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LOCAL-GLOBAL PRINCIPLES FOR ZERO-CYCLES ON
HOMOGENEOUS SPACES OVER
ARITHMETIC FUNCTION FIELDS

J.-L. COLLIOT-THELENE, D. HARBATER, J. HARTMANN, D. KRASHEN, R. PARIMALA,
AND V. SURESH

ABSTRACT. We study the existence of zero-cycles of degree one on varieties
that are defined over a function field of a curve over a complete discretely
valued field. We show that local-global principles hold for such zero-cycles
provided that local-global principles hold for the existence of rational points
over extensions of the function field. This assertion is analogous to a known
result concerning varieties over number fields. Many of our results are shown
to hold more generally in the henselian case.

1. INTRODUCTION

The study of rational points on varieties is a fundamental subject of arithmetic
geometry. Local-global principles (and their obstructions) are one of the main tools
in understanding whether a rational point exists. A related object of study is the
index of an algebraic variety, and one may ask whether it is equal to 1, i.e., whether
the variety admits a zero-cycle of degree one. Equivalently, for every prime ¢, does
there exist a point defined over a finite field extension of degree prime to £?

In this paper, we consider varieties over certain two-dimensional fields—in par-
ticular, one-variable function fields over complete discretely valued fields (so-called
semiglobal fields). These fields are amenable to patching methods. Local-global
principles for rational points on homogeneous spaces over such fields were studied,
for example, in [CTPS12], [CTPS16], [HHK15a]. Here we exhibit several situ-
ations where such local-global principles imply corresponding local-global state-
ments for zero-cycles. Parallel results over number fields were first obtained by
Liang ([Lial3, Prop. 3.2.3]; see also [CT15, Section 8.2]). However, our situation
involves substantial new difficulties to overcome.
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A semiglobal field admits several natural collections of overfields with respect to
which local-global principles can be studied. After a choice of normal projective
model of the semiglobal field, one may consider two distinct collections of over-
fields, the first associated with patches on such a model (described at the beginning
of Section 2), and the second consisting of overfields which are fraction fields of
complete local rings at points of the closed fiber of the model. Finally, as in the
number field case, one may also work with the set of completions with respect to
discrete valuations.

Consider a scheme Z of finite type over a semiglobal field F. We show (Theo-
rem 3.4) that in the case of overfields coming from patching, a local-global principle
for rational points for the base change Zg to all finite separable field extensions
E/F implies a local-global principle for separable zero-cycles of degree one over F’
(or analogously, of degree prime to some given prime £). This also gives a local-
global principle for the (separable) index of Z (Corollary 3.5). The analogous results
hold when the collection of overfields under consideration comes from points of the
closed fiber of a model as described above (Theorem 3.9). Moreover, the latter
results extend to the case of function fields of curves over excellent henselian dis-
crete valuation rings. In particular, we obtain local-global principles for zero-cycles
in that situation; see Proposition 3.12. The required local-global hypothesis for
rational points over a semiglobal field holds, for instance, if Z is a torsor under a
linear algebraic group that is connected and rational (see Corollary 3.10).

In the situation where Z is a principal or projective homogeneous space under a
linear algebraic group, we also obtain local-global principles with respect to discrete
valuations (Theorem 3.16) under additional hypotheses on F' (e.g., when F is the
function field of a curve over a complete discretely valued field with algebraically
closed residue field of characteristic 0). In certain cases, the existence of local
zero-cycles of degree one already implies the existence of a global rational point
(Theorems 3.23 and 3.27).

The results are obtained using a combination of methods. Many of the local-
global statements rely on descent results that we prove for finite field extensions
and for the existence of rational points, in the context of a pair of fields L C L’
and a finite separable field extension E’/L’. In the former type of descent result
(e.g., Proposition 2.3), we find a finite separable field extension F/L such that
E ®p L' 2 E'. In the latter type (e.g., Proposition 2.10), given an L-scheme
Z with an E’-point, we find an appropriate finite separable field extension F/L
such that Z has a point over F ®p, L’. Descent of extensions of fields arising in
the context of patching is also studied in [HHKPS17], which builds on the results
here. For our local-global principles with respect to discrete valuations, we also use
structural properties of linear algebraic groups, as well as results about nonabelian
cohomology in degree two.

The manuscript is organized as follows. Section 2 contains descent results. The
first two subsections concern fields occurring in patching. We show that finite
separable field extensions of some of these overfields descend to the semiglobal field
F (Subsection 2.1); in other cases it is still possible to descend the existence of
points (Subsection 2.2; in particular, see Proposition 2.10). Subsection 2.3 contains
local descent results. Local-global principles for zero-cycles are proven in Section 3;
this is first done with respect to patches and points on arithmetic curves over
complete discrete valuation rings (Subsection 3.1), then generalized to excellent
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henselian valuation rings (Subsection 3.2). In certain cases, we obtain local-global
principles, with respect to discrete valuations (Subsections 3.3 and 3.4), for principal
and projective homogeneous spaces over certain two-dimensional fields, including
semiglobal fields.

2. DESCENT RESULTS

This section contains descent results which will be essential in proving the local-
global principles in the following section. We first consider collections of fields

coming from patching. We recall the following notation, which was established
in [HH10], [HHK09], [HHK15b].

Definition 2.1. Let K be a discretely valued field with valuation ring 7', uni-
formizer ¢, and residue field k. Let F' be a one-variable function field over K; i.e.,
a finitely generated field extension of transcendence degree one in which K is alge-
braically closed. A normal model of F' is an integral T-scheme & with function field
F that is flat and projective over T of relative dimension 1, and that is normal as
a scheme. If in addition the scheme X is regular, we say that X is a regular model.
The closed fiber of X is Xj, :== X X7 k.

In the case in which the discrete valuation ring T is complete, we call F' a
semiglobal field. (We will also often consider the more general case in which T is
excellent and henselian.)

The following notation will be used throughout this manuscript.

Notation 2.2. In the context of Definition 2.1, let X be a normal model for F. If
P is a (not necessarily closed) point of the closed fiber X of X, let Rp be the local
ring of X at P, let R p be its completion with respect to the maximal ideal mp, and
let F'p be the fraction field of ﬁp. In the case that P is a closed point of X, the
branches of X at P are the height 1 prime ideals of ﬁp that contain ¢t. We write
R, for the local ring of Rp at a branch p. This is a discrete valuation ring. We
write Ep for its completion, and F|, for the fraction field of ]SLP.

If U is a nonempty connected affine open subset of X, then we write Ry for
the subring of F' consisting of rational functions that are regular at each point
of U. We let ﬁU be the t-adic completion of Ry. This is an integral domain
by [HHK15b, Proposition 3.4], and we let Fy be the fraction field of Ry. IfPc
U C []/7 then EU/ - EU C ﬁp and Fy C Fy C Fp.

The spectra of the rings Ipr and ITZU above are thought of as patches on X. For
the sake of readers who are familiar with rigid geometry, we remark that our fields
Fp and Fy are the same as the rings of meromorphic functions on the corresponding
rigid open and rigid closed affinoid sets obtained by deleting the closed fiber from
the patches; see [Ray74] concerning the relationship between formal schemes and
rigid analytic spaces.

2.1. Descent of field extensions. The following two statements generalize
[HHK15b, Proposition 3.5]. By the trivial étale algebra (of degree n) over a field L
we mean the direct product of n copies of L.

Proposition 2.3. Let X be a normal model of a semiglobal field F, let P be a
closed point of X, let p be a branch of the closed fiber X at P, and let E, be
a finite separable field extension of F,. Then there exists a finite separable field
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extension Ep of Fp such that Ep ®F, F, = E,, as extensions of Fp, and such that
Ep induces the trivial étale algebra over F for every other branch ¢’ at P.

Proof. Let f,(z) € Fy[z] be the minimal polynomial of a primitive element of E,.
For each other branch o’ at P, let f (x) € Fy/[z] be a separable polynomial of
the same degree that splits completely over F|, and thus defines the trivial étale
algebra over F,. The field Fp is dense in [[ F, by [Bou72, Theorem VI.7.2.1],
where the product ranges over all the branches at P (including p). So applying
Krasner’s lemma (e.g., [Lan70, Prop. 11.2.4]) to the above polynomials yields the
desired extension of Fp, which is a field since E|, is. ([l

Proposition 2.4. Let X be a normal model of a semiglobal field F, let U be a
nonempty connected affine open subset of the closed fiber of X, and let Ey be a
finite separable field extension of Fyy. Then there is a finite separable field extension
FE of F such that E ®r Fy =& Ey as extensions of Fy.

