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A B S T R A C T   

A new thermodynamic model based on the Einstein function with more physical significance is used to describe 
the hcp, bcc, fcc, ω, liquid and amorphous phases for Ti and V from above the melting point down to 0 K by the 
CALPHAD (CALculation of PHAse Diagrams) approach for the third generation thermodynamic databases. The 
liquid and amorphous phases are treated as one phase using the generalized two-state model. The Debye tem
peratures and the enthalpy differences at 0 K for different allotropes of Ti and V have been computed by ab initio 
calculations. The Ti–V system has been reassessed based on the new Gibbs energy functions for Ti and V obtained 
in the present work and experimental data available in the literature. The martensitic transformation and 
metastable ω phase formation in the Ti–V system at low temperature are thermodynamically described. The new 
description can better represent both the phase equilibria data and the temperatures of martensitic trans
formation and ω formation. The metastable phase diagram of the Ti–V system as well as the T0(β/α) and T0(β/ω) 
curves have been calculated using the obtained thermodynamic parameters. The calculated results indicate that 
most of the reliable experimental data are satisfactorily reproduced in the present modeling.   

1. Introduction 

The Gibbs free energy functions for pure elements from the SGTE 
database compiled by Dinsdale [1] have been widely adopted in the 
CALPHAD community till now. In the first and second generations of 
thermodynamic databases, the Gibbs energy for each phase is described 
as a simple function of temperature, pressure and composition. Although 
the temperature range for the Gibbs energy functions are from room 
temperature to 6000 K, the description is mainly applied in intermediate 
temperature range and hardly reliable below 600 K or above the melting 
point. This makes it impossible to achieve a reliable description for 
phase transformation at lower temperature, such as martensitic trans
formation and ω phase transition in Ti alloys. A new thermodynamic 
model with definite physical meaning will improve the possibility to 
describe these low temperature phase transformations. Therefore, the 
third generation CALPHAD databases based on the Einstein model have 
been developed in order to achieve the reliable thermodynamic 
description from 0 K up to temperatures above the melting point. The 
first attempt to define this new thermodynamic model was at Ringberg 
workshop in 1995 [2–5]. Subsequently, this model was improved by 

Chen and Sundman [6] to describe thermodynamic properties for bcc, 
fcc, liquid and amorphous phases of pure Fe. Recently, this new model 
[6] has been successfully applied to other unaries, such as Mn [7], 
metastable hcp phase of Fe and Mn [8], Co [9,10], Pb [11], C [12], Al 
[13,14], Sn [15], Au [16], Zn [17], Cr and Ni [18]. The advantages of the 
third generation lattice stability has also been demonstrated in some 
critical binary systems such as Fe–Cr and Cr–Ni [18–20]. 

Due to the attractive properties such as high specific strength, good 
corrosion resistance and excellent toughness, Ti alloys have been 
extensively utilized in aviation, aerospace, automotive and chemical 
industries [21–24]. With increasing content of β stabilizing elements like 
V, Mo, Nb, two kinds of martensite, i.e. the hexagonal close packed (hcp) 
α0 (P63/mmc) and the orthorhombically-distorted α00 (Cmcm), have been 
identified in Ti alloys that were rapidly quenched from the 
body-centered cubic (bcc) β phase. The α0 martensitic phase usually 
forms at lower concentrations of β stabilizing elements while the α0 0
martensitic phase occurs at higher concentrations. The major difference 
between the β → α0 0 and β → α0 transformations is that the degree of 
displacement in atomic shuffle during the former transformation is less 
than the latter. Therefore, the β → α0 0 transformation can be considered 
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as a crystallographically incomplete β → α0 transformation. In pure ti
tanium, the metastable phase ω with hexagonal structure forms only 
under large compressive stress. In contrast, the ω phase forms as a 
transition phase only at ambient pressure in alloys containing sufficient 
concentrations of β stabilizing elements when they are quenched from 
high temperature β solid solution which is known as athermal ω or aged 
at a low temperature that is known as isothermal ω. The ω phase has 
been observed in Ti alloys in a composition very close to martensitic 
transformations. The ω phase precipitation is competitive to martensitic 
transformation [25]. In recent years, ω formation has gained wide 
attention due to its role as a precursor to fine scale α phase precipitation 
in Ti-alloys [26–31]. V is one of the most common β isomorphous 
alloying elements in Ti alloys, exerting a beneficial effect on their 
plasticity and strength [32]. The thermodynamic description of the 
martensitic transformation and ω phase precipitation in the Ti–V alloys 
based on the third generation thermodynamic parameters for titanium 
and vanadium is fundamental to the design of new Ti–V based alloys. In 
the present work, the thermodynamic model from Chen and Sundman 
[6] is accepted to describe the hcp, bcc, fcc, ω, liquid and amorphous 
phases of Ti and V, and further the Ti–V system is reassessed. This 
modeling effort will be beneficial in calculating the martensitic trans
formation and ω phase transition in the Ti–V alloys. 

Therefore, the purposes of the present work are (1) to critically 
evaluate the literature data for pure elements Ti, V and the Ti–V binary 
system, (2) to compute the Debye temperatures and the enthalpy 

differences at 0 K for different allotropes of Ti and V by ab initio calcu
lations to supply the necessary thermodynamic data for the modeling, 
(3) to develop the third generation thermodynamic parameters for pure 
Ti and V using a new model with more physical significance from high 
temperature down to 0 K, and (4) to reassess the Ti–V binary system and 
calculate its metastable phase diagram as well as the T0(β/α) and T0(β/ 
ω) curves by means of the CALPHAD approach [33,34]. 

2. Literature review 

2.1. Pure titanium 

Titanium has two stable allotropes, i.e. the low-temperature phase 
α-Ti with hcp structure isotypic with Mg and the high-temperature phase 
β-Ti with bcc structure isotypic with W. The widely accepted transition 
temperature between hcp and bcc is 1155 K [1]. The melting point of 
titanium is 1941 K and the atomic weight is 47.88 [1]. 

The thermodynamic properties including heat capacity, enthalpies of 
formation, transformation and fusion, entropy, etc., of pure titanium 
have been critically reviewed and discussed by Desai [35] based on the 
experimental data available in the literature. Desai [35] recommended 
the values of heat capacity covering the temperature range from 1 to 
3800 K and the values of enthalpy, entropy as well as the Gibbs energy 
covering the temperature range from 298.15 to 3800 K. The thermo
dynamic properties of titanium collected from literature are summarized 

Table 1 
Summary of the heat capacity of titanium.  

Temperature interval, K Phase Method Purity of Ti, wt.% Reference 

51–298 hcp Calorimetry 98.75 Kelley [36] 
15–305 hcp Drop calorimetry 99.96 Kothen and Johnston [37] 
4–15 hcp Adiabatic calorimetry 99.95 Aven et al. [38] 
1.2–20 hcp Calorimetry 99.90 Wolcott [39] 
20–200 hcp Vacuum calorimetry 99.00 Burk et al. [40] 
12–273 hcp Adiabatic calorimetry 99.90 Clusius and Franzosini [41] 
1.1–4.5 hcp Adiabatic calorimetry 99.86 Kneip et al. [42] 
1.2–4.5 hcp Calorimetry 99.92 Hake and Cape [43] 
1.5–5.3 hcp Calorimetry 99.86 Collings and Ho [44] 
1.2–4.5 hcp Adiabatic calorimetry 99.80 Agarwal and Betterton [45] 
400–1100 hcp Drop calorimetry n/a Golutvin [47] 
280–1150 hcp Drop calorimetry n/a Serebrennikov and Gel’d [48] 
187–353 hcp Adiabatic calorimetry n/a Stalinski and Bieganski [49] 
340–1100 hcp Electrical resistivity technique 99.99 Parker [50] 
297–1075 hcp Adiabatic calorimetry 99.95 Novikov [51] 
293–473 hcp Calorimetry 99.90 Zarichnyak and Lisnenko [52] 
320–1020 hcp Adiabatic calorimetry 99.94 Cash and Brooks [53] 
600–1066 hcp Modulation calorimetry n/a Holland [54] 
873–1873 hcp, bcc Adiabatic vacuum calorimetry 99.00 Backhurst [55] 
300–1900 hcp, bcc Calorimetry n/a Maglic and Pavicic [56] 
320–1800 hcp, bcc Adiabatic calorimetry 99.80 Kohlhaas et al. [57] 
920–1370 hcp, bcc Longitudinal thermal flux method n/a Peletskii and Zaretskii [58] 
300–1300 hcp, bcc Differential scanning calorimeter n/a Takahashi [59] 
1400–1880 bcc Modulation calorimetry n/a Shestopal [60] 
1000–1700 bcc Thermal relaxation calorimeter 99.80 Arutyunov et al. [61] 
1500–1900 bcc Pulse heating calorimetry 99.60 Kaschnitz and Reiter [62] 
1500–1900 bcc Pulse heating calorimetry 99.90 Cezairliyan and Miiller [63] 
1300–1800 bcc Modulated power method 99.99 Guo et al. [64] 
1969–2315 liquid Levitation calorimetry 99.95 Treverton and Margrave [67] 
1940–2045 liquid Drop calorimetry 99.91 Berezin et al. [68] 
1650–2000 liquid Electrostatic levitator 99.99 Paradis and Rhim [69] 
1650–1950 liquid Electrostatic levitator 99.995 Lee et al. [70] 
1815–2211 liquid Drop calorimetry 99.999 Zhou et al. [71] 
1943 liquid Electrostatic levitator 99.90 Ishikawa et al. [72] 
250–2100 hcp, bcc Assessment n/a Hultgren et al. [65] 
400–2300 hcp, bcc, liquid Assessment n/a Glushko et al. [66] 
0–3600 hcp, bcc, liquid Assessment n/a NIST-JANAF [46] 
1–3800 hcp, bcc, liquid Assessment n/a Desai [35] 
50–1500 fcc DFT 100 Zhang et al. [73] 
0–1200 ω DFT 100 Mei et al. [74] 
0–1200 ω DFT 100 Argaman et al. [75]  
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as follows. 
The reported heat capacities of titanium are summarized in Table 1. 

The low temperature heat capacities of titanium between 0 and 300 K 
were measured by many groups of researchers [36–45] using different 
calorimetric techniques. Their experimental results show very good 
agreement with each other in the temperature interval between 0 and 
300 K. The recommended values of heat capacity between 0 and 300 K 
from the work of NIST-JANAF edited by Chase [46] and Desai [35] agree 
well with the measurements [36–45] with the deviation of �1.5%. The 
high temperature heat capacities for hcp titanium in the temperature 
range from 300 to 1155 K have been experimentally investigated in 
numerous works [47–59]. By comparing the experimental data as a 
whole, there is a general consistency among the different works [49, 
51–53,57]. The experimental results from Golutvin [47], Serebrennikov 
and Gel’d [48], Parker [50] and Holland [54] are scattered and higher 
than the values from the works [49,51–53,57], which are not accepted 
to optimize thermodynamic parameters in the present work. Although 
Backhurst [55], Takahashi [59] and Peletskii and Zaretskii [58] re
ported some similar results, their values are much higher at the transi
tion temperature between hcp and bcc and lower at other temperatures, 
which are also not accepted in the present work. The experimental in
vestigations of the high temperature heat capacity for bcc titanium in 
the temperature range from 1155 K to the melting point have been re
ported by several works [55–64]. These experimental data are scattered 
in the whole temperature range. As mentioned above, the experimental 
results from Backhurst [55] and Peletskii and Zaretskii [58] are lower 
than the other works [57,62,64]. The data from Shestopal [60] and 

Maglic and Pavicic [56] were unusual and increase quickly when the 
temperature is above 1800 K. Thus, the experimental data from the 
works [55,56,58,60] are not included in the present work. Based on the 
experimental heat capacity of hcp and bcc available in the literature, 
Hultgren et al. [65], Glushko et al. [66], NIST-JANAF [46] and Desai 
[35] recommended the values of heat capacity of hcp and bcc titanium, 
which are consistent with each other. In addition, Desai [35] discussed 
the deviation between experimental heat capacity [50–55,57,58,60,61, 
63] and recommended values. The heat capacities recommended by 
Desai [35] are accepted in the present work since these values can 
reproduce well with most of the reliable experimental data. 

