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Abstract

We consider the fundamental problem of ReLU regression, where the goal is to output
the best fitting ReLU with respect to square loss given access to draws from some unknown
distribution. We give the first efficient, constant-factor approximation algorithm for this problem
assuming the underlying distribution satisfies some weak concentration and anti-concentration
conditions (and includes, for example, all log-concave distributions). This solves the main open
problem of Goel et al., who proved hardness results for any exact algorithm for ReLLU regression
(up to an additive ¢). Using more sophisticated techniques, we can improve our results and
obtain a polynomial-time approximation scheme for any subgaussian distribution. Given the
aforementioned hardness results, these guarantees can not be substantially improved.

Our main insight is a new characterization of surrogate losses for nonconvex activations.
While prior work had established the existence of convex surrogates for monotone activations,
we show that properties of the underlying distribution actually induce strong convexity for the
loss, allowing us to relate the global minimum to the activation’s Chow parameters.
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1 Introduction

Finding the best-fitting ReLLU with respect to square-loss — also called “ReLLU Regression” — is a
fundamental primitive in the theory of neural networks. Many authors have recently studied the
problem both in terms of finding algorithms that succeed under various assumptions and proving
hardness results (Manurangsi and Reichman, 2018; Soltanolkotabi, 2017; Goel et al., 2019; Yehudai
and Shamir, 2019; Goel et al., 2017; Manurangsi and Reichman, 2018). In this work, we consider
the agnostic model of learning where no assumptions are made on the noise.

Recall the ReLU function ReLU,, : R? — R parameterized by w is defined as RelLU,,(x) :=
ReLU((w, x)) = max {0, (w, z)} (for simplicity, let |w|2 < 1). Given samples (x,y) drawn from a
distribution D over R? x R, the objective of the learner is to find a hypothesis h : R¢ - R that has
square loss at most opt + €, where opt <« 1 is defined to be the loss of the best fitting ReLU, i.e.,

opt := ggﬂg Ep [(ReLU({w,z)) - y)2] .

There are several hardness results known for this problem. A recent result shows that finding a
hypothesis achieving a loss of O(opt) + € is NP-hard when there are no distributional assumptions
on Dy, the marginal of D on the examples (Manurangsi and Reichman, 2018). Recent work due to
Goel et al. (2019) gives hardness results for achieving error opt+e, even if the underlying distribution
is the standard Gaussian. This work also provides an algorithm that achieves error O(optz/ 3) +e
under the assumption that Dy is log-concave. The main problem open problem posed by Goel
et al. (2019) is the following:

Question 1. For the problem of ReLU regression, is it possible to recover a hypothesis achieving
error of O(opt) + € in time poly(d,1/e)?

In this paper we answer this question in the affirmative. Specifically, we show that there is a fully
polynomial time algorithm which can recover a vector w such that the loss of the corresponding
ReLU function, ReLU,,, is at most O(opt) + €. More formally, we prove the following:

Theorem 1.1. If Dx is isotropic log-concave, there is an algorithm that takes O(d/eQ) samples
and runs in time O(d?/€%) and returns a vector w such that ReLU,, has square loss O(opt) + ¢ with
high probability.

The sample complexity of our algorithm is nearly linear in the problem dimension and hence
information-theoretically optimal up to logarithmic factors. To establish this near-optimal sam-
ple complexity, we leverage intricate tools involving uniform one-sided concentration of empirical
processes of log-concave distributions.

Additionally, we show that under stronger distributional assumptions and if the algorithm is
allowed to be improper, i.e., if the hypothesis need not be the ReLLU of a linear function, then it
is possible to return a hypothesis that achieves a loss of (1 + ) -opt + € in polynomial time for any
constant 1 > 0 as long as opt < 1.

Theorem 1.2. If Dy is v-subgaussian for v < O(1), then for any constant n > 0, there is an
1/n?

algorithm with sample complexity and running time O Eiz . (n%‘lljg) ) that outputs a hypothesis

h:R? - R whose square loss is at most (1+n) - opt + € with high probability.

Given the hardness results of Goel et al. (2019), the aforementioned accuracy guarantees are
essentially best-possible.



1.1 Owur Approach

A major barrier to minimizing the square loss for the ReLLU regression problem is that it is noncon-
vex. In such settings, gradient descent-based algorithms can potentially fail due to the presence of
poor local minima. In the case of ReLU regression, the number of these bad local minima for the
square loss can be as large as exponential in the dimension (Auer et al., 1996).

Despite this fact, for well-structured noise models, it is possible to learn a ReLLU with respect to
square loss by applying results on isotonic regression (Kalai and Sastry, 2009; Kakade et al., 2011;
Klivans and Meka, 2017). These results show that if the noise is bounded and has zero mean, it is
possible to learn conditional mean functions of the form oy, :  — o({w, x)) where ¢ is a monotone
and Lipschitz activation. This is proven via an analysis similar to that of the perceptron algorithm.
It is not clear, however, how to extend these results to harder noise models.

In retrospect, one way to interpret the algorithms from Kalai and Sastry (2009) and Kakade
et al. (2011) is to view them as implicitly minimizing a surrogate loss'. The intuition is as follows:
although a monotone and Lipschitz function need not be convex, it is not difficult to see that its
integral is convex. This motivates the following definition of a surrogate loss:

surr _ {w,x)
LD (w) = ﬂz(m,y)~D 0 (U(a) _y) da| .

Properties of this loss were explored early on in the work of Auer et al. (1996) who gave a formal
proof that the loss is convex (a succinct write-up of properties of this loss can also be found in
notes due to Kanade (2018)). Thus, we can efficiently minimize this loss using gradient descent.
What is more subtle is the relationship of the minima of the surrogate loss to the minima of the
original square-loss.

The main insight of the current work is that algorithms that directly minimize this surrogate
loss have strong noise-tolerance properties if the underlying marginal distribution satisfies some
mild conditions. As a consequence, we prove that the GLMtron algorithm of Kakade et al. (2011)
(or equivalently projected gradient descent on the surrogate loss) achieves a constant-factor approx-
imation for ReLU regression. The proof of this relies on three key structural observations:

e The first insight concerns the notion of the Chow parameters of a function. The Chow
parameters X{; of a function f:R? - R with respect to a distribution D are defined to be
the first moments of f with respect to Dy, i.e., X{) = Egopy [f({(w,))]. We show that
the Chow parameters of a strictly monotone and Lipschitz activation function o robustly
characterize the function, i.e., two functions with approximately the same Chow parameters
have approximately the same loss. More precisely, any w that satisfies x7;* = [E(%y)ND[y -x]
induces a concept o4, with square loss O(opt).

e The second observation is that the gradient of the surrogate loss at w is the difference between
the Chow parameters of 0., and the first moments of the labels, xp = E(g,).ply - 2], i.e.,

Vwlp" (w) = X3 - xp -

e The third insight is that if the underlying distribution Dy satisfies some concentration and
anti-concentration properties (satisfied, for instance, by log-concave distributions), then the

'The analysis of Kalai and Sastry (2009) and Kakade et al. (2011) works directly with square loss and does not
use the existence of a surrogate loss for its analysis.



surrogate loss is strongly convex. In particular, this holds for any activation that is strictly
monotone and 1-Lipschitz, including ReLUs.

Any strongly convex function achieves its minimum at a point where the gradient is zero. The first
two observations now imply that the point where the surrogate loss has zero gradient corresponds
to a weight vector achieving a loss of O(opt) + €.

A naive analysis for the concentration of empirical gradients results in a sample complexity of
roughly O(d*). To achieve the near-linear sample complexity of O(d polylog(d)) in Theorem 1.1,
we show that while the gradient is not uniformly concentrated in all directions, it does concentrate
from below in the direction going from the current estimate to the minimizer of the loss.

Theorem 1.1 achieves a constant factor approximation to the ReLLU regression problem when
the underlying distribution is log-concave. It is not clear how to show that minimizing the surro-
gate loss alone can go beyond a constant factor approximation. Still, it turns out that under a
slightly stronger distributional assumption on Dy (sub-gaussianity), we can give a polynomial-time
approximation scheme (PTAS) for ReLLU regression.

To achieve this, we build on the localization framework used to solve the problem of learning
halfspaces under various noise models (Daniely, 2015; Awasthi et al., 2017). The problem of learning
halfspaces, however, differs from the problem of ReLU regression. One crucial difference is that for
the problem of learning halfspaces, the agnostic noise model is equivalent to the noise model where
an opt fraction of the labels are corrupted. In the case of ReLLU regression, every point’s label can
potentially be corrupted.

Our approach broadly proceeds in two stages:

e First, we use our constant-factor approximation algorithm to recover a vector w satisfying
lw — w*|3 < O(opt), where w* is the vector achieving an error of opt. We use this to
partition the space into three regions for a certain choice of a parameter t. Our three regions
are T = {u e R?: [(w,u)| <t}, Ty = {uw e RY: (w,u) >t}, and T_ = {u e R?: (w,u) < —t}.

e In each of these regions we find functions whose loss competes with that of the best fitting
ReLU (i.e., ReLU({(w*,x))).

Observe that ReLU,,« () takes the value (w*,x) for most of the region 7). Intuitively, the best-
fitting linear function w, must achieve a loss comparable to ReLU,,+ () for T',. Similar reasoning
shows that for the region T_, 0 is a good hypothesis. Using results from approximation theory, we
show that the function ReLU,,+ (a) in the region T is closely approximated by a polynomial of degree
O (%) To find a function which achieves a comparable loss to the concept, we perform polynomial
regression to find the best-fitting polynomial of appropriate degree in this region. Finally, our
algorithm returns the following hypothesis h.

