (153)

where we have used (M5). Since H*(BZ2;R/Z) = 0, the
solution of (153) is unique 74 = 0.
SPT invariant: This leads to the SPT invariant

f
f . Zo\3 AZ . 2
Z(MB,AZ4) _ el‘n’fM4 an(A®2)°A%2 enrst Sq f2+f2w27

Falgprs = an(A%2)?, (154)
where we have written AZ1 as
AT L T2 A% (155)
which satisfies
dAZi 2 oy, (156)
dAZ2 20, AT L wy 4 B A7 2wy + (A7)

2. With extension of SO

Calculate n3: In general, n3(a®rs0) € H*(BGts0; Z2)
can be written as

f3(a%750) £ 0, W3 (a°9) + o, (a%2)® + /!5, (aC)a?2,
(157)

/ 1
Qny Oy Oy = Oa L.

2 (@%2)?, we find that wea?> =

However, from wy =

(@?2)3 and Sq'(Wa + (@%2)?) = WiwWs 4+ W3 = W3 = 0
(see Appendix I and notice w; = 0). Thus the above
expression for n3(a®59) is reduced to

(158)

There are two choices of ns.
Calculate 74: Next, we consider 74 in (87) which be-
comes (see (142) and (M5))

1 1
—diy(aCrso) = 5Scfng(c‘szSO) + §ﬁ3(C_LGfSO)W2(aSO)

1 an

L @)+ o

2
L SH(a®)P A,

(a%)*2(a%°)
(159)

From %WQ = %(622)2, we obtain that %WQ(EL%)Q Ld
a?2)* and 3(wq)? = 1(a%)?ws. Thus i(wq)? =
Since H*(BZy;R/Z) = 0, we find that

(

(

(@?)* = 0. We also find (see Appendix I) 0 =
q

2,d _  _ _ 2,d _ 2,d _
) = WiWe+ W3 = Wy and 0 = SC]Q(WQ—‘F
(@?2)*. To summarize, we have

U2 ol D=1

—
Ql

N
N

[\v]
~— N

W3 = 5(C—LZ2)2WQ ='0. (160)
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This allows us to conclude that 74, must have a form
« — o«
1 77;(&22)31422 + fﬁl

Vy =

(161)

But on M*, we have p; £ w3 Y (0. Thus the pullback
of 74 to M* reduces to

—(a®2)3 A%, (162)

SPT invariant: The corresponding fermionic model (in
the bosonized form) is given by

(M4, AGss0)
= Z eiﬂfM4 an(az2)3AZ£ eiﬂfNS Sq2f2+f2(WQ+wf)’
9:€Gro
Bloye £ cnla) s
which lead to a SPT invariant given by
Zt0p(M4,AGfSO)

. zl .
— elwa4 an(A%2)3 A%2 e”rf/\/'f’ Sq2f2—‘,-f;_>WQ7

2 fo2
Falgys = an(A72)?, dAT2 2wy + (A2)2, (164)

where A%7s0 is labeled by (AZz,AZ£,ASO) (see (137)
and (139)). This agrees with (154)

Is the above SPT invariant trivial or not trivial? One
way to show the non-trivialness is to change A%2 by a

s
Zs-valued 1-cocycle AgQ. In this case Z'°P(M*, ACrs0)
changes by a factor

f
. z
elﬂ'fM4 aanAZ2A02

(165)

"
Ztop _ eiﬂ' Spqa acn(AZz)‘}AbZ2 _

2,d .
where we have used wy = (A%2)2. Since

5y I ]
wa A2 AD? = SqP(A%2 Ag?) ' (Sq' A72)(Sq  Ag?)

1 1. 7
L (§dAZQ)(§dAOZ2). (166)

We find

f
Z100 — i [us an(3dAT) (AT _ (167)

which is independent of «,. This suggests that a,, = 0,1
describes the same SPT phases.

C. 2z x ZI-SPT model

We have seen that the model (163) describes a trivial
Zic -SPT phase even when a,, = 1. However, we note

that the model (163) actually has a ZJ x ZI symmetry.
It turns out that the model (163) realizes a non-trivial
Zic x Z¥-SPT phase when «,, = 1.



To physically detect that non-trivial Z;f x ZI-SPT
phase, we note that nz = a,(A4%2)? is the 3-cocycle
fermion current. Let us put the Z{ -SPT state on space-
time S} x M3, where A%ss0 on S} x M? is the pull-

back of a A%7so on the space M®. In this case, us-
. 2,d 2.d .
ing (A%2)2 = wy and w? = wy on M3, we can rewrite

(A%2)3 on M? as A%2w, = A%>w?. Now we can choose
M? =RP? x S*. Then we have

/ ngéan/ A22w§éan/ AZ:(168)
M3 RP2x 51 51

We find that, if we put the Z{-SPT state on space RP2 x
S1, the fermion number in the ground state will be given
by Ny = o, Jg1 A%2. Thus adding a Z{ symmetry twist
around S! will change the fermion number in the ground
state by a,, mod 2. When a,, = 1, the non-trivial change
in the fermion number indicates the non-trivialness of the
SPT phase.

To realize such a fermionic ZL{ x ZT-SPT phase in
3+1D, we start with a symmetry breaking state that
break the Z;f to Z2f . The order-parameter has a Zs-
value. We then consider a random configuration of order-
parameter in 3d space. A fermion decoration that gives
rise to the a,, = 1 phase is realized by binding a fermion
worldline to *(*W3)3. Here W3 is the 3-dimensional do-
main wall of the Zs-order-parameter. * is the Poincaré
dual. Thus *Wj is a 1-cocycle. *(xW3)? is the Poincaré
dual of a 3-cocycle which is a closed loop. The fermion
worldline is attached to such a loop.

XII. FERMIONIC Zz! x ZI-SPT STATE

The fermion symmetry Zg x Z¥ is realized by electron
superconductors with coplanar spin polarization. The
time reversal Z7 is generated by the standard time re-
versal followed by a 180° spin rotation.

For Gy = ZT x z1, Gso is a 7] extension of Ou:
Gro = Z{ X Os. Such kind of extensions are classified
by H?(BOw; Z2) = 73 which is generated by w? and wy.
For fermion symmetry Z{ x ZI' we should choose the
extension G o = sz Awatw? Ooo = Ping,. According to
Appendix N, this implies that, on BPin_, the canonical
1-cochain a“f© satisfy a relation

wo(a®r0) +w2(atro) 2 A%, (169)

A. 241D
1. Without extension of Os

Calculate no: From ny € H?(BZ1;75) = 75, we obtain

o = an(@? )2 2 an w2, an =0,1. (170)
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Calculate 73: Next, we consider 73 in (53). Since
€ = 0, only the term %SqQﬁg = 373 is non-zero. The
term 173 = 0‘7“(625)4 is a cocycle in 24(Z1;(R/Z)r).
Note that now ZJ has a non-trivial action on the
value R/Z and the differential operator d is modified
by this non-trivial action [which corresponds to the
cases of non-trivial «; in Ref. 41 and Appendix L, see
(L18)]. This modifies the group cohomology. Since
H*(BZL'; (R/Z)r) = Z3, and 1(a?2)* is the non-trivial
cocycle in H4(BZZT; (R/Z)r), (53) has solution only when
an, = 0. In case a,, = 0, there is only one solution v3 =0,
since H3(BZ¥; (R/Z)r) = 0.

From (126), we see that when «,, = 1, the action ampli-
tude is not real, and breaks the time reversal symmetry.
This is why a,, = 1 is not a solution for time-reversal
symmetric cases.

2. With extension of O

Calculate 7: Due to the relation (169) on BGjo =
BPinz,, H?*(BPiny,) = Z5 which is generated by Wy =
Ww3. Therefore, iy € H?(BPiny;Z3) = Z3 has two
choices
2

ng = a, Wi, o, =01 (171)
Calculate 73: Next, we consider 73 that satisfy (80)
which becomes, in the present case,

Qp _9,_ _
—dps = 7[\7\7‘11 + W%(Wg + wf)]
= S+ Wi, (172)
where we have used
dA%: 2 5y + w2 (173)

1wl is a non-trivial cocycle in H*(BPing;(R/Z)r).

Thus (80) has solution only when a,, = 0. In this case,
there are four solutions
o} o

Uy = W3 + = W5,

2 5 oy, 0, =0,1.

(174)

SPT invariant: The corresponding SPT invariant is
given by

ZtOP(M3, AGfO)

— oi2m [s P ws(A0)+ 8w (A9) i [y Sq2f2+f2wQ7

f2’a/\/4 20 — elm xaSa atfowe - 1, (175)

where the background connection A%7¢ is labeled by
(AZg,AO). On 2+1D space-time M3, we always have
wo + w? 210 and w3 2 wowy = wy =0 (see Appendix
13). The above four solutions give rise to the same SPT
invariant and the same fermionic Zg x Z1 SPT phase.



For non-interacting fermions, there is no non-trivial
fermionic Z{ x Z¥-SPT phase. The above result implies
that, for interacting fermions, fermion decoration also fail
to produce any non-trivial fermionic Z{ x ZI-SPT phase.
The spin cobordism consideration'®!? tells us that there

is no non-trivial fermionic Zg x Z¥-SPT phase, even be-
yond the fermion decoration construction.

B. 341D
1. Without extension of Oso

Calculate 7i3: From H*(BZ1;7Z5) = Z5, we find that:

n3 = an(&ZZ’T)g’ =, W5,

(176)

a, =0,1.
Calculate 74: Next, we consider 74 in (53), which has a
form

1 Qp ia

—doy = —S ?nv_v? (177)

where (M5) is used. It turns out that 1W1 is a trivial
element in H(BZ%; (R/Z)r) = 0:

1
5‘*’? = du, 7ia- (178)
To calculate 74, we first note that (see (A9))
1 1 “
(dwy 7)o = () =~ = —_(W1)or,  (179)
4 4
or
1,1
dw, = CALE (180)
We also note that
Wi = (Sq'w)? = (Bawr)?, (181)

where Bow; is a Z-valued cocycle. Thus

1 1_ _ 1 _
5“’? = 5 Wi(B2w1) = (dvvli)(&Wl)Q = dw, [ (B2W1)?].
(182)
or
_ 1, _ o
Vy = Z(ﬂgwl) (183)
We see that 74 has a form
7y OZL (Bow1)? + %W‘l" a, =0, 1. (184)
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2. With extension of O

Calculate fi3: iz € H3(BPing;Z3) may have a form

2 =3 ! = = "~
ng = o, Wi + o, WiWa + W3, O, Oy, a =0,1.
(185)

From (169), we have W, Wy = W} and 0 = Sq' (%7 + W) =
wi1Wws2 + w3. Thus n3 has two choices

i3 = anWs, an=0,1. (186)
Calculate 7,: Next, we consider 7, that satisfy (80)

which becomes, after using (M5)

an,
—dvy = " 9 WP+ W (W2 + W),
L o (diia + §w§ 442 (187)
where we have used (169) and (178).

From W = 3Wi, we obtain that $wow} = swi and
W3 = éW%Wg We also find (see Append1 o=
Sq* (Wa + W2) = WiWy + w3 and 0 = Sg? (W + W) =
w3 + wi. To summarize, we have

1 41401 910l _ o 1al_ _ 1a1_
§W‘11 1: §W§ 1: §W%W2 : §W1W S §p (188)

where p;(a®) is the first Pontryagin class (see (J2)).

Thus (80) has a solution of form
_ 4 1, 37! 4 Gy
vy = an(z(ﬂzwl) + W1A )+ 7“’1 + o Ve

all?&l/ = 0717 (189)

SPT invariant: The corresponding SPT invariant is
given by

ZtOP(M4, AGfO) _ eiTrst Sq? fa+f3(wa+wi)
f
ei2m [ an(L(Baw1)?+iwiA%2) 4 wit S wa

f3’a/\/5 = a,wh, 4A%i 2 Wo + W3, (190)

where the background connection A%7¢ is labeled by

(AZg , A9). In 3+1D space-time, we have some additional
relations (I16). When combined with (188), we find

1 414l 514l 1al al 14

iwéf = §W§ = §w%wz = §W1W3 = 5;01 = 0,

1

5% B (191)

Therefore, the SPT invariant is independent of «a;, and
@, and they fail to label different Zg x Z¥-SPT phases.
Also from W% + wo = 0 and W1Wa 2% 0 on the 3+1D
space-time, we see that w3 2 0. Thus ns is always a
Zo-valued coboundary when pulled back on M?%. As a
result, the SPT invariant is independent of «, and it



fails to label different ZJ x ZI-SPT phases (see (108)).
Therefore, there is only one trivial Zg x ZT SPT phase.

The fermionic Zg x Z3 symmetry is denoted by G¥ in
Ref. 26. It was found that for non-interacting fermions,
there is no non-trivial fermionic Zg x ZT-SPT phase in
3+1D.2426 The spin cobordism consideration'®'? also
tells us that there is no non-trivial fermionic Zg x Z3-
SPT phase, even beyond the fermion decoration con-
struction.

XIII. FERMIONIC Zf’f—SPT STATE

In this section, we consider the fermionic SPT states
with G, = ZI and a non-trivial &, = (%2 )2 = w2 in
H?(BZT;7,) = Z,. In this case, the full fermionic sym-
metry is Gy = Z; 7. For Gy = Z]7, Gyo is a Z]
extension of Ous: Gro = Z] Ny, Ose = Pint,. This
implies that on BGjo = BPinl,, we have a relation (see
Appendix N)

Wa(alro) 2 dA%. (192)
The fermion symmetry Z4T’f is realized by charge 2e elec-
tron superconductors with spin-orbital couplings.

A. 241D
1. Without extension of Oso

Calculate no: First, the possible 7i5’s have a form

Ny = a,L(ELZg)Q =, w2,

(193)
where «,, =0, 1.

However, after ny is pulled back on M3, it becomes
ny = a,w?. On 2+1D manifold, we have wo + w? £ 0,
and on a Pin™ manifold we have wo = 0. Thus, on a
2+1D Pin* manifold, w? is always a coboundary. The
two solutions of ny are equivalent (see (108)) and we can
choose «a,, = 0.

Calculate 73: Now 73 is obtained from dig =0. 3 has
only one solution 73 = 0, since H*(BZ{'; (R/Z)r) = 0.

2. With extension of O

Calculate 712: Due to the relation (192), H*(BPint) =
Z5 which is generated by w?. Thus 7is € H2(BPinl; Zs)
has two choices iy = an Wi, a, =0, 1.

On a 241D space-time M? with Gyo = ZQf Nevy Ooo =
Pin}, connection A7 the connection can be viewed as
a pullback from the canonical 1-cochain a“f° on BG fo-

Such a 2+1D space-time satisfies wo = 0 and is a Pin*t

manifold. Since any 3-manifold M? satisfies wy + w3 =

26

0 (see Appendix I), therefore, M? with Zg ANy Oco =
Pin;‘o connection satisfies wo 2l W% 21 0. The pullback

of i, on M3 is given by no = a,wi. We see that, after

pulled back to M3, a,, = 1 and «,, = 1 are equivalent.

We may choose a,, = 0.

Calculate 73: Next, we consider 73 that satisfy —dig =

0. There are four solutions
_ 1 Oy _ «

v _3
V3 = —W3 + —Wj,

5 5 (194)

ay,a, =0,1.

After pulled back to M3, U3 becomes vz = Fws +

%Wi”. But on 2+1D space-time M3, we have a rela-

tion ws = 0 (see (I112)). Combined the wy = w? = 0
obtained above, we find that the above four solutions
differ only by coboundaries, which give rise to the same
fermionic Z; ¥ SPT phase. Therefore the fermion decora-
tion construction fails to produce a non-trivial fermionic
Z4T’f SPT phase. Thus, the fermion decoration construc-
tion fail to produces any non-trivial fermionic ZI’f -SPT
state.

In fact, 241D Z;/ fermionic SPT phases is classified
by Z5'®19. The non-trivial ZI’f SPT phase can be re-
alized as a p + ip superconductor for spin-up fermions
stacking with a p — ip superconductor for spin-down
fermions®®°7. It has the following special property: Af-
ter we gauge the Zg symmetry, we obtain a ng gauge
theory with G, = ZI symmetry. In 2+1D, Zg charge
e, sz -flux, and their bound state em are all point-like
topological excitations. The time-reversal symmetry in
this case exchanges the bosonic e and m, and em is a
Kramers doublet?9:33:58,

B. 341D
1. Without extension of Os

Calculate 7i3: n3 € H3(BZY;75) = 75 is given

_ 2,d

Fig 2 an(dzg)g 2,d _3

oWy,

(195)

For the 3+1D space-time with a Pin™ structure

. 2,d . 2,d

(i.e. wo = 0), it turns out that, even when wy = 0,
. . o . 1 .

w$ is still non-trivial. So n3 = a,w} indeed has two

choices.

