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Abstract
We present a metric-independent, diffeomorphism-invariant model with interacting fermions that
contains a massless composite graviton in its spectrum. The model is motivated by the supersym-
metric D-brane action, modulated by a fermion potential. The gravitational coupling is related
to new physics at the cutoff scale that regularizes UV divergences. We also speculate on possible

extensions of the model.
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I. INTRODUCTION

In Refs. [1, 2], we presented a generally covariant model of scalar fields in which gravity
appears as an emergent phenomenon in the infrared. The theory requires a physical cutoff
that regularizes ultraviolet divergences, and the Planck scale is then related to the cutoff
scale. The existence of a massless graviton pole in a two-into-two scattering amplitude was
demonstrated nonperturbatively by a resummation of diagrams, that was made possible
by working in the limit of a large number of physical scalar fields ¢%, for a = 1...N.
Although that work assumed a particular organizing principle, namely that the theory could
be obtained from a different starting point where an auxiliary metric field is eliminated by
imposing a constraint that the energy-momentum tensor of the theory vanishes, one could

have just as easily started directly with the resulting non-polynomial action
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where D is the number of spacetime dimensions and V(¢%) is the scalar potential. This
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action is reminiscent of a bosonic D-brane action [3]), modulated by the scalar potential
V(¢®). The X! fields will play the role of clocks and rulers after they are gauge-fixed,
and provide a spacetime backdrop for the theory. The composite graviton in this theory
couples at leading order to the (non-vanishing) flat-space energy-momentum tensor of the
physical scalars ¢%; graviton self-interactions are also generated, up to higher-derivative
corrections [2]. The vanishing of the Noether energy-momentum tensor of the model given by
(1.1), which allows us to evade the Weinberg-Witten theorem [4], is a consequence of the fact
that non-polynomial action in Eq. (1.1) is manifestly metric independent and diffeomorphism
invariant.! Metric independence refers to the absence of a fixed spacetime metric in the
action Eq. (1.1); we will see that the gauge fixing of the X’ fields will serve the same
purpose, while a dynamical metric fluctuation h,, emerges as a function of the ¢* fields.

If one were to take a theory like Eq. (1.1) as a starting point for building more realistic

theories with composite gravitons, two issues need to be addressed. First, a compelling

! In string theory, there is an analogy with the Nambu-Goto action, which is metric-independent and
diffeomorphism invariant. This leads to the Virasoro constraints, namely that the energy-momentum

tensor is (classically) identically zero.



ultraviolet completion of the theory needs to be found. In Refs. [1, 2], dimensional regula-
tization, with D = 4 — ¢ and € taken to be finite, was used to provide a generally covariant
cutoff. The Planck scale was then determined in terms of the finite value of 1/€ and the di-
mensionful parameters of the theory. A similar approach to composite gauge bosons can be
found in Refs. [5, 6]. The choice of dimensional regularization was motivated by convenience;
alternatively, one could use a Pauli-Villars regulator, with the Planck scale fixed in terms
of the Pauli-Villars scale, at the expense of complicating the relevant loop calculations. In
either case, the regulator is a placeholder for whatever generally covariant physics completes
the theory in the ultraviolet. In this paper we are agnostic about the ultraviolet completion,
but there are various possibilities that are worthy of consideration. For example, it might
be possible for theories of this type to be formulated covariantly on a discrete spacetime
lattice, without going to a continuum limit.

The issue that we address in the present paper is whether similar models can be con-
structed in the case of particles with higher spins. We take the first step in this direction by
presenting a model involving fermions fields whose action is similar to Eq. (1.1), and showing
that it leads to a massless, composite graviton state. The fermion theory is described by a
metric-independent action which is similar to that of a supersymmetric D-brane [7] modu-
lated by the fermion potential, though neither supersymmetry nor x-symmetry are present
(or required) in our model.