(wy,x), xeT:
h(x) =1 P(x), zeT
0, xel

The paper by Daniely (2015) shows this result only for the uniform distribution on the sphere,
while our result works for all sub-gaussian distributions. The analysis of this algorithm is nontriv-
ial. In particular, in addition to using tools from approximation theory to derive the polynomial
approximation, the choice of the parameter ¢ to partition our space is delicate, and we need to



calculate approximations with respect to complicated marginal distributions that do not have nice
closed-form expressions.

1.2 Prior and Related Work

Here we provide an overview of the most relevant prior work. Goel et al. (2017) give an efficient
algorithm for ReLLU regression that succeeds with respect to any distribution supported on the
unit sphere, but has sample complexity and running time exponential in 1/e. Soltanolkotabi (2017)
shows that SGD efficiently learns a ReLLU in the realizable setting when the underlying distribution
is assumed to be the standard Gaussian. Goel et al. (2018) gives a learning algorithm for one
convolutional layer of ReLUs for any symmetric distribution (including Gaussians). Goel et al.
(2019) gives an efficient algorithm for ReLU regression with error guarantee of O(opt?/?) +e.

Yehudai and Shamir (2019) shows that it is hard to learn a single ReL U activation via stochastic
gradient descent, when the hypothesis used to learn the ReLU function is of the form N(x) :=
i1 uifi(x) and the functions f;(x) are random feature maps drawn from a fixed distribution. In
particular, they show that any N(a) which approximates ReLU({w*, ) +b) (where |w|2 = d* and
b € R) up to a small constant square loss, must have one of the |u;| being exponentially large in
d for some i or have exponentially many random features in the sum (i.e., 7 > exp(2(d)). Their
paper makes the point that regression using random features cannot learn the ReLLU function in
polynomial time. Our results use different techniques to learn the unknown ReLU function that
are not captured by this model.

We note that Chow parameters have been previously used in the context of learning halfs-
paces under well-behaved distributions, see, e.g., O’Donnell and Servedio (2008); De et al. (2012);
Diakonikolas et al. (2019) and references therein. The technique of localization has been used ex-
tensively in the context of learning halfspaces over various structured distributions. Specifically,
Awasthi et al. (2017) use this technique to learn origin-centered halfspaces with respect to log-
concave distributions in the presence of agnostic noise, obtaining an error guarantee of O(opt) + €.
Subsequently, Daniely (2015) uses an adaptation of the localization technique in conjunction with
the polynomial approximation technique from Kalai et al. (2005) to obtain a PTAS for the problem
of agnostically learning origin-centered halfspaces under the uniform distribution over the sphere.
More recently, Diakonikolas et al. (2018) obtain similar guarantees in the presence of nasty noise,
where the halfspace need not be origin-centered.

While the problem of learning halfspaces is related to that of ReLLU regression, we stress that
for ReLU regression every label may be corrupted (possibly by arbitrarily large values), while in the
context of learning halfspaces only an opt fraction of the labels are corrupted. This is because the
loss for halfspace learning is 0/1 instead of the square-loss. Indeed, a black-box application of the
results for halfspace learning in the context ReLU regression results in the suboptimal guarantee
of O(opt??) (Goel et al., 2019).

2 Preliminaries

Notation. For n € Z,, we denote [n] def {1,...,n}. We will use small boldface characters for

vectors. For x € R?, and i € [d], «; denotes the i-th coordinate of x, and |z aef (L, x2)!/?
denotes the fo-norm of . We will use (x,y) for the inner product between x,y € R¢. We will use
E[X] for the expectation of random variable X and Pr[€] for the probability of event £. For two



functions f,g let f $ g mean that there exists a C' > 0 such that f(z) < Cg(x) for all x > C' and
f 2 g denote g S f. B(d,W) denotes the d-dimensional Euclidean ball at the origin with radius W,
that is, B(d, W) := {x e R | |x|2 < W}. Wesay f = O(g) if f S g, also we use O to hide log factors
of the input. We will use ¢’(x) to denote a subgradient of o at the point .

Learning Models. We start by reviewing the PAC learning model Vapnik (1982); Valiant (1984).
Let C be the target (concept) class of functions f : X - Y, H be a hypothesis class, and ¢ :
HxXxY — R be aloss function. In the (distribution-specific) agnostic PAC model Haussler (1992);
Kearns et al. (1994), we are given a multi-set of labeled examples ((?),3(*)) that are i.i.d. samples
drawn from a distribution D = (Dy,Dy) on X x Y, where () ~ D,. The marginal distribution
D, is assumed to lie in a family of well-behaved distributions. The goal is to find a hypothesis
h € H that approximately minimizes the expected loss Lp(h) := E(44).p[¢(h(x),y)], compared to
optp(C) = minec Lp(f). In this paper, we will have X = RY, ¥ = R, and £(h(z),y) = (h(z) - y)*.
We will focus on constant factor approximation algorithms, that is, we will want a hypothesis which
satisfies Lp(h) < C - optp(C) + € for some universal constant C' > 1 and e € (0,1). If the hypothesis
h € C then the learner is proper else it is called improper.

Problem Setup. We consider the concept class of Generalized Linear Models (GLMs) C, :=
{x -» o({w,x))} for activation functions o : R - R which are non-decreasing and 1-Lipschitz.
Common activations such as ReLU and Sigmoid satisfy this assumption. We use the Ls-error
as our loss function, i.e., Lp(h) := E(gy).p[(h(x) —y)*]. We overload the definition by setting
Lp(f,9) = Egy)-pl(f(z) - g(x))?]. Our goal is to design a proper constant-approximation PAC
learner for class C, in time and sample complexity polynomial in the input parameters.

In this paper, we focus primarily on the ReLU activation, that is, ReLU(a) = max(0, a). We
also restrict ourselves to isotropic distributions, that is, Eg.p,[2] = 0 and Egp,[zz?] = I. We
also assume that the labels are bounded in absolute value by 1 for ease of presentation. For
approximate learning guarantees, our results go through if we assume the distribution of labels is
sub-exponential.

Definition 2.1 (Chow parameters). Given a distribution D over R4xR, for any function f : R? - R,
define the (degree-1) Chow parameters of f w.r.t. D as Xé = Egop, [f(x)x].

For a sample S drawn from D, we also define the corresponding empirical Chow parameter with
respect to S as )’(‘g = I_él Y(ay)es [(T)T.
We overload notation by defining the true Chow parameters as xp = E().p[yz] and its

corresponding empirical true Chow parameter w.r.t. S as g := ﬁ Y yx.

(z,y)eS

Definition 2.2 (Chow distance). Given distribution D over R xR, for any functions f,g:R? - R,
define the Chow distance between f and g w.r.t. D as chowp(f,g) = ||x{) - xX5l2, that is, the
Fuclidean distance between the corresponding Chow parameters.

Lemma 2.3 (Chow distance to function distance). Let D be such that the marginal on X is

b= xb|, < VIn(f.9).

isotropic. For any functions f and g,

Proof. We have

Ixp = X2 = 1E(wy)-p[(f (@) - g(z))z]]2



= max Ep[(f(z)-g(z))(u, )]

[wf2=1

<VLp(f,9) max, VEp[{u,z)2] =v/Lp(f,9).

Here the first equality follows from the variational form of the Euclidean norm and the last follows
from applying Cauchy-Schwartz inequality and using isotropy of the underlying distribution on
X. O

Corollary 2.4 (Chow-distance from true Chow vector). Let D be such that the marginal on X
is isotropic. For any activation function o : R — R and vector w € RY, we have |xp - X5’ 2 <

VLp(ow).

Proof. Letting f = E[y|x] and g = 04 in Lemma 2.3 gives us,

Ixp = X515 < Ep[(E[yle] - 0w (x))?]
<Ep[(y - 0w(x))?] = Lp(0ow).

Here the last inequality follows from an application of Jensen’s inequality. O

Organization. In Section 3, we give an algorithm to find a weight vector that matches the true
Chow parameters for the class of GLMs. In Section 4, we show that under certain assumptions
on the activation function, the so obtained weight vector in fact gives us the approximate learning
guarantee. In Section 5, we show that, for isotropic log-concave distributions, the ReLU satisfies
our assumptions, and combining the previous techniques gives us the desired approximate learning
result. Finally, in Section 6 we give an algorithm that improves the approximation factor to 1+ 7
for any constant 0 <7 <1 at the cost of improper learning.

3 Matching Chow Parameters via Projected Gradient Descent

In this section, we show that projected gradient descent on the surrogate loss outputs a hypothesis
0w whose Chow parameters nearly match the true Chow parameters, E[yx]. More formally, we
redefine the surrogate loss as follows:

) (0(a) ~ ) da| = Eqayy-n [5((w,)) - y(w, x)] -

0 ~Cra |

Here 7 is the anti-derivative of o. For example, for the ReLU activation, we have that ReLU(a) = 0
for all @ < 0 and ReLU(a) = a?/2 otherwise. We correspondingly define the empirical version of the
surrogate loss over sample set S as ﬁg“".

We note that the gradient of L#™ is directly related to the Chow parameters as follows

VLp" (w) = E[o((w,z))x] - xD = Xp" ~ XD -
Furthermore, the Hessian can be computed as

VI (w) = E[o’ ((w, )z’ ] >0 .



