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Chemotaxis in shear flow: similarity solutions of the
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steady-state chemoattractant and bacterial distributions

Suin Shim!, Howard A. Stone' and Roseanne M. Ford?

17 I Department of Mechanical and Aerospace Engineering, Princeton University, Princeton,
NJ 08544, USA
2 Department of Chemical Engineering, School of Engineering and Applied Science,

22 University of Virginia, Charlottesville, Virginia 22904, USA

26 When chemotactic bacteria are exposed to a concentration gradient of chemoattractant
28 while flowing along a channel, the bacteria accumulate at the interface between the chemoat-
tractant source and bacterial suspension. Assuming that the interface is no-slip, we can
apply the shear flow approximation near the no-slip boundary and solve for a steady-state
33 convection-diffusion model for both chemoattractant and bacterial concentrations. We sug-
35 gest similarity solutions for the two-dimensional problem and identify a critical length scale
37 7. for bacteria chemotaxis in a given concentration gradient. The analysis identifies three
39 dimensionless groups representing, respectively, chemotactic sensitivity, the chemotaxis re-
ceptor constant, and the bacteria diffusion coefficient, which typically show coupled effects
in experimental systems. We study the effect of the dimensionless groups separately and

44 provide understanding of the system involving shear flow and chemotaxis.
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I. Introduction

Oil-phase pollutants and other non-aqueous phase liquids (NAPL) that are trapped within
the pore space of water-saturated soil create isolated sources that leach slowly into ground-
water and nearby drinking water wells [1,2]. Chemotactic bacteria, which are also able
to degrade chemical contaminants, bias their migration towards the source [3], thereby
increasing bacterial numbers in close proximity to the pollutant and ultimately increasing
the rate of biodegradation [4,5]. The geometrical conditions representative of the pore
space and flow structure of groundwater can be demonstrated in microfluidic channels.
Typically, the chemoattractant diffuses into the water in the direction transverse to the
flow, so chemotaxis has been studied in the shear flow configurations both experimentally
[6-12] and theoretically [13,14].

As one motivation for the NAPL transport problem we consider a microfluidic device
that was designed to capture some features of this environmental scenario [6]. The analysis
reported here, in fact, applies generally to any shear flow, chemotactic configuration with
modestly high Peclet number. In the experimental system of Wang et al. [6] a bacterial
suspension (Pseudomonas putida F1) of fixed concentration flows past a ¢ = 50-um wide
opening in a rectangular channel (height h = 20 pm by width w = 2.5 mm by length
L = 5 cm) containing a trapped oil phase; see Figure 1(a,b). Chemoattractant (toluene)
was dissolved in mineral oil at a volume ratio of 1:3. The high viscosity of mineral oil
(ton = 0.03-0.14 Pa-s [6]) ensures that the oil phase does not penetrate into the PDMS
(polydimethylsiloxane). Toluene is soluble in the aqueous phase and so a chemical con-
centration gradient is generated that attracts chemotactic bacteria toward the source. P.
putida exhibit a run-and-reverse swimming pattern, which is similar to the run-and-tumble
mechanism of F. coli, but with a bimodal turn angle distribution that favors forward and

reverse directions in comparison to E. coli [15]. In the experiments described in [6], bac-
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teria cells flow in the z direction and are exposed to chemoattractant that is diffusing
in the transverse (y) direction from the oil-water interface. In the original experiments
the steady-state distribution of bacteria was recorded for a range of mean flow speeds
(u) = 6-120 pm/s.

In such experimental systems in a rectangular cross-section microfluidic channel, the
velocity profile near the walls can be approximated as a shear flow (we can assume the
no-slip boundary condition since oy > fiwater). For h < w, the shear rate near the
wall varies as (u)/h, and if h = O(¢), the shear rate at the interface can be estimated as

{u)

4~ —=. Typical values of the Peclet number Pe in the experiments of [6] for characterizing

1
0 A2
transport in the -y plane (Figure 1(b)) range from Pe = (w)t ~
Dy Dy

the diffusivity of the chemoattractant (D ~ 8.6 x 107% m?/s) [7]. Higher Peclet numbers