Calculate 74: Next we want to solve

1 1
. 5quﬁg, + ~Ni3éa

2
. %SQQ(ELZZT)S +

—duy

O

(@ )® =0, (196)

where we have used (M5)). Since H*(BZI; (R/Z)r) =
74, v4 has two solutions

_ 1 Oy

m 2 GEy s et



On 341D space-time with wy = 0, %w‘f is still a non-
1

trivial R/Z-valued cocycle. The pullback on M*, vy =

2w, is still non-trivial.

2. With extension of Os

Calculate 73: Due to the relation (192), and

0 = Sq'w. & wiWo + w3 = Ws, we find that

H?(BPinl;7,) = Z, is generated by w3. Thus nz €
H?(BPint ;75) has two choices g = a,, W5, o, = 0, 1.
Calculate 74: Next, we consider 74 that satisfy

an
—dy = 5 (W) + Wi(wa + 7))
L %wi’ dA%. (197)
Since wq 2 X7V3 = 0 there are elght solutions
1 Op _3 Zf ap1 !
= —WwiyA%
Uy = 5 Wi 5 2 Wy + 2 101,
o, =0,1. (198)

But on 3+1D space-time M3 with wo = 0, we have
relations w3 = 0, wy = w, and p; = w? = 0 (see (116)).
So the pullback of 7, on M* becomes

vy = % 3 AZz + 7 wi,
SPT invariant: The corresponding SPT invariant is

given by

a, =0,1. (199)

ZPP (M, AG0) = i Javs Sa* ftfs(watwi)

‘ 2!
ei2n [y SwtAT bt

f3|6./\/'5 = O‘nwzl))a AZ2 = W2, (200)

where the background connection A%7¢ is labeled by
(AZg,AO). We see that fermion decoration construction
produces four different fermionic Z4T’f -SPT phases.

For non-interacting fermion systems, the Zf’f -SPT
phases are classified by Z.24726 However, after include in-
teraction, Ref. 18 and 19 found that the ZI’f -SPT phases
are classified by Z14. Thus fermion decoration construc-
tion does not produce all the Zf’f -SPT phases.

XIV. FERMIONIC (U{ x, Z]"')/Z>-SPT STATE —
INTERACTING TOPOLOGICAL INSULATORS

The symmetry group

Gy = (U] x4 27/ 2 (201)

is the symmetry group for topological insulator, i.e. for
electron systems with time reversal Z:f’f and charge con-

servation Ulf symmetries. Such a symmetry can be real-
ized by electron systems with spin-orbital coupling.

27

In the above expression, ¢ is a homomorphism ¢ :
ZIT — Aut(U{). Let T be the generator of Z1*/, then
¢(T) changes an clement in U{ to its inverse. The semi-
direct product Ulf X4 Z:f’f is defined using such an auto-
morphism ¢(7T'). Zs in (Ulf Xg Z4T’f)/Z2 is generated by
the product of the m-rotation in Ulf and T?2. It is in the

center of Ulf X g Z4T’f
The symmetry group can be written as

Gy =Uf nepo 28 (202)

In other words, the elements in Gy can be labeled by

@®2’ q23), a®/2’ ¢ (R/7)f and a%: € 77 = {0,1},

such that

@, azgx-m/z’f i) = (203)
7 T T T T

(3% +o@) ea™ ™ +a@r at).a +a)

where

_ 2T 7% 1 _z7 77
E9(a@)?,a5?) = §a1 ay?,  ¢(0)=1, ¢(1) = -1.
(204)
In terms of cochains, the above can be rewritten as

1

& = (@) (205)

We may write Ulf as Zg Ne Ui, t.e. write
a®2)’ = %aR/Z + %Azg (206)

where a®/% € R/Z = (—1,1] and Az ¢ Zg = {0,1}.
From

aﬁR/Z)f+a§R/Z)f:%aT/z+; §/Z+ SA% A
_ %(a[R/Z+C_LR/Z_ L(_Z[R/Z_i_C_L[R/ZJ)
SUAT + 245 4 (a7 + o))
_ ;( R/Z+(_1R/Z L R/ZJr&E/ZJ)

1
AT AT e @l g, o)

we see that

a@’’ a’’) = |ay* + a5 (208)
which is the first Chern class of Uj. Note that
&1 (a[f/Z u;/z) is a smooth function of ELT/Z,ELD;/Z near
a/ Z,dD;/ £ = 0. But it has discontinuities away from
_R/Z _R/Z
a;'",ay " =0.

Now we can label elements in Gy by triples

(A 7} ,av/?, Z2) The group multiplication is

71 _ 7T\, <zl _ _zT
(Al va[f/zv 12)(142 au;/z as” )



R/Z _[R/Z)

_7f _7f
= (A7 4 a2 1 0m(al a3 4 er(al P S

A voart)od® a1+ agt) 209
We see that G can also be written as
Gy = 2] ne, (Ur %4 Z3), (210)
where
e e + (a2 )2 2 e + Wl (211)

For fermion symmetry G; = i X zZF1Y)Z,, the
corresponding extended group Gyo can be written as

Gro =GN, Oco = Ul Moy Oce = Z§ Ney, (U1 34 Occ)
1

gy = 3%, e = Wy + C1. (212)

where Gg)c is the fermion symmetry with time reversal

removed: G(} = Ulf . We like to mention that &, €
H?(BOw;R/Z) which describes how we extend O, by
U{ and &, € H2(B(U; X Ooo); Z}) which describes how
we extend Uy x4 On by Z4.

We may view &5(a®) as &(nV1(a%©)) an element
in H*(BGo;(R/Z)7), where 7V is the projection

Gyo =, Os. Then &, (7Yt (a%s0)) is a trivial element
in H%(BGo; (R/Z)7) (i.e. is a (R/Z)r-valued cobound-
ary, see Appendix N):

1
—Wao (7‘(’

S Wa(r (@70)) = din (@),

m € CY(BGyo, (R/Z)r). (213)

Similarly, we may view &, as a trivial element in

H2(BGfo;ZQ):

Wy (w7 (a0)) + 2 (w7 (a70)) 2 dy @%r0),

uy € C (BGfO,ZQ), (214)

§
where 772 is the projection Gro ﬁ> Uy X Oy. Equa-
tions, (213) and (214) imply that although ¢1 mod 2
can be a non-trivial Z,-valued cocycle, cl is always a
(R/Z)r-valued coboundary on BGyo.

In other words, on space-time M9t we have a Gro
connection a“7©. The G fo connection can be labeled in
two ways

%0 = (@®D’ 40) = (A%, a¥%,a%)  (215)

using the two expressions of G (212). In the above a®

is the connection of the tangent bundle of the space-time.
The above results implies that, if the a® can be lifted to
a a®7© connection, then 1wz(a®) on M*is a (R/Z)7-
valued coboundary and wy + ¢ is a Zs-valued cobound-
ary. Here O has a non-trivial action on the (R/Z)r co-

efficient: R/Z KN —R/Z, as indicated by the subscript
T.
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A. 241D
1. Without extension of Os

Calculate ny: To construct fermionic (Ulf X Z4T’f)/Zg
SPT states using fermion decoration, we need to find
No € H2(BGy; Z2) = H*(B(Uy x Z1);Z5). Notice that
H?[B(U, x Z1);Z5) — H*(BZ];75)&
H'[BZy; H'(BU\, Z2)] ® H*(BU1;Z3)  (216)

— — . . T
We can construct np(a®*) using flat Z4-connection a%2

and nearly flat U; connection a®/Z:

na(a®) = an(dZQT)Z + @pC = W2 + G,

Oy Oy, = 0, 1. (217)
When «, = 1, we decorate the intersection of ZI
symmetry-breaking domain walls by fermion. When

apn, = 1, we decorate the 2m-flux of bosonic Uy (which
is the m-flux of bosonic U{) by fermion.

We note that the space-time M1 has a twisted spin
structure

dAZg = Wo + W% + e = Wo + C1. (218)

So an electron system with time reversal and charge con-
servation symmetry Gy = (Ulf X Z4T’f )/Z2 can only lives
on space-time with trivial wo 4+ ¢;. A 2+1D space-time
M3 also satisfies wy + wl = 0. Thus decorating the
intersection of Z7 symmetry-breaking domain walls and
decorating the 27-flux of bosonic U give rise to the same
SPT phase. The inequivalent pullback of 7o to M3 has
a form

ng = anwf, a, =0,1. (219)

So n9 has two choices.
Calculate 73: Next, we calculate 73(a®®
which becomes

) from (53),

Ay _
—dig = 9 — W 4+ Wi (W] + )]
L e (220)
1e,w? is a coboundary in H*(B(Uy x Z1); (R/Z)7):
1 1
iélwf = diélwl. (221)

We first note that 1 4C1W1 is a product of three values: a

R/Z- value ,a Z- Value in ¢1, and a Zs-value in wy;. The
time reversal ZI has a non-trivial action on the R/Z-
value + — —1 and a non-trivial action on the Z-value

1 1
Z — —7. Thus time reversal Z7 acts on the Chern class
¢ — —¢1. Therefore, Zg acts trivially on the combina-
tion %v‘vlél, and d in div‘vlél is the ordinary differentia-
tion operator, not the dy, in (A9). Now using (A32), we
find

1 1
5(52W1)01 = 5 % (222)

dzﬁ’lél =



This means that 73 has solution for all two cases «,, =
0,1:

V3 = —W1Cq. (223)
We note that
H3[B(U, x Z1); (R/2)7) — H?BZY; H*(BU;R/Z)]|®
H?*[BZy  H'(BU;R/Z)| @ H'[BZ; ; H*(BU;R/Z)|@®
H°BzZT;, H}(BU;R/Z)]
= H®[BZ3;(R/Z)r] ® H*[BZ3 ;Z) ® H°[BZ3 ; (Z)1]
=0 (224)

Thus, for each 79, there is only one solution of 73 since
H3[B(Uy x Z1); (R/Z)7] = 0.

2. With extension of O
Calculate 7n5: To construct fermionic Gy = (Ulf X
Zf’f)/Zg SPT states using fermion decoration and ex-
tension of O , we first calculate ny € H?(BGo;Zs) =
H2(B(U{ 7z Occ); Z

2). iz has a form

Ny = apWe 4 GnWa, O,y =0, 1. (225)
We do not have the ¢; term due to the relation ¢; 2l Wa.

However, on 241D manifold, wo B w?. Thus the pull-
back of fis on space-time M? has a simpler form

a, =0,1. (226)

2,d 2
Nng = Wy,

Calculate 73: Next, we calculate 73(a7©) from (80),
which becomes

Similarly, we find 73 € H*(B(U{ 7z Ow); (R/Z)1) to

have a form

_ 1 Op _ _ oy Ofy _
U3 = —%181 + — W5 + —Ws3. (227)
4 2 2
1 d
The term 2W101 = 2W1W2 is not included since 2W2 is

a coboundary (see (213)).

In 241D space-time, we have w? + wy = w3 = 0 (see

(I12)). This also implies that w? is a coboundary. So the

pullback of 73 on M? is reduced to
1 an

V3 = —W1(Cq.

1 (228)

SPT invariant: The above v3 gives rise to two fermionic
(Ulf X Z4T’f)/Z2—SPT states, whose SPT invariant is
given by

ZtOP(M47 AGfO)

29
— ei27r Saga Srwien eiﬂ' Srva Sq2f2+f2(wQerf)7

dAZ£ éWZ""CI(AUl)v f2‘3/\/4 éanwi
an =0, 1. (229)

Here we label AGro ¢ Uf Ney O by (AUf AO)’ and

f
label AU by AT = 1Al 4 1A”2, where A[ ,AUl €

s
[0,1) and Aizj"’ =0,1. The 241D space-time and its G o
connection satisfies (213) and (214).

For non-interacting fermion systems, the (Ulf X

ZF7))Z,-SPT phases (the topological insulators) are
classified by Z,.242% In the above, we show that, af-
ter including interaction and via fermion decoration, the
resulting interacting topological insulators are still de-
scribed by Zs.

B. 3+1D
1. Without extension of Os

Calculate n3: n3(a®") € H*(BGy;Zy) = H?
ZI);75) has a form

(B(Ul X

(230)

i3 = @, Wo + @, W1E)

On a 3+1D space-time M?* with wo ¢ ¢;, we have

wiep = wiwy = 0 (see (I16)). Thus after pulled back
on M*, iz reduces to

ng = anwi}’, a, =0,1. (231)

Calculate 7;: 74(a®?) is calculated from (53), which

becomes
an
2 [

701W1

1

—diy W+ Wi (WE + 1))

1

To see if %Elv’vf is a non-trivial cocycle, we note that

HP[B(Uy x 23 ); (R/Z)r] — H°[BZ3 ; H*(BUy; R/Z)|®
H[BZy; H'(BUR/Z)) @ H[BZy s H*(BUy; R/Z)]@
H?[BZ];H*(BU.;R/Z)| & H'[BZ] ; H*(BUy; R/Z)]®
H°[BZ3; H°(BUy; R/Z)]
= H°[BZy 5 (R/Z)7| & H'[BZy ;7] & H?[BZ3 ; (2)7]®
H5(BU\;R/Z) =727 (232)
The Z in H*BZI;Z] comes from H'(BUy;R/Z) =
Z. The unit in Z correspond to the generator of
HY(BUy;R/Z): the R/Z-valued nearly-flat 1-cochain
a®/%Z. The time-reversal Z7 has a non-trivial action on

the R/Z-value: R/Z — —R/Z. Tt also has a non-trivial
action on Uy: a®% — —a®/%. So the total action of ZJ



is given by a®/? — @®/%. Thus the action of ZI on the
coefficient Z is trivial. In this case H*[BZI;Z] = 7. It
is generated by 75 that satisfy

1
dijs = @182(W}) = 581 duw, (W1). (233)
Thus
I
s = 501“’1- (234)

The Z in H2[BZY;Zr] comes from H?*(BU;R/Z) =
Z. The unit in Z correspond to the generator of
H3(BUy;R/Z):  the R/Z-valued nearly-flat 3-cochain
a®/Z¢y, where ¢ is the first Chern class of a®/Z. The
total action of ZI is given by a%%¢; — —a®%¢
Thus the action of ZZ on the coefficient Z is non-trivial
Z — —7. This is Why we denote Z as Zp. In this case
H2[BZT;7r]=0.

So, H?[B(Uy x ZT); ([R/Z) ] is generated by +w$e; and
a®/7&. We see that $wic, is a non-trivial cocycle in
H5[B(ZT xUy); (R/Z)r] This means that 774 has solution
only when «,, = 0. In this case, 74 is given by the cocycles

in H4[B(U; x ZT); (R/Z)7). We note that

HY[B(Uy x 27); (R/Z)7) — H*[BZ3 ; H*(BU; R/Z)|&
H3[BZ3; HY(BU;R/Z)| @ H?[BZ1 ; H*(BU;R/7)]&®
H'[BZ3 ; H*(BUy;R/Z)] @ H°[BZ] ; H*(BU1; R/Z))

= H'[BZ3;(R/Z)r) © H|BZ3 ;Z) ® H'[BZy ; Z7)

=22 ® 7y (235)

The Z in H3[BZL;Z] comes from H!'(BU;R/Z) =
Z. The unit in Z correspond to the generator of
H'(BUy;R/Z):  the R/Z-valued nearly-flat 1-cochain
a®/Z. The time-reversal Z7 has a non-trivial action on
the R/Z-value: R/Z — —R/Z. Tt also has a non-trivial
action on Uy: a®/? — —a®/Z. So the total action of ZJ
is given by a®/Z — a®/Z. Thus the action of ZI on the
coefficient Z is trivial. In this case H3[BZ1;7] = 0.

