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Integrable sl(oco)-modules and category O for gl(m|n)

Crystal Hoyt, Ivan Penkov and Vera Serganova

ABSTRACT

We introduce and study new categories Ty ¢ of integrable g = sl(co)-modules which depend on the
choice of a certain reductive in g subalgebra ¢ C g. The simple objects of Ty ¢ are tensor modules
as in the previously studied category Ty [Dan-Cohen, Penkov and Serganova, Adv. Math. 289
(2016) 250-278]; however, the choice of ¢ provides for more flexibility of nonsimple modules in
Tg,e compared to Ty. We then choose £ to have two infinite-dimensional diagonal blocks, and show

that a certain injective object K,,, in Tg ¢ realizes a categorical sl(oo)-action on the category
O?Mn, the integral category O of the Lie superalgebra gl(m|n). We show that the socle of K,,,, is
generated by the projective modules in O:Znhm and compute the socle filtration of K, |,, explicitly.

We conjecture that the socle filtration of K,,, reflects a ‘degree of atypicality filtration’ on
the category (’)TZ,”n. We also conjecture that a natural tensor filtration on K,,,, arises via the
Duflo-Serganova functor sending the category O,Zn]n to Ofﬁllnfl. We prove a weaker version

of this latter conjecture for the direct summand of K,,, corresponding to finite-dimensional
gl(m|n)-modules.

1. Introduction

Categorification has set a trend in mathematics in the last two decades and has proved
important and useful. The opposite process of studying a given category via a combinatorial or
algebraic object such as a single module has also borne ample fruit. An example is Brundan’s
idea from 2003 to study the category ]-"fll of finite-dimensional integral modules over the
Lie superalgebra gl(m|n) via the weight structure of the sl(co)-module A"V ® A"V ., where
V and V, are the two nonisomorphic defining (natural) representations of sl(co). Using this
approach Brundan computes decomposition numbers in ]-'fﬂn [1]. An extension of Brundan’s
approach was proposed in the work of Brundan, Losev and Webster in [2], where a new proof
of the Brundan—Kazhdan—Lusztig conjecture for the category O over the Lie superalgebra
gl(m|n) is given. (The first proof of the Brundan-Kazhdan—Lusztig conjecture for the category
O over the Lie superalgebra gl(m|n) was given by Cheng, Lam and Wang in [4].) The same
approach was also used by Brundan and Stroppel in [3], where the algebra of endomorphisms
of a projective generator in ]-',an is described as a certain diagram algebra and the Koszulity
of F,, is established.

The representation theory of the Lie algebra sl(oo) is of independent interest and has
been developing actively also for about two decades. In particular, several categories of
sl(o0)-modules have been singled out and studied in detail, see [8, 9, 15-17].

The category Tyi(sc) from [8] has been playing a prominent role: its objects are finite-length
submodules of a direct sum of several copies of the tensor algebra T'(V @& V). In [8] it is
proved that Tg(o) is a self-dual Koszul category, in [18] it has been shown that Ts(o) has
a universality property, and in [11] T4) has been used to categorify the Boson-Fermion
correspondence.
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Our goal in the present paper is to find an appropriate category of sl(co)-modules which
contains modules relevant to the representation theory of the Lie superalgebras gl(m|n). For
this purpose, we introduce and study the categories Ty ¢, where g = sl(co) and ¢ is a reductive
subalgebra of g containing the diagonal subalgebra and consisting of finitely many blocks along
the diagonal. The Lie algebra ¢ is infinite dimensional and is itself isomorphic to the commutator
subalgebra of a finite direct sum of copies of gl(n) (for varying n) and copies of gl(cc). When
¢ = g, this new category coincides with Tg. A well-known property of the category T, states that
for every M € T, any vector m € M is annihilated by a ‘large’ subalgebra g’ C g, that is, by
an algebra which contains the commutator subalgebra of the centralizer of a finite-dimensional
subalgebra s C g. For a general £ as above, the category Ty ¢ has the same simple objects as Ty
but requires the following for a nonsimple module M: the annihilator in ¢ of every m € M is
a large subalgebra of £. This makes the nonsimple objects of Ty ¢ more ‘flexible’ than in those
of Ty, the degree of flexibility being governed by €.

In Section 2, we study the category Ty ¢ in detail, one of our main results being an explicit
computation of the socle filtration of an indecomposable injective object I*# of Tg,e (where A
and p are two Young diagrams), see Theorem 20. An effect which can be observed here is that
with a sufficient increase in the number of infinite blocks of £, the layers of the socle filtration
of I grow in a ‘self-similar’ manner. This shows that Ty is an intricate extension of the
category T, within the category of all integrable g-modules.

In Section 3, we show that studying the category T, achieves our goal of improving the
understanding of the integral category Orzn In for the Lie superalgebra gl(m|n). More precisely,

we choose £ to have two blocks, both of them infinite. Then we show that the category (97Zn In isa
categorification of an injective object K, ,, in the category Ty ¢. In order to accomplish this, we
exploit the properties of Ty ¢ as a category, and not just as a collection of modules. The object
K, of Ty can be defined as the complexified reduced Grothendieck group of the category
O%ﬂn’ endowed with an sl(oco)-module structure (categorical action of sl(c0)). For m,n > 1,
K,,|,, is an object of Ty ¢, but not of Ty. We prove that the socle of K, ,, as an sl(co)-module
is the submodule generated by classes of projective gl(m|n)-modules in (’);Zn‘n. Moreover, we
conjecture that the socle filtration of K,,|,, (which we already know from Section 2) arises
from filtering the category O%@ In according to the degree of atypicality of gl(m|n)-modules. We
provide some partial evidence toward this conjecture.

We also show that the category ]:%qn of finite-dimensional integral gl(m|n)-modules
categorifies a direct summand J,,), of K,,), which is nothing but an injective hull in Ty,
of Brundan’s module A™V ® A"V, see Corollary 28. (Note that the module A™V ® A"V, is
an injective object of Ty, but is not injective in Ty ¢ when € has two (or more) infinite blocks.)

Finally, we conjecture that a natural filtration on the category OTZn In defined via the

Duflo-Serganova functor DS : (’)7Zn n sz “ijn—1 categorifies the tensor filtration of K.,
that is, the coarsest filtration of K,,,, whose successive quotients are objects of Tyq. We have
a similar conjecture for the direct summand J,,),, of K,,,, and we provide evidence for this
conjecture in Proposition 42.

2. New categories of integrable sl(co)-modules

2.1. Preliminaries

Let V and V. be countable-dimensional vector spaces with fixed bases {v;}icz and {v}};ez,
together with a nondegenerate pairing (-,-) : V@ V. — C defined by (v;,v}) = d;;. Then
gl(c0) := V ® V, has a Lie algebra structure such that

[Vi @V, v ®@ V] = (vk, v )vi @ v — (Vi, V] )vk ® V]
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We can identify gl(co) with the space of infinite matrices (a;;)i jez with finitely many nonzero
entries, where the vector v; ® v} corresponds to the matrix £;; with 1 in the ¢, j-position and
zeros elsewhere. Then (-, -) corresponds to the trace map, and its kernel is the Lie algebra s[(c0),
which is generated by e; := F; 11, f; := E;4+1,; with i € Z. One can also realize s[(00) as a direct
limit of finite-dimensional Lie algebras sl(co) = lim s[(n). In contrast to the finite-dimensional
setting, the exact sequence

0 — sl(c0) = gl(c0) = C— 0

does not split, and the center of gl(co) is trivial.

Let g =sl(co). The representations V and V, are the defining representations of g.
The tensor representations VE? @ V¥4 p g € Zso have been studied in [17]. They are
not semisimple when p,q > 0; however, each simple subquotient of V& @ V&9 occurs as
a submodule of V&' @ V& for some p',q'. The simple submodules of V& @ V&9 can be
parameterized by two Young diagrams X, pt, and we denote them VA #,

Recall that the socle of a module M, denoted soc M, is the largest semisimple submodule
of M. The socle filtration of M is defined inductively by soc® M :=socM and soc' M :=
p; ' (soc(M/(soci=' M))), where p; : M — M/(soc’"* M) is the natural projection. We also
use the notation so¢'M := soc’ M/ soc'~! M for the layers of the socle filtration.

