
1

OptimizationforReinforcementLearning:

FromSingleAgenttoCooperativeAgents

DonghwanLee1,NiaoHe2,ParameswaranKamalaruban3,andVolkanCevher3

1KoreaAdvancedInstituteofScienceandTechnology(KAIST),donghwan@kaist.co.kr.

2UniversityofIllinoisatUrbana-Champaign(UIUC),niaohe@illinois.edu.

3́EcolePolytechniqueF́ed́eraledeLausanne(EPFL),volkan.cevher@epfl.ch.

I.INTRODUCTION

Fueledwithrecentadvancesindeepneuralnetworks,reinforcementlearning(RL)hasbeeninthe

limelightformanyrecentbreakthroughsinartificialintelligence,includingdefeatinghumansingames

(e.g.,chess,Go,StarCraft),self-drivingcars,smarthomeautomation,servicerobots,amongmanyothers.

Despitetheseremarkableachievements,manybasictaskscanstilleludeasingleRLagent.Examples

aboundfrommulti-playergames,multi-robots,cellularantennatiltcontrol,trafficcontrolsystems,smart

powergridstonetworkmanagement.

Often,cooperationamongmultipleRLagentsismuchmorecritical:multipleagentsmustcollaborate

tocompleteacommongoal,expeditelearning,protectprivacy,offerresiliencyagainstfailuresand

adversarialattacks,andovercomethephysicallimitationsofasingleRLagentbehavingalone.Thesetasks

arestudiedundertheumbrellaofcooperativemulti-agentRL(MARL),whereagentsseektolearnoptimal

policiestomaximizeasharedteamreward,whileinteractingwithanunknownstochasticenvironment

andwitheachother.CooperativeMARLisfarmorechallengingthanthesingle-agentcasedueto:i)

theexponentiallygrowingsearchspace,ii)thenon-stationaryandunpredictableenvironmentcausedby

theagents’concurrentyetheterogeneousbehaviors,andiii)thelackofcentralcoordinatorsinmany

applications.Thesedifficultiescanbealleviatedbyappropriatecoordinationamongagents.

Thecooperative MARLcanbefurthercategorizedintosubclassesdependingontheinformation

structureandtypesofcoordination,suchashowmuchinformation(e.g.,state,action,reward,etc.)

isavailableforeachagent,whatkindsofinformationcanbesharedamongtheagents,andwhatkinds

ofprotocols(e.g.,communicationnetworks,etc.)areusedforcoordination. Whenonlylocalpartial

stateobservationisavailableforeachagent,thecorrespondingmulti-agentsystemsareoftendescribed

throughdecentralizedpartiallyobservableMarkovdecisionprocesses(MDP),orDEC-POMDPforshort,
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forwhichthedecisionproblemisknowntobeextremelychallenging.Infact,eventheplanningproblemof

DEC-POMDPs(withknownmodels)isknowntobeNEXT-complete[1].Despitesomerecentempirical

successes[2]–[4],findinganexactsolutionofDEC-POMDPsusingRLswiththeoreticalguarantees

remainsanopenquestion.

Whenfullstateinformationisavailableforeachagent,wecallagents jointactionlearners(JALs)

iftheyalsoknowthejointactionsofotheragents,andindependentlearners(ILs)ifagentsonlyknow

theirownactions.LearningtasksforILsarestillverychallenging,sinceeachagentseesotheragents

aspartsoftheenvironment,sowithoutobservingtheinternalstates,includingotheragentsactions,the

problemessentiallybecomesnon-Markovian[5]andapartiallyobservableMDP(POMDP).Itturnsout

thatoptimalpolicycanbefoundunderrestrictedassumptionssuchasdeterministicMDP[6],andfor

generalstochastic MDPs,severalattemptshavedemonstratedempiricalsuccesses[7]–[9].Foramore

comprehensivesurveyonindependentMARLs,thereaderisreferredtothesurvey[6].

Theformofrewards,eithercentralizedordecentralized,alsomakesahugedifferenceinmulti-agent

systems.Ifeveryagentreceivesacommonreward,thesituationbecomesrelativelyeasytodealwith.

Forinstance,JALscanperfectlylearnexactoptimalpoliciesoftheunderlyingdecisionproblemeven

withoutcoordinationamongagents[10].Themoreinterestingandpracticalscenarioiswhenrewards

aredecentralized,i.e.,eachagentreceivesitsownlocalrewardwhiletheglobalrewardtobemaximized

isthesumoflocalrewards.Thisdecentralizationisespeciallyimportantwhentakingintoaccountthe

privacyandresiliencyofthesystem.

Clearly,learningwithoutcoordinationamongagentsisimpossibleunderdecentralizedrewards.This

articlefocusesonthisimportantsubclassofcooperativeMARLwithdecentralizedrewards,assuming

thefullstateandactioninformationisavailabletoeachagent.Inparticular,weconsiderdecentralized

coordinationthroughnetworkcommunicationscharacterizedbygraphs,whereeachnodeinthegraph

representseachagentandedgesconnectingnodesrepresentcommunicationbetweenthem.

Distributedoptimizationrisestothechallengebyachievingglobalconsensusontheoptimalpolicy

throughonlylocalcomputationandcommunicationwithneighboringagents.Recently,severalimportant

advanceshavebeenmadeinthisdirectionsuchasthedistributedtemporaldifference(TD)learning[11],

distributedQ-learning[12],distributedactor-criticalgorithm[13],andotherimportantresults[14]–

[17].TheseworkslargelybenefitfromthesynergisticconnectionbetweenRLsandthecoreideaof

averagingconsensus-baseddistributedoptimization[18],whichleveragesaveragingconsensusprotocols

forinformationpropagationovernetworksandrichtheoryestablishedinthisfieldduringthelastdecade.

Inthissurvey,weprovideanoverviewofthisemergingfieldwithanemphasisonoptimizationwithin

thedecentralizedsetting(decentralizedrewardsanddecentralizedcommunicationprotocols).Forthis
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purpose,wehighlighttheevolutionofRLalgorithmsfromsingle-agenttomulti-agentsystems,from

adistributedoptimizationperspective,inthehopetocatalyzethegrowingsynergyamongdistributed

optimization,signalprocessing,andRLcommunities.

Inthesequel,wefirstrevisitthebasicsofsingle-agentRLinSectionIIandextendtomulti-agentRL

inSectionIII.InSectionIV,weprovidepreliminariesofdistributedoptimizationaswellasconsensus

algorithms.InSectionV,wediscussseveralimportantconsensus-basedMARLalgorithmswithdecen-

tralizednetworkcommunicationprotocols.Finally,inSectionVI,weconcludewithfuturedirectionsand

openissues.Notethatourreviewisnotexhaustivegiventhemagazinelimits;wesuggesttheinterested

readertofurtherread[6],[19],[20].