The experimental and recommended heat capacities of liquid tita
nium were reported in different works [35,46,66–72] with different 
constant values. The value reported by Zhou et al. [71] is 33.64 
J/(mol∙K), which is much lower than the one from other works. Glushko 
et al. [66], NIST-JANAF [46] and Desai [35] recommended the values of 
heat capacity for liquid titanium to be 48.80, 47.237 and 46.29 
J/(mol∙K), respectively. Since the experimental heat capacity are scat
tered and the recommended values from Desai [35] are between the 
experimental data from Treverton and Margrave [67], Berezin et al. 
[68], Paradis and Rhim [69], and Ishikawa et al. [72], the recommended 
value of heat capacity for liquid titanium from Desai [35] is adopted in 
the present optimization of the parameters for the liquid phase. 

No experimental heat capacities for the metastable fcc and ω tita
nium are available in the literature. The temperature dependence of the 
heat capacities for fcc titanium at different pressures were studied by 
Zhang et al. [73] using the first-principles plane-wave pseudopotential 

Table 2 
Debye temperature, Einstein temperature and electronic specific heat coefficient for different allotropes of titanium.  

Phase θD(–3), K θD(0), Ka θ E, Kb γ, mJ/mol⋅K Reference 

hcp 423 376.47 268.80 3.11 Agarwal and Betterton [79] 
428 � 5 380.92 271.98 3.32 � 0.02 Agarwal and Betterton [45] 
427 380.03 271.34 3.346 Kneip et al. [42] 
421 374.69 267.53 3.38 Aven et al. [38] 
429 � 7 381.81 272.61 3.305 Hake and Cape [43] 
415 369.35 263.72 3.30 Heiniger and Muller [80] 
430 382.7 273.25 3.56 Wolcott [39] 
410 364.90 260.54 3.32 Collings and Ho [44] 
420 373.80 266.89 3.36 Collings and Ho [81] 
412 � 5 366.68 261.81 3.31 � 0.03 Dummer [82] 
428 � 5 380.92 271.98 3.349 Fisher and Renken [83] 
425 � 5 378.25 270.07 3.332 � 0.02 Desai [35] 
420 373.80 266.89 3.35 Kittel [84] 
403 358.67 256.09  Argaman et al. [75]  

374 267.04  Chen and Sundman [85]  
385 274.89  Chen and Sundman [78] 

397 53.33 252.28  This work (DFT)   
269.66 7.77c This work (CALPHAD) 

bcc  272 194.21  Petry et al. [86]  
264.2 188.64  Ledbetter et al. [87]  
281.3 200.85  Zhang et al. [73]  
263 187.78  Chen and Sundman [85]  
269 192.07  Chen and Sundman [78]   

192.01 3.51c This work (CALPHAD) 
fcc  312 222.77  Chen and Sundman [78] 

371 330.19 235.76  This work (DFT)   
236.67 2.20c This work (CALPHAD) 

ω 457 406.73 290.41  Argaman et al. [75]   
287.50  Yan and Olson [88] 

439 390.71 278.97  Hu et al. [89] 
475 422.75 301.84  This work (DFT)   

289.3 3.51c This work (CALPHAD) 
liquid-amorphous 300 267.00 190.64  Risti�c et al. [93,94], Bakonyi [95] 

330 � 30c 294 � 27 210 � 19  Grimvall [96]   
185.76 4.01c This work (CALPHAD) 

aθD(0) is derived from 0.89⋅θD(–3) [78] when θD(0) is not available in the literature. 
bθE is derived from 0.714⋅θD(0) [76]. 
cThe optimized value for a in Eq. (4), which consists of electronic excitations and low-order anharmonic vibrational contributions (dilatational and explicitly 
anharmonic). 
dθD(–3) of amorphous state is lower by 15–30% of the one of crystalline state, which was assumed by Grimvall [96]. 
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method combined with the quasi-harmonic Debye model based on 
density functional theory (DFT). The calculated results show that the 
heat capacity rapidly increases at low temperatures (below 400 K), 
whereas when the pressure increases from 0 to 80 GPa, the heat capacity 
decreases. The heat capacity for the ω phase at constant pressure was 
calculated by Mei et al. [74] and Argaman et al. [75] within the DFT 
using phonon density of state (DOS) and Debye model. The calculated 
results from Mei et al. [74] and Argaman et al. [75] are very consistent 
with each other. The heat capacities for the fcc and ω titanium estimated 
using theoretical calculations from the works [73–75] are accepted in 
the present work. 

Einstein temperature θE for different phases of titanium is the key 
parameter for the third generation thermodynamic database. However, 
the Einstein temperature cannot be determined directly from experi
ments. According to the empirical formula, Einstein temperature is 
about 0.714 times the high temperature entropy Debye temperature 
θD(0) [6,76], i.e., θE � 0:714θDð0Þ. θD(0) is a special case of the Debye 
temperatures θD(n) derived from the nth moment of the phonon fre
quencies [77]. For an ideal Debye solid, all θD(n) values are equal to the 
low temperature limit of the Debye temperature θD(–3) that can be ob
tained from low-temperature heat capacity or elastic constants. For a 
real solid, θD(0) is different from θD(–3) and the ratio θD(0)/θD( 3) 
appears to be constant for the same element [6]. The value of 
θD(0)/θD( 3) ratio was reported to be 0.89 for hcp titanium by Chen and 
Sundman [78] and it is assumed to be the same for hcp, bcc, fcc, ω and 
liquid-amorphous titanium in the present work. The low temperature 
limit of the Debye temperature θD(–3), the high temperature entropy 
Debye temperature θD(0), Einstein temperature θ E and electronic spe
cific heat coefficient γ for different phases of titanium are summarized in 
Table 2. The low temperature limit of the Debye temperature θD(–3) of 
the hcp titanium has been reported by many researchers [35,38,39, 
42–45,75,78–85]. Their results are in good agreement with each other. 
The high temperature entropy Debye temperature θD(0) and Einstein 
temperature θE are derived from the relations θD(0) ¼ 0.89θD(–3) [78] 

and θE ¼ 0.714θD(0) [76], respectively. For the bcc phase, the Debye 
temperatures θD(0) were reported by Petry et al. [86], Ledbetter et al. 
[87], Zhang et al. [73] and Chen and Sundman [78,85]. As can been seen 
from Table 2, the reported Debye temperature θD(0) values for bcc ti
tanium are consistent with each other. For the metastable fcc and ω ti
tanium, their Debye temperatures θD(–3) or θD(0) were estimated using 
DFT [75,78,88,89]. The Debye temperature of the liquid-amorphous 
phase for titanium is not available in the literature. In this work, two 
approaches are recommended to estimate the Debye temperature of the 
liquid-amorphous phase for pure element. In the first method, the Debye 
temperature of the liquid-amorphous phase for pure element can be 
extrapolated by linear fitting of the Debye temperatures of related bi
nary amorphous alloys. The Debye temperatures of amorphous Ni–Ti 
[90,91] and Cu–Ti [92] alloys were measured. The Debye temperature 
with respect to compositions for Ni and Cu in the Ni–Ti and Cu–Ti sys
tems, respectively, can be utilized for the fitting procedure [93–95]. 
Thus, the Debye temperature of the amorphous phase for pure titanium 
can be obtained. The second method is the assumption from Grimvall 
[96] that the Debye temperature θD(–3) of amorphous state is lower by 
15–30% of the one of crystalline state, which was established based on 
the experiments [97–99] and theory [100]. The Debye temperature of 
amorphous titanium according to this assumption was found to be 300 
K, which is consistent with the value 330 � 30 K extrapolated from the 
Debye temperatures of amorphous Ni–Ti and Cu–Ti alloys. 

The enthalpies and entropies of transition and fusion for titanium are 
summarized in Table 3. The enthalpy of transition between the hcp and 
bcc phases ΔHhcp-bcc has been reported in numerous works [47,50,55, 
57,58,65,66,101–107]. Hultgren et al. [65], Desai [35] and Chase [46] 
recommended the values of ΔHhcp-bcc to be 4255, 4170 � 200 and 4172 
J/mol, respectively, based on the pulse heating measurements from 
Cezairliyan and Miller [101]. The recommended values of ΔHhcp-bcc 
agree well with the experimental data from Scott [102], Kohlhaas et al. 
[57], Gel’d and Putintsev [104], Harmelin and Lehr [105], Peletskii and 
Zaretskii [58], Kaschnitz and Reiter [106] and Martynyuk and Tsapkov 

Table 3 
Summary of the enthalpy and entropy of titanium.  

ΔHhcp-bcc, J/ 
mol 

ΔfusHo, J/ 
mol 

Ho(298.15 K)–Ho(0 K), 
J/mol 

So(298.15 K), J/ 
(mol⋅K) 

ΔShcp-bcc, J/ 
(mol⋅K) 

ΔfusSo, J/ 
(mol⋅K) 

Method Reference 

4170 � 200    3.58  Pulse heating calorimetry Cezairliyan and Miller 
[101] 

4255      Assessment Hultgren et al. [65] 
4090 � 100      Adiabatic calorimetry Scott [102] 
3350 � 200      Pulse heating calorimetry Parker [50] 
3430 � 80      Drop calorimetry Golutvin [47] 
4150      Adiabatic calorimetery Kohlhaas et al. [57] 
3946  4813 30.699   Drop calorimetry Kothen [103] 
3800      Assessment Glushko et al. [66] 
4175      Droxp calorimetry Gel’d and Putintsev 

[104] 
4213      DTA Harmelin and Lehr [105] 
4360 � 100      longitudinal thermal flux 

method 
Peletskii and Zaretskii 
[58] 

3680      Adiabatic vacuum 
calorimetry 

Backhurst [55] 

4303      Pulse heating calorimetry Kaschnitz and Reiter 
[106] 

4300 18000     Pulse heating calorimetry Martynyuk and Tsapkov 
[107]  

14146 �
480     

Drop calorimetry Berezin et al. [68]  

13226 �
500    

6.823 � 0.25 Levitation calorimetry Treverton and Margrave 
[67]  

14980     Levitation calorimetry Bonnel [108]  
14300     Electrostatic levitator Paradis and Rhim [69] 

4170 � 200 14550 �
500 

4822 � 10 30.686 � 0.08 3.576 � 0.172 7.481 � 0.25 Assessment Desai [35] 

4172 14146 4830 30.759 � 0.20 3.578 7.295 Assessment NIST-JANAF [46] 
4170 14146 4824 30.72 3.6104 7.288 CALPHAD SGTE [1] 
4175 14277 4824 30.6 3.615 7.355 CALPHAD This work  
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[107]. The enthalpy of fusion ΔfusHo for titanium was experimentally 
investigated by several groups [67–69,107,108]. NIST-JANAF [46] 
recommended the value of ΔfusHo to be 14146 J/mol based on the drop 
calorimetry measurements by Berezin et al. [68], while Desai [35] rec
ommended it to be 14550 � 500 J/mol by extrapolating solid and liquid 
enthalpies to the melting point. It is found that both the values were 
consistent with each other. Desai [35] deduced the value for Ho(298.15 
K)–Ho(0 K) to be 4822 � 10 J/mol according to the recommended heat 
capacity Cp values and also deduced the value for So(298.15 K) to be 
30.686 � 0.08 J/(mol K) by integration of Cp/T values, which are in 
agreement with the values 4830 J/mol and 30.759 � 0.20 J/(mol⋅K), 
respectively, recommended from NIST-JANAF [46]. For the entropies of 
transition ΔShcp-bcc and fusion ΔfusSo, Desai [35] and NIST-JANAF [46] 
also recommended their values 3.576 � 0.172 and 7.481 � 0.25 
J/(mol⋅K), and 3.578 and 7.295 J/(mol⋅K), respectively, by integration 
of Cp/T and So(298.15 K). In addition, HmðTÞ  Hmð298:15 KÞ and 
SmðTÞ  Smð298:15 KÞ values for titanium were investigated by several 
groups [67,68,106] and their experimental results are consistent with 
each other. The recommended values for heat capacity, enthalpies and 
entropies of transition and fusion by Desai [35] are accepted in the 
present work since they are self-consistent and in good agreement with 
the most of reported experimental data. 