Where ¢’ is a subgradient. Here the last inequality follows from the non-decreasing property of o.
Thus, we have that L3 is convex. Moreover, since o is 1-Lipschitz, and our distribution is isotropic,
we have that 1 > VQL%‘”(w) implying that L35™ is 1-smooth. Since minimizing the surrogate loss
minimizes the gradient norm of the loss, loss minimization matches the Chow parameters of the
GLM to the true Chow parameters.

Algorithm 1: Projected Gradient Descent on Surrogate Loss

Input: Set S = (m(i),y(i));ﬁl i.i.d. samples drawn from D
Parameter : Learning rate n > 0 and weight bound W
w(o) = Od

1

2 fort=0,...,7 do

3 o) = () _ nvffgurr(w(t))

4 | w®D =T w) (v®D) (Projection step)
5 end

By standard Projected Gradient Descent analysis with approximate gradients, we have the
following theorem, the proof of which is in Section D of the appendix.

Theorem 3.1. Suppose m is sufficiently large so that for all w € B(d, W) we have
VLB (w) - VLE" (w)]2 <.

Also suppose that the minimizer of L3™ lies in B(d,W'). Then Algorithm 1 when run on m samples

from D with weight bound W and n < 1/4 for T > 4:212”“:; iterations has an iteration T' < T such
that

O'w(Tl

Ixz )~ xp|3 < 8eW + 262

Subsequently, we can use a fresh batch of samples and choose the hypothesis with the smallest
gradient. Assuming our distribution satisfies certain concentration properties, we can bound the
number of samples needed by the above algorithm using the following lemma whose proof we defer
to Section C of the appendix.

Lemma 3.2. If D is a distribution such that for every v, (x,v) has a density bounded above by
exp(—(x,v)") for some t >0, then for m > Q ((W%log%log% 2/t), for all w e B(d,W) we have

that R
Prg.pm [|[VLE" (w) - v S‘S”"(w)H2 <e|>1-0.

Faster Rates under Strong Convexity If we assume that L3 is strongly convex and restrict
to a bounded fourth moment distribution, we can get much faster rates and improved sample
complexity (in fact linear in the dimension d up to log factors).

Definition 3.3 (Strong-Convexity). We say that the activation o satisfies p-strong convezity w.r.t.
distribution D, if for all w,v there exists p >0 such that

(X3~ X3 u-v) > plu-vl3.



Theorem 3.4. Let D be such that Dy is isotropic log-concave. Suppose that the minimizer of
LE™ lies in B(d,W). If o satisfies pi-strong convexity w.r.t. D then for Algorithm 1 (without the
projection step) run with n < 1/16 and

~ 1 d d 1
m252((M2+2)ci10g4(5)(W+1)2+—210g(W;r )) where 0<e<W
pe [ 7
2log(2) | . T(T) . . 3
after T > Tog(1=tT) iterations, |xp Xpl2 < € holds with probability at least 1 — ¢ as long as
6
§>e OV,

The proof of Theorem 3.4 is deferred to Section B in the Appendix.

4 Matching Chow Parameters Suffices for Approximate Learning

In this section, we show that under certain assumptions on the activation function, matching Chow
vectors implies small loss of the surrogate minimizer. We subsequently show that commonly used
activation functions such as RelLU satisfy this assumption.

Definition 4.1 (Chow Learnability). We say that an activation function satisfies 5-Chow Learn-
ability w.r.t. some distribution D if for all u,v € R and some fized constant 5 > 0, we have
that

Lp(ow,00) < 8- [XF* = x5 15 -
We will require the following lemma, proved in Section E.

Lemma 4.2. If a 1-Lipschitz activation o satisfies u-strong convexity w.r.t. D such that Dy is
isotropic, then the activation also satisfies pu-Chow Learnability.

Remark 1. Observe that Chow learnability may be a much weaker notion than strong convexity,
since strong convexity requires parameter closeness. For activations with bounded ranges, such as
sigmoid, it is possible for the loss to be small and Chow parameters to be close while the vectors
themselves may be far.

If the activation satisfies the Chow learnability condition, then we can show that a hypothesis
nearly matching the Chow parameters attains small loss.

Theorem 4.3. Let o be such that it satisfies f-Chow Learnability w.r.t. D with Dy being isotropic.
Suppose w is such that | x5 — xp|3 < €. Then we have

Lp(ow) <2 optp(Cy) (1 +28) +4f€ .

Proof. Let o4+ be the function attaining the loss optp(C,). By assumption on o, we have

Lp(0w,0w+) <5+ HXUDW - Xapw* H%

<28 (Ixz" = xol3+ Ix3” - xol3)
<2 B (e+optp(Cy)).
Here the last inequality follows by Corollary 2.4. Also using triangle inequality,
Lp(ow) <2 optp(Co) +2 Lp(0w, Owr)-

Combining the above gives us the desired result. O



Remark 2. In the above guarantee, we can replace optp(Cy) by minec, E[(E[ylx] - c(x))?] (see
proof of Lemma 2.4). In the p-concept setting, where E[ylx] = ¢*(x) this is potentially a tighter
guarantee. This is because ming..c, E[(E[y|x]-c(x))?] is in fact 0 whereas optp(Cy) might be large.
Since we are focused on the agnostic setting, we will stick to using optp(Cy) in our results.

5 Constant Factor Approximation for ReLU Regression

In this section, we present a constant factor approximation algorithm for ReL'U regression over any
isotropic log-concave distribution using the techniques developed in the previous sections.

Theorem 5.1. Let D be such that Dy is isotropic log-concave and assume the labels are bounded.
Let ReLUy+ achieve loss optp(CreLu) and assume that |w* |2 < Wopt. Then Algorithm 1 outputs a

vector w such that
Lp(ReLUy) <O (optp(CreLy)) + €,

with probability 1-6 using m 2 Ei log? (%) (Wopt + 1)2 samples, for 0 < e < Wopt, and O (dm log (%))
time.

Our main observation is that the ReLLU activation satisfies the strong convexity condition w.r.t.
any isotropic log-concave distribution.

Lemma 5.2 (Strong Convexity of ReLU). Let D be such that Dy is isotropic log-concave. Then
there exists some fized constant >0 such that ReLU is p-strongly convex w.r.t. D.

Proof Sketch. Since the ReLU is 1-Lipschitz and non-decreasing, we have

(xRetUw _\BeLUu)T (y — ) = E[(ReLU({w, x)) - ReLU({u, z))) (v - u) - )]
> E[(ReLU((v, z)) - ReLU((u,w)))2] .

Now our goal is to bound from below the error between the two ReLLUs by the distance between
the corresponding vectors. Due to the anti-concentration properties of log-concave distributions,
there is sufficient probability mass in a constant radius ball around the origin. This enables us to
exploit the linear region of the corresponding ReLLUs to establish the lower bound. We defer the
full proof to Section F in the Appendix.

Proof of Theorem 5.1 By Lemma 5.2, the ReLU activation satisfies u-strong convexity w.r.t.
D for some constant p > 0. This implies that L3 is strongly-convex and therefore the minimizer

of LHF™ (say w) satisfies xp = X%eLUw. Using Lemma 2.4 and the strong convexity of ReLLU, we
have that
" ReLU,,« w
Jw* —wl2 s |xp " = xp 2
ReLU,, «
=lxp " - xpl2

< \/LD(RGLUU,*) = \/OptD(CReLU) .

Therefore, |w|2 < Wopt + O(\/optD(CReLU)). It is not hard to see that with bounded labels

optp (CreLy) € O(Wopi? + 1)). Therefore, we can now apply Theorem 3.4 to find a hypothesis with
Chow distance at most €. The result now follows directly from Theorem 4.3.



6 A PTAS for ReLU Regression

In this section, we show that if the activation is the ReLU function we can solve the problem of
finding the best fitting ReLU up to a (1+n)-approximation, when the underlying marginal over the
input is sub-gaussian. We assume that opt := optD(CéeLU) <c <1, for some constant c.

We define sub-gaussian distributions here:

Definition 6.1. A distribution D on R? is called v-subgaussian, v > 0, if for any direction v the
2
probability density function of (x,v) where & ~ D, p,(x) satisfies py(x) = O (% - exp (—M))

2u2
Our algorithm (Algorithm 2) works by partitioning the domain into three parts 7_, T, T',, where
T = {ueR%: [(w,u)| <~v/opt}
T, = {ueR: (w,u) > y/opt}
T_={ueR: (w,u) < —v\/opt} .

The hypothesis h(x) behaves as a different function in each of these parts. For x € T_, the
hypothesis is the 0 function. For x € T}, the hypothesis takes the value of (w,,x), which is the best
fitting linear function over T, . Finally, over T" the hypothesis outputs the value that the best fitting
¢1-norm bounded polynomial of degree 1/n3. Our main theorem of this section is the following:

Theorem 6.2. Let Dy be v-subgaussian for v < O(1), |w*|2 <1 and y € [0,1] for every (x,y) ~ D,

3
n
then there is an algorithm that takes O }2 . (#) samples and time, and returns a hypothesis

h that with high probability satisfies

Ep [(h(a:) - y))Q] < (1+mn)opt+e.

Remark 3. We note that if the distribution is uniform over S"™', then the sample complexity of
3 3

our algorithm scales as 21", instead of d/"°, since the distribution is (1/7/d)-subgaussian. That

1s, under the uniform distribution over the unit sphere, the sample complexity is independent of d.

The proof Theorem 6.2 follows from a direct application of the following properties of Algorithm
2 with the specified parameters.