II.SINGLE-AGENTRLBASICS

TounderstandMARL,itisimperativethatwebrieflyreviewthebasicsofsingle-agentRLsetting,

whereonlyasingleagentinteractswithanunknownstochasticenvironment.Suchenvironmentsare

classicallyrepresentedbyaMarkovdecisionprocess:M :=(S,A,P,r,γ),wherethestate-spaceS:=

{1,2,...,|S|}andaction-spaceA:={1,2,...,|A|},uponselectinganactiona∈Awiththecurrent

states∈S,thestatetransitstos∈SaccordingtothestatetransitionprobabilityP(s|s,a),andthe

transitionincursarandomrewardr(s,a).Forsimplicity,weconsidertheinfinite-horizon(discounted)

Markovdecisionproblem(MDP),wheretheagentsequentiallytakesactionstomaximizecumulative

discountedrewards.Thegoalistofindadeterministicpolicyπ∗:S → A,orastochasticpolicy

π∗:S →∆A,optimalpolicy,where∆AisthesetofallprobabilitydistributionsoverA,suchthatthe

cumulativediscountedrewardsoverinfinitetimehorizonsismaximized,i.e.,

π∗:=argmaxπ∈ΘE
∞

k=0

γkr(sk,π(sk)), (1)

whereγ∈[0,1)isthediscountfactor,Θ isthesetofalladmissibledeterministicpolicies,and

(s0,a0,s1,a1,...)isastate-actiontrajectorygeneratedbythe Markovchainunderpolicyπ.Solving

MDPsinvolvestwokeyconceptsassociatedwiththeexpectedreturn:

1)Vπ(s):=E ∞
k=0γ

kr(sk,π(sk))|s0=siscalledthe(state)valuefunctionforagivenpolicyπ,

whichencodestheexpectedcumulativerewardwhenstartinginthestates,andthen,followingthe

policyπthereafter.

2)Qπ(s,a):=E ∞
k=0γ

kr(sk,π(sk))|s0=s,a0=aiscalledthestate-actionvaluefunctionorQ-

functionforagivenpolicyπ,whichmeasurestheexpectedcumulativerewardwhenstartingfrom

states,takingtheactiona,andthen,followingthepolicyπ.
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TheiroptimaoverallpossiblepoliciesaredefinedbyV∗(s):=maxπ:S→AV
π(s)=maxaQ

∗(s,a)

andQ∗(s,a):= maxπ:S→AQ
π(s,a),respectively.GiventheoptimalvaluefunctionsQ∗orV∗,the

optimalpolicyπ∗canbeobtainedbypickinganactionathatisgreedywithrespecttoV∗orQ∗,

i.e.,π∗(s)=argmaxaEs∼P(·|s,a)[r(s,a)+γV
∗(s)]orπ∗(s)=argmaxaQ

∗(s,a),respectively.When

the MDPinstance,M,isknown,thenitcanbesolvedefficientlyviadynamicprogramming(DP)

algorithms.Basedonthe Markovproperty,thevaluefunctionVπforagivenpolicyπ,satisfiesthe

Bellmanequation:Vπ(s)=Es∼P(·|s,π(s))[r(s,π(s))+γV
π(s)].ThesimilarpropertyholdsforQπ

aswell. Moreover,theoptimalQ-functionQ∗,satisfiestheBellmanoptimalityequation,Q∗(s,a)=

Es∼P(·|s,a)[r(s,a)+maxaγQ
∗(s,a)].VariousDPalgorithms,suchasthepolicyandvalueiterations,

areobtainedbyturningtheBellmanequationsintodifferentupdaterules.

A.ClassicalRLAlgorithms

RLscanbecategorizedintotwomaingroups,thepolicyevaluationalgorithmsandthepolicyopti-

mizationalgorithms.Theformergroupaddressestheproblemofevaluatingthevaluefunctiongivena

policyπ,whilethelattergroupdealswithfindinganoptimalpolicy.Forbothgroups,manyclassical

RLalgorithmscanbeviewedasstochasticvariantsofDPs.ThisinsightwillbekeyforscalingMARL

inthesequel.Inparticular,thetemporal-difference(TD)learningfallsintothepolicyevaluationgroup

andisoneofthemostfundamentalpolicyevaluationRLalgorithm:

Vk+1(sk)=Vk(sk)+αk(r(sk,π(sk))+γVk(sk+1)−Vk(sk)), (2)

wheresk∼d
π,sk+1∼P(·|sk,π(sk)),αkisthelearningrate(orstep-size),andd

πdenotesthestationary

statedistributionunderpolicyπ,namely,dπ(s)=limk→∞P[sk=s|π].Foranyfixedpolicyπ,TDupdate

convergestoVπalmostsurelyifthestep-sizesatisfiestheso-calledRobbins-Monrorule, ∞
k=0αk=∞,

∞
k=0α

2
k<∞[21].Althoughtheoreticallysound,thenaiveTDlearningisonlyapplicabletosmall-scale

problemsasitneedstostoreandenumeratevaluesofallstates.However,mostpracticalproblemsweface

inthereal-worldhavelargestate-space.Insuchcases,enumeratingallvaluesinatableisnumerically

inefficientorevenintractable.

Usingfunctionapproximationsresolvesthisproblembyencodingthevaluefunctionwithaparam-

eterizedfunctionclass,V(·)∼= V(·;θ).Thesimplestexampleisthelinearfunctionapproximation,

V(·;θ)=Φθ,whereΦ=[φ(1);···;φ(|S|)] ∈R|S|×nisafeaturematrix,andφ:S →Risa

pre-selectedfeaturemapping.Withthelinearfunctionapproximation,TDlearningcanbewrittenas

θk+1=θk+αk(r(sk,π(sk))+γφ(sk+1)
Tθk−φ(sk)

Tθk)φ(sk). (3)



5

Theaboveupdateisknowntoconvergetoθ∗almostsurely[22],whereθ∗isthesolutiontotheprojected

Bellmanequation,Φθ=Π(Rπ+αPπΦθ),whereRπistheexpectedrewardvectorunderpolicyπand

Pπisthestatetransitionprobabilitymatrixunderpolicyπ,andΠ:=Φ(ΦTDΦ)−1ΦTDistheprojection

ontotherangespaceofΦ,providedthattheMarkovchainwithtransitionmatrixPπisergodicandthe

step-sizesatisfiestheRobbins-Monrorule.Notethattheprojectioncorrectsthemismatchbetweenthe

linearvaluefunctionapproximationontheleft-handsideandtheBellmanoperatorontheright-hand

sidewhichmaylieoutsideofthelinearspanofcolumnsofthefeaturematrixΦ.

FinitesampleanalysisoftheTDlearningalgorithmisonlyrecentlyestablishedin[23]–[25].Besides

thestandardTD,therealsoexistsawidespectrumofTDvariantsintheliterature[26]–[29].Notethat

whenanonlinearfunctionapproximation,suchasneuralnetworks,isused,thesealgorithmsarenot

guaranteedtoconverge.

Thepolicyoptimizationmethodsaimtofindtheoptimalpolicyπ∗andbroadlyfallundertwocamps,

withonefocusingonvalue-basedupdates,andtheotherfocusingondirectpolicy-basedupdates.There

isalsoaclassofalgorithmsthatbelongtobothcamps,calledactor-criticalgorithms.Q-learningisone

ofthemostrepresentativevalued-basedalgorithms,whichobeystheupdaterule

Qk+1(sk,ak)=Qk(sk,ak)+αk(r(sk,ak)+γmax
a∈A
Qk(sk+1,a)−Qk(sk,ak)), (4)

wheresk∼d
πb,dπ

b

isthestationarydistributionvectorunderπb,sk+1∼P(·|sk,π
b(sk)),ak∼π

b,and

πbiscalledthebehaviorpolicy,whichreferstothepolicyusedtocollectobservationsforlearning.The

algorithmconvergestoQ∗almostsurely[30]providedthatthestep-sizesatisfiestheRobbins-Monro

rule,andeverystateisvisitedinfinitelyoften.Unlikevalue-basedmethods,directpolicysearchmethods

optimizeaparameterizedpolicyπθfromtrajectoriesofthestate,action,reward,(s,a,r)withoutany

valuefunctionevaluationsteps,usingthefollowing(stochastic)gradientsteps:

θk+1=θk+αk∇̂θJ(θk),whereJ(θ):=E
∞

k=0

γkrπθ(sk), (5)

where∇̂θJ(θk)isastochasticestimateofthegradientevaluatedatθk.Thegradientofthevaluefunction

hasthesimpleanalyticalform∇J(θ)=Es∼dπθ,a∼πθ[∇logπθ(a|s)Q
πθ(s,a)],which,however,needsan

estimateoftheQ-function,Qπθ(s,a).ThesimplepolicygradientmethodreplacesQπθ(s,a)withaMonte

