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Understanding the mechanism(s) by which nanoparticles
are formed is a challenging problem but one that can
provide valuable insight with respect to advanced materials
design. Models to describe such nanoparticle formation remain
somewhat controversial. In 1997, Finke and Watzky
proposed,’ and subsequently have published extensively (e.g.,
refs 2—8), a mechanistic model for nanoparticle formation
kinetics that is based on the conception of continuous
nucleation followed by autocatalytic surface growth. This F-
W model describes microsteps,

ky
A->B (nucleation)

k
A+B32B (autocatalytic surface growth)

Solving the corresponding differential equations, they
propose:

=4 (Al
2

[A]t = kl
1+ oAl exP((kl + kz[A]o)t) (1)

In the original1 and subsequent works,”™® the authors
strongly contrast their nucleation and autocatalytic growth
model against the earlier model proposed by LaMer, which
proposes burst nucleation followed by 3-dimensional growth
that is limited by diffusion” and with the phase-boundary
controlled KJMA model of phase transformations.'*~"* Finke
et al. rightly challenge the application of equilibrium concepts
of classical nucleation theory to describe nanoparticle growth,
and the ill-defined parameters of the KJMA model. (A
correction to the KJMA model, by which all parameters are
physically identified, the M-KJMA model, has subsequently
been develoEed and evaluated both experimentally'>'® and by
simulation."” This corrected model yields the intrinsic rate
constant, the velocity of the phase boundary, v,,.) The F-W
model, however, fails to address the impact of particle size,
which is the fundamental basis for the sigmoidal kinetic effect
they propose to be autocatalytic surface growth; ie., the
surface area of a sphere, for example, increases proportional to
the square of its radius. Furthermore, as will be shown below,
by treating nucleation and growth as parallel, rather than as
serial processes, the k; and k, rate constants of the F-W model
do not describe the unique processes.

Recently, Szabd and Lente reported a variant of the F-W
model describing both nucleation and growth steps as second
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order reactions, 2C; 5 C, (nuc) followed by C, + C, g Ci1
(growth), which result in a distinct set of differential
equations.'® Notably, they similarly consider the serial
processes of nucleation and growth to be both continuous
and parallel processes. In this present work detailed challenges
to the F-W model are discussed, but the same issues arise with
Szabo and Lente’s consideration of k, and k,.

In defense of their F-W model,'~® they argue that the model
was developed using an Occam’s razor-based approach to
mechanistic science which seeks the most minimal model to
fully describe a system. Further they indicate their model was
tested by “disproof”, by which other models are considered and
ruled out. Herein, they suggest, “The only even conceivable
explanation [of the sigmoid kinetics] that we could come up
with is summarized by the question: could a particle-size
dependence alone give rise to the sigmoidal curves seen?” They
go on to argue, “first and foremost, it is both physically and
mathematically unreasonable that the analytic function... which
was derived from autocatalysis as the growth pathway and
which fits the sigmoidal curves quantitatively can simulta-
neously be the correct analytic function, and at all time values,
for both autocatalysis and, separately but simultaneously, for
the putative particle-size explanation.”’

Notably, the impact of particle size was not directly tested
with respect to their proposed model of nucleation and
autocatalytic growth. And further, if particle size can account
for the sigmoidal kinetic curves, then precisely the same logic
could be used to rule out their proposed model.

A simple set of simulations of particle size and nucleation
rate effects is described below, which clearly demonstrate that
the k, and k, parameters derived from fitting to the F-W
model, while appropriately fitting the sigmoidal shape of the
kinetic curves, do not correspond to the actual rates of
nucleation and growth.

This simplistic simulation cannot be directly tested against
the LaMer equation, eq 2,” because no explicit solvent/particle
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system with corresponding density, solubility, or diffusion
characteristics is defined.

2D ,

ey =c - cen®® -
dt ('x ) - [Css Cs(t)] p h3 X

2)
where x is the radius of the particle, C is the concentration of
the super saturated solution, C,(t) is the concentration of the
monomer above the saturation concentration at time t, D is the
diffusion coefficient, p is the bulk density of the forming
particle, and h is a limiting spherical solvent volume out of
which the particle can grow.