Proof. Let U be the closure of U in the closed fiber X of X. After blowing up X
at the points of Py := U \ U (which changes the model X' but does not change F,
U, or Fy), we may assume that U is unibranched at each point of Py (see [Lip75,
Lecture 1]). Let P be a finite set of closed points of X that satisfies P N U = Py
and which contains at least one point on each irreducible component of X. Let U
be the set of connected components of X \P. Then U € U, and each element of U
is affine.

For each point P € Py, consider the unique branch o at P on U. Then E :=
Ey ®p, F,, is a finite direct product of finite separable field extensions E, ; of F,.
By Proposition 2.3, for each ¢ there is a finite separable field extension Ep; of Fp
such that Ep; ®p, I, = E,; and such that Ep; ®p, F is a trivial étale algebra
over F, for every other branch o’ at P. So the direct product of the fields Ep;
(ranging over %) is a finite étale Fp-algebra Ep satisfying Ep ®p, F, = F, and
such that Ep ®p, F, is the trivial étale algebra of degree n := [Ey : Fy] over Fi,.
Here Ep is well defined for each P € Py since p is unique given P.

For every P € P that is not in Py, let Ep be the trivial étale algebra of degree
n over Fp. Similarly, for every U’ € U other than U, let Eys be the trivial étale
algebra of degree n over Fy, and for every branch p at a point that is not in U,
let £, be the trivial étale algebra of degree n over Fy,. Thus for every branch g
at a point P € P lying on some U’ € U (including the case U’ = U), we have
isomorphisms Ep ®p, F, & E, = Ey ®p,, F,. But patching holds for finite
separable algebras in this context; see [HHK15b, Proposition 3.7 and Example 2.7].
So there is a finite étale F-algebra E that compatibly induces all of the algebras
Ep, Ey:, E,. Since Ey is a field, so is E. (Il

The above two propositions suggest analogous statements in which the roles of
P and U are interchanged: The analogue of Proposition 2.3 would assert that if
@ is a branch at a point P in U \ U, then every finite separable field extension
of F,, would be induced by a finite separable field extension of Fy;. The analogue
of Proposition 2.4 would say that every finite separable field extension of Fp is
induced by a finite separable field extension of F'. This does not hold in general, as
the following example shows.

Example 2.5. Let T denote the complete discrete valuation ring k[[t]], where k
is a field of characteristic p > 0. Let X be the projective z-line over T, and let
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P be the origin on the projective k-line X. Then Fp equals k((¢,x)), the fraction
field of k[[t,z]]. Consider the field extension Ep/Fp generated by the solutions
of y? —y = ¢, where « is a transcendental power series (i.e., a power series in
transcendental over F' = k((t))(z)). Then one can show that Ep is not induced by
an extension of F' in the above sense. In fact, this example is a special instance

of [HHKPS17, Proposition 2.15], to which we refer the reader for a proof.

In [HHKPS17, Section 2], it is shown that versions of descent for field extensions
with the roles of P and U interchanged do hold when the residue field k of K has
characteristic 0, and that as a consequence there are local-global principles in that
situation. To treat the more general case, we consider a different type of descent
in the next subsection.

2.2. Descent of existence of points. In order to prove a local-global principle
(with respect to patches) for zero-cycles in arbitrary characteristic, we prove a de-
scent result for the existence of points instead of field extensions (Proposition 2.10).
Specifically, let T' be an excellent henselian (e.g., complete) discrete valuation ring,
and choose a normal model X of a one-variable function field F' over the fraction
field K of T. In the context of Notation 2.2, we show that if Ep/Fp is a separable
field extension whose degree is not divisible by some prime number ¢, and if Z is
an F-scheme of finite type which has an Ep-point, then there is a finite separable
field extension E/F of degree prime to ¢ such that Z has a point over £ ®p Fp.
First, some preparation is needed.

For P a point on the closed fiber of X' as above, the henselization RY% of Rp
is the same as the henselization at P of the coordinate ring of an affine open
subset of X that contains P. Since that coordinate ring is of finite type over the
excellent henselian discrete valuation ring T'; Artin’s approximation theorem [Art69,
Theorem 1.10] applies to a system of polynomial equations over RII‘) and asserts
that if there is a solution over ﬁp, then there is a solution over R}},. By clearing
denominators, the same assertion holds with Ep and R}IB replaced by Fp and FB,
where F3 is the fraction field of R (this being a separable field extension of F).
We use this in the proof of the next proposition.

Note that we may pick a fixed algebraic closure Fp of Fp, and let F be the
algebraic closure of F in Fp. Thus F is an algebraic closure of F' that contains FB.

Proposition 2.6. Let T be an excellent henselian discrete valuation ring with
fraction field K. Let F be a one-variable function field over K (e.g., a semiglobal
field if K is complete), and let X be a normal model of F. Let P be a (not necessarily
closed) point of the closed fiber of X, and let Z be an F-scheme of finite type. Let
{ be a prime number, and suppose that there is a finite separable field extension
Ep/Fp of degree prime to £ such that Z(Ep) is nonempty. Then there is a finite
separable field extension E}D/Fllg of degree prime to £ such that Z(E%) is nonempty.

Proof. Let d be the smallest positive integer that is prime to ¢ such that there
is a finite separable field extension Ep/Fp of degree d for which Z has an Ep-
point £. Since Ep is separable over Fp, there are exactly d distinct Fp-embeddings
01,...,04 0of Ep into an algebraic closure Fp of Fp. By the minimality of d and Ep,
the point (01(€),...,04(&)) € Z%(Fp) does not lie on the closed subset A C Z9,
where two or more of the entries are equal. Consider the image D C S%(Z) of
A in the dth symmetric power of Z; i.e., S4Z) \ D = (Z% \ A)/S;. The image
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¢ € SUZ)NDof (a1(€),...,04(£)) is an Fp-point on this F-scheme, corresponding
to a morphism Spec(Fp) — S(Z) ~ D. The image of this morphism is a point of
(the underlying topological space of) S¥(Z) \. D, and this lies in some affine open
subset Spec(A) C S%(Z) ~\. D. This point corresponds to a solution over Fp to a
system of polynomial equations over F' that defines A.

By Artin’s approximation theorem, there is a solution to this system of equations
over the field F3. This corresponds to an F}g—point ¢’ on S4(Z) \ D. Pick a point
on Z% ~ A that maps to (/. BEach entry lies in an algebraic closure of F}% or,
equivalently, of F'. The d entries are distinct, and this set of entries is stable under
the absolute Galois group of F§ since ¢’ is defined over F3. Thus the entries form
a disjoint union of orbits under this absolute Galois group, say, of orders dy, ..., d,,
with ). d; = d. Since d is prime to £, so is some d;. Let £’ be an entry lying in the
ith orbit; this defines a point of Z, say, with field of definition E. Then the field
E’, is separable over FI}; by the distinctness of the entries; the degree of Ep over
FU is d;, which is prime to ¢; and ¢ is an E/s-point of Z. O

The above proof actually shows more—viz., that if [Ep : Fp] is nnmmal for the
given property, then E can be chosen so that [E : FB] = [Ep : Fp). This follows
from the fact that, at the end of the proof, d; must equal d (i.e., there is just one
orbit) by minimality of d and because £’ induces a point of Z over an extension of
Fp of degree at most d;.

Lemma 2.7. Let L C L' C E’ be separable algebraic field extensions, where [E' : L']
is finite. Let Z be an L-scheme of finite type such that Z(E") is nonempty. Then
there are finite separable field extensions L C L - E such that L C L' and E CF,
that [E : L) = [E' : L']; Z(E) is nonempty, and that E' is the compositum of its
subfields E and L'.

Proof. Let € € Z(E'). Since Z is an L-scheme of finite type, there is an affine
open subset of Z that contains £ and is L-isomorphic to a Zariski closed subset
Y of A} for some n. Let y1,...,y, € E’ be the coordinates of the image of £ in
Y. Let z be a primitive element of the finite separable field extension E’/L’, say,
with minimal monic polynomial g over L’ of degree d = [E’ : L']. Thus each y; is
of the form Z?;S cij2) with ¢;; € L. Let L be the subfield of L' generated over
L by the coefficients of g and by the elements c;;; this is finite over L, and it is
separable over L since L’ is. The polynomial g is irreducible over L because it is
irreducible over L'. Thus E := L( )JC Eis separable and of degree d over L and
ECEL =1L(z ) = E'. Also, each y; lies in E since z € E and cij € LCE. So

(y1,...,yr) € Y(E), and thus £ € Z(E). O

Lemma 2.8. Let ¢ be a prime number, and let L C LCE be finite separable field
extensions such that [E Z] is prime to (. Let E be the Galois closure of E/L
Then for every Sylow L-subgroup S of Gal(E/L) there is some o € Gal(E/L) such
that the compositum LES C E contains o(E).