Schur-Weyl duality for sl(co) implies that the module V&P @ V27 decomposes as

VeV = @ (Sa(V)@Su(V.) @ (Ya® ), (2.1)
IX=p,|pl=4
where Yy and Y, are irreducible S,- and S;-modules, and Sy denotes the Schur functor
corresponding to the Young diagram (equivalently, partition) A. Each module Sx(V) ® S, (V)
is indecomposable and its socle filtration is described in [17]. Moreover, [17, Theorem 2.3]
claims that

soct(Sa(V) @Su(V.) = @ N, NE VN (2.2)
X |v=k

where N))\‘,’,7 are the standard Littlewood—Richardson coefficients. In particular, Sy (V) ®

Su(V.) has simple socle VM. Tt was also shown in [17, Theorem 2.2] that the socle of
V@ @ V9 equals the intersection of the kernels of all contraction maps

B, VOP g V21, -1 g I (2.3)

o~

U1®"'®Up®vf®"'®’11;'—><U;,Uz‘>U1®"'®@®"'®’Up®’UT®"'®U;®"'®U;-

A g-module is called a tensor module if it is isomorphic to a submodule of a finite direct sum
of sl(co)-modules of the form V&P @ V2% for p;,q; € Zo. The category of tensor modules
Tq is by definition the full subcategory of g-mod consisting of tensor modules [8]. A finite-
length g-module M lies in Ty if and only if M is integrable and satisfies the large annihilator
condition [8]. Recall that a g-module M is called integrable if dim{m,z -m,z?-m,...} < 0
for any z € g, m € M. A g-module is said to satisfy the large annihilator condition if for each
m € M, the annihilator Anngm contains the commutator subalgebra of the centralizer of a
finite-dimensional subalgebra of g.

The modules V®? @ V& p g e Zxo are injective in the category T,. Moreover, every
indecomposable injective object of Ty is isomorphic to an indecomposable direct summand
of V&P @ V2 for some p,q € Z>o [8]. Consequently, by (2.1), an indecomposable injective in
T4 is isomorphic to Sx(V) ® S, (V) for some A, p.

The category Ty is a subcategory of the category %g, which was introduced in [16] as the
full subcategory of g-mod whose objects M are defined to be the integrable g-modules of finite
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Loewy length such that the algebraic dual M* = Hom¢ (M, C) is also integrable and of finite
Loewy length. The categories Ty and T'ensy have the same simple objects VX# (8, 16]. The

indecomposable injective objects of Y%g are (up to isomorphism) the modules (V#2)* and
soc(VHA)* 22 VK [16]. A recent result of [6] shows that the Grothendieck envelope Tensgy of

—

Tensy is an ordered tensor category, and that any injective object in T'ensy is a direct sum of
indecomposable injectives from Tensg.

2.2. The categories T ¢

In this section, we introduce new categories of integrable s[(co)-modules. This is motivated in
part by the applications to the representation theory of the Lie superalgebras gl(m|n).
Let g = sl(co) with the natural representation denoted V. Consider a decomposition

V=V,®---aV,, (2.4)

for some vector subspaces V; of V. Let [ be the Lie subalgebra of g preserving this
decomposition. Then € := [[,[] is isomorphic to ¢ @ --- @ &., where each ¢; is isomorphic to
sl(n;) or sl(00).

DEFINITION 1. Denote by :]fg’e the full subcategory of fe\rfsg consisting of modules M
satisfying the large annihilator condition as a module over ¢; for all i =1,...,r. By Ty we

denote the full subcategory of 1~1’g7g consisting of finite-length modules.

Both categories Ty ¢ and ﬁ‘gﬂg are abelian symmetric monoidal categories with respect to
the usual tensor product of g-modules. Two categories Ty and T, are equal if € and £ have

finite corank in € + €, so we will henceforth assume without loss of generality that each V; in
decomposition (2.4) is infinite dimensional. Note that Ty 4 = T,.

We define the functor I'g ¢ : 7%9 — Tg,g by taking the maximal submodule lying in ﬁmE.
Then

g e(M) = | M@, (2.5)
where the union is taken over all finite corank subalgebras 51 C ¢1,...,5, C &,.

LEMMA 2. Let Ty be as in Definition 1.

(1) The simple objects of Ty ¢ and of ﬁ‘g,g are isomorphic to VX,
(2) The functor I'y ¢ sends injective modules in Tensy to injective modules in Ty ¢.
(3) The category Tg ¢ has enough injective modules.

(4) The indecomposable injective objects of Ty ¢ are isomorphic to T'g ¢((V#*)*).

Proof. (1) The category Ty is a full subcategory of T4 and of :]fg’g, which are both full
subcategories of 7%9. Since the categories Ty and T%Q have the same simple objects VA #,
the claim follows.

(2) This follows from the definition of I'ye, since Homr (X, ge(Y)) = Homfz—gg (X,Y)
for all X € Ty and Y € Tens,.

(3) Every module M in Ty can be embedded into T'y¢(M**), which is injective in Tg.¢,
since M** is injective in mg [16].
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(4) This follows from (1) and (2), since (V#*)* is an indecomposable injective object of

—_—

Tensg, and consequently I'y((V#*)*) is an indecomposable injective object of ﬁ‘gi with
socTg e((VHA)*) =2 VK, O

REMARK 3. It will follow from Corollary 12 that the indecomposable injective objects
Lge((V#2)*) are objects of Ty . Consequently, Ty and Ty have the same indecomposable
injectives.

2.3. The functor R and Jordan—Hélder multiplicities

In this section, we calculate the Jordan—Holder multiplicities of the indecomposable injective
objects of the categories Ty ¢. One of the main tools we use for this computation is the functor
R, which we will now introduce.

Let

Vlivl@"'@vr_l, g':gﬁg[(V/), Eliel@"'@fr_l. (26)

Let (V,.)« C V, be the annihilator of V' = V{ @ --- ® V,_; with respect to the pairing (-, -).
We have ¢’ = sl(co) and ¥ C ¢'.

Define a functor R from the category g-mod of all g-modules to the category g’-mod by
setting

R(M) = M.

It follows from the definition that after restricting to TNI‘“ we have a functor R : ’I~Fg,g — 'E‘g/,y.

LEMMA 4. The following diagram of functors is commutative:

g—mod LN g —mod

I‘g’el Fg,’ell

- R .
Tqye > Ty
Proof. By (2.5) we have
Iy e(M) = UM51®“'®5"
for any g-module M. Then
R([ge(M UM51€B @57" €, UM51€B D510 _ U(R(M))ﬁl@“'@ﬁrfl =Ty v (R(M)).
O

LEMMA 5. If A\, u are Young diagrams, then

R(SA(V) @Su(V.))) = @D N3N L (Sx(R(V)) @S (R(V.)))".
X!y
Proof. Since R(V) = V', we have the decompositions
V=R(V)&V,, V.=R(V.)® (V).
We also have the identity

A(Vaw) =N, Su(V) @S, (W), (2.7)
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which holds for all vector spaces V and W. These imply
V) @SV = @D NN Sy (R(V)) ©Sy(V,) @S (R(V.)) 8 Sy ((V,).).
X' vy
By definition
R((SA(V) @ S(V.))") = Homg (Sx(V) @ Su(V), C),
and it follows from (2.2) that
dim Homg (S5 (V;) ® S¢/((V1)x),C) = 64 ,~,

0~,~ being Kronecker’s delta. Therefore,

Homg/(SA(V)®Su(V*),C): @ N>)\‘/77N

I
© iy

(Sx(R(V)) @ Sy (R(V)))" 0
X'y
LEMMA 6. If0 - A — B — C — 0 is an exact sequence of modules in fe?fsw then the dual
exact sequence 0 — C* — B* — A* — 0 splits.

—~—

Proof. This follows from the fact that C* is injective in T'ensg. O

LEMMA 7. The functor R : ﬁ‘g’e — ']~Tg/)y sends an indecomposable injective object to an
injective object.

Proof. Let PM* =T ¢((SA(V) ® Si(V.))*). Then by Lemma 4 we have
R(PM#) =Ty e (R((SA(V) @ Su(V.))"),
and hence by Lemma 5

ROPAM) = @) N3N Lo (Gx(R(V)) @8y (R(V.))'). (2:8)
Au' oy

Therefore, R(P*#) is injective in ’]Afg/7g/. Every indecomposable injective object in 'ﬁ‘w is
isomorphic to I'y ¢(L*) for some simple object L = VX and by Lemma 6, I'y ¢(L*) is a direct
summand of PM* =T ¢((Sx(V) ® Su(V.))*). Since the functor R is left exact, R(I'y¢(L*))
is a direct summand of R(P**#). Hence, R(I'y¢(L*)) is injective in ﬁ‘yy. O

LEMMA 8. Let V=V, ®W and V, =V ® W, be decompositions with dimV,, =n,
Wt =V and Wi} =V,,. Let s be the commutator subalgebra of W @ W.. Let M € T,
be a module such that all its simple constituents are of the form VX with |A| + |u| < n.
Then the length of M* in the category of sl(n)-modules equals the length of M in T.

