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AN ADAPTIVE NESTED SOURCE TERM ITERATION

FOR RADIATIVE TRANSFER EQUATIONS

WOLFGANG DAHMEN, FELIX GRUBER, AND OLGA MULA

Abstract. We propose a new approach to the numerical solution of radiative
transfer equations with certified a posteriori error bounds for the L2 norm. A
key role is played by stable Petrov–Galerkin-type variational formulations of
parametric transport equations and corresponding radiative transfer equations.
This allows us to formulate an iteration in a suitable, infinite-dimensional func-
tion space that is guaranteed to converge with a fixed error reduction per step.
The numerical scheme is then based on approximately realizing this iteration
within dynamically updated accuracy tolerances that still ensure convergence
to the exact solution. To advance this iteration two operations need to be per-
formed within suitably tightened accuracy tolerances. First, the global scatter-
ing operator needs to be approximately applied to the current iterate within a
tolerance comparable to the current accuracy level. Second, parameter depen-
dent linear transport equations need to be solved, again at the required accu-
racy of the iteration. To ensure that the stage dependent error tolerances are
met, one has to employ rigorous a posteriori error bounds which, in our case,
rest on a Discontinuous Petrov–Galerkin (DPG) scheme. These a posteriori
bounds are not only crucial for guaranteeing the convergence of the perturbed
iteration but are also used to generate adapted parameter dependent spatial
meshes. This turns out to significantly reduce overall computational complex-
ity. Since the global operator is only applied, we avoid the need to solve linear
systems with densely populated matrices. Moreover, the approximate applica-
tion of the global scatterer is accelerated through low-rank approximation and
matrix compression techniques. The theoretical findings are illustrated and
complemented by numerical experiments with non-trivial scattering kernels.

1. Introduction

When dealing with problems giving rise to very complex discretizations, one often
tacitly assumes that the numerical output represents the corresponding continuous
object reasonably well, without being, however, able to actually quantify output
quality in any rigorous sense. Often interest shifts then towards accurately solving
the (fixed) discrete problem which by itself may indeed pose enormous challenges.
Instead, the central objective of this article is to put forward a new algorithmic
paradigm warranting error controlled computation. By this we mean the deviation
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of the numerical result from the exact continuous solution is certifiably quantified
and set to meet a given target accuracy with respect to a problem relevant norm. It
goes without saying that the ability to quantify the accuracy of forward simulations
is a necessary prerequisite of Uncertainty Quantification in general. In this article
we develop such methods for a regime of kinetic models, described below, for which
to the best of our knowledge error controlled schemes have so far not been available
yet.

1.1. Problem formulation. We consider certain kinetic models describing the
propagation of particles in a collisional medium modeling, e.g., heat transfer phe-
nomena, neutron transport, or medical imaging processes. We confine the subse-
quent discussion to simple monoenergetic radiative transfer models which never-
theless exhibit the main obstructions to the design of efficient numerical methods
for this problem class. Let D Ă Rd be a bounded convex domain with piecewise
C1 boundary BD, where d ě 1. Hence, for almost all x P BD the outward normal
n “ npxq is well defined. Furthermore, let S Ă Rd denote the unit pd ´ 1q-sphere
representing the directions in which particles propagate. Since we focus on the mo-
noenergetic case, the particles have all the same kinetic energy (which we assume
to be equal to 1) but note that more general compact sets describing the admissible
transport velocity field are possible and the subsequent developments generalize to
a correspondingly wider scope of setups. In what follows, for s⃗ P S

(1.1) Γ´p⃗sq :“ tx P BD | s⃗ ¨ npxq ă 0u Ă BD
denotes the “inflow-boundary” for the given direction s⃗ while

Γ´ :“ tpx, s⃗q P BDˆ S | s⃗ ¨ npxq ă 0u Ă BDˆ S

denotes the inflow portion of the corresponding space-direction cylinder. The cor-
responding outflow boundary portions Γ`p⃗sq, Γ` are defined analogously.

Given non-negative data f : Dˆ S Ñ R`, g : Γ´ Ñ R`, a cross-section function
σ : D ˆ S Ñ R`, and a collision kernel K : D ˆ S ˆ S Ñ R`, we want to find a
function u : Dˆ S Ñ R`, satisfying
(1.2)

s⃗ ¨∇upx, s⃗q ` σpx, s⃗qupx, s⃗q ´
ż

S
Kpx, s⃗1, s⃗qupx, s⃗1q d⃗s1 “ fpx, s⃗q @px, s⃗qPDˆ S,

u “ g on Γ´.

In the following, it will be useful to view the angular direction as a parameter and
introduce the abbreviations

pT⃗suqpxq :“ s⃗ ¨∇upx, s⃗q ` σpx, s⃗qupx, s⃗q, pKs⃗uqpxq :“
ż

S
Kpx, s⃗1, s⃗qupx, s⃗1q d⃗s1,

for the pure transport and collision operator, respectively. Splitting the transport
part into

T⃗s “ As⃗ ` σid, As⃗v :“ s⃗ ¨∇v,

(1.2) can be written, for homogeneous boundary data g ” 0, as the operator equa-
tion

(1.3) pBuqp¨, s⃗q :“ T⃗su´Ks⃗u “ As⃗u` σu´Ks⃗u “ fp¨, s⃗q.
There is extensive literature addressing the solvability of (1.3) depending on the
interrelation of the pair pσ, Kq usually known as the optical parameters, see e.g.,
[5, 14,16,25]. One may roughly distinguish two ends of the problem scope, namely
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the case of dominating scattering near the diffusive limit (see, e.g., [20]), and the
case of dominating transport. Here we restrict the subsequent considerations to
the latter regime that is governed by at least weakly dominating transport and
possibly anisotropic scattering. The precise conditions on corresponding pairs of
optical parameters are discussed in a later section.

Note that when the kernel K vanishes the pure transport problems

(1.4) T⃗su “ f, u|Γ´ p⃗sq “ g, s⃗ P S,

may be viewed as a parametric family of PDEs giving rise to the corresponding
family of fiber solutions u⃗s, s⃗ P S. Alternatively—and this is necessary for the full
problem (1.3)—we can view solutions upx, s⃗q as functions of the spatial variable
x P D Ă Rd and the parametric variable s⃗ P S Ă Rd´1. It will therefore be
important to identify a function space U consisting of functions over D ˆ S for
which (1.3) is well-posed in a sense to be made precise in Section 2.1.

1.2. Common approaches and main obstructions. There are at least two
major groups of numerical strategies for approximately solving (1.3), namely the
method of moments and the discrete ordinates method (DOM); see, e.g., [24] and
[4,17,23,26], respectively. The method of moments builds on (low order) polynomial
projections in the parameter domain and can be viewed as a model reduction.
It seems to be rather difficult though to quantify the incurred model bias and
develop rigorous error bounds for the deviation of the approximate solution from
the exact one. Also, the accuracy of polynomial expansions suffers severely from
low regularity. DOM hinges on transport solves for sufficiently many direction
parameters. These can serve as quadrature nodes for the approximate application
of the integral operator in combination with Jacobi-type iterations to approximately
solve the very large densely populated linear systems. However, the convergence of
this iteration in the discrete setting typically degrades with increasing dominance
of the scatterer [23].

The common approach is to first discretize the (continuous) problem and then
address the two—at first unrelated—issues: a) how to solve the (fixed) discrete
problem efficiently; b) how to assess the accuracy attained by the solution of the
discrete problem.

Modern strategies to face the complexity issues posed by a) concern the devel-
opment of preconditioners or multigrid strategies or employ sparse tensor methods
based on sparse grid or hyperbolic cross approximations. The former issue is im-
peded by the the fact that on a fixed discrete level it is hard to respect intrinsic
problem metrics which play a central role in the current approach. Moreover, the
distinct lack of sufficiently strong stability notions accounts, in particular, for in-
creasing recent efforts to incorporate additional structure preserving properties into
discrete concepts. Simple examples are non-negativity or mass conservation.

The viability and performance of sparse tensor methods, in turn, requires suitable
a priori regularity assumptions such as the validity of a certain order of mixed
smoothness, see, e.g., [2, 3, 17, 22], which are then also invoked to address b).

In general, variational formulations for parametric transport problems like (1.4)
or (1.3) are far less common than for elliptic problems. For instance, [17] considers
least squares formulations minimizing residuals in L2pDˆ Sq. Corresponding trial
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spaces require anisotropic regularity of the solution depending explicitly and sensi-
tively on the transport direction. This may cause stability problems when the so-
lution exhibits shear discontinuities. Alternatively, [15] proposes a mixed Galerkin
formulation based on splitting the solution into symmetric and asymmetric parts.
This still fails to tightly relate errors to residuals which is a key prerequisite for
rigorous a posteriori error estimates.

We summarize now some of the intrinsic obstructions to an efficient and accuracy
controlled numerical solution of such problems.

(1) The solution u of (1.3) is a function of 2d ´ 1 variables (or even more in
non-stationary cases and realistic models involving energy levels). Hence,
the problem is high-dimensional and standard schemes become possibly
prohibitively inefficient.

(2) A non-trivial scattering kernel K would give rise to densely populated very
large system matrices when using standard discretizations based on local-
ization only.

(3) These obstructions are aggravated by the fact that solutions exhibit in
general only a low degree of regularity, in particular, when dealing with
highly concentrated and non-smooth boundary data. Standard a priori
error estimates involving classical isotropic Sobolev regularity scales, often
derived under unrealistic assumptions, are therefore not very useful for
controlling accuracy.

The primary objective of this paper is to address the above issues and develop
accuracy controlled schemes and corresponding stability notions. We confine the
discussion to stationary problems but remark that the concepts carry over to time-
dependent problems. In fact, unsteady problems become conceptually easier as it
will become clear later (aside from having to deal with even more variables).

The numerical results in Section 7 indicate that the proposed stability concept,
closely intertwining the continuous and discrete setting, produces meaningful phys-
ical results without explicitly imposing additional structure preserving measures.

1.3. Conceptual roadmap. The approach proposed in this paper is based on the
following steps:

(I) Identify a pair of Hilbert spaces U , V over D ˆ S for which (1.2) permits
a stable variational formulation (see Section 2.1 for the precise meaning)
where the (infinite-dimensional) trial space is to accommodate the solution
of (1.2). Stability means that this variational formulation identifies the
operator B in (1.3) as an isomorphism from U onto the dual V 1 of the
(infinite-dimensional) test space V .

(II) Contrive an “ideal outer iteration”

(1.5) un`1 “ un ` Ppf ´ Bunq, n “ 0, 1, 2, . . . ,

that converges in U to the unique solution u of (1.2).
(III) Realize each iteration step approximately within dynamically updated error

tolerances that are judiciously chosen so as to guarantee convergence of the
perturbed iteration to the exact (infinite-dimensional) solution u of (1.2).

Steps (I) and (II) require analytic preparations which the numerical method is
based upon while numerical aspects only enter in Step (III). The contributions of
this paper culminate in Theorem 4.1, which we informally state here as follows.
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Main contribution. We contrive and theoretically justify a numerical algorithm
that realizes Step (III) of the roadmap and prove that for any target accuracy ε ą 0 it
generates an approximate solution uε of (1.3) that deviates from the exact solution
in L2pDˆSq by at most ε. Since the algorithm progresses from coarse to successively
finer accuracy levels termination at any stage comes with a current error certificate.

This program relies on two points that guide the subsequent discussions. At no
stage is there ever formulated beforehand any fixed discrete problem but discretiza-
tions are formed adaptively at each stage of the (perturbed) outer iteration (1.5).
For this to work it is crucial that the accuracy of a current approximate solution
can be rigorously quantified. The perhaps closest relative to the above roadmap
are adaptive wavelet methods along the lines of [10]. However, these schemes rely
essentially on symmetric variational formulations of Galerkin-type and precondi-
tioning on the infinite-dimensional level results from finding a Riesz basis for the
energy space. In the present context suitable variational formulations turn out to be
intrinsically unsymmetric. In fact, obtaining suitable a posteriori error bounds, will
be based on unsymmetric stable variational formulations of Petrov–Galerkin-type
for (1.2) and corresponding pure transport problems (1.4); see also [12]. A central
tool is the Banach–Nečas–Babuška Theorem that is briefly recalled in Section 2.1.

1.4. Layout. In the remainder of this section we describe the organization and
layout of the paper following Steps (I)–(III).

ad (I) Since, depending on the optimal parameters, solutions to (1.3) may exhibit
discontinuities we opt to choose U :“ L2pDˆ Sq “ L2pDq b L2pSq as trial
space. For a variational formulation to be stable the (infinite-dimensional)
test space V must then be different from U . As shown in Sections 2.2–2.4,
for the regime of problems considered below a proper test space warranting
stability is determined by the graph norm of the pure transport operator T .
Moreover, as a preparation for Step (II), we derive in Section 2.5 bounds
for }T ´1K}LpU,Uq in terms of the optical parameters.

ad (II) With (I) at hand we identify in Section 3 (infinite-dimensional) precondi-
tioners P P LpV 1, Uq that warrant convergence of (1.5) in U and render
Step (III) practically viable. In particular, we identify two problem regimes
of dominating transport and dominating scattering, depending on whether
T ´1K is a contraction in LpU,Uq or not; see Sections 3.1 and 3.2.

ad (III) The remainder of the paper is devoted to Step (III). In Section 4 we identify
core routines needed for the approximate realization of (1.5) as well as error
tolerances these routines need to meet in order to guarantee convergence
of the perturbed outer iteration to the exact solution. Again we have to
distinguish first the two regimes of dominating transport or scattering in
Sections 4.1 and 4.2, respectively, in order to formulate then the main
algorithm in Section 4.3 that covers both regimes.