However, this simple simulation can be tested against the M-
KJMA model, eqs 3 and 4,"°~"" which explicitly considers
particle size and reasonably reproduces the nucleation time
and growth rate, thus providing a contrast to the F-W model.

a(t) =1 — exp{—[ky(t — t))I"} ()

_ %

ka

v
8T @
where a(t) is the fraction of the sample transformed at time ¢,
k, is the KJMA rate constant, f; is the time of initial nucleation,
and the exponent n includes the dimensionality of the growth
(1 to 3) plus the probability of nucleation (a value less clearly
defined). Equation 4 modifies the classical KJMA rate
expression'*"'* to yield the intrinsic growth rate constant,
the velocity of the phase boundary, v}, where V is the volume
of the sample, i is the number of initial nuclei, and g is a shape
factor corresponding to the habit of particle growth.'”™"” For

1/3
this simulation of spherical particle growth, g = (4%) . Note

that the v, (units of distance/time) of the M-KJMA
expression can be related to a mass/area-time rate by
multiplying the v, by the density of the material.

Consider a sample of monomers, A, that grow into particles,
B. The particle growth must start at some point in time,
defined as its nucleation time, f,. After the sample nucleates, let
the simulated particle(s) grow at a rate described by the rate
constant k,, with units of distance (or amount of material) per
time. In this simulation, simple spherical particle growth is
assumed such that

B = 4/3x(k,(t — t,))’ (s)
where B is the volume of the particle or, if scaled by density, is
the amount of material making up the particle. The total
amount of material condensation may form many small
particles or a single large particle, both scenarios being limited
by the starting amount of A in the system. For this simple
simulation, particles grow according to eq S until all material is
consumed.

In a real system, termination effects must be considered at
late stages of the reaction, caused either by a depletion in the
concentration of A for materials growing out of solution or by
impingement with other particles or the container walls for
growth out of a condensed phase. Such termination effects are
responsible for the sigmoidal shape at the end of the reaction.

To model termination effects, consider the simplest model
of a sphere growing inside of a cubic volume. Initially the
sphere will grow unimpinged (or in the fast diffusion limit with
highest concentration of A). When the sphere meets the box
edge, impingement sets in, at 52% transformation. The
transformation is slowed as the final material is consumed.
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Such a simulated transformation is plotted in Figure 1, with
two different growth rates, k, = 0.02 distance/time (blue) and
0.04 distance/time (red).
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Figure 1. Normalized particle growth as a function of time of a single
spherical particle growing into a cubic volume (eq 5, k, = 0.02 (blue)
and 0.04 (red) distance/time; t, = 0 time). Solid lines represent fits to
the entire transformation using the F-W model.

Each simulation is then fit with the F-W model, eq 1, shown
as the solid line curves in Figure 1, and by the M-KJMA model,
eq 3 (Supporting Information Figure S1). The F-W and M-
KJMA curves are essentially equivalent. The F-W parameters
k, and k, and M-KJMA parameters k, and n (f, = 0), for each
scenario, are given in Table 1.

Table 1. F-W Rate Constants and M-KJMA Parameters with
ty = 0 for Simulated Growth of a Single Spherical Particle
within a Restricted Cubic Volume at Two Growth Rates, k

5
(distance/time)
sim. F-W M-KJMA
K, 5 5 Py p v
0.02 6.80 x 107* 0.241 0.0374 3.98 0.023
0.04 1.34 x 1073 0.485 0.0749 4.00 0.046

It is important to note that for any individual particle there
will be a single nucleating event which is followed by growth
(secondary growth such as Ostwald ripening is ignored for this
simple model). Given this, the significance of a nucleation rate
constant, k;, for an instantaneously nucleated single particle
scenario is unclear. Furthermore, to fit this simulated data with
the F-W model, both k, and k, rate constants double, whereas
in the simulation only the explicitly defined growth rate
constant k, doubled. Thus, it is clear that k; and k, do not
differentiate between nucleation and growth.