Our paper is organized as follows. In the next section, we briefly summarize the approach
used in Refs. [1, 2] to demonstrate that the scalar theory in Eq. (1.1) includes a massless,
composite spin-2 state. In Sec. III, we present a model in which the graviton emerges as a
bound state of fermions. In Sec. IV, we discuss some subtleties of our analysis as well as
possible generalizations of the model. In Sec. V, we summarize our conclusions. We adopt
the following conventions: the Minkowski metric has mostly minus signature, the Dirac
matrices satisfy the Clifford algebra {v/, v/} = 27!/, and ¢ = 1 is the Dirac conjugate

fermion.

II. REVIEW OF THE SCALAR THEORY

In this section, we briefly review the approach presented in Ref. [1] to demonstrate the

existence of a massless composite graviton in the scalar theory defined by Eq. (1.1). We first



gauge-fix the general coordinate invariance of the theory by identifying the clock and ruler

fields X! with the spacetime coordinates, up to a proportionality factor?
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Here, Vj is the constant defined in the scalar potential by

V(g) = Vo +AV(¢?) , (2.2)

and we take AV (¢*) to represent the O(/N)-symmetric mass term

N
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The counterterms ¢; and ¢, will be explained below. Eq. (2.2) allows us to study the theory
of Eq. (1.1) perturbatively, via an expansion in powers of 1/V. We will also take the number
of ¢* fields to be large, N > 1, and work only to leading order in a 1/N expansion. This
makes it possible to perform a resummation of the leading-order diagrams that contribute
to the two-into-two scattering amplitude shown in Fig. 1. The result of this resummation
allows the identification of a graviton pole, following a tuning of V; that is tantamount to
the tuning of the cosmological constant.

Expanding the gauge-fixed action, one finds
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where we have not displayed ¢; and cy. Their effects are simple to take into account, since

these counterterms are chosen to normal order every occurrence of 9,¢%0,¢" and ¢“¢” in
Eq. (2.4). To be precise, any loop which can be formed by contracting the two ¢*’s in

0,0°0,¢" is set to zero by choice of the counterterm c;, while any formed by contracting

2 The main assumption we make here, as in our previous work, is that the matrix 0uX T is non-singular,
such that the static gauge (2.1) can be fixed.
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FIG. 1: The scattering amplitude studied in Ref. [1]

the two ¢%’s in m?¢®¢*® is canceled by the counterterm cy. These choices reduce the number
of relevant loop diagrams in the scattering calculation to those shown in Fig. 1, at leading
order in 1/N. The vertices in these diagrams originate from the quartic scalar interactions

of Eq. (2.4), which may be written more compactly as
P B 25
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where 7, is the flat-space energy-momentum tensor
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We may write the scattering amplitude of Fig. 1 in the form
iM(pr,a;pa, a — p3,c;pa,c) = B (pr, p2)[i A (q)] Epe(p3, pa) (2.8)

where F,,, represents the Feynman rule for the external lines
By (p1,p2) = —(0h p3 + PV 08) + 1" (b1 p2 +m?) (2.9)

and where ¢ = p; + p2 = p3 + ps. In evaluating the scattering amplitude, dimensional

regularization is used as a regulator of the loop integrals. It was shown in Ref. [1] that a
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massless, spin-two pole is obtained provided one chooses
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B 2 (47)D/2

Vo= (m*)P72 (2.10)

a tuning that is necessary to achieve a vanishing cosmological constant. One then finds
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which can be compared to the expected one-graviton exchange amplitude in a free scalar

theory
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Hence, one may identify the D-dimensional Planck mass Mp, as
NT(1-2) 1/(D=2)
Mp, = — 2 2.13

With D = 4 — ¢, positivity of the Planck mass requires the regulator ¢ to be small and
negative.

In the next section, we present a fermionic theory in which a massless, composite graviton
is identified through a similar large- N diagrammatic resummation of a two-into-two scatter-
ing amplitude. In Ref. [1], the resummation of diagrams was achieved by solving a recursive
formula that faithfully represents the complete set of diagrams shown in Fig. 1. The details

of this approach will be revisited in the context of the fermionic model in the next section.

