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Abstract—We study the time optimal control problem for
the evolution operator of an n-level quantum system. For the
considered models, the control couples all the energy levels to
a given one and is assumed to be bounded in Euclidean norm.
The resulting problem is a sub-Riemannian K — P problem,
as introduced in [6], [18], whose underlying symmetric space
is SU(n)/S(U(n — 1) x U(1)). Following the method of [4],
we consider the action of S(U(n — 1) x U(1)) on SU(n) as
a conjugation X — KXK', This allows us to do a symmetry
reduction and consider the problem on a quotient space. We give
an explicit description of such a quotient space which has the
structure of a stratified space. We prove several properties of
sub-Riemannian problems with the given structure. We derive
the explicit optimal control for the case of three level quantum
systems where the desired operation is on the lowest two energy
levels (A-systems). We reduce the latter problem to an integer
quadratic optimization problem with linear constraints, which
we solve completely for a specific set of final data.

Index Terms—Geometric Optimal Control Theory, Symmetry
Reduction, Sub-Riemannian Geometry, K — P Problems, Optimal
Control of Quantum Systems.

I. INTRODUCTION
A. Mathematical Model

Many finite dimensional quantum systems of interest in
applications can be modeled by the Schrodinger operator
equation [12],

X = AX"‘ZBJX’U,J,
j=1

X(0) =1, (1

where the controls u; are electromagnetic semi-classical fields
which can be decided by an experimenter. The unitary matrix
X is the evolution operator (or propagator) of the quantum
mechanical system and A and B; are matrices in the Lie
algebra su(n), where n is the number of energy levels of the
system. Typically, one works in the basis of the eigenvectors
of the ‘internal Hamiltonian’ fl, so that A is diagonal, while
the B;’s model couplings between different levels, activated
by the external fields u;. Such couplings are described by the
energy level diagram of the system (see, e.g., [23]). In (1),
the matrix 1 represents the identity. For the class of systems
we shall consider, the energy level diagram couples one of the
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energy levels to all the remaining ones. In a basis in which A
in (1) is diagonal, the B; matrices are all zeros except in the
(1,1)-th entry for [ = 2,3,...,n (and corresponding ([, 1)-th
entry) which is given by % (and —%) or ﬁ (and %). In
particular we have m = 2(n — 1) in (1). With this choice,
the B;’s are orthonormal with respect to the inner product on
su(n), (C,D) := Tr(CD), and they are orthogonal to the
diagonal matrix A. Normalization of the B;’s can be obtained
by re-scaling the controls in the problem. An example of this
class of models, which will be treated in detail, is the class
of the so-called A-systems [13] [14], [15], [16] , where the
highest energy level is coupled to the lowest two levels (cf.
Figure 1) but the lowest two energy levels are not coupled
with each other directly. By going to the interaction picture

1)

3)

2)
Fig. 1. Energy level diagram for a A-system

[23], i.e., defining the new propagator U := e~ “4*X, we can
effectively eliminate the drift in equation (1). The equation for
U is
m ~ ~
U= Ze‘AtBjeAtujU,

j=1

U0)=1. )

If we assume the above structure for A and B; in (1), for each
j, e AtBjett = 571" a; () By, and replacing this into (2)
and defining the new controls vy := ZT:l aj ku; the equation
becomes the driftless equation
m
U = Z Bkka,
k=1

U(0) =1. 3)

Furthermore, this does not change the norm of the control
since ||v|| = |Ju]|.



B. Minimum Time Problem

Our main concern in this paper will be the minimum time
problem for system (3). In particular, given a final condition
Uy € SU(n) we wish to find the optimal control steering the
state U of (3) from the identity to U in minimum time with
the constraint that the control is bounded at any time as

m

> vp<T? 4)

j=1
Consideration of minimum time control is natural in quantum
mechanics applications to computation, in that one would
like to perform computational tasks as quickly as possible.
Additionally, fast evolution is a way to counteract the negative
effect of the environment (de-coherence) [10], so as to fully
exploit the quantum behavior.

The problem for system (3) is related to the corresponding
problem for the system with a nonzero drift (1) (with |Jul| =
[lv]] < T). If the task is to obtain an operation which achieves
the transfer between two eigenvectors of the matrix A, the
minimum time obtained for the system (3) will be the same
as the minimum for the system (1). This is because, if ¥y is
the state for the system (3), (¥y(t) = U(t)yy(0)) the state
for system (1) is ¥(t) = X (t)¥(0) = e?a)y(t). This differs
from ¢y (t) only by a phase factor and therefore it is still
an eigenvector of A. Moreover the knowledge of the optimal
control for system (3) for any final condition (the complete
optimal synthesis) gives the same information for (1). This
follows from the equivalence between the knowledge of the
complete optimal synthesis and knowledge of the reachable
sets and from the fact that R(t) = e*Ry(t), where R(t)
(Ry (t)) is the reachable set at time ¢ for system (1) ((3)).

The minimum time problem for system (3) with bounded
norm on the control (4) is equivalent to the problem, for fixed
T, to minimize the ‘energy’ fOT |lv(t)||?dt . The problem is
also equivalent to finding the sub-Riemannian geodesics on
SU(n) where the sub-Riemannian structure is specified by
the vector fields { B; }. Sub-Riemannian geodesics are defined
as the curves minimizing length among the curves tangent to
the given set of vector fields. Such curves are called horizontal
(see, e.g., [1], [2], [4]). The optimal control with the bound
(4) is the same as the one with bound

o] < 2 (5)

multiplied by % with time scaled by % Therefore we shall
assume w.l.g. the bound (5). Furthermore the optimal control
is such that equality always holds in (4) (cf., e.g., [4]).

C. K — P Systems

In the paper [18], V. Jurdjevi¢ introduced a class of prob-
lems which includes the problem on SU(n) above described.
Consider a semisimple Lie algebra £ which has a (Cartan)
decomposition £ = K @ P, satisfying

K.KIcK, [KPICP, [P,PICK. (6

Then the minimum time problem, for the system (3), where
the B;’s form an orthonormal basis in P, and with a bound

(4) is called a K — P problem [6]. The problem for quantum
systems considered in this paper is a K — P problem with
the Lie algebra £ given by su(n), the subalgebra K given by
block diagonal matrices in su(n) with blocks of dimension 1
and n — 1, and the complementary subspace P spanned by
anti-diagonal matrices with the corresponding dimensions of
the blocks. Several other possibilities may occur [17]. In [18]
V. Jurdjevi¢ also gave the form of the optimal control and
trajectories for K — P problems. By applying the Pontryagin
Maximum Principle in the version for systems on Lie groups
(see, e.g, [22]), he proved that there exist a matrix P € P and
a matrix A € IC such that the optimal control v in (3) satisfies

Z Bjug(t) = et pe=At, @)
k=1

From this one obtains the components v; of the optimal
control. Moreover by solving (3) with (7), the corresponding
optimal trajectory is

U(t) = eMel=ATP1 ®)

The problem of finding the optimal control to reach a final state
Uy becomes therefore the problem of finding matrices A € K
and P € P and real t > 0 such that Uy = eAte(=4+P)t and ¢
is the minimum positive value such that this is possible. In the
SU (n) case, this involves the search for n? —1 parameters: the
n? —1 parameters in the matrices A and P, plus the parameter
t, minus the normalization of P due to the fact that ||P| =
]| = V2 is fixed in (5).

D. Objective and Structure of the Paper

This paper is a contribution to the theory of optimal control
and sub-Riemannian geometry for systems on Lie groups. It
gives tools and results to obtain the complete optimal synthesis
for the systems (3) with bound (4). Our guiding principle is
to find optimal controls to reach points in the cut locus, i.e.,
points where the geodesics cease to be length minimizing. If
one finds the optimal trajectories for all points in the cut locus,
then the task to find the optimal synthesis is accomplished.

As will be detailed in the following section, K — P systems
admit a group of symmetries, i.e., a Lie group acting on
the state space (SU(n) in the above models), which maps
geodesics to geodesics. This suggests that the optimal synthe-
sis can be performed on the corresponding space of orbits of
such an action, the orbit space. In particular, the cut locus and
the reachable sets are pre-images, under the natural projection,
of sets in the orbit space [4]. According to the general theory of
Lie transformation groups [9], the orbit space has the structure
of a stratified space and can be separated into an open and
dense part called the regular part and the remaining part
called the singular part, according to the ‘size’ of the isotropy
group of the corresponding elements. Their pre-images under
natural projection in the manifold (SU(n)) are also called
the regular and singular part, respectively. A result proved
in [4] [5] says that geodesics crossing the regular part lose
optimality when reaching the singular part. Since the regular
part is open and dense [9], it is likely that geodesics will
cross it. Therefore, this suggests that points on the singular



part of the manifold are good candidates as elements of the
cut locus. A description of the orbit space associated with
a K — P problem is an important step in the determination
of the optimal synthesis because 1) it describes the (lower
dimensional) space where the optimal synthesis is projected
so as one can recover features of the optimal synthesis on the
original manifold (e.g., reachable sets) 2) it gives information
on points potentially in the cut locus to be considered as final
conditions. For these reasons, in Theorem 1 of section III, we
give a description of the orbit space in full generality for the
problem on SU(n) above described.