Proof. It follows from (2.7) and the fact that Sx(V;,) and S,,(V,) are nonzero (since dim V,, >
AL 12]) that

(SaA(V) @Su(V))* = Sa(Va) @ Sp(Viy)-

The description of the layers of the socle filtration of Sx(V) ® S,(V.) in (2.2) shows that the
length of Sx(V) ® S, (V) equals the length of Sx(V,) ® S, (V). Furthermore, since the socle
VX of Sx(V) ® S, (V) coincides with the set of vectors annihilated by all contraction maps
(see (2.3)), and the set of vectors in Sx(V,,) ® S, (V) annihilated by all contraction maps is
the simple sl(n)-module VM, we obtain (VA#)® = VA#. Tt then follows from left exactness
that the functor (-)° does not increase the length.
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Let M € Ty, and let k(M) be the maximum of |A| + |u| over all simple constituents VX
of M. We proceed by proving the statement by induction on k(M) with the obvious base case
k(M) = 0. Consider an exact sequence

0-M-—-I—-N-—0,

where I is an injective hull of M in T,. From the description of the socle filtration of an injective
module in Ty (see (2.2)), we have k(N) < k(M). Therefore, the length I(N) of N equals the
length [(N*) of N* by the induction assumption. On the other hand, since I is injective and
hence isomorphic to a direct sum of Sy (V) ® S, (V) with |A| + || < n, the length of I equals
the length of I*. Now if {(M?®) < [(M), then

I(N®) > I(IF) — [(MF) > [(T) — {((M) = [(N),

which is a contradiction. O

COROLLARY 9. Let s be a subalgebra of g as in Lemma 8, and let M € ﬁ'g be a module such
that all its simple constituents are of the form VM# with |A| + || < n. Then M = U(g)M?.

Proof. Since M is a direct limit of modules of finite length it suffices to prove the statement
for M € T,. This can be easily done by induction on the length of M. Indeed, consider an
exact sequence 0 - N — M — L — 0 with simple L. Lemma 8 implies that 0 — N* — M*® —
L® — 0 is also exact, because the functor (-)° is left exact and I(L®) = [(M?) — [(IN®). Now if
U(g)M?® # M then, since U(g)N® = N by the induction assumption, we obtain U(g)M?® = N.
This implies M* = N*, and hence I(L*®) = 0, which contradicts Lemma 8. O

LEMMA 10. For any M € Ty ¢ we have U(g)R(M) = M.

Proof. Recall the definition of k(M) from the proof of Lemma 8, and recall the decompo-
sition (2.4). Let U be a subspace of V, and U, be a subspace of V, such that V,. C U and
(V). C Uy, each of codimension k(M).

Denote by [ C g the commutator subalgebra of U ® U,, and by Res; the restriction functor
from Ty ¢ to T(. The identity (2.7) implies that k(Res; M) = k(M). By Corollary 9 with g = [
and s = ¢, we get M = U([)R(M). The statement follows. O

LEMMA 11. The functor R : Tg¢ — Ty ¢ is exact and sends a simple module VA € T ¢
to the corresponding simple module VM ¢ Ty ¢, and hence induces an isomorphism between
the Grothendieck groups of Ty and Ty pr.

Proof. Since VM# is in fact an object of Ty, the statement about simple modules follows
by the argument concerning contraction maps from the proof of Lemma 8.
Since R is left exact, we have the inequality

I(R(M)) < [(M). (2.9)

Thus, to prove exactness of R it suffices to show that R preserves the length, that is, (M) =
[(R(M)). We prove this by induction on {(M). Consider an exact sequence of g-modules

0->N—-M-—L—0,

such that L is simple. By the induction hypothesis we have [(R(N)) = I(IN). If we assume that
I(R(M)) < (M), then [(R(M)) = I(IN) and so R(IN) = R(M). But then by Lemma 10, we have
N = M, which is a contradiction. O
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COROLLARY 12. For any X, p, the module 'y ¢((Sx(V) @ S, (V+))*) has finite length. Hence,
the module I** := Ty ¢((V#*)*) has finite length and is an object of the category Tgg.

Proof. It was proven in [8] that I'y 4((SA(V) ® S (V,))*) has finite length in ']NTg (see the
proof of [8, Proposition 4.5] and note that the functor I'y 4 is denoted by B in [8]). Using (2.8),
the first claim follows by induction on the number r of components in the decomposition of V.
For the second claim, observe that Lemma 6 implies I*# is isomorphic to a direct summand

of the module I'y ¢((Su(V) ® Sa(V4))*). -

LEMMA 13. Let I** denote an injective hull of the simple module VM* in Tgye, and let
JX# denote an injective hull of R(VM#) in Ty . Then

R(IM) = P Ny, NE_JN-

YT Y

/
X'y

Proof. We have IM* 2 Ty o((V#2)*) and JM 2 Ty o ((VA)*). Let
P =T r((Su(V) ®SA(VL)"), QM =Ty e ((Su(R(V)) @ SA(R(V.))").

Then we have

Ap o X, Ap o N/
prr= (B N{NE TN Qi (B N NE TN (2.10)
X'y X'y

Indeed, using Lemma 6, we can deduce from (2.2) that

(Su(V) @ Sa(V @NX,Y“’YVAH)
Ao’y

and then by applying I'g ¢ to both sides we obtain (2.10).
By (2.8), we have

Au >\7u
R(P @ NX’Y uwQ
Xy

Let J4,¢ denote the complexified Grothendieck group of the additive subcategory of Ty ¢
generated by indecomposable injective modules. Then {[I*#]} and {[P*#]} both form a basis
for Jge. Let A = (A;;f‘“,) be the change of basis matrix on Jg ¢ given by (2.10) which expresses
PM# in terms of IM#. The same matrix A expresses Q** in terms of J** by (2.10).

The functor R induces a linear operator from Jg ¢ to J4 ¢ which is represented by the matrix
A with respect to both bases {[P*#]} and {[Q**]}. Hence, the matrix which represents R
with respect to the bases {{I*#]} and {[JM#]} is again A as A = AA(A™1). O

COROLLARY 14. The Jordan—Hoélder multiplicities of the indecomposable injective modules
IM# are given by
P VA= 3T N

i
Vi ,VT,A’N%,..A,%,M"
N 1Y

Proof. After applying the functor R to the module I** (r — 1) times, we obtain a direct
sum of injective modules in the category Ty. The multiplicity of each indecomposable injective
in this sum is thus determined by applying the matrix A™™! to [I*#]. The Jordan-Holder
multiplicities of an indecomposable injective module in Ty are also given by the matrix A
(see 2.2). Therefore,

) = ST (AN VY], .
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2.4. The socle filtration of indecomposable injective objects in Ty ¢

In this section, we describe the socle filtration of the injective objects I** in Ty
We consider the restriction functor

Rese : Tgyg — Te,

where T denotes the category of integrable -modules of finite length which satisfy the large
annihilator condition for each €; (recall (2.4)). Note that simple objects of T¢ are outer tensor
products of simple objects of the categories Ty, for each £;,7 = 1,...,r, (recall that £; = s[(c0));
we will use the notation

A
VAL oA e e V] bR X V:\r,m-.

yees AT g s

Injective hulls of simple objects in T will be denoted by I?l , and they are also

outer tensor products of injective £;-modules:
1?1 ..... Arspyseesbhy (le(Vl) ®Su1(V1)*) X---X (SAT(VT‘) ®Sur(vr)*)~

Recall that for every object M in Ty we denote by k(M) the maximum of |A| + |p| for
all simple constituents VX* of M. Similarly for every object X in T¢ we denote by ¢(X) the
maximum of [Aq| + -+ + |A| + |pq| + - - + |, for all simple constituents VAL-Arsbisbe of
X. It follows from Corollary 14 that

E(M) = k(socM), ¢(X) = c(socX). (2.11)
The identities
EM@N) =kM)+Ek(N), ¢«(X®Y)=cX)+c(Y). (2.12)
follow easily from the Littlewood—Richardson rule, and we leave their proof to the reader.
LEMMA 15. The restriction functor Resy maps the category Ty ¢ to the category Ty, and it
maps Sx(V) ® S, (V) to an injective module. Furthermore, we have the identity

c(Resg M) = k(M).

Proof. After applying identity (2.7) r-times to Sx(V) ® S, (V.), we get

Rese(Sx(V) ©Su(V.) = @ NR, o, Nf, L Tttt

This implies the first and the second assertions of the lemma. Identity (2.11) implies that it
is sufficient to prove the last assertion for M = Sx(V) ® S, (V). Hence, this assertion follows
from the above computation. O

CONJECTURE 16. Suppose Extg (VX' VA#) 2£ 0. Then [X| — [N'| = [p| — /| = k.