We stress that one never has to invert a dense system involving a discretization of
the global operator K. Instead an error-controlled application of K is needed. While
most numerical studies treat either local problems or simple kernels like constants
we make a point on including non-trivial scatterers. In Section 5 we present a
scheme based on Alpert wavelet representation of K and low-rank approximations;
see Section 5.2.
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As shown in Section 3, the application of the preconditioner P in (1.5) is ulti-
mately reduced to the error-controlled approximate inversion of the “lifted” pure
transport operator T (acting on functions on Dˆ S; see (2.11)), discussed in Sec-
tion 6. This makes essential use of recent results from [7,13] where rigorous sharp a
posteriori error bounds for linear transport equations are derived for Discontinuous
Petrov–Galerkin (DPG) schemes.

Remark 1.1. When progressing with the (perturbed) outer iteration, target ac-
curacies decrease step by step so that one starts initially with very coarse DPG
discretizations. The only linear systems to be solved in the course of such a nested
iteration are the symmetric positive definite sparse DPG systems for the spatial
problems which are always kept as small as possible depending on the current tar-
get tolerances. The size of systems that need to be inverted is always significantly
smaller than the number of overall generated degrees of freedom.

Finally, we present in Section 7 some first numerical experiments as a proof of
concept. They demonstrate, in particular, the crucial role of adaptivity in the trans-
port solver. In fact, the number of degrees of freedom shown in Figure 7 already
for two spatial dimensions indicate that realizing the required error tolerances with
uniform spatial grids would be infeasible.

When the specific value of a constant does not matter we frequently employ
the notation a À b to express that a is bounded by a fixed constant multiple of
b independent of all parameters a and b may depend on, that are not explicitly
mentioned.

2. Step (I)—Variational formulations and well-posedness

2.1. Stability. Our approach relies on appropriate variational formulations of
(1.3) which allow us to interpret (1.3) as an operator equation

(2.1) Bu “ f,

where B is induced by this variational formulation as a linear mapping from an
infinite-dimensional trial space U to the dual V 1 of some (infinite-dimensional) test
space V (see Section 1.3 (I)). Here the spaces U , V host functions of both the
spatial variables x and the parametric variables s⃗.

Denoting by LpX,Y q the space of all bounded linear operators from X to Y ,
the objective is then to establish well-posedness of (2.1) which means bounded
invertibility of B or, more precisely, boundedness of the condition number

κU,V 1pBq :“ }B}LpU,V 1q}B´1}LpV 1,Uq.

Specifying the precise mapping properties is therefore the central objective of this
section. The choice of the (Hilbert)spaces U , V tells us under which assumptions
on the data a unique weak solution exists and in which norm the accuracy of
approximate solutions is measured.

A well-known tool to be used in this context is the following result by Banach–
Nečas–Babuška which we recall for the convenience of the reader.

Theorem 2.1. Assume that qp¨, ¨q : X ˆ Y Ñ R is a bilinear form on the Hilbert
spaces X, Y (with norms } ¨ }X , } ¨ }Y ). The validity of the following properties:

(1) qp¨, ¨q is continuous, i.e., there exists a C̄ ă 8 such that

|qpw, zq| ď C̄}w}X}z}Y , w P X, z P Y ;
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(2) there exists a c ą 0 such that

(2.2) inf
wPX

sup
zPY

qpw, zq
}w}X}z}Y

ě c;

(3) for each z P Y zt0u there exists a w P X such that qpw, zq ‰ 0;

is equivalent to the solvability of the problem: given f P Y 1 find u P X such that

qpu, vq “ xv, fy, v P Y.

Moreover, one has the stability relation

}u}X ď c´1}f}Y 1 .

Note that condition (3) can be replaced by a second inf-sup condition (2.2) with
the roles of X and Y interchanged.

Denoting by Q the operator from X to Y induced by qp¨, ¨q, the above theorem
says in particular that

κX,Y 1pQq ď C̄

c
.

2.2. Variational formulations of the pure transport problem (2.3). As in-
dicated under ad (I) in Section 1.3, a crucial role is played by a suitable weak
formulation for the pure transport equation

(2.3) s⃗ ¨∇upx, s⃗q ` σpx, s⃗qupx, s⃗q “ fpx, s⃗q for almost all px, s⃗q P Dˆ S,

defined on the phase space Dˆ S, where, in the following:

(2.4) σ ě 0, }σ}L8pDˆSq ă 8.

We consider first corresponding fiber problems obtained by freezing the transport
direction s⃗ P S. In favor of possibly low regularity requirements on the solution, we
follow [12]. Formally applying integration by parts yields the variational problem

(2.5) apu, v; s⃗q :“
ż

D
upσp¨, s⃗qv ´ s⃗ ¨∇vq dx “ ´

ż

BD
n ¨ s⃗uv dx`

ż

D
fv dx

for test functions v from a suitable space yet to be determined. In fact, the left
hand side is now well-defined for u P L2pDq and v P H p⃗s;Dq, where
(2.6) H p⃗s;Dq :“ tv P L2pDq | s⃗ ¨∇v P L2pDqu
is a Hilbert space endowed with the norm

}v}2H p⃗s;Dq :“ }v}2L2pDq ` }⃗s ¨∇v}2L2pDq.

However, for u P L2pDq the trace on BD is not well-defined. Introducing the closed
subspaces

(2.7) H0,Γ˘ p⃗sqp⃗s;Dq :“ clos}¨}Hp⃗s;Dqtv P C1pD̄q | v
ˇ̌
Γ˘p⃗sq “ 0u,

and restricting the test functions to H0,Γ` p⃗sqp⃗s;Dq, the boundary integral on the
right hand side of (2.5) extends only over Γ´p⃗sq. Thus, prescribing inflow boundary
data g P L2pΓ´p⃗sq,n ¨ s⃗q, the weighted L2 space on Γ´p⃗sq with weight |n ¨ s⃗|, a weak
formulation of (2.3) is to seek for

U p⃗sq “ U :“ L2pDq, V p⃗sq :“ H0,Γ` p⃗sqp⃗s;Dq,(2.8)
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u “ up⃗sq P U p⃗sq such that

apu, v; s⃗q :“
ż

D
upσp¨, s⃗qv ´ s⃗ ¨∇vq dx

“
ż

Γ´ p⃗sq
n ¨ s⃗gv dx` xv, fy “: xv, F y, v P V p⃗sq.(2.9)

Here xv, fy “ xv, fyV,V 1 stands for the dual pairing between V and V 1. In particular,
Dirichlet boundary conditions become natural boundary conditions which is an
advantage when the domain of the inflow boundary portion varies with s⃗ because
they need not be incorporated in U . In this setting, at least formally, the trial space
U is independent of s⃗ while the test space V “ V p⃗sq depends essentially on s⃗.

The operator T⃗s induced by apu, v; s⃗q through
pT⃗swqpvq “ apw, v; s⃗q, w P L2pDq, v P H0,Γ` p⃗sqp⃗s;Dq,

defines a bounded linear operator from L2pDq to pH0,Γ` p⃗sqp⃗s;Dqq1. Accordingly, we
have for its (exact) adjoint

T ˚
s⃗ P LpH0,Γ`p⃗sqp⃗s;Dq, L2pDqq, xw, T ˚

s⃗ vy “ apw, v; s⃗q,
w P L2pDq, v P H0,Γ` p⃗sqp⃗s;Dq.

Before addressing the invertibility of the operator T⃗s we consider the “lifted”
versions viewed as functions of x and s⃗; see [12]. The role of H p⃗s;Dq (see (2.6)) is
now played by the space

HpDˆ Sq :“ tv P L2pDˆ Sq | s⃗ ¨∇v P L2pDˆ Squ.
The space HpDˆ Sq becomes a Hilbert space under the norm

(2.10) }v}2HpDˆSq :“
ż

DˆS

`
|⃗s ¨∇vpx, s⃗q|2 ` |vpx, s⃗q|2

˘
dx d⃗s.

Likewise, the counterparts to the spaces (2.7) are given by the closed subspaces

H0,˘pDˆ Sq :“ clos}¨}HpDˆSqtv P C1pDˆ Sq | v|Γ˘ “ 0u.
The “lifted” bilinear form

apw, vq :“
ż

S
apw, v; s⃗q d⃗s

allows us to define, in analogy to the above fiber versions, T by

(2.11) xT w, vy “ apw, vq, w P U, v P V,

where

U :“ L2pDˆ Sq, V :“ H0,`pDˆ Sq.(2.12)

Thus, the variational problem: find u P U such that for any f P V 1

(2.13) apu, vq “ xv, fy, v P V,

is equivalent to the operator equation

T u “ f,

where T is viewed as a mapping from U into V 1.
The invertibility of the fiber operators T⃗s and the lifted version T will be seen

to be an immediate consequence of the following norm-equivalences; see (2.10).
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Theorem 2.2. Under the assumption (2.4) one has

}T ˚
s⃗ v}L2pDq „ }v}H p⃗s;Dq, v P V p⃗sq “ H0,Γ` p⃗sqp⃗s;Dq, s⃗ P S,

}T ˚v}L2pDˆSq „ }v}HpDˆSq, v P V “ H0,`pDˆ Sq,
as well as

(2.14)
}T⃗sv}L2pDq „ }v}H p⃗s;Dq, v P V p⃗sq “ H0,Γ´ p⃗sqp⃗s;Dq, s⃗ P S,

}T v}L2pDˆSq „ }v}HpDˆSq, v P V “ H0,´pDˆ Sq,
where the constants in the first line are independent of s⃗ P S and depend only on
σmin, σmax, and ℓ̂ “ diampDq.

In principle, these results have been already shown in [12]. We return to a proof
in the next section in order to exhibit the dependence of involved constants from
the optical parameters which will be needed for the numerical scheme.

As a consequence of Theorem 2.2 we obtain the following results.

Corollary 2.3. Assume that (2.4) holds. Then there exist constants 0 ă c, C̄ ă 8
such that for U p⃗sq, U , V p⃗sq, V defined by (2.8), (2.12), respectively,

}T⃗s}LpU p⃗sq,V p⃗sqq, }T }LpU,V q ď C̄, }T ´1
s⃗ }LpV p⃗sq1,U p⃗sqq, }T ´1}LpV 1,Uq ď c´1.

Hence, the variational problems (2.9), (2.13), respectively, have unique solutions
that depend continuously on the data.

Proof. First note that Theorem 2.2 implies that

~v~T ˚
s⃗

:“ }T ˚
s⃗ v}L2pDq, ~v~T ˚ :“ }T ˚v}L2pDˆSq,(2.15)

are equivalent norms on V p⃗sq “ H0,Γ` p⃗sqp⃗s;Dq, V “ H0,`pD ˆ Sq, respectively.
Endowing V p⃗sq, V with these norms, observe that

sup
wPU

apw, vq
}w}U

“ sup
wPU

xw, T ˚vy
}w}U

“ }T ˚v}U 1 “ }T ˚v}U “ ~v~T ˚ .

Since by (2.14), T is injective, and hence T ˚ is surjective, we obtain

sup
vPV

apw, vq
~v~T ˚

“ sup
vPV

xT w, vy
~v~T ˚

“ sup
vPV

xw, T ˚vy
~v~T ˚

ě
}w}2L2pDˆSq
}w}L2pDˆSq

“ }w}L2pDˆSq “ }w}U ,

which says that c “ C̄ “ 1 and hence, by Theorem 2.1,

κU,V 1pT q “ 1

for U , V as in (2.12). The treatment of the fiber operators T⃗s is completely analo-
gous. Hence, with the choice (2.15) of norms (2.9) and (2.13) are perfectly condi-
tioned, i.e., the operators T⃗s, T are even isometries between the respective pairs of
spaces. This completes the proof. !

Remark 2.4. Later, both the fact that the fiber operators T⃗s as well as the lifted
versions T have bounded condition numbers will be used in the envisaged numerical
scheme.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

1614 WOLFGANG DAHMEN, FELIX GRUBER, AND OLGA MULA

It will be useful to clearly distinguish the two above variational formulations.

Variational formulation (F1): determined by the combination of the bilinear
form ap¨, ¨q from (2.9) with the pair of spaces U , V it is supposed to act on, namely

(F1)
apu, vq “

ż

DˆS
upx, s⃗qpσpx, s⃗qvpx, s⃗q ´ s⃗ ¨∇vpx, s⃗qq dx d⃗s,

U “ L2pDˆ Sq, V “ H0,`pDˆ Sq.
Variational formulation (F2): determined by

(F2)

apu, v; s⃗q :“
ż

D
p⃗s ¨∇u` σp¨, s⃗quqv dx, apu, vq :“

ż

S
apup¨, s⃗q, vp¨, s⃗q; s⃗q d⃗s,

U p⃗sq “ H0,Γ´ p⃗sqp⃗s;Dq, V p⃗sq “ V “ L2pDq,

U “ H0,´pDˆ Sq, V “ L2pDˆ Sq.

Endowing U “ H0,´pD ˆ Sq with the norm ~w~T :“ }T w}L2pDˆSq, the same
type of argument as in the proof of Theorem 2.3 again combined with Theorem 2.2
yields the following result; see also [12].

Proposition 2.5. For data f P L2pDq, L2pD ˆ Sq, respectively, the variational
problems

apup⃗sq, v; s⃗q “ xv, fy, v P V p⃗sq, s⃗ P S, apu, vq “ xv, fy, v P V,(2.16)

have unique solutions in U p⃗sq, U , defined by (F2), respectively, which depend con-
tinuously on the data.

Remark 2.6. The solutions in (2.16) are required to have more regularity than in the
first version (F1), requiring, in particular, that f P L2pDˆSq. Moreover, boundary
conditions on Γ´p⃗sq, Γ´ are now essential boundary conditions that need to be
built into the ansatz. Our interest in the formulation (F2) is a duality argument to
be used later for the variational formulation of the full equation (1.3).

2.3. Norm equivalences. We establish next the norm equivalences in Theorem
2.2. As indicated earlier, a main reason for revisiting the proof is to prepare for
Section 2.5 by determining the dependence of constants on the optical parameters.
We use similar arguments as in [16] (see also [12] for related discussions).

