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Packing procedure is the mechanical process of forming a packing of soil particles, such as funnel pouring,
tamping, rodding, pluviation, compaction, vibration, compression, etc. For a sand-silt mixture, packing procedure
and particle shape have significant effects on the density of the binary mixture. However, these two factors have
not been considered in most of the existing particle packing density models. Thus, the existing particle packing
density models are not applicable to sand-silt mixtures. In this paper, we aim to study the packing procedure
and particle shape effects on density of binary mixtures. We firstly define a packing potential index, which is a
measure of volume reduction potential due to mixing of two components of a binary mixture system under a
packing procedure. To understand the nature of packing potential index, we compare the packing potential indi-
ces of 24 different types of mixtures collected from the literature; the 24 types of mixtures were formed by two
different types of packing procedure (i.e., for achievingminimum andmaximum void ratios). It is found that the
packing potential index is nearly independent of packing procedure but significantly dependent on the com-
pound particle shapes of a mixture. Then, we mathematically link the packing potential index to the particle in-
teraction parameters used in the particle packing densitymodels. Andwe analyze the data to discuss the effect of
packing procedure on the void ratios of sand-silt mixtures. We then propose an approach within the framework
of particle packing density model to predict the void ratios of sand-silt mixtures under different packing proce-
dures with the consideration of particle shape effect.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

The paper is motivated by problems of silty sand from soil mechan-
ics, in which, the variable of void ratio, instead of packing density, is
commonly used. The void ratio e can be related to the packing density
ϕ by: ϕ ¼ 1

1þe or e ¼ 1=ϕð Þ−1
There are several analytical models to study the void ratios of binary

particle mixtures in many branches of industry, such as ceramics pro-
cessing [1], powder metallurgy [2], and concrete mixes [3]. Among
these models, the most popular ones are based on the hypothesis of
two mechanisms of particle arrangements [4,5]: (i) the filling mecha-
nism of the fine particles filling into voids among coarse particles; (ii)
the embedmentmechanismof coarse particles occupying solid volumes
in place of porous bulk volumes of the fine particles. The filling mecha-
nism occurs for mixtures with low fines contents; and the embedment
mechanism occurs for mixtures with high fines contents. In these two
mechanisms, the models did not consider particle interactions that
cause packing disturbance; thus, the models only provide good esti-
mates of lower bound solutions.

Thesemodels were then evolved to consider the effect of particle in-
teraction. During filling of fine particles, loosening of the coarse particle
network may occur when fine particles are pushed into the voids
among coarse particles. On the other hand, during embedment of coarse
particles, disrupting the packing of fine particles may occur at the wall-
like boundaries of coarse particles. The packing model introduced by
Powers [3] considers the loosening effect. The packing models devel-
oped by Aïm and Goff [6] and Toufar et al. [7] account for thewall effect.
The packing models developed by Yu et al. [8], Goltermann et al. [9],
Stovall et al. [10], De Larrard [11], Dewar [12], and Kwan et al. [13]
take into account of both the loosening and wall effects.

The loosening andwall effects have been found to be significantly af-
fected by particle size ratio r (i.e., ratio of fine to coarse particle sizes)
[14]. Thus, the effects are expressed as particle interaction functions de-
pendent on the particle size ratio. The two parameters (a and b) in the
particle interaction functions were obtained by regression analysis of
experimental results on packing densities for mixtures with different
size ratios. The interaction functions derived in the models by Yu et al.
[8], de Larrard [11], and Kwan [13] have different forms.

It is obvious that the loosening and wall effects can be affected by
other factors of particle morphology, such as particle shape, roundness
and surface texture roughness. Among several aspects of morphology,
the particle shape has been considered in the model by Yu et al. [8],
however, the particle shape considered was simple idealized
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nonspherical shape (e.g., cylinders, disks). For most material, the
particle morphology is complex and difficult to be measured quanti-
tatively. Hence, from either a theoretical or a practical point of view,
the complex particle morphology cannot be considered in the model
in a fully satisfied manner. And most currently available models do
not consider factors of particle morphology. Because of this limita-
tion in models, the evaluation of several models by Jones [15] indi-
cated that each of these models is applicable only to a certain type
of industrial material. Also indicated by Chang et al. [16], due to a
large span of size and shape differences, the parameters used in
these models are not suitable for sand-silt mixtures.

Furthermore, the complexity involves not only particle morphol-
ogy, but also the packing procedure (i.e., method of mixing, place-
ment and compaction), by which the binary packing is physically
formed. The factor of packing procedure is not addressed in most bi-
nary packing models. de Larrard [11] developed the “compressible
packing model” (CPM) by introducing the compaction index K,
which is assumed to be related to the applied compaction effort,
thus is dependent on the packing procedure. The value of K is an em-
pirical parameter varying from 4 to 9 suggested for pouring, rodding,
vibration and compression, and is also varying with grain shape
(round & crushed) [11]. He proposed a method to convert the virtual
packing density to the actual packing density through the compac-
tion index. But the CPM is not suitable for geotechnical materials
such as silty sand [16].