REMARK 17. For ¢ = g, this was proven in [8]. Proving this conjecture would imply that
the category Ty ¢ is Koszul. We prove the case k = 1.

PROPOSITION 18. Suppose Exty_ (VA#, VX#) 0. Then [A| — [N| = |p| — [p']| = 1.

Proof. Since VX is isomorphic to a simple constituent of I»*, we know by Corollary 14
that |A| — |[A'| = |p| — |p/| = s = 1. Tt remains to show that s = 1. We will do this in two steps.

First, we show that Extqlrw3 (VA# SA(V) @S, (V.)) # 0 implies s = 1. Consider a nonsplit
short exact sequence in Ty ¢

0= SA(V)®@S,(V.) = M — VN# 0, (2.13)
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Let ¢ : VA# @ g — Sa(V) @S, (V) be a cocyle which defines this extension. By Lemma 15,
the module Res¢(SA(V) ® S, (V.)) is injective in T, and therefore the sequence (2.13) splits
over . Without loss of generality we may assume that <,0(VX’“/ ® €) = 0. Then the cocycle
condition implies that ¢ : VX #' @ (g/t) — Sa(V) ® Su(Vy) is a nonzero homomorphism
of -modules. Consequently, the image of ¢ contains a simple submodule in the socle of
Rese(Sa(V) ® Sp(Vy)). By Lemma 15, we have

socRese(Sx(V) @ Su(V.) = @ NR, . a Nk, VAoArbnbt

In particular,
oV Attt = (A e el [ e ] = A+ (]
for every simple submodule VA 1Arbitr of soc Rese(Sx (V) @ S (V). Therefore,
(VN @ (g/8) > [+ ul,
and so (2.12) implies
(V) + c(a/8) = | + |l

Since g/t = @, ;(V; @ (V;)«), we have

(VNI = N |+ ], c(g/t) =

and thus [A| — |N| + || — |p'| = 2s < 2. This yields s = 1.
Assume now to the contrary that s > 2. Set

= (SA(V) @8u(V.))/ VI
and consider the long exact sequence of Ext

- — Homg (VN X) — Extp (VX4 VM) — Extl (VM Sx(V) ®Su(V.)) =

Since s > 2, VA# is not isomorphic to a submodule of soc X, so Hom (V)‘ o ,X) =0, and
by the already considered case when s = 1, we have

Exty (VX S\(V) @ Su(V.)) =0.
Hence, Extjlrgvk (VX’“/, VM) =0, which is a contradiction. g

COROLLARY 19. Suppose that M € Ty has a simple socle VME and the multiplicity of
VXNo# in 566" M is nonzero. Then |A| — |N| = |p| — || = k.

Proof. This follows by induction on |A|+ |u|. By Proposition 18, the module M/soc M
embeds into a direct sum of injective indecomposable modules @ I”¥ with simple socles
V¥ gatisfying |A| — \'y| = |pu| —|v| =1, and by induction each I"* satisfies our claim. If
the multiplicity of VA#' is nonzero in SOCkM =5oc* 1 (M/socM) C soc* (@ 17¥), then
[v] = IN| = |v| — |i'| = k — 1. The result follows. O
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Finally, by combining Corollaries 14 and 19 we obtain the following.

THEOREM 20. The layers of the socle filtration of an indecomposable injective I** in Tge
satisfy

SAER T o A 1 Al
soc" IV = @ @ N‘n7~~»,7,,-,>\’N'71,»---,'Yr,--,H’V ’
X! [yl =k

where r is the number of (infinite) blocks in £ (see (2.4)).

ExAMPLE 21. Consider an injective hull of the adjoint representation of sl(co) in the
category Ty ¢ in the case that € has k (infinite) blocks. Then A and p each consist of one box,
and soc VM = s5l(00) and soc! VA = CF, the trivial representation of dimension k. The self-
similarity effect mentioned in the introduction amounts here to the increase of the dimension
of 56¢! by 1 when the number of blocks of £ increases by 1.

REMARK 22. Let us observe that the category Ty ¢ is another example of an ordered tensor
category as defined in [5]. Indeed, the set I in the notation of [5] can be chosen as the set of
pairs of Young diagrams (X, ), and then the object X; for i = (X, u) equals I,

3. sl(oo)-modules arising from category O for gl(m|n)

For the remainder of this paper, we let € = £; @ £, be the commutator subalgebra of the Lie
algebra preserving a fixed decomposition V. = V1 @ V5 such that both £; and £5 are isomorphic
to sl(o0) (r=2in (2.4)).

3.1. Category O for the Lie superalgebra gl(m|n)

Let O, denote the category of Zs-graded modules over gl(m|n) which when restricted to
gl(m|n)g, belong to the BGG category Ogi(mn); [14, Section 8.2.3]. This category depends
only on a choice of simple roots for the Lie algebra gl(m|n)g, and not for all of gl(m|n). We

denote by O%ﬂn the Serre subcategory of O,,,, consisting of modules with integral weights.

Z
m|n

module M (X)) for some A € &, where ® denotes the set of integral weights. Any object in the
category OZ  has finite length.

m|n

Any simple object in O is isomorphic to L(A) (the unique simple quotient of the Verma

We denote by FZ  the Serre subcategory of oz \, consisting of finite-dimensional modules.
Let II: 0%, — O

m|n m|n

group K,,, (respectively, J,,,) to be the quotient of the Grothendieck group of O
tively, FZ

m|n

be the parity reversing functor. We define the reduced Grothendieck

z
min (TESDEC-

) by the relation [IIM] = —[M]. The elements [L(\)] with A € ® (respectively,
A € ®T) form a basis for Ko (respectively, Jp,j)-

We introduce an action of sl(c0) on K, := Ky, @z C following Brundan [1]. Our starting
point is to define the translation functors E; and F; on the category (97Zn n Consider the
invariant form str(XY') on gl(m|n) and let X;, Y; be a pair of Zy-homogeneous dual bases
of gl(m|n) with respect to this form. Then for two gl(m|n)-modules V and W we define the
operator

Q: VW VoW,

Qv @w) == Z(_l)P(Xj)(p(v)-H)va ® Yjuw,
J
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where p(X;) denotes the parity of the Zy-homogeneous element X;. It is easy to check that
Q € Endgy(m|n)(V @ W). Let U and U* denote the natural and conatural gl(m|n)-modules.
For every M € OTZn‘ ., we let E;(M) (respectively, F;(M)) be the generalized eigenspace of

in M ®U* (respectively, M ® U) with eigenvalue i. Then, as it follows from [2], the functor
-®@ U* (respectively, - ® U) decomposes into the direct sum of functors ®;eczE;(-) (respectively,
®iezFi(+)). Moreover, the functors E; and F; are mutually adjoint functors on O%@ n* We will
denote by e; and f; the linear operators which the functors E; and F; induce on K.

If we identify e; and f; with the Chevalley generators E; ;11 and Fjyq; of sl(c0), then K, ,,
inherits the natural structure of a sl(co)-module. This follows from [1, 2]. Another proof can
be obtained by using [7, Theorem 3.11] and (3.2). Weight spaces with respect to the diagonal
subalgebra b C sl(c0) correspond to the complexified reduced Grothendieck groups of the blocks
of 0% .

Le?ljllm‘n = Jmn @2 C, and let T, C K|, denote the subspace generated by the classes
[M(M)] of all Verma modules M(X) for A € ®. Let furthermore A,,,, C J,,), denote the
subspace generated by the classes [K (\)] of all Kac modules K () for A € @ (for the definition
of a Kac module see for example [1]). Then T,,, is an sl(co)-submodule isomorphic to
VO™ @ VE™ and A, is a submodule of T,,,, isomorphic to AV @ A"V, [1]. To see this,
let {v;}icz and {w;};cz be the standard dual bases in V and V., (that is, h-eigenbases in V
and V), and let A\:= XA+ (m —1,...,1,0/0,—1,...,1 —n),

m)\::fuj\l®...®05\m®v* ®®’U*

_5\7n+1 _;\'rn+7L :

The map [M(X)] — my establishes an isomorphism T,,, = V®™ @ V", and restricts to an
isomorphism

Anz\n ATV AnV*

(KA = kxi=vx, Ao Ay, @055 A A"y

m-41 —Am4n’

LEMMA 23. The sl(co)-module K,,),, satisfies the large annihilator condition as a module
over ¢, and €5, that is, Fg7g(Km‘n) = Km\n-

Proof. Note that an sl(co)-module M satisfies the large annihilator condition over ¢; and
£, if and only if for each € M, we have e;x = f;x = 0 for all but finitely many i € Z. Indeed,
if ;& = f;z =0 for all but finitely many 7 € Z, then the subalgebra generated by the e;, f;
that annihilate x contains the commutator subalgebra of the centralizer of a finite-dimensional
subalgebra. The other direction is also clear.