For the rest of the paper, we shall focus on the optimal
control problem on SU (3) with the final condition of the form

x* 0
=5 %) ®

with X + € U(2). These final conditions are important because,
applying Theorem 1, they can be seen to belong to the singular
part of SU(n), and, in fact they belong to the cut locus;
the corresponding geodesics are maximal geodesics. From an
applied point of view, it is a common scenario for 3—level,
A-type configurations, to manipulate states in the subspace
belonging to the lowest two energy levels as in (9) [13],
[14], [15]. This has led to adiabatic control algorithms such
as STIRAP (see, e.g., [24]). We shall, in fact, provide a
complete solution for a subclass of final conditions (9) but
with techniques that can be extended to the general case (9).

Our results are related to the ones of [6], [8], which also deal
with the optimal control of three level quantum systems. We
work here at the level of the evolution operator in SU (3) while
[6], [8] solves minimum time/energy problem for a transfer
between energy eigen-states. However in their setting, the
authors of [6], [8] use a fundamental result of [7] which says
that minimizers exist in resonance with the energy differences
between the corresponding eigenstates. This allows them to
simplify the problem to a problem on SO(3) and consider
more general settings, such as independent bounds on the
controls and different weights on the controls (anisotropy).
We shall use a different approach as compared to these papers,
and, in the process, we shall prove several properties for the
optimal control for system (3) on SU(n), for general n.

In section II we describe the symmetry properties of the
given optimal control problem and in section III we describe
the associated orbit space SU(n)/S(U(n—1)xU(1)). Starting
from section IV we focus on the case of a three level quantum
A-system and on final conditions (9). We reduce the problem
of optimal control to a quadratic integer optimization problem
with constraints. We solve such a problem in section V. In
section VI we discuss the method in general and give an
example. Concluding remarks are given in section VIIL.

II. SYMMETRY REDUCTION FOR THE K-P PROBLEM
SUn)/S(U(n—1)xU(1))
Consider a general K — P problem (cf. (3) and (6)). This
optimal control problem has a solution because the set of

possible values for the controls is compact and system (3)
is controllable: under the assumption that the Lie algebra £

is semisimple, it can be shown (cf., Theorem 2 in Appendix
A of [6]) that equality holds in the last commutation relation
in (6). Therefore the matrices B; (which span P) generate
all of £ and therefore the Lie algebra rank condition [19]
is verified which implies controllability if the Lie group e”
is compact.! This is our case since e£ = SU(n). Con-
sider the action of the Lie group associated with IC, X,
on e~ by conjugation, ie., if x € ef and k € X, the
action is  — kxk~!. For our case, e = SU(n) and
ek = S(U(n—1) x U(1)) is the Lie group of block diagonal
matrices with blocks of dimension 1 and n—1 and determinant
equal to 1. An element K € S(U(n — 1) x U(1)) acts on
an element X in SU(n) by X — KXK™! = KXK'.
The main observation is that, if Uy(t) is a minimum time
trajectory for (3) with final condition Uy, then KUy (t)K ~*
is a minimum time trajectory (with the same time) with final
condition KUy K —1. To see this, notice that from (3) for Uy,
we obtain 4 (KU;K™1) = Y1 (KBK 'v) KUK !
and KUy(0)K~' = 1. By writing > ;. (KB K 'vy) :=
221:1 Bjui because of the second commutation relation of
(6), noticing that |ju|| = ||v|| (because of the orthogonality
of the adjoint action on the Lie algebra), we have found
an admissible control driving the identity 1 to KU;K*
in the same time. This time is also optimal because the
same argument (in the reverse direction) would contradict the
optimality of the original control for Uy. This suggests to
study the time optimal control problem in the quotient space
ek /ed = SU(n)/S(U(n—1) x U(1)), the space of the orbits
under this action. Let us denote by 7 the natural projection
7 . X — e£ /e, With the conjugation action, all geodesics
on SU(n), from the identity 1 to a point U are projected to
geodesics on SU(n)/S(U(n—1)xU(1)). Here, we define the
distance between (1) and ¢ in SU(n)/S(U(n—1) x U(1))
as the infimum among the lengths of the horizontal curves
in SU(n) from 1 to the fiber 7!(g), and call geodesics the
curves which realize such a distance (cf. [5]). If v is a sub-
Riemannian geodesic from the identity to Uy, then 7(7) is a
geodesic from 1 to m(Uy), since the length does not depend
on the element in 7= (7 (Uy)).

To simplify the notation, we shall sometimes denote by
SU(n)/~ :=85U(n)/S(U(n—1)xU(1)) the orbit space . A
matrix in S(U(n—1) x U(1)) will always be considered with
a 1 x 1 block in the upper left corner and an (n—1) x (n—1)
block in the lower right corner.

For general K — P problems, the action of ¢* on e by
conjugation lifts to an action (which is also conjugation) of
eX on the Lie algebra £. The subspace P C L is invariant
under conjugation by ¢* because of the second formula in
(6). This symmetry reduction allows for a reduction of the
number of parameters to be determined to find the optimal
control law, i.e., the parameters in the matrices A and P in
(7) (8). This is because we only need to consider a single
representative in the equivalence class of any geodesic. By
multiplying (8) on the left and right by K € X and K~!
respectively, we see that the matrices A and P can be chosen

'We follow the convention of denoting by e£ the connected (component
containing the identity of the) Lie group associated with the Lie algebra L.



up to a common conjugation by an element K € eX. Therefore
there is no loss of generality to consider A and P of a special
form (see Proposition II.1 below). In particular, by fixing a
maximal Abelian subalgebra A in P (a Cartan subalgebra),
we can assume that P is an element of .A. This is because P
may be written as P = Uy c.x KAK ™! (cf. Proposition 7.29
in [20]). In the case of SU(n)/S(U(n — 1) x U(1)) we are
considering in this paper we have that any Cartan subalgebra
A is one dimensional. Therefore, it suffices to fix one non-zero
matrix P € P with || P||? = 2 because of (7) and (5). We will
then take P to be the matrix with (1,2) entry equal to 4 (and
hence (2,1) entry also equal to i) and all other entries equal
to zero. We can also assume a special, tridiagonal, form for
A € K in (7), (8) as described in the following Proposition.

Proposition II.1. Let A € K and P € P with P having
(1,2) and (2,1) entries equal to ¢ and all others zero. Then
—A + P may be tridiagonalized by a special unitary matrix
in S(U(n — 1) x U(1)) with a 2 x 2 identity matrix in the
upper left corner. Furthermore, the off-diagonal entries of
the tridiagonalized form, starting from row 2 may also be
taken purely imaginary and are nonzero if A has a nonzero
nondiagonal entry in the corresponding row.

Proof. The proof proceeds by induction on the size n First,
note that for 2 x 2 matrices, the result holds as the matrix —A-+
P is already tridiagonal. Now, suppose that n > 3. Let —A +
P = (bij)lgi}jgn and let o = 0 if b3y = ... = b2 = 0 and
0 = (D> p_3 |br2|*) " otherwise. Let S = (si5)1<ij<n—2 €
SU(n—2) such that s1; = %222 if  # 0 and S € SU(n—2)
arbitrary otherwise. Then STV = B where V is the vector
with first entry equal to © and all other entries zero and B
the vector with entries (b;2)3<;<n. Therefore, the following
equation holds:

b11 b12 0o --- 0
bar b2 e boy
I, 0 0 : : I, 0 _
0o S ’ ’ o st )~
0 bn2 bnn
bii b2 O 0
ba1 by —0* O 0
0 ) * *
— 0 0 * *
0 0 * . *
0 0

Considering now the submatrix

by —0* 0 0
) * * *
0 * * *
0 * *

* . *

and recursively using the result with n replaced by n—1 proves
the claim. The last claim of the proposition follows from the
choice of © at each step. O

From the nature of ¥ as a purely imaginary number in
the above proof, we have that, given A and P determining
the optimal control and trajectory in (7) and (8), there exists
K € S(U(n—1)xU(1)) which simultaneously tridiagonalizes
A and P while transforming them into purely imaginary
matrices. Therefore we have:

Corollary IL.2. There is no loss of generality in assuming that
—A+ P is a purely imaginary tridiagonal matrix in su(n) and
therefore so are A € K and P € P.

This in particular means that we can always write —A + P
as ¢ multiplied by a real symmetric tridiagonal matrix.