Carloestimate,whichiscalledREINFORCE[31].However,thehighvarianceofthestochasticgradient

estimatesduetotheMonteCarloprocedureoftenleadstoslowandsometimesunstableconvergence.The

actor-criticmethodscombinetheadvantagesofthevalue-basedanddirectpolicysearchmethods[32]



6

toreducethevariance.Thesealgorithmsparameterizeboththepolicyandthevaluefunctions,and

simultaneouslyupdatebothintraining

Criticupdate:wk+1=wk+αk(r(sk,ak)+γQ(sk+1,ak+1;wk)−Q(sk,ak;wk))∇wQ(sk,ak;wk)

(6)

Actorupdate:θk+1=θk+βkQ(sk,ak;wk)∇θlogπ(ak|sk;θk), (7)

wherewkandθkareparametersofthevalueandpolicy,respectively,ak ∼ π(·|sk;θk),ak+1 ∼

π(·|sk+1;θk),andthenextstatesk+1issampledunderthecurrentpolicyπ(·|·;θk).Roughlyspeaking,it

consistsoftwosimultaneousandindependentiterations,thevalueevaluationin(6),whichtriestoevaluate

thevalueofthecurrentpolicythroughtheTDsteps,andthepolicyimprovement,whichtriestofinda

policythatimprovesthevaluethroughgradientsteps.Theyoftenexhibitbetterempiricalperformancethan

value-basedordirectpolicy-basedmethodsalone.Nonetheless,when(nonlinear)functionapproximation

isused,theconvergenceguaranteesofallthesealgorithmsremainratherelusive.

B. ModernOptimization-basedRLAlgorithms

AlthoughtheMDPgivenin(1)isitselfamultistagestochasticoptimizationproblem,mostclassical

RLsintroducedintheprevioussubsection,exceptforthepolicygradientmethods,arebasedonsolvingthe

Bellmanequationandfixedpointalgorithms,whichareratherdifferentfromstandardgradient-basedopti-

mizationalgorithms.Inthispaper,weespeciallyfocusonthenewlydevelopedclassofoptimization-based

RLsintheliteraturethathingesuponalternative(staticandmostlyconvex)optimizationreformulations

andstochastic-gradient-typeofmethods.

LeveragingtheseoptimizationreformulationsofRLs,recentworks(see,e.g.,[26],[28],[29],[33]–

[35])generatenewprinciplesforsolvingRLproblemsaswetransitionfromlineartowardsnonlinear

functionapproximationsaswellasestablishtheoreticalguaranteesbasedonrichtheoryinmathematical

optimizationliterature.

ComparedtotheclassicalRLapproaches,theseoptimization-basedRLsexhibitseveralkeyadvantages.

First,inmanyapplicationssuchasrobotcontrol,theagents’behaviorsarerequiredtomediateamong

multipledifferentobjectives.Sometimes,thoseobjectivescanbeformulatedasconstraints,e.g.,safety

constraints.Inthisrespect,optimization-basedapproachesaremoreextensiblethanthetraditionaldynamic

programming-basedapproacheswhendealingwithpolicyconstraints.Second,existingoptimization

theoryprovidesampleopportunitiesindevelopingconvergenceanalysisforRLswithandwithoutfunction

approximations;see,e.g.,[33],[34]. Moreimportantly,thesemethodsarehighlygeneralizabletothe

multi-agentRLsetupwithdecentralizedrewards,whenintegratedwithrecentfruitfuladvancesmadein

distributedoptimization.Thislastaspectisourmainfocusinthissurvey.
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Tobuildupanunderstanding,wefirstrecallthelinearprogramming(LP)formulationoftheplanning

problem[36]

min
V

Es[V(s)] subjectto Er,s[r(s,a)+γV(s)|s]≤V(s), ∀s∈S, a∈A,

orequivalently,

min
V

µTV subjectto Ra+γPaV≤V, ∀a∈A, (8)

whereµistheinitialstatedistribution,Ra∈R
|S|istheexpectedrewardvectorgivenactiona,and

Pa∈R
|S|×|S|isthestatetransitionprobabilitymatrixgivenactiona.Itisknownthatthesolutionto(8)

istheoptimalstate-valuefunctionV∗,whiletheoptimalpolicycanberecoveredfromV∗provided

thatthemodelisknown.Anotherinterestingrelationbetweentheoptimalvaluefunctionandpolicycan

bederivedfromtheconceptoftheduality.Fromthefundamentaltheoryofconvexoptimization,the

formulation(8)canbeequivalentlyconvertedtoanotherform,calledthe(Lagrangian)dualproblem.

Inparticular,theoptimalvaluefunctionandoptimalpolicycanbefoundthroughsolvingthemin-max

problem:

min
V∈V

max
λ=(λa)a∈A∈Λ

L(V,λ):=µTV+
a∈A

λTa(Ra+γPaV−V), (9)

=Es[V(s)]+
s∈S,a∈A

λa(s)Es,r,s[r(s,a)+γV(s)−V(s)]

whereLiscalledtheLagrangianfunction,andsetsVandΛareproperlychosendomainsthatrestrict

ontheoptimalvaluefunctionandpolicy.Here,thevariableVfromtheoriginaloptimizationiscalled

theprimalvariable,whilethenewlyintroducedvariable,λ:=(λa)a∈A,iscalledthedualvariable

(orLagrangianmultiplier).Theoptimalsolutions,V∗andλ∗,ofthemin-maxproblemarecalledthe

optimalprimalanddualsolutions,respectively,andtheprimaloptimalsolutionV∗ofthemin-max

problemisidenticaltotheoriginaloptimization(8).Here,theoptimaldualsolutioniskeytotheplanning

problem[36].Inparticular,thedualoptimalsolutionyieldstheoptimalpolicyfromtheidentity

π∗(a,s)=
λ∗a(s)

a∈Aλ
∗
a(s)

,

whereπ∗(a,s)istheprobabilityoftakingactionaatthestatesundertheoptimalstochasticpolicy.

Buildingonthismin-maxformulation,severalrecentworksintroduceefficientRLalgorithmsfor

findingtheoptimalpolicy.Forinstance,thestochasticprimal-dualRL(SPD-RL)in[33]solvesthe

min-maxproblem(9)withthestochasticprimal-dualalgorithm

Vk+1=ΠV(Vk−γk∇̂VL(Vk,λk)), λk+1=ΠΛ(λk+γk∇̂λL(Vk,λk)),
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where∇̂VLand∇̂λLareunbiasedstochasticestimationsofthegradients

∇VL(V,λ)=µ+
a∈A

(Pa−I)λa, ∇λL(V,λ)=
a∈A

(Ra+PaV−V),

whichareobtainedbyusingsamplesof(s,a,r,s),ΠVandΠΛstandfortheprojectionoperatorsonto

thesetsVandΛ.Themainideaoftheprimal-dualalgorithmistotakethestochasticgradientdescent

stepwithrespecttotheprimalvariableV,whiletakingthestochasticgradientascentstepwithrespect

tothedualvariableλ.Undermildconditionssuchasconvexityandconcavity,thestochasticprimal-dual

algorithmforgeneralmin-maxproblemsisknowntoconvergetoanoptimalsolution.