In geotechnical engineering, minimum and maximum void ratios
(emax and emin), which represent the densest and loosest states of a
soil mixture, are widely applied in earthwork design and planning.
The packing procedures of achieving emax and emin are very different.
Thus, to understand the effect of the packing procedures on the density
of mixtures is important in geotechnical engineering.

In this paper, we aim to study the effects of particle shape and pack-
ing procedure on densities of binary mixtures. We firstly define a pack-
ing potential index, the value of which is a number between 0 and 1.
This index is a measure of void reduction potential due to mixing of
two components of a binary mixture under a packing procedure. To
study how the packing potential index may vary with the type of mix-
tures and with the type of packing procedure, we compare the packing
potential indices for 24 systems of soil mixtures collected from the liter-
ature; the 24 systems of mixtures were formed under two different
types of packing procedure (i.e., for achievingminimum andmaximum
void ratios).

Then, we mathematically derive the relationship between the pack-
ing potential index and the particle interaction parameters, and analyze
the data to discuss the effect of packing procedure on void ratio of mix-
tures. Finally, we discuss an approach, under the framework of particle
packing model, for predicting void ratio (emax and emin) of a mixture
under different packing procedures with the consideration of particle
shape effect.

2. Packing potential index

Consider a binary packing mixture composed of 2 groups of parti-
cles. The particle sizes for the two groups are denoted by d1 and d2, re-
spectively (note that d1 ≥ d2). The solid volume fractions of the two
groups of particles are denoted by y1 and y2, respectively (note that
y1 + y2 = 1).

We aim to determine the void ratio e of a binary soil mixture based
on the monodisperse void ratios of the two components (e1 and e2).
Note that the void ratios, e, e1 and e2, are measured from three packings
formed by the same packing procedure.

The void ratio e of a binary soil mixture is between the upper bound
and lower bound void ratios, which can be constructed by themonodis-
perse void ratios of the two components (e1 and e2). The upper bound
void ratio, eU, is hypothesized to be the Voigt average of the monodis-
perse void ratios, given by

eU ¼ e1y1 þ e2y2 ð1Þ

The upper bound is plotted as line AB in Fig. 1, in which the fines
content, fc = y2.

In contrast, the lower bound void ratio, eL, is derived by assuming
that the two groups of particles in the mixture have no interactions
[4,5]. There are two scenarios: (1) every fine particle exists only in the
void space between coarse particles (i.e., in the coarse particle dominant
region), which is shown as line AC in Fig. 1, or (2) every coarse particle is
fully dispersed in the matrix of fine particles (i.e., in the fine particle
dominant region), which is shown as line CB in Fig. 1. The equations
for AC and CB are given respectively by.

eL ¼ e1− 1þ e1ð Þy2; eL ¼ e2y2 ð2Þ

The slope of AC is -(1+ e1) and the slope of CB is e2 as shown in Fig. 1.
The line ACB is the lower bound.

For a system of mixtures (i.e., mixtures with the same two compo-
nents of various combinations), the void ratios of the binary mixtures
with various fc are between the upper and the lower bounds as the
curveADB shown in Fig. 1. For convenient,we define a packing potential
indexΩ as the ratio of area ADB to area ACB, which is amaterial descrip-
tor for a system of mixtures. This index is a measure of volume reduc-
tion potential due to mixing of two components of a binary mixture
system under a packing procedure, which is a simple scaler and can
be directly obtained from experimental data. Thus, it is convenient to
be used for studying the effect of particle shape and packing procedure.
The value of packing potential index Ω is between 0 and 1. The higher
value of Ω indicates a higher potential of volume reduction of the
mixtures.

For the case of e1 = e2, the monodisperse void ratio is same for both
components and is the upper bound. Under the same packing proce-
dure, the binary mixtures, for all fines content, can generally be packed
to a denser packing than themonodisperse packing. The packing poten-
tial index Ω indicates roughly how much denser the binary mixtures
can be effectively achieved compared to the monodisperse packing.
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Fig. 1. Upper and lower bounds of void ratios of a system of mixtures under a packing
procedure.
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The purpose of a packing density model is to predict the void ratio e
of a binary mixture based on the values e1 and e2 of the monodisperse
packings. Thus, it is important to study various factors that affect the
packing potential index.