In sections IV and V, we shall focus on problems for final
conditions in X = S(U(n — 1) x U(1)), corresponding to
operations on the lowest n — 1 levels of the given quantum
systems. In this case, in order for eA*e(=4+P)t in (8) to lie in
e, we must have e(=A4+P)t ¢ K

Proposition I1.3. Consider the K — P decomposition of
SU (n) as above. Suppose A € IC and P € P such that —A+P
is a tridiagonal matrix with no elements of the sub-(or super-
)diagonal equal to zero, and suppose e~ 4+t ¢ X Then
e(=A+P)t s a scalar matrix.

Proof. By induction on n, first, observe that the result holds
for n = 2 by computing the matrix exponential:

exp (

( wcos(tw/2) + (a — b)isin(tw/2)
2(—c+ id) sin(tw/2)

(—c+di)t  bit -

ait (c+di)t ) _ eitlatd)/2
w

2(c + id) sin(tw/2)
wcos(tw/2) — (a — b)isin(tw/2)

where w = /(a—b)2+c2+d? and ¢ + di # 0. If
this exponential has off-diagonal entries equal to zero, then
tw/2 = kmr for some k € Z, so the only possibility for
the exponential is a matrix with +e*(¢+5)/2 on the diagonal
(with the same sign) and zeros elsewhere. Now, consider
n > 2. Let U = e(=4+P) Then —A + P commutes with
U. Observe that € acting on su(n) by conjugation fixes
both K and P (from (6)). It also therefore fixes the natural
extensions of these subspaces to subspaces of u(n). Since
[U,—A+ P] = 0 we have [U, A] = [U, P], which is equivalent
to UAUT — A= UPU' — P. Since the left hand side of this
equality is in K and the right hand side is in P, both sides
are zero and [U, A] = [U, P] = 0. Using the special form of
P, [U,P] = 0 implies (U)z2 = (U)1,1 and (U)z = 0 for
k > 2. So U is not only in * but it has a block diagonal form
with a 2 x 2 (upper left) block a scalar matrix. Decompose:

ai 0---0
0
A:An: 9



where A,,_1 = A,,_1 + P,_1 with

azz 0---0 (_) @23 0---0
0 _823
Anfl - : A aPnfl 0
. n—2
0 .
0

Since U commutes with A, the lower (n—1) x (n—1) block of
U, U,,—1, commutes with fln,l = A,—1 + P,,_1. Proceeding
as above, by replacing U with U,,_; and using the fact that
ags is different from zero we find that (U)z 3 = (U)2,2 and
(U)s =0 for k > 3. Proceeding inductively we find that U
is a scalar matrix. O

III. THE ORBIT SPACE SU(n)/S(U(n — 1) x U(1))
The Lie group S(U(n—1) x U(1)) can be parametrized as:

(0" &)

&V

VeSU(n—1),nel0,2n), £ € C with 71 = e,
To describe the orbit space SU(n)/. we also need to
consider the following equivalence relation in SU(n):

e

0 (10)

X1~ Xo <& 33U € SU(n) such that an
€i¢ 0 1 €i¢ 0
U( 0 I >X1U =lo 1 )%

where I denotes the (n — 1) x (n — 1) identity. Equivalently
for a fixed ¢, Xy and X, are ~4 equivalent if and only if

id ig
( € 0 >X1 and € 0 Xo have the same spec-

0 I 0 I
trum. We define a topological fiber bundle on the circle S*
as 7 : B, — S* with fibers 77! (') = SU(n — 1)/~,. The
fibers #71(¢’?) = SU(n — 1)/~, may not be manifolds, but
are topological spaces with the coarsest topology that makes
7 a continuous map. An example is in Proposition IV.1 below.

Let D, be the open unit disc in C, i.e., if x € D; then z is
a complex number with absolute value strictly less than 1. The
next theorem recursively describes the orbit space SU(n)/~.

Theorem 1. Let ¥ be the map from FE, U
(D1 x SU(n—1)/) to SU(n)/~, defined by:
o if [Z]~, € Ey then

e 0 0 - 0
0 e 0 ... 0 é 0---0
0 0
‘P([Z]W) = . . Ly,
: : 1 0
0 0 N
(12)
o if (z,[Z]~) € D1 x SU(n — 1)/~ then
U (z,[Z].) = (13)
x Vi—|z]2 0 --- 0 1 0.--0
—/1—|z|? z* 0 --- 0 0
_ 0 0 _
: VA
1 0

0 0

Moreover the map V is a global homeomorphism.

In the statement of the theorem, we are gluing the fiber
7~1(e*) in E, to the point e in the boundary of Dj.

If we identify SU(1)/~ and SU(1)/~, with a single point
so that B, = S' = 9D;, we have that (with ~ denoting
homeomorphism) SU(2)/. ~ dD; U D; = D; is homeo-
morphic to the closed unit disc, a special case known from
the treatment of two-level quantum systems [3]. Applying
Theorem 1 recursively, we obtain.

Corollary III.1. With E; equal by definition to a single point,
we have, for n > 2

n—1
SUm)/~~ | DY x Enj.
j=0

(14)

The number of parameters characterizing the orbit depends
on the subset in the right hand side of (14) where the orbit
is. If, up to homeomorphism, [X]. € Dlxj x E,_;, for some
j €40, ...,n—1}, the parameters are n+j—1 = (n—j—1)+27,
with n — j — 1 for E,_; and 2j for D).

A. Proof of Theorem 1

Proof. We need to prove that ¥ is i) well-defined, ii) onto, iii)
one-to-one, and iv) continuous with continuous inverse. Here
we only prove that ¥ is onto, since this shows how to find ¥
and therefore how to parametrize the elements in SU(n)/ ~.
We postpone to the Appendix the rest of the proof.

U is onto: We need to show that, for any X € SU(n), there
exists an element Y € E,, U (Dy x SU(n —1)/..) such that
U(Y) = [Xf]~. Write X ; using the Cartan decomposition of
type AIII of SU(n) [17] as:

X; =K\ MK, (15)
where
cos(f) sin(f) 0 0
—sin(f) cos(f) 0 0
M = 0 0 (16)
: : I
0 0
and
K e 0 =1,2, V,eSUMn-1)
J— in, , = 1,2, ;© n — .
T\o ey ) g

a7

Without loss of generality we can assume sin(6) > 0. In fact
if sin(9) < 0, let L := diag(s,—i,1,1,...,1). Then Xy =
K\LL'MLL'K,. Letting K; = K L, K5 = L'K», and
M = LTML, we have that X; = Ky MK, K; € S(U(n —
1) x U(1)), and M is equal to M except for the sign of the
off-diagonal elements. Given X = K| M K5, where M is as
in (16), with sin(f) > 0, and K; € S(U(n — 1) x U(1)), as
~in (17) we have: [X/]~ = [K] K, MKyK,] . = [MKyK1]~.
Therefore, to conclude that ¥ is onto, it is enough that for



every element

cos(f) sin(d) 0 --- O
—sin(f) cos(d) 0 --- O )
sn(0) cos(0) o
. . 0 e way )
. . I

0 0
(18)
(with ¢ = 11 + 12, V = VBV; (cf. (17)), with sin(6) > 0,
there exists an ~-equivalent element of the form

x Vi=lz2 0 -0 1 0.0
—/1— |z|? x* 0 --- 0 0

0 0

0 0
(19)
with Z € SU(n — 1) and |z| < 1. Here, if |z| < 1 the pre-
image of the equivalence class of the above matrix will be in
(D1 x SU(n —1)/.), while, if |z| = 1, it will be in E,,.
Consider the matrix F := diag(ei%,e’i%, 1,1,...,1).
Then the following matrix is equivalent to (18):

cos(d) sin(d) O --- O
—sin(f) cos(d) 0 --- O i
Fl ° 0 FFt ( ¢ o ) Fi
. : 0 e n-1V
. : 1
0 0
We have:
cos(f) sin(6) 0 0
—sin(f) cos(f) 0 0
F 0 0 F= (0
: : I
0 0
e'? cos() sin(0) 0 0
—sin(f) e *cos(d) 0 0
0 0 ’
: : I
0 0

which, by setting = €*? cos(f), is of the same form as the
first matrix in formula (19), since 0 < sin(d) = /1 — |x|2.
Moreover, it follows:

1 0---0
el 0 0
Ff e Fi=1". ., @D
0 e 1V : 7
0
which is of the same form as the second matrix in (19).
O

Theorem 1 and Corollary III.1 suggest that we can iterate
formula (19) to obtain a canonical form for elements in
each equivalence class in SU(n)/ ~. In fact, by similarity
transformations in the Lie group S(U(n—1) x U(1)), we can

write every elements in SU(n) in a form F} Fs - - - F;D,,_;, for
j €{0,1,...,n—1}, where the matrices F}, for k =1, ..., j, if

any, have a block (

° vi- W) with = € D,
—/1—|z|? x*

at the intersection of rows and columns j and j + 1, (cf.
(19)), and ﬁn_j is a diagonal matrix in SU(n) with the first
7 elements equal to 1. The value j indicates the subset of the
orbit space in the right hand side of (14) for the given class.
The decomposition (14) displays the orbit type stratification
[9] of the orbit space SU(n)/~. The strata of the stratified
space SU(n)/~ are determined by the isotropy groups of
the corresponding elements. In particular, the set Dlxn_1 in
(14) corresponds to elements whose isotropy group is the
(discrete) group of scalar matrices in S(U(n — 1) x U(1)).
This is the smallest possible isotropy group and therefore
DIX"_1 corresponds to the (open and dense) regular part of
SU(n). The sets Dy, for 0 < j < n — 2 have strictly larger
isotropy groups and therefore they correspond to the singular
part of SU(n). Among these, the set D° x E,, ~ E, is
homeomorphic to 7(S(U(n — 1) x U(1))).

