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ABSTRACT: The use of a nonclassical light source for studying molecular electronic structure
has been of great interest in many applications. Here we report a theoretical study of entangled
two-photon absorption (ETPA) in organic chromophores, and we provide new insight into the
quantitative relation between ETPA and the corresponding unentangled TPA based on the
significantly different line widths associated with entangled and unentangled processes. A sum-
over-states approach is used to obtain classical TPA and ETPA cross sections and to explore
the contribution of each electronic state to the ETPA process. The transition moments and
energies needed for this calculation were obtained from a second linear-response (SLR)
TDDFT method [J. Chem. Phys., 2016, 144, 204105], which enables the treatment of relatively
large polythiophene dendrimers that serve as two-photon absorbers. In addition, the SLR
calculations provide estimates of the excited state radiative line width, which we relate to the
entangled two-photon density of states using a quantum electrodynamic analysis. This analysis
shows that for the dendrimers being studied, the line width for ETPA is orders of magnitude
narrower than for TPA, corresponding to highly entangled photons with a large Schmidt number. The calculated cross sections are
in good agreement with the experimentally reported values. We also carried out a state-resolved analysis to unveil pathways for the
ETPA process, and these demonstrate significant interference behavior. We emphasize that the use of entangled photons in TPA
process plays a critical role in probing the detailed electronic structure of a molecule by probing light-matter interference nature in
the quantum limit.

■ INTRODUCTION

Since the initial discovery of two-photon absorption (TPA) in
the 1930s, TPA has attracted significant interest in studying
fundamental aspects of light−matter interaction.1,2 In addition,
the use of two-photon sources has been considered in a variety
of applications including photopolymerization,3,4 optical data
storage,5,6 microfabrication,3,6,7 and light harvesting.8,9 With
classical light sources, TPA is a second-order nonlinear optical
process (Rate = δrϕ

2, where δr is the cross section and ϕ is the
photon flux), thus a very high ϕ (∼1022 photons cm−2 s−1) is
required to overcome the small TPA cross sections. Typical
cross sections for TPA in most organic chromophores are on
the order of 10−48 cm4 s photon−1, and are usually quoted in
the units of Goeppert-Mayer (GM), where 1 GM is 10−50 cm4

s photon−1.
Important technical developments in the past decades have

occurred to facilitate TPA for the purpose of demonstrating
quantum optical effects. Specifically, recent advances in
nonclassical light sources of entangled photons have enabled
new directions in nonlinear spectroscopy for investigating
quantum effects in light−matter interaction and developing
optical quantum computers.10−12 The first discovery of
entangled photons was reported by Kocher and Commins in
1967, where polarization correlation of two photons

simultaneously emitted in the atomic cascade in calcium was
observed.13 Since then, thorough studies of the properties of
entangled photons have been carried out both experimen-
tally14−17 and theoretically.18,19 Further improvements in
photon detection instruments in the past decades have enabled
the application of entangled photons to broader problems
including entangled two-photon absorption (ETPA) spectros-
copy applied to molecules. Indeed, the unique nonclassical
spectral and temporal features of entangled photons make
them a potentially powerful probe of molecular electronic
structure.
In many ETPA experiments, entangled photons are

generated through a nonlinear process called spontaneous
parametric down conversion (SPDC). In SPDC, one photon of
higher energy from a pump laser is converted into a pair of
photons (namely, signal and idler photons) of lower energy
through interaction with a nonlinear crystal. Both energy and
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momentum are conserved through this process as the
combined energy and momentum of an entangled photon
pair are the same as those of a pump photon. The twin
photons can exit the nonlinear crystal at different times that are
dictated by the time needed to propagate the length of the
crystal. Entanglement time (Te) is the largest estimate of this
range of times, as dictated by the dimensions of the crystal,
which can be further tuned by placing a quartz plate to adjust
the refractive index of the medium. More accurately, Te is
determined by the width of the fourth-order temporal
coherence function of the entangled photon pair.20 In addition
to the temporal coherence, polarization entanglement is
produced for the photon pairs generated using SPDC.
Among two types of SPDC processes (type-I and II), type-II
SPDC generates perpendicularly polarized photon pairs using a
BBO (β-barium borate) crystal. Recently entangled photons
from the type-II SPDC process have been extensively applied
to the study of various two-photon absorbing chromophores
by Goodson and co-workers.21−25 In these works, the
correlated photon pairs arrive at the absorbing medium with
a flux density, ϕe, per photon pair (photons cm−2 s−1). The
overall ETPA rate, Re, is known to be linearly dependent on
the input flux:21,22,24,26

Re e eσ ϕ= (1)

where σe is the ETPA cross section. The ETPA cross sections
are reported on the order of 10−17 cm2 using low photon fluxes
(1012 photons cm−2 s−1). The cross sections are many orders
of magnitude higher than those which would be obtained from
TPA using high photon fluxes (1022 photons cm−2 s−1 × 10−48

cm4 s = 10−26 cm2).21−24

There have been a few theoretical studies in which ETPA
cross sections were evaluated for atoms and small molecules.
Fei et al. derived a Kramers-Heisenberg-like expression for the
ETPA cross section expression for the first time and used it to
obtain the ETPA cross section of atoms.26,27 Recently, Burdick
et al. have provided detailed quantum chemical descriptions of
ETPA for diatomic molecules.28 In addition, extensive work to
simulate the frequency-resolved absorption of model systems
by entangled photons through a pump−probe scheme has
been proposed by the Mukamel group.29−31 Although these
previous theoretical studies provided meaningful insights for
understanding ETPA for model systems, a quantitative
description of entangled photon interactions with large organic
chromophores has been lacking, yet it is important for
understanding the applicability of ETPA. In addition, future
experiments may be able to better control the entanglement
beam parameters based on a detailed understanding of
entangled photon generation, including sources other than
SPDC.32,33 Since the electronic structure of a molecule
becomes more complicated with increasing size of the
molecule, a systematic and efficient approach to obtain
ETPA cross sections is required.
Motivated by the above discussion, we use a recently