Let the time of escape of free moving particles from D be

ℓ˘px, s⃗q :“ inftt ą 0 | x˘ t⃗s R Du.
Then,

ℓpx, s⃗q :“ ℓ´px, s⃗q ` ℓ`px, s⃗q
is the length of the longest line segment through x in direction s⃗ completely con-
tained in D and

ℓ̂ :“ sup
px,⃗sqPDˆS

ℓpx, s⃗q “ diampDq

is the maximum time of escape. For a given s⃗ P S, we can express any x P D
in terms of characteristic coordinates as follows. Denoting x´px, s⃗q P Γ´p⃗sq the
intersection of the line x` t⃗s, t P R, with Γ´p⃗sq, we can write

x “ x´px, s⃗q ` ℓ´px, s⃗q⃗s.
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In these terms, define for v P L2pDˆSq and almost every x “ x´px, s⃗q`ℓ´px, s⃗q⃗s P
D, x´px, s⃗q P Γ´p⃗sq

wpx, s⃗q “ w px´px, s⃗q ` ℓ´px, s⃗q⃗s, s⃗q

:“
ż ℓ´px,⃗sq

0
e´

şℓ´px,⃗sq
r σpx´px,⃗sq`⃗sθ,⃗sq dθv px´px, s⃗q ` r⃗s, s⃗q dr.(2.17)

One readily verifies that w as well as T⃗swp¨, s⃗q “ vp¨, s⃗q belong to L2pD ˆ Sq.
Moreover,

}T w}2L2pDˆSq “
ż

S
}T⃗swp¨, s⃗q}2L2pDq d⃗s ď C1}w}2HpDˆSq,

where C1 depends on σmax, where we abbreviate

σmin :“ inf
px,⃗sqPDˆS

σpx, s⃗q, σmax :“ sup
px,⃗sqPDˆS

σpx, s⃗q.

We first derive a bound on T ´1 as an operator mapping L2pDˆ Sq into itself.

Lemma 2.7. If 0 ď σ P L8pD ˆ Sq, then T ´1 is a continuous operator from
L2pDˆ Sq to L2pDˆ Sq and

(2.18) }T ´1}LpL2pDˆSq,L2pDˆSqq ď
d

ℓ̂
1´ e´2ℓ̂σmin

2σmin
ď min

!
ℓ̂,
b

ℓ̂{2σmin

)
.

Defining the formal adjoint of T , by
ş
DˆSpT ˚vqw dx d⃗s “ ş

DˆSp´⃗s¨∇v`σvqw dx d⃗s,
the same bound holds for }T ´˚}LpL2pDˆSq,L2pDˆSqq.

Proof. For v P L2pD ˆ Sq, we consider w as defined in (2.17). One readily checks
that w satisfies (2.13) for v “ f . For px, s⃗q “ px´` ℓ´px, s⃗q⃗s, s⃗q and 0 ď ℓ´px, s⃗q ď
ℓpx´, s⃗q, it follows from (2.17) and the Cauchy-Schwarz inequality

|wpx, s⃗q|2 ď
˜ż ℓpx´ ,⃗sq

0
e´2

şℓpx´ ,⃗sq
r σpx´`θ⃗s,⃗sq dθ dr

¸˜ż ℓpx´ ,⃗sq

0
vpx´ ` r⃗s, s⃗q2 dr

¸
.

Since
ż ℓpx´ ,⃗sq

0
e´2

şℓpx´ ,⃗sq
r σpx´`θ⃗s,⃗sq dθ drď

ż ℓpx´ ,⃗sq

0
e´2

şℓpx´ ,⃗sq
r σmin dθ dr“ 1´ e´2ℓpx´ ,⃗sqσmin

2σmin

ď 1´ e´2ℓ̂σmin

2σmin
,

we derive

(2.19) |wpx, s⃗q|2 ď 1´ e´2ℓ̂σmin

2σmin

ż ℓpx´ ,⃗sq

0
|vpx´ ` r⃗s, s⃗q|2 dr.

Integrating (2.19) over Dˆ S,

}w}2L2pDˆSq “
ż

px´ ,⃗sqPΓ´

ż ℓpx´ ,⃗sq

t“0
|wpx´ ` t⃗s, s⃗q|2 |⃗s ¨ n| dt dΓ´

ď 1´ e´2ℓ̂σmin

2σmin

ż

px´ ,⃗sqPΓ´

ż ℓpx´ ,⃗sq

t“0

ż ℓpx´ ,⃗sq

r“0
|vpx´`r⃗s, s⃗q|2 dr|⃗s ¨ n| dt dΓ´

ď ℓ̂
1´ e´2ℓ̂σmin

2σmin
}v}2L2pDˆSq,
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where we have used that
şℓpx´ ,⃗sq
t“0 dt ď ℓ̂ for all px´, s⃗q P Γ´ to derive the last

bound. This yields the first bound for }T ´1}LpL2pDˆSq,L2pDˆSqq given in (2.18).

The second bound follows directly from the fact that ℓ̂p1 ´ e´2ℓ̂σminq{p2σminq ď
min

!
ℓ̂2, ℓ̂{p2σminq

)
since 1´ e´x ď mint1, xu for any x ě 0. The argument for T ˚

is the same. !

Proof of Theorem 2.2. The inequality (2.18) says that

(2.20) }v}L2pDˆSq ď min
!
ℓ̂,
b
ℓ̂{2σmin

)
$
&

%
}T v}L2pDˆSq, v P H0,´pDˆ Sq,
}T ˚v}L2pDˆSq, v P H0,`pDˆ Sq.

Integrating (2.19) only over x P D leads to analogous statements for the fibers T⃗s,
T ˚
s⃗ , namely

}v}L2pDq ď min
!
ℓ̂,
b

ℓ̂{2σmin

)
$
&

%
}T⃗sv}L2pDq, v P H0,Γ´ p⃗sqp⃗s;Dq,
}T ˚

s⃗ v}L2pDq, v P H0,Γ` p⃗sqp⃗s;Dq,
s⃗ P S.

We infer from (2.20) that, for instance,

}T⃗sv}L2pDq ď }⃗s ¨∇v}L2pDq ` σmax}v}L2pDq ď p1` σ2
maxq1{2}v}H p⃗s;Dq.

Conversely, one has

}v}H p⃗s;Dq ď }⃗s ¨∇v}L2pDq ` }v}L2pDq ď }T⃗sv}L2pDq ` p1` σmaxq}v}L2pDq

ď
´
1` p1` σmaxqmin

!
ℓ̂,
b

ℓ̂{2σmin

)¯
}T⃗sv}L2pDq.

The remaining assertions of Theorem 2.2 are derived analogously. !

Remark 2.8. }T ´1}LpL2pDˆSq,L2pDˆSqq is small when either diampDq is small or when

σmin is large relative to ℓ̂.

2.4. Variational formulation of the radiative transfer problem (1.3).
Throughout this section we let g ” 0, i.e., we treat homogeneous inflow boundary

conditions. Also, we assume that the kernel K satisfies
(2.21)
Kpx, s⃗, s⃗1q ě 0, px, s⃗, s⃗1q P Dˆ Sˆ S, K P L8pD;L2pSˆ Sqq Ă L2pDˆ Sˆ Sq,
so that we have

(2.22) K, K˚ P LpL2pDˆ Sq, L2pDˆ Sqq.
Following the same lines as before for the pure transport operator T we can define
the operator B by

(2.23) bpw, vq “ xBw, vy :“
ż

S
apwp¨, s⃗q, vp¨, s⃗q; s⃗q d⃗s´ kpw, vq @w P U, v P V,

where kpw, vq “ xKw, vy, and the spaces U , V are chosen according to the formu-
lations (F1), (F2), respectively.

A key property in what follows is accretivity of B. In the present context this
means that there exists some positive α such that

(2.24) pBv, vq ě α}v}2L2pDˆSq, v P H0,´pDˆ Sq.
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We postpone for a moment listing conditions on the optical parameters which imply
(2.24) but present first the central result in this section.

Theorem 2.9. Assume that (2.21) and (2.24) hold. Then, for either one of the
two formulations (F1), (F2) and any f P V 1 the problem: find u P U such that

(2.25) bpu, vq “ xf, vy, v P V,

has a unique solution satisfying

}u}U À }f}V 1 ,

with constants depending only on the optical parameters.
The operator B, defined by (2.23) is in either setting a linear norm-isomorphism

from U onto V 1, i.e., has a finite condition κU,V 1pBq ă 8.

The proof makes use of the following norm-equivalences.

Lemma 2.10. Let T 1, B1 denote the formal adjoints of T , B, respectively. Then,
under the assumptions (2.28), (2.21) on σ and K one has

(2.26)
}w}HpDˆSq „ }Bw}L2pDˆSq „ }T w}L2pDˆSq, w P H0,´pDˆ Sq,
}w}HpDˆSq „ }B1w}L2pDˆSq „ }T 1w}L2pDˆSq, w P H0,`pDˆ Sq,

where the constants depend on the optical parameters.

Proof of Lemma 2.10. By (2.22), we have for some constant C1

}Bw}L2pDˆSq ď }T w}L2pDˆSq ` C1}w}L2pDˆSq ď p1` C1C2q}T w}L2pDˆSq,

where we have used (2.20) in the last step. Conversely, again by (2.22), (2.24), and
using Young’s inequality yields

}T w}L2pDˆSq ď }Bw}L2pDˆSq ` }Kw}L2pDˆSq
ď }Bw}L2pDˆSq ` C1}w}L2pDˆSq

ď }Bw}L2pDˆSq `
C1?
α
pBw,wq1{2

ď }Bw}L2pDˆSq `
C1?
α

´}Bw}L2pDˆSq
2δ

` δ}w}L2pDˆSq
¯

ď }Bw}L2pDˆSq `
C1?
α

´}Bw}L2pDˆSq
2δ

` δC2}T w}L2pDˆSq
¯
,

where C2 “ min
!
ℓ̂,
b

ℓ̂{σmin

)
is the constant from (2.20). Choosing δ small enough

to ensure that C1C2δ{α ă 1, the relation }Bw}L2pDˆSq „ }T w}L2pDˆSq follows. The
first line in (2.26) follows then from Theorem 2.2 proving the assertion for B. The
argument for B1 is analogous. !

We are now in position to prove Theorem 2.9.

Proof of Theorem 2.9. First, under the given assumptions we clearly have for either
formulation (F1) or (F2) with respective pairs U, V , that B is bounded

B P LpU, V 1q.
Then, it follows from Theorem 2.1 and (2.24) that under the above assumptions

(2.27) }B´1}LpL2pDˆSq,L2pDˆSqq ď α´1.
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To prove the last statement of the theorem note that in view of (2.26), injectivity
of T and T 1 implies injectivity of B and B1. Suppose B were not surjective. Then
there exists a w0 ‰ 0 in L2pΩq such that xBw,w0y “ 0 for all w P H0,´pΩq. By
boundedness of B and denseness of H0,´pΩq in L2pΩq, this leads to a contradiction
to (2.24). We can argue in the same way for B1 to conclude that B and B1 are
bijections for their respective pairs of spaces. This holds by duality, since pB1q˚
agrees with B as a mapping from L2pΩq to pH0,´pΩqq1. In view of Lemma 2.10, the
proof of Theorem 2.9 can now be completed with the aid of Theorem 2.1 in exactly
the same way as the proof of Corollary 2.3. !

When the specific choice of the settings (F1) or (F2) is clear from the context,
we view (2.25) as an operator equation

Bu “ f

with data f in the respective dual space V 1.
We discuss next two general conditions on the optical parameters that entail

(2.24). Defining the kernel averages

σ̄px, s⃗q :“
ż

S
Kpx, s⃗, s⃗1q d⃗s1 and σ̄1px, s⃗q :“

ż

S
Kpx, s⃗1, s⃗q d⃗s1,

a first frequently studied general class of optical parameters is signified by the fact
that there exist 0 ă α,Ma ă 8 such that for all px, s⃗q P Dˆ S,
(2.28)
σpx, s⃗q ´ σ̄px, s⃗q ě α, σpx, s⃗q ´ σ̄1px, s⃗q ě α, σ̄px, s⃗q ď Ma, σ̄1px, s⃗q ď M 1

a.

Note that this implies that the absorption coefficient σ is not allowed to vanish in
D. For this class we recall the following well-known result (see, e.g., [14, Chapter
XXI, §2, Theorem 4]).

Proposition 2.11. If σ and K satisfy assumptions (2.21) and (2.28), then the
operator B is accretive, i.e., for any v P H0,´pDˆ Sq,

pBv, vq ě α}v}2L2pDˆSq,

where the constant α is the one appearing in (2.28).

For the convenience of the reader we sketch the simple argument. It follows
from conditions (2.28), (2.21) that pσv ´ Kv, vq ě α}v}2L2pDˆSq on L2pD ˆ Sq,
which, combined with the accretivity of A on H0,´pDˆ Sq , defined by xAw, vy “ş
DˆS s⃗ ¨ ∇wpx, s⃗qvpx, s⃗q dx d⃗s, i.e., pAv, vq ě 0 for all v P H0,´pD ˆ Sq, yields the
conclusion.

We emphasize that condition (2.28) is not necessary for (2.24) to hold as can be
seen from the following class of frequently used kernels with slightly more specified
structure. Consider
(2.29)
Kpx, s⃗, s⃗1q“κpxqGp⃗s, s⃗1q, Gp⃗s, s⃗1q“Gp⃗s1, s⃗q, Gp⃗s, s⃗1qě0, s⃗, s⃗1 PS, κěκ0 ą0,

with the normalization
ż

S
Gp⃗s, s⃗1q d⃗s1 “

ż

S
Gp⃗s, s⃗1q d⃗s “ 1, s⃗, s⃗1 P S.
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Once the integral over one argument is a constant, this latter relation can always
be realized by rescaling κ. Assuming always that d⃗s is the Haar measure, it also
follows that

ş
SˆS Gp⃗s, s⃗1q d⃗s d⃗s1 “ 1. Moreover, we split

σ “ σa ` κ,

where σa ě 0 is the so-called absorption coefficient. Hence in this case σpx, s⃗q ´
σ̄px, s⃗q “ σpx, s⃗q ´ σ̄1px, s⃗q “ σapx, s⃗q so that (2.28) does not hold whenever σa

vanishes somewhere in D. On the other hand, let C` Ă L2pDˆ Sq be the cone of
non-negative functions in L2pDˆ Sq (in the weak sense) and define

K0v :“
ż

S
Gp¨, s⃗1qvp⃗s1q d⃗s1.