B. Use of Theorem 1 in the Determination of the Optimal
Synthesis

The structure of the orbit space SU(n)/. is important
knowledge in optimal control because the reachable sets in
SU(n) are the pre-images under the natural projection 7 of the
corresponding sets in SU(n)/~. [4] and the geometric analysis
of the reachable sets is a possible approach to determining the
optimal control. This was, in fact, the approach used in [3]
in the case n = 2. We shall not explicitly study reachable
sets here. However knowing the structure of the orbit space
is important for what will follow for the following reason:
Consider a point p in the singular part of the manifold under
consideration (SU (n) in our case). According to a result in [4]
and [5], if a geodesic leading to p crosses the regular part, then
p belongs to the cut locus, that is, the geodesic loses optimality
at p. Since the regular part is open and dense in the manifold,
it is likely that geodesics will in fact cross it and therefore p
will belong to the cut locus. It is therefore reasonable, with the
goal of obtaining the complete optimal synthesis, to examine
the optimal control problem for points in the singular part first.
Under the above assumption of crossing the regular part, the
optimal trajectories found for these points will be maximal
geodesics. This motivates the study of the optimal control
problem for points that are in the singular part and requires
the knowledge of the singular and regular part of the orbit
space. For this reason, with the ultimate goal of finding the
complete optimal synthesis for the SU(n)/S(U(n—1)xU(1))
problem, in the following we shall focus on final conditions
in 7 Y(D° x B,) ~ S(U(n — 1) x U(1)). These points, in
fact, belong to the singular part, since for each of them the
isotropy group is larger than the minimum one given by the
group of scalar matrices in SU (n). We shall restrict ourselves,
from now on, to the case n = 3.

IV. OPTIMAL SYNTHESIS FOR THREE LEVEL QUANTUM
SYSTEMS AS AN INTEGER OPTIMIZATION PROBLEM

We shall now consider the optimal control problem for three
level quantum systems in the A configuration of Figure 1. We



can visualize SU(3)/~ ~ E3U (Dy x SU(2)/~) ~ E3 U
(D1 x Dy) as (cf. Figure 3) an open disc D; with, at each
point attached a closed unit disc representing SU(2)/.~., so
at most 4 parameters. The boundary of the disc serves as the
base for the topological fiber bundle Fs. Each fiber of Fs is

given by a segment [—1,1].

Proposition IV.1. The topological fiber bundle E3 is the
closure of the Mobius band.

Proof. Consider the fiber 7! () which is the set of equiva-

i
lence classes of elements X in SU(2) such that 60 (1)> X

e 0
0 1
the same determinant e'®, the equivalence class of X is

i
uniquely determined by the trace T'r ((eo (1)) X ) or,

has a given spectrum. Since all elements ( ) X have

0 1 X ). By writing X as

i ¢ i¢
_ re Yy e 2 e 0 -
X = (_y* re_w’>’ we have 5 Tr (( 0 1) X) =

TCOS(% + ). As this value varies in [—1,1] as r and ¢
change, each fiber is identified with the interval [—1,1].
Therefore Ej is parametrized by s = rcos(£ + 1) € [~1,1]
and ¢ € [0,2n], i.e., a rectangle with sg = rcos(¢)) and
Sor = rcos(yp + ) = —rcos(yp) = —s¢ identified. That is,
E3 is a Mobius strip.?

. -ig e 0
equivalently, by <5=Tr

O

The desired final condition is of the form

* 0
X = <0 Xfa)

with X; € U(2) the desired final transformation on the
subspace corresponding to the lowest two energy levels, which,
as argued in the previous section, belong to the singular part
of the orbit space stratification.

Because of the symmetry described in the previous sections,
it is enough to drive the state U in (3) time optimally to
* 0
0 Yy,
Therefore the problem is characterized by assigning the two
eigenvalues of X # which we denote by e’ and e'? with o
and 8 in (—m,w]. After symmetry reduction, the problem is
(cf. section II) to find real values a, b, and ¢ and minimum
t > 0 such that, with

(22)

a matrix Yy = ) such that Y} is similar to X;.

ilatb) 0 0 0 i 0
A= o —ia —ic|, pP=1[i 0 0],
0 —ic  —ib 0 0 O
(23)
eAte(=A+P)t jg in the same equivalence class as (22). Notice

that since X; € e& = S(U(n — 1) x U(1)) according to
Proposition II.3, unless ¢ in (23) is zero e(=4+P)* must be

scalar. If ¢ = 0, the constraints that X = eAte(=A+P)t ¢ in

Notice that the curve (¢, s(¢)) = (¢, cos(% + 1)) for fixed r # 0 and
1, as ¢ goes from O to 27, crosses the line s = 0 only once. Therefore there
is only one ‘twist’ of the rectangle 0 < ¢ < 27, —1 < s < 1 before joining
the two ends.

X implies that it is in the same class as diag(e’?, e~ 1).
The problem, in this case becomes a problem on the upper
left 2 x 2 block, and therefore on SU(2) which can be
treated with the method of [3]. For the sake of brevity, we
shall not treat this case and assume « and [ both different
from zero, so that we can use the fact from Proposition 11.3
that e(=A+P)t ig gcalar. Furthermore, since a common phase
factor is physically irrelevant in quantum mechanics, we shall
consider the problem to assign eigenvalues e’ and €%’ to e?,
in minimum time with e(=4+")t scalar.

A. A nonlinear integer optimization problem

e(=A+P)t gcalar implies that (—A + P)t has eigenvalues
A = i%T“, Ay 1= Z%TW + i2mm, A3 = —iMT” — i2mm, for
integers k and m, where we use the fact that 0 = Ay + Aa+ A3.

This is true if and only if the symmetric real matrix

—(a4+bd) 1 0
—i(-A+P)= 1 a c|, (24)
0 c b
has eigenvalues
A Zkm 7Z’£—2ki 2mm A3 _ —4km  2mmw
t 3t t 3t t t 3t (2755)

The characteristic polynomial of the matrix —i(—A 4+ P) in
(24) is

p(N) =\ — (b +a® 4+ + 1+ ab)\ + (a+b)(ab — c?) +b.

By expressing the coefficients in terms of the desired eigen-
values (25) [11], we obtain the following two conditions for
the real numbers a, b, c, and t > 0,

2 2
P4a?+P+1+ab= (T) (’;+km+m2>, (26)

(a+b)(ab—c*)+b= (2:)3 (]; (g +m) (2; +m>(27;

In order to assign the eigenvalues of et to ¢’® and e’ we
(&

b
12wl and i, = if +i27r, for integers [ and r. Therefore, the

symmetric matrix

~ —a —c

¢ = (_C : b) ,
has eigenvalues <!, % The characteristic polynomial of the
matrix C in (28) is p(A) = A?+ (a+b)A+ (ab—c¢?). Imposing
that the eigenvalues are @ % we obtain the two conditions
to be added to (26) (27),

impose that the eigenvalues of —i t are i¢; = i +

(28)

1

(a+0b) = ‘mtwr, (29)
ab— % = (ZZZ’ (30)

Therefore the problem of optimal control becomes the follow-
ing:



Problem 1 Given o and 8 in (—m, |, with both o and
different from zero,® find real numbers a,b,c,t, with ¢ # 0,
and minimum t > 0 such that conditions (26), (27), (29), (30)
are verified for some integers k,m,l, and r.