Proof. The intersection Gal(E/L) nsc Gal(E/L) is an {-subgroup of Gal(E/z),
so it is contained in a Sylow é—subgroup S* of Gal(E/L) Let S’ be a Sylow (-
subgroup of Gal(E/E) Since [E L] is prime to £, the group S’ is also a Sylow
{-subgroup of Gal(E/L). Thus S*, S’ are conjugate subgroups of Gal(E/L), say,
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by an element o € Gal(E/L) C Gal(E/L) Since S’ C Gal(E/E) its conjugate
S* = (9")? is contained in Gal(E/a( )). Thus ES” contains J(E). So LES =
EGaE/DES = EGELI(E/L)OS7 which contains ES” and hence contains o(E). O

Recall that if L is a field, Z is an L-scheme of finite type, and A/L is a finite
direct product of field extensions L;/L, an A-point on Z is a collection of points in
Z(L;) for each 7. In particular, Z(A) is nonempty if and only if Z(L;) is nonempty
for all 3.

Proposition 2.9. Let ¢ be a prime number, and let L C L' C E’ be separable
algebraic field extensions, where [E’ : L'] is finite and prime to £. Let Z be an L-
scheme of finite type such that Z(E') is nonempty. Then there is a finite separable
field extension E/L of degree prime to £ such that Z(E ®r, L") is nonempty.

Proof. Let L and E be as in Lemma 2.7; in particular, [E : E} = [E': L'] is prime
to £. Let E be the Galois closure of E over L, let S be a Sylow f-subgroup of
Gal(E/L), and let E be the fixed field £S. We will show that E has the desired
properties.

Since S is a Sylow (-subgroup of Gal(E/L), the degree of E over L is prime
to £. In order to show that Z(E ®p, L’) is nonempty, it is sufficient to show that
Z(E ®;, L) is nonempty, because L C L C L. Since E/L is a separable field
extension of finite degree, E @, L is a finite separable algebra over L and hence
is a finite direct product H E; of finite separable field extensions of L. Tt therefore
suffices to show that Z (EZ) is nonempty for all . Here each E is isomorphic to
a compositum of L and E with respect to some L-embeddings of those two fields
into the common overfield E (since E/L is Galois).

After conjugating, we may assume that the above L-embedding of Lin F is
the given one (i.e., the original composition L E < E), while allowing the L-
embedding of E into E to vary. The images of E in E under the various L-algebra
embeddings are just the Galois conjugates o(E) for o € Gal(E/L). Since E is the
fixed field £ , its Galois conjugates are the fixed fields of the conjugates of S—viz.,
the fields ES" where S’ varies over the Sylow (-subgroups of Gal(E/L). So it
suffices to show that, for each S’, there is a point of Z defined over the compositum
LES CE.

So consider any . S’. By Lemma 2.8 (Which applies since [E : E] is prime to ¢),
LES contains 7(E) for some T € Gal(E/L) But Z is an L-variety that has
an E- -point ¢, by Lemma 2.7. Hence Z also has a 7(E)-point—viz., 7(£). But
Z( (E)) C Z(LES') since 7(E) C LES . So, indeed, Z has a point defined over
LES. (|

Proposition 2.10. Let T be an excellent henselian discrete valuation ring with
fraction field K. Let F be a one-variable function field over K (e.g., a semiglobal
field, if K is complete), and let X be a normal model of F. Let P be a (not
necessarily closed) point of the closed fiber of X, and let Z be an F-scheme of finite
type. Let ¢ be a prime number, and suppose that there is a finite separable field
extension Ep/Fp of degree prime to £ such that Z(Ep) is nonempty. Then there
is a finite separable field extension E/F of degree prime to £ such that Z(E ®p Fp)
18 nonempty.
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Proof. By Proposition 2.6, there is a finite separable field extension Ef,/F5 of
degree prime to ¢ such that Z(E%) is nonempty. Applying Proposition 2.9 with
L=F, L' =F}B, and E' = E/,, we obtain a finite separable field extension E/F of
degree prime to ¢ such that Z(E ®p FI};) is nonempty. But FI}; is contained in Fp,
so Z(FE ®p Fp) is nonempty. O

2.3. Local descent results. In this subsection, we establish local descent results
which will be used to prove local-global principles with respect to discrete valuations
in Subsection 3.3.

Let A be a complete regular local ring of dimension 2 with field of fractions F'
and residue field k. For any prime 7 of A, let F; denote the completion of F' with
respect to the discrete valuation associated with 7, and let k(7) denote the residue
field.

The following lemma is proved in [PPS16, Lemma 5.1] for Galois extensions, and
a similar proof gives the general case.

Lemma 2.11. Let A be a complete regular local ring of dimension 2, let F' be its
field of fractions, and let k be its residue field. Let w,0 € A generate the mazimal
ideal, and let E/F; be a finite separable unramified field extension. If char(k) does
not divide [E, : F;|, then there exists a finite separable field extension E/F such
that E ®p F. ~ E., and the integral closure of A in E is a complete regular local
ring with fraction field E and mazimal ideal (7',0"), where ' and §' generate the
unique primes lying over m and J§, respectively.

Proof. The residue field F(m) of Fy is the field of fractions of A/(m). Since A is
a complete regular local ring, A/() is a complete discrete valuation ring, k is the
residue field of A/(7), and the image 0 of d is a uniformizer in A/(7).

Let E(r) be the residue field of E; this is a complete discretely valued field. Let
L(7) be the maximal unramified field extension of F(7) contained in E(r), and let
L, be the subextension of E,/F, whose residue field is L(7). Let s be the residue
field of E(m) (or, equivalently, of L(m)) at its discrete valuation. Since [E; : Fy]
is coprime to char(k), so is [k : k], and thus x is a finite separable field extension
of k. Write k = k[t]/(f(¢t)) for some monic separable polynomial f(t) € k[t]. By
lifting the polynomial f(¢) to a monic polynomial over A, we obtain a finite étale
A-algebra B; this is a complete regular local ring with maximal ideal (7, d) at which
the residue field is k. The residue field of L (i.e., of B) at = is L(w). Since the
same is true for L., it follows that the complete discretely valued fields L ®p F
and L, are isomorphic over F,. Note that the image 6 € B/(7) C L(r) of § is a
uniformizer for L().

Now E(7)/L(w) is totally ramified of degree d prime to char(k). So by [Lan70,
Proposition 11.5.12], E(x) = L(x)(Vvd) for some unit v € B/(r), the valuation
ring of L(7). Let v € B be a lift of v € B/(x), and let E = L(+/ud). Then E is a
finite separable field extension of F', and FE®p F, ~ E®; LQp Fr ~ E®p L, ~
L.(Vud) ~ E,. The integral closure of B in E (or, equivalently, of A in E) is a
two-dimensional complete local ring with maximal ideal (r, m), and hence it is
regular. Its fraction field is E, and the ideals in this ring that are generated by =«
and ¥/ud are the unique prime ideals lying over the ideals (7) and (§) in A. So F
is as asserted. ]

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



LOCAL-GLOBAL PRINCIPLES FOR ZERO-CYCLES 5271

The above lemma can be used to obtain a descent statement for not necessarily
unramified extensions.

Lemma 2.12. Let A be a complete regular local ring of dimension 2, let F be its
field of fractions, and let k be its residue field. Let w,0 € A generate the mazimal
ideal, and let E;/Fy be a finite separable field extension. Suppose that char(k) does
not divide [E, : Fy]. Let £ be a prime number. If [E, : Fy] is prime to £, then there
exists a finite separable field extension E/F such that the following hold:

[E : F] is prime to L.

E®p Fy is a field.

E is isomorphic to a subfield of E Qp Fi.

The integral closure of A in E is a complete regular local ring with fraction
field E and mazimal ideal (n',8"), where ©' and &' generate the unique
primes lying over m and §, respectively.