developed approach34,35 called second linear response time-
dependent density functional theory (SLR-TDDFT), in
combination with a new approach to the determination of
line shape functions for entangled photons, to calculate both
TPA and ETPA cross sections, and to make quantitative
comparisons with experiment for large organic molecules. SLR-
TDDFT is an extension of traditional linear response TDDFT
for the description of excited state properties, including
transition multipoles and permanent dipole moments involving

excited states. SLR-TDDFT is in principle exact (in practice
approximate depending on the choice of exchange-correlation
approximation). Formally it involves examining the response of
the initial state of the system to a weak external perturbation.
This analysis is performed in the linear response regime. SLR-
TDDFT is a different approach with respect to standard (linear
response) TDDFT as the latter refers to excitations only from
the ground electronic state of the molecule being studied. SLR-
TDDFT is designed to rigorously determine transition
moments between two excited states by doing two calculations,
first a conventional TDDFT (ground state) calculation, and
then a second in which the initial state is described by the
ground state plus a small amount of the excited state of
interest. There are other ways to calculate transition moments
between different excited states, such as quadratic TDDFT,
however SLR-TDDFT has superior scaling properties that are
useful for the large molecules being studied in this work. An
advantage of the SLR-TDDFT algorithm is that the energy
spectrum obtained from standard (or first) linear response
TDDFT can be used to compute the excited-state-to-excited-
state excitation frequencies, so if the energy spectrum is
accurate so are spectroscopic properties. Furthermore, in the
algorithm developed by Mosquera et al.,34 the calculation of a
single excited state has the same cost of a standard LR-TDDFT
computation, thus offering computational advantages to the
calculation of the ETPA and TPA cross sections for large
molecules.
In this work, we apply SLR-TDDFT to the efficient

calculation of TPA and ETPA cross sections for thiophene
dendrimers, making comparison with experimental results
which have been determined previously. In addition, we
describe methods for determining the line shape functions for
TPA and ETPA (needed for evaluating cross sections) in
which we take into account the different excited state densities
associated with classical and entangled excitation. We justify
this analysis by examining the quantum electrodynamics of a
three level model of ETPA, where we show that high degrees
of entanglement arise when the radiative lifetime of the two-
photon excited state is much smaller than that for the one-
photon excited states that serve as intermediates in ETPA. The
calculated cross sections show good agreement with the
experimental values, indicating the accuracy of both our SLR-
TDDFT approach and our model for estimating line shapes.
Further, we provide a state-resolved analysis of the interference
patterns in the ETPA cross section over varying entanglement
time, and show that the quantum light source provides new
information about molecular electronic states that is not
available with classical photons.

■ THEORETICAL DETAILS
Classical Two-Photon Absorption Cross Section. The

TPA cross section for a classical two-photon source, δr, is given
by the following equation under near-resonance condi-
tions:36−38

S g
2

( , )r r r1 2
2

0δ π ω ω ω= ⟨ ⟩ Γ
(2)

where ω1 and ω2 are the signal and idler frequencies,
respectively. In most TPA and ETPA measurements, the
frequencies of the two sources are degenerate (ω1 = ω2 = ωp/
2). gr(ω0, Γ) is the line shape function for excitation by
classical photons. The line shape broadening is determined by
the excited state damping factor Γ and is often chosen to be 0.1
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eV for TPA, corresponding to the measured two-photon line
shape for many molecules.38−41 Later we show that this choice
of damping factor provides reasonable quantitative agreement
between measured and calculated cross sections, but one could
argue that values larger or smaller by a factor of 2 could also
have been used, indicating the level of uncertainty of our
results (consistent with previous work42). Here we assume a
Lorentzian line shape function for gr(ω0, Γ):38

g ( , )
1
( )r 0

1 2 0
2 2ω

π ω ω ω
Γ = Γ

+ − + Γ (3)

Under the two-photon resonance condition, gr(ω0, Γ) = 1/πΓ.
If the half width is 0.1 eV, then the resulting line shape
function yields a value of 13 fs for the effective excited state
lifetime. ⟨Sr

2⟩ is the rotationally averaged TPA strength in the
molecular coordinate to account for ensemble averaging in
bulk samples. This term is expressed as a sum of two-photon
transition matrix elements Sr,ab with polarization-dependent
parameters (F, G, and H):43

S FS S GS S HS S
1
30

( )r
ab

r aa r bb r ab r ab r ab r ba
2

, , , , , ,∑⟨ ⟩ = ̅ + ̅ + ̅
(4)

For linearly polarized light with parallel polarization, F = G = H
= 2, whereas F = H = −1 and G = 4 for perpendicularly
polarized light. In the experiment, parallel polarization is
generally used for classical TPA measurements whereas
perpendicular polarization generated through the type-II
SPDC process is used for ETPA measurements. The classical
two-photon transition probability between the initial state |i⟩
and final state |f⟩, Sab, is expressed as the following sum-over-
states expression:

S
D

i

D

i/2 /2
r ab
if

j

ab
j

j
j

ba
j

j
j

,

( )

1
( )

( )

2
( )∑

κ κ
=

Δ −
+

Δ −

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑ (5)

where κj is a phenomenological line width of the intermediate
state |j⟩ which can be considered a constant for a sufficiently
weak photon-flux density. This is also referred to as a
dephasing factor due to various effects including vibronic
and solvent effects. Because of the technical difficulty in
accurately obtaining the value both experimentally and
theoretically, we will study the cases, where (1) κj is zero
and (2) has a commonly accepted upper limit which is 0.1 eV.
Later in this work, we conclude that the cross sections are not
sensitive to to this range of values of κj. The transition matrix
element with the molecular electric dipole moment compo-
nents in the molecular coordinates is given by Dab

(j) = ⟨f | μb |j⟩
⟨j| μa |i⟩. Energy mismatches are defined as Δ1

(j) = ϵj − ϵi − ω1
and Δ2

(j) = ϵj − ϵf + ω2, where the phase matching condition is
ωp = ω1 + ω2. Note that the denominators in the first and the
second summation terms of the transition matrix element are
identical only if the energy sum of the signal and idler photons
is resonant with the energy difference between the final and
initial states: ϵf − ϵi = ω1 + ω2. One should note that the
transition probability for either entangled or unentangled
absorption does not necessarily require a summation over
molecular electronic states; instead, these molecular states
provide a convenient expansion for the virtual states that are
the intermediates. However, we have adopted the sum-over-
states formulation derived by Teich and co-workers26,27 for the
purpose of providing a practical tool for probing the molecular
electronic structure in this work. Especially for ETPA, this

formalism is found to provide a rapidly converging
representation of the virtual states, including interferences
that arise from the entangled photons. Also, we assume the
electronic resonance condition in which both energy mismatch
expressions can be generalized as Δk