3. Factors affect packing potential index

3.1. Effect of particle morphology

The packing potential index is significantly affected by particle size
ratio r (i.e., r = d2/d1, the particle size of fine particles divided by the
particle size of coarse particles) as indicated in the test results of spher-
ical steel shots by McGeary [14] and in the test results of spherical glass
beads by Kwan et al. [13], as shown in Fig. 2a and Fig. 2b. Steel shots and
glass beads are round particles. The particle size range is from 0.16 mm
to 3.14 mm for steel shots, and from 1.43 mm to 15.73 mm for glass
beads. The packing potential indices are plotted for mixtures with vari-
ous size ratio in Fig. 2c. The size ratio of fine particles to coarse particles
ranges from 0.05 to 0.75. For binarymixtureswith small size ratios (d1>
> d2), the packing potential indices are nearly 1, meaning that themix-
ture is more capable of specific volume reduction and can be packed ap-
proaching the lower bound solution. Whereas, for mixtures with large
size ratios (d1 ≈ d2), the packing potential indices are nearly zero, and
the void ratios of the mixtures can be achieved approaching to the
upper bound.

It is noted that, for a binary mixture of steel shots or of glass beads,
the mixture is composed of two groups of mono-sized particles. How-
ever, for silty-sand, the two groups of particles are not mono-sized.
The sand particles are relatively uniform, but the silt particles usually
have a wider range of sizes. Thus, the sand-silt mixture is a deviation
from the standard meaning of binary mixtures defined in particle

packing models. However, in this study, we have neglected this factor
because the grain size distribution of silt is seldom measured in geo-
technical practice, and the information on measured void ratios of
mono- sized silt is not available in the literature. The mean particle
size for sand or silt is referred to as the particle size denoted by d1 or
d2 in this study.

Besides particle size ratio, it is reasonable to expect that particle
morphology is also a crucial factor that influences the packing potential
index. There are many aspects of particle morphology, which can be
generally expressed in terms of elongation ratio (i.e., aspect ratio),
roundness, sphericity, angularity and surface roughness [17,18]. At a
larger scale, the term “sphericity” is used to characterize the overall
shape of the granular particle by a measure of the degree of conformity
of particle shape to that of sphere circumscribing the particle [19]. At a
smaller scale, the term “roundness” defined by Wadell [20] is used to
describe the degree of sharpness of particle edges/corners. At an even
smaller scale, surface roughness [21] is used to describe the surface tex-
ture. There is no consensus on which descriptor is better to characterize
the particlemorphology, for example of the overall particle shape alone,
there are three measures: aspect ratio, sphericity, angularity, etc.

Although digital image analysis and computed tomography tech-
niques have been employed to quantitatively characterize the aggregate
morphology [22], in general practice, the morphology parameters are
often not measured in experiments. In most test results presented in
the literature, only qualitative descriptors of particle shapes (such as
round, angular, sub-angular, etc.) are provided.

Fig. 3 illustrates the measured void ratios and the calculated upper
and lower bounds for 3 systems of mixtures under the same packing
condition. The compound particle shapes are denoted as coarse particle
shape/ fine particle shape for the following 3 systems of mixtures: Steel
shots (round/round), Silica sand-silt (subangular/subangular), and
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Fig. 2. (a) Test results for steel shots reported by McGeary [14], (b) Test results for glass beads reported by Kwan et al. [13], (c) the effect of particle size ratio on packing potential index
obtained from test results on steel shots and glass beads.
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Fig. 3. The packing potential index for three systems of mixtures.
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Cambria-Nevada sand-silt (round/angular). Note that the particle size
ratios for these 3 systems of mixtures are nearly same, but the three
packing potential indices are different as shown in Fig. 3. The shapes
of coarse particles and fine particles are similar for steel shots and silica
sand-silt, whereas different for Cambria-Nevada sand-silt. Because of
the effect of particle shape the three packingpotential indices donot fol-
low the curves of sphere particles previously shown in Fig. 2c. Hence,
not only the particle shape of a single component but also the com-
pound particle shapes of two components have significant effect on
the packing potential index.

To further investigate the effect of particle shape, 13 sets of spherical
particles binary mixtures and 24 sets of sand-silt mixtures from the lit-
erature are collected (see Table 1) for studying the packing potential
index as a function of particle shape in a qualitativeway. The compound
particle shapes of the 37 systems of mixtures are classified into three
groups: round/round (R/R), angular/angular or subangular/subangular
(A/A, SA/SA), and round/ angular or round/subangular (R/A, R/SA).

The computed packing potential indices versus particle size ratio are
shown in Fig. 4 for the three groups of compound particle shapes.
Fig. 4 shows that the effect of particle shape is significant on the values
of packing potential index. As shown in Fig. 4, given a particle size ratio,
for binary mixtures composed of two similar shape components, the
packing potential index Ω of a R/R mixture is greater than that of a A/
A or SA/SA mixture. The packing potential index Ω of a mixture com-
posed of two different shape components is usual smaller than that of
a mixture composed of two similar shape components.