Proof. Let L,/F, be the maximal unramified extension contained in E.. By
Lemma 2.11, there is a finite separable extension L/FE such that L ® F; ~ L,
that the integral closure of A in L is regular with maximal ideal (7/,4"), and that
(7') and (") are the unique primes lying over the primes (7) and (4) of A. Thus,
replacing F,; with L, and F with L, we may assume that F,/F is totally ramified.
Since char(k) does not divide n := [E, : Fy], neither does the characteristic of the
residue field k() of Fr. Hence E, = F({/un) for some u € F,; which is a unit
at the discrete valuation of F [Lan70, Section IL.5, Proposition 12]. Let @ be the
image of u in k(). Since k() is the field of fractions of A/(), we have @ = 6"
for some i and some unit ¥ € A/(w) with preimage v € A. Thus u~1vd® lies in the
valuation ring of F;; and is congruent to 1 mod 7. By Hensel’s lemma, this element
has an nth root in Fy, so E, = F.(Vvdir). Let E = F({/6, {/vr). Since n is not
divisible by either char(k) or ¢, the field extension E/F' is separable and of degree
prime to £. Moreover, E ®p F, is isomorphic to the field Fy(3/3, {/vm), which
contains E, as a subfield. Since E/F is finite and since A is a complete local ring
with fraction field F', the integral closure B of A in E is a complete local ring with
fraction field E. By [PS14, Lemma 3.2], B is a regular local ring with maximal
ideal (¥/9, {/vm). Since (/0) and (/o) are the unique primes of B lying over the
primes (9) and (7) of A, the result follows. O

Finally, we require a simultaneous descent result.

Lemma 2.13. Let A be a complete reqular local ring of dimension 2, let F be
its field of fractions, let (w,0) be its mazimal ideal, and let k be its residue field.
Suppose that char(k) = 0. Let E;/F, and Es/Fs be finite field extensions. Let ¢ be
a prime. Suppose that the degrees of E./Fy and Es/Fs are prime to £. Then there
exists a finite (separable) field extension E/F such that the following hold:

[E : F) is prime to L.

The integral closure of A in E is a complete regular local Ting.

E®p F; and E®p Fs are fields.

E. is isomorphic to a subfield of E ®p F.

FEs is isomorphic to a subfield of E Qp Fy.

Proof. By Lemma 2.12, there exists a finite (separable) field extension E/F such
that [F : F)] is prime to ¢, that E ®p F} is a field which contains an isomorphic
copy of E, as a subfield, and that the integral closure B of A in F is a regular local
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ring with maximal ideal (7/,0"), with 7’ and ¢’ lying over 7 and J, respectively.
Moreover, the ideals (') and (') are uniquely determined by 7 and 6. Since ¢’ is a
prime lying over §, Fs C Es. Since Ej / Fs is a separable field extension, Fs® g, Es
is a product of field extensions E;/Es . Since [Ej : Fj| is prime to ¢, [E; : Ey] is
prime to ¢ for some 1.

Again by Lemma 2.12 (this time applied to the complete regular local ring B
and E;/Es), there exists a finite field extension E/E of degree prime to £ with the
following properties: F ®z Eys is a field containing F; as a subfield, the integral
closure B of B in E is a complete regular local ring having fraction field £ and
maximal ideal of the form (7”,6"”), and (7”) and (§"’) are the unique primes of B
that lie over the primes (/) and (8’) of B. Note that the uniqueness of (¢') implies
that Ey = E @p Fj. Since Ej is isomorphic to a subfield of E;, Ej is isomorphic
to a subfield of £ @5 Ess = F ®f (E’ ®p Fs5) = E ®p Fs as claimed. Similarly,
E, is a subfield of E ®p F., which is a subfield of F ® p F; by base change. The
uniqueness of (7') implies that the latter is a field. Since [E : E] and [E : F] are
prime to ¢, [E : F)] is prime to ¢. Since the integral closure of A in E is B, the
assertion follows. |

3. LOCAL-GLOBAL PRINCIPLES FOR ZERO-CYCLES

Let F be a field, and let Z be an F-scheme. A zero-cycle on Z is a finite Z-linear
combination Y n;P; of closed points P; of Z. Its degree is Y n; deg(P;), where
deg(P;) is the degree of the residue field of P; over F'. We say that a closed point
P of Z is separable if its residue field is separable over F. A zero-cycle > n;P; is
called separable if each P; is.

We will prove local-global principles for zero-cycles in different settings. First,
we consider collections of overfields coming from patching and from points on the
closed fiber of a model. Second, we will use this to obtain local-global principles
with respect to discrete valuations. Many of the statements in this section rely on
the descent results in the previous section. In our results, we have to assume a
local-global principle for points (in the respective setting) over the function field F’
as well as over all of its finite separable field extensions. This is analogous to results
in the number field case; see [Lial3, Prop. 3.2.3], [CT15, Section 8.2]. Example 3.7
shows that this hypothesis is actually necessary. Corollary 3.10 exhibits situations
in which the assumption is satisfied.

3.1. Local-global principles with respect to patches and points. In this
subsection, we prove that certain local-global principles for the existence of ratio-
nal points imply analogous local-global principles for zero-cycles, for varieties over
semiglobal fields. This will be proven in two contexts, one where the overfields
come from patching, and one where they correspond to points on the closed fiber
of a model.

Notation 3.1. Let X be a normal model of a one-variable function field F' over
a discretely valued field K, and let X denote the closed fiber. Let P be a finite
nonempty set of closed points of X that meets each irreducible component of X,
and let U be the set of connected components of the complement of P in X. Let
B be the set of branches of X at points of P. We let Q4 be the collection of field
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extensions Fp/F where P is a (not necessarily closed) point of X, and let Qx p
denote the collection of field extensions F¢/F where £ € PUU. (See Notation 2.2.)

Notation 3.2. Let X be a normal model for F' as above, and let E/F be a finite field
extension. We let Xg denote the normalization of X' in E. (This is a normal model
for E.) If P is a finite set of closed points of X', we let Pr denote its preimage
under the natural map Xg — X.

Definition 3.3. Let F be a field, let Z be an F-scheme of finite type, and let
be a collection of overfields of F'. We use the following terminology:
e The pair (Z,Q) satisfies a local-global principle for rational points if it has
the following property: Z(F) # & if and only if Z(L) # & for every L € Q.
e The pair (Z,0Q) satisfies a local-global principle for closed points of degree
prime to £ if it has the following property: Z has a closed point of degree
prime to ¢ if and only if the base change Z has a closed point of degree
prime to ¢ for every L € .
e The pair (Z, Q) satisfies a local-global principle for zero-cycles of degree one
if and only if it has the following property: Z has a zero-cycle of degree one
if and only if Z; has a zero-cycle of degree one for all L € 2.
Similarly, one can speak of a local-global principle for separable closed points or
separable zero-cycles.

Below we consider the case where F' is a semiglobal field (i.e., K is complete).
Note that a finite separable field extension E/F is again a semiglobal field.

Theorem 3.4. Let F' be a semiglobal field with normal model X. Let P be a finite
nonempty set of closed points that meets every irreducible component of the closed
fiber X of X. Let Z be an F-scheme of finite type. Assume that, for all finite
separable field extensions E/F, (Zg,Qxy py) satisfies a local-global principle for
rational points. Then, for every prime number £, (Z,Qx p) satisfies a local-global
principle for separable closed points of degree prime to £.

Proof. Let U be as in Notation 3.1. We need to prove that if Zp, has a separable
closed point z¢ of degree prime to ¢ for every £ € P UU, then Z has a separable
closed point z of degree prime to ¢. For each &, let E¢/F; be the residue field
extension at z¢.

By Proposition 2.4, for each U € U, there is a finite separable field extension Ay
of F that induces Ey (i.e., Ay @ Fy is isomorphic to Ey) and hence has degree
prime to ¢. In particular, each Z(Ay ®p Fyy) is nonempty. By Proposition 2.10,
for each P € P, there is a finite separable field extension Ap of F' of degree prime
to ¢ such that Z(Ap ®p Fp) is nonempty. Let A be the tensor product over F' of
both of the fields Ap and Ay. This is an étale F-algebra of degree prime to ¢, and
it is the direct product of finite separable field extensions A; of F', each of which
is a compositum of the fields Ap and Ay. Since the degree of A is the sum of the
degrees of the fields A; over F', at least one of those fields A; has degree prime to
£. Write E for this field. So E/F is separable of degree prime to ¢, and, for each
€ PUU, Z(E ®p F¢) is nonempty.

Let Xg, Pg be as in Notation 3.2, let Xg be the closed fiber, and let Ug be the
set of connected components of the complement of Pgr in Xg. For each P € P,
FE ®p Fp is the direct product of the fields Ep:, where P’ runs over the points of
P that lie over P; and the corresponding assertion holds for each U € U. Hence
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for each ¢’ € PgUUE, Z(Eg ) is nonempty. By assumption, this implies that Z(E)
is nonempty; i.e., Z has a point defined over a finite separable field extension of F'
of degree prime to £. O

The hypothesis in the above theorem cannot be weakened to consider merely F'
instead of all finite separable field extensions; see Example 3.7.