Since the classes of simple gl(m|n)-modules [L())] form a basis of K,,,,, we just need to
show that for each L(A) we have E;(L()\)) = F;(L()\)) = 0 for almost all i € Z. However, since
T,,|n satisfies the large annihilator condition, we know that the analogous statement is true
for M (). Therefore, since L(\) is a quotient of M (), the exactness of the functors E; and F;

implies the desired statement for L(\). O
If we consider the Cartan involution o of sl(c0), o(e;) = —fi, o(fi) = —e;, we obtain
{gz,y) = —(x,0(9)y) (3.1)

for all g € sl(c0). If X is a sl(co)-module, we denote by XV the twist of the algebraic dual X*
by o. Note that (VM#)Y = V#2 Hence, if X is a semisimple object of finite length in T/e\/nsg,
then XV is an injective hull of X in Z/%g.

Let Py, denote the semisimple subcategory of O% in Which consists of projective gl(mn)-
modules, and let P, denote the reduced Grothendieck group of P,,,. The sl(co)-module
P..n := Py, ®z Cis the socle of Ty, ,, [7, Theorem 3.11]. Note that for any projective module
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P € Py, the functor Homg(m)n) (P, -) on O%n‘n is exact, and for any module M € F,,,, the
functor Homg(mn) (-, M) on Py, is exact. Moreover, we have the dual bases in K,,,, and
P,,» given by the classes of irreducible modules and indecomposable projective modules,
respectively.

Consider the pairing K, X P,,},, = C defined by

([M], [P]) := dim Homg(yn) (P, M).

Since the functors E; and F; are adjoint, we have

(eiz,y) = (z, fiy)
and

<fixa y) = <l’, eiy>a
for all i € Z, x € K|, ¥ € Ppypp,. Thus, there is an embedding of sl(co)-modules

UK, PY (3.2)

given by [M] — ([M],-).

THEOREM 24. The sl(oo)-module K,,,, is an injective hull in the category Ty of the
semisimple module P, ,,. Furthermore, there is an isomorphism

Km|n = @ IA’” ® (Y)\ ® Yu)
IAl=m, |ul=n

where Yy, Y, are irreducible modules over Sy, and S,, respectively, and IM# s an injective hull
of the simple module VM in Tg,e. Consequently, the layers of the socle filtration of K,,,, are
given by

ﬁkaln ~ @ (WkIA7“)@(dim Yx dimY,)
[X|=m,|u|=n

where

2

s P D NNV
soc" I = N’711727>‘/N'717727P/V )
A v l+lya =k

Proof. The module Fg’g(Pynln) is an injective hull of the semisimple module P,,,, in the
category Ty, so it suffices to show that the image of K,,|,, under the embedding (3.2) equals
Fg)g(PxL‘n). The fact that ¥(K,,,) C Fg7g(le|n) follows from Lemma 23. Herein, we will
identify K,,, with its image ¥(K,,|,,) = span{(lx,-) | A € ®}, where Iy := [L())].

Now soc(FM(P;/@ln)) =P, since P, is semisimple, and socT,,, =Py, by
[7, Theorem 3.11]. Therefore, since T,,),, C K|,y C Fg7E(P7\%‘n), we have soc K, = Py

We will show that K,,|,, = F“(Pr\;ln). To accomplish this, we use the existence of the dual
bases py := [P(A)] € Py, and [y € K,,,};,, where L(A) denotes the irreducible gl(m|n)-module
with highest weight A € ® and P()\) is a projective cover of L(\).

Fix w € Fg,?(Pq\%\n)' To prove that w € K,,|,, = span{(lx,-) | A € ®}, it suffices to show that
w(px) = 0 for almost all A € ®. For each ¢,r € Z, with ¢ < r, we let g4, := 9, ® g;", where 9,
is the subalgebra of g generated by e;, f; for i < ¢ and g, is the subalgebra of g generated by
eq, fi for ¢ > r. By the annihilator condition, w is g -invariant for suitable ¢ and r. Fix such

q and 7. Then since w is g4 ~invariant, it suffices to show that py € g4+P ), for almost all
Aed.
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If px € P N (8¢, Trnn), then px € g Ppyjy. Indeed, for any g, -module M we have

9g,rM = ﬂ ker o.
p€Homg, ,.(M,C)

Now any g4,-module homomorphism ¢ : P,,,, — C lifts to a g, ,-module homomorphism ¢ :
K,,n — C, since the trivial module C is injective in the full subcategory of g, ,-mod consisting
of integrable finite-length g, ,-modules satisfying the large annihilator condition [8]. Hence, the
claim follows.

For each A\ € ® we define supp()\) to be the multiset {A1,..., Ay —Amsts-- - —Amin s
where

Xi=A+(m—1,...,1,00,—1,...,1—n).

The set of A € ® such that supp(A) N (Z<(g—m—n) U Zs(r4m+n)) = 0 is finite. Hence, to finish
the proof of the theorem, it suffices to show the following. O

LeEMMA 25. If supp(A) N Z<(qg—m-n) # 0, then py € g Ty, ,. Similarly, if supp(A) N
Z>(7‘+m+n) 7& [Z)a then P € ngm|n

Proof. We will prove the first statement; the proof of the second statement is similar. We
can write px =Y ¢,m,, where each ¢, € Zso and m, = [M(v)] is the class of the Verma
module M (v) over gl(m|n) of highest weight v € ®.

We claim that supp(7) NZ, #  for every m, which occurs in the decomposition of py.
Indeed, recall that P()) is a direct summand in the induced module Ind} iEZIZ;O PO()\), where

PY()) is a projective cover of the simple gl(m|n)g-module with highest weight A\. Now

[PYO] = D buna[MO(w- N, (3.3)

wew

where M°(;1) denotes the Verma module over gl(m|n)y with highest weight 1, W denotes the
Weyl group of gl(m|n)g, and w - A denotes the pg-shifted action of W. The isomorphism of
gl(m|n)-modules

1. qol(mln) 0
M(M) = Indg[(m|n)(,®g[(m|n)l M (HJ)

implies that

(mln) 2700\ oo 1 ral(min) 0
Indg iy M7 () = Idgi) 6 qimpny, (M (1) © Ulgl(mln)y).

Therefore, Indg EEZ:Z;U MPO(p) admits a filtration by Verma modules M (y + v) where « runs
over the set of weights of U(gl(m|n);). Since supp(y) C {—m —n,...,m + n} for every v, we

have
|(e+7)i — ] <m+n.

Combining this with (3.3) we obtain that for each i < m +n, |7; — Xw(i)\ < m + n, for some
w € W. The claim follows.
Following the notations of Lemma A.1 from the Appendix, we set

Wi = span{v;, |i < ¢}, Waq =span{v,, |j > q}.

Then g, = s[(Wy) = s. By above, every m,, occurring in the decomposition of py is contained
in Y,,,,. Hence py € Y. Since we also have py € socT,,|,,, Lemma A.1 implies py €
g;Tmm' O
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Hence, K, = FM(P;%'”), and the description of the socle filtration now follows from
Theorem 20.

3.2. The symmetric group action on K, ,,

Recall that we have a natural action of the product of symmetric groups S, x S, on
T, which commutes with the sl(co)-module structure on T,,|,. Moreover, it follows from
[8, Section 6] that

Ends[(oo) (Tm\n) = Endﬁ[(oo) (Pm\n) = C[Sm X Sn} (34)

A similar result is true for K,,,:

PROPOSITION 26.

Ends[(m)(Km‘n) = Endg[(oo) (Pm|n) = C[Sm X Sn]

Proof. Recall that P,,,, is the socle of K,, |, by Theorem 24. Every ¢ € Endg(oc)(Kpjn)
maps the socle to the socle, hence we have a homomorphism

Ends[(oo) (Km|n) — Endg[(oo) (Pm|n) (35)
Let K{m|n = Kyn/Pmjn- By Theorem 20, for every simple module VA we have

(K., 0 VI[P, : VM =0

Therefore, every ¢ € Endg(oo) (Kpn) such that o(P,,,) = 0 is identically zero, since for such
¢ the socle of im ¢ is zero. In other words, homomorphism (3.5) is injective. The surjectivity
follows from the fact that every ¢ : P, = Py, = Ky, extends to ¢ : Koy, — Ky by
the injectivity of K,|,- O

3.3. The Zuckerman functor I'g((,,|n) and the category ]-'ﬁln

Let us recall the definition of the derived Zuckerman functor. A systematic treatment of the
Zuckerman functor for Lie superalgebras can be found in [19]. Assume that M is a finitely
generated gl(m|n)-module which is semisimple over the Cartan subalgebra of gl(m|n). Let
Lgi¢min) (M) denote the subspace of gl(m|n)o-finite vectors. Then Ty, (M) is a finite-
dimensional gl(m|n)-module, and hence I'g((m|n) is a left exact functor from the category of
finitely generated gl(m|n)-modules, semisimple over the Cartan subalgebra, to the category
Fm|n of finite-dimensional modules. The corresponding right derived functor I In) is called

- gl(m
the ith derived Zuckerman functor. Note that I'¢;, . (X) = 0 for ¢ > dim gl(m|n)o — (m + n).