Under the above conditions the largest eigenvalue of K0 is one, it is simple and has
the constant as the corresponding eigenfunction. Therefore,

sup
␣
pv,K0vq

ˇ̌
v P C` XH0,´pDˆ Sq, }v}L2pDˆSq “ 1

(
“: β ă 1.

Thus, the accretivity condition (2.24) holds with

α ě pσaqmin ` κ0p1´ βq,
which is strictly larger than zero even if the absorption coefficient vanishes in D.

In principle, one could base a numerical method on both formulations (F1), (F2),
where the latter one would seek approximations in a stronger norm. However, in
what follows we focus on the setting (F1) where the solution is sought in U “
L2pDˆ Sq and where boundary conditions are natural ones.

Remark 2.12. There is of course an alternate way of establishing bounded invert-
ibility of B P LpU, V 1q whenever the condition

(2.30) }T ´1K}LpU,Uq ď ρ ă 1

holds. While continuity of B is immediate, a straightforward Neuman-series argu-
ment shows that then

}B´1}LpV 1,Uq ď p1´ ρq´1}T ´1}LpV 1,Uq.

We refer to the regime of problems where (2.30) is valid as the weakly transport
dominated case.

In addition, condition (2.30) will be seen to be crucial for the identification
of preconditioners P in the idealized iteration (1.5). We therefore address the
derivation of bounds for }B´1}LpV 1,Uq in the next section.

2.5. Contractivity of T ´1K. We begin with the following result taken from [14,
Chapter XXI, §2, Lemma 1].

Proposition 2.13. Assume that (2.21) and (2.28) hold. Then K maps L2 :“
L2pDˆ Sq boundedly into itself, with

(2.31) }K}LpL2,L2q ď
`
MaM

1
aq1{2,

where Ma, M 1
a are the constants from (2.28). Moreover, K maps L`

2 pD ˆ Sq, the
cone of non-negative functions in L2pDˆ Sq, into itself.
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To specify bounds for the operator norm }T ´1K}LpU,Uq we introduce the quan-
tities

γ :“ sup
px,⃗sqPDˆS

! σ̄px, s⃗q
σpx, s⃗q ,

σ̄1px, s⃗q
σpx, s⃗q

)
, ζ :“ γσmax

σmin
.(2.32)

Lemma 2.14. Under assumptions (2.28) on the optical parameters,
(2.33)

}T ´1K}LpU,Uq ď min

"
ζ, pσmax ´ αq{σmin, pMaM

1
aq1{2min

"
ℓ̂,
b
ℓ̂{2σmin

**
.

Proof. Combining (2.31) and (2.18) yields that

}T ´1K}LpU,Uq ď pMaM
1
aq1{2 min

!
ℓ̂,
b
ℓ̂{2σmin

)
.

To prove that }T ´1K}LpU,Uq ď mintζ, pσmax ´ αq{σminu, we proceed as follows.
For any ϕ P L2pD ˆ Sq we have Kϕ P L2pD ˆ Sq so that there exists a unique
w P H0,´pDˆSq such that T w “ Kϕ. Thus, it suffices to prove that }w}L2pDˆSq ď
mintζ, pσmax ´ αq{σminu}ϕ}L2pDˆSq. Since A is accretive on H0,´pDˆ Sq, we have

(2.34) pKϕ, wq “ pAw,wq ` pσw,wq ě pσw,wq ě σmin}w}2L2pDˆSq.

Furthermore,

pKϕ, wq ď
ż

DˆSˆS
|wpx, s⃗q|Kpx, s⃗1, s⃗q|ϕpx, s⃗1q| dx d⃗s d⃗s1

ď
ˆż

DˆS
|wpx, s⃗q|2σ̄1px, s⃗q dx d⃗s

˙1{2 ˆż

DˆS
|ϕpx, s⃗1q|2σ̄px, s⃗1q dx d⃗s1

˙1{2

ď mintσmax ´ α, γσmaxu}w}L2pDˆSq}ϕ}L2pDˆSq,

where we have used Cauchy–Schwarz’ inequality. Combining this with (2.34) yields
the desired inequality }w}L2pDˆSq ď mintζ, pσmax ´ αq{σminu}ϕ}L2pDˆSq. !

It follows from (2.33) that having

min

"
ζ, pσmax ´ αq{σmin, pMaM

1
aq1{2 min

"
ℓ̂,
b
ℓ̂{2σmin

**
ă 1

is a sufficient condition for T ´1K to be a contraction. From this we can distinguish
two different “physical regimes” that ensure contractivity:

‚ having ζ ă 1 or pσmax ´ αq{σmin ă 1 can be interpreted as quantifying the
dominance of transport with respect to scattering with σpx, s⃗q not varying
too much in its arguments. This condition is a quantification of the well-
known fact that DOM converges at a slower rate when collisions become
more and more significant with respect to transport.

‚ having pMaM 1
aq1{2 min

"
ℓ̂,
b
ℓ̂{2σmin

*
ă 1 happens when ℓ̂ “ diampDq is

sufficiently small or σmin{MaM 1
a sufficiently large, which is another expres-

sion to quantify how much transport effects dominate with respect to the
scattering.

Of course, these conditions cannot be expected to hold in all relevant application
scenarios. However, they are going to play a crucial role in what we call precon-
ditioning on the continuous level, ensuring convergence in the infinite-dimensional
continuous case.
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3. Step (II)—Idealized iterations

We are now prepared to identify viable outer iterations of the form

(3.1) un`1 “ un ` Ppf ´ Bunq, n “ 0, 1, 2, . . . ,

(see Step (II) in Section 1.3). In the following, we will work with the pair of trial
and test spaces U, V , given in (F1), that is,

U “ L2pDˆ Sq, V “ H0,`pDˆ Sq,
where we abbreviate in what follows }v}V :“ }v}HpDˆSq. Of course, the precondi-
tioner P P LpV 1, Uq is to be chosen in such a way that

(3.2) D ρ ă 1 such that }un`1 ´ u}U ď ρ}un ´ u}U , n P N,
which holds if and only if }id ´ PB}LpU,Uq ď ρ ă 1. Note that for the variational
formulation (F1) the residual f ´Bv is, by Theorem 2.9, well-defined in V 1 for any
v P U .

Recalling Remark 2.12, we consider two distinct problem regimes.

Remark 3.1. The operator equation Bu “ f implies homogeneous inflow-boundary
conditions. Incorporating inhomogeneous boundary conditions could be treated
by taking any function w in the domain of B that satisfies the required boundary
conditions and subtract fb :“ Bw from f reducing the problem to homogeneous
conditions.

3.1. Dominating transport: }T ´1K}LpU,Uq ď ρ ă 1. If we have the contraction

}T ´1K}LpU,Uq ď ρ ă 1,

then P :“ T ´1 is an admissible preconditioner. In fact, iteration (3.1) becomes

(3.3) un`1 “ un ` T ´1pf ´ Bunq “ T ´1pKun ` fq, n P N0,

and obviously satisfies (3.2), ensuring convergence in U to the solution u of the
radiative transfer problem

Bu “ pT ´Kqu “ f.

In particular, it follows that for any initial guess u0

(3.4) }u´ un}U ď ρn}u´ u0}U .
3.2. Dominating scattering: }T ´1K}LpU,Uq ě 1. Throughout this section we
continue to assume that (2.24) holds with some α ą 0.

To find a substitute for the preconditioner P “ T ´1 of the transport dominated
regime, consider for some fixed a ą 0

Ta :“ T ` a id, Ba :“ Ta ´K,

and take P :“ B´1
a in (3.1). This leads to the (ideal) iteration

(3.5) un`1 “ un ` pTa ´Kq´1pf ´ pT ´Kqunq “ aB´1
a

`
un ` a´1f

˘
, n P N0,

where we have used that pTa ´Kq´1pT ´Kq “ pTa ´Kq´1pTa ´K´ aidq “ ´id`
apTa ´Kq´1.

Thus, to ensure convergence we need that }apTa ´Kq´1}LpU,Uq is a contraction.
Note that this is satisfied for any a ą 0 since, by Proposition 2.11, we have that
pBav, vq ě α` a, which by Theorem 2.9 gives

(3.6) }apTa ´Kq´1}LpU,Uq ď a

a` α
ă 1.
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So (3.5) converges in U “ L2pDˆSq to the true solution u with the error reduction
rate a{pa` αq for any fixed a ą 0.

Remark 3.2. Notice that P “ B´1
a can be derived from a different perspective.

Consider the time dependent initial-boundary value problem

Btu` T u´Ku “ f, up0, ¨q “ u0 in D, u
ˇ̌
Γ´

“ 0,

(where f , T , K are still independent of t). Denoting by un the approximation of
uptnq, tn “ nτ , its backward-Euler semi-discretization in time reads

un`1 ´ un

τ
` T un`1 ´Kun`1 “ f, n P N0,

which gives
pτ´1id` T ´Kqun`1 “ τ´1un ` f, n P N0.

This coincides with (3.5) for a “ τ´1.

4. Step (III)—Perturbed iterations and the main algorithm

The practical realization of the scheme boils down to two tasks:

(T1) Formulate a perturbed version of algorithms (3.3) and (3.5) with suitable
error tolerances ηn that still guarantee convergence to the exact continuous
solution.

For this task, it will be convenient to use the following notational convention:
Given an operator G P LpU, Y q, we denote for any η ą 0 by rG, w; ηs an element
in Y satisfying }Gw ´ rG, w; ηs}Y ď η. Specifically, for our purposes we require a
routine to approximately apply the kernel, that is,

(4.1) rK, v; ηs Ñ zη such that }Kv ´ zη}V 1 ď η.

Likewise the source is generally not given exactly and has to be approximated

(4.2) rf ; ηs Ñ fη such that }f ´ fη}V 1 ď η.

The approximation rf ; ηs of f depends on how the data are given. Finally, given a
right hand side g P V 1, we have to provide a transport solver

(4.3) rT ´1, g; ηs Ñ uη such that }uη ´ T ´1g}U ď η,

where, as before, T is viewed as a mapping from U onto V 1 with U “ L2pDˆ Sq,
V “ H0,`pDˆ Sq.
(T2) Specify how to realize the above routines in (4.1), (4.2), and (4.3).

In this section we concentrate only on (T1) and assume for the moment that the
routines (4.1), (4.2), and (4.3) are available. These routines are detailed later on in
Sections 5 and 6.

4.1. Dominating transport: }T ´1K}LpU,Uq ď ρ ă 1. An approximate realiza-
tion of the ideal scheme (3.3) is

ūn`1 “ rT ´1, rK, ūn; ηKs ` rf ; ηf s; ηT s, n ě 0.(4.4)

In the following we take for simplicity u0 “ 0. Any other choice for u0 that exploits
additional information would, of course, be possible. We choose the individual
tolerances proportional to

(4.5) ηn “ p1` nq´βρn
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for some fixed β ą 1 (β “ 1.5 in later numerical experiments). Specifically, we set

ηK :“ κ1ηn, ηf :“ κ2ηn, ηT :“ κ3ηn,

where the parameters κ1,κ2,κ3 ě 0 satisfy

(4.6) CT pκ1 ` κ2q ` κ3 ď 1,

with the upper bound }T ´1}LpV 1,Uq ď CT from (2.18).
In addition we need an upper bound for }u}U . A first simple estimate that can

be obtained from (2.24) or (2.27)

(4.7) }u}U ď }B´1}LpV 1,Uq}f}V 1 ď α´1}f}L2pDq.

Since this may be rather pessimistic when α is small we take

b0puq :“ α´1}f}L2pDq

only as an initialization which is refined during the course of the iteration based
on a posteriori information. In the following, we will work with

bn`1puq :“ min
␣
bnpuq, }ūn`1}U ` pρ bnpuq ` ζpβqqρn´1

(
, n ě 0,

which is an upper bound that converges to }u}U .
We are now prepared to present a detailed account of the perturbed iteration

(4.4) in terms of the following Algorithm 1 called Adaptive Source Term Iteration
(ASTI). We prove in Theorem 4.1 that for dominating transport ASTIrT ,K, f ; εs
computes an approximate solution uε such that }u´ uε}U ď ε.

Algorithm 1 ASTIrT ,K, f ; εs Ñ uε

1: Fix κ1, κ2, κ3 according to (4.6), fix β ą 1, estimate ρ by (2.33), and choose
b0puq, e.g., as in (4.7).

2: n Ð 0
3: ūn Ð 0
4: err Ð b0puq
5: bpuq Ð b0puq
6: while err ą ε do
7: ηn Ð p1` nq´βρn

8: w Ð rK, ūn;κ1ηns
9: g Ð rf ;κ2ηns

10: ūn`1 Ð rT ´1, w ` g;κ3ηns
11: err Ð pρ bpuq ` ζpβqqρn
12: bpuq Ð min

␣
bpuq, }ūn`1}U ` pρbpuq ` ζpβqqρn´1

(

13: n Ð n` 1
14: end while
15: uε Ð ūn

4.2. Dominating scattering: }T ´1K}LpU,Uq ě 1. For a given a ą 0, the approx-
imate realization of the scheme (3.5) takes the form

ūn`1 “ raB´1
a , ūn ` ra´1f ; ηns; ηns, n P N0,

where the stage dependent tolerances ηn are chosen as in (4.5).
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To render the approximate application of the preconditioner aB´1
a practical, we

choose the parameter a in such a way that the operator Ba is transport dominated,
so that we can resort to the ASTI algorithm for its approximate inversion. To
that end, recall from (2.33) that }T ´1K}LpU,Uq is estimated in terms of quantities
ζ, γ from (2.32). When T is replaced by Ta these quantities depend on a and are
therefore denoted for clarity by γa, ζa. Since the quantities σ̄, σ̄1 are not affected
by the parameter a, we have

γa ď σmax ´ α

σmin ` a
, ζa ď pσmax ´ αqpσmax ` aq

pσmin ` aqpσmin ` aq .