~ 0.35-7, where D 4 is

Figure 1: (a) Experimental image from Wang et al. [6]. The white dots in the background
are bacterial cells. Scale bar is 100 um. (b) Schematic drawing for arbitrary Peclet number
of the flow near the chemoattractant window as an approximation to the shear flow near
a surface. Bacterial suspension is indicated as white dots and the green and orange colors
approximates the chemoattractant distribution. We solve for the chemoattractant and
bacterial concentration in the aqueous phase. For the general problem statement, we
consider the region that is larger than the typical length scale of the oil-water interface.
(c) Schematic of the shear flow near the chemoattractant for the large Peclet number limit
(Pe > 1). In this limit, we analyze the boundary region near the downstream part of the
NAPL entrance and we shift the origin of the x axis.
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are naturally generated with only modestly larger scales since Pe o £2.

Here we consider a model problem with the shear flow approximation, motivated by
the experimental system in Figure 1. We first set up the two-dimensional model problem
(Figure 1(b)) in the aqueous phase, then analyze the limit where Pe > 1 (Figure 1(c)) so
that the boundary layer approximation can be applied for the diffusion terms ((,;9;2 < (;9:2,
where x and y are defined, respectively, as along and across the direction of the flow [16,17]).
For the steady-state behavior of both chemoattractant and bacteria, we solve, respectively,
convection-diffusion equations with the shear flow and chemotaxis velocity (see next sec-
tion) and provide similarity solutions to understand the critical length scale beyond which
the bacteria concentration is unperturbed from its input value. By defining and investi-
gating the dimensionless groups that characterize the system, we better characterize the

steady-state behavior of chemotactic bacteria under a shear flow. The analysis also suggests

a more effective approach to evaluate transport parameters for bacterial chemotaxis.

II. Theory

1. Steady-state equations for chemoattractant and bacteria

Consider steady flow of a bacterial suspension in a rectangular channel as shown in
Figure 1(b). From a small opening of width ¢, the flow is exposed to a non-aqueous phase
liquid (NAPL) e.g., toluene, which is a chemoattractant. The chemical dissolves in water
and the concentration of bacteria is expected to increase near the window as the suspension
flows downstream. With the shear flow approximation in a two-dimensional configuration,
we can write the steady-state convection-diffusion equation for the concentration cy(z,y)

of a chemoattractant in water as
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2 2
Oca Da (8 cy O CA> 7 (1)

Vo TP a2 T a2
where  is the shear rate and D4 is the diffusion coefficient of the chemical. The corre-

sponding boundary conditions are,

l
cA <|ac| < 2,0) = ca0 (2a)
oca 4
ca— 0 for (a:2+y2)% — 00, (2¢)

where the first condition (2a) assumes that the oil-water interface is in equilibrium.
We can write an equation for the bacterial distribution using the chemotactic velocity
vp(z,y) for shallow gradients, which is appropriate for most laboratory experiments and

natural systems, defined as
XOKc

—— -V 3
3(K, +ca)2 A )

v =

where xq is the chemotactic sensitivity coefficient and K. is the chemotaxis receptor con-
stant [14]. The representative values for D4, xo, K. and c4o from the experimental system
in Wang et al. [6] are, respectively, D4 = 8.6 x 10719 m? /s, xo =5.0x 10719 m? /s, K. =1

mM and c4q9 = 1.4 mM. For D4 we use the the diffusion coefficient of toluene in water.

upl
We note that in such system we can define a chemical Peclet number Pe. = #, which
A

measures the effect of bacterial swimming on the transport of chemicals (note that this is
< )2

different from Pe = ’;)77 which measures the relative advection due to the shear flow). u,
A

and ¢, are, respectively, the typical swimming speed (~ 44 pm/s for P. putida [15]) and

the length scale of the bacteria. For small molecules like toluene, the diffusion coefficient

gives the value of Pe. ~ 1072 < 1 [18], and thus any convective mixing associated with
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bacterial swimming is negligible compared to diffusion. Therefore, our analysis neglects
any contributions from biomixing.