We are interested in the restriction of this functor

r Ohin = Fh,

i .
gl(m|n) - In

Let us consider the linear operator v : Ky, — Jppr, given by
AWM = D=1 [Pl M
This operator is well defined as for any short exact sequence of gl(m|n)-modules

0—>N—-M-—L—0,

we have the Euler characteristic identity

Y([M]) = ~(IN]) + (L))



418 CRYSTAL HOYT, IVAN PENKOV AND VERA SERGANOVA

It is well known that Fg[(m‘n) commutes with the functors -® U and -® U*, and with

the projection to the block (OZ

m|n
homomorphism of s[(co)-modules.

)x with a fixed central character x. Therefore, v is a

PROPOSITION 27. The homomorphism -y is given by the formula
y= Y sen(s)s, (3.6)
SESm XSy

where the action of s on K,,,, is defined in Proposition 26.

Proof. By Proposition 26, it suffices to check the equality (3.6) on vectors in T,,),,, which
amounts to checking that for all Verma modules M ()

YIMN]D) = Y sen(s)[M(s- M), (3.7)
SES, XSy

where s- A=s(A+p)—pand p=(m—1,...,0[0,—-1,...,1—n).
Consider the functor Resy of restriction to gl(m|n)o. This is an exact functor from the
category of finitely generated gl(m|n)-modules, semisimple over the Cartan subalgebra, to the

similar category of gl(m|n)o-modules. It is clear from the definition of I‘g[(mm) that
RQSO Iwg[(m|’n) = Fzg[(m"n)o RQSO. (38)

Recall that every Verma module M(X) over gl(m|n) has a finite filtration with successive
quotients isomorphic to Verma modules M°(u) over gl(m|n)y. Hence by (3.8) it suffices to
check the analogue of (3.7) for even Verma modules:

PIMON) = Y sen(s)[MO(s- M), (3.9)
SESm XS

where 7Y is the obvious analogue of v. To prove (3.9) we observe that [M°()\)] = [M°()\)Y]
where XV stands for the contragredient dual of X.

It is easy to compute F;[(mln)oMO()\)v. Let t denote the Cartan subalgebra of gl(m|n), and
let na' , iy be the maximal nilpotent ideals of the Borel and opposite Borel subalgebras of
gl(m|n)o, respectively. From the definition of the derived Zuckerman functor, the following

holds for any pu € &+
Homg[(m\n)o(LU(lu‘)? F;[(mm)oM) ~ Ext"(L°(n), M),
where the extension is taken in the category of modules semisimple over t. If M = M°(\)V,
then M is cofree over U(ng) and therefore
Ext’(L(p), M°(N)") = Hom(H;(ng , L°(1)), Cx).
Now we apply Kostant’s theorem to conclude that

; LO(u) ifp=s-Afors €S, xSy, I(s)=1i
% 0 Vo m ns )
Latminyy M (A)* = {o otherwise.

Here p is the only dominant weight in (S,, x Sy,) - A and hence s is unique. Moreover, if A + p is
a singular weight then Fg[(m‘n)o MPOP(A\)Y = 0 for all i. Combining this with the Weyl character
formula

L) = Y senu(s)[M(s - u)]

SESm XSy

we obtain (3.9), and hence the proposition. O
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COROLLARY 28. We have J .|, = V(K ) and Ky, = J ) @ kervy. In particular, J,,), is
an injective hull of A,,,, £ A"V @ A"V,

Recall that A, C J,,},, denotes the subspace generated by the classes of all Kac modules.
Let Q,,, denote the additive subcategory of ffz‘n which consists of projective finite-

dimensional gl(m|n)-modules, and let @,,|,, denote the reduced Grothendieck group of Q.
It was proven in [7, Theorem 3.11] that Q) := Qm|n ®z C is the socle of the module A,

implying that Q,, = V)" where L indicates the conjugate partition. Corollary 28
implies the following.

COROLLARY 29. J,,,, is an injective hull of Q,,),,, and the socle filtration of J,,, is
ST (V<m7¢>L(n7i)L)@““) _

3.4. The Duflo-Serganova functor and the tensor filtration

In this section, we discuss the relationship between the Duflo-Serganova functor and
submodules of the sl(oo)-modules K|, and J,y, .

Let a = ag @ aj be a finite-dimensional contragredient Lie superalgebra. For any odd element
x € a7 which satisfies [z, z] = 0, the Duflo-Serganova functor DS, is defined by

DS, : a—mod — a, — mod

M — kerpaz/xM,

where kerpsz/xM is a module over the Lie superalgebra a, := a®/[z, a] (here a” denotes the
centralizer of x in a) [10]. In what follows we set

M, := DS, (M).
The Duflo-Serganova functor DS, is a symmetric monoidal functor, [10], see also
[20, Proposition 5].

It is known that the functor DS is not exact, nevertheless it induces a homomorphism
ds, between the reduced Grothendieck groups of the categories a-mod and a,-mod defined
by ds,([M]) = [M,]. (Recall that ‘reduced’ indicates passage to the quotient by the relation
[[IM] = —[M], where II is the parity reversing functor.) This follows from the following
statement, see [12, Section 1.1].

LEMMA 30. For every exact sequence of a-modules

0—>M1E>M2i)M3—>O

there exists an exact sequence of a,-modules

DS

= (¥) DS, (My) DS ()

0— E — DS, (M) DS, (M3) - IIE — 0,

for an appropriate a,-module E.

Proof. Set E := Ker(DS, (1)), E' := Coker(DS,(¢)), and consider the exact sequence
0— E — DS, (M) = DS,(My) — DS,(M3) — E" — 0.
The odd morphism ¢ tz¢p~!: DS, (M3) — DS,(M;) induces an isomorphism E' — [IE. O

In [13] the existence of the homomorphism ds, was proven for finite-dimensional modules.
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REMARK 31. If 0 - C7; — --- = C;, — 0 is a complex of a-modules with odd differentials,
the Euler characteristic of this complex is defined as the element Zle[C’i] in the reduced
Grothendieck group. If H; denotes the ith cohomology group, then

k k
> (G =) [Hi]
i=1 i=1
The absence of the usual sign follows from the relation [IIM]= —[M] and the fact that

the differentials are odd. For example, for an acyclic complex 0 — X — IIX — 0 the Euler
characteristic is zero.

Let a = gl(m|n) and suppose rankx = k. Then a, = gl(m — kln — k). Let O::L’ﬁl be the
category whose objects are direct limits of objects in O,,),,. Then by [7, Lemma 5.2] the
restriction of DS, to Oy, is a well-defined functor

DS, : Om|n - O:gfkm—k
LEMMA 32. The functor DS, : OTZn‘n — (OTZn_k‘n_k)md commutes with translation functors.
Proof. Recall that U is the natural gl(m|n)-module. Since DS is a monoidal functor, we
have a canonical isomorphism
MeU), ~M,U,.

Moreover, a direct computation shows that U, is isomorphic to the natural gl(m — kln — k)-
module. We will use these observations to show that there is a canonical isomorphism

E;(My) ~ (E;(M)),. (3.10)
Recall the notations of Section 3.1. Define the homomorphism of gl(m|n)-modules
Winln : C = gl(m|n) ®@ gl(m|n), 1+ Z PE) X @Y.
We have DSy (Wmjn) = Wm—kjn—k- Consider the composition

1®wWm|n®1 v ®ly
—rr

Q.MU M @ gl(m|n) ® gl(mn) @ U —= M ®@ U,

where rpy : M ® gl(m|n) — M is the morphism of right action, and ly; : gl(m|n) ® U — U is the
morphism of left action. The morphism DS, () : M, ® U, — M, ® U, is defined in a similar
manner in the category of gl(m — k|n — k)-modules. Recall that

EM)={veMoU|(Q—-i)Nv=0 for some N > 0};
similarly
Ei(M,) ={ve M, @U,|(DS,(Q) —i)Nv =0 for some N > 0}.