Sincethesegradientsareobtainedbasedonthesamples,theupdatescanbeexecutedwithoutthe

modelknowledge.TheSPDQ-learningin[35]extendsittotheQ-learningframeworkwithoff-policy

learning,wherethesampleobservationsarecollectedfromsometime-varyingbehaviorpolicies.The

dualactor-criticin[37]generalizesthesetuptocontinuousstate-action MDPandexploitsnonlinear

functionapproximationsforbothvaluefunctionandthedualpolicy.Theprimal-dualalgorithmtosolve

themin-maxoptimization(9)iscloselyrelatedtotheclassicalactor-criticalgorithminthesensethat

bothapproachessimultaneouslyupdatetheparametersofthevaluefunctionandpolicy.However,these

algorithmsareapparentlydifferentbecausetheclassicalactor-criticalgorithmdoesnottrytosolvethe

min-maxproblem(9).Inparticular,theclassicalactor-criticalgorithmconsistsoftwosimultaneousand

independentiterations,thevalueevaluationin(6),whichtriestoevaluatethevalueofthecurrentpolicy

throughtheTDsteps,andthepolicyimprovement,whichtriestofindapolicywhichimprovesthevalue

throughgradientsteps.

ApartfromtheLPformulation,alternativenonlinearoptimizationframeworksbasedonthefixed

pointinterpretationofBellmanequationshavealsobeenexplored,bothforpolicyevaluationandpolicy

optimization.Tonameafew,Baird’sresidualgradientalgorithm[38],designedforpolicyevaluation,

aimsforminimizingthemean-squaredBellmanerror,i.e.,

min
θ
MSBE(θ):=Es[(Es[r(s,π(s))+γφ

T(s)θ]−φT(s)θ)2]=min
θ
Rπ+γPπΦθ−Φθ

2
D, (10)

whereRπandPπaretheexpectedrewardvectorandstatetransitionprobabilitymatrixunderpolicyπ,

respectively,Φisthefeaturematrix,Disadiagonalmatrixwithdiagonalentriesbeingthestationarystate

distributions,and xD :=
√
xTDx.However,directlyminimizingtheoptimizationobjective(10)can

bechallengingduetothedoublesamplingissue.Here,thedoublesamplingissuemeanstherequirement

ofdoublesamplesofthenextstatsfromthecurrentstatetoobtainanunbiasedstochasticestimateof

gradientsoftheobjectivemainlyduetoitsquadraticnonlinearity.
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ThegradientTD(GTD)[26]solvestheprojectedBellmanequationbyminimizingthemean-square

projectedBellmanerror,

min
θ
MSPBE(θ):=Π(Rπ+γPπΦθ)−Φθ

2
D, (11)

whereΠistheprojectionontotherangeofthefeaturematrixΦ.ThisisdrivenbythefactthatmostTD

learningalgorithmsconvergetotheminimumofMSPBE.Toavoidthedoublesamplingissue,GTDuses

astochasticprimal-dualalgorithm[39]forsolvingthecorrespondingmin-maxproblemoftheLagrangian

min
λ
max
θ
L(λ,θ):=θTΦTD

1

2
Φλ+(I−γPπ)Φθ−Rπ . (12)

Alternatively,[28],[40]getaroundthisdifficultybyresortingtomin-maxreformulationsoftheMSBE

andMSBPEandintroduceprimal-dualtypemethodsforpolicyevaluationwithfinitesampleanalysis.

Similarideashavealsobeenemployedforpolicyoptimizationbasedonthe(softmax)Bellmanoptimality

equation;see,e.g.,[34](calledSmoothedBellmanErrorEmbedding(SBEED)algorithm).

III.FROMSINGLE-AGENTTOMULTI-AGENTRLS

CooperativeMARLextendsthesingle-agentRLtoNagents,V={1,2,...,N},wherethesystem’s

behaviorisinfluencedbythewholeteamofsimultaneouslyandindependentlyactingagentsinacommon

environment.Thiscanbefurtherclassifiedinto MARLswithcentralizedrewardsanddecentralized

rewards.

A. MARLwithCentralizedRewards

Westartwith MARLswithcentralizedrewards,whereallagentshaveaccesstoacentralreward.

Inthissetting,amulti-agent MDPcanbecharacterizedbythetuple,(S,{Ai}Ni=1,P,r,γ),whereA
i

isadiscreteaction-spaceofagenti.Eachagentiobservesthecommonstatesandexecutesaction

ai∈ AiinsideitsownactionsetAiaccordingtoitslocalpolicyπi:S → Ai.Thejointaction

a:=(a1,a2,...,aN)∈A:=A1×···×AN causesthestates∈Stotransittos∈Swithprobability

P(s|s,a),andtheagentreceivesthecommonrewardr(s,a).Thegoalforeachagentistolearnalocal

policyπi∗:S →A
i,i∈Vsuchthat(π1∗,π

2
∗,...,π

N
∗)=:π

∗isanoptimalcentralpolicy.

TheMARLinthisscenarioheavilydependsonthedegreeofcoordination,informationstructure,and

variousassumptions,suchashowmuchinformationisavailableforeachagent,whatkindsofinformation

canbesharedamongtheagents,andwhatkindsofprotocolsareusedforcoordination.

Themaininformationstructureistheavailabilityofthejointactionaforeachagent.Ifthejointaction

isavailable,theagentsarecalledthejointactionlearners(JAL),i.e.,eachagenthasaccessto(s,a,r).
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Otherwise,theagentsarecalledtheindependentlearners(IL),i.e.,eachagenthasaccessto(s,ai,r).

IntheJALcase,MA-MDPcanberegardedasavariantofthestandardMDPunderaspecialactionset.

TheILcasehenceismuchmorechallengingbecausethejointactioninformationisunavailable.

Supposeeachagenti∈Vreceivesthecentralrewardrandknowsthejointstateandactionpair

(s,a)∈S×A(i.e.,agentsareJALs).Cooperative MARL,inthiscase,isstraightforwardbecause

allagentshavefullinformationtofindanoptimalsolution.Asanexample,anaiveapplicationofthe

Q-learning[41]tomulti-agentsettingsis

Qik+1(sk,ak)=Q
i
k(sk,ak)+αk r(sk,ak)+γmax

a∈A
Qik(sk+1,a)−Q

i
k(sk,ak) ,

whereeachagentkeepsitslocalQ-functionQi:S×A→R.Inparticular,itisequivalenttothesingle-

agentQ-learningexecutedbyeachagentinparallel,andQik→Q
∗ask→∞almostsurelyforalli∈V;

therebyπik(·)=argmaxaQ
i
k(·,a)→ π

i
∗(·)ask→ ∞.Similarly,thepolicysearchmethodsandactor-

criticmethodscanbeeasilygeneralizedtoMARLwithJALs[42].Insuchacase,coordinationamong

agentsisunnecessarytolearntheoptimalpolicy.However,inpractice,eachagentmaynothaveaccess

totheglobalrewardsduetolimitationsofcommunicationorprivacyissues;asaresult,coordination

protocolsareessentialforachievingtheoptimalpolicycorrespondingtotheglobalreward.

B.NetworkedMARLwithDecentralizedReward

ThemainfocusofthissurveyisonMARLswithdecentralizedrewards,whereeachagentonlyreceives

alocalreward,andthecentralrewardfunctionischaracterizedastheaverageofalllocalrewards.The

goalofeachagentistocooperativelyfindanoptimalpolicycorrespondingtothecentralrewardby

sharinglocallearningparametersoveracommunicationnetwork.