(j) = ϵj − ϵi − ωk. The
terms inside the brackets of the above transition probability
element are summed over all electronic states including the
ground and final states (j ≥ i). Under the two-photon
resonance condition with degenerate photon energies, eq 5
reduces to the following form:

S
D

i
2

/2
r ab
if

j

ab
j

j
j j

ab
j

,

( )

( )
( )∑ ∑

κ
β=

Δ −
=

(6)

In eq 6, we introduced a single-state transition probability
element, βab

(j), to resolve the role of each intermediate state and
the interaction among multiple states.

Entangled Two-Photon Absorption Cross Section.
The ETPA cross section was determined quantum mechan-
ically for a time-entangled twin state wave packet.26,27

Analogous geometrical considerations used in the simplified
probabilistic model yield the following expression for the
ETPA cross section:

A T
S g

4
( )e

e e
e e f1 2
2σ π ω ω ω= ⟨ ⟩

(7)

where Ae is the entanglement area which we assume has the
value Ae = 10−6 cm2 based on previous work with SPDC
sources.26 Te is the entanglement time between the photon
pairs which is determined by the experimental setup within the
range of 50−100 fs. The line shape function for ETPA is ge(ωf)
which will be discussed in detail below. We assume that the
entangled photon pairs are created by parametric type-II
down-conversion, where the polarization of the signal photon
is orthogonal to that of the idler photon. Using second-order
time-dependent perturbation theory with an entangled twin
state yields the following transition probability matrix element
from the ground state |i⟩ to the final excited state |f⟩:

S D
iT T

i
D

iT T

i

1 exp /2

/2

1 exp /2

/2
e ab
if

j
ab
j e

j
e j

j
j

ba
j e

j
e j

j
j

,
( ) 1

( )

1
( )

( ) 2
( )

2
( )∑

κ

κ

κ

κ
=

− [− Δ − ]

Δ −
+

− [− Δ − ]

Δ −

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑÑ
(8)

Using βab
(j) defined in eq 6, the above expression can be reduced

to the following:

S iT T1 exp /2e ab
if

j
ab
j

e
j

e j,
( ) ( )∑ β κ= [ − [− Δ − ]]

(9)

Three parameters dependent on the choice of intermediate
state |j⟩ are included in this expression: the transition matrix
element D(j), the energy mismatch Δ(j) and the line width of
the state κj. The strengths of the transition matrix elements and
the transition symmetry are critical in determining D(j), as this
depends on the dot product of two transition elements. The
excited state energies relative to the excitation energy are
determined by Δ(j). Since the evaluation of κj is not
straightforward for molecules with large numbers of degrees
of freedom, we assume a constant line width parameter in this
work. Although the entanglement time Te is not a material
dependent factor (it depends on the source properties), the
variation in the ETPA cross section on Te will be also
considered due to uncertainty in its value.
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ETPA Line Shape. It is important to emphasize that the
line shape for ETPA, ge, is different from the classical TPA line
shape function, gr. The line width associated with gr is
associated with rapid dephasing of the two-photon excited
state by any process, while that for ge reflects decay via
entangled photons. There are certain excited states of atoms
where these two line widths can be the same, so previous
studies of atomic systems have not considered this issue, but in
the present case the differences are many orders of magnitude.
To understand how this works, we consider two-photon
excitation in the three-level model shown in Figure 1. In this

model, the molecule in its ground state may absorb a photon
with excitation energy of ωβ and absorption rate γβ, followed
by absorption of a second photon with excitation energy of ωα

and rate γα. In this version of the analysis we consider
unentangled photons. The interaction Hamiltonian, in the
rotating-wave approximation, for this system is expressed as
follows:

H g e g ea a H.c.I me
i t

gm
i tψ ψ̂ = ℏ * ̂ ̂ + ℏ * ̂ ̂ +α β

† − Ω † − Ωα β
(10)

where ω − ωi = Ωi. The molecule-field couplings in the dipole
approximation are given by gα*= ⟨μme · E(r)⟩ and gβ* = ⟨μgm ·
E(r)⟩, where μme and μgm are the corresponding dipole matrix
elements and E(r) is the electric field interacting with the
system. It should be noted that the coupling matrix elements
are assumed to be averaged over all possible orientations. The
transition operators for the absorption scheme shown in Figure
1 are defined by the following:

e m m g

m e g m

,

,

me

me

gm

gm

ψ ψ

ψ ψ

̂ = | ⟩⟨ | ̂ = | ⟩⟨ |

̂ = | ⟩⟨ | ̂ = | ⟩⟨ |

† †

(11)

The overall set of basis functions is given by |0⟩ ⊗ |g⟩, |0⟩ ⊗
|m⟩, and |0⟩ ⊗ |e⟩ and we use this basis to construct the
interaction Hamiltonian,

H

g e

g e g e

g e

0 0

0

0 0

I

i t

i t i t

i t

̂ = ℏ *

*

β

β α

α

Ω

− Ω Ω

− Ω

β

β α

α

i

k

jjjjjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzzzzz
(12)

Given this Hamiltonian, the time evolution of the density
matrix is specified by the Liouville equation as follows:

t
i

H H( ) ( )ij

k
ik kj ik kj i ij ij j∑

ρ
ρ ρ γρ ρ γ

∂

∂
= −

ℏ
− − −

(13)

where we include for the relaxation of each state using ⟨i| γ̂ |j⟩
= γiδij. The decay rates of the populations of the first and
second excited states will be denoted γα and γβ, respectively. It
should be noted that here have not included dephasing in eq
13 (as can be done using the Lindblad equation) so as to
simplify the analysis. In order to obtain the solution to these
equations of motion, it is more convenient to reformulate it
using the transition operators ρij(t) = ϕ̂i(t)ϕ̂j*(t) as follows:

44

t

t
i

H t t
( )