By contrast, the M-KJMA model fits the time dependent
transformation data equally well (Supporting Information
Figure S1). However, using eq 4 to correct the k, to the Vpby
the M-KJMA model very nearly returns the simulation’s
explicitly defined k,. The error between k, and vy, is notably
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reduced if only the initial rate of the transformation is fit, a
standard practice since termination effects are modeled poorly.

A slightly more complex simulation can be used to evaluate
the effects of the formation of multiple nuclei and their
formation at different rates, i.e., burst vs continuous nucleation.
For these simulations, growth of each particle is allowed to
proceed until all material is consumed, resulting in an abrupt
termination, rather than trying to model more complex
termination behavior that would result from nutrient depletion
or sample impingement. Thus, the data is only fit to the first
50% of the transformation where termination effects should be
minimal. Again the simulated transformation is fit with the F-
W and M-KJMA models to evaluate the relevance of the
parameters and thus the efficacy of the models.

The normalized transformation of the growth units into
spherical particle(s) as a function of time according to eq S,
using a growth rate constant of k, = 0.02 (distance/time), is
shown in Figure 2 for four different nucleation scenarios. The
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Figure 2. Spherical particle growth (eq S, k, = 0.02 distance/ time) of
one (blue) or five (green) particles nucleated in a burst or at
continuous formation of five nuclei at rates of one nuclei/time step
(red) and one nuclei/three time steps (yellow). Solid lines represent
fits of the first 50% of growth using the F-W model.

blue curve represents the particle growth based on a single
nucleation event while the green curve represents particle
formation based on a burst of five nucleation events occurring
at t = 0. The red and yellow curves represent continuous
nucleation of five independent particles, the first nucleating at ¢
= 0, but subsequent nuclei being formed at continuous rates of
one nucleus per time step or one nucleus per every three time
steps, respectively. Each scenario yields a sigmoidal growth
curve but significantly different apparent rates of sample
transformation. The presence of more nuclei, even with a
constant particle growth rate, will result in a faster sample
transformation.

The simulated particle growth scenarios, fit to 50%
transformation, are each equally well described by the F-W
model, shown as the solid line curves in Figure 2, and by the
M-KJMA model (Supporting Information Figure S2). The F-
W parameters k; and k, and M-KJMA parameters k, and n (t,
= 0), for each of these scenarios, is given in Table 2.

While the instantaneous single and burst of five nuclei
simulations exhibit faster “nucleation” k; parameters than are
observed for the simulations of continuous nucleation and the
k, parameter is diminished between the 1 nucleus/(time step)
and 1 nucleus/(3 time steps) rates, there is no apparent
correlation between the rate constants and the actual
nucleation rates defined in the simulation. Notably the k,
growth rate constants do not resemble the common growth
rate that was explicitly defined in the simulation for all
scenarios. Instead k, is in some way responsive to the
nucleation scenarios, ie., larger for a greater number of
particles, and thus is not a unique growth rate constant.

By contrast, when fit with the M-KJMA model, correcting
the k, rate constant for the single nucleus model by the
geometric factor, g = (;)1/3, returns the v, = 0.022
distance/time, very close to the explicit simulation value of
0.02 distance/time. The M-KJMA fit to the scenario with a
burst of S nuclei yields a k, rate constant that is (i/V)'3 =
(5)!73 times larger than that for the single nucleus scenario.
The M-KJMA model does not explicitly yield a nucleation rate;
however, continuous nucleation, as opposed to burst
nucleation, is reflected in an increased value of the exponent
n. Furthermore, the ratio of k, for the continuous nucleation
scenarios to that of the single nucleation scenario yields the
average value of i, summarized in Table 2, with which k, can
be corrected to v,

An additional set of simulations test the efficacy of the F-W
model to address reactions in which an induction time occurs
before the onset of nucleation. We regularly observe such
behavior in melt crystallization reactions (i.e., long periods at a
supercooled state before nucleation and growth commences),
and others have observed induction times in nanoparticle
syntheses.”"”