Moreformally,acoordinatedmulti-agentMDPwithacommunicationnetwork(i.e.,networkedMA-

MDP)isgivenasthetuple,(S,{Ai}Ni=1,P,{r
i}Ni=1,γ,G),wherer

i(s,a)istherandomrewardofagent

igivenactionaandthecurrentstates,andG=(V,E)isanundirectedgraph(possiblytime-varying

orstochastic)characterizingthecommunicationnetwork.Eachagentiobservesthecommonstates,

executesitslocalactionai∈Aiaccordingtoitslocalpolicyπi:S →Ai,receivesthelocalreward

ri(s,a),andthejointactiona:=(a1,a2,...,aN)causesthestates∈Stotransittos∈Swith

probabilityP(s|s,a).Thecentralrewardisdefinedasr= 1
N

N
i=1r

i.Inthecourseoflearning,each

agentreceiveslearningparameters{θj}j∈Ni fromitsneighborsofthecommunicationnetwork.The

overallmodelisillustratedasinFigure1.
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Fig.1. Coordinatedmulti-agentMDPwithcommunicationnetwork

Foranillustrativeexample,weconsiderawirelesssensornetwork(WSN)[43],wheredatapacketsare

routedtothedestinationnodethroughmulti-hopcommunications.The WSNisrepresentedbyagraph

withNnodes(routers),andedgesconnectingnodeswhenevertwonodesarewithinthecommunication

rangeofeachother.Theroute’sQoSperformance(qualityofservice)dependsonthedecisionsofall

nodes.BelowweformulatetheWSNasanetworkedMA-MDP.

Example1(WSNasanetworkedMA-MDP).TheWSNisamulti-agentsystem,wheresensornodesare

agents.Eachagenttakesactionai∈A,whichconsistsofforwardingapackettooneofitsneighboring

nodej∈Niandsendingthereceiptacknowledgementmessage(ACK)tothepredecessortoindicatethat

itisoperatingnormally,ordroppingthedatapacketandsendingtheerroracknowledgmentmessage

(NAK)tothepredecessortoindicateanerrorcondition,whereNiisthesetofneighborsofthenode

i.Theglobalstates=(s1,s2,...,sN)isatupleoflocalstatessi,whichconsistsofthesetofis

neighboringnodes,andthesetofpacketsencapsulatedwithQoSrequirement.Asimpleexampleofthe

rewardisr(s,a):= N
i=1r

i(si,ai),where

ri(si,ai):=






1ifACKreceived

0 otherwise

(13)

Thecentralrewardmeasuresthequalityofoveralllocalroutingdecisionsbycountingthetotalnumberof

receiptacknowledgementsofmessagesoverthenetwork.Eachagentonlyhasaccesstoitsownreward,

whichmeasuresthequalityofitsownroutingdecisionsbasedonACKreceivedfromitssuccessor,while

theefficiencyofoveralltasksdependsonasumoflocalrewards,thetotalACKsreceivedbyallagents.

Ifeachnodeknowstheglobalstateandaction(s,a),thentheoverallsystemisanetworkedMA-MDP.

Supposethatthereexistsacentralcoordinatorwhoknowsthefullstate,jointaction,andglobalreward,
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Fig.2. Routingprotocolforwirelesssensornetworks

(s,a,r).TooperateJALs,theinformation,(s,a,r),shouldbebroadcastedtoallagentsduringthe

learningprocess.IntheILcase,thecentralizedcoordinatoronlyneedstobroadcast(s,r)sinceeach

agentiknowsitsownactionai.Theunderlyingsettingmightbedifference,duetothecommunication

constraintsandlimitsimposedbytheinfrastructure.Ingeneral,eachagentcantakeitslocalaction

followingitslocalpolicy,anddonotneedtooptimizeovertheallsetofactions.

FindingtheoptimalpolicyfornetworkedMA-MDPsnaturallyrelatestooneofthemostfundamental

problemsindecentralizedcoordinationandcontrol,calledtheconsensusproblem.Inthesequel,wefirst

reviewtherecentadvancesindistributedoptimizationandconsensusalgorithms,andthenmarchforward

tothediscussionsofrecentdevelopmentsforcooperativeMARLbasedonconsensusalgorithms.

IV.DISTRIBUTEDOPTIMIZATIONANDCONSENSUSALGORITHMS

Inthissection,webrieflyintroduceseveralfundamentalconceptsindistributedoptimization,which

arethebackboneofdistributedMARLalgorithmstobediscussed.

A.Consensus

Considerasetofagents,V={1,2,...,N},eachwithsomeinitialvalues,xi(0)∈Rn.Theagentsare

interconnectedoveranunderlyingcommunicationnetworkcharacterizedbyagraphG=(V,E),where

E⊂V×Visasetofundirectededges,andeachagenthasalocalviewofthenetwork,i.e.,eachagent

i∈Visawareofitsimmediateneighbors,Ni,inthenetwork,andcommunicateswiththemonly.

Thegoaloftheconsensusproblemistodesignadistributedalgorithmthattheagentscanexecute

locallytoagreeonacommonvalueastheyrefinetheirestimates.Thealgorithmmustbelocalinthe
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sensethateachagentperformsitsowncomputationsandcommunicateswithitsimmediateneighbors

only.Formallyspeaking,theagentsaresaidtoreachaconsensusif

lim
k→∞

xi(k)=c, ∀i∈V, (14)

forsomec∈Rnandforeverysetofinitialvaluesxi(0)∈Rn.Foreaseofnotation,weconsiderthe

scalarcase,n=1,fromnowon.

Apopularapproachtotheconsensusproblemisthedistributedaveragingconsensusalgorithm[44]

xi(k+1)=
1

|Ni|+1
j∈Ni∪{i}

xj(k), ∀k≥0. (15)

Theaveragingupdateisexecutedbylocalagenti,asitonlyreceivesvaluesofitsneighbors,xj(k),j∈Ni,

andisknowntoensureconsensusprovidedthatthegraphisconnected.Notethatanundirectedgraph

Gisconnectedifthereisapathconnectingeverypairoftwodistinctnodes.Usingmatrixnotations,we

cancompactlyrepresent(15)asfollows

x(k+1)=Wx(k), ∀k≥0, (16)

wherex(k)isacolumnvectorwithentries,xi(k),i=1,2,...,N,andW istheweightmatrixassociated

with(15)suchthat[W]ij:=
1

|Ni|+1
ifj∈Ni∪{i}andzerootherwise.Here,[W]ijmeanstheelement

inthei-throwandj-thcolumnofthematrixW.

ThematrixW isastochasticmatrix,i.e.,itisnonnegative,anditsrowsumsareone.Hence,Wk

convergestoarankonestochasticmatrix,i.e.,limk→∞W
k=1nv

T,wherevistheunique(normalized)

left-eigenvectorofW foreigenvalue1with v1=1and1nisann-dimensionalvectorwithall

entriesequaltoone.Sincex(k)=Wkx(0),∀k≥0,wehavelimk→∞x(k)=(v
Tx(0))1n,implyingthe

consensus.

B.Distributedoptimizationwithaveragingconsensus

Consideramulti-agentsystemconnectedoveranetwork,whereeachagentihasitsown(convex)cost

function,fi:R
n→R.LetF(x):= i∈Vfi(x)bethesystemobjectivethattheagentswanttominimize

collectively.Thedistributedoptimizationproblemistosolvethefollowingoptimizationproblem:

min
x∈Rn

F(x):=

N

i=1

fi(x) subjectto x∈X, (17)

whereX⊆Rnrepresentsadditionalconstraintsonthevariablex.Byintroducinglocalcopiesx1,x2,...,xN,

itisequivalentlyexpressedas

min
x1∈X,···,xN∈X

F(x):=

N

i=1

fi(x
i) subjectto x1=x2=···=xN. (18)
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Thedistributedaveragingconsensusalgorithmcanbegeneralizedtosolvethedistributedoptimization.

Anexampleistheconsensus-baseddistributedsubgradientmethod[45],whereeachagentiupdatesits

localvariablexi(k)accordingto

Consensusstep:wik+1=
1

|Ni|+1
j∈Ni∪{i}

xjk,

Subgradientdescentstep:xik+1=ΠX[w
i
k+1−αk∂fi(w

i
k+1)],

where∂fiisanysubgradientoffiandΠX istheEuclideanprojectionontotheconstraintsetX.