The Z in HY[BZY;Z1] comes from H?*(BU;R/Z) =
Z. The unit in Z correspond to the generator of

H3(BUy;R/Z):  the R/Z-valued nearly-flat 3-cochain
a®/Z¢q, where ¢; is the first Chern class of a®/%. The
total action of ZI is given by a®/%ey - —a®%¢
Thus the action of ZZ on the coefficient Z is non-trivial
Z — —7. This is Why we denote Z as Zp. In this case
Hl[BZg, ZT] ZQ

So, H*[B(Uy x Z7); (R/Z)7] is generated by 3¢ and

T
+(@?2)*. by may have a form

- 1 Oy _y ay ) ~
vy = —w] + —¢7, ay,q, =0,1.

5 5 (236)

2. With extension of Os

Calculate ng3: Let wus first calculate n3 €
H*(BGjoiZs) = H*(B(U{ X, Ox);Z2). iz has a
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form

_ 2,d _3 JU ~
N3 = W] + &, W1Wa, Qp, 0, =0,1.

(237)
YVe do not have the wi¢; term due to the relation ¢; R
Wzﬁowever, on 3+1D manifold, wiwsy 2% 0. Thus the
pullback of 73 on space-time M? has a simpler form
n3 = apws,  a, =0,1. (238)
Calculate 74: Next, we calculate 74(a%©) from (80),
which becomes
—duy g
=5 (239)

where we have used (214). We note that $w?$ is a (R/Z) -
valued coboundary:

P = dig, (240)

where ZI has a non-trivial action on the value (R/Z)7.

Thus $W$w, is also a coboundary

1 1
SWiwe = d(iper + W), (241)
We find 74 to have a form
_ __ 1 5 a1 _ Qu2 _o  Qu3_
Uy = o (¢ + §qu1) + 2’1wf‘ + 2’2 Wi + 2’3 W4
;’4 e o =0,1 (242)

_ — —_9_ . . _ 2
The terms py, Woc1, and W%Cl are not included since W% =

]51 and Wo Z Cq.-

In 341D space-time, we have wiwso 2l W{W3 2l W‘l" +
w2+wy = 0 (see (I116)). Thus after pulled back to space-
time M*, Dy reduces to

oy

Qy
Wi + —Wacy

1
vy = ap(mac1 + —whug) + >

2 2

ay,,a, =0,1. (243)

We note that wacy =l W% d p1
From (213), we see that $ws is a coboundary. So one
might expect the term %Wgcl to be a coboundary, and

can be dropped. %Wgcl is indeed a coboundary if we

view swy as a (R/Z)p-valued cocycle, where subscript
T indicate the non-trivial action by time-reversal. (Note
that %WQ can also be viewed as a R/Z-valued cocycle, and
in this case it may not be a coboundary.) Since ¢ is a Zp-
valued cocycle, this implies that %Wgcl is a coboundary if
we view it as R/Z-valued cocycle, where the time-reversal
acts trivially. But %Wgcl in vy is viewed as a (R/Z)r
valued cocycle, which may be non-trivial.



SPT invariant: The above v, gives rise to two fermionic
(Ulf X Z4T’f)/Z2—SPT states, whose SPT invariant is
given by

Ztop(M4 AGfo) _ ei27r Spqa an(ngclJr%wful)JraT”w‘llJr&T”pl
el as Sq2f3+f3(W2+Wf)’

f
dA”% éWZ"‘CI(AUI)7 f3|8/\f4 éanwi

ap,a, =0,1. (244)

Here we label A%s0 ¢ Ulf Ne, Oco by (AUlf,AO)a and

s ! !
label AUlf by Agl _ %Agl + %Aizf’ where Agl ,Agl S

0,1) and AZ# = 0,1. The 3+1D space-time and its G 7o
connection satisfies (213) and (214).

In the above, we show that, after including inter-
action and via fermion decoration, we obtain 8 types
of interacting topological insulators (including the triv-
ial type). For non-interacting fermion systems, the
(U{ x4 Z]"7)/Z5-SPT phases (the topological insulators)
in 34+1D are classified by Z5.24 25 We also know that
bosonic Z7-SPT phases are classified by 73,253 which
are generated by bosonic ZI-SPT states with SPT in-
variants swi, 2p1.°0*! Our above result indicates that
the 4 bosonic Z7-SPT phases correspond to 4 differ-
ent fermionic SPT phases when the bosons are formed
by electron-hole pairs. Z, from free fermions and 73
from bosonic electron-hole pairs leads to the total of 8
fermionic (U{ X Zf’f)/Zg—SPT phases in 341D, ob-
tained via fermion decoration construction. This is con-
sistent with the previous physical argument®® and the
cobordism calculation. 81

XV. FERMIONIC SUQf-SPT STATE

In this section, we are going to study fermionic SPT
phases with Gy = SUQf symmetry in 2+1D and in 34+1D.
Such a symmetry can be realized by a charge-2e spin-
singlet superconductor of electrons. For non-interacting
electron, there is no non-trivial SUQf—SPT phase in 3+1D.

For fermion systems with bosonic symmetry G, =
SOs3, the full fermionic symmetry G is an extension of
Gy by Z{. The extension Gy = SU,y = Zg Ns0s 903 is
characterized by ’

€2 = W2503 S H2(BSO3; Zg) (245)

For Gy = SUQf7 the group Gyso is an extension of

S04 by SUY:

Grs0 = SU{ Ney SO = Z§ Ney (SO3 x SO). (246)
where &, € H2(B(SO3 x SO ); Z2) is given by

eh = Wwa(a%9) + w5 (a%). (247)
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On BGyso, €, is trivialized

wo(a50) + w505 (a%0s) 2 4 A% (248)
where a G rso connection is labeled by
aGiso = (Azﬁ,aSOS,aSO). (249)

A. 241D
1.  Without extension of SOuo

Calculate ny: First, ng € H?(BSO3;7Z5) = Z5. 1t has
two choices:
g = a, w5 ?%,  a, =0,1. (250)

Calculate v3: Similar to the last section, 3 satisfies

2
—dps & %Soﬁwg‘% + %wg‘%ég L. (251)

Thus, 73 has solutions classified by Z:
g = a,,w;?o3, o, €7, (252)

since H3(BSOs3;R/Z) = 7 (see (GT)).
SPT invariant: The SUJ fermionic SPT states labeled
by a,, a, have the following SPT invariant

ZtOp(MS,AZQ,AZi’C)

. so so I
— el2‘n’fM3 oWy 3—i—%w2 3 A%2 olm fN4 Sq? fa+ faws
b

dAZ 2wy + w05, folgps = anwi % (253)
where the space-time M?3 is orientable and w; = 0. How-
ever, as we will see below, the SU2f fermionic SPT phase
are only labeled by «, € Z.

On 241D space-time manifold, wy + w? = 0 (see
Appendix 13). The S sz fermionic symmetry requires
the space-time M?> to be a orientable manifold with
wo + w§03 24 0 and w1 4 0. Thus N9 d W§O?’ is
always a coboundary, and a,, = 0,1 describe the same
SPT phase.

2.  With extension of SO

Calculate ny: With extension of SO, in general,
na(arso) € H*(BGts0; Z2) is given by [using the triple
(AZg,ELSO%ELSO) to label a®ss9]

T (@9750) = 1 Wa(a7°0) + a, oW5 0% (@59%),  (254)
0.1, pn2 = 0,1. The above can be reduced to
Mg (a%r5%) £ o, W, (255)



o, = 0,1, due to the relation (248). So fiz(a®ss°) has
two choices. But on 2+1D orientable space-time M3,
wo = 0. Thus after pulled back to M3, ws is a cobound-
ary. Thus no is always trivial.

Calculate 75: Next, we consider v in (87) which be-
comes dizs = 0. We find that 75 is given by

73 = a, @30 + %wg ay €Z, & =0,1. (256)

However, w3 2 ByWsy (see (A32) and (I7)) So the term
%+ W3 can be rewritten as

O(y _ 1, d aV
- W3 = *52“’2

5 (257)

In this form, since BoWs is a Z-valued cocycle, &, do not
have to be quantized as a, = 0,1. &, can take any real
values and %rws is still a R/Z- valued cocycle. Thus &,
is not quantlzed and can be tuned to zero. Thus we drop
the %v‘v;; term. Thus, The fermionic SUQf—SPT phase
obtained via fermion decoration is classified by «,, € Z.

B. 3+1D
1. Without extension of SO

Calculate 7i3: iz € H3(BSO3;7Z5) has two choices:
ng = anw§03 (258)

a, = 0,1, since H3(BSO3;7Z3) = Z5.
Calculate 74: Next we want to solve

1
—di, = 5(8(127_7,3 + 7igéy).

L TLSqPWE O w0 ) L A5y, (259)

where we have used (see (I7))

QSO 2—SO SO =S03 (=SO:
3 2 w2V W3 3—|—d84 3(a503)

Sqw (260)

Since H*(BSO3;R/Z) = Z, the solution of 74 has a form

by = &7503 4 4n 2504

5 5 5;7%,  «a,=0,1

(261)

2. With extension of SO

Calculate n3: In general, n3(a®ss0) € H*(BG ts0; Z2)
can be written as

ﬁg(&cfso) = a, W3 + W?OS,
an,al, = 0,1. (262)
However, from wy = \7\7‘2903, we find that Sq'(ws +
w5%) E W 4+ w59 = 0 (see (I7) and notice W, =

32

w792 2 0). Furthermore, on a orientable 4-manifold M*,
303 = wj is always a coboundary. From Appendix 14,
we have

a?*wy = (a”?)?wy = SqP(a??)?

= (a%)r E wy (a?2)3 0. (263)

Since a?? can be an arbitrary Zs-valued 1l-cocycle, we

find wg = 0. Thus the above expression for ns(acsso)
is reduced to

nz(a%rso) = 0. (264)

Calculate 74: Next, we consider 74 in (87) which be-
comes dig(a®r50) = 0. We find that

7y = 0. (265)

Note that we do not have the p; term since p; is Z-valued

and its coefficient is not quantized. Also on M*, we have
ws = w? = p;. So we do not have the wy and w3
terms. Due to (248), we also do not have the wow5 ?* and
(w59%)2 terms. Thus there is no non-trivial fermionic

SUZf -SPT phases in 34+1D from fermion decoration.

XVI. FERMIONIC Z; x Z4 x Zg-SPT STATE

In this section, we are going to study fermionic SPT
phases, where the fermion symmetry is given by Gy =
Zo X Ly X Z{ symmetry. For non-interaction fermions,
there is no non-trivial Zy X Z4 x Zg-SPT phases in 3+1D.
For Gy = Zy x Zy % Zg, the corresponding Gyso =
Gy NSO is given by Grso = Za X Zy X Spine. W is
trivialized on BG ¢so:

Wa(aS0) 2 dAZE (266)
where we have labeled the G'yso connection as
aCfso = (AZg,aZQ,aZ“,aSO). (267)

where a%4 is a Z4-valued 1-cocycle.

A. 241D
Calculate ns: First nip € HZ(BGfSO; Z5) is given by

N2 é0471,1(@22)2 +Otn,2( 92 +a, 3aZ2 La

i =0, 1. (268)

Calculate 73: Next, we consider 73(a%75) in (87) which
becomes

1 1
—dig = 5quﬁQ + 572 dA%



— a”?a (269)
2 1
an,22an 3 d[(—Z4)2 — (_],Z2C_LZ4]
1
+ [aml (dZ2)2 + 04721,2 (az4)2 + 04721,3 @Zzazﬂdf—lzg.

The solution of the above equation has a form

— 1 CQnil_7,,_7 An2_7,, -7 An3 7, -7
7y £ Shelat fhat + Sh2at gatt + Shtat fyat

%622 (C—LZQ — EI,Z4)(LZ4
1

O3 72 iz
5 (@*?) - (@)

at (270)

where ap;liz12 = 0,1 and a3 = 0,1,2,3. ani, 00
label 128 different SPT phases, which can be divided into
8 classes with 16 SPT phases in each class. The 8 classes
are labeled by a,, ;. The 16 SPT phases in each class
only differ by stacking the bosonic Zs x Z4-SPT phases
realized by fermion pairs.

B. 341D

Calculate n3: Since Grso = Z2 x Zy x Spins, Nz €
H3(Gfs0;Z2) is generated by a?2, a4, and Stiefel-
Whitney class w,,. For Spin., wi = wgs = 0. Also,
Sqtwe 2 W Wo + W3 = Ws. Since wo is a coboundary
for Spins, W3 is also a coboundary. Thus, ng is given by

i3 = a1 (a%2)? + ap 2(@*)® + ay, 3% (a%2)?

+anaa®(@)?, o, =0,1. (271)

Calculate 7,: 74 is calculated from (87)

iy = —O"Q”l Sq?(a%?)® + —a;’z Sq2(a%)?

(0% (0%
+ n73sq2d24 dZ"‘)z—f—LASq?dZ?(ELZ“f
Qn

2 2
Ld 2:1 (C—L22)5 + Qn,2 ((_LZ4)5
+

Qn 3

2

2
624(622)4 + 047;3 G2z (524)4’

where we have used (MG6).
and  *p2a®2(a%)?  are

L@,

non-trivial

Ha)"

cocycles in
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H’(BGyso;R/Z). But 3a**(a*2) is a coboundary
1 1
1524(01@22)52@22 = d(zdh@bﬁﬂz?)

(272)

ST () () =

Thus v4 has a form
e L Qn 7, 7,5 -7 A1 _7,-747\3
Dy(a~7s0) = S a2 Baa”? +Ta 2(a”)

+ %@24 (dzz)?)7
2
We find that there are eight fermionic Zs x Z, X Z{—
SPT phases in 3+1D from fermion decoration. Those
phases can be divided into two groups of four, and the
four phases in each group differ by bosonic Zs x Z4,-SPT
phases from fermion pairs.

Ref. 21 has calculated Z9 x Z4 x Zg -SPT phases using
cobordism approach and found Z, x Z4 phases. On the
other hand, non-interacting fermions can only realize the
trivial Zy x Z4 x ZQf—SPT phase.?4 26 So the intrinsic
fermionic Zo X Z4 X Zg -SPT phase (the phases that cannot
be realized by bosonic fermion pairs) cannot come from
non-interacting fermions.’ In the above, we see that the
intrinsic fermionic Zo X Z4 X Zg -SPT phases can all come
from fermion decoration.

After posting this paper, a paper Ref. 61 with related
results appeared. As stressed in this paper, the symmetry
in fermion systems is not described by G X Z2f , but more
precisely by a structure Z{ NGy N SOy

Qy i = 0, 1. (273)

1= Z = Gy N S04 — S04 — 1. (274)

Previously, the fermionic SPT orders with symmetry
Gy = Gbeg were studied!”3%36, This paper generalizes
the symmetry to the more general case Gy = Gy N ZQf,

or more generally Z'2f XN Gp N SOy. The paper Ref. 61
also include the cases with more general symmetry G =

Gp N Zg, but not as general as Z{ N Gp N SO

XVII. SUMMARY

In this paper, we construct exactly soluble models to
systematical realize a large class of fermionic SPT states.
The constructed path integrals and the corresponding
fermionic SPT phases are labeled by some data. Those
data can be described in a compact form using terminol-
ogy of higher group B(IIy,1;112,2;---) (see Appendix L
for details). We note that, for a d-group B(G,1;Zs,d)
(i.e. a complex with only one vertex), its links are la-
beled by group elements g € G. This gives rise to the
so called canonical G-valued 1-cochain @ on the com-
plex B(G,1;Z5,d). On each d-simplex in B(G,1;Zs,d)
we also have a Zs label. This gives us the canonical Z5-
valued d-cochain f; on the complex B(G,1; Z,,d). The

condition df; = 0 gives us a a particular higher group
B#(Ooo, 1; Z2,d) (see Ref. 41 and Appendix L). Now, we
are ready to state our results:



1. Characterization data without time rever-
sal: For unitary symmetry Gy, the fermionic
SPT phases obtained via fermion decora-
tion are described by a pair (¢,v4+1), where
¢ : B(Gf N SOx,1) — B¢(S0s,1;2Z5,d) is
a homomorphism between two higher groups
and w441 is a R/Z-valued d 4+ 1-cochain on
B(Gf XN SOq, 1) that trivializes the pullback of a
R/Z-valued d + 2-cocycle @gyo = %Sq2 fa+ % fiwo
on B;(SOe, 1; Z3,d), i.e. —dvgyr = do*@ayo.
Here f; is the canonical d-cochain on
Bf(SOx,1; Z9,d), and W, is the n'™ Stiefel-
Whitney class constructed from canonical d-
cochain @ on B;(SOx,1; Z2,d). Note that a can
be viewed as the SO connection of a SO
bundle over Bf(SO0x,1; Z3,d).