There is no experimental information for the Gibbs energies of bcc, 
fcc and ω relative to hcp titanium. However, these values can be esti
mated using ab initio calculations. The ground state energy differences 
for bcc, fcc and ω relative to hcp titanium at 0 K from different works [1, 
74,75,89,109–111] are compared in Table 4. These theoretically 
calculated ground state energy differences using ab initio calculations 
are considered in the present optimization. The transition temperatures 
associated with the metastable phases are not experimentally measured 
in the literature. The transition temperatures of Tω-hcp and Tω-bcc can be 
obtained by considering the pressure-temperature (P–T) phase diagram 
of pure titanium, ab initio calculations using the quasi-harmonic 
approximation (QHA) as well as the Debye model [74], and rapid 
quenching experiments [112]. The transition temperature of Tω-hcp is 
preferred 186 K from Mei et al. [74] to the extrapolation of 
high-pressure ω–hcp phase boundary due to its large pressure hysteresis. 
The transition temperature Tω-bcc is taken as 723 K from Mirzayev et al. 
[112], which has less uncertainty (15 K) than the extrapolation of the 
high-pressure ω–bcc phase boundary and the QHA calculations [74]. 
The transition temperature Tfcc-liquid is calculated to be 900 K from the 
SGTE database [1], which is adopted in the present work. 

Table 4 
The ground state energy differences for bcc, fcc and ω relative to hcp titanium at 
0 K from DFT calculations and CALPHAD approach.  

ΔEbcc-hcp, 
J/mol 

ΔEfcc-hcp, 
J/mol 

ΔEω-hcp, 
J/mol 

Method Reference 

10556   203 QHAa and Debye model Mei et al. [74] 
10295 5509  PAW-GGAb Wang et al. 

[109] 
10517   579 QHA Hu et al. [89] 
7062 6770  Extrapolation based on 

Einstein model 
V�re�st’�al et al. 
[110]   

 788 BP-GGAc Argaman 
et al. [75] 

9649 5403  1351 DFT OQMD [111]  
6000  CALPHAD SGTE [1] 

10619 5438  571 DFT This work 
6029 5910  214 CALPHAD This work  

a QHA: Quasiharmonic Approximation. 
b PAW-GGA: Projector Augmented-Wave method within the Generalized 

Gradient Approximation. 
c PBE-GGA: Becke-Perdew function within the Generalized Gradient 

Approximation. 

Table 5 
Summary of the heat capacity of vanadium.  

Temperature 
interval, K 

Phase Method Purity of 
V, wt.% 

Reference 

50–300 bcc Calorimetry 99.5 Anderson [118] 
10–273 bcc Adiabatic 

calorimetry 
99.5 Clusius et al. 

[119] 
200–350 bcc Adiabatic 

calorimetry 
n/a Bieganski and 

Stalinski [120] 
1.5–15 bcc Adiabatic 

calorimetry 
99.999 Ishikawa and 

Toth [121] 
1.5–40 bcc Adiabatic 

calorimetry 
99.7 Chernoplekov 

et al. [122] 
80–1000 bcc Laser-flash 

calorimetry 
99.999 Takahashi et al. 

[136] 
273–1873 bcc Drop calorimetry Purest Jaeger and 

Veenstra [137] 
300–1250 bcc Comparative 

calorimetry 
99.74 Beakley [138] 

800–1100 bcc Comparative 
calorimetry 

99.8 Knezek [139] 

500–1900 bcc Adiabatic 
calorimetry 

99.74 Fieldhouse and 
Lang [140] 

400–1100 bcc Drop calorimetry 99.8 Golutvin and 
Kozlovskaya 
[141] 

320–1800 bcc Adiabatic 
calorimetry 

99.74 Kohlhaas et al. 
[57] 

320–1800 bcc Adiabatic 
calorimetry 

n/a Braun et al. [142] 

1000–1900 bcc Induction heating 99.72 Filippov and 
Yurchak [143] 

1200–1800 bcc Electron 
bombardment 
heating 

99.94 Peletskii et al. 
[144] 

1400–1700 bcc Levitation 
calorimetry 

99.9 Margrave [145] 

900–1900 bcc n/a n/a Arutyunov et al. 
[146] 

350–900 bcc Calorimetry n/a Chekhovskoi and 
Kalinkina [147] 

293–1773 bcc Graphic integration 
method 

99.82 Neimark et al. 
[148] 

1500–2100 bcc Pulse heating 99.9 Cezairliyan et al. 
[149] 

297–2190 bcc Drop calorimetry 99.94 Berezin and 
Chekhovskoi 
[150] 

300–1100 bcc Integrated 
measurement 
method 

n/a Kulish and 
Filippov [151] 

350–1700 bcc Adiabatic 
calorimetry 

99.9 Bendick and 
Pepperhoff [152] 

300–1900 bcc Millisecond pulse 
calorimetry 

99.8 Stanimirovi�c 
et al. [153] 

500–2173 bcc Adiabatic heating 99.94 Chekhovskoii 
et al. [154] 

200–2125 bcc Assessment n/a Magli�c [117] 
2250–2800 liquid Levitation 

calorimetry 
99.9 Treverton and 

Margrave [67] 
2084–2325 liquid Induction heating 

and massive copper 
calorimeter 

99.94 Berezin et al. 
[155] 

300–2800 bcc, 
liquid 

Levitation 
calorimetry 

99.9 Lin and Frohberg 
[156] 

0–3000 bcc, 
liquid 

Mathematical 
description 

n/a Thurnay [113] 

300–2700 bcc, 
liquid 

Assessment n/a Smith [114] 

0–3600 bcc, 
liquid 

Assessment n/a NIST-JANAF [46] 

1–3800 bcc, 
liquid 

Assessment n/a Desai [115] 

0.5–3700 bcc, 
liquid 

Assessment n/a Arblaster [116]  
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2.2. Pure vanadium 

The stable solid state for vanadium is the bcc structure isotypic with 
W. Its atomic weight is 50.9415. The values of the heat capacity, 
enthalpy, enthalpies of transition and fusion, entropy, etc., for vanadium 
have been recommended by different authors [46,113–117]. The rec
ommended values of heat capacity, enthalpy, entropy, and Gibbs energy 
function are covering a large temperature range of about 0–3800 K and 
they are in good agreement with each other. In order to facilitate 
reading, the thermodynamic properties of vanadium are reviewed and 
summarized in the present work. 

The reported heat capacities of pure vanadium are summarized in 
Table 5. The low temperature heat capacity of bcc vanadium between 
0 and 300 K was measured by several groups [118–122] using different 
calorimetric methods. Their experimental results are in agreement with 
each other within the experimental error. The recommended values of 
heat capacity between 0 and 300 K from NIST-JANAF edited by Chase 
[46], Desai [115] and Arblaster [116] agree well with the experimental 
data with the deviations of about �3% below 15 K, �10% from 15 to 
150 K, and �3% from 150 to 298.15 K. The superconducting state and its 
transition temperature Tc for vanadium between 0 and 5.5 K have been 

experimentally investigated by many researchers [121,123–135] and 
reviewed by Desai [115] and Arblaster [116]. The superconducting 
transition temperature was recommended to be 5.4 � 0.3 K by Desai 
[115] and 5.435 K by Arblaster [116]. The superconducting state of 
vanadium is not considered in the present work and its details can be 
found elsewhere [115,116]. The high temperature heat capacity of bcc 
vanadium in the temperature range from room temperature to melting 
point has been experimentally measured in different works [57, 
136–153]. The measured results are in a general consistency except for 
the data from Beakley [138], Golutvin and Kozlovskaya [141], 
Margrave [145], and Bendick and Pepperhoff [152]. The values from 
Beakley [138] and Golutvin and Kozlovskaya [141] are high scattered 
and relatively large, and the values from Margrave [145] and Bendick 
and Pepperhoff [152] are relatively small. Chekhovskoii et al. [154] 
investigated the contribution of equilibrium vacancies to the caloric 
properties of vanadium on the basis of the average heat capacities. The 
measured average heat capacities of pure vanadium by Chekhovskoii 
et al. [154] are much lower than the reported heat capacities from other 
works. Thus, the measured heat capacities of bcc vanadium from the 
works [138,141,145,152,154] are not accepted in the present optimi
zation. Based on the experimental heat capacity of bcc vanadium 

Table 6 
Debye temperature, Einstein temperature and electronic specific heat coefficient for different allotropes of vanadium.  

Phase θD(–3), K θD(0), Ka θ E, Kb γ, mJ/(mol⋅K) Reference 

bcc 366 344.04 245.64  Takahashi et al. [136] 
400 376.00 268.46 9.64 Shen [128] 
298 280.12 200.01 8.996 Corak et al. [123] 
308 289.52 206.72 8.996 Worley et al. [124] 
338 317.72 226.85 9.26 Corak et al. [125] 
315 296.10 211.42 8.87 Cheng et al. [126] 
391 367.54 262.42  Martin [157] 
399 375.06 267.79 9.92 Keesom and Radebaugh [127] 
345 324.30 231.55 9.247 Van Reuth [158] 
382 359.08 256.38 9.82 Radebaugh and Keesom [129] 
399 375.06 267.79 9.90 Heiniger et al. [159] 
399 375.06 267.79 9.9 Junod et al. [160] 
377 354.38 253.03 9.45 Corsan and Cook [161] 
423 397.62 283.90 9.63 Ishikawa [121] 
373 350.62 250.34 9.80 Chernopleko et al. [122] 
399 375.06 267.79  Sellers et al. [132] 
411 386.34 275.85 10.4 Kumagai and Ohtsuka [131] 
397.2 373.37 266.58 9.67 Leupold et al. [134] 
314 295.16 210.74 9.60 Pan et al. [162] 
357 335.58 239.60 9.47 Ohlendorf and Wicke [135] 
382 359.08 256.38 8.8 Vergara et al. [163] 
384 360.96 257.73  Guillermet and Grimvall [164] 
375.4 352.88 251.96  Iglesias-silva and Hall [165] 
380 357.20 255.04 9.26 Kittel [84] 
385 � 5 361.90 258.40 9.75 � 0.3 Desai [115] 
397.2 373.37 266.59 9.67 Arblaster [116] 
363.73 341.91 244.12 9.669 Li et al. [167]  

375 267.75 9.26 Tomilo [166]  
359 256.33  Chen and Sundman [85]   

292.60  V�re�st’�al et al. [110] 
396 372.24 265.78  This work (DFT)   

265.09 3.91c This work (CALPHAD) 
hcp 414 389.16 277.86 9.889 Li et al. [167]   

318.78  V�re�st’�al et al. [110]   
283.11 2.89c This work (CALPHAD) 

fcc 398 374.12 267.12 9.711 Li et al. [167]   
306.46  V�re�st’�al et al. [110]   
266.97 2.36c This work (CALPHAD) 

ω 344 323.36 230.88  This work (DFT)   
247.98 2.20c This work (CALPHAD) 

liquid-amorphous 299 � 29d 281 � 27 201 � 19  Grimvall [96] 
232.9 218.93 156.31 9.929 Li et al. [167]   

202.79 3.75c This work (CALPHAD)  

a θD(0) is derived from 0.94⋅θD(–3) [78] when θD(0) is not available in the literature. 
b θE is derived from 0.714⋅θD(0) [76]. 
c The optimized value for a in Eq. (4), which consists of electronic excitations and low-order anharmonic vibrational contributions (dilatational and explicitly 

anharmonic). 
d θD(–3) of amorphous state is lower by 15–30% of the one of crystalline state, which was assumed by Grimvall [96]. 
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available in the literature, NIST-JANAF [46], Desai [115] and Arblaster 
[116] recommended the values of heat capacity and provided the de
viation between experiments and recommended values to be about �2% 
from 298.15 to 1000 K and �3% from 1000 K to the melting point. The 
heat capacities of bcc vanadium recommended by NIST-JANAF [46], 
Desai [115] and Arblaster [116] are consistent with each other and 
adopted to evaluate the model parameters in the present work. The heat 
capacity of the liquid vanadium has been experimentally investigated in 
several works [67,155,156]. The measured heat capacity of liquid va
nadium to be 48.744 J/(mol∙K) by Treverton and Margrave [67] is 
larger than the values 46.191 and 46.72 J/(mol∙K) from Berezin et al. 
[155] and Lin and Frohberg [156], respectively. The heat capacity of 
liquid was also calculated by Thurnay [113] to be 46.72 J/(mol∙K) 
based on the measured oen from Lin and Frohberg [156]. Smith [114], 
NIST-JANAF [46], Desai [115] and Arblaster [116] recommended the 
values of the heat capacity of liquid vanadium based on the data from 
the works [67,155,156]. The recommended values [46,115,116] and 
experimental data [155,156] of the liquid heat capacity are adopted in 
the present optimization due to their consistency. For the metastable 
hcp, fcc and ω vanadium, neither experimental measurement nor theo
retical calculation of heat capacities have been reported in the literature. 