Thealgorithmisasimplecombinationoftheaveragingconsensusandtheclassicalsubgradientmethod.

Asintheaveragingconsensus,theupdateisexecutedbylocalagenti,anditonlyreceivesthevaluesof

itsneighbors,xjk,j∈Ni.Whenallcostfunctionsareconvex,itisknownthatlocalvariables,x
i
k,reach

aconsensusandconvergetoasolutionto(18),x∗∈X,underproperlychosenstep-sizes.

OtherdistributedoptimizationalgorithmsincludetheEXTRA[46](exactfirst-orderalgorithmfor

decentralizedconsensusoptimization),push-sumalgorithm[47]fordirectedgraphmodels,gossip-based

algorithm[48],andetc.Acomprehensiveanddetailedsummaryofthedistributedoptimizationcanbe

foundinthemonograph[18].

C.Distributedmin-maxoptimizationwithaveragingconsensus

Toputitonestepfurther,distributedaveragingconsensusalgorithmcanalsobegeneralizedtosolve

themin-maxprobleminadistributedfashion.Thedistributedmin-maxoptimizationproblemdealswith

thezero-sumgame:

min
x∈X
max
λ∈Λ
L(x,λ):=

N

i=1

Li(x,λ), (19)

whereL:Rn×Rm→Risaconvex-concavefunctionandLisseparable,i.e.,L= N
i=1L

i.Introducing

localcopiesx1,...,xN andλ1,···,λN,themin-maxproblemisequivalentto

min
x1,...,xN∈X

max
λ1,...,λN∈Λ

N

i=1

Li(xi,λi) s.t. x1=x2=···=xN, λ1=λ2=···=λN. (20)

Similartothedistributedsubgradientmethod,thedistributedprimal-dualalgorithmworksbyperforming

averagingconsensusandsugradientdescentforthelocalvariablexi(k)andλi(k)ofeachagent:

Consensusstep:xik+1/2=
1

|Ni|+1
j∈Ni∪{i}

xjk, λ
i
k+1/2=

1

|Ni|+1
j∈Ni∪{i}

λjk,

Primal-dualstep:xik+1=ΠX[x
i
k+1/2−αk∂xLi(x

i
k+1/2,λ

i
k+1/2)],

λik+1=ΠΛ[λ
i
k+1/2−βk∂λLi(x

i
k+1/2,λ

i
k+1/2)],
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whereαkandβkarestep-sizes,∂xLiand∂λLiareanysubgradientsofLi(x,λ)withrespecttoxandλ,

respectively,andΠXandΠΛaretheEuclideanprojectionontotheconstraintsetsXandΛ,respectively.

Thedistributedprimal-dualalgorithmandothervariantshavebeenwellstudiedin[49]–[51].

V.NETWORKEDMARLWITHDECENTRALIZEDREWARDS

Inthissection,wefocusonnetworkedMARLwithdecentralizedrewards,wherethenetworkedMA-

MDPisdescribedbythetuple,(S,{Ai}Ni=1,P,{r
i}Ni=1,γ,G).Thegoalofeachagentistocooperatively

findanoptimalpolicycorrespondingtothecentral(orglobal)reward,r=(r1+r2+···+rN)/N,by

sharinglocallearningparametersoveracommunicationnetworkcharacterizedbygraphG=(V,E).

Decentralizedrewardsarecommoninpracticewhenmultipleagentscooperatetolearnundersensing

andphysicallimitations.Theyarealsoparticularlyusefulwhen MARLagentscooperatetolearnan

optimalpolicysecurelyduetoprivacyconsiderations.Forinstance,ifwedonotwanttorevealfull

informationaboutthepolicydesigncriteriontoanRLagenttoprotectprivacy,aplausibleapproachis

tooperatemultipleRLagents,andprovideeachagentwithonlypartialinformationaboutthereward

function.Inthiscase,nosingleagentalonecanlearntheoptimalpolicycorrespondingtothewhole

environment,withoutinformationexchangeamongotheragents.

Mostrecentalgorithmstobediscussedinthissection,including[11]–[17],[39],[52],applythe

distributedaveragingconsensusalgorithmintroducedinSectionIVinonewayoranother. Wenow

discussthesealgorithmsindetailsbelow,withabriefsummaryprovidedinTableI.

A.DistributedPolicyEvaluation

Thegoalofdistributedpolicyevaluationistoevaluatethecentralvaluefunction

Vπ(s)=E
∞

k=0

γk
1

N

N

i=1

riπ(sk)s0=s (21)

inadistributedmanner.Theinformationavailabletoeachagentis(s,ri,{θj}j∈Ni),where{θ
j}j∈Ni

representsthesetoflearningparametersagentireceivesfromitsneighborsoverthecommunication

network,andNiisthesetofallneighborsofnodeioverthegraphG.Notethatforpolicyevaluation

withstatevaluefunctionV,theinformationaoraiisnotnecessary,therebyitisnotindicatedinthe

informationset(s,ri,{θj}j∈Ni).

ThedistributedTD-learning[11]executesthefollowinglocalupdatesofagenti:

θi←
1

|Ni|+1
j∈Ni∪{i}

θj

Mixingterm

+αk(r
i(s,π(s))+γφ(s)Tθi−φ(s)Tθi)φ(s)

TDupdate

,
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TABLEI

COOPERATIVEMARLWITHDECENTRALIZEDREWARDSANDCOMMUNICATIONNETWORKS(LFA:LINEARFUNCTION

APPROXIMATION;NFA:NONLINEARFUNCTIONAPPROXIMATION;N/A:NOTAPPLICABLE

Papers Availability

ofactions

Reward Function

Approx.

Convergence

PolicyEvaluation

Doanetal.[11]

N/A Decentralized

LFA Yes

Waietal.[16] LFA Yes

Lee[17] LFA Yes

Macuaetal.[39]
N/A Centralized

LFA Yes

Stankovícetal.[52] LFA Yes

PolicyOptimization

Karetal.[12] JAL

Decentralized

Tabular Yes

Zhangetal.[13] JAL LFA,NFA Yes

Zhangetal.[14] JAL LFA,NFA Local

Quetal.[15] JAL NFA Local

whereeachagentikeepsitslocalparameterθiandαkisthestep-size.Thealgorithmresembles

theconsensus-baseddistributedsubgradientmethodinSectionIV-B.Thefirstterm,dubbedasthe

mixingterm,isanaverageoflocalcopiesofthelearningparameterofneighbors,Ni,receivedfrom

communicationovernetworks,andcontrolslocalparameterstoreachaconsensus.Thesecondterm,

referredtoastheTDupdate,followsthestandardTDupdates.Undersuitableconditionssuchasthe

graphconnectivity,eachlocalcopy,θi,convergestoθ∗inexpectationandalmostsurely[11],whereθ∗

istheoptimalsolutionfoundbythesingle-agentTDlearningactingonthecentralreward.

Example2.ConsidertheWSNinExample1.Supposeeachagenthasitsownfixedpolicy(routing

protocol),πi,accordingtowhichtheagentforwardsapacketencodedinthestatestooneofits

neighboringnodej∈ Ni,sendsACKstothepredecessorwhenitreceivesapacketwithouterror

conditionsordropsthedatapacketandsendsNAKstothepredecessorotherwise.Eachagentreceivesa

localrewardaccordingto(13)basedonACKreceivedfromitssuccessors,knowstheglobalstates,and

keepsitslocalparameterθi.Duringthelearning,eachagentireceivesthelocalparametersθjk,j∈Ni

fromitsneighbors,anditsparameterθikconvergestoθ
∗whichbestapproximatetheoptimalvalue

function.Bydoingso,eachagentcanlearntheoptimalsolution,θ∗,forthevaluefunctionestimation

withoutknowingtheglobalreward.
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B.DistributedPolicyOptimization

Thegoalofdistributedpolicyoptimizationistocooperativelyfindanoptimalcentralpolicycorre-

spondingtothecentralreward,r.NotethatthedistributedTD-learningintheprevioussectiononly

findsthestatevaluefunctionunderagivenpolicy.Theaveragingconsensusideacanalsobeextended

toQ-learningandactor-criticalgorithmsforfindingtheoptimalpolicyfornetworkedMARL.