This implies the existence of the isomorphism (3.10) as desired.
The proof for F; is similar. O

We are going to strengthen the result of [7] by proving the following proposition.

PROPOSITION 33. The restriction of DSy to Oy, is a well-defined functor

DS, : Om|n - Omfk|n7k-

To prove the proposition we first consider the case when k = 1.
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LEMMA 34. If k =1, then the restriction of DS, to O,,, is a well-defined functor
DS, : Om|n — Omfl\nfl-

Proof. By [7, Theorem 5.1] we may assume without loss of generality that z is a generator of
the root space gl(m|n), for some a = £(g; — d;). Moreover, we can choose a Borel subalgebra
b C gl(m|n) so that « is a simple root. Let M be an object in the category O,,,, and M"
denote the weight space of weight p. The set of all weights of M is denoted by supp M. Let
Tyt MF— M#F+ be the restriction of  as an operator on M. Then

M, = ®pcsupp MY where MFE =kerz,/x,_o(M*™).

Let us first check that all weight multiplicities of M, are finite with respect to the Cartan
subalgebra b, := kere; Nkerd; of g,. We have to show that for any v € b,

> dim M# < . (3.11)

pEsupp M,puly, =v

Note that dim M# # 0 implies (i, &) = 0, by sl(1]|1)-representation theory. If (1/, @) = 0 and
wlo, = t'lp,, then pp — ' € Ca. Denote by Ay the set of simple roots of b. Since M is an object
of Opyjn, M has a finite filtration by highest weight modules. Therefore it suffices to consider
the case when M is a highest weight module. Let A be the highest weight of M. Then every
i € supp M has the form \ — ZBeAS kg8 for some kg € Zx( satisfying ko, <1+ ZBEAs\a kg.
Therefore, for any p € supp M the set (u 4+ Ca) Nsupp M is finite. Hence, for any v € b the
set of yu € supp M such that u|y, = v and (u, @) = 0 is finite. Since all weight spaces of M are
finite dimensional, this implies (3.11).

To finish the proof we observe that Lemma 32 implies E;(M,,) = F;(M,) = 0 for almost all
i € Z. Now for each i € supp()\) , at least one of the E;, E;;1,F;,F;y1 does not annihilate
Ly, (N). Together this implies that the set Sy, of all weights A satisfying [M, : Ly, (A\)] # 0 is a
finite set. On the other hand, since M, has finite weight multiplicities, every simple constituent
occurs in M, with finite multiplicity. Hence M, has finite length. O

Proof. Now we prove Proposition 33 by induction on rank(z) = k. By [7, Theorem 5.1],
x is Bp-conjugate to x1 + - - + xp, where x; € gl(m|n),, for some linearly independent set
of mutually orthogonal odd roots S, ..., k. So without loss of generality we may suppose
that x =z 4+ -+ . Let y =21+ -+ 1. Choose hy € b, and h,, € b, such that
a(hy), a(hs,) € Z for all roots a of gl(m|n), [hy,y] =y, and [hs, , 2] = zx. Assume M € O,
and supp M € A+ @, where @ is the root lattice. Then adh, — A(h,) and ad hy, — A(hg,)
define a Z x Z-grading on M and the differentials y and xj form a bicomplex. Moreover, M,
is nothing but the cohomology @, H" (y + x, M) of the total complex.

Consider the second term

ESI(M) = HP (g, HY(y, M))

of the spectral sequence of this bicomplex. By the induction assumption M, € O, _jq1jn—k+1,
and in particular, H?(y, M) # 0 for finitely many ¢. The induction assumption implies that
HP(xy, HY(y, M)) € Oy, does not vanish for finitely many p. This yields @, , 5 (M) €
Om—kjn—k- Since @, H" (y + xx, M) is a subquotient of @, , E5/(M), we obtain

M, :@H"(y—i—xk,M) € Om—kjn—k- 0
Next note that the restriction of DS, to (’)?n In is a well-defined functor

YA 7
Om\n - Om—k|n—k"
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Since DS, is a well-defined functor from Oyzn‘n to O?ﬂ_k|7L_k we see that ds; : Ky, —
Ko _gjn—r is a well-defined group homomorphism.

LEmMmA 35. If x = 21 + -+ + x), with commuting x1, ...,z of rank 1, then on K, we
have the identity

dsy = dsg, o odsy,.

Proof. We retain the notation of the proof of Proposition 33. Clearly, it suffices to check
that

dsy = dsg, o dsy,

where y = x1 + -+ + x,_1. The Euler characteristic of the Fs-terms of the spectral sequence
from the proof of Proposition 33 remains unchanged for s > 2:

@E@%M)] _ @szw)] |

As the spectral sequence converges to [M,], we obtain

@Eg’q(M)] = [Ma] = ds,([M]). O

p.q

dsg, odsy([M]) =

For the category of finite-dimensional modules the above statement is proven in [13].

PROPOSITION 36. The complexification ds; : Ky, — Ky, _gjn—k is a homomorphism of
sl(oo)-modules, as is its restriction dsy : Jpjn — Jpm_gin—k to the sl(oc)-submodule J,,,, :=
Jm|n ®z C.

Proof. This follows from the fact that the Duflo-Serganova functor commutes with
translation functors, see Lemma 32. O

REMARK 37. Note that in [13] the ring J,,),, is denoted by Jg where G = GL(m/|n).

Let Xq = {x € a; : [z,2] = 0}, and let
Ba ={B CAiso | B={B1,...,Bk | (Bi; B;) =0, Bi # £B;}} (3.12)

be the set of subsets of linearly independent mutually orthogonal isotropic roots of a. Then
the orbits of the action of the adjoint group Gg of ag on X, are in one-to-one correspondence
with the orbits of the Weyl group W of ag on B, via the correspondence

B:{,Bl,...,ﬁk}b—)xzxgl—|—---—|—a:5k € Xq, (3.13)
where each g, € ag, is chosen to be nonzero [10, Theorem 4.2].

LEMMA 38. Let a = gl(m|n). Fix x € X, and set k = |B,|, where B, € B, corresponds to
x. The homomorphism ds; : Jyn — Jm—kn—k depends only on k, and not on .

Proof. This follows from the description of ds, given in [13, Theorem 10], using the fact that
supercharacters of finite-dimensional modules are invariant under the Weyl group W = S,,, X
Sy, of gl(m|n). If By, By € B with |B;| = |Ba|, then there exists w € W satisfying: 8 € w(By)
if and only if £8 € Bs. So if f € J,,), we have that

dsg, (f) = f|,6’},.“,ﬁé:0 =w(f) |w(g}),,__,w(g;):o =w(f) \,6%,...,,6,3:0 = f|6f,4..,6§:0 = dsu, (f)-

O
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Note that Lemma 38 does not hold if we replace Jp,), with K.

REMARK 39. Since the homomorphism ds; : Jy,1, — Jy—gjn—r does not depend on x, we
denote it by ds*, where |B,| = k, and we let ds := ds'.

Now we introduce a filtration of an sl(oo)-module M, whose layers are tensor modules.

DEFINITION 40. The tensor filtration of an sl(co)-module M is defined inductively by
tens” M := tens M :=T'y (M), tens’ M := p; ' (tens(M/(tens'~! M))),

where p; : M — M/(tens’~! M) is the natural projection.
We also use the notation tens'M = tens’ M/ tens~! M.

Note that tens M is the maximal tensor submodule of M.

EXAMPLE 41. The socle of Jy}; is isomorphic to the adjoint module of sl(c0), and ﬁlJm =
C @ C. Note that this is a special case of Example 21 in the case that £ has two infinite blocks.

Consider now the tensor filtration of Jy|;. This filtration also has length 2, tens Jy); = Aqy =
V ®V, and tens' J 11 = C. The module J;; admits a nice matrix realization. Indeed, we can
identify the sl(co)-module A4}; with the matrix realization of gl(co) (see Section 2.1), and then
extend it by the diagonal matrix D which has entries D;; =1 for ¢ > 1 and 0 elsewhere. The
action of sl(co) in this realization of J;|; is the adjoint action.

PROPOSITION 42. For each k, let ds® : Jmin = Jm—kjn—k be the homomorphism induced by
the Duflo-Serganova functor (see Remark 39). Set ¢t := 1 + min{m,n} and let M, := ker ds*.
Consider the filtration of sl(oco)-modules

t t t
M; CM; C--- CM;=Jpy.

Then M{ = A,,),, and M} | /M = A"~V @ A"~*V . This filtration is the tensor filtration
of Iy, that is, tens® 1 Jomjn = ker ds*.