Chen and Sundman [78] reported the value of ratio θD(0)/θD(–3) for 
bcc vanadium to be 0.94, which is assumed the same for hcp, fcc, ω and 
liquid-amorphous vanadium. The Debye temperatures θD(–3) and θD(0), 
Einstein temperature θE, and electronic specific heat coefficient γ for 
different allotropes of vanadium are summarized in Table 6. The low 
temperature limit of the Debye temperature θD(–3) for bcc vanadium has 
been studied by many researchers [84,121–129,131,132,134–136, 
157–165]. Most of their values are consistent with each other except for 
some larger values [121,131] and smaller values [123–126,158,162]. 
Desai [115] recommended the value of θD(–3) for bcc vanadium to be 
385 � 5 K based on a large number of experimental data [121–129,131, 
132,134–136,157,160–163]. While Arblaster [116] suggested the value 
of θD(–3) to be 397.2 K adopted from Leupold et al. [134] because of the 
very high purity of the samples used. The high temperature entropy 
Debye temperature θD(0) and Einstein temperature θE for bcc vanadium 
in Table 6 are derived from the relations θD(0) ¼ 0.94θD(–3) [78] and θE 
¼ 0.714θD(0) [76], respectively. The difference between θE values ob
tained from the Debye temperature recommended by Desai [115] and 
Arblaster [116] is only about 8 K. Here, it is believed that the recom
mended values by Desai [115] and Arblaster [116] are acceptable. In 
addition, Tomilo [166] as well as Chen and Sundman [85] reported the 

Debye temperatures θD(0) to be 375 and 359 K, respectively, which are 
consistent with the values derived from 0.94⋅θD(–3). For the hcp, fcc, ω 
and liquid vanadium, their Debye and Einstein temperatures have been 
rarely reported in the literature. Li et al. [167] assessed the experimental 
heat capacities of the stable bcc and liquid phases of vanadium from 0 to 
298.15 K using the polynomial and Debye model, and extrapolated the 
heat capacities of the metastable hcp and fcc vanadium by the Debye 
model. The Debye temperature θD(–3) and electronic specific heat co
efficient γ for the bcc, hcp fcc and liquid phases were obtained via the 
polynomial model by fitting the data of heat capacity [167]. V�re�st’�al 
et al. [110] obtained the Einstein temperatures of bcc, hcp and fcc V by 
extending the SGTE Gibbs energy expression to 0 K based on the Einstein 
formula. The Einstein temperatures from V�re�st’�al et al. [110] are slightly 
larger than the corresponding values from other works [85,115,116, 
167]. Thus, the Debye and Einstein temperatures for the metastable hcp 
and fcc vanadium from Li et al. [167] are considered in the present 
work. The Debye temperature for the ω vanadium is not available in the 
literature, which is computed by the ab initio calculations in the present 
work. The Debye temperatures of the liquid-amorphous phase for va
nadium and related systems are also not reported in the literature. As 
mentioned above, the Debye temperature of liquid-amorphous vana
dium can be predicted according to the assumption from Grimvall [96], 
where the Debye temperature of amorphous vanadium is lower by 
15–30% of the one of bcc vanadium. Since this assumption was found to 
be valid for titanium, the predicted Debye temperature for 
liquid-amorphous vanadium is adopted in the present work. 

The enthalpies and entropies of fusion for vanadium are summarized 
in Table 7. The enthalpy of fusion ΔfusHo for vanadium was experi
mentally measured by many research works [67,113,145,150,156,168, 
169] through different methods. Smith [114], NIST-JANAF [46] and 
Desai [115] recommended the values of ΔfusHo for vanadium to be 
21500 � 3000, 22840 � 6280 and 21000 � 2500 J/mol, respectively, 
based on the available experimental data [67,145,150,156,168,169], 
and Arblaster [116] recommended the value to be 23023 � 400 J/mol, 
which is the average of the experimental data from Berezin and Che
khovskoi [150] and Lin and Frohberg [156]. The experimental results 
and recommended values are consistent to some extent and they are 
adopted in the present work. The values of Ho(298.15 K)–Ho(0 K) and 
So(298.15 K) for vanadium were recommended in several works [46,65, 
66,114–116] on the basis of the values for heat capacity Cp and the 
quantity Cp/T, respectively. The entropy of fusion ΔfusS0 was also rec
ommended by integration of Cp/T and So(298.15 K). These 

Table 7 
Summary of the enthalpy, entropy and melting point of vanadium.  

ΔfusHo, J/mol Ho(298.15 K)–Ho(0 K), J/ 
mol 

So(298.15 K), J/ 
(mol⋅K) 

ΔfusSo, J/ 
(mol⋅K) 

Melting point, K Method Reference 

17312 � 712   7.953 � 0.335 2175 Levitation calorimetery Treverton and Margrave [67] 
18180    2179 Levitation calorimetry Margrave [145] 
23037    2190 � 10 Drop calorimetry Berezin and Chekhovskoi [150] 
21905    2190 Pulse heating Gathers et al. [168] 
27508     Pulse heating Seydel et al. [169] 
23036    2202 Levitation calorimetry Lin and Frohberg [156] 
23000    2190 Mathematical description Thurnay [113]     

2199 � 6 DTA Rudy and Windisch [172]     
2200 Six-wavelength 

pyrometer 
Hiernaut [173]     

2201 Pulse heating McClure and Cezairlliyan 
[174]     

2199 Pulse heating Pottlacher et al. [171]     
2220 Adiabatic heating Chekhovskoii et al. [154] 

20937 4640 28.911 � 0.4  2199 Assessment Hultgren et al. [65]  
4580 28.67   Assessment Glushko et al. [66] 

21500 � 3000 4707 � 50 30.89 � 0.30 9.9 � 1.0 2183 Assessment Smith [114] 
22840 � 6280 4640 28.936 � 0.42 10.432 2190 � 20 Assessment NIST-JANAF [46] 
21000 � 2500 4707 � 10 29.708 � 0.08 9.537 � 1.2 2202 Assessment Desai [115] 
23023 � 400 4678 29.64 10.4607 2201 � 6 Assessment Arblaster [116] 
21500 4507 30.89 9.8488 2183 CALPHAD SGTE [1] 
21023 4706 29.85 9.5474 2202 CALPHAD This work  
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recommended values are accepted in the present work since they are 
consistent with each other. In addition, HmðTÞ  Hmð298:15 KÞ and 
SmðTÞ  Smð298:15 KÞ of pure vanadium were experimentally investi
gated by many groups of researchers [67,113,136,150,154–156,168, 
170,171]. Their experimental results are consistent with the recom
mended values [46,115,116] except the values from Gathers et al. 
[168]. The experimental data from Gathers et al. [168] are much larger 
than the values from the other authors when the temperature is above 
2500 K. Thus, the data from Gathers et al. [168] are not used in the 
present work. 

The measured and recommended melting points for vanadium are 
also summarized in Table 7. The melting point of vanadium has been 
experimentally studied by a large number of researchers [67,145,150, 
154–156,168,171–174]. There is a slight discrepancy among these 
experimental data. The melting point of vanadium (2183 K) was adop
ted widely in the first and second generation thermodynamic database 
[1] based on the recommended value from Smith [114], which is the 
average values of 2175 K [67], 2179 K [145], 2190 � 10 K [150] and 
2190 K [168]. However, a higher melting point (2199–2220 K) was 
measured in some other works [156,171–174]. Desai [115] recom
mended the melting point of vanadium to be 2202 K proposed by 
Hultgren et al. [65], and Arblaster [116] suggested it to be 2201 � 6 K 
based on the experimental data from Rudy and Windisch [172], Hier
naut [173] and Pottlacher et al. [154,171]. In the present work, the 
value 2202 K for the melting point of vanadium is adopted according to 
the recommended values from Desai [115] and Arblaster [116]. 

The ground state energy differences for the hcp, fcc and ω phases 
relative to bcc vanadium at 0 K from ab initio calculations and CALPHAD 
approach [1,88,109–111] are compared in Table 8. The values of 
ΔEhcp-bcc and ΔEfcc-bcc from Wang et al. [109] and OQMD database [111] 
calculated using DFT are consistent, however, they are larger than the 
values from V�re�st’�al et al. [110] and SGTE database [1]. Similar 
observation has been found for the ΔEω-bcc value. These calculated 
ground state energy differences are considered during the optimization 
of model parameters. The transition temperatures Thcp-liquid and Tfcc-liquid 
are calculated from the SGTE database [1] to be 1414 and 1189 K, 
respectively, which are adopted in the present work. 

2.3. The Ti–V system 

The phase equilibria of the Ti–V binary system are rather simple due 
to the presence of only three phases, i.e. liquid, (βTi, V) and (αTi). 
Several versions of thermodynamic description for the Ti–V system 
based on the SGTE database [1] are available in the literature 
[175–178]. Murray [179,180] had critically reviewed the phase equi
libria of this system. Two types of phase diagrams for the Ti–V system 
have been reported. One is characterized by a miscibility gap in the (βTi, 
V) phase with a critical temperature at 1123 K, giving rise to a 

monotectoid reaction (βTi) → (αTi) þ (V) at 948 K, which is based on the 
work of Nakano et al. [181]. However, the new experimental results 
from Fuming and Fowler [182] showed that no evidence has been ob
tained for the existence of the miscibility gap. Instead, a stable (αTi) þ
(βTi, V) two-phase region was observed in the high-purity samples. The 
miscibility gap is promoted by the increase of oxygen content in the Ti–V 
alloys. Thus, the reported miscibility gap by Nakano et al. [181] is 
possibly due to the oxygen contamination. Another type is characterized 
by a continuously decreasing (βTi, V)/(αTi) þ (βTi, V) transus with the 
increase of vanadium concentration without a miscibility gap nor a 
monotectoid reaction, which is widely accepted in the literature. 

The liquidus of the Ti–V system has not been measured experimen
tally yet. The solidus was determined by Adenstedt et al. [183] and Rudy 
[184]. The liquidus and solidus have a congruent minimum at about 35 
at.% V and 1877 � 5 K [184]. The phase boundaries of (αTi)/(αTi) þ
(βTi, V) and (βTi, V)/(αTi) þ (βTi, V) as well as the phase regions of 
(αTi), (αTi) þ (βTi, V) and (βTi, V) were determined by several group of 
researchers [183,185–189]. The results showed that the solubility of V 
in (αTi) increases first and then decreases with the increase of temper
ature and its maximum value is about 3.7 at.% around 773–873 K. The 
phase boundary (βTi, V)/(αTi) þ (βTi, V) decreases continuously with 
the increase of vanadium content. Rolinski et al. [190] determined the 
activity of solid Ti–V alloys by the Knudsen effusion method combined 
with a mass spectrometer sensing technique. Mill and Kinoshita [191] 
measured the activity of Ti and V in the liquid Ti–V alloys by a technique 
involving electromagnetic levitation in an inert atmosphere. The results 
showed a slight positive deviation from the Raoult’s law in the liquid 
Ti–V alloys, which are consistent with the activity measurements for 
solid Ti–V alloys reported by Rolinski et al. [190]. 

In addition to the experimental investigation of the Ti–V system, 
theoretical studies were adopted to study the enthalpy of solution [192] 
and phase equilibria [193]. The enthalpies for both pure Ti and V as well 
as solid solution alloys (hcp-Ti35V1, hcp-Ti1V35, bcc-Ti26V1 and 
bcc-Ti1V26, in at.%) were calculated by Uesugi et al. [192] using ab initio 
calculations. The enthalpies of the hcp phase increased with the 
increasing of V concentration, while the enthalpies of the bcc phase 
decreased. The subsolidus equilibrium phase diagram of the Ti–V system 
has been computed by Chinnappan et al. [193] through cluster expan
sion, lattice dynamics and Monte Carlo modeling methods combined 
with DFT calculations. The computed phase boundaries are in good 
agreement with the assessed boundaries using the CALPHAD method. 