3.2. Effect of packing procedure

In geotechnical engineering, the loosest and densest density states
(i.e., maximum and minimum void ratios) of a soil are of interest. Sev-
eral packing procedures have been used for the two limiting void ratios,
such as moist tamping, vibratory table, customized sample preparation
method, or a combination of these methods. Among these processes,
two standards process specifications (ASTM) [30,31] are most com-
monly used, in which the loosest state (maximum void ratio) is
achieved by a process of funnel pouring, in which a funnel is used to
pour the dry material into a mould, and slowly turn the mould upside
down. Whereas, the densest state is achieved by vibration method
with a static weight. It is noted that, before either packing procedure
is applied, the particles are thoroughly mixed for all the fractions [32].

The three systems of mixtures (in Fig. 5) are used to examine the ef-
fect of packing procedure. Fig. 5a shows the void ratios of mixtures
achieved by “minimum void ratio” packing procedure, and Fig. 5b
shows the void ratios of mixtures achieved by “maximum void ratio”
packing procedures. The two different packing procedures have signifi-
cant effect not only on the void ratios ofmonodisperse packings but also
on the void ratios of binary mixture packings.

The packing potential indices are different for different systems of
mixtures as shown in Fig. 5: the packing potential index is high for the
silica sand-silt mixture, medium for the Ottawa sand-Nevada silt mix-
ture, and low for the Vietnammixture. However, it is interesting to ob-
serve that for each system of mixtures, the packing potential index is
nearly same between the two different procedures. Thus, the depen-
dence of the packing potential index on the packing procedure may be
very weak.

Table 1
List of material properties for 24 sets of binary soil mixtures.

Sand/silt mixture Ref. d1(mm) d2(mm) emin emax Particle shape (coarse) Particle shape (fine) p s

e1 e2 e1 e2

Ottawa 50/200-Nevada fines [23] 0.2 0.05 0.548 0.754 0.806 1.181 Angular Angular 2.8 1.8
Ottawa F95-Nevada fines [23] 0.16 0.05 0.58 0.754 0.868 1.179 Subround Angular 3.6 2.3
Nevada 50/200-Nevada fines [23] 0.14 0.04 0.57 0.754 0.878 1.181 Subangular Angular 3.5 2.5
Nevada 50/80-Nevada fines [24] 0.21 0.05 0.581 0.754 0.855 1.183 Subangular to Angular Subangular to Angular 3.5 1.6
Nevada 80/200-Nevada fines [24] 0.12 0.05 0.617 0.754 0.938 1.169 Subangular to angular Subangular to angular 3.8 2.2
Nevada 50/80 - Nevada80/200 + fines [24] 0.17 0.05 0.581 0.754 0.876 1.180 Subangular to angular Subangular to angular 3.3 2.3
Hokksund [25] 0.45 0.04 0.57 0.76 0.949 1.413 Sharp edges, cubical Angular, subangular 3.8 3.8
MGM [26] 0.12 0.01 0.755 1 1.247 2.740 Highly angular to subround Thin and plate-like 13 1.2
Vietnam [27] 0.37 0.16 0.552 0.583 0.703 0.755 Subangular Subangular 4 1.4
Cambria-Nevada fines [24] 1.5 0.05 0.538 0.754 0.765 1.176 Round Angular 10 3
Cambria-Nevada 50/80 [24] 1.5 0.21 0.538 0.581 0.765 0.854 Round Subangular 3 3
Cambria-Nevada 80/200 [24] 1.5 0.12 0.538 0.624 0.768 0.937 Round Angular 6.5 2.5
Nevada 50/80- Nevada 80/200 [24] 0.21 0.12 0.581 0.617 0.854 0.938 Subangular to angular Subangular to angular 2.4 1.9
Foundry sand/crushed silica fines [28] 0.25 0.01 0.608 0.627 0.8 2.1 Round to subround Angular 5.5 6
Silica#16-#18 #30-#50 [29] 1.08 0.4 0.633 0.644 0.970 1.048 Subangular Subangular 1.75 2.2
Silica#16-#18 #30-#80 [29] 1.08 0.42 0.633 0.59 0.970 0.996 Subangular Subangular 1.9 1.9
Silica#16-#18 #50-#80 [29] 1.08 0.26 0.633 0.696 0.970 1.114 Subangular Subangular 2.2 2
Silica#16-#18 #80-#100 [29] 1.08 0.17 0.633 0.682 0.97 1.121 Subangular Subangular 2.6 1.8
Silica#16-#18 #80-#120 [29] 1.08 0.14 0.633 0.697 0.97 1.124 Subangular Subangular 2.9 1.8
Silica#16-#18 #80-#200 [29] 1.08 0.1 0.633 0.651 0.97 1.084 Subangular Subangular 3.1 2.5
Silica#16-#18 #100-#120 [29] 1.08 0.14 0.633 0.697 0.97 1.125 Subangular Subangular 2.3 2
Silica#16-#18 #100-#200 [29] 1.08 0.1 0.633 0.668 0.97 1.084 Subangular Subangular 2.7 2
Silica#16-#18 #120-#200 [29] 1.08 0.1 0.633 0.682 0.970 1.115 Subangular Subangular 4.3 2.2
Silica#16-#18 #200-#400 [29] 1.08 0.06 0.633 0.7 0.97 1.091 Subangular Subangular 4 2
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To further examine the influence of packing procedure on the pack-
ingpotential index, the 24 systems ofmixtures listed in Table 1were an-
alyzed. The packing potential indices obtained from the “minimum void
ratio” packing procedure (Ωmin) are plotted in Fig. 6 versus the packing
potential index obtained from the “maximumvoid ratio”packingproce-
dure (Ωmax). The correlation between the two packing potential indices
is very strongwith a coefficient of determination R2= 0.91. Thus, based
on the results of the 24 systems ofmixtures, packing potential index has
a veryweakdependence on packing procedure. Consequently, thepack-
ing potential index can be treated as a material property, dependent
only on the system of mixtures.