The steady-state convection-diffusion equation and the boundary conditions for bacteria

are

o . 0 dO*cp  O%cp
I (Yyes + vBzcp) + @(UByCB) = Dp <6$2 + oy ) ) (4a)

1
cg — cpo for (x2 + 3/2)E — 00 (4b)
Ocp
0D —‘ —0 forall z | 4

UByCB‘y 0 B ay y=0 or all ( C)

where Dp = 3.2 x 1071Y m?/s is a representative value from the experimental system
[6]. We note that the parameter value for bacterial diffusion is based on cell motility in a
bulk aqueous phase. As bacteria encounter a boundary and under conditions of shear flow
the swimming patterns of individual cells may be altered, which can impact the diffusion
coefficient of the population. However, the magnitude of these effects appear to be second-
order with respect to the order of magnitude analysis that we present in the paper. In fact,
Molaei and Sheng [19] suggest that a shear field near the surface tends to offset the tumble
suppression reported by Molaei et al. [20] for E. coli bacteria and the dispersion coefficient
in the bulk phase is recovered as the shear rate approaches 30 s~!. At a shear rate of 3 s™!
the reported mean run time (inverse of tumble frequency) decreased by only 15 % relative
to that measured in the bulk fluid. Furthermore, we expect the run-and-reverse swimming
pattern of P. putida to be less impacted by tumble suppression near the surface than the
run-and-tumble pattern of E. coli. The final boundary condition (4c) reflects a balance
of diffusion and convection (equation (3)) as there is no flux of bacteria through the lower
boundary. In some cases, bacteria in shear flow near surfaces tend to swim upstream along
the surface [21,22] though this is an effect we neglect below because our interest is on

transport of bacteria from the bulk fluid to the interface rather than over the interface.
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2. Similarity solutions for Pe > 1 case

A. The chemoattractant

. 62
Here we consider the limit Pe = z)— > 1. As is well-known [23], in this limit we can
A 2 82
apply the boundary-layer approximation so that 902 > 922 in the diffusion term in (1).
Yy x

Therefore, the steady-state equation for a non-reacting chemoattractant can be reduced to

dca 0%c
'Yy% = LA 63/2 P (5)

which allows us to describe the chemoattractant distribution in the neighborhood of the

interface. Then the appropriate boundary conditions corresponding to 2(a-c) are
CA(an) = 07 CA(I',O) = CA0; and CA('rvy — OO) =0. (6)

We can nondimensionalize the equation by defining

ta=-4 X=—~i_ | v=—Y{_ (7)

CA0 NONCE VD5

The nondimensional equation and boundary conditions are

Jea _ 0ca
oxX  oy?

with 24(0,Y) =0, e4(X,0)=1, and e4(X,Y - 00)=0. (8)

Considering the structure of the equation, which is known as the Lévéque problem in

chemical engineering, we can define a similarity variable n = ( Y)l and find a similarity
3X)3

solution C4(n) =¢a(X,Y) [23,24]. Equation (8) becomes

d d?
_ 257;4 - ds;f‘ and C4(0) =1 and Cy(c0) =0, (9)
7
AIChE Journal
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a 10 = b 1.2 ¢ 1.2
107 - — X=1
1.0 >1 - X=3 - X=2
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0.5 19
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Figure 2: (a) Ca(n) and C’y plotted versus 7. Inset: ¢4 plotted versus Y for different
X values. (b) Cp(n) plotted versus n. (c) ¢g plotted versus Y for different X values.
a=0.6, § =14, and § = 0.35. Note that in (b) and (c) we have magnified the vertical
scale, which is near ¢p(X,Y) ~ 1.

and therefore we obtain the solution

Wl

%)
SO (10)

where I'(+) is the Gamma function and I'(-,-) is the incomplete Gamma function, i.e.

Caln) = FS

1
3

r (%, g) = %? t~5e~tdt. We note that within these approximations the boundary layer
scale is y/l Pe™3 < 1, which is evident from the structure of equation (5).