In view of the bound (3.6) for }aB´1
a }LpU,Uq, by choosing the parameter a “ a˚ as

the unique solution of

(4.8)
a

a` α
“ pσmax ´ αqpσmax ` aq

pσmin ` aqpσmin ` aq ,

one obtains simultaneously

(4.9) }a˚B´1
a˚ }LpU,Uq ď ρ˚ and }T ´1

a˚ K}LpU,Uq ď ρ˚ for some ρ˚ ă 1.

Thus, an error controlled application of the preconditioner a˚B´1
a˚ is given for any

right hand side g and accuracy η as

rB´1
a˚ , g; ηs “ ASTIrTa˚ ,K, g; ηs.

Note that the algorithm consists now in nesting the outer iteration with an inner
ASTI iteration for the application of the preconditioner. It is thus straighforward
to formulate a general Nested ASTI scheme, where N-ASTIrB, f ; εs generates an
approximate solution uε such that }u ´ uε}U ď ε even when scattering dominates
in B (see Algorithm 2).

4.3. Convergence of N-ASTIrB, f ; εs.
Theorem 4.1. For any target accuracy ε ą 0, Algorithm 2 terminates and its
output

uε :“ N-ASTIrB, f ; εs
satisfies

}u´ uε}U ď ε,

where u is the exact solution of (1.3) with respect to the variational formulation
(F1).

Proof. We first consider the transport dominated case where }T ´1K}LpU,Uq ă 1.
The algorithm then reduces to ASTI, that is,

ue “ ASTIrT ,K, f ; εs.
Let un denote the exact iterates of (3.3) and ūn the ones from the perturbed version
(4.4). By the definition of the respective routines we have for given tolerances ηT ,
ηK, ηf

un`1 ´ ūn`1 “ T ´1pKun ` fq ´ rT ´1, rK, ūn; ηKs ` rf ; ηf s; ηT s
“ T ´1

`
Kpun ´ ūnq

˘
` T ´1pKūn ´ rK, ūn; ηKsq ` T ´1pf ´ rf ; ηf sq

` T ´1prK, ūn; ηKs ` rf ; ηf sq ´ rT ´1, rK, ūn; ηKs ` rf ; ηf s; ηT s.
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Algorithm 2 N-ASTIrB, f ; εs Ñ uε

1: ρ Ð Estimate }T ´1K}LpU,Uq using upper bound of (2.33).
2: if ρ ă 1 then Ź Dominating transport
3: uε Ð ASTIrT ,K, f ; εs
4: else Ź Dominating scattering
5: Estimate a˚ from (4.8), estimate ρ˚ from (4.9), fix β ą 1.
6: n Ð 0
7: ūn Ð 0
8: err Ð b0puq
9: bpuq Ð b0puq

10: while err ą ε do
11: ηn Ð p1` nq´βpρ˚qn
12: g Ð ūn ` rpa˚q´1f ; ηns
13: ūn “ a˚ASTIrTa˚ ,K, g; εs
14: err Ð pρ˚bpuq ` p1` a˚qζpβqq pρ˚qn
15: bpuq Ð min

␣
bpuq, }ūn`1}U ` ppρ˚qbpuq ` p1` a˚qζpβqqpρ˚qn´1

(

16: n Ð n` 1
17: end while
18: uε Ð ūn

19: end if
20: return uε

By the triangle inequality, bound (2.18) on }T ´1}LpV 1,Uq, and the properties of the
routines, we obtain

}un`1 ´ ūn`1}U ď ρ}un ´ ūn}U ` CT pηK ` ηf q ` ηT .

For ū0 “ u0 and with the choice ηK :“ κ1ηn, ηf :“ κ2ηn and ηT :“ κ3ηn and (4.6),
we get

}un`1 ´ ūn`1}U ď ρ}un ´ ūn}U ` ηn,

which, by induction, yields

}ūn`1 ´ un`1}U ď
nÿ

j“0

ρjηn´j .

Specifically, taking the same ηn as in (4.5) for some fixed β ą 1, we obtain

(4.10) }ūn`1 ´ un`1}U ď
nÿ

j“0

ρjρn´jp1` pn´ jqq´β“ρn
nÿ

j“0

p1` jq´β ďζpβqρn,

where ζpβq :“ ř
jPN j´β is the ζ-function. Hence, by triangle inequality

(4.11) }u´ ūn`1}U ď ρn`1}u}U ` ζpβqρn.
Thus, whenever at the nth stage of the algorithm }u}U ď bnpuq, we conclude that

(4.12) bn`1puq :“ min
␣
bnpuq, }ūn`1}U ` pρ bnpuq ` ζpβqqρn´1

(

a bound for }u}U which converges to }u}U . This yields the computable error bound

(4.13) }u´ ūn`1}U ď pρ bn`1puq ` ζpβqqρn

which completes the proof for the transport dominated case.
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For dominating scattering, denoting by un the exact iterates

un`1 “ a˚B´1
a˚ pun ` pa˚q´1fq, n P N0,

we readily obtain

ūn`1 ´ un`1 “ ra˚B´1
a˚ , ūn ` rpa˚q´1f ; ηns; ηns ´ a˚B´1

a˚ pūn ` rpa˚q´1f ; ηnsq
` a˚B´1

a˚ pūn ` rpa˚q´1f ; ηnsq ´ a˚B´1
a˚ pūn

` pa˚q´1fq ` a˚B´1
a˚ pūn ´ unq.

Hence,

}ūn`1 ´ un`1}U ď a˚ηn ` ρ˚ηn ` ρ˚}ūn ´ un}U .
We obtain as earlier with ū0 “ u0

}ūn`1 ´ un`1}U ď p1` a˚q
nÿ

j“0

pρ˚qjηn´j .

Specifically, taking ηn from (4.5) we get, on account of (3.4),

(4.14) }u´ ūn}U ď
`
ρ˚}u´ u0}U ` p1` a˚qζpβq

˘
pρ˚qn´1, n P N,

and hence the same type of bound as in (4.11) for the transport dominated case. !

Remark 4.2. The recursion (4.12) successively mitigates a possibly over-pessimistic
initial bound b0puq. It can be further improved by using the a posteriori bound
}u´ un}U ď ρ

1´ρ}un ´ un´1}U . We also have (for n ě 2)

}u´ un}U ď ρ

1´ ρ

␣
}ūn ´ ūn´1}U ` }un ´ ūn}U ` }un´1 ´ ūn´1}U

(

ď ρ

1´ ρ

␣
}ūn ´ ūn´1}U ` ζpβqpρn´1 ` ρn´2q

(
,

which is a computable bound replacing }u´un}U . However, the calculation of these
a posteriori quantities would require storing two consecutive outer iterates.

4.4. Complexity. We conclude with some qualitative complexity estimates. Fur-
ther quantifications depend on the realizations of the involved routines. The number
npεq of outer iteration steps required to realize }u´ ūnpεq}U ď ε is given by

(4.15) npεq “
R | ln ε| ` lnpρbpuq ` a˚ζpβqq

| ln ρ|

V
.

As detailed in the subsequent section the approximate application of the scatterer
is typically dominated by the approximate inversion of the transport operator.
As a consequence, in either version of the outer iteration the computational work
per outer iteration step n is dominated by the computational cost costPpηnq of
the preconditioner. Hence, the complexity costB´1pεq of solving Bu “ f within
accuracy ε can be bounded as

costB´1pεq À
npεqÿ

j“1

costPpηnq.
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Assuming that costPpηq À η´ϑ holds for some positive ϑ (which is actually realistic
as will be seen later), this yields

costB´1pεq À
npεqÿ

j“1

ρ´jϑp1` jqβϑ ď p1` npεqqβϑ
npεqÿ

j“0

ρ´jϑ

ď ρ´npεqϑ

1´ ρϑ
p1` npεqqβϑ ď Cε´ϑ| ln ε|βϑ,

where C “ Cpβ,ϑ, ρ, uq is a constant depending on β, ϑ, ρ and a bound bpuq for
}u´u0}U . As a result, the cost of approximately inverting B is, up to a logarithmic
factor, of the order of the one for the application of the preconditioner with the
same accuracy, that is,

costB´1pεq À | ln ε|βϑcostPpεq.
The cost of the preconditioner, in turn, depends on the problem regime. For
dominating transport costPpεq “ costT ´1pεq, while for dominating scattering the
approximate application of a˚Ba˚ within accuracy ε requires (in the inner itera-
tion) invoking Op| ln ε|{| ln ρ˚|q times an ε-accurate transport solve, i.e., costPpεq À
costT ´1pεq| ln ε|{| ln ρ˚|.

In summary, the overall computational complexity for a given target accuracy
is essentially determined by the cost of error-controlled transport solves (provided
that a reasonably efficient approximate application scheme for the scatterer is at
hand). A posteriori bounds for transport solvers are therefore pivotal. Moreover,
since the target tolerances ηn are gradually tightened, early stages of the outer
iteration (and its preconditioners) require only correspondingly cruder accuracy
tolerances so that (up to logarithmic factors) the total complexity is dominated by
the cost of the last outer iteration step.

The remainder of the paper is devoted to realizations of rK, v; ηs and rT ´1, g; ηs.

5. The routine rK, v; ηs
5.1. Introductory comments. The scheme ASTI requires the application of the
global operator K within dynamically updated accuracy tolerances. We present in
this section an efficient error-controlled approximate application scheme that makes
use of wavelet-compression and low-rank approximations. Fully non-linear versions
with even better scaling are postponed to forthcoming work.

We confine the discussion to the class of kernels of the form (2.29), that is,
Kpx, s⃗, s⃗1q “ κpxqGp⃗s, s⃗1q, Gp⃗s, s⃗1q “ Gp⃗s1, s⃗q, with Gp⃗s, s⃗1q ě 0, s⃗, s⃗1 P S, κ ě κ0 ą
0, and the normalization

ż

S
Gp⃗s, s⃗1q d⃗s1 “

ż

S
Gp⃗s, s⃗1q d⃗s “ 1, s⃗, s⃗1 P S.

In the following, we adhere to the notation

K0v :“
ż

S
Gp¨, s⃗1qvp⃗s1q d⃗s1.

The simplest examples are isotropic and Rayleigh-type scattering which are, respec-
tively, of the form

Gp⃗s, s⃗1q :“ |S|´1, Gp⃗s, s⃗1q “ c
`
1` p⃗s ¨ s⃗1q2

˘
.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

1628 WOLFGANG DAHMEN, FELIX GRUBER, AND OLGA MULA

Another variant of interest, used in [23], is given in terms of the similar expansion

Gp⃗s, s⃗1q “
8ÿ

n“0

anTnp⃗s ¨ s⃗1q,

with an ě 0 and Tn being the nth Chebyshev polynomial, Tnpxq :“ cos pn arccospxqq
for |x| ď 1. It is shown in [23, Lemmata 2 and 3] that K is positive semi-definite
with this type of kernel.

In our numerical scheme we focus on Henyey–Greenstein-type scattering repre-
sented by

Gγ p⃗s, s⃗1q :“
#

1
2π

1´γ2

1`γ2´2γ⃗s¨⃗s1 if dS “ 1,
1
4π

1´γ2

p1`γ2´2γ⃗s¨⃗s1q3{2 if dS “ 2,
(5.1)

where dS “ d ´ 1 denotes the dimension of the parameter domain. This scatter-
ing model is widely used among physicists and was introduced in [21] to describe
anisotropic effects via the parameter ´1 ď γ ď 1. When γ ě 0, the scattering is
called forward-peaked and K0 is positive semi-definite. Moreover, for dS “ 2 one
has the expansion

1

p1` γ2 ´ 2γ⃗s ¨ s⃗1q3{2 “
8ÿ

n“0

γnPnp⃗s ¨ s⃗1q,

where Pn is the Legendre polynomial of degree n. Note that the closer γ comes to
one, the slower is the decay and the larger is the model error when replacing G by
a truncated expansion in favor of an efficient application of the scatterer to a given
input.

Our focus on Henyey–Greenstein-type scattering is mainly motivated by the fact
that varying the parameter γ allows us to quantitatively investigate different scat-
tering regimes guiding the search for possibly different ways of exploiting sparsity.

The specification of rK, ū; ¨s depends on the following input format of ū P L2pDˆ
Sq. As explained in Section 6, ū is the output of a Discontinuous Petrov–Galerkin
transport solver. It is a piecewise polynomial of degree m, subordinate to some
current partition P of the spatial domain D and whose coefficients are piecewise
polynomials in the direction parameter s⃗ P S. Thus, ū has the form

(5.2) ūpx, s⃗q “
ÿ

TPP,iPIT

vT,i p⃗sqϕT,ipxq,

where the spatial shape functions ϕT,i, i P IT are an orthonormal basis for PmpT q
and each parameter dependent coefficient vT,i is an element of PM pSq where S is
a partition of S. Hence,

pKūqpx, s⃗q “
ÿ

TPPh,iPIT

pK0vT,iqp⃗sqκpxqϕT,ipxq.

The simplest realization of rK, ¨; ¨s rests on computing η-accurate approximations
wT,i “ rK0, vT,i; ηs to pK0vT,iq so that (by orthonormality),

rK, ū; ηs :“
ÿ

TPPh,iPIT

wT,iκϕT,i,
››Kū´ rK, ū; ηs

››
U

ď η.(5.3)

We focus therefore in what follows on the approximate application of K0 in the
domain S.
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5.2. Matrix representations of K0, Alpert wavelets. Suppose that Ψ “ tψλ |
λ P Λu is an orthonormal basis of L2pSq where Λ is a suitable infinite index set.
Then, defining

GΨ
λ,λ1 :“ pG,ψλ b ψλ1qSˆS “ pψλ,K0ψλ1qS, GΨ :“

`
GΨ

λ,λ1
˘
λ,λ1PΛ,

one has

Gp⃗s, s⃗1q “
ÿ

λ,λ1PΛ
GΨ

λ,λ1ψλp⃗sqψλ1 p⃗s1q,

i.e., GΨ is an exact representation of the kernel G and the associated operator in
terms of an infinite matrix. By orthonormality of Ψ we have

}GΨ} :“ }GΨ}Lpℓ2pΛq,ℓ2pΛqq “ }K0}LpL2pSq,L2pSqq.