It is interesting to note that packingprocedure has a significant influ-
ence on the packing density, but veryweak influence on the packing po-
tential index. That means, for a system ofmixtures, the upper and lower
bound densities are affected by the packing procedure, but the mixture
densities relative to the upper and lower bounds are not affected by the

packing procedure. This characteristic is helpful for modelling mixture
densities under different packing procedures.

4. Role of packing potential in particle packing model

Most particle packing density models available in the literature
[8,10,13,28] have the similar approach, which is a two-step process:
(1) develop upper bound and lower bound void ratios based on the
given monodisperse void ratios e1 and e2, for packings of coarse and
fine particles, and (2) determine the void ratio e of the mixture based
on the upper and lower bounds, using the particle interaction parame-
ters. Note that the packing potential is ameasure that represents the po-
sition of the void ratio e relative to the upper bound and lower bound.
Thus, the packing potential parameters and particle interaction param-
eters have the same physical meaning and the same purpose. In the
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following, we aim to find the relationship between the packing poten-
tial parameters and the particle interaction parameters.

4.1. Linear particle packing model

As defined previously in Fig. 1, the packing potential indexΩ is ama-
terial property for a system of mixtures (i.e., mixtures with the same
two components of various combinations). In order to reveal the effect
of fines content of each mixture, we define a packing potential parame-
ter ω for a mixture with specific fines content fc. Fig. 7a shows a data
point D, which represents a mixture with fines content fc, the packing
potential parameter ω is defined by

ω ¼ eU−e = eU−eL ð3Þ

The value of ω represents the position of the void ratio e relative
to the upper bound and lower bound void ratios (i.e. eUand eL). The
parameter ω is dependent on eUand eL,which are functions of fines
content, given in Eqs. (1) and (2). The area ratio Ω as shown in
Fig. 1 can be treated as the average of ω over the all range of fines
content fc.

Ω ¼
Z 1

0
ω f cð Þd f c ð4Þ

The void ratio e for the mixture in Eq. (3) can be expressed as

e ¼ eU−ω eU−eL ð5aÞ

It is noted that, in Fig. 7a, the upper bound is a straight line, but the
lower bound has two segments separated by the transitional fines con-
tent fc1 and the measured test results has two segments separated by
the transitional fines content fc2. The coarse particle dominant region
can be defined by fc < fc1 and the fine particle dominant region can be
defined by fc > fc2. The region in fc1 < fc < fc2 is considered as transition
zone. Thus, from Eqs. (1) and (2), the value of (eU − eL) is different for
the two dominant regions:

eU−eL ¼ 1þ e2ð Þy2 for f c < f c1 ð5bÞ

eU−eL ¼ e1y1 for f c > f c2 ð5cÞ

The value of ω for a mixture in the coarse particle dominant region
(fc < fc1) is different from for a mixture in the fine particle dominant re-
gion (fc > fc2). They are termed asωa andωb, respectively. Thus Eq. (5a)
becomes.

e ¼ e1y1 þ e2y2ð Þ−ωa 1þ e2ð Þy2 for f c < f c1 ð6aÞ

e ¼ e1y1 þ e2y2ð Þ−ωbe1y1 for f c > f c2 ð6bÞ

Ifωa andωb are two constants, Eqs. (6a) and (6b) represent two lin-
ear lines. Therefore, if we approximate the data by a bilinear line as
shown in Fig. 7a, then in the range of fc < fc1, ωa is a constant, and in
the range of fc > fc2, ωb is another constant as shown in Fig. 7b. In the
range of fc2 > f > fc1, ω is a transition value from ωa to ωb.

The ω calculated directly from experimental data reported by Lade
et al. [24] is shown as the symbol of circles in Fig. 7b. The ω calculated
from the bilinear line, is shown as the solid curve in Fig. 7b. In the coarse
particle dominant region, ωa is a constant of 0.39. In the fine particle
dominant region, ωb is a different constant of 0.65. In the transition
zone, ω varies from 0.39 to 0.65.