Herein, a simulation is constructed whereby the above
model of continuous nucleation of five nuclei at a rate of one
nucleus per time step is modified by delaying the onset of
nucleation by 5, 10, and 15 time steps. Again, particles are
allowed to grow according to eq S, with k, = 0.02 distance/
time, until all material is consumed; i.e., the simulation model
does not include any impingement or depleted-concentration
termination effects. The normalized transformation of the
growth units into particles as a function of time under these
conditions is shown in Figure 3. Rate parameters extracted by
fitting the first 50% of the simulated data to the F-W (Figure

Table 2. F-W Rate Constants and M-KJMA Parameters with ¢, = 0, for Simulated Spherical Particle Growth with k, = 0.02

Distance/Time and Variable Nucleation Scenarios

E-W M-KJMA
ky k, ka Vob n i

single nucleus 1.14 X 1073 0.211 0.036 0.022 3.47 1

burst 5 nuclei 1.94 x 1073 0.360 0.062 0.022 3.48 S

1 nucleus/time step 1.01 x 1073 0.359 0.056 -- 4.01 3.7

S nuclei/3 time steps 6.67 x 107* 0.321 0.047 -- 4.27 2.3
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3) and M-KJMA models (Supporting Information Figure S3)
are given in Table 3.

1 -
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Figure 3. Spherical Particle Growth (eq 5, k, = 0.02 distance/time)
with continuous formation of five nuclei at a rate of one nuclei/time
step with induction times of 0 (blue), S (red), 10 (yellow), and 1S
(green) time steps. Solid lines represent fits of the first 0% of growth
using the F-W model.

Table 3. F-W Rate Constants and M-KJMA Parameters with
n Fixed to 4.01, for Simulated Spherical Particle Growth
with k, = 0.02 Distance/Time and Nucleation Rates of One
Nucleus per Time Step for Five Nuclei, but with Induction
Times of 0, 5, 10, and 15 Time Steps

F-W M-KJMA

induction time ky k, ka to
0 1.01 x 1073 0.360 0.055 —-0.1
5 1.50 x 107 0.366 0.055 49
10 235 % 107° 0.368 0.055 9.9
15 3.18 X 107¢ 0.374 0.055 14.9

The two-step F-W model has no provision for an actual
induction time, instead suggesting that nucleation begins at the
onset of the reaction. Later F-W models impute a four-step
model that accounts for some induction time effects.” The
induction time of this simulation, however, is sufficiently fit
with the 2-step model such that the 4-step model would
unlikely be utilized. More recently Bentea, Watzky, and Finke
identified a t; 4,0, parameter, as well as ¢, and ¢, parameters,
to distinguish the lag, growth, and plateau phases of the
reaction by evaluation of the first through third derivatives of
the 2-step F-W model.”

Before considering the recently introduced F-W 4, ction fmaw
and t, parameters,” it is important to note that the k; and k,
parameters from fitting to the two-step F-W model, eq 1, show
that delaying the onset of nucleation by some specific time,
here 0 to 15 time steps, results in a k; nucleation rate constant
that is slowed by almost 3 orders of magnitude even though
the explicit rate of nucleation defined in the simulation is
equivalent for all scenarios. The actual induction time has a
minimal impact on the k, parameter, albeit a slight acceleration
in the growth rate constant is implied for the simulations with
increasing induction time.

When fitting the simulations with the M-KJMA model to
extract the k, and ¢, parameters, the parameter n was fixed to
the value 4.01 obtained from the above zero-induction time
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scenario. Because the three parameters ky, 1, and ¢, are highly
correlated in the KJMA model, it is unwise to ever fit more
than two parameters; n can even be fixed to 3 based on an
external observation of isotropic 1particle shape, and reasonable
parameters will still be obtained.'” Again, the sigmoidal curves
produced by the M-KJMA model are equivalent to those
produced by the F-W model, with only minor variation in the
termination region. Notably, no variation in the k, rate
constant is observed for the variable induction time scenarios,
and the fit ¢, value accurately represents the values explicitly
defined in the simulation. Correcting the k, value with the
spherical growth factor, g, and the average i = 3.7 for this set of
nucleation/growth conditions (see Table 2) returns Vpp =
0.022 distance/time, effectively reproducing the rate explicitly
defined in the simulation of 0.02 distance/time.