Lemma 6.3. Let D, be v-subgaussian for v < O(1) and let S be a set of i.i.d. samples drawn from
D. Ifm=1S|= Q(kl}deklC . E%), where k = 77%” [w*|2 <1 and y €[0,1], then for v = Q( log(%)), we

have
1. Ep [((ws,®) - y)* 17, (2)] < Ep [(ReLU((w*, @) - y)* 17, ()] + § - opt + e Prp[T.].
2. Ep[(0-y)* 17 (2)] < Ep [(ReLU({w*,2)) - y)* 17 (x)] + 2 - opt.
3. Ep[(P(x) -y)* 1r(@)] < Ep [(ReLU((w", @) - y)* 17 ()] + § - opt + e Prp[T].
Proof of Theorem 6.2. Using Lemma 6.3, we get

Ep [(h(z) - y)*] = Ep [(h() - ReLU((z, w")))* (11, (@) + 17 (z) + 17 (2))]

10



Algorithm 2: PTAS for ReLLU regression

Input 0 < opt <1 and access to i.i.d. samples from D
2 Parameters r €N, ¢,v,¢, W >0

1: Find w using algorithm from previous section. This takes O(Ei2 log %l) samples and satisfies
|w —w*[2 < O(1/v) - /opt.

2: Let T = {u e R?: |(w,u)| < v /opt}, Ty = {u e R?: (w,u) > v,/opt} and
T ={ueR?: (w,u) < —y,/opt}.

3: Find a degree k = 17%’ d-variate polynomial, P, the ¢1-norm of whose coefficients is at most

v-0(4%) = O(4%), using Lo-polynomial regression on m,,, = O(% . 6%) samples such that

sy [(P() 1)) <, min Epy, [(P'(2)-9)"] + .

where hq,+ is the optimal ReLU classifier w.r.t. D.
4: Find w, € B(d, 1) using least squares with m;, = O(1/€?) to get

2] <  min [ED‘T+ [((w',x) - y)z] +e€.

[ES\T+[((w+,a:)—y) = weB(d,W)

5: Output the following classifier:

(wy,x), xeT,
h(x)={P(x), xeT

0, xel
T T
W, x) >t L (w, x)
! !
: TW :
KW/X)l <t : ..................... N : P(X)
| b |
I \I/ I
m m
(W,X>< ~t : v : 0

Figure 1: We partition the space into three regions depending on (w,x). Our hypothesis returns
0, (w,x) or the value of P(x) depending on the region. We set ¢ = ~,/opt.
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<Ep[((ws,z) - y)* 11, (2)] + Ep [(0-y)? 17 ()] + Ep [(P(z) - y)* 11()]
<Ep [(ReLU(('w*,m)) - y)2] +n-opt+e=(1l+n)opt+e.

We now prove Lemma 6.3.

Proof of Lemma 6.3. Let w,w”* be as defined in Algorithm 2. We first project D, down to two
dimensions. Let S = {x | (w*,z) > 0}. Let V be the 2-dimensional space spanned by w,w"* and let
Py be the orthogonal projection onto V. If & € S A T, then (w, ) > yy/opt and (w*,x) < 0. Since
w is a constant factor approximation for a v-subgaussian distribution, with probability 1 — ¢ we
have |w — w*[s < 2 -/opt, for some constant c,. This is easy to check via the Cauchy-Schwartz
inequality and using the structural lemmas from previous subsections. Additionally

—(w”,z) = —(w", Py (2)) = ~(w" - w, Py (x)) - (w, Py (x)) (1)

< —(w” —w, Py()) < |w* - w2 Pv(z) ]2 < %\/o_ptlva(w)\b : (2)

A similar calculation for @ € S A T_ implies (w*,z) < = /opt| Py (x)[2. We now bound above the
error in the region 7. Since (w,,x) is the best fitting linear function over T, the loss of (w*, x)
is necessarily larger than that of (w,,x). An application of Lemma G.6 in the first step implies

Es[((ws,®) - y)* 17, (2)] = pllin Ep[((w',x) = y)*17. (2)] + € Pr[T}]

<Ep[((w*, @) - y)*1r, ()] + e Pr[T}] .
Observe that for @ € 5, (w*, ) = ReLU((w*,x)). Since Ir, (x) = 17, n5(@) + 17, ,5(x), we get

Ep[((w*, @) - y)*1r, (@)] = Ep[((w*, @) - )11, 15(2)] + Ep[((w*, ) - )15, ,5(2)]
= Ep[(ReLU((w*, z)) = )11, r5(2)] + Ep[y’ 1, 5(w)]
+Ep[((w”, z)) ((w”, ) - 2y) 15, 5(2)] .

It remains to show that the terms corresponding to 17, s contribute a small error overall. Note
that [Ep[y21T+A§(a:)] =Ep[(y - ReLU((w*,a:)))QlTMg(cc)]. This implies

Ep[((w*,2) - y)*17. (2)] = Ep[(ReLU((w", 2)) - y)*11. (2)] + En[((w", 2)) ({w", &) - 2)1;,  5()]
< Ep[(ReLU({w”,@)) - y)*1r, ()] + Ep[[{w", )|({w", x)| + 2)1, 5(2)] .

To bound above the second term, we use bounds from Equation (1), and an application of Lemma G.2.
% . C C
Epll(w”, @)(w” @) + 2)1y, 5(2)] < En | 2 /o0t P (@) | (2 VoBEI Py (@) +2) 1, i5()
C C
= X opt- Ep | (X VoptI Py (@) 3 + 21 Py (@)]2) 1y, 5(a)]

<—-opt.

N3
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Overall, the three equation blocks above imply that the first condition of the lemma is true. The
analysis of the error of h in T_ is done similarly. We can write:

Ep [y%17 (2)]
= Ep[y*1ras(2)] + Ep[y’ly ,5(=)]
= Ep[(y - ReLU((w*, z)) + ReLU({w*, x)))?17 rs(x)] + Ep[(y - ReLU({(w", 2)))?1, <(z)]
= Ep[(y - ReLU((w*, @)))*17 ()] + Ep[((w”,2)) (2y - ((w*, @))) 17 rs(z)]
<Ep[(y - ReLU((w*, @)))?17 (®)] + 2[Ez>[|<w*7 z)|(2 - (w*, z)) 11 As(2)]
<Ep[(y- ReLU(('w*,ac)))21T_ (z)] + — -opt.

Finally, we analyze the error of our hypothesis in the region T.
Ep [(P(2) - y)* 1r(z)]
=Ep [(ReLU((w*,w)) - y)QlT(x)] +2Ep [(P(x) - ReLU({w*, x))) (ReLU({(w™, z)) — y)17(x)]
+Ep [(ReLU((w*, ) - P(z))*1r(z)] .

The final error term is bounded above via applications of Lemma G.6 and Lemma G.4 by 1(2) - opt.
To bound from above the cross term, we use the fact that 17(x)? = 1p(x)

2Ep [(P(x) - ReLU((w”, 2))) 17 () (ReLU((w", z)) - y)17(x)]

<\/Ep [(P(x) - ReLU({w*,2)))? L1 (2) |\/Ep [(ReLU((w", @) - 1)L ()]

7
< —-opt.
10 P

Putting these together gives us the desired result. O

7 Conclusions

In this work, we gave the first constant approximation scheme for ReLLU regression under the as-
sumption of log-concavity. We proved that optimizing a convex surrogate loss suffices for obtaining
approximate guarantees. We further proposed a PTAS for ReLU regression under the assumption of
sub-gaussianity, which refines the so obtained solution using ideas from localization and polynomial
approximation.

Our work here was focussed on the ReLLU activation and we leave open the extensions to other
activation functions. We believe that the Chow learnability condition is potentially satisfied under
log-concavity for activations that approximate thresholds such as sigmoid.

The underlying surrogate loss approach seems powerful and exploring further applications is
an interesting direction for future work. Further, designing approximation schemes for a linear
combination of activations functions is an interesting open question.

Acknowledgements

This work was done in part while the authors were visiting the Simons Institute for the Theory of
Computing for the Summer 2019 program on the Foundations of Deep Learning. ID was supported

13



by NSF Award CCF-1652862 (CAREER), a Sloan Research Fellowship, and a DARPA Learning
with Less Labels (LwLL) grant. SG was supported by the JP Morgan AI Phd Fellowship. SK
was supported by NSF award CNS 1414082 and ID’s startup grant. AK was supported by NSF
awards CCF 1909204 and CCF 1717896. MS was supported by the Packard Fellowship in Science
and Engineering, a Sloan Research Fellowship in Mathematics, an NSF-CAREER under award
#1846369, the Air Force Office of Scientific Research Young Investigator Program (AFOSR-YIP)
under award #FA 9550-18-1-0078, DARPA Learning with Less Labels (LwLL) and FastNICs pro-
grams, an NSF-CIF award #1813877, and a Google faculty research award.

References

Adamczak, R., Litvak, A., Pajor, A., and Tomczak-Jaegermann, N. (2010). Quantitative estimates
of the convergence of the empirical covariance matrix in log-concave ensembles. Journal of the
American Mathematical Society, 23(2):535-561.

Auver, P., Herbster, M., and Warmuth, M. K. K. (1996). Exponentially many local minima for
single neurons. In Touretzky, D. S., Mozer, M. C., and Hasselmo, M. E., editors, Advances in
Neural Information Processing Systems 8, pages 316-322. MIT Press.

Awasthi, P., Balcan, M. F.; and Long, P. M. (2017). The power of localization for efficiently learning
linear separators with noise. J. ACM, 63(6):50:1-50:27.