2. Characterization data with time reversal:
In the presence of time reversal symmetry Gy =
G?c X ZT we find that the fermionic SPT phases
obtained via fermion decoration are described by
a pair (¢,v4y1), where @ : B(G(} XN O, 1) —
B#(Oco, 1; Z3,d) is a homomorphism between two
higher groups and vg41 is a R/Z-valued d + 1-
cochain on B(GY X Ou, 1) that trivializes the pull-

back of a R/Z-valued d+2-cocycle wqso = 1Sq® fy+
%fd(WQ + W%) on Bf(Ous, 15 Z2,d), i.e. —dvgir =
d@*a}d_i_g.

3. Model construction and SPT invariant: Us-
ing the data (¢, v4+1), we can write down the ex-
plicit re-triangulation invariant path integral that
describes a local fermion model (in bosonized form)
that realizes the corresponding SPT phase (see
(93), (86), and (79)). We can also write down the
SPT invariant!®30:31,43:44 that characterize the re-
sulting fermionic SPT phase (see (101), (99), and
(120)). Those bosonized fermion path integrals,
(93), (86), and (79), and the corresponding SPT
invariants, (101), (99), and (120), are the main re-
sults of this paper.

4. Equivalence relation: Only the pairs (¢, v4+1)
that give rise to distinct SPT invariants correspond
to distinct SPT phases. The pairs (p,v44+1) that
give rise to the same SPT invariant are regarded as
equivalent. In particular, two homotopically con-
nected ¢’s are equivalent and two v441’s differ by
a coboundary are equivalent.

The data (p, v4+1) cover all the fermion SPT states ob-
tained via fermion decoration. But they do not include
the fermion SPT states obtained via decoration of chains
of 141D topological p-wave superconducting states, but
may include some fermion SPT states obtained via dec-
oration of sheets of 2+1D topological p-wave supercon-
ducting state.

After we post this paper, a related and more general
treatment of fermionic SPT phases Ref. 61 was posted.
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FIG. 4. (Color online) Two branched simplices with opposite
orientations. (a) A branched simplex with positive orientation
and (b) a branched simplex with negative orientation.

We thank Zheng-Cheng Gu and Juven Wang for many
very helpful discussions. XGW is supported by NSF
Grant No. DMR-1506475 and DMS-1664412.

Appendix A: Space-time complex, cochains, and
cocycles

In this paper, we consider models defined on a space-
time lattice. A space-time lattice is a triangulation of
the D-dimensional space-time M P, which is denoted by
MP . We will also call the triangulation MP as a space-
time complex, which is formed by simplices — the vertices,
links, triangles, etc . We will use i, j,- - - to label vertices
of the space-time complex. The links of the complex (the
1-simplices) will be labeled by (4, 5), (7, k), - - - . Similarly,
the triangles of the complex (the 2-simplices) will be la-
beled by (iaj? k)a (]7 ka l)a Tt

In order to define a generic lattice theory on the space-
time complex MP using local Lagrangian term on each
simplex, it is important to give the vertices of each sim-
plex a local order. A nice local scheme to order the ver-
tices is given by a branching structure.?8:52:63 A branch-
ing structure is a choice of orientation of each link in the
d-dimensional complex so that there is no oriented loop
on any triangle (see Fig. 4).

The branching structure induces a local order of the
vertices on each simplex. The first vertex of a simplex is
the vertex with no incoming links, and the second vertex
is the vertex with only one incoming link, etc . So the
simplex in Fig. 4a has the following vertex ordering:
0,1,2,3.

The branching structure also gives the simplex (and its
sub-simplices) a canonical orientation. Fig. 4 illustrates
two 3-simplices with opposite canonical orientations com-
pared with the 3-dimension space in which they are em-
bedded. The blue arrows indicate the canonical orienta-
tions of the 2-simplices. The black arrows indicate the
canonical orientations of the 1-simplices.

Given an Abelian group (M, +), an n-cochain f, is
an assignment of values in M to each n-simplex, for ex-
ample a value fy; ;.. € M is assigned to n-simplex
(4,4, ,k). So a cochain f, can be viewed as a bosonic
field on the space-time lattice.

M can also be viewed a Z-module (i.e. a vector space
with integer coefficient) that also allows scaling by an



FIG. 5. (Color online) A 1-cochain a has a value 1 on the
red links: a;x = ajr = 1 and a value 0 on other links: a;; =
ar; = 0. da is non-zero on the shaded triangles: (da);u =
ajr + ax — aj;. For such 1-cochain, we also have a — a = 0.
So when viewed as a Zz-valued cochain, f2a # a — a mod 2.

integer:

rT+y=z T*Y==2,

méeZ.

mr =1y,

x,y,z €M, (A1)

The direct sum of two modules M; &M, (as vector spaces)
is equal to the direct product of the two modules (as sets):

My @ My = My x My (A2)
We like to remark that a simplex (4, j,- -+ , k) can have
two different orientations. We can use (4,7, ,k) and

(jyi,--+ k)= —(i,7,--- , k) to denote the same simplex
with opposite orientations. The value fy,; ;... » assigned
to the simplex with opposite orientations should differ by
a sign: fp.i ... k = —fnyji, k- S0 to be more precise f,
is a linear map f, : n-simplex — M. We can denote the
linear map as (f,, n-simplex), or

<fn7 (iaja T 7k)> = fn;i,j,“-,k em.

More generally, a cochain f, is a linear map of n-chains:

(A3)

frn : n-chains — M, (A4)

or (see Fig. 5)

(fn,n-chain) € M, (A5)
where a chain is a composition of simplices. For example,
a 2-chain can be a 2-simplex: (4,7, k), a sum of two 2-
simplices: (4,4, k) + (4, k,1), a more general composition
of 2-simplices: (4,75,k) — 2(4,k,1), etc . The map f, is
linear respect to such a composition. For example, if a
chain is m copies of a simplex, then its assigned value
will be m times that of the simplex. m = —1 correspond
to an opposite orientation.

We will use C"(MP; 1) to denote the set of all n-
cochains on MP. C"(MP;M) can also be viewed as
a set all M-valued fields (or paths) on MP. Note that
C™(MP;1) is an Abelian group under the +-operation.

The total space-time lattice MP correspond to a D-
chain. We will use the same MP to denote it. Viewing

35

i J i J
a a

FIG. 6. (Color online) A 1-cochain a has a value 1 on the
red links, Another 1-cochain a’ has a value 1 on the blue
links. On the left, a — @’ is non-zero on the shade triangles:
(a — a')iji = aijaly = 1. On the right, a’ — a is zero on
every triangle. Thus a — a’ + a’ — a is not a coboundary.

fp as a linear map of D-chains, we can define an “inte-
gral” over MP:

fD = <fD7MD>

RS

(i0581,++iD)

(A6)

Sigiy-ip (fD)i07i17"' VD"

Here s;4i,...i, = £1, such that a D-simplex in the D-
chain MP is given by s;.i,...ip, (0,71, + ,iD)-

We can define a derivative operator d acting on an
n-cochain f,,, which give us an n + 1-cochain (see Fig.
5):

(dfn, (iot1i2 - - ing1))
n+1

= Z(_)m<fna(7;07;l7:2 "'im"'in-i-l» (A7)
m=0

where igi1ig - im - - - int1 1S the sequence igiiio -« - ip41
with 4,, removed, and ig,%1,%2 - in4+1 are the ordered
vertices of the (n 4 1)-simplex (ipi1d2 -« - ty41)-

A cochain f, € C"(MP;M) is called a cocycle if
df, = 0. The set of cocycles is denoted by Z™(MP;M).
A cochain f, is called a coboundary if there exist a
cochain f,_1 such that df,—1 = f,,. The set of cobound-
aries is denoted by B"(MP;M). Both Z"(MP;M) and
B"(MP; M) are Abelian groups as well. Since d? =
0, a coboundary is always a cocycle: B"(MP;M) C
Z"(MP;M). We may view two cocycles differ by a
coboundary as equivalent. The equivalence classes of co-
cycles, [f,], form the so called cohomology group denoted
by

H"(MP;M) = Z2(MP; 1) /B (MP; 1), (A8)
H"(MP:1), as a group quotient of Z"(MP;M) by
B"(MP; M), is also an Abelian group.

When we study systems with time reversal symmetry,
we need to consider cochains with local value. To define
cochains with local value, we first note that a manifold
MP has a Stiefel-Whitney class w; to describe its ori-
entation structure. On each link (ij) of M wy has



two values (w1);; = 0,1. For a cochain f with local val-
ues, we cannot directive compare their values on different
simplexes, say fijr... and fimp.... To compare fjji... and
fimn..., we need to use wy to parallel transport the value
fimn... with base point [ to the value with base point i:
fimn-. = (W1)it fimn... then we can compare f;jj... and
(Wl)ilflmnn--

Such a interpretation of the value of a cochain will
modify our definition of derivative operator

(dw, fn, (i0f1i2 - iny1))

o (f)(w1)01 <fna (iliZ L in+1)>
n+1

+ 3 (=)™ f, (iiriz i ing))  (A9)

m=1

we note that on the right-hand-side of the above equa-
tion, all the terms have the base point 0, except the first
term which has a base point 1.

In this paper, on orientable manifold MP, we will
choose w; = 0, and the cochains will all be the cochains
with global values and the derivative operator is defined
by (A7). On the other hand, on unorientable manifold
MP | the cochains will all be the cochains with local val-
ues and the derivative operator is defined by (A9). One
can show that d and dy,, have the same local properties.
We will drop the subscript w; in dy, and write dy, as
d.

For the Z n-valued cocycle z,,, dx, Z 0. Thus

1
Anen = L din (A10)
is a Z-valued cocycle. Here [y is Bockstein homomor-

phism.

We notice the above definition for cochains still makes
sense if we have a non-Abelian group (G, -) instead of an
Abelian group (M, +), however the differential d defined
by (A7) will not satisfy d o d = 1, except for the first
two d’s. That is to say, one may still make sense of 0-
cocycle and 1-cocycle, but no more further naively by
formula (AT7). For us, we only use non-Abelian 1-cocycle
in this article. Thus it is OK. Non-Abelian cohomology is
thoroughly studied in mathematics motivating concepts
such as gerbe.

From two cochains f,,, and h,,, we can construct a third
cochain p,, 4+, via the cup product (see Fig. 6):

Pm+n = fm ~ hn»
<pm+na (O —m+ TL)> = <fm7 (O — m)>><

(hn, (m = m+n)), (All)
where ¢ — j is the consecutive sequence from 7 to j:
i—=>j=d4i+1,---,5—1,7. (A12)

Note that the above definition applies to cochains with
global. If h, has a local value, we then have

Pm+4n = fm ~ hn7

36

(Pt (0= m4m)) = (=)0 (fr (0 = m)) x
(hn, (m = m+n)),  (A13)

The cup product has the following property
d(hn ~ fm) = (dhn) ~ fm + (_)nhn ~ (dfm) (A14)

for cochains with global or local values. We note that the
above is a local relation. Locally, we can always choose
a gauge to make wi; = 0. Thus, the local relations are
valid for cochains with both global and local values.

We see that h,, — f,, is a cocycle if both f,,, and h,, are
cocycles. If both f,, and h,, are cocycles, then f,, — h,, is
a coboundary if one of f,,, and h,, is a coboundary. So the
cup product is also an operation on cohomology groups
—: H™(MP; M) x H*(MP;M) — H™(MP;M). The
cup product of two cocycles has the following property
(see Fig. 6)

fm = hp = (=)""hy, — fm + coboundary  (A15)

We can also define higher cup product f,, — h,, which
k

gives rise to a (m + n — k)-cochain®*:
<fm \k/ B, (O7 1,---
- Z(_)p<fm,<0—>i0,i1—>i27...)>x

0<ip<--<ip<n+m—k

(hn, (g = i1,i2 = 43,---)),  (Al6)

and f,, — h, = 0 for k < 0 or for K > m or n. Here
k

i — j is the sequence 4,74+ 1,---,5 — 1,74, and p is the
number of permutations to bring the sequence

04)7;071'1*)’@7"';7;04*14)2.171,7:2#»1*)7:371,"'

(A17)
to the sequence
0—=m-+n-—Fk. (A18)

For example

—

3

(fm = hn, (0= m+n—1)) =Y (—)m Doty

[}

(fm, (0= d,i4+n—=m+n—1))(hn, (i =i+n)).
(A19)

We can see that ~—=—. Unlike cup product at k = 0, the

0
higher cup product of two cocycles may not be a cocycle.
For cochains f,,, h,, we have

d(fm \k-/ hn) = dfm TC/ I + (7)mfm \: dhp+ (A20)

(7)m+nikfm 1:/ hn + (7)mn+m+nhn ]:/1 fm

-1
If h,, has a local value, we then have

<fmvhn7(0717 7m+n_k)>



= D) (0o ) x

0<ip< - <ip<n+m—~k

(s (g = Q1,02 = 43, ), (A21)

Let f,, and h, be cocycles and ¢; be a chain, from
(A20) we can obtain
(_)m+n—kfm — hn

d(fm \k/ hn) = e
+ (*)anrernhn k\:/l fma
d(fm \k’ fm) = [(_)k + (_)m]fm k\_/l fm7
d(Cl — Cc + ¢~ dcl) = d¢; — dg
k—1 k k

[ =M = ata — da). (A22)

From (A22), we see that, for Zs-valued cocycles z,,

Sq"*(2n) = 20 — 2 (A23)
k
is always a cocycle. Here Sq is called the Steenrod square.
More generally h,, — h,, is a cocycle if n+k = odd and h,,
k

is a cocycle. Usually, the Steenrod square is defined only
for Z5-valued cocycles or cohomology classes. Here, we
like to define a generalized Steenrod square for M-valued
cochains c¢,,:

Sq" *e, = ¢p ~ Cn +cpn = de,,. (A24)
From (A22), we see that
dSq”e,, = d(cn "~ Cn + cn T dey) (A25)
0, k = odd

¢n k=even’
In particular, when ¢, is a Zs-valued cochain, we have
dSg*e, = Sg*dey,. (A26)

Next, let us consider the action of Sg* on the sum of
two M-valued cochains ¢, and ¢),:

Sq* (¢, + ¢,,) = Sg¥e, + Sof e+

Cn S Cnt Oz enton o eyt = de
= Sq"c, + Sg¥c, 4 [1 + (—)"]en - e,
(=, e+ (e — )
ton o, dhta o den
=Sq%c, + 50", 4+ [1 + (—)"]en - cn
+ (=) M), — ent (2)"e, = dey)
n—k+1 n—k+1
_ (_)n—k d(C;I - cn) +ep o~ dc + C - de,
n—k+1 n—k+1 n—k+1

= Sg”c, + Sq'c,

+ [1 + (_) ]Cn \_/k Cn

37

+ 1+ (5)Me,
_ [(7)n7k+1 de!

n

(=) Fd(e, — )
n—k+1

vdc]

n—k+1

— de¢, —
n—k+1

n—k+1

= Sa"c, +Sa¥c, + [1+ (—)¥en —
k
+ L+ ()",

— d(dd,

— de, — (—)" kA

n—k+1 s C’I‘L)

n—k+1

— ¢p)+de, — de,
n—k+42 n—k+42

=Sq"c, +Sd¥c, + de, — dec,

n—k+2
+ 14 ()Mlen = e+,
— (=" (e,

We see that, if one of the ¢, and ¢,

— dey]
n—k+1

— ¢,) — d(de,

n—k+1

(A27)

n—\lc/+2 Cn).

is a cocycle,

So" (e, + ¢,) = SgFe, + Sofe (A28)
We also see that

S¢* (cn + dfn-1) (A29)
= Sa*c, + S dfut + [1+ (-)*]dfur — cn

— ()" Fdlen < dfumr) —d(den — dfum1)

n +1 n—k+2

= qucn + [1 +( ) den 1 Cn (_)nqu+1fn—1]
+d[SQ fn 1= ( )n—k n\: dfn 1— dcn’_\;;_zdfnfl}
= Sg¥c + [L+ () len = dfact +(-)"Sq* fui]
—‘rd[SQ fn 1= ( )n_kdfn—l ~ Cn]

Using (A30), we can also obtain the following result if
de,, = even

So* (¢, + 2¢))
= qucn +2d(ep

— ) +2de, — ¢
n—k+1 n—k+1
2 Sgfc, +2d(c, — ) (A30)
n—k+1

As another application, we note that, for a M-valued
cochain mg and using (A20),

Sq' (mq)

= my ;/1 dermd:/ dmyg

1
(= )d[d(md ~ md) — dmy ~ mqg] + =mq ~ dmgq

2
)4 Ba(ma — md) (—=)“Bamyg — Mg+ M~ fama
)dﬁ25¢1 ma — 2(— ) Bamyg d\:l Bamg
= (—)dﬁﬁﬂomd - 2(—)(15@052”1(1

This way, we obtain a relation between Steenrod square
and Bockstein homomorphism, when my is a Zs-valued
cochain

1
2
=(-
=(-
(A31)

Sq'(mg) =

where we have used Sqomd = my for Zs-valued cochain.