An η-accurate application of K0 will be accomplished by identifying a “compressed”
finite submatrix GΨ

η of GΨ that reduces the approximate application of K0 to an
efficient matrix-vector multiplication.

As an appropriate choice for Ψ we advocate so-called Alpert wavelet bases of (at
least) degreeM from (5.2). For the convenience of the reader we briefly recapitulate
some basic features of Alpert wavelets and refer to [1] for further details.

Starting from some initial partition S0 of S (which could be the trivial one tSu)
and fixing a rule for splitting each cell C in a given partition into a fixed number
of “children” forming the refinement CpCq of C, repeated refinements generate an
infinite “master-tree” T whose nodes are cells and whose edges connect parents
with children. We call a finite subtree of T complete if a child of a cell C belongs
to the subtree if and only if all of CpCq is contained in the subtree. We consider
only complete subtrees. Then the set of leaves of such a finite subtree forms a
so-called “admissible” partition S of S whose “refinement history” is determined
by the subtree, i.e., there is a one-to-one correspondence between such (possibly
very non-uniform) partitions S and subtrees TS of T. The s⃗-dependent coefficients
vT,i, wT,i in (4.10), (5.3) will always be piecewise polynomials of degree M on such
admissible partitions. We will make use of two different representations of such
piecewise polynomials as described next.

Let PM pCq denote the space of polynomials of (total) degree at most M over
the cell C. Given an admissible partition S of S, let PM pSq denote the space
of piecewise polynomials of degree at most M , subordinate to the partition S.
A canonical basis for PM pSq is obtained by associating with each cell C P S an
orthonormal basis

ΦC “ tφν :“ χCPC,i | ν :“ pC, iq, PC,i P PM pCq, i P IM :“ t1, . . . , dimPMuu,
which gives rise to what is sometimes referred to as the orthonormal scaling function
basis

ΦS :“
ď

CPS
ΦC “

␣
φν | ν P ΓS

(
, ΓS :“

␣
pC, iq | C P S, i P IMu

(
,

to be always understood with respect to the uniform Haar measure on S induced
by a convenient parametrization, i.e.,

ş
S d⃗s “ 1 and pv, wqS “ ş

S vw d⃗s.
Alpert wavelets provide alternative bases for such spaces of piecewise polynomials

that encode “updates” obtained by passing to a refined partition. They are therefore
better suited for meeting variable target accuracies. Since PM pCq Ă PM pCpCqq one
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can determine an orthonormal set of piecewise polynomials in PM pCpCqq. Setting
JM :“ t1, . . . , dimpPM pCpCqq ´ dimPM pCqqu,

ΨC :“ tψλ | λ :“ pC, rq, r P JMu Ă PmpCpCqq
spanning the orthogonal complement WpCq :“ PM pCpCqq a PM pCq between two
successive levels of piecewise polynomials. Obviously,

Ψ :“ tψλ | λ P Λu, Λ :“ tλ “ pC, rq | r P JM , C P Tu,
is an orthonormal basis for L2pSq. Clearly, for any admissible partition S of S
one easily identifies the subset ΨS “ tψλ : λ P ΛSu Ă Ψ which forms a basis for
PM pSq, namely

ΛS :“ tλ “ pC, rq | r P JM , C P TSu.
Alpert bases are easy to construct, in particular, for domains like S. It is well

known that changing from a scaling function representation of an element in PM pSq
to its Alpert wavelet representation (and vice versa) can be done at Op#Sq cost
with the aid of the fast wavelet transform. Accordingly, one can efficiently pass from
a scaling function representation of a compressed kernel to its wavelet representation
and vice versa.

Moreover, ψλ, |λ| ą 0, have vanishing moments of order M ` 1, i.e.,

(5.4) pP,ψλqS “ 0 @P P PM psuppψλq.
This has two important consequences. First, whenever a submatrix GΨ

η of GΨ is
obtained by discarding entries GΨ

λ,λ1 with |λ| ` |λ1| ą 0 the corresponding kernel
Gη still satisfies

ż

SˆS
Gη p⃗s, s⃗1q d⃗s d⃗s1 “ 1.

Second, (5.4) will be shown next to imply that GΨ is nearly sparse which pro-
vides the basis for an error-controlled efficient application of K0 through matrix
compression.

5.3. Compression of GΨ. As a guiding example, let us consider the case d “ 2
(two spatial variables) such that S is the unit circle and has dimension dS “ d´1 “
1. Note that the Henyey–Greenstein kernel is then of the form

Gγpθ, θ1q “ cpHα ˝ δqpθ, θ1q, Hαpϕq :“
1

1´ α cosϕ
, and δpθ, θ1q “ θ ´ θ1,

where c “ 1´γ2

2πp1`γ2q and α “ 2γ
1`γ2 .

Proposition 5.1. In the above terms one has

ˇ̌
pGγqλ,λ1

ˇ̌
(5.5)

À 2´
`
M`1` dS

2

˘ˇ̌
|λ1|´|λ|

ˇ̌
2´pM`1`dSqmint|λ|,|λ1|u max

ℓďM`1

`
distpSλ, Sλ1q ` 2´|λ|˘M`1´ℓ

ˆ sup
θPSλ,θ1PSλ1

|Hp2M`2´ℓq
α pθ ´ θ1q|.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

ADAPTIVE SOLUTION OF RADIATIVE TRANSFER EQUATIONS 1631

Proof. Recall that for λ “ pC, rq one has Sλ :“ suppψλ “ C. Let us denote then
by θλ the center of gravity of Sλ. Without loss of generality we can assume that
|λ| ď |λ1|. Taylor expansion of Gγ at θλ, using pM ` 1qst order vanishing moments
of ψλ, yields for integration with respect to θ

ż π

´π
Hαpθ ´ θ1qψλpθq dθ “

ż π

´π
pθ ´ θ1qM`1HpM`1q

α pθ̃λ ´ θ1qψλpθq dθ,

where θ̃λ is some point in Sλ. Expanding Y pθ1q :“ pθ ´ θ1qM`1HpM`1q
α pθ̃λ ´ θ1q

at θλ1 P Sλ1 , yields upon integrating now first with respect to θ1 and using again
pM ` 1qst order vanishing moments,

ˇ̌
pGγqλ,λ1

ˇ̌
À

ż π

´π

ż π

´π
|ψλpθq||ψλ1pθ1q||θ1 ´ θλ1 |M`1|Y pM`1qpθ̃λ1q| dθ1 dθ.

Since |θ1 ´ θλ1 | À 2´|λ1|, }ψλ}L1pSλq À 2´dS|λ|{2 and since by Leibniz’ rule

|Y pM`1qpθ̃λ1q| ď CM max
ℓďM`1

`
distpSλ, Sλ1q ` 2´|λ|˘M`1´ℓ

ˆ sup
θPSλ,θ1PSλ1

|Hp2M`2´ℓq
α pθ ´ θ1q|,

the assertion follows. !

Of course, for α ă 1 the terms

CpM,α,λ,λ1q :“ max
ℓďM`1

`
distpSλ, Sλ1q`2´|λ|˘M`1´ℓ

sup
θPSλ,θ1PSλ1

|Hp2M`2´ℓq
α pθ´θ1q|

are finite. The closer α (and hence γ) gets to one the larger one expects the second
factor to become for small distpSλ, Sλ1q. On the other hand, for larger distpSλ, Sλ1q
the second factor turns out to be very small. In summary CpM,α,λ,λ1q is bounded
by a constant that possibly grows when γ tends to one but for fixed γ decreases
when |λ|, |λ1| grow regardless of the distance between the respective supports.
CpM,α,λ,λ1q in turn becomes very small when distpSλ, Sλ1q ą cγ where cγ de-
creases when γ tends to one. This is illustrated in Figure 1 reflecting the strong
near-sparsity of the representation. Moreover, defining

dpλ,λ1q :“ 2mint|λ|,|λ1|u distpSλ, Sλ1q,

Figure 1. Alpert wavelet representation of Gγp¨, ¨q of degrees
M “ 0, 1, and 4 and γ “ 0.99.
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and keeping in mind that distpSλ, Sλ1q remains uniformly bounded because of the
boundedness of S, one trivially has dpλ,λ1q À 2mint|λ|,|λ1|u. Therefore, (5.5) yields
the bounds

(5.6)
ˇ̌
pGγqλ,λ1

ˇ̌
À CpM,α,λ,λ1q2´

`
M`1` dS

2

˘ˇ̌
|λ1|´|λ|

ˇ̌

p1` dpλ,λ1qqM`1`dS
.

Treating the term CpM,α,λ,λ1q as a constant, this format allows us to directly
invoke results on wavelet based matrix compression and corresponding adaptive
approximate application tools; see, e.g., [9]. In particular, defining s˚ :“ pM `
1q{dS “ M ` 1, (5.6) ensures that for each s ă s˚ there exist positive summable
sequences pαjqjPN0 , pβjqjPN0 and compressed versions GJ of Gγ “ G, defined by
concrete rules for replacing entries of Gγ by zero, such that

}G´GJ} ď βJ2
´sJ , #pentries per row/columnq ď αJ2

J , J P N.
Here } ¨ } “ } ¨ }Lpℓ2,ℓ2q denotes the spectral norm.

5.4. A linear compression scheme. Since K0 is compact, (unlike the operators
considered in [11]) the entries of GΨ decay uniformly with increasing level. Thus,
given any “final” target accuracy ε, one can use (5.6) to find a level L “ Lpεq P N
such that the finite matrix GΨ

L :“
`
Gλ,λ1

˘
|λ|,|λ1|ďL

satisfies }GΨ ´ GΨ
L} ď ε and

hence

(5.7) }K0 ´K0,L}LpS,Sq ď ε,

which, in turn, controls the accuracy of K as pointed out in (5.3). GΨ
L is computed

in a preprocessing step but could later be updated due to the hierarchical nature
of Ψ.

Then for any larger tolerance η ě ε, arising in the outer iteration, one can
combine the compression rules from [11, Section 4] with the decay estimates in
Proposition 5.1 such that the resulting compressed matrix GΨ

η satisfies

}GΨ ´GΨ
η } ď η ô }K0 ´K0,η}LpS,Sq ď η.

Roughly speaking, the computational cost for applying K0 to an element in PM pSq
scales like #S ¨ plog#Sqa for some a ą 0. A first variant of rK0, ¨; ¨s is then given
by

rK0, v; ηs “ K0,η1v, η1 :“ η{}v}L2pSq,

where the compressed operator K0,η1 is applied exactly. In fact, since the approxi-
mations ū use the same piecewise polynomial degrees as the kernel representations,

orthonormality yields for ūpx, s⃗q “ ř
TPPh,iPIT

´ř
λPΛS

vT,i
λ ψλp⃗sq

¯
ϕT,ipxq the scat-

tering

(5.8) pK0,η1 ūqpx, s⃗q “
ÿ

TPPh,iPIT

wT,ip⃗sqϕT,ipxq

with

wT,ip⃗sq “
ÿ

λPΛη1

´ ÿ

λ1PΛS

pGΨ
η qλ,λ1vT,i

λ1

¯
ψλp⃗sq,

where Λη contains the range of indices of GΨ
η . Thus, the s⃗-dependent coefficients

wT,i are obtained by compressed matrix-vector multiplication.
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In summary, the computational cost of the resulting routine rK, ū; ηs can be
reduced to Op#P ¨#S ¨ plogp#Sqqaq, where of course #P and #S depend on η,
typically in an algebraic fashion. For the Henyey–Greenstein kernel such schemes
are still effective when the parameter γ gets close to one; see Figure 1.

5.5. Hilbert–Schmidt expansion of G. There is an alternative way of efficiently
applying the scattering operator when the parameter γ in the Henyey–Greenstein
kernel stays bounded away from one. It uses the fact that, by our assumptions, the
kernel G possesses a Hilbert–Schmidt decomposition of the form

Gp⃗s, s⃗1q “
8ÿ

k“1

σkgk p⃗sqgk p⃗s1q, σk ě 0,
ÿ

kPN
σ2
k “ }G}2L2pSˆSq ď 1,

where

pgk, glqS “ δk,l, k, l P N.
An approximate Hilbert–Schmidt decomposition ofG results from the singular value
decomposition (SVD) of the matrix GΨ

L from (5.7) which we denote for simplicity
again as GΨ.

The singular value decomposition then yields vectors gk such that

(5.9) GΨ “
Nτÿ

k“1

σ1
kgk b gk,

where Nτ is the rank of GΨ
L and gk is the vector of expansion coefficients of gk with

respect to Ψ, i.e.,

σk “ σ1
k, gk “

ÿ

µP∇
gk,µθµ “: gT

k Ψ, k P N.

We can then consider low-rank approximations by further truncating (5.9)

Gr :“
ÿ

kďr

σkgk b gk, Gr :“
ÿ

kďr

σkgkg
T
k .

This yields

}K0 ´Kr
0}LpL2pSq,L2pSqq “ }Gr ´G}Lpℓ2,ℓ2q “ σr`1.

The application of the truncated operator Kr
0 for coarser accuracy tolerances, how-

ever, requires further reduction compressing the arrays gk. The coefficient vectors
gk, consisting of wavelet coefficients, can easily be compressed by thresholding pro-
viding best n-term approximations of desired accuracy. In particular, notice that
}g ´ g̃}ℓ2 ď δ implies that

}ggT ´ g̃g̃T } “ }ggT ´ g̃g̃T }Lpℓ2,ℓ2q ď 2δ.