2.4. The metastable phases in the Ti–V system 

Although the phase equilibria of the Ti–V system are simple, the 
phase transformations in this system are complex due to the existence of 
metastable phases. As mentioned above, two types of martensite namely 
α0 and α0 0, and metastable ω phase may coexist in the Ti–V alloys 
depending on the V concentration. One of the earliest study on as- 
quenched and aged Ti–V alloys was conducted by McCabe et al. [194] 
using high-resolution dark-field microscopy and selected-area diffrac
tion. The experimental results indicated that the morphology of the ω 
phase of alloys aged for a short time was similar to that of the 
as-quenched alloys. Leibovitch et al. [195] investigated a series of 
as-quenched Ti–V alloys by transmission electron microscopy (TEM) 
along with X-ray diffraction (XRD) analysis and reported that the sta
bility range of the single α0, α0 þ β þ ω, β þ ω, and single β is 0–8 at.%, 
8–14 at.%, 14–25 at.%, and 25–100 at.% V, respectively. Ming et al. 
[196] investigated pressure-induced ω phase formation in poly
crystalline Ti–V alloys up to 25 GPa at ambient temperature using a 
diamond anvil pressure cell and XRD techniques. It was found that the ω 
phase was more stable under high pressure conditions than the α and β 
phases for alloys with less than 30 at. % V and no ω phase was detected 
for alloys with higher than 30 at.% V. The phases were identified as α0
for 0–8.5 at. % V, α0 þ β for 8.5–10.4 at. % V, α0 þ β þ α0 0 þ ω for 
10.4–14.2 at. % V, β þ ω for 14.2–24.8 at. % V, and single-phase β for 

Table 8 
The ground state energy differences for hcp, fcc and ω relative to bcc vanadium 
at 0 K from DFT calculations and CALPHAD approach.  

ΔEhcp-bcc, 
J/mol 

ΔEfcc-bcc, 
J/mol 

ΔEω-bcc, 
J/mol 

Method Reference 

24478 23948  PAW-GGA Wang et al. 
[109] 

3894 7478  Extrapolation based on 
Einstein model 

V�re�st’�al et al. 
[110]   

12655 QE-USPPa Yan and 
Olson [88]   

8965 CALPHAD Yan and 
Olson [88] 

25183 24893  DFT OQMD [111] 
4000 7500  CALPHAD SGTE [1] 
24801 23672 11998 DFT This work 
4000 7500 6997 CALPHAD This work  

a QE-USPP: Quantum Espresso with the Ultra-Soft Pseudopotentials. 
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composition higher than 24.8 at. % V from XRD patterns of the Ti–V 
alloys quenched after solution treatment by Matsumoto et al. [197]. 
Dobromyslov and Elkin [198] reported that the minimum concentration 
of V for the formation of α0 0 phase in the quenched Ti–V alloys was 9.0 at. 
% determined using XRD and TEM. Moreover, the structural properties, 
morphology and transformation/precipitation mechanism for the 
metastable phases in the Ti–V alloys have also been studied by many 
researchers [29,199–201] using different characterization methods, 
such as XRD, SEM, neutron diffraction, TEM, atom probe tomography 
(APT). 

The martensite start temperatures (Ms) and the ω start temperatures 
(ωs) for the Ti–V system have been experimentally studied by several 
researchers [202–213]. Additionally, the martensite and ω formation 
has been studied theoretically [88,214–216]. The Ms and ωs tempera
tures decrease with the increase of the alloying element V. The reported 
experimental values for the Ms temperature are relatively consistent 
with each other, whereas the ωs temperatures scatter noticeably. It may 
be due to the influence of oxygen content on the β → ω transformation, 
which has been studied by Paton and Williams [211]. The experimental 
results show that the increase of the oxygen content significantly re
duces the ωs start temperature. Recently, the β–α0/α’0 martensitic 
transformation and ω formation for the Ti–V system have been ther
modynamically described by Yan and Olson [88], Hu et al. [217] and 
Lindwall et al. [178] using the CALPHAD approach based on the SGTE 
database [1]. The T0 curves (the temperature where the Gibbs free en
ergy difference of two phases is equal to zero) between β and α, T0(β/α), 
and between β and ω, T0(β/ω), have also been calculated. However, the 
calculated solubilities of V in the (αTi) phase by Yan and Olson [88] and 

Fig. 1. Total energy as function of volume for the stable and metastable allotropes of (a) titanium and (b) vanadium obtained using DFT calculations.  

Table 9 
Summary of DFT calculations results for different allotropes of titanium and vanadium.  

Element Phase Space group Pearson symbol ΔE (J/mol) Reference stae Lattice parameters (Å) 

Initial Optimized 

Ti hcp P63=mmc  hP2 0 hcp a ¼ 2.939 a ¼ 2.933 
c ¼ 4.641 c ¼ 4.657 

ω P6=mmm  hP3  571 a ¼ 4.577 a ¼ 4.572 
c ¼ 2.829 c ¼ 2.828 

bcc Im3m  cI2 þ10619 a ¼ 3.252 a ¼ 3.259 

fcc Fm3m  cF4 þ5438 a ¼ 4.109 a ¼ 4.115 

V bcc Im3m  cI2 0 bcc a ¼ 2.993 a ¼ 3.000 

ω P6=mmm  hP3 þ11998 – a ¼ 4.256 
c ¼ 2.631 

hcp P63=mmc  hP2 þ24801 – a ¼ 2.742 
c ¼ 4.325 

fcc Fm3m  cF4 þ23672 a ¼ 3.819 a ¼ 3.817  

Table 10 
Calculated independent elastic constants (in GPa) for different allotropes of ti
tanium and vanadium using the ElaStic code.  

Element Phase C11 C12 C44 C13 C33 

Ti hcp 169 95.1 42.4 75.7 192.9 
ω 199.1 85.3 55.1 50.3 253.1 
bcca 88.8 117.2 34.6 – – 
fcc 133.5 97.8 61.5 – – 

V bcc 268.2 141.8 12.7 – – 
ω 296.2 138.1 10.7 138.1 266.3 
hcpa  454.8 510.7 307.5 241.8  114.6 
fcca 3.8 269.2 5.6 – –  

a Dynamically unstable structures. 

Table 11 
Computed elastic properties and Debye temperatures for different allotropes of 
titanium and vanadium using the ElaStic code.  

Element Phase E (GPa) B (GPa) G (GPa) ν θD (K) 

Ti hcp 113.93 113.76 42.73 0.33 397 
ω 159.18 113.62 62.84 0.27 475 
fcc 101.16 109.66 37.57 0.35 371 
bcca  132.6 107.76  38.9 0.71 – 

V bcc 73.87 183.97 25.77 0.43 396 
ω 137.02 187.23 35.88 0.41 344 
hcpa 150.86 287.69  104.1 0.82 – 
fcca  62.49 180.75  20.06 0.56 –  

a Dynamically unstable structures. 
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Hu et al. [217] are smaller than the reported values in the literature and 
the calculated T0(β/α) curve by Lindwall et al. [178] is larger than the 
experimentally measured data. Thus, the Ti–V system is reassessed 
based on the new lattice stabilities of Ti and V in order to improve the 
thermodynamic description of martensitic transformation and ω phase 
transition in the Ti–V alloys. 

3. Methodology 

3.1. Ab initio calculations 

The total energies of the stable and metastable allotropes of titanium 
and vanadium were calculated using ab initio calculations based on DFT 
[218,219] as implemented in the Quantum Espresso (QE) package 

Table 12 
Summary of the Gibbs energy expressions for titanium.  

Phase Gibbs energy expressions, J/mol Temperature range, K 

hcp GTIHCPL ¼ –8187.11746–3.88479749E–03T2–1.12754876E–14T5 0–1941 
GTIHCPH ¼ –34429.8962þ168.6069891T–21.5018141Tln(T) 
–1.53262730Eþ18T 5 þ8.83870501Eþ37T 11 

1941–6000 

THETA(HCPTI) ¼ LN(269.66) 0–6000 
bcc GTIBCCL ¼ –1189.30591–1.75640865E–03T2–2.11276133E–14T5 0–1941 

GTIBCCH ¼ –38328.0689þ179.0443615T–21.6601815Tln(T) þ2.08872908Eþ19T 5–6.22559747Eþ37T 11 1941–6000 
THETA(BCCTI) ¼ LN(192.01) 0–6000 

fcc GTIFCCL ¼ –1308.28194–1.10005324E–03T2–4.82225830E–14T5 0–1941 
GTIFCCH ¼ –34080.2880þ176.8506164T–21.5028284Tln(T) 
–1.09974048Eþ18T 5þ9.00001480Eþ37T 11 

1941–6000 

THETA(FCCTI) ¼ LN(236.67) 0–6000 
ω GTIOMEL ¼ –8646.04379–1.75612531E–03T2–3.77858605E–14T5 0–1941 

GTIOMEH ¼ –40191.3391þ175.1217992T–21.5072012Tln(T) 
–1.00203889Eþ18T 5þ9.79952638Eþ37T 11 

1941–6000 

THETA(OMETI) ¼ LN(289.30) 0–6000 
liquid-amorphous GTILIQ ¼ þ4349.70025–2.00294843E–03T2 0–6000 

THETA(LIQTI) ¼ LN(185.76) 0–6000 
GD(LIQTI) ¼ þ49395.4110–8.314T–0.737261354Tln(T) 0–6000 

THETA ¼ 1.5RθEþ3RTln[1–exp(–θE/T)]; GD ¼ –RTln[1þexp(–ΔG/RT)] 

Fig. 2. (a) Calculated heat capacities of different allotropes for titanium and (b) 
comparison between the calculated and experimental heat capacities 
of titanium. 

Fig. 3. Calculated heat capacities of hcp titanium (a) below room temperature 
and (b) below 1200 K in comparison with the experimental data and SGTE 
database [1]. 
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[220]. QE is a self-consistent pseudopotential code with numerical plane 
waves as the basis set for decomposition of the one-electron wave
functions. Ultrasoft pseudopotentials developed by Vanderbilt [221] 
were used to describe the interaction between the valence electron and 
the ionic core. A generalized gradient approximation proposed by 
Perdew-Becke-Ernzerhof (GGA-PBE) [222] was employed as the 
exchange-correlation functional and the k-points in the Brillouin zone 
were sampled using the Monkhorst-Pack scheme [223]. The kinetic 
energy cutoff for the wavefunction was set to be 45 Ry and an energy 
cutoff of 360 Ry is used for charge density and potential. The k-point 
spacing was maintained to be � 0.02 Å 1 in each direction for all the 
structures. The kinetic energy cutoff and the number of k-points were 
chosen such that the total energy was converged within 10 4 Ry/atom. 
Methfessel-Paxton smearing scheme [224] with a smearing width of 
0.02 Ry was used to account for the occupancies. The volume, shape and 
atomic positions of all the structures were relaxed using the 
Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm [225] until the 
energy was converged to 10 7 Ry in each electronic step and the force 
was converged to 10 3 Ry/bohr3 in each ionic step during the geometric 
optimization. 

The equilibrium structures with the minimum energy obtained from 
the DFT calculations were used as input to obtain the elastic constants 
for the stable and metastable allotropes of Ti and V. The independent 
elastic constants and elastic properties for each structure were calcu
lated using the ElaStic code [226]. Eleven distorted structures were 
generated for each strain with a maximum Lagrangian strain of 0.03. 
The total energy of each deformed structure was calculated using QE and 
the computed energies are fitted to a polynomial function of the applied 
strain for calculating the derivatives at zero strain. From these results, 
the elastic constants Cij were calculated from which other elastic prop
erties such as Young’s modulus (E), shear modulus (G), bulk modulus (B) 
and Poisson’s ratio (ν) can be derived. From the elastic properties 
computed using the ElaStic code, the Debye temperature (θD) for each 

allotrope was calculated using the following equations proposed by 
Andersson [227]. 

θD ¼
h
k

�
3n
4π

�
NAρ
M

��1=3

υm (1)  

υm ¼

�
1
3

�
2
υ3

t
þ

1
υ3

l

�� 1=3

(2)  

υt ¼

�
G
ρ

�1=2

and υl¼

�
3Bþ 4G

3ρ

�1=2

(3)  

where, h is the Planck’s constant, k is the Boltzmann constant, n is the 
number of atoms, NA is the Avagadro’s number, ρ is the density, M is the 
molecular weight, vm is the mean velocity, vt is the transverse velocity of 
sound and vl is the longitudinal velocity. 