Bentkus, V. (2003). An inequality for tail probabilities of martingales with differences bounded
from one side. Journal of Theoretical Probability, 16(1):161-173.

Candes, E. J., Li, X., and Soltanolkotabi, M. (2015). Phase retrieval via wirtinger flow: Theory
and algorithms. IEEE Transactions on Information Theory, 61(4):1985-2007.

Daniely, A. (2015). A PTAS for agnostically learning halfspaces. In Proceedings of The 28th
Conference on Learning Theory, COLT 2015, pages 484-502.

De, A., Diakonikolas, I., Feldman, V., and Servedio, R. (2012). Near-optimal solutions for the Chow
Parameters Problem and low-weight approximation of halfspaces. In Proc. 44th ACM Symposium
on Theory of Computing (STOC), pages 729-746.

Diakonikolas, I., Kane, D., and Manurangsi, P. (2019). Nearly tight bounds for robust proper
learning of halfspaces with a margin. In Advances in Neural Information Processing Systems
32: Annual Conference on Neural Information Processing Systems 2019, NeurIPS 2019, pages
10473-10484.

Diakonikolas, I., Kane, D. M., and Stewart, A. (2018). Learning geometric concepts with nasty
noise. In Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing,
STOC 2018, pages 1061-1073.

Goel, S., Kanade, V., Klivans, A., and Thaler, J. (2017). Reliably learning the relu in polynomial
time. In Conference on Learning Theory, pages 1004-1042.

Goel, S., Karmalkar, S., and Klivans, A. (2019). Time/accuracy tradeoffs for learning a relu with
respect to gaussian marginals. In Advances in Neural Information Processing Systems, pages
8582-8591.

14



Goel, S., Klivans, A. R., and Meka, R. (2018). Learning one convolutional layer with overlapping
patches. International Conference on Machine Learning.

Haussler, D. (1992). Decision theoretic generalizations of the PAC model for neural net and other
learning applications. Information and Computation, 100:78-150.

Kakade, S. M., Kanade, V., Shamir, O., and Kalai, A. (2011). Efficient learning of generalized linear
and single index models with isotonic regression. In Advances in Neural Information Processing
Systems, pages 927-935.

Kalai, A., Klivans, A., Mansour, Y., and Servedio, R. (2005). Agnostically learning halfspaces. In
Proceedings of the 46th IEEE Symposium on Foundations of Computer Science (FOCS), pages
11-20.

Kalai, A. T. and Sastry, R. (2009). The isotron algorithm: High-dimensional isotonic regression.
COLT.

Kanade, V. (2018). Lecture notes: Learning real-valued functions.

Kearns, M., Schapire, R., and Sellie, L. (1994). Toward Efficient Agnostic Learning. Machine
Learning, 17(2/3):115-141.

Klivans, A. R. and Meka, R. (2017). Learning graphical models using multiplicative weights. In
Umans, C., editor, 58th IEEE Annual Symposium on Foundations of Computer Science, FOCS
2017, Berkeley, CA, USA, October 15-17, 2017, pages 343-354. IEEE Computer Society.

Ledoux, M. and Talagrand, M. (2013). Probability in Banach Spaces: isoperimetry and processes.
Springer Science & Business Media.

Manurangsi, P. and Reichman, D. (2018). The computational complexity of training relu (s). arXiv
preprint arXiv:1810.04207.

O’Donnell, R. and Servedio, R. (2008). The Chow Parameters Problem. In Proc. 40th STOC, pages
517-526.

Sherstov, A. A. (2012). Making polynomials robust to noise. In Proceedings of the Forty-Fourth
Annual ACM Symposium on Theory of Computing, STOC 12, page 747758, New York, NY, USA.
Association for Computing Machinery.

Shorack, G. R. and Wellner, J. A. (2009). Empirical processes with applications to statistics. STAM.

Soltanolkotabi, M. (2017). Learning relus via gradient descent. In Advances in neural information
processing systems, pages 2007-2017.

Valiant, L. G. (1984). A theory of the learnable. In Proc. 16th Annual ACM Symposium on Theory
of Computing (STOC), pages 436-445. ACM Press.

Vapnik, V. (1982). Estimation of Dependences Based on Empirical Data: Springer Series in Statis-
tics. Springer-Verlag, Berlin, Heidelberg.

Yehudai, G. and Shamir, O. (2019). On the power and limitations of random features for under-
standing neural networks. CoRR, abs/1904.00687.

15



A Useful Properties

We use the following fact about sub-gaussian distributions.

Fact 1. If D is v-subgaussian then if P is an d-variate degree k polynomial then taking an expec-
tation over mgy samples yeilds

me> Lk
Pr[|Es[P(x)] - Ep[P(x)]| > €] <exp (—m) ‘

B Proof of Theorem 3.4

We begin by stating a few auxiliary lemmas that play a crucial role in our proof.

Lemma B.1. Consider the assumptions of Theorem 3.4. Also assume (x;,y;)i%, are generated
i.i.d. with x; having a log-concave marginal and y; obeying |y;| < 1. Furthermore, assume |@|y < W
and o : R - R is an activation obeying |o(z)| < B|z|. Then, as long as

~(d
m> 0 (6_2 log(d/8) (W + 1)2) ,
we have that

p— > (o (W, x:) - ys)

i=1

<§

|2
2

holds with probability at least 1 - 4.

Next we show that the gradient of the surrogate loss obeys a certain correlation inequality with
the proof deferred to end of the section.

Lemma B.2. As long ase<W, § > e ONVD gnd

we have
(VI (w) - VI (@) w0 - @) > o @13 + 5[V (w) - VI @[ (3
holds for all w € R obeying S < w—-@|, <2W with a =& and B = % with probability at least 1 - 4.

With these two key lemmas in place we are now ready to prove the main theorem. First note that
since wg = 0 we have |wo - @||, < W < 2V and thus by Lemma B.2 the correlation inequality (3)
holds at wg with high probability. Furthermore, as we show next when the correlation inequality
(3) holds subsequent iterations also obey |w;—@|, < 4V allowing us to apply the correlation
inequality (3) in an inductive fashion.

Let us now consider the progress from one iteration to the next. We can write:

— Py = —~ = 2
|wrs1 = @5 = [wr = @[5 - (VLM (w, ), wr = @) + 07 [V (w,)]
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= = = = 2
= |wr @3 - (VI (w;) - VI (@), wr ~ @) ~ n VI*" (@), w, ~ B) + 177 [V ()
< Jlw, - @5 - (VI (w,) - VI*(®), wy - @) - n{ VI (@), w, - B)

+ 27]2 HVfSurr(wT) - VZSUrr(ﬁ))H; + 2772 vasurr(ﬁ))uz

(a) _ =~ ~surr s |12
< (1-na) |w, - @3 - n(8-2n) [VI*" (w,) - VI*"(®)],
+ 2772 Hsturr(w)Hz _ 77<vzsurr(ﬁ3)7w7_ _ ’lfl?)

) o . - - 2
< (1= %) twr - @13 - 05 - 20) [V () - I (@)

e (20 o) VT @)

(¢) N 1 = —
(1= w0 (20 50 ) [T @)

(d) an 12 ( 1 ) o? 2
<(1-— ;- +n(2n+ — | ———=€".
. ( 2 )”w @la+n(2n+ 50 ) orns i1t

Here, (a) follows from (3) and (b) from (a,b) < 5= la|3 + 3 |b]l5, (c) from 7 < g, and (d) from

Lemma B.1 with £ = 1&?05,8+9 =3 \/‘; = Thus, iterating the above in all subsequent iterations we
4

have

n(2+a;) o
1-(1-91)2a8+1

2
:VV2+1(417+1)O[—2

|wr - ng W2+

« a 180zﬁ+96
1 1 2
BTETEY P I
« a) 18ap +9
€2
<W?+—
9

where in the last inequality we used the fact that e < W.Therefore, |w, — @||, <2W for all 7 > 1 and
use of the correlation inequality is justified. Furthermore, iterating the above lemma we conclude
that as long as ||w, - @|, > § it holds

1 2
2 an\’ o n(2n+55)¢€
w, — W5 <1 - — wy — W[5 +
for - @l <(1- ) o - @5+ T 2y
T 1 1
:(1—?) ||w0—w||§+—(4 +—)§2
« «
T 1 1
<(1-51) Jwo- @13+~ (2042 )¢
(6% (6%
2
an\” 9 €
:@‘E)”W“wh+§' (@)
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2log( 577 )

Thus, after 7> 7T := Tog(1-£1)

we have

2 262

9 € € _ 2
|wr -@l;< 5 +5=5 = lw-Bly<ze.