( ) ( )i

j
ij j i i∑ϕ
ϕ γϕ

∂ ̂

∂
= −

ℏ
̂ − ̂

(14)

which can be simplified in a matrix form,

i ig

ig i ig

ig i

0

( )

0 ( )

g

m

e

g

m

e

g

m

e

ϕ

ϕ

ϕ

ω

γ ω

γ ω

ϕ

ϕ

ϕ

̇

̇

̇

=

− −

− * − + −

− * − +

β

β β α

α α

i

k

jjjjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzzzz

i

k

jjjjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzzzz

i

k

jjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzz
(15)

With no further approximations, the above coupled set of
equations can be solved numerically. However, it is more
instructive and sufficiently accurate at low intensities to assume
that we are in a weak interaction regime so that the population
of the intermediate state does not change over time, i.e., ϕ̇m =
0, therefore we have the following:

ig

i

ig

im
m

g
m

eϕ
γ ω

ϕ
γ ω

ϕ= −
*

+
−

+
β

β

α

β (16)

Substituting the above expression in eq 15 and diagonalizing
the matrix, the general solution for this set of differential
equations with the initial condition of ρee(t = 0) = ρmm(t = 0) =
0 and ρgg(t = 0) = 1, is given by:

t t t e
g

t t t K e e t e

( ) ( ) ( ) , where

( ) ( ) ( ) 2 cos( )

gg g g
t

ee e e e
t t t

2
2

2 2

2 ( ) 2

ρ ϕ ϕ θ
γ

γ ω

ρ ϕ ϕ ω

= * = =
| |

+

= * = [ − + ]

θ β β

β β

γ γ θ
β

θ

−

− − + −α α (17)

where,

K
g g

g( ) ( )e

2

2 2 2 2ω ω ω γ γ ω γ ω γ ω γ
=

| |

+ + − | | + + +
α β

α β β α β β α β β β β α

We obtained the above expressions assuming ωg = 0, ωm =
ωβ, and ωe = ωα + ωβ. Note that here ρgg, ρmm, and ρee are the
density of ground, intermediate and excited states, respectively.
We see that the excited state probability ρee(t) involves the
competition between two time scales, one determined by γα
and the other by θ. Here θ is determined by the pumping rate
to the intermediate state. If this is fast enough, then the time
dependence of ρee is governed by θ. Alternatively for slower
pumping, γα determines the time scale for populating the
excited state. Below we show that the parameters relevant to
the present work are where γα dominates. We may determine
the ground and excited state densities in the frequency domain
for a more advanced analysis,

Figure 1. Three-level model used for the description of two-photon
absorption. The molecule initially is in its ground state and may
absorb a photon with excitation energy ωβ and absorption rate γβ,
followed by the absorption of a second photon with excitation energy
ωα and rate γα.
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In Figure 2 we plot ρgg and ρee as a function of frequency using
parameters discussed later for the planar 6T molecule. This

shows the extremely narrow line shape for ρee near ω = ωα that
arises using the small value of γα that results from the SLR-
TDDFT calculations.
In the Supporting Information (SI), we present a similar

analysis of the Liouville equation within the context of
quantum electrodynamics, as applied to emission process
starting from the two-photon excited state. In this case, the
emission line width is determined by the second order
frequency correlation function of the emitted photons:
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The width of resonances in this correlation function, which
determines the characteristic width of the frequency
anticorrelation, is governed by γα as long as γα ≪ γβ. The
spectra associated with g×

(2) are plotted in Figure S2 using the
calculated values for the molecules of interest in this work.
Note that two sharp peaks are associated with the emission
process. The peaks represent the detection of one and two
emitted photons where the width corresponding to the two-
photon process is much narrower than that of the one-photon
process. Therefore, γα can be interpreted as a width factor
while it is the emission rate of the first photon. We also note
that γα ≪ γβ is required for producing a highly entangled state
(large Schmidt number) in two-photon emission.45

We conclude that the width γα of the two-photon state ρee
shows up equivalently in both the absorption and emission
processes. We note that this use of the spontaneous radiative
emission lifetime of the two-photon excited state to determine
the line width for the ETPA cross section was used previously
for the OH molecule.46 In the present applications, we

determined the ETPA line shape using the spontaneous
radiative lifetime from Fermi’s golden rule:
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based on results for the two-photon excited state from the
SLR-TDDFT calculations. In addition, we have verified from
our calculations that the two-photon allowed excited state has
a much longer radiative lifetime than the intermediate states
produced after emission of the first photon. Due to this huge
difference in lifetimes, two-photon absorbing dyes are an ideal
system for maximum ETPA efficiency.

■ COMPUTATIONAL DETAILS
The geometries of the molecules investigated in this work were
first optimized with the B3LYP hybrid functional and the 6-
31G* basis set. This same level of theory was used for the
excited state calculations, as for 18T this is the highest level
that is feasible with the facilities available to us. For each
molecule, a SLR-TDDFT calculation was carried out to
generate the 15 lowest-lying excited states. DFT and TDDFT
calculations were performed using the NWChem computa-
tional package version 6.6 modified by Mosquera et al. to
calculate oscillator strengths and transition dipole matrix
elements for intraband transitions between two excited
states.34,35 In this approach, the intraband transition dipoles
are effectively calculated by running two steps of TDDFT. In
the first step, a standard linear response TDDFT calculation is
run, and the ground state orbitals are redefined as follows (the
Tamm-Dancoff approximation is used here):
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where the indices i and a denote occupied and virtual orbitals,
respectively, σ denotes the z-spin, Xaiσ

I is the excitation vector
from standard TDDFT for the excited state labeled I, and λ is a
small number (in spin-restricted calculations we set φp,↑ =
φp,↓). These new orbitals, with the exact XC potentials, could
represent the density of the linear combination Ψ0 + λΨI,
where Ψ0 is the true ground-state wave function, and ΨI is the
true excited state of interest. With the redefined orbitals, the
LR-TDDFT equations are solved once again, and the
transition dipoles of the perturbed and original LR-TDDFT
calculations are compared. In ref 34 we showed that the
numerical derivative:

d
d d( ) ( 0)