Using (29) and (30) in (26) and (27) we obtain
2 2
(¢ + r) ¢z¢r+1(t> <k

2 2 3+km+m>,(31)
(&1 +v) (o), (2x\° [k
el () (3

()

which replace (26) and (27). Scale the time by replacmg t

2k

m) (

3

with T , and define ¢, := 2L = sl =g, =
P = -|-7" 8= 2. so that & ; and 5 are both €(-3.3

Equatlons (31), (32), (29), (30) are therefore written as
(&1 +0)® = iy +T° = g +hm+m?, (33)

- PR k (k 2k
_((bl + wr)((/blwr) + bT3 = § <3 + m) <3 + m) ) (34)
(Zgl + 12)7*
b) = — 35
(a+b) = -2, (3%)
2 (Zgl'@[]r

¢ =ab— T2 > 0. (36)
Problem 1 is therefore equivalent to, given & and B in (—%, %],

finding integers k,m, [, r, such that T2 in (33) is minimized
subject to the constraint (36) with b obtained from (34) and a
obtained from (35). We renlark thgt, since we have assumed
c # 0, we cannot cl}oose ¢ = ,. In fact, if this was the
case, defining ¢, = 1, = 4, we would have, plugging (35) in
(36), — (b + %) > (), which is a contradiction. We assume
without loss of generality, that g?)l > @T. With this assumption,
the constraint of the optimization problem is equivalent to the

existence of a real b satisfying (34), with T2 given in (33),
and satisfying

¢l wr
T <b< T (37)
In order to see this, replace (35) into (36) to get
G\ (.t
<b+T> ( T <0, (38)

which is equivalent to (37). If we multiply (37) by T3, use
(34) and (33) for T2, we obtain the constraint

9 — b (5 +hmm?) <& (5 m) (% +m) <
<3 — i (§+km+m2).
(39)
The problem is therefore to find (k,m,,r) to minimize T2

given in (33) subject to the constraint (39). Notice that, in this
formulation, the fact that 72 in (33) has to be positive comes

3If (o, B) = (0,0), the target final condition becomes the identity which
is obviously reached in time zero. The stronger condition that both o and 3
are different from zero is used to rule out final conditions in the same class
as diag(e*®, e~ 1) which are the only possibility if ¢ = 0.

automatically from (39), since ¢} — ¢ (% + km + m2) <
12)? - 1/AJT (% + km + mz), with le > 1/AJT is equivalent to
Kt km+m? > 6 + 92 + by,

For a given pair [ and r, (k,m) and (k,—(k 4+ m)) are
equivalent in that they give the same value of T2 and they
both satisfy or do not satisfy (39). Therefore we can restrict
our search to values of m > —g. We define s := m + g >0,

which is an integer if k is even and a half integer if & is odd.
After some algebra, we write T2 and the constraint (39) as:

=B e (Fedzedd), @
(¢l )(@-E— )(ng—§+8)<0, 4D

6
<¢T + §> (wr - %
So Problem 1 becomes:
Problem 2 (Nonlinear integer optimization problem) Given
& and j3 in (2, 2] both different from zero, find (L, r, k, s) with
s > 0 an integer if k is even and a half-integer if k is odd, to
minimize T? in (40) with (;5; =a+] ’(/JT ﬁ + r, subject to
the constraints (41).

—s) (ﬁr—%+s>>0.

V. SOLUTION TO THE INTEGER OPTIMIZATION PROBLEM

We solve Problem 2 as a cascade of two minimization
problems. For each (k,s), we minimize 72 in (40) over I
and r within the region specified by the constraint (41). Then
we minimize the resulting function over (k, s). Minimization
over (I,7) of T? in (40) for given (k,s) corresponds to
maximization over the same region of the function

F=F(,r):= q@lz—i—?/}f-f-(lgléz =
=&+ P46+ (B+2a)+ (a+2B)r + 12 +r> +1r.

(42)

For given (k, s), to characterize the region described in (41),
we consider all possible sign combinations which give a
negative sign in the first inequality and a positive sign in the
second inequality. There are four cases for each inequality.
Combining these cases we take into account that (ﬁl > 1&7".
This reduces the possible subcases to the following three:

1) A

k N k N k

L o _n. 4

s s < <gts<hi<-—g (43)
2 B k k k

*§<¢r<g*5<¢l<g+5; (44)
3 ¢ k k k

g—s<7f1r<—§<¢;l<g+s. (45)

In order for the region described in A to be nonempty we
need —% > s > 0. In the case B we need g > s > 0 and
in the case C we need @ < s. Therefore we can solve three
optimization problems according to whether (k,s) is in the
region corresponding to A, B, or C (cf. Figure 2) and then
compare the results to find the minimum. In fact, it follows
from the following two lemmas that the minimum for (k, s) in
the region A is the same as the minimum in the region B and



N
el

Fig. 2. Regions for the optimization Problem 2.

the minimum in the region C, and therefore only one region
needs to be considered.

Lemma V.1. Consider the linear transformation
(46)
1

O+

where R is the involutory matrix R : % _1 . Then

(k,s,1,7) is an admissible 4—tuple with (k, s) in A if and
only (k 8,1,7r) is an admissible 4—tuple with (k,3) in C.
Moreover (k, s,l,r) and (k, 3,1,r) give the same value of T°2.

Proof. First notice that the transformation given by the matrix
R transforms (k, s) correctly into (k,3) in the sense that if k
is even (odd) 3 is an integer (half-integer).* Then consider
(k;,s,l,r) satisfying equation (43). Replacing (k,s)” with
(k,5)T = R(kz s)T, we obtain equation (45). Finally one
verifies that ’“ s+ 32 = —2 + 52, from which it follows that the
value of 7T 1s the same O

Analogously, we have:
Lemma V.2. Consider the linealr transformation (46) with R
the involutory matrix R := 15 ?) Then (k,s,l,r) is an
1 2 -
admissible 4—tuple with (k, s) in B if and only (k, 5,1,7) is
an admissible 4—tuple with (k, 3) in C. Moreover (k,s,[,r)
and (k, 3,1,7) give the same value of T2

In view of these properties we shall reduce ourselves,
without loss of generality, to optimization in the region C. In
the case where 3 = —d, which corresponds to X € SU(2)
we also have the following fact which allows us to reduce
ourselves to the case £ > 0.

Lemma V.3. Assume 3 = —a. Let {k,s,l,r}, and o = a+1,
1/3T = —&+r be admissible values, i.e., satisfying (45), giving
for the time a value 7. Then {—k, s, —r, —[} and b_r = a—r,
1/3_1 = —& — | are also admissible values and give the same

4To verify this it is enough to check all subcases: Assume first that k is even
and s is an integer. Write k as k = —2j. We have k = j — 3s, 5§ = é + %
from which one sees that k even (odd) gives s is an integer (half-integer).
Analogously if k£ is odd and s is a half-integer, we can erte k=-27+1
andsff—I—h sothatk7]+h—4h—2 , from which the
claim follows directly.

value of T'. In particular if (k, s) is in region C, to the right
of the s-axis, (—k, s) is in region C to the left of the s-axis.

Proof. If (k,s) is in the region C, taking the negative of
relation (45), we obtain the same relation with % replaced by
—Fk and (bl replaced by d) Fr=Q—7r= —Q/JT and wr replaced
by w 1= —gbl The time is the same. O

We now introduce two functions which allow us to express
the constraint (45) (and (43), (44)) taking into account that
[ and r must be integers: The function SI = SI(z) is
the smallest integer strictly greater than z. The function
LI = LI(z) is the largest integer strictly smaller than x. The
following properties of these functions can be easily checked
and will be routinely used without further comment.

Lemma V4. The function ST (LI) is nondecreasing right (left)
continuous. If p is an integer, then SI(z 4+ p) = SI(x) + p
(LI(x + p) = LI(z) + p). If x is not an integer, SI(x) =
LI(z) + 1. If « is an integer, SI(z) = LI(z) + 2

A. Minimization for (k,s) in the region C (@ < s)
Since s > @ and s is an (half) integer for k£ (odd) even,
we have s > @ + 1. From equations (45), we obtain

é::SI(g—s—B><r<LI<—§—B> =d,

a:m(ia) glgLI(ngrsoQ) =b. (48)

(47)

We can check, using Lemma V.4, that for & and B # :I:%, 0
the box (47) (48) always contains at least one point. This is
shown in Lemma C.1 in the Appendix. For general values of
é& and (3 if for certain values of k and s the box (47)(48) is
empty, these values have to be eliminated from the search.
From now on we shall assume 3 = —& and 0 < |&| <
%; In particular we assume that the desired final condition
Xy in (22) is (modulo a phase factor) a matrix in SU(2).
Using Lemma V.3, we can restrict ourselves, without loss of
generality, to k& > 0. The function F' = F (I, r) in (42) becomes

F=F(,r)=+>+didy = &2 +a(l—r)+ 12 +12 +1r.

(49)
Proceeding to the maximization of F' = F(I,r) in (42) over
the box (47) (48), the following Proposition says at which
corner of the box the maximum is achieved for any given pair
(k, s). The proof is given in the Appendix.