It is noted that Eqs. (6a) and (6b) have the similar form as the linear
particle packing density models (LPDM) [8–12,16]. These models con-
sider interaction parameters (i.e. the loosening parameter a and wall
parameter b), which always predicts a bilinear packing void ratio
curve for a binarymixture as shown in Fig. 7a. Comparedwith these lin-
ear packingmodels, the packing potential parameterωa corresponds to
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the loosening parameter, and parameterωb corresponds to the wall pa-
rameter. Precisely, the packing potential parameters can be related to
the particle interaction parameters by: ωa = 1 − a, and ωb = 1 − b.

These two parameters, as shown in the test results on glass beads
and steel shots (see Fig. 2a), are significantly dependent on the particle
size ratio r (i.e., ratio of fine to coarse particle sizes), which can be ob-
tained by regression analysis of the packing density experimental re-
sults for different mixtures.

The interaction functions derived by Yu et al. [8] for their two inter-
action parameters:

a ¼ 1− 1−rð Þ3:3−2:8r 1−rð Þ2:7 ð7aÞ

b ¼ 1− 1−rð Þ2−0:4r 1−rð Þ3:7 ð7bÞ

The interaction functions derived by de Larrard [11] for the interac-
tion parameters in CPM:

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 1−rð Þ1:02

q
ð8aÞ

b ¼ 1− 1−rð Þ1:5 ð8bÞ

4.2. Nonlinear particle packing model

Models that consider the loosening parameter a and wall parameter
b can be collectively classified as a 2-parameter model, which includes
most of the linear particle packing density models (LPDM) [8–12,16].
As shown in Fig. 7a, the bilinear curve does not fit well the data in the
range of fc between 25% and 40%. To correct this situation, three
methods have been developed.

One of the threemethods, proposed by Chang and Deng [34], can be
linked to the concept of packing potential. Chang and Deng [34,35] be-
lieved that the predicted bilinear line is caused by the oversimplified as-
sumption adopted in the LPDM. In LPDM, a packing of binary mixture is
assumed to be built by one of the following twomechanisms: for lower
content (coarse particle dominant region), fine particles are filled into
the pores between coarse particles; for higher fines content (fine parti-
cle dominant region), the coarse particles are embedded into the fine
particlematrix. In either case, only one type ofmechanism (either filling
or embedment) can occur for the binary mixture (see Eqs. 6a and 6b).

Opposite to the assumption adopted by LPDM, Chang and Deng [34]
assumed that both mechanisms can occur simultaneously in a packing
of mixture. Thus, the potential parameter ω is divided into two parts:
the filling potential parameterω1 and the embedment potential param-
eterω2. Consequently, the termω(eU − eL) in Eq. (5a) can be viewed as

a combination of two parts:ω1(1+ e2)y2 due to fine particles filled into
the packing mixture, and ω2e1y1 due to coarse particles embedded into
the packing mixture, thus

ω eU−eL ¼ ω1 1þ e2ð Þy2 þω2e1y1 ð9aÞ

Using Eqs. (9a) and (1), (5a) becomes

e ¼ e1y1 þ e2y2ð Þ−ω1 1þ e2ð Þy2−ω2e1y1 ð9bÞ

Eq. (9b) is in the same form as that proposed by Chang and Deng
[34], except ω1 and ω2 were expressed in symbols a and b. To facilitate
the notion of combined mechanism, they introduced a state parameter
x, and both the filling potential parameter ω1 and the embedment po-
tential parameter ω2 are functions of the state parameter x. Thus, the
void ratio of mixture is a function of the state parameter x:

e xð Þ ¼ e1y1 þ e2y2ð Þ−ω1 xð Þ 1þ e2ð Þy2−ω2 xð Þe1y1 ð10aÞ

The state parameter x can be regarded as the controlling size of the
packing (d1 ≥ x ≥ d2), which governs the magnitudes of packing poten-
tial parameters ω1 and ω2. Chang and Deng [34] showed that these
two parameters are functions of two size ratios (between particle
sizes and packing controlling size x), given by

ω1 xð Þ ¼ 1−d2=xð Þp ð10bÞ

ω2 xð Þ ¼ 1−x=d1ð Þs ð10cÞ

The size ratio d2/x governs the packing potential due to fillingmech-
anism and the size ratio x/d1 governs the packing potential due to em-
bedment mechanism. The exponents p and s are two parameters
corresponding to ω1 and ω2, respectively.

The state parameter x does not need to be known priori. According
to the second law of thermodynamics, for a system reaches equilibrium
at constant temperature and pressure, there is a natural tendency to
achieve a minimum of the Gibbs free energy (i.e., the thermodynamic
potential). Gibbs energy is proportional to the specific volume (related
to void ratio by (1 + e)/ρs, ρs is density of solid), which is an important
parameter for describing the system's thermodynamic equilibrium
state. By varying x, the specific volume alternates. The system reaches
equilibrium when the following equation is satisfied.

de xð Þ
dx

¼ 0 ð11Þ
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Thus, the solution of e(x) can be solved from the set of governing
Eqs. (10) and (11). This model requires only two parameters, p and s,
which can be calibrated from experimental results [34].