ITII. A FERMIONIC THEORY

Motivated by the scalar theory discussed in the previous section, we consider a similar

metric-independent, reparametrization invariant action
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where O, represents an operator that is bilinear in the fermion fields and the constant cq
will be specified below. Like the scalar theory, metric independence refers to the absence of a

fixed spacetime metric in the action, Eq. (3.1); the same effect is achieved in our framework



via the gauge fixing of the X' fields. The dynamical metric fluctuation h,, emerges in this
case as a function of the ¢ fields. We work with N fermion flavors, in the large N limit. We

first consider the choice

N .
7 — a
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Ad
where A 0, B = Ad,B — (0,A)B. We use parentheses around a pair of indices to denote
index symmetrization: A, = % (A +Ay,), ete. In order to avoid notational clutter we
will suppress the summation over the flavors from now on. We separate the constant part

of the potential into two parts, V; and cy:
V=W+AV —cy =+ AV . (3.3)
The role of the constant ¢y is to normal-order AV such that
(0]: AV :]0) = 0. (3.4)

In the first line of Eq. (3.1), the signature of the vacuum spacetime metric appears explicitly
in the factor of n;;; in the second line, the signature is determined by the Clifford algebra
of the v matrices and the definition of O’ in Eq. (3.2).

We further gauge-fix the coordinate dependence of the clock and ruler fields as

Vi
Xf:< <AEH)—q>ﬂﬂb I=0,....D—1. (3.5)
2

This gauge choice is the same as in the scalar theory (with a redefined ¢;, but fulfilling
the same purpose, namely —cléﬁ effectively normal-orders ¢ Oi) but allows Vj to be of
either sign. Defining the normal-ordered flat-space matter energy-momentum tensor with

vanishing vacuum expectation value,

71— < 17—
b =: iw O YV =N [: §¢ O Y — :AV:} : (3.6)
and expanding in inverse powers of Vj, we find that the Lagrangian is given by
2Vh D -2 1 1
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where we introduced the notation t - ¢ = ¢,,t"*, t = t#, and O = O*,,. In this equation as
well as those that follow we take V; < 0, which we find is necessary to assure the positivity

of M%. We assume, as in our scalar model, that AV includes only a mass term,
AV =mi) (3.8)
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so that the quantity O — AV represents the Lagrangian for a free Dirac fermion of mass
m. We want to stress that since every occurence of ¢y O',, comes with —cléﬁ and every
occurence of AV comes with —cs, even higher-order interactions will be written in terms of
the normal-ordered operators, : O',: and : AV:. The value of ¢, has been fixed in Eq. (3.7)

by the requirement that the fermion kinetic terms have canonical normalization,

co=+/D/2 — 1@ . (3.9)

Then, using dimensional regularization, we find

m2 D/2
¢, =2N+\/DJ2 — 1@F(—D/2) (—> . (3.10)
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From here on, we will be working with D =4 — € and to leading order in €. The quartic

interaction terms in Eq. (3.7) can be written

Lot =~ by 0907 1, + 22 Gy 1 0(L) (3.11)
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Defining ¥, = nw,Ew, we may represent the two types of interaction terms in a similar

way
Lons = _4%/0 £ TP ¢ 4, Tl \prg] , (3.13)
where
e = —%mQ(n"pn” +1"n'") (3.14)

The operators ¢, and ¥,, lead to different Feynman rules for external lines, which we

represent by F,, and E/’M respectively. With this notation, the full scattering amplitude is

given by
A/W|PU Awlpa B
iM=i (EHV E ) " w 0, (3.15)
g AWIPU A/W|PU B
pt vy po
where
wlpo  puvlpo wv|po tt ta wvlpo  quvlpo
Ay Amp _ Ao 0 n Kaﬁw KaﬂW Ay Atw (3.16)
wlpo  gpvlpo pvlpo Yty gy p pvlpos  qpvlpe | N
Aye™ Ay 0 Ajyy Kog Kog Ay Ayy

The first term on the right-hand-side represents the tree-level contributions to the amplitude.