J I
J J

,
,0 ,0λ λ

λ
=

− =
(22)

can be used to compute the transition dipole (dJ,I) for the
excitation from state I to state J (where J is in a chosen energy
window). In the above equation, dJ,0 denotes the transition
dipoles for excitation from the reference to the state labeled J.
On the basis of our previous calculations on oligomers of
polythiophene,35 we determined that λ = 10−2 is appropriate
for calculations of the above derivative (the results do not
change significantly by further reducing this value). The SLR-
TDDFT calculation yields a new family of excitation vectors,
which we refer to as SLR vectors. However, if some roots are

Figure 2. Population of ground and two-photon excited states for the
three-level model. In the calculations, we used the values in Tables 1
and 3 for the excitation energies of 6T-planar (ωα, ωβ), and the
widths γα = 0.001 and γβ = 1.6 MHz.
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degenerate, then the SLR-TDDFT calculation can slightly
break the degeneracy, and the SLR vectors have to be
rematched with their first LR counterparts. To reorganize the
roots, we used the following criterion: a first linear response
vector X and an SLR vector X correspond to one another if
1 − Cr < |X · X | < 1 + Cr. We use the value Cr = 0.05. We thus
have two sets of transition dipoles, one for the ground-state
reference, and another for the perturbed reference, constructed
with the formula shown in eq 22; these transition dipoles are
computed using the first and second LR excitation vectors,
respectively. Once the transition dipoles are obtained, both
TPA and ETPA cross sections were calculated using a home-
built Python code.

■ RESULTS AND DISCUSSION

In order to study a model system to obtain TPA and ETPA
cross sections, structures of thiophene monomer (1T) and two
thiophene dendrimers with 6 and 18 monomers (6T and 18T)
were optimized using DFT and the corresponding optimized
geoemetries are shown in Figure 3. These thiophene
dendrimers were selected because experimental measurements
on both TPA and ETPA cross sections were reported by the
Goodson group.22 1T was not experimentally studied, but we
included this molecule for comparison. These molecules can
serve as a good model system due to structural simplicity as
well as chemical similarity among the molecules as dictated by
the thiophene unit. Two structural conformers of 6T were
generated so as to test the effects of a torsional geometry
change and changes in delocalization of the π electrons on the
results. The planar structure in which all atoms are positioned
in a single plane is more energetically stable by 29 meV than
the twisted structure. However, the thermodynamic barrier
between the two structures is small enough for 6T to undergo
dynamic structural evolution between different conformers at
room temperature. The same issue arises for 18T, but to keep
the calculations manageable we will only consider the structure
presented in Figure 3.

Absorption spectra of thiophene dendrimers were first
simulated to estimate the optically allowed transitions and
compare them to UV−vis spectra. In Figure 4, the absorption

peaks are broadened using a Lorentzian broadening function
with a full-width half-maximum (FWHM) of 0.1 eV. The
simulated spectra are compared with the previously reported
experimental absorption spectra.22 As shown in the simulated
spectra, the first absorption bands at 2.92 and 3.10 eV,
corresponding to planar and twisted 6T, respectively, match
well with the experimental peak at 3.2 eV. The torsional twist
in 6T slightly blue-shifts absorption energies as a result of the
reduced planar π-conjugated structure, as expected. However,
the small twist in the geometry does not impact the optical
transitions significantly. The major absorption peak for 18T
experimentally observed at 3.2 eV is likely due to the peaks in
the range of 2.7 to 3.1 eV. Also, the first absorption peak at
2.42 eV can be matched with the shoulder peak at ∼2.7 eV in

Figure 3. DFT optimized structures of thiophene dendrimers with 1, 6, and 18 thiophene monomers. Two different conformers of the 6T molecule
were optimized with planar and twisted geometries (white: hydrogen; gray: carbon; and yellow: sulfur).

Figure 4. Calculated absorption spectra of 1T (black), 6T (blue), and
18T (red) using LR-TDDFT. The vertical lines indicate positions and
oscillator strengths of excitation. Experimental absorption spectra are
shown in the inset as a comparison.22
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the experiment. This shoulder peak is attributed to absorption
by α-thiophene chains of longer lengths within the dendron.
Even though the TDDFT calculations are performed for
isolated molecules, the simulated absorption spectra predict
the energies for optically allowed transitions fairly well
compared with the experiment carried out in solution. We
also note that the absorption peaks of the thiophene monomer
are located well above 6 eV, so dendrimer formation (and the
expected delocalization of the π electrons) is important for
meaningful two-photon absorption spectroscopy experiments.
In Table 1, the energy, dipole moment, and oscillator strength
of each transition for the ten lowest excited states of 6T and
18T are listed. The first transitions are dipole-allowed
transitions with significant oscillator strengths for both
molecules. Some calculated transitions are dipole-forbidden
with zero dipole moment and not shown in the absorption
spectra in Figure 4. However, these states play an important
role in determining the TPA cross section as the transition
symmetry is different for the two-photon process. Therefore,
all excited states from both dipole-allowed and dipole-
forbidden transitions were included in the cross section
calculations.
In Figure 5, TPA cross sections for 6T and 18T are plotted

as a function of pump energy ωp. Three cross sections are
presented for each molecule, corresponding to choosing the
first three excited states as the two-photon excited state. As
expected from eq 2, a quadratic relationship between the TPA
cross section and ωp is observed for both molecules. The
quadratic relationship breaks if the intermediate state is

resonant for one photon excitation, however this is not the
case for the molecules considered in this work. For both planar
and twisted 6T, the second excited state (ES2), located at 3.08
and 3.52 eV, respectively, yields the highest TPA cross sections
when it is chosen as the final state. (24 and 19 GM at ωp = 3.1
eV for planar and twisted structures, respectively). When ES1
is chosen as the final state, the TPA cross section is smaller by
a factor of 4 with a value of 6 GM for the planar structure.
However, with ES2 as the final state, the TPA cross section
becomes negligible for the twisted geometry. Regardless of the
structure of 6T, the choice of ES3 as the final state shows a
minimal effect in the TPA cross section. For 18T, the highest
TPA cross section is found when ES3 is selected as the final
state (288 GM at ωp = 3.1 eV). A negligible contribution by
ES1 to the cross section is observed, whereas ES2 yields a
meaningful cross section value of 90 GM. Note that the states
yielding high TPA cross sections for every molecule are dipole-
forbidden for one-photon transitions as shown in Table 1. The
symmetry of each transition is visualized as a transition density
in Figure S3. Although the transition densities from the ground
state (GS) to ES1 for both 6T and 18T are localized along a
linear dendrimer chain, they are distributed from one end of
the molecule to the other. However, the two-photon allowed
transitions for 6T (GS to ES2) are localized around the
thiophene dimer moiety at the center, and this decreases the
linearity of the transition density distribution. For 18T, the
transition density is more delocalized over the dendrimer
complex for two-photon allowed transitions (GS to ES2 and