‘What then is the significance of the F-W & 3. tion fmap and £,
parameters? Do these identified points correspond to physical
features that can be identified from a simulation? To test this,
the first through third derivatives, d"a/dt", where a is the
fraction of the sample transformed, for the simulation of the
spherical particle growing in a cubic box as described above for
Figure 1 and Table 1, with #, = 0 time and k, = 0.02 distance/
time, are evaluated using a Savitzky—Golay method.”® These
are plotted in Figure 4.

The t,,,, is the maximum da/dt and where d’a/d?* = 0,
shown as the blue dashed line in Figure 4. Notably, this point
is exactly equivalent to the point in the simulation where the
growing spherical particle meets the edge of the confinement
box. Beyond this point, growth is impinged by the edges of the
box. (The analogue to this condensed-phase growth model for
solution reactions would be a point at which the concentration
of reactant A is depleted such that there is a greater
concentration of B surface reactant sites than available reactant
A.) Thus, t,,,, identifies the end of unrestricted particle growth.

By contrast, the F-W £ 3.0 identified as the maximum of
d’a/df? and the first point where dPa/df =0 (red dashed line
in Figure 4), corresponds to no physical feature of the
simulated particle growth. This point is fully within the region
of unrestricted growth and has no relationship to any actual
induction time that may precede nucleation at t;. Shifting the
actual induction time, as was done for the simulations shown in
Figure 3, simply shifts the F-W # 4,40, Dy the amount of the
actual induction time but still places the F-W £, 4o, fully with
the region of unimpeded particle growth.

The point identified as ¢, is the minimum for d*a/df* and
the second point where d*a/df’ = 0 (red dotted line in Figure
4). Like t,4uctions £» corresponds to no physical feature of the
particle growth. In this simulation, the ¢, point happens to be
close to the onset of the secondary impingement of growth,
where, in the final stages of the reaction, the nearly tetrahedral
corners of the cube are the last vestiges of the sample that can
grow (green dashed line in Figure 4).

Notably, while the F-W ¢, parameter corresponds to the
physical point of the onset of restricted growth but the F-W
tinduction @nd t, parameters correspond to no physical features,
all three parameters are a reflection of the relative regions of
unrestricted vs restricted growth. With otherwise equivalent
nucleation and growth parameters, t, and kg of eq 5, the F-W
tmaw finductions and £, parameters’ will change if the boundary
conditions or location of nucleation within the box change.
Thus, while the # 4uction fmaw and t, parameters may provide
useful information about the overall reaction conditions, they
provide no information directly pertaining to particle growth.
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Figure 4. (a) Normalized particle growth, @, as a function of time of a
single spherical particle growing into a cubic volume (eq S, k, = 0.02
distance/time; t, = 0). (b) da/dt, (c) d*a/df, and (d) d*a/df’. The
F-W t4uction and t, parameters are represented by red dashed and
dotted lines, respectively. The t,,,,, which is also the point of initial
growth impingement, is represented by the blue dashed line, and the
point of secondary impingement is represented by the green dashed
line.

The simple simulations reported above demonstrate that the
F-W model(s),' ™ while accurately fitting sigmoidal kinetic
growth curves, do not accurately describe nucleation or
growth. By failing to account for the particle size, the number
of nucleation events, and/or the possibility of an actual
induction time, inaccurate physical conclusions likely will be
drawn based on a F-W analysis.

The simulations here show the M-KJMA model to return
the actual particle growth rate with reasonable accuracy and to
identify the existence of any actual induction time. However, it
is important to note that this set of simulations and analysis in
no way seeks to imply that the M-KJMA model is the accurate
model for nanoparticle growth. Most importantly, that model
does not begin to address ligand or solvent termination effects.
Nevertheless, the M-KJMA analysis demonstrates clearly that
any model of actual particle growth must include particle size,
nucleation frequency, and initial nucleation time parameters.

James D. Martin ® orcid.org/0000-0001-7414-2683
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