Results for C'4(n) and dd%A are plotted versus 7 in Figure 2(a). Also, solutions ob-
tained from equation (8) are plotted versus Y for different values of X (Figure 2(a) inset).
The results from this well-known problem highlight the region near the boundary where

chemoattractant is localized. The chemoattractant gradient directs bacterial motion, which

we study in the next section.
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B. Chemotaxis of bacteria

Next we consider the bacterial distribution in the field of the chemoattractant. The bacteria
enter at concentration cpg, and we assume that the initial bacterial concentration cpgq is
small so that the motion of the individual bacterial cell does not perturb the macroscopic
flow structure. With the assumption, we can develop our model to consider the distribution

of bacteria under the influence of shear flow and chemotaxis. We anticipate that the
ol
Dp
is also large. It has been well studied that the bacteria concentration field is affected by

effective bacterial diffusivity Dp < D 4 so that a typical bacterial Peclet number Pep =

a chemical gradient and one model for the migrating speed of the bacterial population is
given by (3).

We then assume that for Peg > 1 the z-directed contribution from (3) is small com-
pared to the typical convective speed 7y, hence for chemotaxis we retain only the y-

component of velocity
XoK¢ Oca
3(K.+ca)? Oy

(11)

UBy =

A simple scaling argument provides

UBx XoK:  cao X0 X0 , 1
T xS Pe3 k], 12
Jy  (Ke+ca0)?*9y?  Yy*  Da (12)

suggesting that this approximation is valid for large Peclet numbers.
Now we can write the steady-state convection-diffusion equation for the bacterial con-

centration cp,

GCB 0 6263
A =D

(13)

with the boundary conditions cg(x — 0,y) = cp(z, 00) = cpo and at y = 0 (the oil-water

interface) vpycp — DB%—f = 0. Rewriting equation (13) with the expression (11), we have
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. Odcp L xoK. 0 cB dcal . 9% (14)
R 3 Oy |[(Ke+eca)? 0y | B oy2
Nondimensionalizing with ¢ = 72 and the definitions in equation (7), we obtain

e 0 c e 0%
ydep L aB 0 1 e Oeal _ s0°ch (15)

0X 3 9Y |(1+4 B¢aq)? 0Y &

where «, 8 and § are, respectively,
Xo CA0 Dp
= = = d d=—. 1

a D. B e an Da (16)

These three dimensionless parameters characterize this transport problem. The repre-
sentative values are a = 0.6, § = 1.4 and § = 0.35, respectively, which correspond

to the typical values of the chemotaxis parameters. We note from equation (12) that

UBzx

Y
The boundary conditions for ¢g are

= O(aPe_%) < 1 for a=0(1).

af g 0cy B Jcgp
3(1+6)2 97 oY

ep(X,00) =1, ¢5(0,Y)=1, =0 at Y=0, (17)

which brings in the solution (10).

Then, similar to the chemoattractant case, we can seek a similarity solution Cg(n) =

¢cp(X,Y) wheren = (3; We find that equation (15) simplifies to an ordinary differential

)5

equation
dC d C dC d*C
L 0‘5{ b A]:(s 2z, (18)
dn 3 .dn | (14 BCa)? dn dn
with two boundary conditions
af Cp dCy dCB}
— -4 =0 and C — =1. 19
3 (1+p8)2 dy dn - an B(n — 00) (19)
10
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Figure 3: (a) Cp(n) plotted versus 7 for (a) different values of a, (b) 8, and (c) 0. (a) The
values of 3 and § are, respectively, 1.4 and 0.35. (b) @ = 0.6 and § = 0.35. (¢) @ = 0.6 and
B = 1.4. Note that the vertical scales do not extend to zero.

The transport problem involves the chemoattractant concentration profile Cy(n) in
both the equation and boundary condition at 7 = 0. The numerical solutions of equation
(14) and (17) are plotted in Figure 2(b-c). In the vicinity of both n = 0 and Y = 0, we
obtain accumulation of bacteria due to chemotaxis. We note that the solution is nonmono-
tonic as it varies between a maximum at the interface (n = Y = 0) and an asymptotic
solution far away (1> 1). An increase in X corresponds to an increase in the exposure of
the bacterial population to the chemoattractant source, thus increasing the accumulation
of bacteria near the source.