The four components of the kernel matrix each involve a one-loop calculation that differ by
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FIG. 2: Diagrammatic representation of the recursion formula.

the choice of the two vertices which connect the loop to external lines on one end, and
to the remaining scattering amplitude “blob” on the other, as shown in Fig. 2. In these
calculations, we retain terms only up to quadratic order in the momentum transfer ¢, which
is sufficient for determining whether there is a pole at ¢> = 0. Writing Eq. (3.16) as a

two-by-two matrix equation

«

535 1 — Kwaﬁ] AcBler — gpvles (3.17)

we need to invert the two-by-two matrix of tensors in square brackets on the left-hand-side,
up to terms that vanish when contracted with the external line factor E\.. For D =4 — ¢

dimensions, and with a tuning analogous to the one we encountered in the scalar theory,

Nm!

we find that the matrix (5&(%) -1 — K",z has the following four components:

1% 17 1 q2 14 1 4
00t = Kuap = =3~ 60l + 550" (¢"Nas — 4ads)

1 14 14 v 14 v
o5 (670045 + 4"054a + 4"00ap + 4" 054a) — 350"4 s (3.19)
—Kw"op = —5, 50" 0 Mas (3.20)

1

— Ky g = = 1" (*Nap — 4ags) 3.21
o ap = —g 1" (0 ap — Gads) (3.21)
GG — Ky = g+ 2y, (1 — L 3.22
@98 — By’ o5 = 0(u93) t nnaﬁ(—éw)- (3.22)



Parameterizing the components of the inverse matrix

W)\N#V XAHMV 5?@5;) _ Kttuyaﬁ _Kw]uuaﬁ 6()\0455) 0
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again, up to terms on the right-hand-side that vanish when acting on the external line factor

E,\,{, we find

3 2 3m? v

A i S+ (g—w—§%> nA”mﬂrwnM% : (3.24)
B} 1
X/\ nv 9m77 77#1/ ) (325)
W (_m ) mq#q'f 3.26
RU (18ynmu+yn 2 (3.26)
K 2 K
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In these expressions, the constants w and y are arbitrary; we will see that the pole part of
the scattering amplitude will be independent of their values.

The solution for the amplitude is given by

iM =i <EM E'M) W X% ) A0 ay (3.28)
YV 2N, o Ay )\ B,
or more explicitly
M = _QLVO [E,\RW)‘“ W\paE +EA,€X)‘“ H/#V|P0E’l/w
+E,\,$y’\“uyﬁ“”")"Epg + E’MZA"‘WI:[/“”WE;U (3.29)

It is clear from Egs. (3.25) and (3.27) that the second and fourth terms in Eq. (3.29) have
no 1/¢* poles. Eq. (3.26) only provides a 1/¢? via the ¢*¢”/q* term; however this term only
contributes to the scattering amplitude via contractions with an 7,, in Eq. (3.29), so the
third term in that expression is also free of 1/¢* poles. The only possibility of a surviving
pole is in the term proportional to W’\”Wﬁ””|p" (the part of the amplitude that connects
two flat-space energy-momentum tensors); using our result in Eq. (3.24) we find

A& TTuv|po m’ Ak|po
WA, TTwer — 6 ples (3.30)
q
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which is independent of the constant w, and is proportional to the correct tensor structure
for the spin-2 graviton propagator. Taking into account the coefficient of the tree-level

amplitude as well as the fine-tuning condition, the pole-part of the amplitude may be written

24q2e TIMsleo
AMleo — : 3.31

With € < 0 [and Vj < 0 from Eq. (3.18)], we identify the Planck mass defined in Eq. (2.12)

as
»  m*N
P = 24l

It is not surprising that the sign of V; is opposite to what one encounters in the scalar theory

. (3.32)

of Ref. [1], due to the additional minus sign that originates from the fermion loop.