Given a variety V over a field k, the index (resp., separable index) of V is
the greatest common divisor of the degrees of the finite (resp., finite separable)
field extensions of k over which V has a rational point. This is the same as the
smallest positive degree of a zero-cycle (resp., separable zero-cycle) on V. In this
terminology, Theorem 3.4 says that if the separable index of each Zp, is prime to
¢, then so is the separable index of Z; i.e., if each ZF, has a zero-cycle of degree
prime to ¢, then so does Z.

Corollary 3.5. Let F be a semiglobal field with normal model X, and let X denote
the closed fiber. Let P be a finite nonempty set of closed points of X which meets
every irreducible component of X. Let Z be an F-scheme of finite type such that, for
every finite separable extension E/F, (Zg,Qxy py) satisfies a local-global principle
for rational points. Then the prime numbers that divide the separable index of Z
are precisely those that divide the separable index of some Zy, for L € Qx p. In
particular, the separable index of Z is equal to 1 if and only if the separable index
of each Zy, is equal to 1.

Corollary 3.6. In Corollary 3.5, if char F' = 0, or if Z is reqular and generically
smooth, then the assertion remains true if the separable index is replaced by the
index. In particular, (Z,Qx p) satisfies a local-global principle for zero-cycles of
degree one.

Proof. This is trivial in the former case. In the latter case, it follows from the fact
that, under those hypotheses, the index is equal to the separable index [GLL13,
Theorem 9.2]. O

The above results (and their proofs) show that if (Zg, Qx, p,) satisfies a local-
global principle for rational points for all finite separable E/F, the index (resp.,
separable index) of Z divides some power of the least common multiple of the indices
(resp., separable indices) of the fields Zy, for L € Qx p. It would be interesting to
obtain a bound on the exponent, in terms of F and Z. (See [HHKPS17, Section 2.2]
for a partial result in this direction.)

Example 3.7. This example shows that, in Theorem 3.4 and in Corollaries 3.5
and 3.6, we cannot simply assume that Z satisfies a local-global principle over
F, but we must also consider finite field extensions of F. Let k& be a field of
characteristic 0, let T = E[[t]], let K = k((¢)), let F = K(x), and let X be the
projective z-line over T. On the closed fiber of X, take P to be the set {Py, P}
consisting of the two points on the closed fiber where x = 0 and where x = 1. The
complement of P in the closed fiber is a connected affine open set U; take U = {U}.

Let E = Fly]/(y*—2(z—t)(x—1)(x—1-t)), a degree two separable field extension
of F' that splits over Fyy but whose base change to Fp, is a degree two field extension
for i = 0,1. So the (separable) index of Y := Spec(F) is 2 over F' and over each
Fp,, but it is 1 over Fy;. The normalization ) of X' in E is a degree two branched
cover of X whose fiber over the generic point of &' is Y, and whose fiber over the
closed point of Spec(T') consists of two copies of the projective k-line that meet at
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two points. Its reduction graph contains a loop, so by [HHK15a, Proposition 6.2]
there is a degree three connected split cover Z — Y (i.e., Z Xy Q consists of three
copies of @ for every point @ € ) other than the generic point). The fiber Z of Z
over the generic point of X is the spectrum of a degree six separable field extension
L of F, and hence the index of Z over F'is 6. But since Z — ) is a split cover, the
index of Z over each Fp, is 2 and over Fyy is 1 (the same as for V).

Since the index of Z over F' (resp., over Fp,, Fy) is 6 (resp., 2, 1), it follows
that Z(Fp,) = 0, and hence (Z, Qx p) trivially satisfies a local-global principle for
rational points, but the conclusions of Theorem 3.4 and its corollaries fail here if
we take ¢ = 3. The explanation is that (Zg,Qy p,) does not satisfy a local-global
principle for rational points due to the above index computations for Z.

We next prove analogous results in which all of the points on the closed fiber X
of X are used. That is, instead of considering a collection of overfields of the form
Qx p for some finite set P as before, we consider the collection {2x of all overfields
of F of the form Fp, where P ranges over all (not necessarily closed) points of X.

Proposition 3.8. Let F' be a semiglobal field with normal model X, and let P be a
finite nonempty set of closed points of X which meets every irreducible component
of the closed fiber. Let Z be an F-scheme of finite type. Then the following are
equivalent:

(1) (Z,9Qx) satisfies a local-global principle for rational points.
(2) For every choice of P as in Notation 3.1, (Z,Qx p) satisfies a local-global
principle for rational points.

Proof. First, suppose that (Z,Qy) satisfies a local-global principle for rational
points. Let P and U be as in Notation 3.1. Assume that Z has a rational point
over F¢ for each £ € P UU. Then every point P of X that is not contained in P
lies in some U € U, and hence Fy C Fp. Thus Z has a rational point over Fp for
every point P € X (including the generic points of irreducible components). Hence
by hypothesis, Z has an F-point. Thus (Z,Qx p) satisfies a local-global principle
for rational points.

Conversely, suppose that (Z, Qx p) satisfies a local-global principle for rational
points for every choice of P as above. Assume that Z(Fp) is nonempty for every (not
necessarily closed) point P € X. Given an irreducible component X; of X, consider
its generic point n;. By [HHK15a, Proposition 5.8], since Z(F3,) is nonempty, it
follows that Z(Fy,) is also nonempty for some nonempty affine open subset U; C X;
that does not meet any other irreducible component of X. Let ¢ be the collection
of these disjoint open sets U; of X, and let P be the complement of their union
in X; note that this is a nonempty finite set of points. By hypothesis, Z has an
F-point (note that Z(Fp) is nonempty for each P € P). So (Z,Qx) satisfies a
local-global principle for rational points. O

Using Proposition 3.8, we obtain the following result, which parallels Theo-
rem 3.4 and Corollaries 3.5 and 3.6.

Theorem 3.9. Let F' be a semiglobal field with normal model X. Let Z be an
F-scheme of finite type such that, for every finite separable field extension E/F,
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(Zg,Qxy) satisfies a local-global principle for rational points. Then the following
hold:

(a) For every prime number ¢, (Z,Qx) satisfies a local-global principle for sep-
arable closed points of degree prime to {.

(b) The prime numbers that divide the separable index of Z are precisely those
that divide the separable index of Zy, for some L € Q. In particular, the
separable index of Z is equal to 1 if and only if the separable index of each
71, s equal to 1.

(¢) Ifchar(F) = 0 or Z is regular and generically smooth, the previous assertion
remains true if the separable index is replaced by the index. In particular,
(Z,Qx) satisfies a local-global principle for zero-cycles of degree one.

Proof. We begin by proving (a). Suppose that, for every P in the closed fiber X of
X, Z has a point over a finite separable extension Ep of Fp having degree prime to
{. For each irreducible component X; of X with generic point 7;, Proposition 2.10
yields a finite separable field extension F; of F of degree prime to ¢ such that
Z(E; ®F F,,) is nonempty. By [HHK15a, Proposition 5.8], there is a nonempty
affine open subset U; C X; that meets no other irreducible component of X such
that Z(F; ®F Fy,) is nonempty. Since F;/F is a separable field extension of degree
prime to ¢, so is Ey,/Fy, for some direct factor Ey, of E; @ Fy,. Here Z(Ey,) is
nonempty since Z(E; @ Fy,) is nonempty.

As in the proof of Proposition 3.8, we let U be the collection of open sets Uj;,
and we let P counsist of the (finitely many) closed points of X that do not lie in any
U;. For any finite separable field extension E/F, (Zg,{Qx, p,) satisfies a local-
global principle for rational points, by the hypothesis of the theorem together with
Proposition 3.8 applied to Zg. So by Theorem 3.4, (Z, Qx p) satisfies a local-global
principle for separable closed points of degree prime to ¢. Since Z has a separable
point of degree prime to ¢ over F¢ for each £ € P UU, it follows that Z has a
separable point of degree prime to £.

The other two statements are then immediate, as in the analogous case for Qx p
in Corollaries 3.5 and 3.6. O

The following corollary exhibits some cases in which our theorem above applies,
for homogeneous spaces under linear algebraic groups that are connected and (re-
tract) rational. Here, by a homogeneous space Z under a linear algebraic group
G defined over a field F, we mean an F-scheme Z together with a group scheme
action of G on Z over F such that the action of the group G(F) on the set Z(F)
is simply transitive.