Note that above was carried out under the assumption that for allt = 1,2,...,T we have |w; — @|, >

£. We note that if this assumption is violated at some iteration  we have |ws- @, < £. Now

3 3
1
cither |w; - @], < § for all 7 > 7 in which case after 7> T := % we have |w, - @|, < te. If

not at some iteration ¢ > ¥ we have |w; — @|, < e and ||wi — @y > e Thus,
lwir1 =@y = [we - @ - V" (@) (wr)

= |we = @~ (VI (@) (wr) - VI (@) (@) - VL (@) (@)

< |wi = @ -0 (VI (@) (wr) - VI (@) (@), + | VI (@) (@)]),

) -
< s - @y + | VI (@) (@)

(b )g€<2W
3

In the above, (a) follows from the fact that & is convex which implies that for any two scalars z,Z
we have (¢'(2) —-3'(%)) (2 —%) > 0 which implies (¢(2) — (%)) (2—2%) > 0. This in turn implies that

(VI (w) - VT (@) 0 - B) =2 o (0,22) - (8.2:)) (2] (- ) 20

so that |w; - @ - n (VI (@) (w;) - VL (@) (D)),
that n < g 1 and Lemma B.1 with £ < 166 As a result, we are in a region where the correlatlon

inequality apphes Furthermore, using an argument similar to (5) for all 7 > ¢, where |w, - @], > g,
we have

< |lwy — @|,. Also (b) follows from the fact

12 an |7+ o € o € 5, __
for -l (1-20) w0+ S <o -l S <2 s jw-al<e. )
Of course, if at some point we again have |w, - @|, < §, we repeat the above arguments. In
_€
conclusion, in all cases after 7> T := %, we have |w, — @[, < € completing the proof.
6

B.1 Proof of Lemma B.1
Define the random vector
1 .
=— Y (o (W, ;) —yi) x
m iz

Note that

2 — 2
Iz = 1=l
j=1
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so that it suffices to bound the square of the individual entries of the vector z. To bound this
quantity we bound individual entires of the vector. Note that any such entry can be written in the
form

1 m
— > (o (|@wly Zi) - yi) Xi |
m =1
where Z; = (ﬁ, x;) and X; = (x;, e;) are sub-exponential random variables with constant | - |,
2

norm (where | - ||y, = inf{k € (0,00) | E[exp((|z|/k)P) — 1] < 1} — this characterizes the limiting
behavior of the probability density function). Furthermore, |y;| < 1 implying that y; is a sub-
Gaussian random variable. Therefore,

lo(l®@ly Zi) = yily, <cW+1) = | (o (@3 Z:) - i) Xilly, ), < (W +1).

Thus, using a well-known result of Talagrand (specifically combining (Ledoux and Talagrand, 2013,
Theorem 6.21) and (Shorack and Wellner, 2009, Lemma 2.2.2)), we have

1 & _ logm
”E;(O—(Hwﬂzzi)_yi)Xi”wl/QSC\/m

(W+1) .

Therefore,
1 m . logm Vi
P — Zi)—yi) X; 2 ct—— (W + 1 <C .
{mizlwnwng )~ ) Xz et (W >} ‘

Thus, using the union bound

Vd 1 . logm
|P{Hz”22cﬁtlogm(W+l)}Sd[P E;(U(”wuzzi)_yi)XiZCt\/m

(W+1) }
<dCe Vvt

Setting t = log?(dC/§) completes the proof.

B.2 Proof of Lemma B.2

For any vector w € R and @, we have

m (o ((w,x;)) — o ((W,x; CC;'T’UJ—’[E
LT v (@) ) - O m) —o (@) (o] (0 - @)
Hw—'UJHQ mizl ”w_wH2

- S Vi)

~
Il
—

w,x;))-o((W,x; T (w-w
where we define the random processes Y;(w) := (oliwe:) ﬁiu ’11;”)2))( (- D)
- 2

Thus, for the random process X;(w) := E[V;(w)] - Vi(w) we have

Xi(w) =E[Yi(w)] - Vi(w)

19



e, (w)]

OE[[2] (w-)["]

2
Hw_w”Q

(g)l_

Here, (a) follows from the fact that & is convex which implies that for any two scalars z,Z we have
(7(2)-7(2) (2-2)20 = (0(2)-0(2))(2-7%)20.
Thus, we always have V;(w) = (0 ((w, ;) — o (@, z;))) (z] (w - @)) > 0, (b) from 1-Lipscitzness,

and (c) from the isotropic assumption on x;.
Also we have

F[X2(w)] = E[V2(w)] - (E[Vi(w)])” < E[V(w)] < E[ (2] (w-®))" ] <? |w - @]} ,

where in the penultimate inequality we used 1-Lipschitz property of ReLU and in the last inequality
we used boundedness of fourth moments of the distribution. We will now apply Lemma 7.13 of
Candes et al. (2015) (also see (Bentkus, 2003)) for a fixed w with v = v, b = 1, and y = m¢ to
conclude that

o [l 5 i(w) > 5“] <o (6)
mi3

Now note that by u-strong convexity of the surrogate loss, we have

NgE
NgE

o Vi) = S w)] -

LY Xi(w)
>pu-—) X(w).
m,51 '

1l
—_

Il
—_
S

Using (6) in the latter, we conclude that

NIE

Vi(w) 2 (1-&u,

1
m;

1l
—

kg2 _
holds with probability at least 1 —e "7 To continue, define h = ﬁ and s = |w - @|,, and
2

note that ); can be alternatively be written in the form of the stochastic process

(@, zi) + 5(h, z)) - 0 (@, zi))) (

Yi(h;s) := (@

ac;fh) .

Thus, based on the argument above for a fixed h € 5% and a fixed 0 < s < CW, we have that

1 & £
Z(h;s) = — i(h;s)>[1-2 7
(is) = S () 2 (1= ) (7)
_mﬁg
holds with probability at least 1 —e =~ 9*~ . To continue, we prove the following simple lemma.
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Lemma B.3. For any h,h € 5!, we have

Vi(h;s) = Vi(h;s)| < (|z] b| + |z h|+ 1) |z] (R -R)| .
Proof. Define
(o (z+ sz) o ()

f(z) =

and note that for some 0 <¢ <1 we have

1£(2) - FP)| = (tz+ (1-1)Z) (- 2|
_ (c(x+s(tz+(1-1)2)) -0 (x))

S|(U (z+s(tz+ (18— t)2)) - o (z))| P
<ltz+(1-t)Z|z-Z|+ L|z - Z]
<(lel+ D[z -2+ 2 -7 .

The proof is complete by noting that Y;(h;s) = f(zlh). O

+o’ (z+s(tz+(1-1)2)) (tz+ (1 -t)2)| |2 - 7]

+ ‘0‘, (x+s(tz+(1-t)2)) (tz+ (1 - t)E)’ |z -

Define a matrix X € R™*? with rows given by @1,@s,...,&, € R? and note that using the
previous lemma allows us to handle the deviation of the process Z(h;s). Specifically, using the
triangle inequality we have

NgE

‘Z(h;s)—Z(ﬁ;s)‘ < (‘mTh‘vL‘mTh‘Jrl)‘m (h- h)‘

.
Il
—_

NgE

(\mThy+ymTh\)ymT(h h\+—2|xT(h h)|

~.
1l
—_

> (| h] + [oTR])” i§|xz<h-z>f+ LSt R
] ma

i=1

1Xh|+ X[, | X (h-R)[,+ f\\X<h )l

SIMSIHSIHL‘ SIH 3=
3=

<— (I Xhl, + | Xhl,) HX(h—h)HfﬁHX(h—h)Hg
_ 1 _
<o IX P[RR, + == | X ][RR,

To continue further, note that under the log-concave density, centered and isotropy assumption
using (Adamczak et al., 2010), as long as m > Cd, we have that

| X <2v/m
holds with probability at least 1 — eV, Thus, for any h,h € 591 and any s < CW we have

‘Z(h;s)—Z(TL;s)|SlOHh—TLHQ (8)
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holds with high probability. Now let us consider an N, -cover of the unit sphere with 7 := %' Using

the union bound combined with (7) for any h € N, we have that Z(h;s) > (1 - %) p holds with
probability at least

d 2 d 2 2 5
) e O o e R B U A A R
n §p

log( 22 ~
as long as m > 902—2d%. Therefore, using (8) for any h ¢ S9! there exists h ¢ N, with
|h =R, <n:=%. Thus,
~ ~ 2
Z(h;s) > Z(h;s) - |Z(h;s) - Z(h;s)| > (1 - gf)u .

In conclusion, for all h € 5% and a fixed 0 < s < CW we have that

Z(his)> (1-2¢)n (9)

B2 2
holds with probability at least 1 —e 10,28 _ e=eVd We now turn our attention to making the
result also hold uniformly for all £ <s<CW. To this aim, we state the following lemma.

Lemma B.4. Let s > ¢€/3, then
6 7,2
[Vi(h;s) = Yi(h;3)| < - |z h| |s-3] .

Proof. Define

((7 ((wvml} + S<h7$i>) -0 (<ﬁ77 $Z>)) (

T
B €T; h)

f(s):=

and note that for s >
/ sh,mi o’ '&7,3;2- sh,a:i —\0 ’l’ﬁ,a’:i sh,mi -0 ’&7,:@

()] = (h,zi)o' ({(W,z;) + s(h, x;)) (32(< )+ s(h, ;) — o ((@, xi))) («"h)

Sg o’ (B, ;) + s(h, z;))| |33;7Fh‘2 + o ({0, 2) + S<h’;§i>) —o (@, )] |w;‘Fh‘

Thus, by the mean value theorem we have

1f(s) = F®) =[f'(ts + (1~ 1)s)) (s - 3)]

<SlaThP s -3 .
€
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Applying the above lemma, we have

|2(h;s) - Z(h;5)| == ( Z\mThl)

Xh
:§|8—’§] ” “2
€ m
Hio_g (10)
€

Now let us consider an N, -cover of the § < s <4W with 7 := 5“ Using the union bound combined
with (7) for any §e N, we have Z(h;3) 2 ( - 235) 1 holds for all h e S9! with probability at least

2 2 2
1- ﬂe ™ 0,2 L 1- (288;/) _mlgjg =1- log( ‘“:'W) 107252 >1 —e_mﬁg )
n H
s og( 221 »
as long as m > 1107—5—2 Therefore, using (10) for all h € 5" and all § < s < 4W there exists

SeN, with [s -3 <n:= 5“ Thus,
Z(h;s) 2 Z(h;3) - |Z2(h;s) - Z2(h3)| 2 (1= p.
In conclusion, for all h € 5% and all $ <s<CW we have that

Z(h;s)2(1-&p

—mig Nz 2 log(i%g(WH))
holds with probability at least 1 —e 102° —e Ve a5 long as m > 110/% 52“5 ; which in
turn with £ = 3 1mphes that
- - 2
(VI (w) - VI (@), w - @) > ~pu[w - 1 (11)

2
K
holds for all w obeying § < |w - @||, < 4W with probability at least 1 -e TM59% _gmeVd 5 1 _§ ag
(W+1) )
ué )
Now note that for any vector w € R? and @ we have

long as m 2 #dlo (

(VI (w) - VL (@), w - @) %i(o((w,mm—a((@scz-)))(w?(w—@))
z%i(a«w,m»)—a(@,m»)f
- o (Xw) - o (X®)} . (12)

Also note that

2
vasurr(,w) _ V’L\surr(ﬁ;)uz :%

i (o(w'x;) - o(@" ;) @

2
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1 —~
L IXT (o(Xw) o (x|

2
gu lo(Xw) - o(X®)|3

(<)i lo(Xw) - o (X)|?

b — P
(S)4<vLsurr(w) _ VLSUI’I’(@)’,UJ _ m) .