Bama, (A32)



Appendix B: Almost cocycle and almost coboundary

A R/Z-valued cocycle c satisfies
de = 0. (B1)
A R/Z-valued almost-cocycle ¢ satisfies
dé ~ 0. (B2)

Physically, it is impossible to constrain an R/Z-value
to exactly zero. So almost-cocycle is more relevant for
our model construction. In this paper, when we say
R/Z-valued cocycle, we really mean R/Z-valued almost-
cocycle.

Similarly, a R/Z-valued almost-coboundary is given by

dec+ e, (B3)

where € is an almost-zero cochain.

The cohomology class H} (M;R/Z) for R/Z-valued
almost-cocycles is different from the cohomology class
H*(M;R/Z) for R/Z-valued cocycles. For example, let
us consider H}(S?;R/Z). We parametrize S? by the po-
lar angle 6, and the azimuthal angle ¢. The 1-cochain

gk/z = L= cosld) _Z;S(e) do (B4)

is not a cocycle since da®/? # 0 mod 1. But it is a
1-almost-cocycle since

da®/? ~ ¢y, (B5)

z

and ¢ is a Z-valued. a®/Z is not an 1-almost-coboundary,
a®/Z is the gener-

since ¢; generates H?(S?;7). In fact, @
ator of H}(S?;R/Z) and we have

H(S*;R/Z) = H*(S*;,7) = 7. (B6)
In contrast H!(S%* R/Z) = 0.
In general, for an almost-cocycle ¢,

|dé] = C (B7)

is a Z-valued cocycle. The non-trivialness of ¢ is given
by the non-trivialness of C. Thus we have

HM(M;R/Z) = H" " (M;Z). (B8)

In this paper, we will drop the subscript and write
HM(M;R/Z) as H*(M;R/Z).

Appendix C: Some additional discussion of fermion
decoration

1. Another form of exactly soluble local fermionic
models

We can also write the path integral (45) as one on
M1, To do so, we introduce a new Z,-valued (d — 1)-
cochain field by that satisfy

dbg_1 = f4 (C1)
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to write the integrand of || yatz a8 a total derivative (using
(A26))

d[Sq°by—1 + ba—1 (w2 + w?)]
2 Sq®ng + ng(wa + W%) (C2)

This way, we can change the path integral (45) to one on
M4t only:

Z(MdJrl, AGb) _ § el2m Sard+1 Vd+1(acb)+%sﬂ2bd—1+%bd—le2’

9eCO(Ma+1:Gy); faZna(aCh)

(C3)

where b;_1 is a function of fy as determined from (C1).
The summation ZgGCO(Md+1;Gb);fd%nd(aGb) (i.e. the path

integral) is over a Gj-valued 0-cochain field g and Zs-
valued d-cochain field f;. But f; subject to a constrain
fa = ng(aC®) = 7”Ld(giAiCJ"-bg;l)7 which can be imposed as
an energy penalty. The term %Safbd_l makes the current
fa a fermion current (i.e. makes the field fy; to describe
a fermion).

In order for (C3) to be well defined, the action ampli-
tude ei2m Suar1 var1(a%)+3[5a%ba—1+ba-1e2(a%)] ghould be
a function of f; and does not depend on which solution
bg_1 of dby_; = fa that we choose. Different solutions
can differ by a cocycle by_;. Using (A27), we find that

S0?(bg—1 + ba—1) + (ba—1 + ba—1)ea — Sqbg—1 — ba—_1€2
2':d qu(Ed—l) + Z_)d_leg(aGb)
2l Bd—l [WQ + W% + eo (AGb)]. (04)

Thus the path integral is well defined only on M9*+! with
a symmetry twist A such that wy + w? + eg(A%r) =
0. This implies that f; describes a fermion. This also
implies that the fermion is described by a representation

of Gy = Zy e, Gy (see Ref. 41).

2. [Exactly soluble local bosonic models with
emergent fermions

If we treat the field bg—1 in (C3) as an independent
dynamical field (instead of as a function of f;), then we
will get a very different theory:

Z(MdJrl,AGb) :§ eiﬂ'fl\/ld+1 2Vd+1(aGb)+SQ2bd71+bd7162(aGb)’

gECO(M‘Hl;Gb);dbd,lind(acb)

(C5)

The new path integral (C5) sums over the 0-cochains g;
and (d — 1)-cochains by_; satisfying dby_1 = ng(a®).
Such a model is actually a local bosonic model. The
local bosonic model has emergent fermions whose current
is given by fq = dbg_; — ng(a®®).

The above local bosonic model has a G; symmetry.
Thus the model describes symmetry G}, enriched topo-
logical order with emergent fermions. If we break the



Gp symmetry, the model describes a Zs-topological or-
der with emergent fermion. Such a Zs-topological is de-
scribed by a Z; gauge theory where the Z; charge is
fermionic. In the presence of G symmetry, the emergent
fermions carry fractionalized symmetry quantum num-
ber. Since the partition function of the local bosonic
model vanishes when wy + w? + eg(A%) # 0, we con-
clude that the emergent fermions carry representations
of Gy = Zy Ne, Gy. The partition function of the local
bosonic model vanishes when wy +w? 4-e5(A%) £ 0. We
may view (45) as a fermionic model with Gy symmetry,
and the bosonic model (C5) as the ZJ gauged fermionic
model. If we gauge all the symmetry G in the fermionic
model (45), we will obtain a higher gauge theory as de-
scribed in Ref. 41:

Z(MdH) _ E: einfMdH 2yd+1(aGb)+Sq2bd_1+bd_162(acb).

aGveC(Mat1;Gy);dbg_1=nq(aCb)

(C6)

Despite their similarity, the two local bosonic models
(C5) and (C6) are very different. In (C5), the dynami-
cal fields are g,bgs—1 (with ag-b = giAg”gj_l), where g is
a Gp-valued 0-cochain living on vertices. In contrast, in
(C5), the dynamical fields are a®*,by_; where a®® is a
Gyp-valued 1-cochain living on links.

3. Another connection to higher gauge theory

There is another connection to higher gauge theory.
After gauging all the Gy symmetry in the fermionic
model (45), we obtain a local bosonic model (C6). Such
a local bosonic model is a higher gauge theory with emer-
gent fermion. Such a higher gauge theory is characterized
by a higher group and its cocycle. Thus the data that
characterizes a fermionic SPT phase is closely related to
a higher group and its cocycle.

In fact the local bosonic theory (C6) is characterized
by a higher group By, (G, 1; Z1,d — 1) and its higher-
group cocycle wg41. The field content aG”7 bq—1 and their
conditions

((5aGb)ijk = agbafkba,ib =1
dbg_1 = ng(a®), (C7)
determine the higher group B,,(Gp, 1; Zg,d — 1), which

can be viewed as a space with homotopy groups m; = Gj,
Tg—1 = Z{, and other m, = 0.

The local bosonic model (C6) and (C5) are ex-
actly soluble if the Lagrangian is given by a higher-
group cocycle satisfying dwgi1 =0 (i.e. wgp1 €
ZWB, (Gy,1:Z],d —1);R/Z]):

wat1(a®?,ba_1)

1
= Vd+1(aGb) + i[ngbd—l + nd(aGb)ez(aGb)]a (C8)
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(See Ref. 41 and Appendix L for an introduction on
higher groups and higher-group cocycles.)

Appendix D: Operations on modules

The tensor-product operation ®p and the torsion-
product operation Tor{% act on R-modules M, M M".
Here R is a ring and a R-module is like a vector space
over R (i.e. we can “multiply” a “vector” in M by an
element of R, and two “vectors” in M can add.) The
tensor-product operation ®p has the following proper-
ties:

MRzM~M®zM,
MaeM)prM=MerM &M @zM),
Mor (M eM’) = MerM)®MegrM');
I Q@z7M>~M®zZ =M,

2,z M~M®z Z, =M/nl,

2,2z R/Z~R/Z&zZ, =0,

Ly @z Ly = Z(m,n)a

R ®z [R/Z =0,

R®z R = R. (D1)

The torsion-product operation Torf’ has the following
properties:

Torg (M, M) ~ Tork (M, M),

Tory, (M @ M”, M) = Torg, (M, M) © Torp(M”, 1),
Torg (M, M @ M) = Tork (M, M) @ Tory (M, M)
Tory(Z,M) = Tory(M,Z) = 0,

Tory(Z,,M) = {m € Mnm = 0},

TorZ(Zn R/Z)=7,,

TorZ(Z 7,) = Z (i my s

Tork(R/Z,R/Z) = 0. (D2)

These expressions allow us to compute the tensor-
product ®p and the torsion-product Tor}%. We will use
abbreviated Tor to denote Tory.

In addition to ®z and Tor, we also have Ext and Hom
operations on modules. Ext operation is given by

Exty (M @M’ M)
Exth(M, M @ IM”)

= Extp (1, 1) @ ExtR (M, M),
Exth(M, M) @ Exth(1,M”)

Ext5(Z,M) =

Ext3(Z,,M) = D’I/n[T’l,

Exty(Z,,2) = Z,,

Ext}(Z,,R/Z) =0,

Exty(Zm,Z,) = 2 mys - (D3)

The Hom operation on modules is given by

Hompg (M @ 1”7, 1) = Hompg (M, M) & Hompg(M”, M),



Hompz (M, M & l}’l”)
M) =

( Homp (M, M) & Hompg (M, M"),
Homz(Z,
Homz(Z,,M) = {m € Mlnm = 0},
Homz(Z,,Z) =
Homgz(Z,, [R/Z)

(

Homz(Z,, Z,) = Z<m)n>. (D4)
We will use abbreviated Ext and Hom to denote Ext

and Homy.

Appendix E: Kiinneth formula and universal
coefficient theorem

The Kiinneth formula is a very helpful formula that
allows us to calculate the cohomology of chain complex
X x X’ in terms of the cohomology of chain complex
X and chain complex X’. The Kiinneth formula is ex-
pressed in terms of the tensor-product operation ® r and
the torsion-product operation Tor{% described in the last
section (see Ref. 65 page 247):

d
0— P H X M) @ HH(X' 1)
k=0
— HY(X x X', M@z M)
d+1
— @D Torp(H* (X, 1), H* ¥ (X7, 01)) — 0, (1)
k=0

where the exact sequence is split. Here R is a prin-
ciple ideal domain and M, M’ are R-modules such that
Tork (M, M) = 0. We also require either

(1) Hq(X,Z) and Hq(X',Z) are finitely generated, or
(2) M and Hy(X',Z) are finitely generated.

(For example, M =Z& - @ZBZ, D+ - P Z,y, is finitely
generated, with R =7.)

For more details on principal ideal domain and R-
module, see the corresponding Wiki articles. Note that
ring Z and R are principal ideal domains. Also, R and
R/Z are not finitely generate R-modules if R = Z.

The Kiinneth formula works for topological cohomol-
ogy where X and X' are treated as topological spaces.

As the first application of Kiinneth formula, we like
to use it to calculate H*(X',M) from H*(X',Z), by
choosing R = M = Z. In this case, the condition
Tork (M, M) = Tork (M, Z) = 0 is always satisfied. M can
be R/Z, Z, Z,, etc . So we have

d
0— P HH(X,M) @z HH(X', Z)
k=0
— HYX x X', M)
d
— €P Tor(H*(X, M), H*1(X',2)) -0 (E2)
k=0

Again, the exact sequence is split.
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We can further choose X to be the space of one point
n (E2), and use

M, ifd=0,
HAX,M) = {0 ifd>0 (E3)

to reduce (E2) to
HYX,M) ~M®z H(X,Z) ® Tor(M, HT1(X, 7)).
(E4)

where X' is renamed as X. The above is a form of the
universal coefficient theorem which can be used to calcu-
late H*(X,M) from H*(X,Z) and the module M.

Using the universal coefficient theorem, we can rewrite
(E2) as

d
HY (X x X', M) ~ @@ H¥ X, HF (X, 1) (E5)
k=0
The above is valid for topological cohomology.

Appendix F: Lyndon-Hochschild-Serre spectral
sequence

The Lyndon-Hochschild-Serre spectral sequence (see
Ref. 66 page 280,291, and Ref. 67) allows us to under-
stand the structure of of the cohomology of a fiber bundle
F - X — B, H*(X;M), from H*(F;M) and H*(B;M).
In general, H?(X; ), when viewed as an Abelian group,
contains a chain of subgroups

{0y=Hy, CHyC---C Hy= HYX;M)  (F1)

such that H;/H;y; is a subgroup of a factor group of
H'YB,H"YF;M)g], i.e. H'[B, H¥"!(F;M)p] contains a
subgroup I'*, such that

Hl/Hl+1 C Hl[Bde_l(F;M)B]/FlV
=0, .d. (F2)

Note that 1 (B) may have a non-trivial action on M and
71(B) may have a non-trivial action on H?!(F;M) as
determined by the structure F' — X — B. We add the
subscript B to H4~!(F;M) to indicate this action. We
also have

Hy/H, C H[B, HY(F;M)g],

Hy/Hay = Hqg = H(B; M) /T, (F3)

In other words, all the elements in H?(X;M) can be one-
to-one labeled by (zg, 21, - ,x4) with

x; € Hy/Hy ., C H'[B, H7Y(F;M)5]/T". (F4)

Let 214, @ = 1,2,---, be the generators of H!/H'*!.
Then we say z;, for all [,a are the generators of



HY(X:M). We also call H;/H; 1,1 =0,---,d, the gen-
erating sub-factor groups of H(X;M).

The above result implies that we can use
(ko,k1,--- ,kq) with k € H'B,H"Y (F;M)p] to
label all the elements in H?(X;M). However, such a
labeling scheme may not be one-to-one, and it may
happen that only some of (ko, k1, -, kq) correspond to
the elements in H¢(X;M). But, on the other hand, for
every element in H%(X; M), we can find a (ko, k1, , kq)
that corresponds to it. Such a relation can be described
by an injective map

SH

HY(F ;M) — (D H'[B, H(Fiv)5] ()
=0

For the special case X = B x F, (ko, k1, ,kq) will
give us an one-to-one labeling of the elements in H%(B x
F;M). In fact

d
HYB x F;) =  H'[B, H*™(F;11)). (F6)
=0

Appendix G: The ring of H*(BSOx;Z)
The ring H*(BSO,,;Z3) has a simple structure:

H*(BSO,,;Z3) = Za[wa, W3, -+ ,Wp]. (G1)

J

202 (Wi, Wai, - -+ ) = 0,

Pn = Wi,  Xn = Pawy if n =2k +1,
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According to Ref. 68, the ring H*(BSO,,;Z) is given by

H*(BSOxo; Z) = Z[{pi}, {Bo(wWai, Wai, -+ )}, Xn]/ ~,

(G2)

where Z[{p;}, {B2(wa2i, Wai, -+ )}, Xn] is a polynomial
ring generated by p; and B2(wai, wai, -+ ), 0 <4 < [ 251 ],
0<ip <ig < --- < L"?’IJ, with integer coefficients.
Here p; € H*(BSO.;Z7) is the Pontryagin class of
dimension 4i and w; € H*(BSOu;Zs) is the Stiefel-
Whitney class of dimension i. Since TorH%(BG,R/Z) =
TorH*Y(BG;Z) (see, for example, Ref. 69), the nat-
ural map H%(BG;Z3) — TorHY(BG,R/Z) induces the
Bockstein homomorphism H¢(BG;Z5) — H(BG;7):
B2+ HY(BSOuw;Z3) — HTY(BSOL;7Z). Note that
f € H(BSO;Zy) satisfies df = 0. Thus 1df =0,
or %d f is an integral cocycle. This allows us to write the
Bockstein homomorphism as

Byf = %d fe B (BSOL: 7). (G3)

To obtain the ring H*(BSOs;Z) from a polynomial
ring generated by p; and Bo(wai, wog, « -+ ), we need to
quotient out certain equivalence relations ~. The equiv-
alence relations ~ contain

X2 =py if n = 2k, (G4)

Bow(I)Baw(J) =Y Bawar, Baw[(I = {k}) UJ — (I = {k}) N J] p[(1 = {k}) N J],

kel

where I = {i1,i2, -}, w(I) = waj, Way, - -+, and p(I) =
Di,Diy -+ - Many last kind of the equivalence relations
are trivial identities. The first non-trivial equivalence
relations appears at dimension 14:

B2 (Wawa)Bawe = BowsfBa(Wewa) + Bawa o (WeWa),

Bo(Wawa)B2(Wawa) = p1fawy oWy +p2ﬁ2w252W2(- |
GbH

We see that there are no effective equivalence relations
of the last kind for dimensions less than 14. So for low
dimensions,

H°(BSOw;7) =127,
HY(BSOL:;Z) =0,
H?*(BSOu:Z) =0,
H3(BSOuo: Z) = Zy = {faws},
HY(BSOw; Z) =7 = {p1},

( ) (G6)
H%(BSOuo; Z) = Z5 = {Baw2Baws},

(BSOuo; Z) = 75° = {Baws, Ba(Waws), p1Bawa},
H8(BSOoo; Z) = Z9% @ Zy = {p3, p2, BawaPowa}.