Thus, thresholding for a given tolerance η the basis vectors gk so as to obtain
approximations gk,η satisfying

}gk ´ gk,η}ℓ2 ď γkη

2σk
,

with positive weights
ř

k γk ď 1, one can verify that for the truncated kernel
GΨ,r

η :“ řr
k“1 σkgk,ηgT

k,η one has

}GΨ,r ´GΨ,r
η } ď η.
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(Updating the SVD for GΨ,r
η would improve stability.) As a consequence one

obtains for the corresponding operator approximation Kr,η
0 and a given vp⃗sq “ř

λPΛS
vλψλp⃗sq

}pK0 ´Kr,η
0 qv}L2pSq ď

!
σr`1}v}L2pSq ` η

´ ÿ

λPΛS

|vλ|2L2pDq
¯1{2)

“ pσr`1 ` ηq}v}L2pSq.

Hence, choosing r such that σr`1 ď η
}v}L2pSq

, η1 ď η
}v}L2pSq

, with this variant we take

rK0, v; ηs :“ Kr,η1
0 v.

This strategy is particularly efficient when the singular values σk decay rapidly.
For the Henyey–Greenstein kernel, as illustrated in Figure 4, the larger 1 ´ γ, the
more this is the case.

6. The routine rT ´1, F ; ηs
The numerical realization of the routine rT ´1, ¨; ¨s is based on solving fiber prob-

lems

(6.1) T⃗su :“ s⃗ ¨∇u` σp⃗squ “
ż

S
Kp¨, s⃗, s⃗1qvp¨, s⃗1q d⃗s1 ` f “: F p⃗sq, s⃗ P S,

for properly selected parameters s⃗ P S where F P L2pDˆ Sq is given. Achieving a
given target accuracy depends on solving each fiber problem with sufficient accuracy
and also on solving sufficiently many of them.

The approximate solution of (6.1) will be based on the Discontinuous Petrov–
Galerkin (DPG) scheme developed and analyzed in [7, 13] whose main features we
briefly recall for the convenience of the reader in Sections 6.1 and 6.2. In Section
6.3, we explain how to use the set of solutions to the fiber problems in order to
adaptively build an approximation to u in L2pD ˆ Sq which will be the output of
rT ´1, F ; ηs.

6.1. A DPG transport solver for the fiber problems. We outline the nu-
merical transport solver that is the core constituent of the current realization of
rT ´1, F ; ηs. We denote byPh, h ą 0 a family of uniformly shaped regular partitions
of the spatial domain D. More specifically, in what follows we always assume that
all spatial partitions Ph are (possibly local) refinements of a hierarchy of dyadic
partitions of D. These partitions therefore induce dyadic partitions of the boundary
BD as well.

While typically h stands for a mesh size parameter in a quasi-uniform mesh,
here h is a locally varying mesh size function covering local refinements of the
above dyadic hierarchy. With a given Ph we associate the skeleton BPh, which
however depends strictly speaking on an associated convective direction s⃗ P S. In
fact, in analogy to (1.1), for a given s⃗ P S we define BT˘p⃗sq for any given cell T P Ph

and set

BPh “ BPhp⃗sq :“
ď

tBT´p⃗sq, T`p⃗sq | T P Phu,
suppressing at times the dependence of BPh on s⃗. Note that for polyhedral domains
Γ´p⃗sq remains the same on certain neighborhoods in S.
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Following [7], the DPG scheme is based on the infinite-dimensional mesh-depend-
ent variational formulation over the trial and test space

U⃗s :“ L2pDq ˆH0,Γ´ p⃗sqp⃗s; BPhq, V⃗s :“ H p⃗s;Phq “
ź

TPPh

H p⃗s;T q,

endowed with the norms

}θ}H0,Γ´p⃗sq p⃗s;BPhq :“ inf
wPH0,Γ´p⃗sq p⃗s;Dq: w

ˇ̌
ˇ
BPh

“θ

}w}H p⃗s;Dq, }v}2H p⃗s;Phq :“
ÿ

TPPh

}v}2H p⃗s;T q,

where as before }v}2H p⃗s;T q “ }v}2L2pT q` }⃗s ¨∇v}2L2pT q. Recall from [7] that the intro-

duction of the additional unknown field θ P H0,Γ´ p⃗sqp⃗s; BPhq, living on the skeleton
BPh, is necessary because the trace terms encountered in the usual derivation of
DG bilinear forms may not exist for general elements in L2pDq.
Remark 6.1. The spaces U⃗s, V⃗s depend on the directions s⃗ and on Ph, and so will
the solution rup⃗sq, θp⃗sqs. However, when the solution component up⃗sq is regular
enough, i.e., up⃗sq P H0,Γ´ p⃗sqp⃗s;Dq, one can show that up⃗sq is the solution of (6.1)
and θp⃗sq is its trace on BPh.

Defining

(6.2) bhpu, θ, v; s⃗q “
ÿ

TPPh

ż

T
pσp⃗sqv ´ s⃗ ¨∇vqu dx`

ż

BT
n ¨ s⃗θv dΓ

looooooooooooooooooooooooomooooooooooooooooooooooooon
“:bT pu,θ,v;⃗sq

,

and given F p⃗sq P L2pDq, we then wish to find up⃗sq P L2pDq, θ P H0,Γ´ p⃗sqp⃗s; BPhq
such that

(6.3) bhpup⃗sq, θp⃗sq, v; s⃗q “
ż

D
F p⃗sqv dx, v P V⃗s “ H p⃗s;Phq.

Remark 6.2. It immediately follows from [7, Theorem 3.1] that (6.2) is a uniformly
stable variational formulation for the transport equation T⃗su⃗s “ F p⃗sq, i.e., conti-
nuity and inf-sup conditions according to Theorem 2.1 hold uniformly in s⃗ P S and
in Ph.

A fully discrete scheme. The discretization of (6.3) requires two hierarchies of
partitions Ph, Ph where the Ph is a refinement of (locally) constant depth of Ph,
i.e., Ph ă Ph. (In fact, practical experiments usually indicate that depth-0 suffices,
i.e., h “ h.) In that sense we can write h “ hphq and h “ hphq. Given Ph, Ph, we
fix a polynomial degree m P N and consider the finite-dimensional trial spaces

Uh
s⃗ :“

´ ź

TPPh

Pm´1pT q
¯
ˆ
´
H0,Γ´ p⃗sqp⃗s;Dq X

ź

TPPh

PmpT q
¯
ˇ̌
ˇ̌
ˇ̌
BPh

.

Note that the second component consists of traces of globally continuous piecewise
polynomials of one degree higher than for the discontinuous bulk-component but
evaluated on the skeleton of the (possibly) finer mesh Dh.

Given the finite-dimensional trial space Uh
s⃗ , it is critical to construct a suitable

test space that renders also the finite-dimensional corresponding Petrov–Galerkin
problem inf-sup stable, ideally with inf-sup constants independent of the trial and
test space dimensions. We follow again [7] and fix the so-called test search space as
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discontinuous piecewise polynomials of one degree higher on a subgrid Ph of Ph,
namely

V̂ h
s⃗ :“

ź

TPPh

Pm`1pT q.

The actual test space V h
s⃗ is then defined as the following H p⃗s;Phq-projection to

the test search space V̂ h
s⃗

(6.4) V h
s⃗ :“

␣
t̆pu, θq P V̂ h

s⃗ | pt̆pu, θq, vqV⃗s
“ bhpu, θ, v; s⃗q, v P V̂ h

s⃗ , ru, θs P Uh
s⃗

(
.

Since the local test search spaces over each cell T P Ph have uniformly bounded
finite dimension the overall computational work still remains proportional to the
dimension of the trial spaces.

This gives rise to the Petrov–Galerkin formulation: find ruhp⃗sq, θhp⃗sqs P Uh
s⃗ such

that

(6.5) bhpuhp⃗sq, θhp⃗sq, vh; s⃗q “
ż

D
F p⃗sqv dx “: F p⃗sqpvq, v P V h

s⃗ ,

for V h
s⃗ defined by (6.4). Here and below we sometimes use the shorthand notation

uh “ uPh , bh “ bPh , U
h “ UPh .

Before stating the corresponding stability result, we mention a variant where the
skeleton component θhp⃗sq is replaced by the globally conforming piecewise poly-

nomial wh in H0,Γ´ p⃗sqp⃗s;Dq X ś
TPPh

PmpT q
ˇ̌
ˇ
BPh

. Then the local bilinear forms

bT puhp⃗sq, θhp⃗sq, vh; s⃗q from (6.2) can be rewritten as

bT puh, θh, vh; s⃗q

“ bT puh, wh, vh; s⃗q “
ż

T
pσp⃗sqvh ´ s⃗ ¨∇vhquh dx`

ż

BT
n ¨ s⃗whvh dΓ

“
ż

T
σp⃗sqvhpuh ´ whq ` B⃗svhpwh ´ uhq ` pσwh ` B⃗swhqvh dx, T P Ph.

Using ruh, whs as unknowns one obviously has }w}H0,Γ´p⃗sq p⃗s;BPhq ď }w}H p⃗s;Dq. We

will adopt this variant in what follows where it is now understood to use the norm

}ruh, whs}2U⃗s
:“ }uh}2L2pDq ` }wh}2H p⃗s;Dq.

The following facts are immediate consequences of the results in [7, 13].

Theorem 6.3. For a fixed but sufficiently large subgrid-depth h{h, (depending on
the shape parameters of the involved partitions) the scheme (6.5) is uniformly in
h ě 0, s⃗ P S, inf-sup stable, i.e.,

(6.6) inf
ruh,whsPUh

s⃗

sup
vhPV h

s⃗

bhpuh, wh, vh; s⃗q
}ruh, whs}U⃗s

}vh}V⃗s

ě β̄ ą 0, h ě 0, s⃗ P S,

where β̄ depends on the shape parameters of the underlying partitions, on
}T ´1

s⃗ }LpL2pDq,H0,Γ´p⃗sq p⃗s;Dqq, and on }σ}L8pS,W 1pL8pDqqq.

It is well known that the system matrices arising in (6.5) are always symmetric
positive definite despite the asymmetric nature of transport equations.

While the conforming formulation (F1) does not require incorporating bound-
ary conditions on Γ´ into the trial space, the skeleton component requires an ad-
justment in the DPG formulation. To that end, following [7, Remark 3.6], let
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w0p⃗sq P H p⃗s;Dq satisfy w0p⃗sq “ gp⃗sq on Γ´p⃗sq. Then, the (infinite-dimensional)
DPG formulation of the problem T⃗sū “ f ´ T⃗sw0, in D, ū “ 0 in Γ´p⃗sq, is given by
(6.7)
bhpūp⃗sq, w̄p⃗sq, v; s⃗q “ xf, vy ´ bhpw̄0p⃗sq, w̄0p⃗sq, v; s⃗q “: xf ´ Fbpw0, s⃗q, vy, v P V.

Now one has w̄|BPh “ ū|BPh “ pu´ w0q|BPh , i.e., it suffices to discretize (6.7).

6.2. A posteriori error estimates. As an immediate consequence of the fact
that the DPG-induced transport operators T⃗s,h are norm isomorphisms, uniformly
in h ě 0, s⃗ P S, errors in } ¨ }U⃗s

are equivalent to residuals in } ¨ }V 1
s⃗
, i.e.,

››rup⃗sq, up⃗sqs ´ ruhp⃗sq, whp⃗sqs
››
U⃗s

„
››F p⃗sq ´ T⃗s,hpruhp⃗sq, whp⃗sqsq

››
V 1
s⃗
, h ě 0, s⃗ P S,

holds with uniform constants. Thus, as soon as one can tightly estimate the dual
norm }F p⃗sq´T⃗s,hpruhp⃗sq, whp⃗sqsq}V 1

s⃗
of the residual, one obtains efficient and reliable

a posteriori error bounds. Such tight bounds are established in [13] which we briefly
recall. Define for T P Ph the Riesz lifts R̆T puh, wh, F̄ p⃗sqq of the local residuals by

`
R̆T puh, wh, F̄ p⃗sqq, vh

˘
H p⃗s;T q “ bT puh, wh, vh; s⃗q ´ F̄ p⃗sqpvhq, vh P V̂ h

s⃗ ,

where F̄ p⃗sq|T P Pm is a piecewise polynomial approximation to F p⃗sq and where V̂ h
s⃗

is the same test search space as used before for the Petrov–Galerkin scheme. Thus,
the computational cost per cell T is again uniformly bounded. Defining then

}R̆hpuh, wh, F̄ p⃗sqq}2H p⃗s;Phq

“ }R̆Phpuh, wh, F̄ p⃗sqq}2H p⃗s;Phq :“
ÿ

TPPh

}R̆T puh, wh, F̄ p⃗sqq}2H p⃗s;T q,

the following holds; see [13, Theorem 4.1 and (4.4)].

Theorem 6.4. If the operators T⃗s,h are norm isomorphisms uniformly in h ě 0 and
s⃗ P S, then for a fixed maximal subgrid depth there exist constants c, C̄, depending
on β̄ from (6.6), but independent of s⃗, Ph, such that

(6.8)
c}R̆hpuh, wh, F̄ p⃗sqq}H p⃗s;Phq ď }rup⃗sq, up⃗sq|BPhs ´ ruhp⃗sq, whp⃗sqs}U⃗s

ď C̄}R̆hpuh, wh, F̄ p⃗sqq}H p⃗s;Phq.

In the present context it is particularly important to control the dependence of
a posteriori bounds on the direction parameter s⃗ P S. In this regard, the following
further result from [13, Proposition 4.4] is relevant: there exists a constant c0 ą 0
such that the Petrov–Galerkin solution satisfies for each T 1 P Ph

(6.9)

c0
´
}uhp⃗sq ´ whp⃗sq}2L2pT 1q ` }⃗s ¨∇whp⃗sq ` σuhp⃗sq ´ F̄ p⃗sq}2L2pT 1q

¯

ď
ÿ

TPPh,TĂT 1
}R̆T puh, wh, F̄ p⃗sqq}2H p⃗s;T q

ď }uhp⃗sq ´ whp⃗sq}2L2pT 1q ` }⃗s ¨∇whp⃗sq ` σuhp⃗sq ´ F̄ p⃗sq}2L2pT 1q.