Proposition V.5. Assume & € (—3,3) and & # 0. Write
k =65+ h, with h = 0,1,2,...,5, and let (k,s) be in the
region C of Figure 2. If & > 0 the maximum of F(I,r) in
(49) over the admissible values of [,r given in (47), (48) is
given by F(b,¢) in all cases. Assume & < 0. If h = 0,3 the
maximum is still given by F(b,é). If h = 2,5, the maximum
is given by F(b,d). If h = 1,4 the maximum is at F(a, ¢).

Proof. (See the Appendix) O

: 2 _ k2 2
By using T° = 5 +s° —
k =65 + h, we have

F(l,r) and setting, once again,

2

h
T?%(k,s) > 352 + jh+ — +

12 (50)

52 — max F(l,r).



We separate the case & > 0 and & < 0, which require a similar
analysis and present in detail the results of the analysis for
& > 0 and postpone to the appendix the analysis for & < 0.

1) Case & > 0: In this case, according to Proposition V.5,
the maximum of F({,7) in (50) is always attained at F(b, ¢).
Therefore we compute

T?(k,s) > 35> +]h+?§+s — F(b, ).

Use Ay, equal to zero if h is even and equal to % if h is odd.
Define o}, = SI( —I—Ah—‘r ) Ap = LI(f—Ah—d)
This gives, from (47) (48), b = j+s —|— + Ap and ¢ =
j — s — Ap + op. Replacing these in (51) we obtain

T%(k,s) >

(51

(52)

(h—3(A\n +0on))j — &° —&—— A —o
(@+ An)(on — M) — A +
Calculating the values of \;, and o}, from the definitions:
1) h=0
T d+(2&—1)+2(1—d)32
+@d—1y+ﬂ1—dxw+d)zl—d2

— Anon+
(O’h — Ah - ZAh,)S — QAh& — 2as.

(53)
We first used s > 37 + 1 and then 5 > 0.
2) h=1
1
TQZ—ﬁ+J+wa—6y+a—2®s (54)
.2 . . 4 9 4
> —a —|—(4—6a)j—2a+§2—a —2a+§.

We first used s > 3j + 2 and then j > 0.
3) h=2

T? > —a2% — '—§+(1—2a)s—|—a

2(—1—1—304)]4—04—&—7—0(2
> —a? +2]+7—3a—60zj> —a? +f—3a
(55)
We first used s > 37 + 2 and then 5 > 0.
4) h=3
T2 > —1- &% + (2 — 24)s + 24 (56)

5
2—1—d?+@—2®@¢+?+a@24—@2—&1

We first used s > 35 +% and then 7 > 0.
5) h=4

T%ﬁ]+@+ + 82— F(b,¢) =

j+i-—a2 +s—2as+a> (57)
(4 - 6a) P42 -5a> 1L - a2 —b5a.
We first used s > 35 + 3 and then j > 0.
6) h=5
2 T . A
T Z—]—E—a +(1-2&)s+ & (58)

7 7
> (2-64&)j + - — &% — 64 > - — 64 — &°.
3 3
We first used s > 3j + I and then j > 0.

All the lower bounds are attained at the lowest possible values
of j and s. By comparison of these lower bounds we obtain
the minimum time if we assume & > 0.

Lemma V.6. The minimum of 72 for values of (k, s) in the
region C and & € (0, 7) is given by T, o ::§73a7a2 if
a€ls,3) In this case j = 0 and h = 2 so that k = 6j +2 =
2, s-2andl—b—]+5—2 r=¢=j—s+1=-1.
If & € (0,%), the minimum is 72 ; := 1 — 4> In this case,
j:Osothatk;—6j—O,s—l,andl—b—j+s—1—0,
r=c¢=j—s+1=0.

2) Case & < 0: If & < 0, Proposition V.5 gives different
points where the maximum of F'(I,r) is achieved according
to the value of h in k = 63+ h. The final result corresponding
to Lemma V.6 (cf. Appendix D) is as follows.

Lemma V.7. The minimum of 7" for values of (k, s) in the
region C with k& > 0 and & € (—3,0) is given by T o=
—2& — &2, for all values of &. In this case j = 0 so that k =
6j=0,s=1andl=b=j+s=1,r=¢=j—s=—1.

In the problem of reaching a certain matrix X; in SU(2)
in minimum time (cf. (22)), we can choose between positive
and negative &. Therefore the optimal time is the minimum
between the time in Lemma V.6 and the one in Lemma V.7.
By comparison we obtain the following theorem which solves
Problem 2 and therefore the optimal control problem for any
X; € SU( ) with eigenvalues €!® and =%, with 0 < |a| =
|27é| < Z°. We have

Theorem 2. Assume 0 < |&| < . If |&| < 5 the minimum
time is given by T? = 2|4| — &2, wztha<0 k=0 s=1,

Il =1,r=—LIf|&] > 5% the minimum is attained at
T? =4%-3la|—a% fora >0 k=2 s=21=2r=—1

Remark V8 We have made the assumptions —& = 3 and
0<lal <t 5 in order to illustrate the procedure of solution and
give an exphclt solution for a class of problems. In practical
situations one has numerical values for & and B and can
proceed to the maximization of (42) subject to (45). One can
again follow a min — min procedure as above, with the only
difference that now Lemma V.3 may not hold and therefore
the entire region C has to be considered.

VI. DISCUSSION OF THE METHOD AND EXAMPLE

The result of Theorem 2, which solves the integer opti-
mization problem, allows us to find the parameters a, b, ¢ to
be used in the matrix A in (23) and therefore the optimal
control et Pe~4t (cf. (7)). Summarizing, the procedure is
as follows: Given the desired final condition (22), from the
eigenvalues of X (in SU(2)), €' and e_m, we obtain « and
& =2 € (3, 3) Assuming 0 < |&| < %, Theorem 2 gives the
Value of T2 = 47?2 (the optimal tlme) as well as the optimal
k,s=m+ g, { and r, and indicates whether to choose the
positive or negative value for &. Using these values in (34) we
obtain the value of b. Using this in (35) we obtain the value of
a and using these in (36) we obtain c. These are the parameters
for the optimal control. Such a control in general will drive
optimally to a state in X ¢ € SU(2) which is only similar to



the desired X ;. The corresponding matrix in SU(3) will be

in the same equivalence class as the desired final condition.

Therefore, in general, there will exist a K € SU(2) such that

KX K t=X ¢ By similarity transformation of A and P with
1

0 K
in the optimal control (7).

We remark that the desired final condition is indeed in the
cut locus of the optimal synthesis and therefore the geodesics
found this way are maximal geodesics. One quick way to see
this is to apply Proposition 4.2 in [4]. Consider an intermediate
point Y} in the geodesic. By the principle of optimality the
geodesic after Yy has to be optimal and therefore Y; cannot
belong to the cut locus. From Proposition 4.2 of [4] if H
belongs to the isotropy group of Y%, it has to satisfy HPH' =
P and H[A, P|H' = [A, P], which implies with the form of
P and A (in particular ¢ # 0 in (23)) that H must be a
scalar matrix. Therefore Y has to belong to the regular part
of SU(3) and therefore the geodesic crosses the regular part.’

we obtain the optimal A and P matrices to be used

Example VL.1. Assume we want to drive in minimum time
up to a scalar matrix to the final condition

1 0 0
1 3
H:Oﬁ?
0 % 7

which performs an Hadamard-like gate [21],
(59)

on the lowest two energy eigenstates. The eigenvalues of
Xy are e*im™/4 Therefore, using the notation of the previous

section, |&| = /4 _ 1 Using Theorem 2, we find for the

27
minimum T, T = ‘/8%, a = —% and therefore negative,
k=0,s=1,1=1, r = —1. Notice that the eigenvalues of
(—=A+P)t from (25) are Ay = 0, Ao = 27i, A3 = —27i so that
e(=A+P)t ig the identity. We also get ¢y = a+1 = —t+1=1%

. 8
and ¢, = —&+r = 1 —1= —%. From (34) and (35) we
obtain b = 0 and a = 0, while from (36) we obtain ¢ = ‘f—g.

Therefore, the equivalence class of H is reached in minimum
time ¢t = 27T = @ (after re-scaling of time) using

0 0 0

i

A=1] 0 Ow j:\/ll5
0 i\/ﬁ 0

The final condition with this control is
Vit 1 0
eA 4 = ( . 77r> y
0 e%=1

with o, := <? é) Explicit calculation chosing the positive

(60)

SNotice that there is a discrepancy between the terminology in [4] since
there we call ‘cut locus’ the set of points reached by two or more geodesics
and ‘critical locus’ what we have called cut locus here. However the argument
applies since the assumption in Proposition 4.2 of [4] is weaker than what
we assume here, because of Proposition 2.1 in [4].

value for ¢ gives that

onIE _ (COS(t)

¢ ~ \isin(?)