Table 1. Transition Energy, Dipole, and Oscillator Strength for the Ten Lowest Singlet Transitions of 6T and 18Ta

6T (planar) 6T (twisted) 18T

no. energy (eV) μi→f (a.u.) f i→f energy (eV) μi→f (a.u.) f i→f energy (eV) μi→f (a.u.) f i→f

ES1 2.92 1.66, −3.45, 0.0 1.05 3.10 1.37, −3.49, −0.26 1.07 2.42 2.88, −4.83, −0.28 1.88
ES2 3.08 0.0, 0.0, 0.0 0.0 3.41 0.0, 0.0, 0.0 0.0 2.62 0.0, 0.02, −0.02 0.0
ES3 3.56 −0.01, −0.01, 0.0 0.0 3.65 0.0, 0.0, 0.0 0.0 2.72 0.01, 0.16, 0.02 0.0
ES4 3.60 −0.06, −0.65, 0.0 0.04 3.84 −0.14, −0.84, −0.02 0.07 2.72 −0.08, −2.59, 0.04 0.45
ES5 3.83 −1.25, 1.02, 0.0 0.24 4.03 0.0, 0.0, 0.0 0.0 2.82 0.01, −0.01, 0.01 0.0
ES6 3.83 −0.10, 0.11, 0.0 0.0 4.05 −0.86, −1.78, 0.08 0.39 2.94 −1.49, −2.70, 0.11 0.69
ES7 4.07 2.45, 1.72, 0.0 0.89 4.22 −1.18, −0.49, 0.24 0.17 3.01 −1.72, 0.19, 0.20 0.22
ES8 4.17 0.01, −0.01, 0.0 0.0 4.28 −0.35, 0.76, −0.07 0.07 3.03 −0.02, 0.0, 0.0 0.0
ES9 4.26 −0.69, −1.51, 0.0 0.29 4.31 0.0, 0.0, 0.0 0.0 3.11 −0.17, −0.14, 0.05 0.0
ES10 4.31 −0.13, −0.04, 0.0 0.0 4.38 −0.52, 0.04, −0.17 0.03 3.17 −0.47, 2.52, 0.09 0.51

aES refers to excited state for each transition.

Figure 5. TPA cross section plots for (A) planar 6T, (B) twisted 6T and (C) 18T with three lowest excited states chosen as the two-photon excited
state. Solid lines and squared dots represent cross sections with excited state line widths κj = 0.0 and 0.1 eV, respectively.
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ES3). This analysis indicates that assigning the final state for
calculating the TPA cross section requires close attention.
The squared dots in Figure 5 show the trend in the TPA

cross section with a finite line width value (κj) of 0.1 eV.
Surprisingly, no significant difference in the cross section value
with variation in κj was observed for any of the cases even
though this value is toward the upper limit of typical line
widths for organic molecules. This is because the energy
mismatch Δk

(j) in the denominator of the two-photon transition
probability (eq 5) is much greater than κj/2 unless a real state
exists near the one photon energy. This infers that the
existence of real states between the ground and the final states
can impact the TPA cross section significantly. However, this
condition does not apply to thiophene dendrimers and many
organic chromophores as two-photon allowed states are usually
higher in energy than the one-photon allowed state by a
minimal amount. The TPA cross section values for the
experimental excitation energy ωp = 3.1 eV were calculated and
are shown in Table 2. The comparison between experiment

and theory shows excellent agreement (never worse than a
factor of 4) for both 6T and 18T. The theoretical values
slightly overestimate the TPA cross section, which could arise
from a variety of factors including the existence of multiple
structural conformers, intermolecular interactions, dielectric
medium effects, issues with the choice of excited state line
width, and errors in the SLR-TDDFT results.
In order to calculate the ETPA cross section σe, the final

states chosen for the TPA cross section calculation (Table 2)
were used. Calculated σe values as a function of the
entanglement time Te and pump energy ωp are shown as the
colormap in Figure 6 for two values of the excited state line
widths (κj = 0.0 (left) and 0.1 eV (right)). As reported in
previous works,26−28 σe oscillates with Te due to the
exponential in the cross section expression in eq 8. Since the
oscillating nature of this formula originates from interference
between the nonclassical photons and the electronic states of
the molecule, detailed analysis of the pattern is desired. For
both planar and twisted 6T (Figure 6A and B), one wave
dominates the oscillation, with small distortions due to
interference with other minor features. When the geometry
is twisted, the ETPA cross section is attenuated as in the TPA
case with shorter oscillation periods by 1−2 fs, regardless of Te
and ωp. Unlike 6T, multiple waves with slightly different
oscillation periods are overlapped with each other for 18T with
either ES2 or ES3 chosen as the final state (Figure 6C and D).
The waves interfere all together and result in some irregular
local maxima and minima in the cross section colormaps. Also,
it is clear that longer oscillation periods are observed for 18T
than for 6T. This is due to energy mismatch values (Δk

(j)) that
are smaller for the larger molecule, as will be discussed later in

detail. Note that higher ETPA cross sections are obtained with
ES2 than ES3 chosen as the final state. This is an unexpected
result since the TPA cross section is higher by a factor of 3
when ES3 is the final state. Such discrepancy is due to the
difference in the lifewidth for random and entangled TPA
processes. As discussed in the Theoretical Details, the line
width for the ETPA process is related to the radiative emission
lifetime of the two-photon excited state, whereas that for
random TPA (the 0.1 eV width) is assumed independent of
the final state.
Calculated ETPA cross sections as well as line widths for

chosen final states are listed in Table 3. Due to a large variation
in the ETPA cross section, we chose local maximum values at
∼100 fs and ωp = 3.1 eV in the colormaps for the comparison
between experiment and theory. The excited state lifetime
values (which determine the line width for ETPA) vary within
the temporal range from 100 to 1000 μs depending on the
choice of the final state. These lifetimes are extremely long

Table 2. Comparison between Experimental22 and
Theoretical TPA Cross Sections for 6T and 18Ta

experiment22 theory

molecule δr (10
−50 cm4 s) f δr (10

−50 cm4 s)

6T (planar)
6

ES2 24
6T (twisted) ES2 19

18T 230 ES2 90
ES3 288

aTheoretical cross sections were calculated with ωp = 3.1 eV and κj =
0.0 eV.