Corollary 3.10. Let F be a semiglobal field with normal model X. Let G be a
linear algebraic group over F' (i.e., a smooth affine group scheme over F), and let
Z be a homogeneous space for G. In each of the following cases, the prime numbers
that divide the separable index of Z are exactly those that divide the separable index
of some Zy,, where L € Qx, and moreover, (Z,Qx) satisfies a local-global principle
for separable zero-cycles of degree one.

(1) G is connected and retract rational, and Z is a torsor under G.
(2) G is connected and rational, and G(E) acts transitively on Z(E) for every
field extension E/F.
The same conclusion holds without separability (i.e., for the index and for zero-
cycles) if Z is smooth; e.g., this holds in case (1).
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Proof. In both cases, (Z,Qx) satisfies a local-global principle for rational points.
In the first case, this was shown in [Kral0] (see also [HHK15a, Corollary 6.5] for
the case in which G is rational); in the second, this follows from [HHK15a, Corol-
lary 2.8]. These local-global principles also hold for Zg if E/F is a finite separable
field extension of F, since the above assumptions on F' are preserved under such
a base change. Thus Theorem 3.9(b) applies. If Z is smooth (e.g., in case (1)),
Theorem 3.9(c) also applies. O

Theorem 3.9 also applies in the case of certain other linear algebraic groups that
need not be rational; see [HHK14, Section 4.3] for examples.

3.2. Local-global principles over excellent henselian discrete valuation
rings. In this subsection, 7" is assumed to be excellent henselian instead of com-
plete. We now extend the results from the previous subsection to that case via
Artin approximation.

Let T be an excellent henselian discrete valuation ring with residue field k& and
fraction field K. Let X be a normal flat projective T-curve with closed fiber X
and function field F’; i.e., X is a normal model of F. Every finite separable field
extension of F is also the function field of a normal flat projective T-curve. The
completion TofTisa complete discretely valued field with the same residue field
k; its fraction field K is the completion of K. Because T is henselian, the base
change X := X xp T is a normal connected projective T-curve with closed fiber
X and function field F := frac(F @k K ). The complete local rings of X and X
at a point P € X are naturally isomorphic, so we may write ﬁp and Fp without
ambiguity for those rings and their fraction fields. Similarly, for U as an affine
open subset of the closed fiber, the notations EU and Fy are unambiguous, being
the same for X and X. If E /F is a finite separable field extension, we write
E=F ®p F = frac(E Q@ K) This is the function field of the normalization Xg
of X in F, whose closed fiber is denoted by Xg.

Proposition 3.11. In the above situation, let Z be an F-scheme of finite type, and
let E/F be a finite separable field extension. If Z(E) is nonempty, then so is Z(E).

Proof. By hypothesis, Zg has a point over E. By Artin’s approximation theo-
rem [Art69, Theorems 1.10 and 1.12], Zg also has an E-point. Equivalently, Z has
an F-point. ([l

Let F be as above with normal model X', and let Z be an F-scheme of finite
type. As in Definition 3.3, Qx denotes the set of all overfields of the form Fp. By
Proposition 3.11, (Z, Qx) satisfies a local-global principle for rational pomts if and
only if (2 ,5) satisfies such a local-global principle, where Z:=27xpF.

Preserving the notation given just before Lemma 3.11, we have as follows.

Proposition 3.12. The assertions of Theorem 3.9 remain true if F' is the function
field of a curve over an excellent henselian discrete valuation ring T as above.

In particular, assume that Z is an F-scheme of finite type which is reqular
and generically smooth such that, for every finite separable field extension E/F,
(Zg,Qxy) satisfies a local-global principle for rational points. Then (Z,Qx) satis-
fies a local-global principle for zero-cycles of degree one.
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Proof. Let ¢ be prime, and assume that, for every P € X, there is a finite separable
extension Ep/Fp of degree prime to ¢ such that Z(Ep) is nonempty. By Propo-
sition 2.10, for each P, there is a finite separable field extension Ap/F of degree
prime to ¢ such that Z(Ap ®p Fp) is nonempty. If n is the generic point of an
irreducible component of X, then by applying [HHK15a, Proposition 5.8] to Z A

we deduce that Z(A, ®r Fy) = Z(A, @r Fy) is nonempty for some dense open
subset U of that component that meets no other component. Write Ayy = A,,. Let
U be the collection of these (finitely many) sets U, and let P be the complement in
X of the union of these sets U.

Proceeding as in the second half of the proof of Theorem 3.4 using the field
extensions Ap, Ay of F (for P € P and U € U), we obtain a finite separable
extension F/F of degree prime to ¢ such that Z(E xp F¢) is nonempty for each
& € PUU. Now every point P € X outside of P lies on some U € U, and hence Fp
contains Fyr; so Z(E X g Fp) is nonempty for every point P on the closed fiber of X.
Thus by hypothesis, Z(E) is nonempty. This proves the analogue of Theorem 3.9(a)
in the henselian case.

The henselian analogues of the remaining assertions are then immediate, as be-
fore. (]

As a consequence, Corollary 3.10 remains valid if F' is the function field of a
curve over an excellent henselian discrete valuation ring.

In the above situation, with T being an excellent henselian discrete valuation
ring and P a point of X, let RY% be the henselization of the local ring Rp at its
maximal ideal, and let F'3 be its fraction field. Also, for every discrete valuation
von F, let R, C F be the associated valuation ring, with henselization R! and
completion ﬁv, having fraction fields F" and F,. Recall that a point Q of X is
called the center of v if R, contains the local ring Oz g of @ on Z, and if the
maximal ideal mg of Oz ¢ is the contraction of the maximal ideal m, of R,.

Proposition 3.13. Let T be an excellent henselian discrete valuation ring, and let
F and X be as above. For every discrete valuation v on F, there is a point P on
the closed fiber X of X such that F5 C F".

Proof. We proceed as in the proof of [HHK15a, Proposition 7.4]. First, note that
v has a center @ on X that is not the generic point of X. In the case in which
T is complete, this was shown in [HHK15a, Lemma 7.3]; but the proof used the
completeness hypothesis only to cite Hensel’s lemma in the proof of Lemma 7.1
there, and that holds by definition for henselian rings. If @ lies on X, then we may
take P = Q. Otherwise, @ is a closed point of the generic fiber of X, of codimension
1, and v is defined by Q; so Fg = F,,. Since T is henselian, the closure of @) in X
meets X at a single closed point P. Every étale neighborhood of P in X also defines
an étale neighborhood of @, since the residue field of ) is a henselian discretely
valued field whose residue field corresponds to P. Thus R} C R} = RI' and hence

FpCFP. O

3.3. Local-global principles with respect to discrete valuations in charac-
teristic 0. In the previous subsections, we considered local-global principles with
respect to a collection of overfields arising from patching. More classically, local-
global principles are stated with respect to overfields that are completions at dis-
crete valuations. The aim of this subsection is to discuss when such local-global
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principles for rational points imply analogous principles for zero-cycles. Moreover,
we show that in some cases, the existence of local zero-cycles of degree one even
implies the existence of a global rational point.

Notation 3.14. For a field F, let Qg be the collection of overfields of F' that are
completions of I at discrete valuations.

Below we consider the function field F' of a curve over an excellent henselian
discrete valuation ring. In this situation, we begin by explaining how local-global
principles with respect to discrete valuations relate to local-global principles as
studied in the previous subsections.

Proposition 3.15. Let T be an excellent henselian discrete valuation ring, and let
F be the function field of a normal flat projective T-curve X with closed fiber X.
Let Z be an F-scheme of finite type. If (Z,Qr) satisfies a local-global principle for
rational points, then (Z,Qx) satisfies a local-global principle for rational points.

Proof. Suppose that Z has an Fp-point for every point P € X. We want to show
that Z has an F-point. By Proposition 3.13, for every discrete valuation v on
F, there is a point P € X such that F3 C F!. By Artin’s approximation theo-
rem [Art69, Theorem 1.10] applied to the coordinate ring of an affine neighborhood
of Pin X, Z has an F}%—point. Hence Z has an FP-point, and thus also an F,-point.
By the local-global hypothesis, Z has an F-point. (|

We next consider the case of torsors under a linear algebraic group G over a
function field F. These are classified up to isomorphism by the first Galois coho-
mology set H(F,G). We define I1I(F, G) to be the kernel of the local-global map
HY(F,G) — [1, H'(F,.G), where v runs over all discrete valuations on F. Hence
II(F, G) is trivial if and only if (Z, Qp) satisfies a local-global principle for rational
points for every G-torsor Z.