3.2. Thermodynamic modeling 

3.2.1. Pure elements 

3.2.1.1. Solid phases. In the third generation thermodynamic database, 
the new thermodynamic model with Einstein function for description of 
pure element has been developed by Chen and Sundman [6]. According 
to Chen and Sundman, the heat capacity of solid phases in the temper
ature range below the melting point can be expressed as follows: 

Cp¼ 3R
�θE

T

�2 eθE=T

ðeθE=T  1Þ2
þ aT þ bT4 þ Cmag

P (4)  

in which the first term is the contribution from the harmonic lattice 
vibration, R is gas constant, and θE is the Einstein temperature. aT rep
resents the contributions from the electronic excitations and low-order 

Fig. 4. Calculated heat capacities of (a) bcc, (b) liquid-amorphous, (c) fcc, and (d) ω titanium in comparison with experimental data and SGTE database [1].  
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anharmonic corrections, and the parameter a is related to non- 
thermodynamic information, such as the electron density of states at 
the Fermi level. bT4 indicates the contribution from the high-order 
anharmonic lattice vibration, and the parameter b can be hardly vali
dated by experimental information. Cmag

P is the magnetic contribution. 
For titanium and vanadium, Cmag

P is zero since they do not show any 
magnetic ordering. Therefore, the following expressions will not include 
the magnetic contribution term. 

The corresponding Gibbs energy can be derived from the expression 
of Cp in Eq. (4): 

G¼E0þ
3
2

RθE þ 3RT ln
h
1 exp

�
 

θE

T

�i
 

a
2
T2  

b
20

T5 (5)  

where E0 is the cohesive energy (i.e. total energy excluding the vibra
tional contribution) at 0 K, and the second and third terms are the energy 
of zero-point lattice vibration described by the Einstein model. These 
parameters E0, θE, a and b are used to fit the experimental heat capacity 
and enthalpy data from 0 K up to the melting point Tm. 

The Gibbs energy for solid phases beyond the melting point should 
also be given a similar expression that results in the continuous curves 
for heat capacity, enthalpy and entropy at the melting point. The model 
needs to avoid a kink [228] in the heat capacity curve that is inherent in 
the direct extrapolation of the Gibbs energy for a solid phase over its 
melting point. The expressions of the heat capacity and Gibbs energy 

above the melting point suggested by Chen and Sundman [6] are also 
adopted in the present work, as shown in Eqs. (6) and (7): 

Cp¼ 3R
�θE

T

�2 eθE=T

ðeθE=T  1Þ2
þ a0 þ b0T 6 þ c0T 12 (6)  

G¼
3
2

RθE þ 3RT ln
h
1 exp

�
 

θE

T

�i
þH 0

 S0T þ a0Tð1 ln TÞ 
b0

30
T 5

 
c0

132
T 11

(7)  

where a0, b0, and c0 are optimized by assuming that, on the one hand, the 
heat capacity and its first derivative should have identical values at the 
melting point in Eqs. (5) and (7), and on the other hand, the heat ca
pacity calculated from Eq. (6) should equal to the value for the liquid 
phase at an arbitrarily high temperature much beyond the melting point, 
e.g., 4000 K. The coefficients H0 and S0 are calculated from the enthalpy 
and entropy at the melting point, respectively. Eqs. (6) and (7) ensure 
that solid phase will not become stable again at very high temperatures 
and keep the continuity in both the heat capacity and its first derivative 
at the melting temperature. Recently, a new method, named the EEC 
(Equal-Entropy Criterion), was proposed by Sundman et al. [229] to 
prevent solid phases to become stable again when extrapolated to 
temperatures far above their melting temperature. It is very useful to 
detect the extrapolations that are nonphysical. However, this new 
method is still being developed. In the present work, the models pro
posed by Chen and Sundman [6] are sufficient enough to thermody
namically describe the low-temperature ω phase under the background 
of the third generation CALPHAD database. 

3.2.1.2. Liquid-amorphous phases. The generalized two-state model 
proposed by Ågren [3,230] has been used to describe the liquid and 
amorphous phases, which were treated as one phase in which the atoms 
can be in either the liquid-like state or amorphous-like state. Thus, the 
liquid and amorphous phases are simply named the liquid-amorphous 
phase in the present work. With this model, the continuous change of 
thermodynamic properties, i.e. heat capacity, enthalpy and entropy, can 
be obtained from low temperature amorphous phase to high tempera
ture liquid phase. According to Ågren [3,230], the Gibbs energy of the 
liquid-amorphous phase can be described by the following equation: 

Gliq am¼ �Gam  RT ln½1þ expð ΔGd=RT� (8)  

in which �Gam is the Gibbs energy of the system where all the atoms are 
in the amorphous-like state and its expression is identical with that of 
solid phase below the melting point except that the term representing 
the contribution from the high-order anharmonic lattice vibration (T5 in 
Eq. (5)) is excluded [6]. ΔGd is the Gibbs energy difference between 
liquid-like and amorphous-like states, ΔGd ¼

oGliq
 oGam, which can be 

expressed as: 

ΔGd ¼Aþ BT þ CT ln T (9)  

in which the absolute value of B is recommended as the communal en
tropy (corresponding to the entropy difference between the atoms in the 
liquid-like and amorphous-like states), i.e., the gas constant R [6]. The 
value of B is set equal to  R in the present work. The parameters A and C 
are optimized based on the experimental information. The experimental 
enthalpy of fusion is set as the initial value for A. All parameters in Eqs. 
(8) and (9) are optimized based on the experimental data including the 
heat capacity, enthalpy, entropy and the melting point. 

3.2.2. Solution phases in binary system 
In the Ti–V binary system, the Gibbs energies of the solution phases, 

i.e. liquid, bcc, hcp and ω, are described by the substitutional solution 
model with the Redlich-Kister polynomial [231]. The molar Gibbs 

Fig. 5. Calculated the increments of (a) enthalpy HmðTÞ  Hmð298:15 KÞ and 
(b) entropy SmðTÞ  Smð298:15 KÞ of titanium in comparison with experimental 
data, recommended values and SGTE database [1]. 
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Fig. 6. Calculated enthalpies of (a) hcp, (b) bcc, (c) liquid-amorphous and (d) ω titanium in comparison with literature data and SGTE database [1].  

Fig. 7. Calculated entropies of (a) hcp, (b) bcc, (c) liquid-amorphous and (d) ω titanium in comparison with literature data and SGTE database [1].  

B. Hu et al.                                                                                                                                                                                                                                       



Intermetallics 122 (2020) 106791

14

energy of the solution phase ϕ (liquid, bcc, hcp or ω) can be expressed as: 

Gφ
m HSER¼ xTi ⋅ oGφ

Ti þ xV ⋅ oGφ
V þR ⋅ T ⋅ ðxTi ⋅ ln xTi þ xV ⋅ ln xVÞ

þxTi ⋅ xV ⋅
�
ða0þ b0 ⋅ TÞþ ða1þ b1 ⋅ TÞðxTi  xVÞ

1
þ :::

�
(10)  

in which HSER denotes xTi⋅HSER
Ti þ xV⋅HSER

V , and xTi and xV are the mole 
fractions of Ti and V, respectively. SER refers to the standard element 
reference which is the reference state used for each phase in all the 
CALPHAD-type assessments. The coefficients aj and bj (j ¼ 0, 1…) are the 
parameters to be optimized with the experimental data as input. 

3.2.3. Optimization procedure 
Based on the experimental data and theoretical calculations avail

able in the literature and the present work, the Gibbs energy model 
parameters for Ti, V and the Ti–V system were optimized using the 
PARROT module [232], which works by minimizing the square sum of 
the differences between measured and calculated values. During the 
optimization, each experimental data point was given a certain weight 
based on uncertainties of the data. 

The thermodynamic parameters for the stable phases hcp, bcc and 
liquid-amorphous titanium, and bcc and liquid-amorphous vanadium 
were optimized initially. Further, the metastable phases such as fcc and 
ω titanium/vanadium were optimized. The parameter θE in Eqs. (4) and 

(5) was optimized based on the experimental heat capacity with the 
Einstein temperature calculated through the Debye temperature as the 
starting value. The values of E0 in Eq. (5) for hcp-Ti and bcc-V were 
optimized by considering the room temperature enthalpy as reference, i. 
e., by setting Ho(298.15 K) to zero. For the other phases, their E0 values 
are evaluated based on the calculated ground state energy differences 
relative to the reference states hcp-Ti and bcc-V by ab initio calculations. 
The parameter a in Eqs. (4) and (5), which consists of electronic exci
tations and low-order anharmonic vibrational contributions, was opti
mized to reproduce experimental heat capacity with the electronic 
specific heat coefficient for the corresponding phase as initial value. 
There is no experimental information about the parameter b in Eqs. (4) 
and (5), which was optimized to fit the heat capacity values. In sum
mary, the parameters E0, θE, a and b were used to optimize the data 
including ground state energy differences, Einstein temperature, and 
experimental heat capacity and enthalpy from 0 K up to the melting 
point. In order to maintain the continuity in both the heat capacity and 
its first derivative at the melting temperature, the parameters a0, b0, and 
c0 in Eqs. (6) and (7) were optimized by setting the heat capacity and its 
first derivative calculated by Eqs. (4) and (6) equal at the melting point 
and by requiring that the heat capacity of the solid phase should equal 
the value of the liquid-amorphous phase at an arbitrarily high temper
ature much beyond the melting point. The high temperature 4000 K was 
selected in the present work. The thermodynamic parameters H0 and S0
in Eq. (7) were optimized on the basis of the enthalpy and entropy at the 
melting point, respectively. The absolute value of B in Eq. (9) should not 
be too much different from that of the communal entropy, i.e., the gas 
constant R [3,230]. In the present optimization, the value of B was fixed 
to be  8.314 J/(mol⋅K). The parameters A and C in Eq. (9) were opti
mized based on the experimental heat capacity for the liquid phase, and 
enthalpy and entropy of fusion. More details about how to optimize 
parameters in the new thermodynamic model for the third generation 
thermodynamic databases can be found elsewhere [18]. 

Based on the Gibbs energy functions for titanium and vanadium 
obtained in the present work, the thermodynamic reassessment of the 
Ti–V system was carried out. The liquid, (βTi, V) and (αTi) phases in the 
Ti–V system were treated as subregular solutions, whereas the (ωTi) 
phase was modeled as a regular solution. 

4. Results and discussion 

4.1. Ab initio calculations 

The total energy as function of volume for the different allotropes of 

Fig. 8. Calculated Gibbs energies of different allotropes of titanium relative to 
hcp titanium. 

Table 13 
Summary of the Gibbs energy expressions for vanadium.  

Phase Gibbs energy expressions, J/mol Temperature range, K 

Bcc GVVBCCL ¼ –8012.67406–1.95296216E–03T2–3.02272704E–14T5 0–2202 
GVVBCCH ¼ –36942.5742þ173.1051476T–21.4019136Tln(T) 
–3.45690255Eþ19T 5þ7.56563717Eþ38T 11 

2202–6000 

THETA(BCCVV) ¼ LN(265.09) 0–6000 
Hcp GVVHCPL ¼ –4237.42900–1.44727302E–03T2–3.52503774E–14T5 0–2202 

GVVHCPH ¼ –34633.4970þ174.8234249T–21.4100569Tln(T) 
–3.35922789Eþ19T 5þ7.18817987Eþ38T 11 

2202–6000 

THETA(HCPVV) ¼ LN(283.11) 0–6000 
Fcc GVVFCCL ¼ –512.674044–1.18125097E–03T2–3.77342177E–14T5 0–2202 

GVVFCCH ¼ –31683.8285þ175.6948765T–21.4090475Tln(T) 
–3.35723154Eþ19T 5þ7.18557415Eþ38T 11 

2202–6000 

THETA(FCCVV) ¼ LN(266.97) 0–6000 
Ω GVVOMEL ¼ –801.827408–1.09936065E–03T2–3.81357737E–14T5 0–2202 

GVVOMEH ¼ –32200.8701þ175.8889109T–21.3974779Tln(T) 
–3.50362716Eþ19T 5þ7.72223051Eþ38T 11 

2202–6000 

THETA(OMEVV) ¼ LN(247.98) 0–6000 
liquid-amorphous GVVLIQ ¼ þ8708.02961–1.87699140E–03T2 0–6000 

THETA(LIQVV) ¼ LN(202.79) 0–6000 
GD(LIQVV) ¼ þ55393.8187–8.314T–0.642018852Tln(T) 0–6000 

THETA ¼ 1.5RθEþ3RTln[1–exp(–θE/T)]; GD ¼ –RTln[1þexp(–ΔG/RT)] 
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Ti and V obtained using DFT calculations are shown in Fig. 1. It can be 
observed from these figures that the stable allotropes for Ti and V at 0 K 
are ω-Ti and bcc-V, respectively. The results obtained from the DFT 
calculations for different allotropes of Ti and V are summarized in 
Table 9, in which the enthalpy differences were computed with respect 
to the reference state recommended by SGTE (hcp-Ti and bcc-V for Ti 
and V, respectively). From Fig. 1 and Table 9, it is evident that the order 
of stability at 0 K for different structures of Ti was ω → hcp → fcc → bcc. 
Similarly, the order of stability for different structures of V at 0 K is 
deduced to be bcc → ω → fcc → hcp. The most stable polymorph at 0 K 
and 0 GPa for Ti was found to be ω-Ti, in contrast to the general behavior 
where the stable polymorph at room temperature will also be stable at 0 
K. This observation is consistent with the results obtained by Argaman 
et al. [75]. In the case of V, the stable polymorph at room temperature 
and 0 K are the same, i.e., the bcc-V phase. It is also clear from Table 9 
that the initial and calculated lattice parameters for all allotropes of Ti 
and V are in good agreement with each other. The ΔE values estimated 
using the DFT calculations for different allotropes are substituted as the 
initial values of E0 in Eq. (5). 