VzZooV2
This is not yet the desired final condition in (59) but it is simi-
lar to it using the similarity transformation K = diag(i, —i).
Therefore to obtain the optimal control we transform by
similarity transformation diag(1,4, —i) the matrix e4* Pe=4*
(7). Alternatively we could have used the negative value for
¢ which would have given exactly the transformation in (59)
without the need of an extra similarity transformation.
Figure 3 represents the geometry of the orbit space which
was described at the beginning of section IV. The base disk has
a boundary (drawn with red dots) which serves as the base of
a (closed) Mobius strip E3 (Proposition IV.1). At every point
of the interior of the disk one has to imagine attached another
closed vertical disk. Such vertical disks collapse to segments
at the boundary of the base disk and such segments form
the pictured closed Moebius strip F5 (Proposition IV.1). The
vertical coordinate in our figure represents the real coordinate
in these complex unit disks and we have not represented the
imaginary part so as to be able to give a 3 — D picture.
For the trajectory in our example this imaginary coordinate
is identically zero. The trajectory in the quotient space for
this example is represented in black. It starts from the point
representing the identity and ends at the point corresponding
to the final condition which is in FEj.

. 1 1
isin(t) e = B 'y
cos(t) ) =7 —3 1 ‘

Fig. 3. Optimal trajectory in the quotient space.

VII. CONCLUSION

We have given tools to solve the minimum time optimal
control problem for a class of systems on SU(n) of interest
in quantum mechanics. The presence of a symmetry group
eX in the model allows for a reduction of the unknown
parameters in the optimal controls and trajectories. This was
described in Proposition II.1 and Corollary II.2. The anal-
ysis of the orbit space SU(n)/S(U(n — 1) x U(1)) gives
information on the optimal synthesis on SU(n). In particular,
according to the results of [4] the reachable sets in SU(n)
are inverse images (under the natural projection) of sets in
SU(n)/S(U(n—1)xU(1)) and information on the cut locus
in SU(n) can be obtained from the corresponding sets in
SU(n)/S(U(n — 1) x U(1)). For these reasons, we have
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described the orbit space explicitly in section III. For a large
part of the paper we have focused on the case of three level
quantum systems. This is motivated not only to illustrate the
above techniques but also by the enormous interest of three
level systems in multiple applications of quantum mechanics.
In fact, much interest in the quantum mechanics literature is
for lambda systems of Figure 1 where one wants to perform
operations on the lowest two energy levels, which is the setting
we consider. The description of the orbit space of section
IIT is used here in two ways: On one end it motivates the
problem suggesting that the given final conditions are in the
cut locus, since they belong to the singular part of the orbit
space, and on the other hand it allows us to verify this by
showing that the derived geodesics cross the regular part. We
have given an explicit solution of this problem by transforming
it into an integer quadratic optimization problem. Although
this has been done only for a certain range of values of the
final condition, we believe that the technique used in section
V can be adapted for other ranges of the possible eigenvalues
of the final conditions and therefore lead to optimal control
laws for final conditions different from the ones considered
in Theorem 2. This, together with the maximality of the
geodesics discussed above, has the potential of leading to the
complete optimal synthesis for the case of SU(3), and to be
extended to problems on SU(n) for n > 3.
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APPENDIX

APPENDIX A
COMPLETION OF THE PROOF OF THEOREM 1

We are left with proving that ¥ is i) well-defined, ii) one-
to-one, and iii) continuous with continuous inverse.

For « € D, denote by W (x) the first factor in (19)
i) U is well-defined: Assume first that Z, B € SU(n) are
such that [Z]., = [B]~, and let U € SU(n — 1) be the
Lnatrix that gives the equivalence (see equation (11)), then we
ave:

_7¢
e 0 0 0
) 1 0---0
0 e? 0 0 0
0 0
qf([B]N¢): . =
: s : B
: 0
0 0 N
- —id
e 0 0 0
(1) 0---0 0 1 0 0
0 0
o v : I
L 0 0
1 0
0 €% 0 0 é 00 (1) 0--0
0 0
: B : f
Co I o o v
0 0 ~

Since the first and the second matrices of the above expression

commute, and
i}
o EZ 0
)BU _ ( 0 >Z,

e 0
v(o

we get that W ([B]~,) = ¥ ([Z]~,) . So the result of applying
U does not depend on the representative in the equivalence
class ~4. Assume now that ¥ acts on Dy x SU(n —1)/~.
Let Z, B € SU(n — 1) with [Z]. = [B]. and denote by
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V € SU(n —2) and n € [0,27] the matrix and the constant

)eswmmemL

. emn 0
such that if X = _ in
0 e n—2 V

then B = X AX'. We have, for z € Dy:

1 0---0
: )
: B

0

0
0

U (z,[Bl~) = |W(x)

1 0 0 v
0 e 0
efﬁlfﬂZV
0 0
1 0 0 0
50”0 0 e™ 0 0
0 0
6 4 GTLVT
0 0
By writing
1 0 0 0
0 em 0 0
0 0 —
efnijZV
e 0 0o --- 0 e ™ 0 0
0 em 0 ... 0 0 1 0
0 0 0 0
e_n%V
0 0 0 0
we get
e 0 0 0
0 e 0 0
v B)=[| 0 _
o 2
0 0
e~ 0 0
é 00 0 e”™ 0
W(z) | . 0 0
. A : : _in_
: : en—2VyT
0 0 0

and multiplying inside by 1 = e#e " so that the matrices
on the left and right above are in SU(n) yields that the above

equals:

x Vi—|z|2 0 --- 0 1
—/1—z|? x* o -~ 0 0
0 0

=V (z,[A]~)

ii) U is one-to-one: Assume, by way of contradiction, that ¥
is not one-to-one. Then there exist z1, o € D1, Ay, Ay €

o

A

~

SU(n—1) and scalar ¢ and matrix V' € SU(n — 1) such that:

W()0
T . =
. A1
0
1 0---0
et? 0 0 e~ i¢
< 0 e Ty >W(x2) LA < 0
0

0

(A1)

e%vf >

By taking 1, x5 in Dy, we can consider both cases F,, and
Dy x SU(n—1)/~ at the same time. Denote by v, the (j, k)
element of V. By comparing the first column of the left hand

side and the right hand side above, we have:

T L2

3
|

—V1= i S T
0 = —e ta-T 1= |[L‘2|21}21

3

S

0 —e iR V1= lz2Pop_11
(A.2)

Thus necessarily z; = x2 := x. This means that the pre-
images are either both in E,, or both in Dy x SU(n —1)/~.

Let us first assume that they are both in E,, ie. |z| = 1,
so x = e'. It is easy to see that we can rewrite the left hand

side in (A.1) as:

em 0 0 - 0 i
0 e 0 - 0 (1] 0---0 8"
| oo 0 _
: : Ay
: : I
0 0 0 0
with, using (A.1)
e (0...0
0
M=V . A VT,
: I
0

So we get [A1]._, = [As]~_,.

Consider now the case with preimage in Dy x SU(n—1)/ .,
so |x| < 1. This implies that \/1 — |z[? # 0. Thus, by using

equation (A.2), we get that vj; = 0 for j = 2,--- ,n — 1.
- ng .
Moreover, we must have: e ‘»-Tv;; = 1. Thus the matrix
e’
_ g in (A.1) is of the form:
0 e 1V
et? 0 o --- 0 e 0 0 0
0 e = vy O e'® 0
0 0 _| o o
: : 1% . :
0 0 0 0
Since this matrix commutes with W (z2) using equation (A.1),
we get:
e 0.--0 e 0.--0
0 0
A = - Ay | . _ ;
1% : %4l
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for V.e U(n — 2) x U(1), so [A1]~ = [As]~, where the
equivalence is in the space of (n — 1) x (n — 1) matrices.
iii) ¥ is continuous with continuous inverse: It suffices to
prove that W is a continuous bijection from a compact space to
a Hausdorff space, as any continuous bijection from a compact
space to a Hausdorff space is a homeomorphism. Parts (ii) and
(iii) above take care of the bijection part. E,, U (D; x SU(n—
1)/~) is compact because E,, is compact as it is a fiber bundle
over a compact space with compact fibers; gluing this to the
boundary of D; means that D1 U E,, = DiUE, is compact,
and SU(n — 1)/~ is compact as it is the continuous image of
the compact space SU(n — 1). SU(n)/~. is Hausdorff, as it
is a stratified space [9].