In the above, we also list the basis (or generators) of
cohomology classes. Using (B8), the above allows us to
obtain

HY(BSO;R/7) =0,

H}(BSO.;R/Z) =0

H2(BSOu;R/Z) = 75 = {%WQ},

H3(BSOw;R/Z) = 7 = {ws},

HY(BSOs;R/Z) = 7y = {%m}, (G7)

HS(BSOOO, R/Z) = ZQ = {%WgWg)},



1 1 1
HS(BSOOQ; R/Z) = Zgﬁ = {§W6, 5 WaWa, §p1W2},

1
HJ(BSOoo; [R/Z) =7% g Zy = {w:spl,wﬂ §W3W4}'

where wy,—1 is a R/Z-valued almost-cocycle on BSO
(the gravitational Chern-Simons term)

dwan—1 = pn.

The above basis give rise to the basis in (G6) through
the natural map 3: HY(BG,R/Z) — H¥*(BG, 7).

232 (wWoi, Waiy -+ ) = 0,  Pa(wiwy) =0,

2 2
pn - W2n7
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Appendix H: The ring of H*(BO;Z)

The ring H*(BO,,; Z2) is given by

H*(BO,; Zs) = Za[w1, wa, -+, Wy]. (H1)

and the ring H*(BO; Z) is given by®®
H*(BOoo; Z) = Z[{p:}, {Ba(Wwiwai, wai, - - )}]/ ~, (H2)

where Z[{p;}, {B2(W§wai, wo;, --+ )} is a polynomial
ring with integer coefficients, generated by p; and
Ba(WiWas, Was, --+), € =0,1,0 <i < [§],and 0 < iy <
ig < --- < |2]. Here p; € H¥(BOu; Z) is the Pontrya-
gin class of dimension 4i and w; € H(BOu;Z5) is the
Stiefel-Whitney class of dimension 1.

To obtain the ring H*(BO; Z) from a polynomial ring
generated by p; and B2 (W{wai, Wai, - - - ), we need to quo-
tient out certain equivalence relations ~. The equiva-
lence relations ~ contain

(52Wn)2 ’n:even = pn/252wl»

Baw(I)Baw(J) = Zﬁzw% Bow[(I = {k}) U J — (I —{k}) N J] p[({ — {k}) N J],

kel

where I = {§7i1,i2, s }, W(I) = WiWQiIWQiQ Ty, and
p(I) = wip;,pi, ---. Many last kind of the equivalence
relations are trivial identities. The non-trivial equiva-
lence relations for dimension 9 and less are given by:

[52(W1W2)]2 = (ﬁ2W2)252W1 + (ﬁ2W1)2P1,
Ba(W1wa)Bawy = BawafBa(Wiwy) + Sawy fa(wowy) (H4)

So for low dimensions,

(H5)

p1B2wa, (52W1)252W2, 52W152W4}7
H3(BOo; Z) = 79° @ 7% = {Bo(wiwawy), (Bawy)?,
BawaBowy, Bawi(B2w2)?, p1(Baw1)?, pi, pa}.

In the above, we also list the basis (or generators) of
cohomology classes. Due to the relation (B8), the above

(

allows us to obtain

HY(BO.;R/Z) = R/Z,

H(BOiR/Z) = 5 = {5w1},
H2(BOwiR/2) = 25 = {5wa),
H3(BOw:;R/Z) =707 = {%W152W1,w3}7

11
HY(BOs:R/Z) =73? = {5wa, g wiBawa}, (H6)

2
1 1 1
HE(BOOO, [R/Z) = 2393 = {§W262W2, §W1(ﬂ2W1)2, §W1p1},
1 1 1
HS(BOoo§ R/Z) = 2395 = {§W67 §W2W4, §W2p1,

1
§W2(52W1)27 §W152W4},

1 1
Hl(BOsx;R/Z) = 75° © 7%° = {§W1W2W4, §W1(52W1)3,
1 1

1
§W252W4,§W1(52W2)27 §W1p152W17 wspP1, w7}.

Appendix I: Relations between cocycles and
Stiefel-Whitney classes on a closed manifold

The cocycles and the Stiefel-Whitney classes on a
closed manifold satisfy many relations. In this section,



we will show how to generate those relations.

1. Introduction to Stiefel-Whitney classes

The Stiefel-Whitney classes w; € H*(MP;7Z,) is de-
fined for an O,, vector bundle on a d-dimensional space
with n — oo. If the O, vector bundle on d-dimensional
space, MP, happen to be the tangent bundle of MP
direct summed with a trivial co-dimensional vector bun-
dle, then the corresponding Stiefel-Whitney classes are
refgrred as the Stiefel-Whitney classes of the manifold
M?>P.

The Stiefel-Whitney classes of manifold behave well
under the connected sum of manifolds. Let

w(M)=14wi(M)+wo(M)+--- (I1)

be the total Stiefel-Whitney class of a manifold M. If we
know w(M) and w(N), then we can obtain w(M#N):

w(M#N) = w(M) + w(N) — 1. (12)

Under the product of manifolds, we have

w(M x N) = w(M)w(N). (13)

The Stiefel-Whitney numbers are non-oriented cobor-
dism invariant. All the Stiefel-Whitney numbers of a
smooth compact manifold vanish iff the manifold is the
boundary of some smooth compact manifold. Here the
manifold can be non-orientable.

The Stiefel-Whitney numbers and Pontryagin numbers
are oriented cobordism invariant. All the Stiefel-Whitney
numbers and Pontryagin numbers of a smooth compact
orientable manifold vanish iff the manifold is the bound-
ary of some smooth compact orientable manifold.

2. Relations between Stiefel-Whitney classes of the
tangent bundle

For generic O vector bundle, the Stiefel-Whitney
classes are all independent. However, the Stiefel-Whitney
classes for a manifold (i.e. for the tangent bundle) are not
independent and satisfy many relations.

To obtain those relations, we note that, for any O,
vector bundle, the total Stiefel-Whitney class w = 1 +

w1 + wg + - -+ is related to the total Wu class u = 1 +
U1 + ug + - - through the total Steenrod square’:
2,d 1 2
w = Sq(u), Sq¢=1+4+8Sq +Sq"+---. (14)

Therefore, w, = S 584" (un—;). The Steenrod squares
have the following properties:

Sqi(a:j) 20, i > 7, qu(xj) = T, Sq’ =1, (15)
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for any x; € HI(MP;Z5). Thus
un =+ Y Sq (uni). (16)
i=1,2i<n

This allows us to compute u,, iteratively, using Wu for-
mula

Sq'(wj) =0, i>j,  Sq'(wi) = wiwi, (I7)
2.4 (J—i—1+k)! .
Sq (W] = w;w; + Z G—i- 1) — 7 Vi—kWitk, <],

k=1
Sql(wj) R wiw; + (J — 1)wjq1,

and the Steenrod relation

Sq™(xy) =Y Sq'()Sq" " (v) (I8)
=0
We find
up =1, up = wy, up = wi + wo,
U3 2 W1{Wa, uy = Wil + w§ + wiws + wy, (19)

2,d 3 2 2
Us = WiWg + W1W5 + WiW3 + Wi1Wy,
2,d 2 9 3 2 2
U = WiW5 + WiW3 + W1WoW3 + W3 + WiWya + WoWy,
2,d 2 2
U7 = WiWaW3 + W1 W3 + W1 WoWy,
2,d 8 4 2.2 2 2
ug = Wy + Wy + WiW3z + WiWoWy4 + Wi W3Wy + Wy
2
+ W?W5 + W3W5 + W] Wg + WoWg + WiW7 + Wg.

We note that the Steenrod squares form an algebra:

[a/2] b i1 o
Sq“qu = Z < a32j )Sanerqu,

j=0
[a/2]
b—j—1 Lo
_ Z ( j ) Sqa—i-b—jsqj7
(a=2)(b—a+j—1)!
0<a<2b (110)

which leads to the relation Sq'Sq! = 0.

If the O vector bundle on d-dimensional space, MP,
happen to be the tangent bundle of M P, then the corre-
sponding Wu class and the Steenrod square satisfy

SqP I (x;) = up_jx;, for any x; € HI(MP;7,).
(111)

We can generate many relations for cocycles and Stiefel-
Whitney classes on a manifold using the above result:

1. If we choose z; to be a combination of Stiefel-
Whitney classes, plus the Sq operations them, the
above will generate many relations between Stiefel-
Whitney classes.

2. If we choose z; to be a combination of Stiefel-
Whitney classes and cocycles, plus the Sq opera-
tions them, the above will generate many relations
between Stiefel-Whitney classes and cocycles.



As an application, we note that Sq’(z;) = 0ifi > j.
Therefore w;zp_; = 0 for any xp_; € HP~{(MP;Z,)
if ¢ > D —1i. Since Zs is a field and according to the
Poincaré duality, this implies that w; 20 for 20 > D.
Also Sq™---Sq™(u;) = 0 if 20 > D. This also gives us
relations among Stiefel-Whitney classes.

3. Relations between Stiefel-Whitney classes and a
Zs-valued 1-cocycle in 3-dimensions

On a 3-dimensional manifold, we can find many rela-
tions between Stiefel-Whitney classes:

(1) ug = w? 4wy = 0.

(2) us 2 wiwe = 0.

(3) Sq'(uz) = 0. Using Sq*(w;) = wiw; + (i + 1)wip1,
we find that Sq'(w? 4+ ws) = Sq' (w1)wi + w1Sq' (w1) +
Sql(WQ) = wiws 4wy = 0.

This gives us three relations

2,d ,d
WiWgy = W3 = 0.

(112)

2 2,d
Wy = Wa,

Let a?? be a Zy-valued 1-cocycle. We can also find a
relation between the Stiefel-Whitney classes and a?2

wi(?2)? 2 8! (a72)?) 2

There are six possible 3-cocycles that can be con-
structed from the Stiefel-Whitney classes and the 1-
cocycle a??

(W1)37

@) wile®?, wie®

2(a?2)® = 0. (113)

W1wa, w3,

(114)

From the above relations, we see that only two of them
are NoN-zero:

(aZ?)S7 W%az?

(115)

4. Relations between Stiefel-Whitney classes and a
Zs-valued 1-cocycle in 4-dimensions

The relations between the Stiefel-Whitney classes for
4-dimensional manifold can be listed:
(1) us 2; Wi1Wo 2=d 0.
(2) ug = w4+ wl +wiws +wy = 0.
(3) Sq'(uz) = 0, which implies Sq'(wiwy) =
Sql(W1)W2 + Wlsql(Wg) B3 wiwy + Wiwy + wWiws =
Wi1w3 2':(1 07
which can be summarized as

Wiwy = 0, wiws 2 0, Wil + Wg +wy = 0. (I16)
We also have many relations between the Stiefel-Whitney
classes and a??

(1) Sq’((a%2)?) 22

(aZ2) & wi(a?2)?,
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(2) 80! (w1 (a%2)%) & wi(a®2)? 2 wi[ws (a%2)7].
(3) S’ (wha) = wi(a?)? = wia®.
(

4) Sq'(waa?2) = (wiwy + wi)a?? + way(a?2)? =
W1W2a22 which 1mphes that wsyaZ? = wy (a?2)2.
(5) Sq*((a®2)?) = (a®2)* = (W 4 w2)(a?2).

2,d 2,d 2,d
(6) Sq (wia®) = wi(a®)? = (wi + wo)wia®? =
wia?2, which is the same as (2).
To summarize
W%(a22)2 v_ Wiliah (a22)4 2=:d Wl(a22)3, 117)

2,d
£2)? = waa®2,

wa(a (a?2)* + w?(a?2)? + wa(a?2)? = 0.
There are nine 4-cocycles that can be constructed from

Stiefel-Whitney classes and a 1-cocycle a??

(a22)47 Wl(aZ2>3a Wl( ZQ) )
wo(a??)?, wial?, wsa??,
wi, w3, Wy. (118)
Only four of them are independent
wi, wa, wsa’?, wia’2. (119)

Appendix J: Relation between Pontryagin classes
and Stiefel-Whitney classes

There is result due to Wu that relate Pontryagin classes
and Stiefel-Whitney classes (see Ref. 71 Theorem C):
Let B be a vector bundle over a manifold X, w; be its
Stiefel-Whitney classes and p; its Pontryagin classes. Let
p4 be the reduction modulo 4 and 6> be the embedding
of Z5 into Z4 (as well as their induced actions on coho-
mology groups). Then

i—1

Po(wo;) = pi + 2(W15q2i_1W2¢ + ZWQjW4if2j)7 (J1)
=0

where P, is the Pontryagin square, which maps x €
H?"(X,75) to Pa(x) € H(X,Z,). The Pontryagin
square has a property that Py(z) = z2. Therefore

PQ(WQi) = ng = Di- (JQ)

Appendix K: Spin and Pin structures

Stiefel-Whitney classes can determine when a manifold
can have a spin structure. The spin structure is defined
only for orientable manifolds. The tangent bundle for
an orientable manifold M? is a SO4 bundle. The group
SO, has a central extension to the group Spin(d). Note
that 71(SO4) = Z5. The group Spin(d) is the double
covering of the group SOg4. A spin structure on MP is
a Spin(d) bundle, such that under the group reduction
Spin(d) — SOq4, the Spin(d) bundle reduces to the SOy



bundle. Some manifolds cannot have such a lifting from
SO, tangent bundle to the Spin(d) spinor bundle. The
manifolds that have such a lifting is called spin mani-
fold. A manifold is a spin manifold iff its first and second
Stiefel-Whitney class vanishes w; = wy = 0.

For a non-orientable manifold N9, the tangent bun-
dle is a Oy4 bundle. The non-connected group Oy has
two nontrivial central extensions (double covers) by Zs
with different group structures, denoted by Pin™(d) and
Pin~(d). So the O4 tangent bundle has two types of
lifting to a Pin™ bundle and a Pin~ bundle, which are
called Pint structure and Pin~ structure respectively.
The manifolds with such lifting are called Pin™ manifolds
or Pin~ manifolds. We see that the concept of Pin*
structure applies to both orientable and non-orientable
manifolds. A manifold is a Pin* manifold iff wo = 0. A
manifold is a Pin~ manifold iff wy + W% = 0. If a man-
ifold N4 does admit Pint or Pin~ structures, then the
set of isomorphism classes of Pin™-structures (or Pin~ -
structures) can be labeled by elements in H'(NY;Zs).
For example RP* admits two Pin™-structures and no
Pin~-structures since wa(RP*) = 0 and wy(RP*) +
wi(RP*) #£ 0.