For d “ 2, i.e., S is the circle we can identify s⃗ “ pcos t, sin tqJ and the space PM pSq
consists for a given admissible partition S of S of 2π-periodic piecewise polynomials
in t P p´π,πs. Hence, the above error indicators are nearly piecewise polynomial in
t when the components uh, wh are of the form (5.2) with s⃗-dependent coefficients
in PM pSq; see Section 5.2.
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The above DPG scheme and the associated a posteriori error bounds form the
core constituent of the routine rT ´1, ¨; ¨s. We can use (6.8) to contrive adaptive
mesh refinement strategies based on so-called Dörfler marking or bulk chasing. This
means one marks those cells for subsequent refinement whose combined energy
exceeds a fixed portion of the total lifted residual. It is shown in [13] that this
entails a fixed error reduction for each refinement sweep and associated complexity
estimates.

Remark 6.5. Convergence to zero of either one of the above residual error bounds
guarantees convergence of errors in the spaces U s⃗. The DPG output has two com-
ponents, namely a piecewise polynomial uh of degree m on the underlying mesh
Ph as well as a skeleton component which can be identified with the trace of a
conforming piecewise polynomial of degree m` 1. Therefore the a posteriori error
bounds control in particular the convergence of the u-component in L2pDq. For the
realization of rT ´1, F ; ηs below we always use only the u-component for the outer
iteration.

6.3. An adaptive solver in U “ L2pDˆ Sq. We describe next how rT ´1, ¨; ηs is
realized based on approximately solving, with the aid of the DPG scheme described
above, fiber problems T⃗sū “ F for the elements s⃗ from a stage-dependent discrete
subset Qη of the parameter domain S. Both Qη as well as the meshes for each fiber
solution are generated adaptively.

The data: The data F “ F px, s⃗q required by each call of rT ´1, F ; ηs have a
piecewise polynomial representation of the type (5.8). Specifically, they are of the
form

F “ w ` g P L2pDˆ Sq,
where w is the output of the routine rK, ¨; ¨s and g is a stage-dependent approxi-
mation to the source term. More precisely, in the case of inhomogeneous boundary
conditions g consists of two parts, namely g “ g0 ` g1 where g0 stands for the
“lifted boundary data” needed to correct the right hand side so as to reduce the
problem to the homogeneous case; see (6.7). Both w and g need to be computed
within the currently given accuracy tolerance. We omit the details concerning the
computation of g.

Output format: The output of rT ´1, ¨; ηs is a piecewise polynomial of degree m
of the form (see (5.2))

ūηpx, s⃗q “
ÿ

TPPη

ÿ

iPIT

vT,i p⃗sqϕT,ipxq,

where the ϕT,i are polynomial basis functions of degree m supported in T P Pη and
Pη is a partition of the spatial domain D. The parameter dependent coefficients
vT,ip⃗sq are elements of a space PM pSηq of piecewise polynomials of degree M sub-
ordinate to a partition Sη of S. We describe next how to compute the vT,ip⃗sq as
well as the partition Pη.

Computation of fiber solutions: The realization of rT ´1, F ; ηs is based on ap-
proximately solving fiber transport problems T⃗su⃗s “ F p¨, s⃗q for parameters s⃗ in a
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suitable finite subset of S, Specifically, given a partition S of the parameter domain
S, we associate with each cell C P S a set of “quadrature points” QC whose union

QS :“
ď

CPS
QC

is the discrete set of parameters for which we first compute error-controlled ap-
proximate fiber solutions. Before describing this in more detail, a few preparatory
comments are in order. The realization of rK, ¨; ¨s is reduced to a frequent but
efficient approximate application of a global operator acting in functions in d ´ 1
variables. The bulk of computation therefore lies in #QS approximate inversions
of transport boundary value problems in d variables. It is therefore of primary
importance to keep the size of each fiber transport problem as small as possible.
In view of the inherently low regularity of the transport solutions (especially in the
presence of rough boundary and source data) we opt for employing an adaptive
DPG scheme for each fiber problem. The price to be paid is that then each fiber
solution ūSp¨, s⃗q, s⃗ P QS, comes with its own adaptive partition Ps⃗; see Figure 2.
We refer to [7, 13] for the details on an adaptive fiber transport solver

rT ´1
s⃗ , F ; ηs Ñ pPs⃗, ū⃗sq, ū⃗spxq “

ÿ

TPPs⃗,iPIT

cT,i,⃗sϕT,ipxq.

It consists in repeating the standard cycle

Mark Ñ Refine Ñ Solve

until the sum of squared indicators (in either (6.8) or (6.9)) is below the current
threshold η2. Here one needs for each C P S a good initial guess. If C P S was
already obtained in the representation of the final DPG solution of the previous
outer iteration we choose this one. Otherwise one can take the union of those fiber
meshes associated with those parameter cells from the preceding outer iteration
that intersect the current parameter cell.

For Mark we use a simple bulk criterion identifying for each selected quadrature
point s⃗ a possibly small set of cells in the current partition such that the sum of the
corresponding squared indicators exceeds a fixed portion of the full sum of squared
indicators. Hence, the adaptively generated meshes depend on the directions s⃗.
However, the approximate application of the scattering kernel in rK, ¨; ¨s requires
an aggregated approximate solution ūpx, s⃗q as a function of the spatial and para-
metric variables which needs to be represented on a single mesh that is obtained by
merging the parameter-dependent fiber meshes. Note that even the merged mesh
involves a total number of degrees of freedom which is significantly smaller than
that corresponding to a uniform mesh with the highest required resolution; see the
rightmost picture in Figure 2.

A more detailed algorithmic description is beyond the present scope and can be
found in [18, Section 6.3.2].

Aggregating fiber solutions: We discuss first how to generate an approximate
solution ūS P L2pD ˆ Sq which is only based on approximate fiber solutions for
s⃗ P QS where at this point S is a given partition of S, e.g., generated by an error-
controlled approximate application of K. This can be formulated as a (preparatory)
routine

rT ´1, F,S; ηs Ñ pPS, ūSq, ūSpx, s⃗q “
ÿ

TPPS,iPIT

vT,ip⃗sqϕT,ipxq,(6.10)
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Figure 2. Adaptive meshes for fiber transport solutions with re-
spect to two different directions as well as the merged mesh at
iteration step 10.

that outputs a mesh PS and a piecewise polynomial uSpx, s⃗q in x subordinate to
PS with parameter-dependent coefficients vT,i P PM pSq and a spatial mesh PS

such that
}R̆DSpuS, θS, F p⃗sqq}H p⃗s;Phq ď κT η, s⃗ P QS.

The workhorse called by rT ´1, F,S; ηs is therefore the following subroutine pro-
viding a parameter-dependent approximate transport solution over a given cell C
in the current parameter partition S:
rC,F ; ηs Ñ pPC , ūCq

C1: For s⃗ P QC invoke rT ´1
s⃗ , F ; ηs;

C2: generate the mesh PC by merging the meshes Ps⃗, s⃗ P QC to obtain merged
representations ū⃗spxq “

ř
TPPC ,iPIT

c̃T,i,⃗sϕT,ipxq;
C3: Determine the polynomial vC,T,i p⃗sq P PM pCq that (quasi-)interpolates the

values c̃T,i,⃗s, s⃗ P QC and aggregate

ūCpx, s⃗q :“
ÿ

TPPC

ṽC,T,i p⃗sqϕT,ipxq.

The output in (6.10) of rT ´1, F,S; ηs is then given by

ūSpx, s⃗q “
ÿ

CPS
ūC,ηpx, s⃗q “

ÿ

TPPS,iPIT

vT,i p⃗sqϕT,ipxq,

where DS is obtained by merging the cell-dependent meshes PC , C P S produced
by rC,F ; ηs.
Finding Sη: The accuracy requirement in rT ´1, F ; ηs requires a mean square con-
trol over the parameter domain S. The output of the routine rT ´1, F,S; ηs for a
given parameter partition S guarantees that the residual bounds satisfy the re-
quired accuracy η only at the quadrature points QS but a priori not necessarily for
all parameter values in S. Our current approach is therefore to adaptively generate
also a further refinement Sη (if necessary) of some initial partition of S (dictated
solely by the accuracy in the application of K). We then apply quadrature with
respect to QSη to estimate the error in L2pDˆ Sq. Here we use that by (6.9), the
true errors are rigorously sandwiched by error indicators that are piecewise defined
as products of polynomials and trigonometric functions. Specifically, we apply the
following steps:

S1: Take the partition S “ SK,κKη generated by rK, ū;κKηs as initial guess.
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S2: Given a partition S of S compute ūS “ rT ´1, F,S; ηs.
S3: Subdivide each cell in S to obtain a refined partition Sr.
S4: Evaluate the residual bounds (e.g., (6.9)) for the current approximation

ūSp¨, s⃗q at the new quadrature points s⃗ P QSrzQS and mark all cells C P
Sr containing a quadrature point for which a fixed threshold ωη (ω ď 1
fixed) is exceeded. If no cell is marked stop and set S Ñ Sη.

S5: The parents in S of the marked cells are refined to generate a refined
partition Snew of S.

S6: Replace S by Snew and go to S2.

7. Numerical experiments

We consider the radiative transfer problem (1.2) on the unit square domain
D “ r0, 1s2 with homogeneous boundary conditions. The structure of the source
term f and absorption coefficient σ is illustrated by Figure 3. More precisely, we
take f “ 0 in the white and gray areas whereas f “ 1 in the black area. Similarly,
we set σ “ 10 in the gray areas and σ “ 2 everywhere else. Such checkerboard
structure serves as a classical benchmark in the literature of radiative transfer and
can be found in other works; see, e.g., [8].

The scattering is of Henyey–Greenstein-type (see formula (5.1))

Kpx, s⃗, s⃗1q “ Gp⃗s, s⃗1q “ 1

2π

1´ γ2

1` γ2 ´ 2γ⃗s ¨ s⃗1 @x P D.

Figure 3. Geometry of the
checkerboard benchmark.

Figure 4. SVD of the matrix representation
GΞ, Ξ P tΨ,Φu of G for different values of γ.

Figure 4 shows the decay of singular values of a highly accurate matrix repre-
sentation GΞ, Ξ P tΨ,Φu, of the scattering kernel G for different values of γ. For γ
close to one this decay is very slow but Figure 1 reveals that the wavelet represen-
tation is nevertheless extremely sparse. Here we confine the subsequent discussion
to moderately isotropic scattering γ “ 0.5. The singular values still decay rapidly
(see Figure 4) which allows us to apply the method outlined in Section 5.5 based
on Hilbert–Schmidt decompositions. We present results with Alpert wavelets of
degree 2.
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We set ε “ 1.1 ¨5.10´3 as the final target accuracy. The problem is of transport-
dominated nature (ρ ď 1) so we can solve it with the ASTI algorithm. Table 1
gives the estimated values CT , ρ, b0puq and κ1,κ2,κ3. Note that κ2 “ 0 since we
can evaluate the source term exactly. The remaining two parameters κ1 and κ3

balance the accuracy tolerances for the approximate application of the scattering
operator and the approximate inversion of T . Specifically, κ1 determines on the
one hand the number of quadrature points and hence the number of fiber transport
problems to be solved and, on the other hand, κ3 affects the spatial discretizations
of these fiber problems.

Table 1. Values of the constants required to run the ASTI Al-
gorithm 1.

CT ρ b0puq κ1 κ2 κ3

0.594604 0.594604 1/7 0.2{CT 0 0.8

Figure 5, displays the convergence history and degrees of freedom for the above
choice of parameters. The left plot gives an approximation error of the scattering
application ||Kpūnq ´ rK, ūn;κ1ηns||L2pDˆSq (dark blue curve), the a posteriori er-
ror of the transport solves ||un ´ ūn||L2pDˆSq (light blue curve), and a bound for
the global error ||u ´ ūn||L2pDˆSq (purple curve) based on (4.13). Recall that it is
composed of the bounds for ρn}u}U and the the above two error tolerances. By
the definition (4.5) of the tolerances ηn, the interior solution accuracies need to
be somewhat finer which explains the gradual divergence between the global error
bound and the interior error tolerances. To avoid this would require total a poste-
riori bounds based on the bilinear form bpw, vq “ ppT ´ Kqpwqqpvq in combination
with coarsening strategies, which is the subject of future work. The shaded blue
regions in the right plot indicate statistics about the number of degrees of freedom
that are associated for each selected angular direction.

Figure 5. Convergence and number of DoFs for κ1 “ ξ{CT , κ2 “
0, κ3 “ p1´ ξq{2 with ξ “ 0.2.
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integrated solution and grid for iteration step 2.

integrated solution and grid for iteration step 6.

integrated solution and grid for iteration step 8.

integrated solution and grid for iteration step 10.

Figure 6. Integrated solutions
ş
S unp¨, s⃗q d⃗s and corresponding

merged grids.
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Figure 7. Solutions ūnp¨, s⃗q for different directions s⃗ in final outer
iterate.

The table below gives the precise values of the a posteriori error and the total
degrees of freedom:

iteration a posteriori error #DoFs
1 0.0850598 6228
2 0.0891398 12456
3 0.079258 13392
4 0.0578653 38664
5 0.039463 135236
6 0.0258249 440648
7 0.0165168 1151102
8 0.010397 6586094
9 0.00647563 16570210
10 0.00400132 42179602

Figure 7 shows solutions ūnp¨, s⃗q with their corresponding grids for the final
iterate once the accuracy ε has been reached. Finally, Figure 6 shows the final
averaged densities

ş
S ūnp¨, s⃗q d⃗s. They are computed on the merged grids.

We note that no special structure preserving measures had to be imposed on the
numerical schemes to produce physically meaningful results.

Remark 7.1. The code to reproduce the numerical part of this article is available
online at:

https://gitlab.dune-project.org/felix.gruber/dune-dpg

https://gitlab.dune-project.org/felix.gruber/dune-dpg
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The implementation makes use of Dune-DPG 0.4.2, a C++ based library which
is built upon the multi-purpose finite element package DUNE [6]. Details of the
Dune-DPG library can be found in [18, 19].
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C. Gräser, F. Gruber, C. Grüninger, D. Kempf, R. Klöfkorn, T. Malkmus, S. Müthing,
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