Theorem 3.16. Let T be an excellent henselian discrete valuation ring, let K be
its field of fractions, and let k be its residue field. Suppose that char(k) = 0. Let
F be a one-variable function field over K, and let X be a reqular model of F' over
T. Let G be a connected linear algebraic group over F which is the generic fiber
of a reductive smooth group scheme over X. Let Z be a G-torsor over F. Suppose
that, for all finite separable field extensions E/F, (Zg,Qg) satisfies a local-global
principle for rational points. Then (Z,Qr) satisfies a local-global principle for zero-
cycles of degree one. In particular, this applies if UI(E, Gg) is trivial for all finite
separable field extensions E/F.

Proof. Let Z be a G-torsor over F. Let ) be a sequence of blowups of X such that
Z is unramified except along a union of regular curves with normal crossings; i.e.,
Z extends to a torsor on the complement of the union of these curves. Since the
underlying group scheme of G is smooth over &, it is also smooth over J. Let Y
be the closed fiber of ). R

Let P € Y be a closed point. Let Rp be the regular local ring at P, and let Rp
be the completion of Rp at its maximal ideal. Since the ramification locus of Z is
a union of regular curves with normal crossings, there exist 7,6 € Rp such that the
maximal ideal at P is (,d) and that Z is unramified on Rp, except possibly at 7
and §.
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Suppose that Z has a zero-cycle of degree one over F,, for all discrete valuations
v of F. Let £ be a prime. Then there exist field extensions E./Fp, and Es/Fp s
of degree prime to ¢ such that Z(E,) # () and Z(Es) # 0. Here Fp r := (Fp), and
Fps := (Fp)s are associated with Fp as in the beginning of Subsection 2.3. By
Lemma 2.13, there exists a field extension Ep/Fp of degree prime to £ such that
the integral closure Bp of ﬁp in Ep is a complete regular local ring and that F,
(resp., Es) is isomorphic to a subfield of the field Ep ®p, Fpr (resp., Ep ®p, Fps).
Moreover, the maximal ideal of Bp is of the form (7/,4") for unique primes 7’ and
¢’ lying over 7 and ¢, respectively.

Since Z(E,) and Z(Es) are nonempty, Z(Ep ® Fp,) and Z(Ep ® Fps) are
nonempty. Hence Zg,gr,, ~ Geperp, and Zp,grp,; ~ GEpgrp ;- In particular,
Z is unramified at 7’ and ¢’. But Z is unramified on Rp, except possibly at 7 and §;
thus it is indeed unramified at every height 1 prime ideal of Bp. Hence the class of
Zp, comes from a class ¢ in H'(Bp,G) [CTS79, Corollary 6.14]. Since ( is trivial
over the completion at 7/, the image of ¢ in H'(k(r'), Q) is trivial, where k(7’)
is the residue field of E,. Since ( € H'(Bp, ), the image of ¢ in H'(k(7'), G)
comes from the image ((7’) of ¢ in H(Bp/(n'),G). Since Bp/(r’) is a discrete
valuation ring with field of fractions k(7’) and the image of ((7’) in H'(k(n'), G) is
trivial, {(n’) is trivial [Nis84]. Hence the image of ¢ in H!(x,G) is trivial, where
is the residue field of Bp. Since Bp is a complete regular local ring, Hensel’s lemma
implies that ¢ is trivial in H!(Bp, @), and hence its image is trivial in H!(Ep, G).
Thus Z(Ep) # 0. Since ged(¥, [Ep : Fp]) =1 and since the prime £ is arbitrary, Z
has a zero-cycle of degree one over Fp.

Since (Z, Q) satisfies a local-global principle for rational points, (Z, €)y) satisfies
a local-global principle for rational points by Proposition 3.15, and the same holds
for finite separable field extensions E/F. Since Z has a zero-cycle of degree one over
Fp forall P €Y, Z has a zero-cycle of degree one over F' by Proposition 3.12. [

Remark 3.17. As the proof shows, the above theorem holds under the weaker as-
sumption that for every blowup (i.e., birational projective morphism) Y — X, and
for every finite separable field extension E/F, (Zg,Qy,) satisfies a local-global
principle for rational points. This hypothesis is equivalent to the one stated in
Theorem 3.16 in important special cases, e.g., when K is complete, or when k is al-
gebraically closed and G is stably rational. The former case follows from [HHK15a,
Theorem 8.10(ii)]. In the latter case, the henselization F'3 of F at a point P on
the closed fiber is algebraic over F, so every discrete valuation on FJ restricts to a
discrete valuation on F. Thus if Z(F,) # () for every v € Qp, then Z((FB),) # 0
for every v € Qpu. By [BKGO4, Cor. 7.7], it follows that Z(F%) # (), and hence
Z(Fp) # 0 as required.

Corollary 3.18. Let T, F, X, and G be as in Theorem 3.16. Assume that the
linear algebraic group G is retract rational over F', and let Z be a G-torsor over F'.
Then (Z,Qr) satisfies a local-global principle for zero-cycles of degree one.

Proof. By Remark 3.17, it suffices to check that (Zg, 2y, ) satisfies a local-global
principle for rational points, for all blowups ) of a regular model X and all fi-
nite separable field extensions E/F. That condition holds by [Kral0] (see also
Corollary 3.10). O
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3.4. Local-global principles with respect to discrete valuations: Case of
an algebraically closed residue field. The remainder of this section is de-
voted to results about torsors and projective homogeneous spaces over certain two-
dimensional fields over an algebraically closed field k of characteristic 0, including
semiglobal fields. More precisely, we have the following.

Hypothesis 3.19. Let k be an algebraically closed field of characteristic 0. Let F
be one of the following:

(a) The fraction field of a normal, two-dimensional, excellent henselian local
ring with residue field k.

(b) A one-variable function field over the fraction field of an excellent henselian
discrete valuation ring with residue field k.

Note that if F' is a field as in Hypothesis 3.19, then finite field extensions of F
are also of the same type.

Proposition 3.20. Let F be a field as in Hypothesis 3.19. Then F has the following
properties:
(1) cd(F) < 2.
(2) For central simple algebras over finite field extensions of F, period and
index coincide.
(3) For any semisimple simply connected group G over F, H'(F,G) = 1.
(4) For any quasi-trivial torus P over F, the diagonal map

H*(F,P) — | [ H*(F., P)

is injective. (Here v runs through all discrete valuations on F.)

Proof. We first assume that F is as in Hypothesis 3.19(a). For the first three prop-
erties, see [CTGP04, Thm. 1.4], whereas property (4) is an immediate consequence
of [CTOPOO, Cor. 1.10].

Next assume F is as in Hypothesis 3.19(b). For property (1), the fraction field
K of an excellent henselian discrete valuation ring with algebraically closed residue
field is Cy by [Ser00, II, Section 3.3(c)], and hence a one-variable function field
F over K is Cy by [Ser00, II, Section 4.5, Example (b)]. Therefore cd(F) < 2
by [Ser00, end of II, Section 4.5], giving property (1). Property (2) is a special case
of [HHKO09, Corollary 5.6]. Property (4) follows from [CTOP00, Corollary 1.10(b)].
It remains to show property (3). The absolute Galois group of the fraction field K of
an excellent henselian discrete valuation ring with residue field k is procyclic and in
particular abelian, because the finite extensions of K are all obtained by taking roots
of the uniformizer. Hence K @ F/F is a procyclic field extension, of cohomological
dimension at most 1 by Tsen’s theorem. But F2P contains K ® g F since the absolute
Galois group of K is abelian, and moreover this field extension is algebraic. Hence
cd(F2P) < 1 by [Ser00, II, Section 4.1, Proposition 10]. The statement now follows
from [CTGP04, Thm. 1.2(v)] (see also [Par10, end of Section 6]). O

Remark 3.21. As pointed out by Starr, Prop. 3.20(1)—(3) for fields of type (b) in
Hypothesis 3.19 can also be deduced by a localization process from global results
established using the theory of rationally simply connected varieties (see [Stal?,
Prop. 4.4]).
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Let G be a connected reductive linear algebraic group over a field K of charac-
teristic 0. By [BK0O, Lemma 1.4.1] and [CT08, Prop. 4.1, Cor. 5.3], there exists a
central extension

1-P—-H—-G—1 (*)

such that H is a connected reductive group, its derived group H** is a (semisimple)
simply connected group, the quotient H/H®* is a torus @, and the kernel P is a
quasi-trivial torus. If moreover G is rational over K, there exists such a presentation
of G for which the torus @ is a quasi-trivial torus.

Proposition 3.22. Let F' be any field of characteristic 0, and let G be a con-
nected reductive linear algebraic group over F. Suppose that H'(F, M) = 1 for all
semisimple simply connected groups M over F. Let Z be a G-torsor over F'.
(a) If Z has a zero-cycle of degree one, then Z has a rational point.
(b) If G is rational, then Z has a rational point if and only if the image of the
class of Z under the boundary map H'(F,G) — H?(F, P) vanishes. (Here
P is as in the above short exact sequence.)