From (I2), we see that M#N is Pin™ iff both M and
N are Pin™. Similarly, M#N is Pin~ iff both M and N
are Pin™.

Appendix L: Higher group as simplicial complex
1. Higher group and its classifying space

Given a topological space K, we can triangulate it
and use the resulting compler K to model it. If K is
connected, we can choose the complex K to have only
one vertex. We can even choose the one-vertex com-
plex to be a simplicial set. Such a simplicial set is
called a higher group if various Kan conditions are sat-
isfied and the corresponding space K is called the clas-
sifying space of the higher group. More precisely, K is
an n-group (n € {1,2,...} U {oo}), if K satisfies Kan
conditions Kan(m, j), i.e. the natural horn projection
K pL> A;"(IC) is surjective, for all 0 < j < m; and
strict Kan conditions Kan(m, j)!, i.e. ICp, b, ATH(K) is
isomorphic, for all 0 < 57 < m and m > n + 1. Here,
AT'(K) denotes the set of (m, j)-horns in K. We will use
B to denote a higher group (i.e. a simplicial set).

Let us describe an explicit construction for such a
higher group B. As a simplicial set, B is described by
a set of vertices [B]g, a set of links [B], a set of triangles
[B]2, etc. The complex B is formally described by

do,d1 do,d1 ,d2 do,-...ds do,...,ds
Blo=——[Bh ==—=1[Blo - [Bls __[Bls, (L1)

where d; are the face maps, describing how the n-
simplices are attached to a (n — 1)-simplex.
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As the set of vertices, [B]o = {pt}, i.e. there is only
one vertex. An link in [B]; is labeled simply by a label
ag1 whose end points are both this point pt. Such labels
from a group G. An triangle in [B]y is labeled by its
three links ag1, a12, ag2, and possibly an additional label
bo12- Such additional labels form an Abelian group Ils.
Thus an triangle is labeled by (a1, a12, ag2;bo12). We
introduce a compact notation

5[012] = (ao1, a1z, aoz; bo12) (L2)

to denote such a triangle. Similarly, an generic d-simplex
is labeled by a label-set s[0---d] = (a;; bijr;- - -)-

We see that a higher group B in this model consists
the data of a collection of groups G, I, 113, - -, where G
can be non-Abelian and II;’s are Abelian. Both G and II;
can be discrete or continuous. We denote such a higher
group as B(G,1;11s,2;113,3;---). With such a labeling
of the simplices, such as s[012] = (ag1, a12, aoz2; bo12), the
face map d; can be expressed simply

do(ao1, @12, ao2; bo12) = a1z,
di(ao1, @12, ao2; bo12) = aoz,

da(ao1, a12, ao2; bo12) = aot, (L3)
or
ds[0---d] = s[0---1---d] (L4)

where m means that the m index is removed.

However, in order for the label-set s[0---d] to label a
d-simplex in complex B(G,1,1I5,2;113,3;-- ), the labels
a;j, etc., in the set s[0---d] must satisfy certain con-
ditions. Those conditions determine the structure of a
higher group B(G, 1;11,2; 113, 3;- -+ ). Such constructed
higher group is a triangulation of a topological space K.
Different higher groups give us a classification of homo-
topy types of topological spaces.

From our labeling of the simplices s[0---d] =
(@ij;bijk;---), we can also introduce the canonical
cochains on the higher group B(G,1,1Iy,2;1I5,3; - ).
The canonical G-valued 1-cochain a is given by its eval-
uation on 1-simplices s[01] = ag1:

(a, a01> = aopq, ao1 € G. (L5)
The canonical IIs-valued 2-cochain b is given by its eval-
uation on 2-simplices s[012] = (ag1, a12, @o2; bo12):

(b, (@01, @12, aoz; bo12)) = borz,  boi2 € Ila. (L6)
The canonical II,,-valued n-cochain x™ can be defined in
a similar fashion.

The conditions satisfied by the labels a;;, b;jk, etc., in
the set s[0---d] can be expressed as the conditions on
those canonical cochains. In other words, we start with
a chain complex of groups

GE T, &y & &,



and group actions G 24, Aut(Il;), where ¢; are G-
equivariant with G acting on G trivially, and

o (apqaqra;,}) =id. (L7)

Then the structure and the definition of a higher group
Bus,...nesr (G, 1;12, 25 .. Iy, k) can be formulated via
the conditions on the canonical cocycles inductively:
given k — 1 cocycles

ng € Z°(G, (13)*2),

ny € Z4(By, (G, 1; 115, 2), (113)%2),
(L8)
Npr1 € Z5 (Brg,. 0y (G, 1105, 25

where H‘; i=kerq; ClII; for j =2,...,k,

Xd = {5[0 . d] = (x(l)la‘r(l)%' . ~azé—1d;

T312, - 7x?d—2)(d—1)d§ g g)l

z! € G2l e, (L9)
do; 77 = g1 (@77) + nja (@t 2?07,

Vi =2,3,...,d, and dz' = ga(z?).}

is a k-group. Here we take all II>541 = 0 (thus g>41 =
0) and all n>x42 = 0 in the general definition of Xy. Here

dajxj(s[O...j +1] : = aj(aon) '»Tj(s[l S J 1))

—2?(s[02...5+1]) +... (L10)
Equation (L.7) guarantees that d,; o ds; = 0.

We notice that B,,(G,1;1I3,2) is the 2-group con-
structed via cocycles n3 with equations dz' = go(2?)
and dg,2% = ngz(z'). But it is not in contradiction with
the equation d,,2? = g3(2®) +n3(x!) in the definition of
X 4. First of all, ng is a cocycle, therefore it is possible
that da,z? = nz(z!) has solutions. Secondly, d,,z? =
q3(23) + nz(z!) is describing another set of solutions in
X4, which is also possible to be there. Why? If we apply
da, to it, we have d,,gq3(z3) = 0, but this holds natu-
raHY7 since da2q3<x3) = q3(do¢3x3) = q3(n4(x17x2)) = 07
no matter we have d,,2° = qu(2*) + ng(at,2?) or
da; 7% = ng(zt,2%). Thirdly, from both equations, we
have ga(n3(z')) = ¢2(da,2?) = dga(2?) = ddz! =0,
which is also fine since n3 takes value in I13 = ker go. We
thus can further understand these equations, which are
not contradict to each other, inductively for higher k’s.

Now let us prove that what we construct satisfies de-
sired Kan conditions, therefore is a higher group. Notice
that the horn space A7*(X) has the same (m —2)-skeleton
as X, thus to verify the Kan condition Kan(m, j), we
only need to take care of (m — 1)-faces. Since there is no
non-trivial > k + 1 faces, it is clear that Kan(> k+ 2, j)!
are satisfied. Then Kan(k + 1, j)! are satisfied for 0 <
7 <k + 1 because the following equation,

do, 2% = npyr (2t 2?; . 2h ), (L11)

S Ieoy, ke — 1), (IID) %)

46

implies that as long as we know any k£ + 1 out of k£ + 2
k-faces in the (k + 1)-simplex s[01...k + 1], then the
other one is determined uniquely. Similarly, Kan(m-+1, j)
are satisfied for 0 < j < m < k because the following
equation,

Aoy ™ = Q1 (2™F) + g (2t 2% 2™,
implies that any m + 1 out the m + 2 m-faces in the
(m + 1)-simplex s[01...m + 1] determines the other one
up to a choice of g1 1(x™1). Thus we can always fill
the (m+1, j)-horn and we have unique filling if and only
if g1 = 0. .

Moreover, if two sets of canonical two chains nj’s

and n}/’s differ by coboundaries valued in kerg;, then
they define weak equivalent k-groups. More precisely,
this is an inductive process: if n} — n¥ = dnj, and
nb € kergqy, then we let fo : 22 +— 2% + no(x;) and
f1 = fo = id; further using this truncated simplicial ho-

momorphism, if f*n) — nf = dn}, and nj € kergs,
then we let f3 : 2% — 23 + n4(z1,22); further using
fos--o, fa, if f*nY —nd = dnj, and 0/, € ker ¢, then we

let f5 : 2° — 2® + n}(z1,22,23);... in the end, we ob-
tain a simplicial homomorphism f made up by automor-
phisms f; of G7 x Héé) X Hgd) x -+ x II;. This simplicial
morphism is a weak equivalence f : X — Y of higher
groups. Here X is the higher group defined by canon-
ical chains nJX and Y the one defined by n}l This is
because f introduces isomorphisms on homotopy groups
of X and Y. Notice that X and Y both have the same
homotopy groups: mp = 0, 71 = G/Imgs, 7o = 5 /Imgs,
.... The construction above makes sure that f is a sim-
plicial homomorphism, and it gives rise to isomorphisms
when passing to homotopy groups.

Therefore, if we fix other canonical cocycles,
up to weak equivalence, we may take ngi, €
Hk+1(8n3"“’nk (G, 1; HQ, 2; ce ;kah k— 1), (Hg)ak), and
if g0 = 0, we may further assume that ng41 €
HkJrl(an,m,nk (G7 17 H27 27 s ;Hk—lv k — 1)7 Hkak)'

2. 3-group
In the following, we discuss a  3-group
B(G,1,115,2;13,3) in more details. The missing
labels II,,,n|,~3 mean that II,, = |,>30. In order for

(ao1,a12,a02;bp12) to label a triangle in the complex,
ap1, @12, ape must satisfy

(6a)o12 = ag1a12aps = ga(boi2). (L12)

In terms of canonical cochains, the above condition can
be rewritten as

da = ga(b).

Here g2 is a group homomorphism ¢, : Il — G. So only
ao1 and aisz, bgiz are independent. The triangles in the
complex are described by independent labels

(L13)

5[012] = [ao1, a12; boi2)- (L14)



Therefore the set of triangles is given by G*2 x IIy. If
ao1, @12, ape do not satisfy the above condition, then the
three links ag1, a12,ag2 simply do not bound a triangle
(i.e. there is a hole).

Similarly, for a tetrahedron s[0123], the labels a;; in
the label-set s[0123] all satisfy (I.12) if we replace 012 by
1 < j < k. There an additional condition

(dayb)o12s = aa(ao) - bi2s — bo2s + bo1s — boi2

= q3(co123) + n3(ao1, a1z, ass), (L15)

where ¢3 is a group homomorphism ¢qs : I3 — Ils, as
is a group homomorphism as : G — Aut(Ily), and n3 €
Z3(B(G, 1), (119)*2). In terms of canonical cochains, the
above can be rewritten as

da,b = g3(c) + ns(a) (L16)

We see that a tetrahedron are described by independent
labels

5[0123] = [ao1, a12, a23; bo12, bo1s, bo2s; co123].  (L17)
|
do,d1 do,...,d2 do,..,d3 do,...,ds
pt=——G=—GxI, - - G3xIL*_— G

The d-simplices form a set G*?¢ x H;(g) X H;f(g).

The d-simplices in G*¢ x H(Qg) X H;(g) are labeled by
{aij, bijk, Cijkl}7 i,5,k,0 = 0,1,--- .d, that satisfy the
conditions (L12) (after replacing 012 by i < j < k), (L15)
(after replacing 0123 by i < j < k < 1) and (L18) (after
replacing 01234 by i < j < k <l < m).

We find that 3-groups B(G;Il;1I3) are classified by
the following data

G; Ha, g2, a2, n3; 113,93, a3,n4 (L21)

where G is a group, Ils, I3 are Abelian groups, as,as
are group actions as G — Aw(Ily) and aj
G — Aut(Ilz), ng € Z3(B(G,1),(I19)*?), and ny €
Z4(B(G;11y); (119)2#). When ng, ny differ by a cobound-
ary valued in ker g5, ker q3 respectively, the 3-groups are
weak equivalent.

3. 3-group cocycle

In the following, we give an explicit description of
3-group cocycles, which are the cocycles on the com-
plex B(G, 1;115, 2; 113, 3). First, a d-dimensional 3-group

d
cochain vy with value M is a function wy : G*¢ x I x

d
Hgf) — M. Then, using the face map (L4), we can define
the differential operator d acting on the 3-group cochains
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Therefore the set of tetrahedrons is given by G*3 x H;3 X
Ils.
For a 4-simplex s[01234], the labels a;; and b;jx; in the

label-set s[01234] all satisfy (L12) and (L.15). There an
additional condition

(da30)01234
= asz(ag1) - 1234 — Co234 + Co134 — Co124 + Co123
= n4(ao1, a12, @23, asa, bo12, bo13, bo2s) (L18)

where a3 is a group homomorphism as : G — Aut(Il3)
and ny € Z4(B(G,1;1,,2), (T13)?2) is a closed cochain.
In terms of canonical cochains, the above can be rewrit-
ten as

dasc = na(a,d). (L19)

In general, the 3-group B(G, 1;I1s, 2; II3, 3) has the fol-
lowing sets of simplices:

do,‘..,d5

XN x T3 =~ GXO x 10 < 130 . (L.20)
|
as the following;:

d+1
(dwg)(s[0---d+1]) = Y (=) wa(s[1-- -1+ d + 1)),

m=0

(L22)

With the above definition of d operator, we can define
the 3-group cocycles as the 3-group cochains that satisfy
dwy = 0. Two different 3-group cocycles dwy and dw); are
equivalent if they are different by a 3-group coboundary
dyvg_1. The set of equivalent classes of d-dimensional 3-
group cocycles is denoted by H?(B(G, 1;11,,2; 113, 3), M),
which in fact forms an Abelian group.

In the above, we gave a quite general definition of
k-group. In more standard definition, g; is chosen to
be ¢; = 0. Such ¢; = 0 k-group will be denoted by
B(G,1;115,2;15,3;---). Its homotopy group are given
by

T (B(G, 110, 2;113,3; - -+ )) =1L,,, Tlop=G. (L23)

Usually, we can use the canonical cochains a, b, ¢ etc to
construct the cocycles on B(G,1;11s,2;113,3). For ex-
ample, on a 3-group By(G, 1;11s, 2; I3, 3) defined via its
canonical cochains: da = 1, db =0, dc = 0, a 3-group
cocycle wy will be a cocycle on By(G, 1;11,,2; 113, 3).
The expressions b,b%, Sq>c, etc are also cocycles on
Bo(G.l; H27 2; Hg, 3)



4. Continuous group

The above discussions apply to both discrete and con-
tinuous groups. However, in order to construct principle
bundle or higher principle bundle on space-time M, it is
not enough to consider only strict simplicial homomor-
phisms from space-time complex M to G(G, 1;11,2;...)
when G is a continuous group. The reason is that, for ex-
ample, in the case of G(SUs, 1) = BSUs,, strict simplicial
homomorphisms ¢gtrict : M — BSUs can only produce
trivial principal SUs-bundles on M = | M|, which is the
geometric realization of M. We thus need to allow gen-
eralised morphisms ¢gen from M to G(G, 1;115,2;...), so
that their pullback can produce non-trivial higher prin-
cipal bundles on M.