So it remains to prove that ¥ is continuous. Observe that
Vor =qoW, where 7 : (U(1) x SU(n — 1)) U (D; x
SU(n—1)) = E,UD; x SU(n—1)/~ is the quotient map
which sends (e?, A) € U(1) x SU(n — 1) to [A] € E,, and
(x,A) € D1 xSU(n—1) to (x,[A]~) € D1 x SU(n—1)/~;
q: SU(n) — SU(n)/~ is the quotient map; and W is defined
as follows:if (e!?, A) € U(1) x SU(n — 1) then

e~ 0o --- 0
0 e 0 - 0 L-0---0
. . 0
\I/((81¢7A)>: 0 0 )
. . : A
: : I 0
0 0
if (z,A) € D1 x SU(n — 1) then
1 0---0
U (w, A) (z) "
U(x,A)=W(x
: A
0

Both ¢ and U are continuous, and since 7 is a quotient map,
it is open and surjective. From this, continuity of ¥ follows.

APPENDIX B
PROOF OF PROPOSITION V.5
We first fix r =¢+q, ¢ =0,1,2, ...lcf— ¢ and maximize
the function F' = F(l,r) over | € [a,b]. By comparing the
values of F'(a,r) and F'(b,7) with I in (42), we find that the
maximum is achieved at b if and only if @ = b or, by writing
k:=6j+h,7>0,h=0,1,23,4,5,
SI(—4— ) + 2SI (-4 - ) +4
> (—B )+2(———a)+1.
This is independent of s and j and always verified when ¢ > 1.
Proof of B.1): If b > a, r = ¢+ q, F(r,0) > F(r,a) if
and only if ¢+¢ > —f —2& — (G + b). With the values of a,
b and ¢ in (47) (48), this latest condition becomes
SI(E—s—B)+q>
—B— 24 — (SI(—f—a) +LI(§+s—a)).
Define Ay to be equal to 5 if k is odd and equal to zero if k
is even. With this definition formula (B.2) becomes

SI(g+Ak—B)+qz
—B—2a— (SI(-%—a)+LI(k-Ay—a)),

(B.1)

(B.2)

(B.3)

which is independent of s. Defining k£ := 65 + h, h =
0,1, ..., 5, this becomes
13 .y >
SI<6+A’“ 5)+q— (B.4)

—B—2a— (SI(-2—a)+LI(L-Ar—a)),
which is independent of j. To obtain (B.1), write the left hand
side of (B.4) as Ag+ 5 +ST (_g _ [S’) +¢ and the right hand
side as —3 — 24— (SI(—% —a) — Ay — 2+ LI (2 - 4))
so that inequality (B.4) becomes

—h_ ﬁ) +q>
—B— 24— (SI(—g A) +LI(%-a))
—B—24— (SI(—%—a)+h+11(-% -a)
—B—24—28I(—% —a) +1—h,
where we used Lemma V.4. This gives (B.1).
By verifying (B.1) for h = 0,1, ...,
result.

wb‘

~—

O
5, we find the following

Lemma B.1. Assume & > 0. The maximum of F(r,1) as a
function of I on [, b] is at b independently of r € [¢,d] and
the value of k, since (B.1) is always verified. If & < 0, the
maximum is achieved at b for each value of 7 and each value
of k = 65 + h except for the cases h = 1 and h = 4. In these
cases b # a since k # 0 and (B.1) is not verified and the
maximum is atl:dforr:éandatl:?)forr;éé.

We now study F' = F(I,r) as a function of r. Assume first
& >0 or & <0 but h # 1,4. Then according to Lemma B.1
we first study F'(b, r) for r in the interval [¢, d]. The maximum
is achieved at ¢ if and only if F(l; é) > F(l; d), which, using
(49), is true if and only if ¢ = d or ¢+ d<a&—b. The latter
with the expressions for b, ¢ and d in 47) (48), with B =—a
and using k = 65 + h becomes:

SI <h +Ak+a>+LI (Z +6¢) < a-LI <g — Ag d> .
(B.5)
Direct verification shows that (B.5) is always verified if & > 0,
and thus the maximum is at F'(b,¢é). It is also verified for
& < 0 unless h = 2 or h = 5, which give the maximum at
F(b,d). Consider h = 1, h = 4 and & < 0. We have two
subcases:
1) ¢ = d which occurs if and only if s = g + 1 from Lemma
C.1. ® In this case, the maximum is at F'(a,¢) = F(a, d).
2) s> g + 1 and therefore d > ¢. Then we have to compare
F(a,é) and F(b,d). We calculate the values of a, b, ¢ and d
from (47) (48) in this case for k = 6j+1 and k = 6j+4 (recall
that 5 > 0), weobtam For h =1, a = —23, b—]—‘rS

c—j—s+ d——2j—1FOI‘h—4a——2j—i
b—j+8 C—]—S+1 d——2]—2 We have for h =
1, F(a,e) = =& + &(-3j +s— 3) + 352 + s> + 1 — s,
F(bd) = -2+ +a(3j + s+ ) +32 +3j + 2+ 7 —

2s. By comparison we have that F(a,é) > F(b,d) if and
only if s > 375 + % + &(65 + 1), which is indeed true since
(using s > 54+ 1) s > 3j+ 2 and & < 0. For h =

Recall we are assuming k > 0. Therefore the second condition of the
Lemma is automatically verified.
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F(a,é) = &>+ a(=3j+s—2) + 352+ 3j + 1 + s% — s,
F(byd) = —a% + a(3j + s +2) + 352 + s> + 65 + 4 — 2s.
By comparison we have that F/(a, ¢) > F(b,d) if and only if
s > 3j 43+ &(6j + 4), which is indeed true since (using
s> %4— 1) s > 3j+ 3 and & < 0. Therefore in this case also
we have that the maximum is achieved at F(a, ¢).

> OO

APPENDIX C
THE BOX (47) (48) IS NOT EMPTY

Lemma C.1. Assume & and B #0,+3 L In (47) d > é unless
s = |k| +1land £ > 0, mwhlchcasec—d In(48)b>

unless s = |k| + 1 and k£ < 0, in which case =b.

Proof. We prove the first statement since the proof for the

.. . k “ .
second one is similar. Using s > % + 1, we have for ¢ in

— A k k A\
@7) ¢ SI(f—s—B)gSI(E—%—l—B>——1+
ST (& — & — B). with equality if and only if s = 51 + 1. 1f

k < 0 the last term is —1+SI(2k—f3) = —1+k+SI(—£ —
B) = k+LI(-% - 3) < LI(-£ - 3) = d. However if k > 0,
the last term is —1 + SI(—% — 3) =LI(-% - ) =d. O

APPENDIX D
CASE & < 0 (PROOF OF LEMMA V.7)

Set k = 6j + h, with h = 0,1,2,3,4,5 and use (47) (48).
Dh=0,(b=j+s,é=j—s57>08>3+1)

T2 > 352+ 2 — F(b,¢) = —4% — 24
> —a% —245(35 + 1) > —a? — 24.

Here we used first s > 35 4+ 1 and then 5 > 0. The minimum
T? ; = —a4* — 24 is achieved for j = 0 and s = 1.
Dh=1(a=-2j,é=j—5+13)

T223j2+j+$+82 F(a,c) =
+(17a)s+(1+3a) +§
> —a?2 fonr +3j> —&?2 —a+ 3.

Here we used first s > 3541 and then j > 0. The minimum
is 72 | = 3 — & — &2 is achieved for j =0 and s = 3j + 3.
3Yh=2,(b=j+sd=-2j-1)

~

T?>324+2j+ 1+~ F(bd) =
(1+30¢)j—*—5[ a2+ (1-a)s
> (2- 60é)j—|-*—305—01 >3 -3a-—a2

Here we first used we used s > 37 + 2 and then we used
j > 0. The minimum 772 , = % — 34 — &2 is achieved for
Jj=0and s =3j+2.

Hh=38,(b=j+s+35.¢=j—s+3

3 ~
T223j2+3j+1+52—F(b,é):—&Q—Z&s

> —42 — 645 — ba > —&% — b

We first used s >3+ 5 and then j > 0. The minimum

T2, = —a% —5a is achleved for j=0and s = 2

2
5)h 4, (@a=-2j—1,é=5—5+1)

T223j2+4j+§+52—F(a,é)=
(1+3a)j+(1—a)s+2a+1 -

>4j-—a+2-a2>-—a- aﬁ

We first used s > 375 + 3. and then 5 > 0. The minimum

T24:%—d ? is achieved for j =0 and 5 = 3.

6) h =5, (b—j+s+2,d——23—2)

T2 > 352+ 55+ 2 + 5 — F(b,d) =
-I+(3- 3a)]—a +(1—a)s Sa.
2(6 60)j — 62 — 64+ £ > I — &% — 64

We first used s > 35 + 5 and then j > 0. The minimum
is achieved for j =

By comparison of the functions szw = Tiw
0,1,...,

_ 7
Oands—§.

(&), for w =

h2 2
T= 5 =

7 ~ ~
§—6a—a

5, we obtain Lemma V.7.
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