Proof. In the proof we let m and n vary. It follows from [13, Theorems 17 and 20] that for
every m,n € Zxo the map ds : Jp, ), = Jy5,_1|n—1 is surjective and the kernel is spanned by the
classes of Kac modules. So we have an exact sequence of s[(co)-modules

0— Am|n — Jm|n d—s> Jm,1|n,1 — 0.
Thus, we obtain the following diagram of sl(co)-modules for each ! = |m — n|, in which the

horizontal arrows represent the map ds.

—»Mg—»Mi—»Mg—»M%—»M%

U U U U U
U U U U

U U U

U U

By induction we get Mj_ ,/Mj = MiF = Avn_kjn—k, and by [1], Apy_pjpp E A"V @
ARV, Hence, the first claim follows.
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For the second claim, suppose for sake of contradiction that for some k, the module
M;j_ ,/Mj, is not the maximal tensor submodule of J,,,,/Mj. By projecting to J, _pjn—k;
we obtain that M! is not the maximal tensor submodule of Jonjn, for some m,n. Since
M = A 2 AV ® A"V, is injective in the category T, [8], this implies that socJ,,,
is larger than soc M, which is a contradiction since soc Jm|n =50¢ A = Py O

In the rest of this subsection, we fix  to be a generator of the root space corresponding to
d; — €;. We denote by ds;; : K|, — Kpp—1p—1 the sl(co)-module homomorphism ds;.

PROPOSITION 43. We have

n ker dsij = Tm|n-

2%

Proof. It follows from [13] that ds;;[M] = 0if and only if e — €% divides the supercharacter
sch M of M. Hence, [M] lies in the intersection of kernels of all ds;; if and only if ], ;(e** — %)
divides sch M. This means that sch M is a linear combination of supercharacters induced from
the parabolic subalgebra gl(m|n)s @ gl(m|n);. Therefore, sch M is a linear combination of
supercharacters of Verma modules. O

PROPOSITION 44. We have tens K|, = T,,,,. Moreover, K,,,, has an exhausting tensor
filtration of length min(m,n) + 1.

Proof.  Obviously tensK,,, D T,,. Assume tensK,,,, # Tp,,. Then since T, is
injective in Ty the socle of tens K,,,|,, is larger than the socle of T, |,,, but this is a contradiction
since soc Ty, |, = soc K|, The second claim can be proven by induction on min(m,n), since

K5/ Ty is isomorphic to a submodule of K@m"‘ _, via the map @;;ds;;. O

3.5. Meaning of the socle filtration
Now we will define a filtration on the category Oan|n' For a gl(m|n)-module M, let

Xy = {33 S Xg[(m|n) |DSJ(M) 7é 0},

and let Xgr(m|n) be the subset of all elements in Xg(,,|,) of rank less than or equal to k.
We define [OTZR ]* to be the full subcategory of OZ
X C Xiimjny:
to be the full subcategory of Om‘ ,, consisting of all modules M such that

min consisting of all modules M such that

Note that [0}, ]* is not an abelian category. Furthermore, we define [O7, %

Xy Ngl(m|n)—1 C Xk

gl(m|n)*

Let K¥ min denote the complexification of the subgroup in K,,,, generated by the classes
and let (K*

m|n
Since both categories are invariant under the functors E; and F;, both Kfn n
sl(0o)-submodules of K,,/,,.

of modules lying in [O )_ be defined similarly for the category [OZ

and (Km‘n), are

m|n] ’

CONJECTURE 45. K’fn‘ = soc" 1 K, |, and (K* = tens* 1 K, ..

Here we prove a weaker statement. Recall that Om|n has block decomposition:
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where (Oﬁ‘ »)x is the subcategory of modules admitting generalized central character x. The
complexified reduced Grothendieck group of (OTann)X coincides with the weight subspace
(Kmjn)x- The degree of atypicality of x is defined in [10]. In [7] it is proven that (OZ, ), C

m|n

[OZ 1F if the degree of atypicality of x is not greater than k. Note that the degree of atypicality

m|n
of the highest weight x of the irreducible sl,.-module VX# is equal to m — |A| = n — |u| and
the degree of atypicality of any weight of VM# is not less than the degree of atypicality of the
highest weight. Combining this observation with the description of the socle filtration of K,,,,
we obtain the following.

PROPOSITION 46. sock+t! K,,» is the submodule in K,,|,, generated by weight vectors of
weights with degree of atypicality less or equal to k. Therefore we have sockt1 K. C K*

min’
Appendix

In this section, we prove the technical lemma used in Lemma 25, which in turn is needed for
the proof of Theorem 24.

Consider decompositions V= W; @ Wy and (V), = (W), ® (W), such that Wi =
(W), and W3 = (Wy),. Denote by s the subalgebra sI[(W1) of g. Let T,,,, = V¥ @ V&,
and let Y,,,, be the intersection with T,,, of the ideal generated by W @& (W), in the
tensor algebra T'(V @ V). Then T,,),, considered as an s-module admits the decomposition

LEMMA A.1. We have
(soc Tyn) N Y i C5Y o

Proof. Note that Y,,, is an object of 1~1’5 and
Y |n = m ker . (A1)
pEHom (Y 1y |n,C)
Let 7 denote a map from {1,...,m+n} to {1,2}. Denote by T7  the subspace of Ty,
spanned by v1 ® -+ @ Uy @ Upg1 @ -+ @ Uppn With v; € Wiy and u; € (W, (jy)«. Clearly,
Ress Ty = @ T

and we have an s-module isomorphism

T W{@”(” ® W?(m*p(ﬂ) ® (Wl>§q(7) ® (WQ)S?(”*‘I(T))’

min
where
p(r) = |r ()N {L,...,m}, q(r):=|7")Nn{m+1,...,m+n}.
Furthermore,
Y.n= P Taln-
p(T)+q(7)>0
Recall from [17, Theorem 2.1] that
soc Ty = ﬂ ker ®;;,

1<i<mm<j<m+n
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where ®;; is defined in (2.3). For r = 1,2, let @ZVT : Tojn = T—1jn—1 be defined by
Ul®"'®Um®um+1®"'®um+n’—><Uj,vi>wrv1®"'®@'®"'®vm®u7"+1
® QU O ® Unmn,

YWr is defined on homogeneous elements by

<Uj7 ’UZ‘>WT = {

Next, recall from [8] that Hom,(W” @ (W1)$? C) = 0 if p # ¢, and if p = ¢, is spanned by

compositions of contractions <I>1’J1 @Xgl for all possible permutations jq, ..., jp. Using (A.1)

we can conclude that sY7 —~=Y7  if p(7) # q(7), whereas if p = p(7) = q(7) we have

where (-,

<Uj,1}i> if ijvi S WT

0 otherwise.

W1 W1
sY],, = N ker @Y1 . W1
11,...,ip,j1,...,jp67'_1(1)
Observe that
Dy =0 + N2 (A.2)

We claim that if y = >y, € Yy, and ®45(y) = 0 for all 4,4, then y, € sT7, for all 7.
The statement is trivial for every 7 such that p(7) # q(7). Now we proceed to prove the claim
in the case p(7) = ¢(7) = p by induction on p.

Let p =1 and consider 7/ with p(7’) =1 = ¢(7'). Let ¢ < m and j > m be such that 7/(i) =
7'(j) = 1. Note that ®;;(y.) € (WS ' @ (W2)®"1) and for 7 75 7" we have ®; ;(y,) €
Y —1jn—1. Therefore, ®; ;(y,) = <I>W1( yr) = 0 and hence y,/ € 5T:n|n

Now consider y,s such that p(7') = p = q(7'). Let iy,...,i, < mand ji,...jp, > m such that
7/(i) = 7'(§) = 1. We would like to show that

w
(I)Zl ;1 q)zp j (yT ) = ¢Z.17_7.1 s ¢7:p7jp (yT/) = 0 (A'S)
Note that 7/ has the property
(I)ihjl s (I)ip,jp (yT’) € ng_p Y (W2)§n7p' (A4)

Suppose that 7” also has property (A.4). Then (7)71(1)cC (#/)~1(1), and if
iy gy @iy g, (Yrr) # 0, then 77(i) = 77(j,) for all r=1,...,p. For every such 7" # 7’
we have p(7") = q(7") ;=1 < p. Let {ir,,. - ir,Jryys---sdm} = (7")71(1). Then by induction
assumption y,» € sT:T;/‘n and hence

W, W,
(I)lrl Jry T ¢ir,7jr,

(Yr) = @i, gy - Piy gy (Yr) = 0.
But then

Piy i - iy, (Yr) =0,
which implies

Qi gy Diy g, (yr) = 0.

Now (A.3) follows, and this implies y, € sT7 . O
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