Let us explain this via an example: a generalized mor-

phism M 2, BSU, consists of a zigzag, M XML
BSUs, where both x and ¢ are strict simplicial homo-
morphisms and x is a weak equivalence. Here, we de-
fine X — Y between simplicial topological spaces being
a weak equivalence if and only if their geometric realiza-
tion | X | and |Y'| are weakly homotopy equivalent (namely
all homotopy groups are the same). Homotopy equiva-
lence clearly implies weak homotopy equivalence. This
coincides with usual weak equivalence between simplicial
sets when both X and Y are simplicial sets (taking dis-
crete topology). Then to present an SUs-principal bundle
P on M, we take a good cover {U,} (that is, all sorts
of finite intersections NU, are contractible), where P is
trivial on each U,. Then we take M to be the Cech
groupoid UaU, <= UagUq NUg. ... The set of vertices
of M is the set of points in all Uy’s, i.e. the disjoined
union U,U,. The set of links in M is given by the set
of the points z,g in U, N Upg, imagined as links linking
2o € Uy and g € U, which are actually the same point
x in M but in different covers. The set of triangles in M
is given by the set of the points zn5, € Uo NUgNU,. A
point in U, NUg NU, can be viewed as a triple xo € U,,
zg € Ug, and z, € U,, that correspond to the same
point in M. The homomorphism gzNS is determined by ¢~>1
with ¢1(zag) = aag(zag), where x4 € U, N Upg and
aop(xap) € G = SU; are the transition functions to glue
We take the so called abstract nerve N (M) of the cov-
ering simplicial space /\;l, which is constructed as follow-
ing: N(M)p is the index set I of the cover {U,}. We de-
note a vertex by v, with o € I. A d-simplex s[0,...,d] is
a set {Vag, .-, Va,} with d > 0 and ag,...,aq € I, such
that Uy, N+ N Uy, # 0. It is clear that there is a map
M X5 N(M) by mapping all points in Uy, N --- N U,,
exactly back to the simplex s[0,...,d]. Aslong as M is
paracompact and {U;} is a good cover, as we assumed,
Borsuk Nerve Theorem ensures that M and [N (M)| are
homotopy equivalent. Segal”™ proved that in |[M)]| and
M are homotopy equivalent. Thus |[N(M)| and | M| are
homotopy equivalent. Thus Y’ is a weak equivalence.
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On the other hand, from the simplicial set M which
corresponds to a simplicial decomposition of M, we cre-
ate a cover Upq by the star construction: we denote S the
set of simplices in the simplicial decomposition given by
M. For o € S, the star of o defined by Uy := Uycs sess”
the union of interior of simplices having o as a subface,
is an open set in M. Clearly, for two vertices v; and v,
Uy, NUy; # (0 if and only if there is an edge e;; link-
ing v; and vj;, and in this case, Uy, N Uy, = Ue,;. In
general, U,  N...U,, # 0 if and only if there is a sim-
plex s[0,...,d] with vertices vy, ..., vq, and in this case,
Upy NN Uy, = Up,.. q- It is then clear if we take

the cover in M to be this particular open cover (which
is a good cover), namely stars of all vertices in M, then

N (M) is exactly M. Thus we obtain a weak equivalence
M & M.

Now the only problem left is that this cover U might
not be fine enough to create non-trivial principal bun-
dles. But this can be easily solved by taking a refinement
of Uaq on which transition functions glue to the desired
principal bundle P. We denote the Cech groupoid of the
refinement by M. Then there is a weak equivalence be-
tween Cech groupoids M «— M. Then we have weak
equivalences M <— M <— M. Thus we realize P as a
generalised morphism, M <— M — BSUs.

Thus in our article, when we talk about homomor-
phisms between simplicial objects, we understand them
as this correct version of morphisms, namely generalised
morphisms when G is continuous or strict simplicial ho-
momorphisms when G is discrete.

Appendix M: Calculate a® Tas

Let a be a 1-cochain. We have
(@ — a", (012---n+2)) 3 (a®, A1 U As) (2, As)
1

= (ag)O,n,n+1,n+2(an)01~~n + (a3)0,1,n+1,n+2(an)IQ»--nJrl

+ (a)0,1,2,n4+2(a") 23 m42

Z apraz - An+1,n+2(@on + @1 n41 + A2 nt2)- (M1)
Thus
a? — a" = (a - a™)a* +a(a — a™)a+ a*(a — a™)
(M2)

When a is a Zs-valued 1-cocycle, the above allows us
to obtain

a® —a® = (a— a®)a® + ala — a®)a+ a*(a — a®).
1 1 1

1
(M3)
Using (A20), we find a — a® = a® — a, and
1 1

a® —a=(a—a)a®+ala—a)a+adla—a)=a
1 1

1 1 (M4)

3



This allows us to show

32 5

a® — a® = Sq%a® = d°. (M5)

More generally, we can show that for Zs-valued 1-cocycles
a1 and as,

Sq?(aya3) = ayas. (M6)

Appendix N: Group extension and trivialization

Consider an extension of a group H

A—-G—H (N1)
where A is an Abelian group with group multiplication
given by x +y € A for z,y € A. Such a group extension
is denoted by G = A X H. It is convenient to label the
elements in G as (h,z), where h € H and x € A. The
group multiplication of G is given by

(h1,21)(h2,x2) = (hihe, 21 + a(h1) 0 2 + ea(h1, ha)).

(N2)
where ey is a function
es: Hx H— A, (N3)
and « is a function
a: H — Aut(A). (N4)

We see that group extension is defined via e; and «. The
associativity

[(h1,21)(h2, ¥2)](hs, x3) = (h1,21)[(h2, ¥2)](h3, 73)]
(N5)

requires that

X1 + Oé(h,l) O Xo + 62(}11, hg) + Oé(hlhz) o XT3 + eg(hlhg, hg)
= a(hy) o x2 + a(h1)al(hz) o x5 + a(hi) o ea(he, hs)]

+ x1 + ea(hy, hahg) (N6)
or
a(hi)a(hg) = a(hihs) (N7)
and
e2(h1, ha) — e2(ha, hohs) + ea(hihz, ha)
— a(h1) 0 es(ha, hs) = 0. (N8®)
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Such a ey is a group 2-cocycle e; € H*(BH; A,,), where
H has a non-trivial action on the coefficient A as de-
scribed by «. Also, a is a group homomorphism « :
H — Aut(A). We see that the A extension from H to
G is described by a group 2-cocycle es and a homomor-
phism «. Thus we can more precisely denote the group
extension by G = A X, o H.

Note that the homomorphism « : H — Aut(A) is in
fact the action by conjugation in G,

(h,0)(1,2) = (h, a(h) 0 ) = (1, a(h) 0 ) (h, 0),

= (h,0)(1,2)(h,0)"" = (1,(h) o x). (N9)
Thus, « is trivial if and only if A lies in the center of G.
This case is called a central extension, where the action
« will be omitted.

Our way to label group elements in G:

g=(h,z)eqG (N10)
defines two projections of G:
7m:G— H, 7(g)=nh,
o:G— A, og) == (N11)

7 is a group homomorphism while ¢ is a generic function.
Using the two projections, gi1g2 = g3 can be written as

(m(91),0(91))(7(g2), 0(g2))
[7(91)7(g2),0(g1) + a(m(g1)) 0 7 (g2) + e2(m(g1), 7(g2))]
(m(g3),0(g3)) = (7(g192),0(9192)) (N12)

We see that the group cocycle eg(hi, he) in H?(BH; A)
can be pullback to give a group cocycle ex(7(g1),7(g2))
in H?(BG; A), and such a pullback is a coboundary

ea(m(g1),m(g2)) = —o(g1) + o (g192) — a(m(g1)) © o (g2),
(N13)

i.e. an element in B?(BG; A,), where G has a non-trivial
action on the coefficient A as described by a.

The above result can be put in another form. Consider
the homomorphism

¢ :BG — BH (N14)
where G = A X, H, and eq is a A-valued 2-cocycle on
BH. The homomorphism ¢ sends an link of BG labeled
by ag € G to an link of BH labeled by a/f = W(aiGj) €H.
The pullback of es by ¢, p*es, is always a coboundary
on BG

The above discussion also works for continuous group,
if we only consider a neighborhood near the group iden-
tity 1. In this case, ea(hi,he) and a(h) are continu-
ous functions on such a neighborhood. But globally,
ea(h1, he) and a(h) may not be continuous functions.



G W N =

10

11

12

13

14

15

16

17

18

19
20

21

22
23

24

25

26

27

a0

L. D. Landau, Phys. Z. Sowjetunion 11, 26 (1937).

L. D. Landau, Phys. Z. Sowjetunion 11, 545 (1937).

X. G. Wen, Int. J. Mod. Phys. B 04, 239 (1990).

X. G. Wen and Q. Niu, Phys. Rev. B 41, 9377 (1990).

A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404
(2006), hep-th/0510092.

M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405
(2006), cond-mat/0510613.

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82,
155138 (2010), arXiv:1004.3835.

Z.-C. Gu and X.-G. Wen, Phys. Rev. B 80, 155131 (2009),
arXiv:0903.1069.

X. Chen, Z.-X. Liu, and X.-G. Wen, Phys. Rev. B 84,
235141 (2011), arXiv:1106.4752.

M. Fannes, B. Nachtergaele, and R. F. Werner, Com-
mun.Math. Phys. 144, 443 (1992).

F. Verstraete, J. I. Cirac, J. I. Latorre, E. Rico, and
M. M. Wolf, Phys. Rev. Lett. 94, 140601 (2005), quant-
ph/0410227.

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 83,
035107 (2011), arXiv:1008.3745.

N. Schuch, D. Pérez-Garcia, and I. Cirac, Phys. Rev. B
84, 165139 (2011), arXiv:1010.3732.

L. Fidkowski and A. Kitaev, Phys. Rev. B 83, 075103
(2011), arXiv:1008.4138.

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 84,
235128 (2011), arXiv:1103.3323.

F. Pollmann, A. M. Turner, E. Berg, and M. Oshikawa,
Phys. Rev. B 81, 064439 (2010), arXiv:0910.1811.

Z.-C. Gu and X.-G. Wen, Phys. Rev. B 90, 115141 (2014),
arXiv:1201.2648.

A. Kapustin, R. Thorngren, A. Turzillo, and Z. Wang, J.
High Energ. Phys. 2015, 1 (2015), arXiv:1406.7329.

D. S. Freed and M. J. Hopkins, (2016), arXiv:1604.06527.
M. Guo, P. Putrov, and J. Wang, Ann. Phys. 394, 244
(2018), arXiv:1711.11587.

J. Wang, K. Ohmori, P. Putrov, Y. Zheng, Z. Wan,
M. Guo, H. Lin, P. Gao, and S.-T. Yau, Progress of The-
oretical and Experimental Physics 2018, 053A01 (2018),
arXiv:1801.05416.

R. Thorngren, (2018), arXiv:1810.04414.

I. Hason, Z. Komargodski, and R. Thorngren, (2019),
arXiv:1910.14039.
A. Kitaev, in Advances in Theoretical Physics: Lan-

dau Memorial Conference, Chernogolovka, Russia, 2008,
Vol. AIP Conf. Proc. No. 1134, edited by V. Lebe-
dev and M. Feigelman (AIP, Melville, NY, 2009) p. 22,
arXiv:0901.2686.

A. P. Schnyder, S. Ryu, A. Furusaki, and A. W. W. Lud-
wig, Phys. Rev. B 78, 195125 (2008), arXiv:0803.2786.
X.-G. Wen, Phys. Rev. B 85, 085103 (2012),
arXiv:1111.6341.

As a state with no topological order, an SPT order must
become trivial if we ignore the symmetry. An SIT order
may becomes a non-trivial invertible topological order if
we ignore the symmetry. An invertible topological order
is a topological order with no non-trivial bulk topological
excitations, but only non-trivial boundary states'®46-49:50,
X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev.
B 87, 155114 (2013), arXiv:1106.4772.

A. Vishwanath and T. Senthil, Phys. Rev. X 3, 011016

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

0 X.-G. Wen,

(2013), arXiv:1209.3058.
Phys. Rev.
arXiv:1410.8477.

A. Kapustin, (2014), arXiv:1404.6659.

D. Gaiotto and T. Johnson-Freyd, J. High Energ. Phys.
2019 (2019), 10.1007/jhep05(2019)007, arXiv:1712.07950.
M. Cheng, Z. Bi, Y.-Z. You, and Z.-C. Gu, Phys. Rev. B
97, 205109 (2018), arXiv:1501.01313.

D. Gaiotto and A. Kapustin, Int. J. Mod. Phys. A 31,
1645044 (2016), arXiv:1505.05856.

A. Kapustin and R. Thorngren, J. High Energ. Phys. 2017,
80 (2017), arXiv:1701.08264.

Q.-R. Wang and Z.-C. Gu, Phys. Rev. X 8, 011055 (2018),
arXiv:1703.10937.

T. Lan, L. Kong, and X.-G. Wen, Phys. Rev. B 95, 235140
(2017), arXiv:1602.05946.

X. Chen, Y.-M. Lu, and A. Vishwanath, Nat Commun 5,
3507 (2014), arXiv:1303.4301.

B 91, 205101 (2015),

A. Y. Kitaev, Phys.-Usp. 44, 131 (2001), cond-
mat/0010440.

P. J. Morandi, https://web.nmsu.edu/~pamorand /notes/
(1997).

C. Zhu, T. Lan, and X.-G. Wen, Phys. Rev. B 100, 045105
(2019), arXiv:1808.09394.

X.-G. Wen, Phys. Rev. B 95, 205142 (2017),
arXiv:1612.01418.
X.-G. Wen, Phys. Rev. B 89, 035147 (2014),

arXiv:1301.7675.

L.-Y. Hung and X.-G. Wen, Phys. Rev. B 89, 075121
(2014), arXiv:1311.5539.

M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109 (2012),
arXiv:1202.3120.

L. Kong and X.-G. Wen, (2014), arXiv:1405.5858.

X.-G. Wen and Z. Wang, (2018), arXiv:1801.09938.
X.-G. Wen, Adv. Phys. 44, 405 (1995), cond-mat/9506066.
D. S. Freed, (2014), arXiv:1406.7278.

A. Kapustin, (2014), arXiv:1403.1467.

T. Lan, L. Kong, and X.-G. Wen, Commun. Math. Phys.
351, 709 (2016), arXiv:1602.05936.

S. Ryu and S.-C. Zhang, Phys. Rev. B 85, 245132 (2012).
X.-L. Qi, New J. Phys. 15, 065002 (2013), arXiv:1202.3983.
H. Yao and S. Ryu, Phys. Rev. B 88, 064507 (2013),
arXiv:1202.5805.

Z.-C. Gu and M. Levin, (2013), arXiv:1304.4569.

R. Roy, (2006), cond-mat/0608064.

X.-L. Qi, T. L. Hughes, S. Raghu, and S.-C. Zhang, Phys.
Rev. Lett. 102, 187001 (2009), arXiv:0803.3614.

C. Wang and T. Senthil, Phys. Rev. B 87, 235122 (2013),
arXiv:1302.6234.

C. Wang, A. C. Potter, and T. Senthil, Science 343, 629
(2014), arXiv:1306.3238.

M. Cheng, N. Tantivasadakarn, and C. Wang, Phys. Rev.
X 8, 011054 (2018), arXiv:1705.08911.

Q.-R. Wang and Z.-C. Gu, (2018), arXiv:1811.00536.

F. Costantino, Math. Z. 251, 427 (2005), math/0403014.
X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Science
338, 1604 (2012), arXiv:1301.0861.

N. E. Steenrod, The Annals of Mathematics 48, 290
(1947).

E. H. Spanier, Algebraic Topology (Springer New York,
New York, 1981).



56 R. C. Lyndon, Duke Math. J. 15, 271 (1948).

57 @. Hochschild and J.-P. Serre, Transactions of the Ameri-
can Mathematical Society 74, 110 (1953).

%8 E. H. Brown, Proceedings of the American Mathematical
Society 85, 283 (1982).

%9 X.-G. Wen, Phys. Rev.
arXiv:1303.1803.

D 88, 045013 (2013),

o1

0 W. Wu, C.R. Acad. Sci. Paris 230, 508 (1950).

"l E. Thomas, Transactions of the American Mathematical
Society 96, 67 (1960).

"2 (. Segal, Publications Mathématiques de I'THES 34, 105
(1968).



	Fermion decoration construction of symmetry protected trivial orders for fermion systems with any symmetries and in any dimensions
	Abstract
	Contents
	Introduction
	Notations and conventions
	A brief mathematical summary
	Exactly soluble models for bosonic SPT phases
	 Bosonization of fermions in any dimensions with any symmetry Gf=Z2f Gb 
	Exactly soluble models for fermionic SPT phases: fermion decoration
	A description based on higher groups
	A more general construction for fermionic SPT states
	1+1D fermionic SPT states
	Fermionic Z2Z2f-SPT state
	Fermionic Z4f-SPT state
	Fermionic Z2fZ2T-SPT state
	Fermionic Z4T,f-SPT state
	Fermionic (U1f Z4T,f)/Z2-SPT state – interacting topological insulators
	Fermionic SU2f-SPT state
	Fermionic Z2Z4Z2f-SPT state
	Summary
	Space-time complex, cochains, and cocycles
	Almost cocycle and almost coboundary
	Some additional discussion of fermion decoration
	Operations on modules
	Künneth formula and universal coefficient theorem 
	Lyndon-Hochschild-Serre spectral sequence
	The ring of H*( B SO;Z)
	The ring of H*( B O;Z)
	Relations between cocycles and Stiefel-Whitney classes on a closed manifold
	Relation between Pontryagin classes and Stiefel-Whitney classes
	Spin and Pin structures
	Higher group as simplicial complex
	Calculate a3 1 a3
	Group extension and trivialization
	References