We tested the effects of «, 8, and J individually in Figure 3; recall the definitions in
equation (16). Both increasing a and (< O(10)) increases the chemotactic accumulation
of bacteria, while an increase in § decreases the accumulation of bacteria at the boundary,
as shown in Figures 3(a, b) and (c), respectively. We can understand these trends in
terms of the physical behavior that an increase in « corresponds to an increase in the
strength of the chemotactic response relative to the spread of the chemoattactant, thus

concentrating the bacteria closer to the source. An increase in 8 corresponds to a decrease

11
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in the concentration at which the bacteria are most sensitive to the chemoattractant, which
means the bacteria are able to sense the chemoattractant over a greater distance from the
source. An increase in § corresponds to an increase in the motility of bacteria (which
tends to disperse the population) compared to the spread of the chemoattractant, which

will tend to reduce the accumulation near the source of chemoattractant. Also, we find

3.0

2.5

2.0

1.5

Figure 4: (a, b) Accumulation of bacteria versus a which represents the chemotactic sen-
sitivity. Inset graphs are for larger range of . f = 1.4 and § = 0.35. (c) Log-log plot
for critical length scale 7, and the net accumulation of bacteria versus 8 which represents
the chemotaxis receptor constant. o = 0.6 and 6 = 0.35. (d) 7. and the net accumulation
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plotted versus 6. @ = 0.6 and 5 = 1.4.
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that for 8 < 0(10), there is accumulation at the boundary, i.e., Cp(0), though it is now
decreasing with . This result shows that large (excess) concentration of chemoattractant
cap compared to the chemotactic receptor constant K. decreases the chemotaxis of bacteria
near the interface.

From the similarity solutions for bacteria Cg(n) and ¢5(X,Y’), we can identify a critical
distance 7. or Y. (for a given X) above which the bacterial concentration is unperturbed
by chemotaxis; this distance depends on «, § and ¢, as indicated in the different panels
in Figure 3. We define 7. according to Cg(n.) = 0.999 so that for n > 7. the bacterial
concentration is effectively not influenced by chemotaxis. We consider other features of the
bacterial distribution curves to provide additional information on the effect of the dimen-
sionless groups «, 3 and ¢ (Figure 4). For example, in Figure 4(a), we plot Cp(0) versus 7
to understand the effect of the dimensionless chemotactic sensitivity coefficient o on accu-
mulation of bacteria at the oil-water interface. Both for moderate values (Figure 4(a)) and
over a larger range (inset) of «, the accumulation of bacteria increases monotonically as «
increases. One additional observation on the effect of « is that the critical lengthscale of
the region of influence 7. does not vary significantly over a larger range of a (Figure 4(b)).
The net accumulation of bacteria within the region of influence (= [)* Cp(n)dn) is also
plotted for different values of « in Figure 4(b). While the critical length scale 1. does not
increase much over wide range of «, the net accumulation of bacteria within the region of
influence increases with an increase of «, which is related to the increase in Cp(0) at the
interface.

We investigate the effect of 3, which is the effect of chemoattractant concentration
relative to the chemotaxis receptor constant (c40/K.), in Figure 4(c); note the logarithmic
axes. This parameter has larger impact on the values of 7. than « and tends to show

a weak power-law dependence on f (the trend is almost linear in the log-log plot). The

13
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region of influence depends on the chemoattractant concentration to which the bacteria
are most sensitive chemotactically. However, an increase in § does not change the net
accumulation ( fo ¢ Cp(n)dn) much for a large range of 8 because 7 remains close to unity.
Moreover, the value of the integral is close to 7. over the investigated range of 5. Figure
4(d) shows the effect of § on the 7. and the net accumulation of bacteria within 7.. These
values tend to increase for an increase in bacterial diffusivity d. The trend shown in Figure
4(d) is consistent with our observation from Figure 3(c) that the largest change in Cp(0)
is observed for § ~ 1.

In experimental systems, the effect of a and § are coupled, which complicates the analy-
sis for individual parameters [11]. The model described here suggests better understanding
of important factors on the chemotatic accumulation of bacteria at the oil-water interface
under shear flow by showing different dependency on «, 8 and §. This means that we can
use different features of the experimental observations to determine values for these two
parameters.