The independent elastic constants, elastic properties and Debye 
temperature computed using the ElaStic code for the various allotropes 
of Ti and V are summarized in Tables 10 and 11. Five and three inde
pendent elastic constants are evaluated for the hexagonal and cubic 
structures, respectively, depending on the symmetry. The stability of a 
crystal with a particular structure is determined using the Born elastic 
stability criterion [233]. According to this criterion, a set of conditions 
involving the independent elastic constants has to be satisfied for a 
crystal to be dynamically stable. The conditions of stability for a cubic 
crystal are C11 C12 > 0, C11 þ 2C12 > 0 and C44 > 0. Similarly, the 

conditions required to be satisfied for a hexagonal crystal to be stable are 
given as C11 > jC12j, 2C2

13 < C33, C44 > 0 and ðC11 C12Þ
2 > 0. It can be 

clearly observed from Table 10 that the Born elastic stability criterion 
has not been satisfied for bcc-Ti, fcc-V and hcp-V. This proves that these 
structures are dynamically unstable at 0 K. Hence, some of the elastic 
constants calculated for these structures are negative. As a consequence 
of the dynamic instability possessed by these allotropes, the Debye 
temperature is calculated to be a complex number with an imaginary 
part. The calculated Debye temperatures for the stable allotropes of Ti 
and V are used to compute θE in Eqs. (4) and (5). 

4.2. Thermodynamic modeling 

4.2.1. Lattice stabilities of titanium 
The optimized thermodynamic parameters for titanium in the pre

sent wok are listed in Table 12. According to the thermodynamic pa
rameters obtained in the present work, the thermodynamic properties of 
titanium are calculated. The optimized θE and a in Eq. (4) for titanium 
are compared with other values available in the literature in Table 2. 
The optimized parameters θE for hcp, bcc, fcc, ω and liquid-amorphous 
titanium with the experimental heat capacity as input are in good 
agreement with the reported Einstein temperatures in the literature. The 
parameter a for hcp titanium was found to be 7.77, which is larger than 
the electronic specific heat coefficient (3.332 � 0.02 mJ/(mol⋅K)) rec
ommended by Desai [35]. If the parameter a is kept close to the elec
tronic specific heat coefficient during optimization, the experimental 
heat capacity cannot be fitted. Furthermore, in the Einstein model, the 
parameter a includes not only electronic excitations but also low-order 
anharmonic vibrational contributions. Therefore, the electronic spe
cific heat coefficient is only for reference during the parameter optimi
zation but keeping the parameter a and the electronic specific heat 
coefficient in the same order of magnitude. 

Fig. 2 (a) presents the calculated heat capacities of hcp, bcc, fcc, ω 
and liquid-amorphous titanium as function of temperature. Fig. 2 (b) 
shows the comparison between the calculated and experimental heat 
capacity for different phases. It can be seen that most of the reliable 
experimental data are reproduced well in the present modeling. The 
heat capacities of the solid phases approach smoothly to a constant value 
above the melting point. 

The calculated heat capacity of hcp titanium along with the experi
mental data at 0–300 K and 0–1200 K are shown in Fig. 3(a) and (b), 
respectively. The agreement is good over the entire temperature range 
except between 0 and 300 K. The experimental data at between 20 and 
70 K are not reproduced in the present modeling since the Einstein 
model is known to be inadequate [77,84]. The calculated heat capacity 
between 100 and 300 K is higher by 0.6 J/(mol⋅K) than the experimental 
data. It is found that the parameter θE is sensitive to the heat capacity at 
this temperature range during optimization. When the parameter θE of 
hcp titanium is above 290 K, the experimental heat capacity of hcp ti
tanium between 100 and 300 K can be reproduced very well. However, 
this value is higher by about 20 K than the reported Einstein tempera
tures [35,78,84,85] listed in Table 2. Hence, the value of θE for hcp ti
tanium is given a higher weight than the experimental heat capacity in 
the temperature range of 100–300 K during the parameter optimization. 
In comparison with the calculated heat capacity at low temperature 
from the SGTE database [1], the calculated results from present work are 
in better agreement with the experimental data. 

Fig. 4 (a) is the calculated heat capacity of bcc titanium along with 
the experimental data and the one from SGTE database [1]. It can be 
seen that it is in good agreement with the recommend values from Desai 
[35]. Fig. 4 (b) shows the calculated heat capacity of liquid-amorphous 
titanium in comparison with experimental data [66–72], recommended 
data [35,46] and calculated values from SGTE database [1]. Both the 
measured and recommended heat capacities of the liquid-amorphous 
phase are a constant. In the present work, the liquid and amorphous 

Fig. 9. (a) Calculated heat capacities of different allotropes of vanadium and 
(b) comparison between the calculated and experimental heat capacities 
of vanadium. 
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phases of titanium have been described as one phase by a generalized 
two-state model, which is ideal for the description of the temperature 
dependence of heat capacity experimentally found for substances with a 
strong tendency to form amorphous structure. If one allows the 
parameter B in Eq. (9) to vary during the optimization, the calculated 
heat capacity of the liquid-amorphous phase above the melting point 
approaches a constant value, but then, the value of B will be very 
different from that of the communal entropy. Therefore, the value of B is 
fixed to be  8.314 with more physical meaning and the calculated heat 
capacity of liquid-amorphous titanium is probably closer to reality. The 
calculated heat capacity from the present work for liquid-amorphous 
titanium is well within the experimental uncertainties 46.29 � 1.7 
J/(mol⋅K) [35]. Fig. 4 (c) presents the calculated heat capacity of fcc 
titanium along with the calculated data using ab initio calculations from 
Zhang et al. [73] and SGTE database [1]. As can be seen from Fig. 4 (c), 
the calculated heat capacity of fcc titanium in the present work is higher 
than the value from DFT calculations. In comparison with the heat ca
pacities of other solid phase, the slope of calculated heat capacity of fcc 
titanium by DFT calculations [73] is lower. Therefore, the data calcu
lated by DFT calculations from Zhang et al. [73] are questionable and 
the calculated heat capacity from present work for fcc titanium is 
acceptable. Fig. 4 (d) is the calculated heat capacity of ω phase in 
comparison with the data calculated by DFT calculations from Mei et al. 
[74] and Argaman et al. [75]. It can be seen that the agreement is very 
good. 

Fig. 5(a) and (b) are the calculated increments of enthalpy HmðTÞ 
Hmð298:15 KÞ and entropy SmðTÞ  Smð298:15 KÞ of titanium compared 

with experimental data [67,68,106], recommended values [35] and 
SGTE database [1]. The experimental and recommended data are 
reproduced well in the present optimization. The calculated transition 
enthalpy and entropy between hcp and bcc, and enthalpy and entropy of 
fusion for titanium are compared with experimental and assessed values 
in Table 3. It is evident that the calculated values are in good agreement 
with the experimental and recommended values. 

Fig. 6(a) to (d) and Fig. 7(a) to (d) present the calculated enthalpies 
and entropies of hcp, bcc, liquid-amorphous and ω titanium, respec
tively, in comparison with the recommended values from NIST-JANAF 
[46] and Desai [35], DFT calculations [74] and SGTE database [1]. 
From these figures, it can be seen that the agreement is very good. We 
also see clearly that the second generation thermodynamic models [1] 
cannot reproduce the enthalpy and entropy of pure titanium at low 
temperature. The third generation thermodynamic models with definite 
physical meaning can describe accurately the enthalpy and entropy from 
high temperature down to 0 K. 

The calculated Gibbs energies of bcc, liquid-amorphous, fcc and ω 
titanium relative to hcp titanium are shown in Fig. 8. The intersections 
of the lines for the bcc phase with the hcp and liquid-amorphous phases 
are at 1155 and 1941 K, respectively. It means that the calculated 
transition temperature between hcp and bcc is 1155 K and the melting 
point of titanium is 1941 K, which are equal to the widely accepted 
values [1]. The calculated transition temperatures of Tω-hcp and Tω-bcc 
are found to be 186 and 723 K, respectively. These values are equal to 
the values given by Mei et al. [74] and Mirzayev et al. [112], respec
tively. The transition temperature of Tfcc-liquid is calculated to be 900 K, 

Fig. 10. Calculated heat capacities of bcc vanadium (a) below 2500 K and (b) below room temperature, and (c) liquid-amorphous vanadium in comparison with the 
experimental data and SGTE database [1]. 
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which is consistent with the value from the SGTE database [1]. 
The calculated ground state energy differences ΔE for bcc, fcc and ω 

relative to hcp titanium at 0 K by ab initio calculations and CALPHAD 
approach are listed in Table 4. As can be seen from this table, the values 
calculated by ab initio calculations in the present work are consistent 
with the corresponding values from the literature [74,75,89,109,111]. 
The calculated ΔEfcc-hcp and ΔEω-hcp by the CALPHAD approach in the 
present work are in good agreement with the ones by ab initio calcula
tions, while the CALPHAD calculated result of ΔEbcc-hcp is much lower 
than the value from ab initio calculations. By a systematic comparison of 
bcc-fcc and bcc-hcp phase stabilities from ab initio calculations [109] 
and the SGTE database [1], Yan and Olson [88] proposed a factor of 
0.357 to convert ab initio calculated phase stabilities to the values that 
can be adopted in the CALPHAD approach when the ab initio calculated 
values are large. In the present work, the ab initio calculations are given a 
low weight when they are large during the parameter optimization. 
Combining Figs. 8 and 1, both of the results obtained by the CALPHAD 
method and ab initio calculations show that the order of stability of 
different allotropes for titanium at 0 K is ω → hcp → fcc → bcc, which is 
consistent with the literature data [1,74,75,89,109–111]. 

4.2.2. Lattice stabilities of vanadium 
The optimized thermodynamic parameters for vanadium in the 

present wok are listed in Table 13. The thermodynamic properties of 
vanadium are calculated according to the thermodynamic parameters 

obtained in the present work. The optimized parameters θE and a in Eq. 
(4) for vanadium in comparison with literature data are listed in Table 6. 
The θE value for bcc vanadium was optimized to be 265.09 K, which is in 
good agreement with the recommended values 258.40 K [115] and 
266.59 K [116], and the ones from DFT calculations 256.33 K [85] and 
265.78 K (the present work). The calculated θE values of hcp and bcc 
vanadium are consistent with the values from Li et al. [167]. For the ω 
vanadium, the optimized θE value (247.98 K) is larger than the 
computed value from ab initio calculations (230.88 K) in the present 
work. If the ab initio calculated θE is adopted, the calculated ground state 
energy difference between ω and bcc will decrease with the increase of 
the temperature. It indicates that the ω phase is stable at high temper
ature, which is not reasonable. In order to circumvent this problem, a 
larger θE of ω vanadium is recommended. For the liquid-amorphous 
phase, the optimized θE value of 202.79 K is in good agreement with 
the predicted value 201 � 19 K according to the assumption from 
Grimvall [96]. The optimized parameter a of bcc, hcp, fcc, ω and 
liquid-amorphous vanadium are smaller than the corresponding elec
tronic specific heat coefficient from Desai [115], Arblaster [116] and Li 
et al. [167]. If the electronic specific heat coefficient is given a large 
weight during the optimization of parameter a, the experimental heat 
capacity cannot be fitted well. Similarly, the electronic specific heat 
coefficient of vanadium is only for reference in the parameter optimi
zation but the parameter a and the electronic specific heat coefficient 
should be kept in the same order of magnitude. 