Here, (a) follows from the fact that under the log-concave density, centered and isotropy assumptions
using Adamczak et al. (2010) as long as m > C'd we have that

X[ <2vm
holds with probability at least 1 — eVd and (b) follows from (12). Therefore,
(VI (w) - VI (W), w — D) HVLS”"(w) VLS‘””(w)H2 . (13)
Combining (11) and (13), we have that
(VI (w) - VI (@), w — W) :%<Vf5”"('w) - VI (@), w - @) + %(st“"(w) - VI (@), w - D)
L - @3+ [V (w) - VI (@)

which gives us the desired result.

C Proof of Lemma 3.2

Recall that VLS (w) = E[oc({(w,x))x] - xp = x3° — xp. For any fixed w observe that if y is at

most 1, then for any 1-Lipschitz and monotone function o, (o((w,x)) - y) - (a:, ﬁ) is the
D

product of random variables with tails bounded by exp(-Q(z?)). This implies

25| (5 Bttt a0 -0 (o0, BN e ol g - ol <o (/).

Using the variational form of the norm (i.e., |[v]2 = maxyjy,-1 (w, v)) on (L X7 (ReLU((w, 2()) — y@) - ()
(Xw — X), we see that for any fixed w € B(d W)

Pr [
S~Dm

Taking a union bound over a y-net N, for B(d, W) gives us

Pr[
D

‘( 3o ((w. ) -0 w“) (% = xo)

> eW] <exp (—(v/me)') .

2

(% i(a((w, 2)) -y '“’(i)) - (xp" ~ xp)

ZEW]SGX}D( (\/_e)) (3}:/) ;

2
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i.e., for some constant C' depending on the distribution, we get

Pr [Vw € B(d,W) | H( Z(U( w, 2 )) - y(z)) 2 )_ (X% = xD)

> 6W+C’}/:|
2

<exp (~(v/me)') (3W)

2/t
Hence, rescaling v we see that when m > ) ((g log % log %) / ) we have with probability 1 - 4§

<eW+7.
2

H( 3ot ) - 7). a:“) (% = xo)

Substituting 7 = €¢/2 and rescaling € we get the lemma.

D Proof of Theorem 3.1

Let w*"™ be the minimizer of L3", then we have, for all ¢
a4 —
< oD 3
= Jw® — w3 - (VL (w®), w " - w™) + 7 [VIFT (w3
< Jun® a3 - (L (), )~ ) (IR () - 7L (), w0 - )
+ 2 |V L (w M) 3 +20°| VIS (w) - VIF" (w )3
< w® = w5 = (1 - 20) |2 VIS (w D)5 + 2neW + 297

For the final inequality, we use the smoothness and strong convexity of L$" to see
L%Jrr(wsurr) > L%rr(wt) _ (VL%‘"('w(t)),w(t) _ wsurr> i g”w _ w/“%

and
_||VLSUI'I' SUFY)HQ < LSI.”T SUI’I’) LSUFF )'

Additionally, for i < 1/4, either |VL5S™ (w(®)|3 < 4%’176— or [w®) — w2 < |w®) — w2 -
2neW — 2n%e%. Therefore, after T > % iterations, there must exist some t < T such that

|VLsS™ (w®)|2 < 4% < 8eW +2¢2. Scaling e appropriately gives us the result.

E Proof of Lemma 4.2

By Definition 3.3, we have that for all u, v,
(X3 X u-v) 2 plu-v[; = IXG X313 2 1 |u-ols.
Also by 1-Lipschitzness of o and isotropy of Dy, we have
Lp(ou,00) < E[{u —v,2)*] = |v - ul3.

Combining the above gives us the desired result.
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F Proof of Lemma 5.2

If u = v, then the claim follows directly. Let w # v. In the calculation below, we use monotonicity
as well as 1-Lipschitzness.

(xp " = xp V)T (v - w) = E[(ReLU({v, z)) - ReLU({u, z))) (v — u, z)]
> E[(ReLU({v,z)) - ReLU({u,z)))?] .

The above term depends only on (u,x) and (v,x). To bound this, it is sufficient to work with
d=2. Let f(x1,72) be the density function for the log-concave distribution. The above term can
be bounded based on the following two cases,

o Case 1 (0(u,v) <7/2) We have,

(R = xRetU)T (o - m>EmvzanMum>&wwbm]

Here the last inequality follows from the anti-concentration of the log-concave distribution.
To prove strong convexity of the surrogate loss, it is sufficient to bound from below the above
integral by a constant. Since the angle between u and v is less than 5, we see that with
respect to the uniform measure the set {x | (x,u) > 0 and (x,v) > 0} has mass > w.
Thus,

/H I <1/9(<'U —u,z))’1[(a,z) > 0,(v,x) > 0]dz dzs > min / S(w,w)deldxg ‘
2= TE

w:|wl2=1
ScB(1/9)wol(5)=AE1N)

To bound from below the integral above, let & = aw + Sw™* — here we abuse notation slightly
to and use w to denote the minimizer of the integral above. Since we are in 2 dimensions,
the set that minimizes the integral is given by the region that minimizes (w,x), subject to
the volume constraint. Using the fact that in a ball of radius 1/9 the distribution is lower
bounded by a log-concave distribution, We see that it is sufficient to lower bound the integral
for the above set {aw + fw* ||a| <v,a? + 5% < 9} for some constant ~.

[\Im\lgsl/g“v w,x))’1[(a,z) > 0,(v,z) > 0]dzidzs
) S [S]dad

S|Pr[S]:Pr[ u,x) >O (v,x)>0] +,6’2<1/9

z\/h o2dadp
a?+632<1/9,|al<y

> f o*dadp
a?+52<1/9,3<a<y
2

Zf L dadp
a?+(2<1/9,3 <a<y 4
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2
Zl-c'.
4

Here ¢ is a constant satisfying ¢’ = vol({(a, 8) | o® + 82 < 1/9,a € [v/2,7]}).

o Case 2 (6(u,v) > 7/2): We assume w.l.o.g. that |u]2 > |v]2. Similar to the previous case,
we have that

Oyt =X ) (v —w) 2 E[(u, ) 1[(u

> |ul3E[(a, ) 1[{a, z) > 0, (o,

2
u
I2 fuwuzsl/g ’

> fuu-vugf (@, 2)?1[(@,2) > 0, (5, &) < 0]dz1dzs .
2 Jl2<1/9

B
8
o
=
8
v
\‘O
<
L)
IN
=
ISH
&
5
Q
=
[\

>C

Since the angle between w and v is more than 7 we see that with respect to the uniform

measure the set {x | (x,u) >0 and (x,v) <0} has mass > w. The final integral above
can again be lower bounded as in Case 1.

G Proofs of Lemmas used for Theorem 6.2

Lemma G.1. Suppose |w-w*|s <O (@) and let §(w,w™) represent the angle between w and
w* with |w*|o =1. If 0(w,w*) < /2 then

G(w,—Qw*) <sin(f(w,w*)) <O (@) :

Proof. Since |[w —w* |2 < O(@),

O(opt/v?) > |w - w”|3
= |wl3 + w*[3 - 2[w]2]w" |2 cos(6(w, w"))

= w3 +1 - 2[w]z cos(8(w, w")) .

This implies

cos(f(w,w™)) > w5+ 1= O(opt/?) >+/1-O(opt/v?).

2[wl2

ie., sin(f(w,w*)) <O (@) Since §(w,w*) € [0,7/2) we have M <sin(f(w,w*)).
O

Lemma G.2. If z is drawn from a v-subgaussian distribution, z € A := {x | (x,w) > v /opt and (w*,x) <
0} and |w—w*|2 < O(\/opt/v), then

O(1
e [(%Wptuzu% +2||z2) 1A(z>] <o e L
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Proof. Since z € A,

* * 1
TVopt < (w-w”) 2z < [w-w2fz]2 5 —opt|z]2.