The second method proposed by Kwan et al. [13] introduced an ad-
ditional parameter (i.e. wedging effect parameter c). Thewedging effect
becomes significant when fine particles are enough to fill voids among
coarse particles (e.g. fc=25–40%). Thewedge effect is assumed to be re-
lated to the wedge parameter and proportional to the square of fines
content (i.e., cfc2). This assumption allows the predicted relationship be-
tween e and fc to be nonlinear so that themodel is capable of modelling
the nonlinear nature of data points as observed in Fig. 7a.

The interaction functions introduced by Kwan et al. [13] for the 3-
parameter packing model are as follows:

a ¼ 1− 1−rð Þ3:3−2:6r 1−rð Þ3:6 ð12aÞ

b ¼ 1− 1−rð Þ1:9−2r 1−rð Þ6 ð12bÞ

c ¼ 0:322 tanh 11:9rð Þ ð12cÞ
where a, b, and c refer to the loosening, wall, and wedging effects,
respectively.

The third method was proposed by de Larrard [11] who considered
that if a specimen is perfect compacted, a bilinear line would be
achieved, and the measured curved line is due to insufficient compac-
tion. To this end, he introduced a parameter (i.e., compaction index K).
As the value of K approaches to infinity, the mixture is considered as a
virtual packing being perfectly compacted. However, in real situations,
the value of K usually ranges in 4.5–15. He proposed a method of
converting from the density of a virtual packing to the density of a
real packing. Thus, the real packing void ratios converted from the bilin-
ear line through the variable K would give a curved shape. Themodel is
called the Compressible Packing Model (CPM). Recently, Roquier [33]
introduced a 4th parameter (i.e., critical cavity size) within the frame-
work of CPM.

Among the threemethods formodelling the nonlinear nature of data
points proposed byChang andDeng [34], Kwanet al. [13] and de Larrard
[11], bothmethods by Kwan et al. [13] and de Larrard [11] introduced a
third parameter (i.e. the wedging effect parameter or the compaction
index) in addition to the loosening parameter and the wall parameter.
The physical meaning of the two added parameters are not related to
the physical meaning of packing potential. Thus, these two methods
cannot be linked to the concept of packing potential. It is noted that
the method proposed by Chang and Deng [34] utilized the concept of

packing potential to model the nonlinear nature, thus it remains to be
a 2-parameter model, without the need to introduce a third parameter.

As an example, the nonlinear model by Chang and Deng [34]
(i.e., Eqs. (10−11)) is now applied to model the experimental results
by Lade [24], e1 = 0.58, e2 = 0.72, d1 = 0.5 mm, d2 = 0.7 mm. The
two parameters p and s were determined using the method described
in the reference [34] (p = 3.3, and s = 2.3). The value of x computed
for the data in Fig. 8a is a function of fines content as shown in Fig. 8b.
The predicted curve of void ratio is shown by the solid curve in Fig. 8a,
which is nonlinear with respect to fines content.

Note that the packing potential parameters ω1 to ω2 are indepen-
dent of packing procedure as described in a previous section. And
these two parameters are directly related to the parameters p and s as
shown in Eqs. (10b) and (10c). Thus, we expect that the parameters p
and s, like the packing potential parameters, are independent of packing
procedure.

5. The independence of packingprocedureon the parameters p and s

To verify this hypothesis that the parameters, p and s, are indepen-
dent of packing procedure, the 24 sets of sand-silt mixtures listed in
Table 1were used. The two parameters p and s, determined from exper-
imental results under both packing procedures of achieving minimum
void ratio and maximum void ratios, are compared in Fig. 9 for the 24
sets of sand-silt mixtures. For the 45-degree line, the coefficient of de-
termination R2 is 0.97, which indicates that the parameters are nearly
independent of the packing procedure.

Since the parameters p and s obtained for the “minimum void ratio”
packing procedure are nearly the same as those obtained from the
“maximum void ratio” packing procedure, only the value of p and s ob-
tained for the “minimum void ratio” packing procedure are listed in
Table 1.

The values of p and s obtained from the “minimum void ratio” pack-
ing procedure are used for the prediction of both minimum and maxi-
mum void ratios using Eqs. (10) and (11). The predicted results are
plotted in Fig. 10 for the 24 sets of sand-silt mixtures. Due to the good
correlation of p and s shown in Fig. 9, it is not surprised to see the
good agreement between the predicted and measured results for both
minimum and maximum void ratios as shown in Fig. 10.