Fig. 9 (a) shows the calculated heat capacities of bcc, hcp, fcc, ω and 
liquid-amorphous vanadium as a function of temperature according to 
the present thermodynamic modeling. Fig. 9 (b) is the comparison be
tween the calculated and experimental heat capacity. Most of the reli
able experimental data are reproduced well in the present work. The 
calculated heat capacities of the metastable phases hcp, fcc and ω va
nadium are almost equal to the heat capacity of bcc vanadium above 
melting point. The calculated heat capacities for all solid phases, as can 
be seen in Fig. 9, approach smoothly a constant value above the melting 
point. 

The calculated heat capacity of bcc vanadium along with the 
experimental data and the vales from SGTE database [1] in the tem
perature range of 0–2500 K is shown in Fig. 10 (a). It can be seen that 
most of the reliable experimental data are fitted well over the entire 
temperature range. The heat capacity of bcc vanadium between 0 and 
300 K is calculated along with the experimental data in Fig. 10 (b). A 
perfect fitting is not expected in the low temperature region since the 
Einstein model is inadequate and only one parameter θE has been used to 
represent the phonon density of states. However, an important 
improvement of the third generation models is the more physical 
treatment of the low-temperature region compared with the second 
generation SGTE database [1]. Fig. 10 (c) shows the calculated heat 
capacity of liquid-amorphous vanadium in comparison with experi
mental data [67,113,155,156], recommended data [46,115,116] and 
calculated one from SGTE database [1]. Similar to the liquid-amorphous 
titanium, the value of parameter B in Eq. (9) for the liquid-amorphous 
vanadium is fixed to be  8.314 with more physical meaning and the 
calculated heat capacity of liquid-amorphous vanadium is in good 
agreement with the recommend values [46,115,116] within the exper
imental uncertainties. 

The calculated increments of enthalpy HmðTÞ  Hmð298:15 KÞ and 
entropy SmðTÞ  Smð298:15 KÞ of vanadium in comparison with litera
ture data and SGTE database [1] are shown in Fig. 11(a) and (b). The 
experimental data and recommended values are reproduced well by the 
present calculation except the experimental data from Gathers et al. 
[168]. As mention above, the values from Gathers et al. [168] are higher 
than the recommended values [46,115,116] at high temperatures. Thus, 
the experimental data from Gathers et al. [168] are not used in the 
present work but only for comparison. The calculated enthalpy and 
entropy of fusion for vanadium in comparison with experimental data 
and recommended values are listed in Table 7. It is can be seen that the 

Fig. 11. Calculated the increments of (a) enthalpy HmðTÞ  Hmð298:15 KÞ and 
(b) entropy SmðTÞ  Smð298:15 KÞ of vanadium in comparison with experi
mental data, recommended values and SGTE database [1]. 
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calculated values are in good agreement with the experimental data and 
recommended values. 

Fig. 12(a) to (d) present the calculated enthalpies and entropies of 
bcc and liquid-amorphous vanadium, respectively, in comparison with 
the experimental data [136,140], recommended values [46,115,116], 
and SGTE database [1]. From these figures, it is clear that the agreement 
is much better than the ones from SGTE database at low temperature. 
Again, the third generation thermodynamic models with definite phys
ical meaning adopted in the present work can describe accurately the 
enthalpy and entropy of vanadium from 0 K to high temperature. 

The calculated Gibbs energies of hcp, fcc, ω and liquid-amorphous 
vanadium relative to bcc vanadium are shown in Fig. 13. The intersec
tion of the lines between the bcc and liquid-amorphous phases is at 
2202 K. It shows that the calculated melting point of vanadium is 2202 
K, which is also listed in Table 7 along with the experimental and 
assessed melting point of vanadium. In comparison with the melting 
point (1983 K) of vanadium in the second generation thermodynamic 
database [1], it is updated in the present work according to the rec
ommended values 2202 K and 2201 � 6 K from Desai [115] and 
Arblaster [116], respectively. The intersections of the lines for the 
liquid-amorphous phase with the hcp and fcc phases are 1414 and 1189 
K, respectively, where hcp and fcc vanadium would melt metastably. 
These calculated melting points for metastable hcp and fcc vanadium are 
consistent with the values from the SGTE database [1]. 

The calculated ground state energy differences ΔE for hcp, fcc and ω 
relative to bcc vanadium at 0 K by ab initio calculations and CALPHAD 
approach are listed in Table 8. It can be seen that the values calculated 

Fig. 12. Calculated enthalpies of (a) bcc and (b) liquid-amorphous, and entropies of (c) bcc and (d) liquid-amorphous for vanadium in comparison with experimental 
data, recommended values and SGTE database [1]. 

Fig. 13. Calculated Gibbs energies of different allotropes of vanadium relative 
to bcc vanadium. 

Table 14 
Summary of the optimized thermodynamic parameters in the Ti–V system.  

Phases Models Thermodynamic parameters 

Liquid (Ti, V)1 0LLiquid
Ti;V ¼ 163:57  

1LLiquid
Ti;V ¼ 2896:31  

(βTi, V) (Ti, V)1Va3 0LðβTi;VÞ
Ti;V ¼ 6625:26  

1LðβTi;VÞ
Ti;V ¼ 1676:53  

(αTi) (Ti, V)1Va0.5 0LðαTiÞ
Ti;V:Va ¼ 44830:75 10T  

1LðαTiÞ
Ti;V:Va ¼  26396:30  

(ωTi) (Ti, V)1Va0.5 0LðωTiÞ
Ti;V:Va ¼ 8000 8T   
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by ab initio calculations in the present work are consistent with the 
corresponding ones from the literature [88,109,111]. However, as dis
cussed above, if the values of ground state energy differences ΔE 
calculated by ab initio calculations are large relative to the ones sug
gested by the SGTE database, they may not be directly applicable to a 
CALPHAD assessment. Here, the values from ab initio calculations are 
given a low weight in the present work. Since only few experimental 
data are available for metastable hcp and fcc vanadium, their ground 
state energy differences relative to bcc vanadium were calculated from 
the SGTE database [1] and adopted in the present optimization. 

Combining with Fig. 13 and Table 8, the calculated order of stability of 
different solid phases for vanadium at 0 K is bcc → hcp → ω → fcc by the 
CALPHAD approach, which is consistent with the SGTE database [1]. 

4.3. The Ti–V system 

The optimized thermodynamic parameters for the Ti–V system in the 
present wok are summarized in Table 14. The calculated phase diagram 
of the Ti–V system by the present modeling is shown in Fig. 14 (a). In the 
present modeling, the (ωTi) phase is included and it forms from the 
peritectoid reaction (αTi) þ (βTi, V) → (ωTi) at 186 K. Fig. 14 (b) is the 
comparison between the calculated phase diagram and experimental 
data [183–189,210]. Fig. 14(c) and (d) shows the enlargements of the 
Ti–V phase diagram above 1700 K and below 1400 K, respectively, 
compared with the experimental data and previous thermodynamic 
assessments [88,175–178,217]. As can be seen from these figures, most 
of the reliable experimental data are reproduced well by the obtained 
thermodynamic parameters in the present work. In Fig. 14 (c), the 
calculated congruent minimum between liquidus and solidus is at 33 at. 
% V and 1876 K, which is consistent with the reported values (35 at.% V 
and 1877 � 5 K) [184]. Since the experimental points of solidus from 
Adenstedt et al. [183] and Rudy [184] are scattered, only part of 
experimental data are reproduced in the present work and the calculated 
liquidus and solidus from the present work are similar to the previously 
calculated ones [175–178]. Specifically, the calculated liquidus and 
solidus almost overlap the widely accepted ones from Ghosh [177] 
except for the V-rich side. This is because the melting point of vanadium 
is updated from 1983 to 2202 K. In Fig. 14 (d), the calculated phase 
boundaries (αTi)/(αTi)þ(βTi, V) and (βTi, V)/(αTi)þ(βTi, V) are in good 
agreement with the experimental data [183,185–189,210]. Compared 
with the previously calculated phase boundaries [88,175–178,217], the 
calculated ones from the present work are consistent with the widely 

Fig. 14. (a) Calculated phase diagram of the Ti–V system, (b) comparison between the calculated phase diagram and experimental data, (c) enlargement of liquidus 
and solidus and (d) enlargement of solid phase boundaries in Ti–rich side. 

Fig. 15. Calculated activities of V and Ti in the liquid phase at 2273 K in 
comparison with experimental data [191]. 
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accepted ones from Ghosh [177]. In addition, the calculated phase re
gions of (αTi) from COST507 [175], Lee et al. [176], Yan and Olson [88] 
and Hu et al. [217] are much smaller than the experimental data. 

Fig. 15 presents the calculated activities of vanadium and titanium in 
the liquid phase at 2273 K in comparison with experimental data [191]. 
It can be seen that the reasonable agreement is obtained. 

The calculated T0(β/α) and T0(β/ω) curves of the Ti–V system along 
with the experimental data [202,206,208,210,212,213], ab initio cal
culations [88] and the ones from Ghosh [177], Yan and Olson [88], Hu 
et al. [217] and Lindwall et al. [178] are shown in Fig. 16 (a). The 
thermodynamic description for the equilibrium α, the hcp α0 martensite 
and the orthorhombic α0 0 martensite is unified in the current treatment 
due to the continuity of Ms temperature at α0 and α0 0 transition compo
sition. For the T0(β/α) curve, the present calculated results agree better 
than the ones from Ghosh [177] and Lindwall et al. [178] with the 
experimental data. Although the calculated T0(β/α) curve from Yan and 
Olson [88], and Hu et al. [217] are also in good agreement with 
experimental data, the calculated phase regions for hcp from their work 
are much smaller than the experimental data (as shown in Fig. 14 (d)). 
The difference of As–Ms is small for the Ti–V system, thus the thermo
elastic martensitic transformation is assumed. The calculated T0(β/α) is 
larger than Ms, which is in conformity with actual situation. For the 
T0(β/ω) curve, both the calculated results from the present work and Hu 
et al. [217] are in good agreement with the experimental data [212, 
213]. In the present work, the ωs temperatures reported in the literature 
are adopted and treated as T0(β/ω). The calculated T0(β/ω) curves from 
Yan and Olson [88] and Lindwall et al. [178] are lower than the 
experimental data [213] because they just reproduced the values from 
the ab initio calculations [88] and gave a low weight to the experimental 
data [213]. Both the T0(β/α) and T0(β/ω) curves extend downward with 
the increase of V compositions. The intersection of T0(β/α) and T0(β/ω) 
terminates the martensitic transformation at about 700 K. It indicates 
that the formation of the ω phase is competitive to the martensitic 
transformation. Fig. 16 (b) shows calculated metastable phase diagram 
of the Ti–V system in blue dashed lines with T0(β/α) and T0(β/ω) curves. 
The metastable phase diagrams of the Ti–V system can be calculated 
using the parameters from present work by suspending the (αTi) phase. 
The calculated results show that the (ωTi) phase has a large solubility of 
about 12 at.% V. 

5. Conclusions  

● The thermodynamic properties of titanium and vanadium and phase 
equilibria of the Ti–V system have been critically reviewed. The 
Debye temperatures and enthalpy differences at 0 K of different al
lotropes for titanium and vanadium have been computed by ab initio 

calculations to supply the necessary thermodynamic data for the 
modeling.  

● A new model considering lattice vibration, electronic excitation, and 
anharmonic vibration contributions has been used to describe the 
Gibbs free energy of the crystalline phases for titanium and vana
dium. The generalized two-state model has been adopted for the 
liquid-amorphous phase. The third generation thermodynamic de
scriptions for titanium and vanadium from high temperature down to 
0 K have been developed by the CALPHAD approach. The thermo
dynamic properties including heat capacity, enthalpy, and entropy 
are reproduced well by the obtained thermodynamic parameters.  

● The Ti–V system has been reassessed based on the new Gibbs energy 
functions of titanium and vanadium and experimental data available 
in the literature. The martensitic transformation and metastable ω 
phase formation have been thermodynamically described. The par
titionless equilibrium temperatures T0 between β and α/ω have been 
reproduced well compared with the literature data. The metastable 
phase diagram of the Ti–V system as well as the T0(β/α) and T0(β/ω) 
curves are calculated. The calculated results are in good agreement 
with the experimental data.  

● The thermodynamic parameters of the Ti–V system obtained in the 
present work enrich the third generation thermodynamic databases. 
This work can provide the important thermodynamic data for the 
study of the martensitic transformation and metastable ω phase 
formation in Ti–V based alloys. 
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