Proof. For the proof of the first statement, let 1 - P — H — G — 1 be as in ()
above. Since P is a quasi-trivial torus, H'(F, P) is trivial, and hence we have an
exact sequence of pointed sets

1— HY(F,H) - H'(F,G) — H*(F, P).

Let [Z] € HY(F,G) denote the class of Z, and let ¢ be the image of [Z] in
H?(F, P). Suppose that Z has a zero-cycle of degree one. Then since P is a torus,
using restriction-corestriction, it follows that ¢ is the trivial element. Hence there
exists an H-torsor Z such that its class [Z] € H'(F, H) maps to [Z] in H(F, Q).
Since, for any finite field extension L/F, the map H'(L, H) — H'(L, G) has trivial
kernel and Z has a zero-cycle of degree one, Z has a zero-cycle of degree one.

Consider the exact sequence 1 — H®** — H —  — 1. Since H*® is semisim-
ple simply connected, by the hypothesis H!(F, H*®) is trivial. Hence the map
HY(F,H) — H'(F,Q) has trivial kernel.

Let Z be a torsor representing the image of [Z] in H'(F,Q). Since Z has a
zero-cycle of degree one, Z has a zero-cycle of degree one. Since @Q is a torus, once
again the restriction-corestriction argument gives that Z has a rational point. Since
the map H'(F, H) — H'(F,Q) has trivial kernel, Z is trivial. In particular, Z is
trivial and hence has a rational point.

To see the second assertion, assume that G is rational over F'. Then, by the
discussion preceding Proposition 3.22, we may assume that in the exact sequence

1-H - H—Q —1,

with H*%% semisimple simply connected, @) is a quasi-trivial torus. We thus have
HY(F,H) = 1. Cohomology of the exact sequence

1-P—H-—->G—1

then gives the result. O
Theorem 3.23. Let F be a field as in Hypothesis 3.19. Let G be a connected and
rational linear algebraic group over F. Let Z be a G-torsor over F. If Z has a

zero-cycle of degree one over F, for all discrete valuations v of F', then Z has a
rational point over F'.
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Proof. Since F has characteristic 0, the kernel H!(F, R,(G)) of the map H!(F,G) —
HY(F,G/R,(@G)) is trivial by [Ser00, III, Section 2.1, Prop. 6]; here R, (G) denotes
the unipotent radical of G. The analogous statement holds for all field extensions
E/F. Hence we may assume without loss of generality that G is reductive. The
hypotheses of Proposition 3.22 then hold by Proposition 3.20(3).

Let

1-P—-H-—->G-—1

be a central extension as in the discussion preceding Proposition 3.22. As in the
proof of that proposition, this gives rise to an exact sequence of pointed sets

1— HYF,H) - HY(F,G) — H*(F, P),

and similarly,
1 — HY(F,,H) - H'(F,,G) — H*(F,, P)

for each discrete valuation v of F'. By assumption, Zr, has a zero-cycle of degree one
for each such v. By restriction-corestriction (as in the proof of Proposition 3.22),
the class of Zg, maps to the trivial element in H?(F,, P) for each v. According to
Proposition 3.20(4), this implies that the class of Z maps to the trivial element in
H?(F, P). Hence Proposition 3.22(b) applies and implies the result. |

Remark 3.24. For an alternative proof after reducing to the reductive case, first
note that Z(F,) # 0 by Proposition 3.22(a). The local case (when F is as in Hy-
pothesis 3.19(a)) now follows from [BKG04, Corollary 7.7]. In the case of a function
field of a normal curve X over an excellent henselian discrete valuation ring 7' as
in Hypothesis 3.19(b), the local case implies that Z has a point over the fraction
field of the henselization of the local ring of X at any closed point P. Hence Z also
has a point over the fraction field of the complete local ring at P. It also has a
point over F;, for each generic point 7 of the closed fiber. Thus it has a point over
the function field of X x7 7 by [HHK15a, Theorem 5.10]. This case of the theorem
then follows from Lemma 3.11.

Below we study local-global principles for zero-cycles on projective homogeneous
spaces. We use a criterion for the existence of rational points from [CTGP04]. We
begin by recalling some notation and facts (see [CTGP04, pp. 333-335], which
closely follows the work of Borovoi [Bor93]).

Let F be a field of characteristic 0. Let G be a connected reductive linear
algebraic group over F, and let Z be a projective homogeneous G-space. Let H be
the isotropy group of an F-point of Z; note that since Z is projective, H is parabolic
and hence connected. As in [CTGP04], one can define an associated F-torus H'*
(this is an F-form of the maximal torus quotient of H). Because Z is projective,
the F-torus H'*" is a quasi-trivial torus by [CTGP04, Lemma 5.6].

As in [CTGP04], one may further define an F-kernel L = (H, ), a cohomology
set H2(F,L), and a class n(Z) € H?(F,L) associated with Z. This class is a
neutral class if and only if Z comes from a G-torsor; i.e., if and only if there exists
a G-torsor Y and a G-equivariant morphism Y — Z. There is a natural map
t. : H?(F,L) — H?*(F,H*") which is functorial in the field F' [CTGP04], and
which sends neutral classes in H2(F, L) to the trivial element in H?(F, H"r).

The following proposition is an immediate consequence of [CTGP04, Prop. 5.4]
and will be the key ingredient in the proof of the theorem below.
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Proposition 3.25. Suppose that F is a field which satisfies properties (1), (2),
and (3) in Proposition 3.20. Let G be a semisimple simply connected linear algebraic
group over F, and let Z be a projective homogeneous space under G. Then Z(F) # ()
if and only if t.(n(Z)) = 1 € H?(F, H"r).

Proof. If Z(F) contains a rational point x, then the map G — Z given by the
action of G on z shows that 7(Z) is neutral, and thus t,(n(Z)) = 1 € H?(F, H"r).
Conversely, if t.(n(Z)) = 1, then n(Z) is neutral by [CTGP04, Prop. 5.4]; i.e.,
it comes from a G-torsor. By assumption, H!(F,G) consists of a single element;
hence that torsor has an F-rational point which maps to a point on Z, showing
that Z(F) # 0. O

Theorem 3.26. Let F be a field of characteristic 0 which satisfies properties (1),
(2), and (3) in Proposition 3.20. Let G be a connected linear algebraic group over
F, and let Z be a projective homogeneous G-space. If Z has a zero-cycle of degree
one, then Z has a rational point. In particular, this assertion holds whenever F is
a field as in Hypothesis 3.19.

Proof. Let R(G) be the radical of G, i.e., the maximal connected solvable subgroup
of G. This is contained in any parabolic subgroup of G. Since Z is projective, the
action of G on Z factors through G** = G/R(G). Let G°° — G*° be the simply
connected cover of G*°. Thus we may view Z as a projective homogenous G*¢-
space. Replacing G with G*¢, we may therefore assume that G is semisimple and
simply connected (see [CTGP04, proof of Corollary 5.7]).

If Z has a zero-cycle of degree one, there exist finite field extensions F;/F such
that Z(F;) # () for all ¢ and the ged of the degrees of F;/F is 1. Since Z(F;) # 0, the
image of t,(n(Z)) in H?(F;, H®*") is trivial by Proposition 3.25. Using a restriction-
corestriction argument, we conclude that t.(n(Z2)) is trivial in H?(F, H*"). One
then concludes that Z(F) # 0 by a second application of Proposition 3.25. The
last statement follows from Proposition 3.20. ]

If F' is the function field of a p-adic curve, there are projective homogeneous
spaces under simply connected groups which admit zero-cycles of degree one, but
with no rational points. See [Par05].

Theorem 3.27. Let F' be a field as in Hypothesis 3.19, let G be a connected linear
algebraic group over F, and let Z be a projective homogeneous G-space. If Z has a
zero-cycle of degree one over F, for each discrete valuation v of F', then Z has a
rational point over F'.

Proof. As in the first paragraph of the proof of Theorem 3.26, we may reduce to
the case that G is semisimple simply connected. If Z has a zero-cycle of degree
one over each F,, then a corestriction-restriction argument shows that the class
t*(n(Z)) = 1 € H?(F, H'*") has trivial image in each H2(F,, H*r). Since H*" is
a quasi-trivial torus, Proposition 3.20(4) implies that t*(n(Z)) = 1 € H?(F, H'"").
An application of Proposition 3.25 then yields Z(F) # 0. |
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