ThedistributedQ-learningin[12]locallyupdatestheQ-functionaccordingto

Qi(s,a)←Qi(s,a)−η(s,a)

j∈Ni∪{i}

(Qi(s,a)−Qj(s,a))

Mixingterm

+α(s,a)(ri(s,a)+γmax
a∈A
Qi(s,a)−Qi(s,a))

Q−learningupdate

,

whereiistheagentindex,η(s,a)andα(s,a)arelearningrates(orstep-sizes)dependingonthenumberof

instanceswhen(s,a)isencountered.Theinformationavailabletoeachagentis(s,a,ri,{Qj}j∈Ni∪{i}).

TheoveralldiagramofthedistributedQ-learningalgorithmisgiveninFigure3.Eachagentikeeps

thelocalQ-function,Qi,andthe mixingtermconsistsofQ-functionsofneighborsreceivedfrom

communicationnetworks.IthasbeenshownthateachlocalQireachesaconsensusandconverges

toQ∗almostsurely[12]withsuitablestep-sizerulesandunderassumptionssuchastheconnectivityof

thegraphandaninfinitenumberofstate-actionvisits.

Fig.3. DiagramofdistributedQ-learningalgorithmin[12].Herethejoint-actionakischosenbyabehaviorpolicyπb.
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Thedistributedactor-criticalgorithmin[13]generalizesthesingle-agentactor-critictonetworked

MA-MDPsettingswheretheaveragingconsensusstepsaretakenforthevaluefunctionparameters

Criticupdate:θik+1/2=θ
i
k+αk(r

i(sk,ak)+γQ(sk+1,ak+1;θ
i
k)−Q(sk,ak;θ

i
k))∇θQ(sk,ak;θ

i
k)

Actorupdate:wik+1=w
i
k+βkA(sk,ak;θ

i
k)∇wilogπ

i(aik|sk;w
i
k)

Consensusstep:θik+1=
1

|Ni|+1
j∈Ni∪{i}

θjk+1/2

wherewiandθiareparametersofnonlinearfunctionapproximationsforthelocalactorandlocalcritic,

respectively,andaik∼ π
i(·|sk;w

i
k),a

i
k+1 ∼ π

i(·|sk+1;w
i
k).Here,A(sk,ak;θ

i
k):=Q(sk,ak;θ

i
k)−

ai∈Aiπ
i(ai|sk;w

i
k)Q(sk,(a

1
k,...,a

i,...,aNk);θ
i
k)istheadvantagefunctionevaluatedat(sk,ak).The

overalldiagramofthedistributedactor-criticisgiveninFigure4.Eachagentikeepsitslocalparameters

{θi,wi},andinthemixingstep,itonlyreceiveslocalparametersofthecriticfromneighbors.The

actorandcriticupdatesaresimilartothoseoftypicalactor-criticalgorithmswithlocalparameters.The

informationavailabletoeachagentis(s,a,ri,wi,{θj}j∈Ni∪{i}).

Theresultsin[14]studyaMARLgeneralizationofthefittedQ-learningwiththeinformationstructure

(s,a,ri,{θj}j∈Ni∪{i}).ComparedtothetabulardistributedQ-learningin[12],thedistributedactor-critic

andfittedQ-learningmaynotconvergetoanexactoptimalsolutionmainlyduetotheuseoffunction

approximations.

Fig.4. Diagramofdistributedactor-criticalgorithmin[13].Herethejoint-actionakistakeninon-policymanner.
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C.OptimizationFrameworksforNetworkedMA-MDP

RecallthatinSectionII-B,wediscussedoptimizationframeworksofsingle-agentRLproblem.By

integratingthemwithconsensus-baseddistributedoptimization,theycanbenaturallyadaptedtosolvenet-

workedMA-MDPs.Inthissubsection,weintroducesomerecentworkinthisdirection,suchasthevalue

propagation[15],primal-dualdistributedincrementalaggregatedgradient[16],distributedGTD[17].

ThemainideaofthesealgorithmsisessentiallyrootedinformulatingtheoverallMDPintoamin-max

optimizationproblem,minx∈Xmaxλ∈ΛL(x,λ),withseparablefunctionL(x,λ)=
N
i=1L

i(x,λ),and

solvingthedistributedmin-maxoptimizationproblem(20).ForMARLtasks,thedistributedmin-max

problemcanbesolvedusingstochasticvariantsofthedistributedsaddle-pointalgorithmsinSectionIV-C.

Themulti-agentpolicyevaluationalgorithmsin[16]and[17]aremulti-agentvariantsoftheGTD[26]

basedontheconsensus-baseddistributedsaddle-pointframeworkforsolvingthemean-squaredprojected

Bellmanerrorin(11),whichcanbeequivalentlyconvertedintoanoptimizationproblemwithseparable

objectives:

min
θ

1

2

N

i=1

Π(Riπ+αP
πΦθ)−Φθ2D. (22)

ToalleviatethedoublesamplingissuesinGTD,theapproachin[16]appliestheFencheldualitywith

anadditionalproximaltermtoeachobjective,arrivingatthereformulation:

min
{θi}Ni=1

N

i=1

di(θi) s.t. θ1=θ2=···=θN, (23)

wherethelocalobjectivesareexpressedasmax-forms

di(θ):=max
wi
{Ji(θ,wi):=w

T
i(Φ

TD((1/N)Riπ+αP
πΦθ)−Φθ)−(1/2)wTiΦ

TDΦwi+(ρ/2)θ
i2
2}.

Theresultingproblemcanbesolvedbyusingstochasticvariantsoftheconsensus-baseddistributed

subgradientmethodakinto[53].Inparticular,thealgorithmintroducesgradientsurrogatesoftheobjective

functionwithrespecttothelocalprimalanddualvariables,andthemixingstepsforconsensusareapplied

toboththelocalparametersandlocalgradientsurrogates.Themainideaoftheprimal-dualalgorithm

usedin[53]isbriefly(withsomesimplifications)writtenby

Primalupdate:θik+1=
1

|Ni|+1
j∈Ni∪{i}

θjk

mixingterm

−α̂gik

Dualupdate:wik+1=w
i
k+β̂h

i
k

whereαandβarestep-sizes,̂gikand̂h
i
karesurrogatesofthegradients,∇θiJi(θ

i
k,w

i
k)and∇wiJi(θ

i
k,w

i
k),

respectively,fromthroughsomebasicgradienttrackingsteps.
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Themulti-agentpolicyevaluationin[17]approachesinadifferentwaytosolve(22).Assumingeach

parameterθiisscalarforsimplicity,thedistributedoptimization(22)canbeconvertedinto

min
{θi}Ni=1

1

2

N

i=1

Π(Riπ+αP
πΦθi)−Φθi2D+θ̄

TLTL̄θ s.t. L̄θ=0, (24)

where θ̄isthevectorenumeratingthelocalparameters,{θi}Ni=1,andL=L
T ∈RN isthegraph

Laplacianmatrix.Notethatiftheunderlyinggraphisconnected,thenL̄θ=0ifandonlyifθ1=θ2=

···=θN.ByconstructingtheLagrangiandualoftheaboveconstrainedoptimization,weobtainthe

correspondingsinglemin-maxproblem.ThankstotheLaplacianmatrix,thecorrespondingstochastic

primal-dualalgorithmisautomaticallydecentralized.Comparedto[53],itonlyneedstosharelocal

parameterswithneighborsratherthanthegradientsurrogates.