Figure 6. ETPA cross section (σe) colormaps as a function of Te (x-
axis) and ωp (y-axis) for (A) planar 6T ( f = ES2), (B) twisted 6T ( f =
ES2), (C) 18T ( f = ES2), and (D) 18T ( f = ES3). The excited state
line width is κj = 0.0 and 0.1 eV for the left and right colormaps,
respectively. The colormaps are represented in the log scale of σe.
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compared with typical one-photon excited state radiative
lifetimes, due to the small frequency associated with transition
between the intermediate state and the two-photon excited
state. This is also supported by the obtained line width ratios
of the final and the first excited states listed in Table 3 where
we see γf ≪ γ1 which is in line with our assumptions from the
quantum electrodynamic analysis for the presence of a highly
entangled state. The existence of a long-lived state excited by
the entangled photon pair boosts the cross section significantly
compared to the unentangled result. For 6T, the lifetime of the
entangled two-photon excited state (ES2) becomes shorter for
the twisted geometry, resulting in a decreased ETPA cross
section. It is noticeable that ES2 results in a higher ETPA cross
section than ES3 does for 18T due to the significantly longer
lifetime value. This emphasizes that both the magnitude of the
transition matrix element Dab

(j) and the lifetime of the excited
state induced by the entangled photons play critical roles in
determining the ETPA cross section.

In addition to the wave-like features of the ETPA cross
section, the dependence of cross section on the finite state line
width κj is notable. A comparison between the left (κj = 0.0
eV) and right (κj = 0.1 eV) colormaps in Figure 6 shows the
attenuation of the ETPA cross section with a finite value of κj.
Without any changes in the oscillation pattern of the cross
section, only the magnitude of the ETPA cross section
decreases for a nonzero κj. This is in contrast to classical TPA
in which the finite value of κj barely affects the cross section
value. This is because of the presence of the dephasing factor
in the exponential in eq 8, indicating that the transition
probability is more sensitive to dephasing of the intermediate
states when the two photons responsible for excitation are
entangled. In addition, the ETPA cross section further
decreases with increasing Te for a nonzero κj. This is somewhat
intuitive as the dephasing effect becomes more significant with
increasing temporal coherence between the two photons. The
correlation between κj and Te in the ETPA cross section hints
that even more detailed information such as vibronic features
can be obtained using a source with a precise temporal
resolution.
We now analyze the oscillating behavior of the ETPA cross

sections in more detail. Specifically, it is essential to understand
the relationship between the cross section behavior and the
properties of each excited state. To do so, we used the single-
state transition probability element suggested in eq 6 to
distinguish the contribution from different intermediate states
in the TPA cross section. Note that we used the classical TPA
cross section values for the state-resolved analysis to ignore the
dependence on the entanglement time and line width of the
ETPA cross section. Since the TPA cross section is

Table 3. Comparison between Experimental and
Theoretical ETPA Cross Sections for 6T and 18Ta

experiment22 theory

molecule
σe

(10−19 cm2) f
σe

(10−19 cm2)
ge

(μs) γf/γ1

6T (planar)
1.3

ES2 1.7 988 6 × 10−4

6T (twisted) ES2 0.18 175 3 × 10−3

18T 7.1 ES2 5.3 853 6 × 10−4

ES3 1.2 84 6 × 10−3

aLocal maximum values at ∼100 fs are chosen at ωp = 3.1 eV in the
colormaps in Fig. 6. (κj = 0.0).

Figure 7. Distributions of fractional TPA cross section, δr
jk, between states |j⟩ and |k⟩ for (A) planar 6T ( f = ES2), (B) twisted 6T ( f = ES2), (C)

18T ( f = ES2), and (D) 18T ( f = ES3). (κj = 0.0).
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proportional to the square of the two-photon transition
probability, it can be expressed as a double summation over
the intermediate states:

Sr r
j k

j k

j k
r

2

,

( ) ( )

,

jk.∑ ∑δ β β δ∝ ⟨ ⟩ = ⟨ ⟩ ∝
(23)

The coupling between two intermediate states is included in
the above expression, and a fractional TPA cross section δr

jk is
introduced which is dependent on the choice of two
intermediate states. The fractional TPA cross section is
positive when j = k, but can be negative otherwise. In Figure
7, couplings between states |j⟩ and |k⟩ are represented by the
fractional TPA cross section δr

jk in the colormaps. Red spots
represent the most dominant interstate coupling terms. In all
cases, the diagonal term involving ES1, δr

11, is the most
dominant contributing term to the TPA cross section. In
addition, cross coupling terms between ES1 and other states
show minor contributions to the cross section, as represented
with orange and blue spots for positive and negative values,
respectively. The positive and negative contributions to the
cross section are attributed to constructive and destructive
interference among states, respectively. Specifically, destructive
interference is observed if two transition matrix elements have
different signs as a result of different symmetry. Despite the
existence of multiple negative fractional cross sections

originating from destructive interference, the sum of all
contributions is always positive as a single term dominates
over the others. This result justifies the approximation of using
one or two intermediate states in calculating cross section
values.
The state-resolved analysis also shows how molecular

structure and size affect the distribution of fractional cross
sections for different states. A comparison between Figure 7A
and B shows that the δr

11 value for 6T becomes less dominant
compared to other fractional cross sections when the molecule
is twisted. This is because the distorted structure results in a
weaker transition matrix element between GS and ES1 which
leads to a lower δr