Finally, we note that our choice of symmetric indices in Eq. (3.2) allows us to illustrate
our result in the simplest way possible. Had we assumed no symmetry of indices, we would
decompose Oy, into symmetric and antisymmetric parts. This leads to a new quartic fermion
interaction that is quadratic in the antisymmetric part of Oy, by itself, and corresponds to
a distinct external line Feynman rule. We would then have to consider a more cumber-
some three-by-three matrix kernel analysis. However, we would find in the end that the
graviton pole arises from iteration of loops involving the other interactions, a point that is

demonstrated more directly with the model presented in this section.

IV. DISCUSSION

It is likely that the fundamental theory of nature will incorporate diffeomorphism invari-
ance in its description. It is also possible that the fundamental theory will serve to regularize
the divergences of quantum field theory, as happens in string theory. In a semiclassical set-
ting, Sakharov explained that the assumption of a diffeomorphism-invariant regulator in a
quantum field theory is almost guaranteed to give rise to the Einstein-Hilbert term in the
effective action [8]. This has been confirmed in a number of toy models by direct computa-
tion [9, 10]. However, subsequent quantization of the spacetime metric generally leaves the
basic puzzles of quantum gravity, such as the problem of time [11, 12], unaddressed.

The existence of scalar fields that play the role of clock and rulers would resolve the
problem of time and allow for an emergent geometric description of spacetime. In this

setting there is a natural expansion of the emergent spacetime about Minkowski space (or

11



about any other spacetime after suitable modification of the theory [13]), and as we have
seen there exists a perturbative expansion of scattering amplitudes that demonstrates the
existence of an emergent gravitational interaction and a massless composite spin-2 state in
the spectrum. However, this approach presents some subtleties that we now mention. With

the fine-tuned choice for the potential V{, we find that the leading order term in 1/€ in our

gauge-fixing condition X' = (1/|Vy|/(D/2 — 1) — ¢1) #* ¢!, vanishes; the same observation
was made in the context of the purely scalar theory in Ref. [2]. However, in order for the
gauge fixed choice for the X7 to be related to a class of nontrivial field configurations by
diffeomorphism transformations, we must keep the gauge-fixed profile of the X! such that
9,X is a non-singular matrix. This suggests that a way to define the theory is via the limit
as Vy approaches the fine-tuned value. The discussion in Secs. II and III establishes the
massless graviton state by working at the limit point rather than taking the limit.

Another issue is that the theory described by the action in Eq. (3.1) is diffeomorphism
invariant, but not locally Lorentz invariant, contrary to what one might expect for a theory
of fermions that have gravitational interactions. Nevertheless, other quantum theories of
gravity with global rather than local Lorentz invariance have been proposed, taking into
account that observational constraints are only sensitive to certain local-Lorentz-violating
interactions that may be generated at higher order in the effective action [14]. Those models,
as well as the one presented in Sec. III, illustrate that the existence of a massless spin-2
graviton in the spectrum follows only from the diffeomorphism invariance of the theory.
Rather than focus here on phenomenological issues associated with the absence of local
Lorentz invariance, we instead outline how it may be incorporated in the theory: Specifically,
start with an action describing the clock and ruler fields and the N massive free fermions

coupled with an auxilliary vielbein eﬁ
1 - _
S = / dPz det(ep)) (Eelje%nJKmLa,,XlapXL + iey? Db — (mapep + Vi — c2)) (4.1)

where the covariant derivative D, includes the spin connection term which ensures that
the fermions in (4.1) transform as spinors under local Lorentz transformations. The spin
connection is defined in terms of the auxiliary vielbein and its derivatives as usual. One
can impose once more the vanishing energy-momentum tensor constraint, and solve for the
auxiliary vielbein ei order by order in 1/V{. The resulting metric-independent theory would

have both diffeomorphism invariance and local Lorentz symmetry.
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It is also interesting to note that our gauge-fixed model bears a striking resemblance
to a supersymmetric D-brane action (compare for example with Eq. (1) in Ref. [7]). The
only significant difference (besides having a large number of fermion flavors) is that we are
interested in massive fermions®, and so we added a modulating fermion potential to the
action (we cannot add a potential term to the square-root DBI-like term, because in doing
so we would be losing diffeomophism invariance which is crucial for our emergent gravity
class of models; so the only option to add the potential is by mutiplication with the DBI-like
term). Given that the D-brane action offered a template for emergent gravity for scalars
and fermions alike, we offer some comments on coupling the spin-0 and spin-1/2 fields to a
gauge field on the brane. In the abelian case one conjecture is to modify the action (3.1) by

adding a term proportional to the field strength, as in the DBI action [3]:

D/2—1 D/2-1 D-1 _
S = / dPx <W) [‘det (LJ (0, X" + co iy (9, — iA,)Y)

1/2

(0,X7 + coipy’ (0, — iAW) mry + 218 Fu || (4.2)

where ' is a parameter ultimately related to the gauge coupling, and F), = 9,4, — 0, A,.
In (4.2), we also replace partial derivatives with gauge-covariant derivatives. This takes us
away from the supersymmetric D-brane action, where the fermions are not charged [7]. For
non-abelian supersymmetric D-branes, the fermions belong to the adjoint representation of
the gauge group, as required by supersymmetry. Our model on the other hand only requires
diffeomorphism and gauge invariance and it is not bound by supersymmetry considerations,
which accounts for the departure from the supersymmetric D-brane actions.

The definition of the theory by way of the auxiliary vielbein also suggests an extension
that includes non-Abelian gauge fields. We add to the auxiliary field action (4.1) the curved-
space gauge-field kinetic term and interactions. If we then formally replace the vielbein
by the solution to the constraint of vanishing energy-momentum tensor (i.e. the vielbein
equation of motion) as a series expansion in 1/Vj, we are led to a theory containing dynamical
gauge fields and gauge-coupled fermions. By virtue of diffeomorphism invariance we expect
the regulated theory to also provide an emergent gravitational interaction. We do not follow

through with this approach here, although this would seem to be a direct path to a theory

3 We recall that the Planck scale is proportional to the fermion mass in this approach.
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of emergent gravity coupled to the standard model. The possibility that all gauge and
gravitational interactions are emergent should also be considered, motivated for example by
the model of Refs. [18, 19], but with the addition of clock and ruler fields to allow the gauge

fixing of diffeomorphism invariance and a perturbative analysis as in this paper.

V. CONCLUSIONS

We have demonstrated the existence of a long-range gravitational interaction consistent
with general relativity in a metric-independent but diffeomorphism-invariant theory with
spin-1/2 fermions. The model was motivated by the action describing spinors on a D-
brane [7]. The strength of the emergent gravitational interaction depends on the ultraviolet
regulator for the theory; here we have used dimensional regularization as a proxy for the
physical regulator that would provide a complete definition of the theory. Clock and ruler
fields provide the spacetime backdrop of the theory, and give rise to a natural expansion of
the emergent spacetime about Minkowski space after a parameter tuning that is tantamount
to setting the cosmological constant to zero [1].

The approach to quantum gravity that we have explored here and in Refs. [1, 2] and
[13] suggests that a long-range gravitational interaction consistent with general relativity
is straightforward to arrange, as long as a physical covariant regulator exists. In order to
maintain the massless composite graviton in the spectrum of the effective low-energy theory,
the physical regulator must preserve the diffeomorphism invariance of the effective theory.
Insight into possible physical regulators can be found in other approaches to quantum grav-
ity, even though here gravity is emergent rather than quantized directly. For example, if
spacetime is discrete as in the causal dynamical triangulations approach [15], then a scale
associated with that discreteness could be associated with the regulator scale; alternatively,
more radical modifications of quantum theory at short distances could be responsible for
regularizing field-theory divergences [16, 17] and the resulting emergent gravitational inter-
action. Although here we analyzed a toy model in a large-/N limit including only fermions
and the clock and ruler fields, it should be possible to extend these results in a more general
setting, including one in which the low-energy effective description is that of the standard

model coupled to Einstein gravity.
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