Finally, from the definition of similarity variable n, we can simply write the relation

ye =1 32(Da/4))5 (20)

and learn the effect of shear rate on the region of chemotaxis. To get a sense of the
dimensional scale of the region, we plot y. versus z in Figure 5(a) for typical values Dy =
8.6 x 1071 m2/s and 4 = 30 s~!. For a = 0.6, 3 = 1.4 and § = 0.35, the critical similarity
variable 7. = 2.29. The inset of Figure 5(a) shows the trend of y. at x = 50 pum versus
shear rate. This value should not be directly compared to the actual length measured
from experiments as our calculations have many approximations, but 7. as a function of
shear rate can provide physical insight (e.g. proper choice of measurement windows) for

experimental studies of chemotaxis in similar configurations.

14
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Figure 5: (a) The region of influence y is plotted versus x for . = 2.29, D4 = 8.6 x 10710
m?/s and ¥ = 30 s~!. Inset: critical length scale y. at a fixed position z = 50 pum is
plotted versus shear rate 4. (b) Schematic suggesting possible shape of region of influence
as “chemotaxis contours” for the geometry used in [6].

Throughout the paper we studied the fast flow limit (Pe > 1) with a simplified geometry
where there is no fixed geometric length scale. Detailed investigation for the more general
problem with the geometry described in Figure 1(b) will suggest chemotaxis contours
(dotted lines in Figure 5(b)), which are the curves that enclose the region of chemotactic
influence (bacterial accumulation) under certain flow conditions. This remains as future

work.

ITII. Conclusion

We solved a two-dimensional, steady-state model for bacterial chemotaxis when the chemoat-
tractant diffuses into an aqueous phase in the transverse direction to the flow. We applied
a shear flow approximation near the interface between NAPL and the aqueous phase and

identified a similarity variable. Similarity solutions for the concentration of chemoattrac-

15
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tant and bacterial distribution demonstrate effects of important parameters such as the
chemotatic sensitivity, the chemotaxis receptor constant, and the motility of bacteria.
Moreover, the similarity solutions suggest a critical length scale 7). for the region of chemo-
taxis. From the definition of n and the “boundary layer” nature of the region of bacterial
accumulation, we further suggest contours of chemotaxis and selection of appropriate ob-
servation windows. A more detailed model is necessary for lower Peclet numbers or more
complicated geometries. However our calculations provide important insight to the system
by investigating the nondimensional groups separately and by identifying a typical length

scale for chemotaxis near a chemoattractant source exposed to flow.
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< Revisions made to the article 2 >
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Page 3
Figure 1(c) and the caption of Figure 1 are revised.

(a) Experimental image from Wang et al. [6]. The white dots in the background are
bacterial cells. Scale bar is 100 pm. (b) Schematic drawing for arbitrary Peclet number
of the flow near the chemoattractant window as an approximation to the shear flow near
a surface. Bacterial suspension is indicated as white dots and the green and orange colors
approximates the chemoattractant distribution. We solve for the chemoattractant and
bacterial concentration in the aqueous phase. For the general problem statement, we
consider the region that is larger than the typical length scale of the oil-water interface.
(¢) Schematic of the shear flow near the chemoattractant for the large Peclet number limit
(Pe > 1). In this limit, we analyze the boundary region near the downstream part of the
NAPL entrance and we shift the origin of the x axis.

Page 5
Typical swimming speed of P. putida is added: (=~ 44 um/s for P. putida [15])

Page 6 After the equation (4c), revised sentences: where Dp = 3.2 x 10710 m?/s is a

representative value from the experimental system [6]. We note that the parameter value
for bacterial diffusion is based on cell motility in a bulk aqueous phase.

At the end of the page: In some cases, bacteria in shear flow near surfaces tend to swim
upstream along the surface [21,22] though this is an effect we neglect below because our
interest is on transport of bacteria from the bulk fluid to the interface rather than over the
interface.

Page 14,15 Figure 5(a) is replotted for 4 = 30 s~! and the corresponding caption and
text (¥ = 30 s~!) are changed.
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