The MARLin[15]combinestheaveragingconsensusandSBEED[34](SmoothedBellmanError

Embedding),whichiscalleddistributedSBEEDhere.Inparticular,thedistributedSBEEDaimstosolve

theso-calledsmoothedBellmanequation

Vθ(s)=
1

N

N

i=1

Ria(s)+γEs∼P(·|s,a)[Vθ(s)]−λ
N

i=1

ln(πiwi(s,a
i)),

byminimizingthecorrespondingmeansquaredsmoothedBellmanerror:

min
θ,{wi}Ni=1

Es,a



 1

N

N

i=1

Ria(s)+γEs∼P(·|s,a)[Vθ(s)]−λ
N

i=1

ln(πiwi(s,a
i))−Vθ(s)

2


, (25)

whereλisapositiverealnumbercapturingthesmoothnesslevel,θandwaredeepneuralnetwork

parametersforthevalueandpolicy,respectively.Directlyapplyingthestochasticgradienttotheabove

objectiveusingsamplesleadstobiasesduetothenonlinearityoftheobjective(ordoublesampling

issue).Toalleviatethisdifficulty,thedistributedSBEEDintroducestheprimal-dualformasin[34],

whichresultsinadistributedsaddle-pointproblemsimilarto(20)andisprocessedwithastochastic

variantsofthedistributedproximalprimal-dualalgorithmin[50].

D.SpecialCase:NetworkedMARLwithCentralizedRewards

Lastly,weremarkthatthealgorithmsinthissectioncanbedirectlyappliedtoMA-MDPswithcentral

rewards.AsinSectionIII,weconsideranMDP,(S,{Ai}Ni=1,P,r,γ),withanadditionalnetworkcom-

municationmodelG,whileeachagentireceivesthecommonrewardr(s,a)insteadofthelocalreward

ri(s,a).OnemayimaginereinforcementlearningalgorithmsrunninginN identicalandindependent
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simulatedenvironments.Underthisassumption,adistributedpolicyevaluationwasstudiedin[52].It

combinesGTD[26]withthedistributedaveragingconsensusalgorithmasfollows:

GTDupdate:






θik+1/2=θ
i
k+αk(φ(s)−γφ(s))(φ(s)

Twik)

wik+1/2=w
i
k+αk(δ

i
k−φ(s)

Twik)φ(s)

Consensusstep:






θik+1=
1

|Ni|+1 j∈Ni∪{i}
θjk+1/2

wik+1=
1

|Ni|+1 j∈Ni∪{i}
wjk+1/2

whereδik= r(s,π(s))+γφ(s)
Tθik−φ(s)

TθikisthelocalTD-error.Eachagenthasaccesstothe

information(s,a,r,{θj}j∈Ni),whiletheactionaisnotusedintheupdates.Thefirstupdateisequivalent

totheGTDin[26]withalocalparameter(θi,wi)andthesecondtermisequivalenttothedistributed

averagingconsensusupdatein(15).SincetheGTDupdateruleisequivalenttoastochasticprimal-

dualalgorithm,theaboveupdateruleisequivalenttoadistributedalgorithmforsolvingthedistributed

saddle-pointproblemin(20).Inthesamevein,themulti-agentpolicyevaluation[39]generalizesthe

GQlearningtodistributedsettings,whichismoregeneralthanGTDinthesensethatitincorporatesan

importanceweightofagentithatmeasuresthedissimilaritybetweenthetargetandbehaviorpolicyfor

theoff-policylearning.

VI.FUTUREDIRECTIONS

Untilnow,wemainlyfocusedonnetworked MARLandrecentadvanceswhichcombinetoolsin

consensus-baseddistributedoptimizationwithMARLunderdecentralizedrewards.Thereremainmuch

morechallengingagendastobestudied.Bybridgingtwodomainsinasynergisticway,theseresearch

topicsareexpectedtogeneratenewresultsandenrichbothfields.

a)Robustnessofnetworked MARL:Communicationnetworksinrealworld,oftentimes,suffer

fromcommunicationdelays,noises,linkfailures,orpacketdrops. Moreover,networktopologiesmay

varyastimegoesby,andtheinformationexchangeoverthenetworksmaynotbebidirectionalin

general.Extensiveresultsondistributedoptimizationalgorithmsovertime-varying,directedgraphs,w/o

communicationdelayshavebeenactivelystudiedinthedistributedoptimizationcommunity,yetmostlyin

deterministicandconvexsettings.ThestudyofnetworkedMARLsunderaforementionedcommunication

limitationsisanopenandchallengingtopic.

b)ResilienceofnetworkedMARL:BuildingresilientnetworkedMARLunderadversarialattacksis

anotherimportanttopic.Aresilientconsensus-baseddistributedoptimizationalgorithmunderadversarial

attackshasbeenstudiedin[54],whichconsidersscenarioswhereadversarialagentsexistamongnet-

workedagentsandsendarbitraryparameterstotheirneighboringagentstodisruptthesolutionsearch.
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Insuchcases,analysisoffundamentallimitationsondistributedoptimizationalgorithmsandprotocols

resilientagainstsuchadversarialbehaviorsareavailable.Fornetworked MARL,suchissuesremain

largelyunexplored.

c)DevelopmentofdeepnetworkedMARLalgorithms:Anotherinterestingdirectionistheappli-

cationofconsensus-baseddistributedoptimizationstorecentdeepRLalgorithms,suchasdeepQ-

learning[55],trustregionpolicyoptimization(TRPO)[56],proximalpolicyoptimization(PPO)[57],deep

deterministicpolicygradient(DDPG)[58],twindelayedDDPG(TD3)[59].Mostofthesealgorithms

arevariantsofpolicysearchalgorithmandinvolveoptimizationproceduresincertainstages.Ideasof

distributedoptimizationscanpotentiallybeappliedtothesedeepRLalgorithmsaswell.

d)TheoreticalunderstandingofnetworkedMARLwithdeepneuralnets:Fundamentalanalysisof

networkedMARLwithnonlinearfunctionapproximationisstillanopenquestion.Fortheoptimization-

basedMARLs,whenthevaluefunctionorpolicyareparameterizedbydeepneuralnetworks,theresulting

distributedmin-maxproblemsdiscussedeventuallybecomenonconvex-nonconcave.Solvingthisclassof

distributedoptimizationproblemsinaprincipledmannerremainsanintriguingresearchtopic.

e) MARLforparallelcomputing:Lastly,networkedMARLscanbeusedtoreducememoryand

computationalcost,andacceleratethetrainingbyexploitingparallelcomputation.MostRLalgorithms

requireenormousexperiencestofindareasonablygoodpolicy,whichmaynotbeeasilycollectedbya

singleagent.Instead,alargenumberofcooperativeRLagentsovernetworkscanmoreeffectivelycollect

experiencesusingtheirownsensorssuchascrowdsources.Moreover,theseagentscanlearndifferent

partsoflearningparametersandfeatureswithlowerdimensionscomparedtothestate-space,whichcould

greatlyreducethememoryandcomputationalcost.Thereexistseveralworksinthisdirection,suchas

thedistributedgossipingTDlearningin[60],thedistributedpolicysearchalgorithm[42],etc.Inthis

case,thedesignofnetworktopologyandinfrastructuresbecomesquitecriticalinimprovingthelearning

efficiencyandbalancingthetradeoffbetweencommunicationandcomputationcost.
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