11 value. For a larger molecular size, the
distributions of fractional cross sections for 18T (Figure 7C
and D) show that more states are involved in the total cross
section as expected from the higher density of states. The
choice of different final states (ES2 and ES3) yields a similar
pattern of fractional TPA cross sections in which ES1
contributes dominantly and ES6 shows minor positive
contributions, whereas ES7 and ES10 yield minor negative
fractional cross sections. This hints that ES2 and ES3 play
similar roles as the final state in determining the TPA cross
section in terms of symmetry. However, the transition
probability from ES1 is higher to ES3 than to ES2 and
thereby results in a higher cross section. The transition density

Figure 8. ETPA cross section plots for ωp = 3.1 eV and κj = 0.0 eV for (A) planar 6T ( f = ES2), (B) twisted 6T ( f = ES2) and (C) 18T ( f = ES2),
and (D) 18T ( f = ES3). Bold black curve: total σe, bold blue curve: major σe

jk, blue dashed curve: minor positive σe
jk, and red dashed curve: absolute

value of minor negative σe
jk. The unit of σe is cm

2 and the y-value is plotted in a log scale for σe.
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distributions for the first excitations (Figure S3) obviously
form linearly distributed dipoles along the molecules.
However, upper states with zero transition dipole moments
are centrosymmetric.
Unlike classical TPA, the fractional ETPA cross sections

provide significant information due to their strong oscillation
with varying entanglement time. Specifically, different temporal
behaviors are expected depending on the choice of
intermediate states. In analogy to the fractional TPA cross
section in eq 23, the fractional ETPA cross section is defined as
follows:

S iT T

iT T

1 exp( /2)

1 exp( /2)

e e
j k

j k
e

j
e j

e
k

e k
j k

e
jk

2

,

( ) ( ) ( )

( )

,

∑

∑

σ β β κ

κ σ

∝ ⟨ ⟩ = ⟨ ⟩[ − − Δ − ]

× [ − − Δ − ] ∝
(24)

In Figure 8, total and fractional ETPA cross sections for 6T
and 18T are plotted as a function of Te for ω = 3.1 eV and κ =
0.0 eV. A careful look at the peaks and dips of the total cross
section (bold black curves) indicates that a single wave
dominates the behavior of the total ETPA cross section, with
minor interference with other small waves. As is the case with
classical TPA, σe

11 (blue bold curves) is the most dominant
fractional cross section for both 6T and 18T. Therefore, the
oscillation period of the total ETPA cross section can be
approximated to that of σe

11. When the coupling states are
identical (|j⟩ = |k⟩), the fractional ETPA cross section can be
written as follows:

e e T1 2 cos( )e
jj j T T

e k
j( )2 /2 ( )e j e jσ β∝ ⟨ ⟩[ + − Δ ]κ κ− −

(25)

According to eq 25, the cross section oscillates with a period of
2π/Δk

(j). As discussed in Figure 6, the ETPA cross sections
oscillate with shorter periods for 6T than for 18T. The
calculated periods with j = ES1 are 19 and 17 fs for planar and
twisted 6T, respectively. (Figure 8A and B) However, longer
periods of oscillation with a value of 30 fs are observed for 18T
when either ES2 or ES3 is chosen as the final state. (Figure 8C
and D) Although the oscillations in total cross sections are
dominated by a single state, attenuation of the peak intensities
is observed due to multiple minor contributions. Thus, we
expect the peaks and dips in the ETPA cross section as a
function of Te to be less sharp as the size of the molecule
increases. The dependence of the ETPA oscillations on the
excited state line widths κj is even more dramatic. In Figure S4,
ETPA cross sections are plotted as a function of Te with κj =
0.1 eV. The dephasing in the excited states leads to a decrease
in the coherence between the entangled photons and the
electronic states. Therefore, oscillations in the ETPA cross
section become featureless with increasing entanglement time.
As the amount of coherence between the photonic and
electronic states diminishes, the magnitude of the transition
matrix elements dominates in determining the ETPA cross
section, approaching the classical limit. Here we conclude that
the increased molecular size and broader state line width can
lead to decreased coherence in the ETPA process. In addition,
any factors that increase the degrees of freedom of the
molecule such as vibronic coupling, interactions with
surrounding medium, and intermolecular interaction are likely
to result in further decoherence. Experimentally, the depend-
ence of the ETPA cross section on Te is poorly studied due to
technical limitations. Further experimental improvements with
a better temporal resolution will offer detailed information

regarding the relationship between the ETPA cross sections
and the electronic structure of a molecule.

■ CONCLUSIONS

In summary, we developed a new theoretical method for
calculating TPA and ETPA cross sections for relatively large
organic chromophores and have used it to provide a
quantitative interpretation of TPA/ETPA measurements. The
second linear response TDDFT method was used to efficiently
calculate the transition dipoles and excitation frequencies for
the dominant excited states that correspond to absorption of
the first or second photon. For both unentangled TPA and
ETPA, the calculated cross sections were in good agreement
with previously determined experimental values. A new feature
in this work is that we use the radiative lifetime of the two-
photon excited state to define the line width used in calculating
the ETPA cross section. We justify this result by examining the
interaction of an entangled photon pair with a three level
system, showing that the two-photon radiative lifetime defines
the entangled line shape as long as this lifetime is much longer
than the intermediate state lifetime. The difference between
the radiative lifetime of the entangled and unentangled states
plays a major role in making the ETPA cross section many
orders of magnitude larger than the TPA result. Finally we
have examined the role of each intermediate state in the TPA
and EPTA cross sections. This shows that various factors
including molecular size, shape, excited state line width, and
the choice of the excited state can affect oscillation patterns in
the ETPA cross section. Such factors can be studied by
resolving the ETPA cross section into two components: one
related to the contribution of transition probabilities which
scales with the TPA cross section, and one which scales with
the two-photon radiative lifetime. Our results in this work
show that the first term grows larger with increasing molecular
size, but in general the second one shows a nonsystematic
variation with molecular size. This conclusion indicates that in
future work it will be important to search for rules governing
the radiative lifetimes of two-photon excited states. In
conclusion, our study successfully provides a pathway to
interpret the interaction between entangled photons and
relatively large molecules, which is of relevance to a number of
chemical applications related to quantum light.
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