Hence, |z|2 > Q(vvy). To bound from above the expectation in question, we integrate in polar
coordinates. Specifically, we can write

e (Xl 2l ) 152 55 )77 7 (S vot e 202 1y ) espr s

14

S—e(w’w*) - (w\/o_mr3+2r2)exp(—r2/2u2)dr

1 Q(vy) v
SH(w,w") /;(X)) (l\/opt(us)3 + (1/8)2) exp(-s2/2)ds
¥ v

= 120(w, w") /oo (v/opts® + s?) exp(-s?/2)ds ,
Q(v)

where the final inequality is a consequence of r = sv and +v > 0. We now use the following facts
about the gaussian integrals of a 22 and z® to bound from above the previous integral:

ftoo 2% exp (—%2) dx <O (erfc (%) + 2texp(—t2/2)) <O (1+t)-exp(-t?/2) (14)

/;oo 23 exp (—%2) dx = (2 + 1) - exp(~t?/2) (15)

The final inequality in Equation (14) follows from erfc(x) < 2exp(-x2/2). Making these substitu-
tions and using Lemma G.1 to get the bound 6(w,w*) <O (@), we see

Ep[((c/v)vopt|z]3 +2]2]2)15, ,5(2)] < O (8(w, w*)V/opt- v* - (2+7%) - exp(—7*/2))
+0 (0(w,w*) - v+ (1+7) -exp(—72/2))
S vy/opt-max{(1 +7%), (1 +7)} exp(—?/2) .

The choice 7 = Q( log (%)) ensures that this is at most v -/opt - 177—0. O

Lemma G.3 (Probability of being in the band). If D is v-subgaussian, and w is the minimizer
of the surrogate loss
c’~+/opt

Pr{l(w, )| <7/Gpt] « TV

v

Proof. By standard properties of N'(0,v1), we get the result for |w|s = 1. However, we know that
w2 > [|lw*||2 = /7 =1-/1 and we know that 1—,/7 is larger than a constant which gives us the
desired result. O
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G.1 Polynomial Approximation in the Band

We show that there exists a low-degree polynomial approximation of the ReLU in squared error
over the band.

Lemma G.4. If D is v-subgaussian, then there exists a degree O(n%) polynomial P satisfying
Eppr,  [(P((w",2)) - ReLU((w",2)))*] S 7* v+ /opt (16)

Here, Ty~ (w) = {ueR? | [(w, u)| < y/opt}, where v = \/log(1/n).

Proof. An application of Jackson’s theorem implies there is a degree % polynomial such that
[P(t) = ReLU(E) [ _s.afee <7 -
We apply the following Theorem G.5 from Sherstov (2012) to see that P(t) satisfies
|P(t) - ReLU(#)| < 2(4t/s) T for t e R~ [-s, 5] .

Lemma G.5 (Sherstov). Let p(t) == X%, a;t’ be a given polynomial, then
d-2j
=4 e (55|
2 laal < 47 e Ip| =

To estimate Epy, [(P({(w*,x)) - ReLU({(w*, x)))?], we bound from above the density function
of (w*,x) where « ~ Dr (denoted by p,s).

Since we only need to look at the distribution (w*, ), it is sufficient to project the distribution
D to span(w, w*). Henceforth, we will abuse notation and let D refer to this projected distribution.

Let  ~ Dy and w = w/|wl|2. Express « in the basis w,w" to get = azw + fw*. We now
study the random variable (w*,x). Let § = (w,w*) and note that |w*|2 = 1. For any « € T, 4(w).
Hence,

(w*, x) = ag{w”*, W) + Be{w™,w")
= (g c08(0) + By sin(6) ,

where w** = w* - w(w-w*) and |w** |2 = sin(d). We now individually upper bound the pdf of
g cos(0) and Bz{w**, w') respectively, when = ~ Dp. Recall that D is v-subgaussian, hence the
pdf of ay, pa, is upper bounded by %exp(—xz/QVQ). Similarly, for 5. If f, is the pdf of the
joint distribution over (a,b) € R?, then the pdf of a + b is given by pasp(2) = [ fap(t, 2z = t)dt.
For © ~ Dp, the pdf of  in the basis above (i.e., the pdf of (ag,Sz)) is upper bounded by
pp(x) < PrDl[T] 10 exp(-(a2 + B2)/2v%), when ag < y/opt|wl2, and 0 otherwise. Since (w*,x) =
g c08(0) + By sin(0), the pdf of (w*, ), p(y» z) is bounded by

1 1
p(w*,m)(z) S Pr[T] [b v2sin(0) cos(0)

-exp(—(t?/ cos®(0) + (z - t)?/sin?(0)) /202 dt .

We bound the above expression in two ways. First, since exp(—(z—t)?/2sin?(8)v?) < exp(~t?/2sin?(8)v?) <
1, we can write

1

Pl ) (2) $ PTET] Lo vrsmiaresgay P s’ (0) + (=0 sin? (0)) /27
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1 b 1 '
s Pr[T] [b v2sin(6) cos(0) -exp(—(t*/ cos®(0) +t*/sin®(0)) /2v*)dt

-exp(—(t?/2v° cos*(9)))dt

1 b 1
Pr[T]vsin(0) ]:b v cos(6)
< 1 .
~ vsin(0)

Also, if for some [ it holds |z| > I, we have that

()5 ot [ Tramaeasy P o (0) + (= 0 sin (0)) 2%
1

b 1 '
S Pr[T] [b V7 5in(0) cos(0) -exp(—(t?/ cos®(0) + (z - 1)?/sin%(0))/2v?)dt
Sexp(—(z -1)%/2v%sin?(0)) - (1/vsin(h)) .

We will use the above bound with [ = v,/opt|w||2. We now use the above upper bounds to bound
the total error in the band

Epy, [(P((w", @) = ReLU((w",@))*] < [ (P() = ReLU())2ppue ay (D)t +2 [ (P(t) = ReLU(t))? ppae (1)t

Recall that P is at most 7-away from ReLU in the range [-s,s]. If 7 = v1/2opt!/*. (/10), the first
integral above can be upper bounded as follows:

f C(P(t) = ReLU(1))2 e ay (1)t < f 2ty (1) S v opth/?

Additionally, if t > 21, (t —1)? < t?/4, and so under the condition s > 2I, the final integral can be
bounded above by

- oo _1\2
2 f (P(t)—ReLU(t))2p<w*’m>a(t)dt5'S_;w) f max{(4t/5)68/77(4t)s/T}eXp(_—2.5;.822(9))dt

2
4t/s)%sI —————|dt .
V sm(0 f (4t/s) exp( 8- y2-sin2(9))

Setting t = 2vsin(f)p and r = s/(vsin(0)), we see
2 [ (P =ReLU®)*ppur ()t
® 6s/ P’
< 4p- (vsin(0)/s))** T exp| -— | d
L oy (- sin@fs) 1 exp )
oo p2
Sf (4p'(1/r))6$/TeXp(—§)dp

s [Ep~N(0,1)[1p2T(4p/T)3S/T]

S (4fr)* I Prlp 2 1]V By o) D™
S (4r)*7 - exp(-r?[4) - (6s/7)*/7

< s/(r*7))*T - exp(—r?/4) .
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Taking logs, we see that the following inequality needs to be satisfied

(f ¥ flog (i) + ilog (1) - log(ul/Qnopt1/4)) 2. (17)
T T r

T T

Let s = v(vsin(0))Y?/(v?n?opt'/*), then r = 112572 (vsin(0))~?opt~1/%. Then, s/7 < f(n) for
f(x) = 1/x3. Substituting for s/7 we see that it is sufficient to check

(F(m) + £(n)1og (F(n)) + F(n) log (v~ (vsin(8)) opt!/*) ~ log(v'/*nopt! ™)) s 72 . (18)
Since f(n) > 1 and vsin(f) < opt'/2, it is sufficient to check that

(@) + F(mtog (£ () + (£ (n) = 1) log ((vsin(6))20pt'/*) ~ log(n) + f(n) log(v"1/2) - log(v'/)) 5 2.
(19)

Substituting for f(n) and multiplying both sides by n73, we get
(log (1/n) +log (u‘l/z(y sin(0))1/20pt1/4)) <svnp~t (vsin(9)) ™t - opt™V/2, (20)

i.e., rescaling, we see
log(r 2n73) s .

Since r > 12 2sin(0)*v! > 7212 > 1 for opt,v less than some constant, we see that this is
true for small enough 7.
Substituting this back we see that the overall error is bounded by

Epy, [(P(ac)—ReLU((w*,a:)))Q] Sv-n-y/opt. (21)
This completes the proof. O

Lemma G.6. Let

A= {p | p is a degree k, d-variate polynomial with coefficients a; such that Z |la;| < O(4k)} .
i

If S~ D™ is a set of m iid samples and m 2 k- % - (42)™™ | then
Eqy [(P(@) - 9)] < min Epy, [(P'(2) - 9)?] + .
Proof. Let p() = ¥ agm;, where {m;} are monomials that correspond to a;. Then
(€ [P(@)] - Epy [P(@)) £ Slod ) (T By, i) - B, ()]
< (@ (SlEs bni(e) - £ (o))

Since there are at most d* different monomials, it is sufficient to approximate each monomial m;

up to an accuracy of €- 4l . dik.
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Let Mg 1, denote the set of d-variate monomials of degree k. Applying Fact 1 on these monomials
and noting that the variance of any monomial is at most 2*-O(k)* with respect to the v-subgaussian
distribution where v = O(1), we get

1/k
2.1 1
me ’4_k'd_k)

Pr[m e Mgy | g, [m(a)] - Epj, [m(2)]] 2 €] < d* - exp (_ vk K

Setting m 2 O(k)* - 5 - (%)O(k) we obtain our desired bounds. O
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