6. Values of parameters p and s for sand-silt mixtures

The values of p and s depend on complex factors of particlemorphol-
ogy such as particle shapes and surface textures. To study the range of
values of p and s due to the effect of particle shapes, the 13 sets of spher-
ical particle mixtures and the 24 sets of sand-silt mixtures listed in
Table 1 are classified into 3 groups of compound particle shapes:
(1) R/R, (2) A/A or SA/SA, and (3) R/A or R/SA. (R-round, A-angular,
SA- subangular). For the first two groups, coarse particles and fine par-
ticles have similar shapes. For the third group, coarse particles and fine
particles have different shapes.

The box and whiskers plot was utilized to compare the values of p
and s for the three groups of compound particle shapes as shown in
Fig. 11. A box and whiskers plot is composed of a box and a set of whis-
kers. The upper whisker of the plot is the maximum of the data set and
the lower whisker of the plot is theminimum of the data set. The box is
drawn from the first quartile to third quartile with a horizontal line
drawn in the box to denote the median. For the first two groups (R/R,
A/A or SA/SA), the value range of p and s are small compared to that
of the third group (R/A or R/SA). For all three groups of compound par-
ticle shapes, the range of p is greater than the range of s. The length of
box also shows the same trend. The median value of p is smallest for
R/R, larger for A/A or SA/SA, and largest for R/A or R/SA. The median
value of s has the same trend.

From an engineering point of view, when experimental results are
not available for calibration, the values of p and s can be approximately
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Fig. 10. Comparison of the measured and predicted maximum void ratios using the values p and s obtained from the “minimum void ratio” packing procedure.
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estimated from Fig. 11 based on the rough descriptions of particle
shapes of sand and silt. To assess the accuracy for this type of estimation,
we classify the values of p and s into three groups. In each group, the
median values are:

(1) R/R: p = 2.8 and s = 1.75;
(2) A/A or SA/SA: p = 2.9 and s = 2.0;
(3) R/A or R/SA: p = 4.65 and s = 3.0.

The three sets of value are used for the prediction of the 24 sets of
tests on sand-silt mixtures (Table 1), plus the two sets of tests on
glass beads and steel shots mixtures (Fig. 3). The comparisons of
meausred and predicted results are shown in Fig. 12 for mixtures
with R/R particles shapes (glass beads and steel shots mixtures),
shown in Fig. 12 for sand-silt mixtures with A/A or SA/SA particles
shapes, and shown in Fig. 12 for sand-ssilt mixtures with R/A or
R/SA particles shapes.

The comparisons of measured and predicted results are plotted
on Fig. 13a to show the degree of accuracy of the predicted values
compared to the measured results. Fig. 13b show the distribution
of Δe (predicted e – measured e). The one-standar deviation is 0.02
for mixtures with R/R particle shapes, is 0.03 for mixtures with A/A
or SA/SA particle shapes, and is 0.054 for mixtures with R/A or
R/SA particle shapes. This can be interpreted that, at least 68% of
probability, the predicted error is within ±0.02 for mixture with R/
R paticle shapes, within ±0.03 for mixture with A/A or SA/SA paticle
shapes, and within ±0.054 for mixture with R/A or R/SA paticle
shapes. In Fig. 13b, the shaded zone is the one-standard diviation
band for all 3 cases.

7. Conclusion

In this paper, we aim to study the packing procedure effect on den-
sity of mixtures. We have defined a packing potential index, which is a
measure of volume reduction potential due to mixing of two compo-
nents of a binary mixtures under a packing procedure. Based on 24
sets of experiments on sand-silt mixtures collected from the literature,
we found that the packing potential index is significantly influenced
by particle size ratio (d2/d1) and the particlemorphology of themixture,
such as particle shape, particle surface texture. However, the packing
potential index is nearly independent of packing procedure. Thus, pack-
ing potential index can be treated as a material property of the mixture
system.

The packing potential for amixture of given fc can bemathematically
linked to the particle interaction parameters, which are used in the par-
ticle packingmodels to calculate the void ratio of a binarymixture based
on the upper and lower bound void ratios. Thus, we found the parame-
ters p and s, similar to the packing potential index, are also independent
of packing procedure, from the analyses of 24 sets of tests results on
sand-silt mixtures.

The particle packing model approach is a two-step process: (1) de-
velop upper and lower bounds based on the given monodisperse void
ratios e1 and e2, for packings of coarse and fine particles, and (2) deter-
mine the e of themixture based on the bounds, using the particle inter-
action function.

The two-step process approach has two advantages. The first advan-
tage is to account the complex factors of particle morphology (surface
roughness, texture, sphericity), and the grain size distribution of silt or
sand by using the values of e1 and e2 as input data, which are obtained
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directly from experiments, and the complex factors of particlemorphol-
ogy and packing procedure are manifested in these two values. Thus,
the model can at least capture some influence of these complex factors,
which are usually not quantitatively measured, and no analytical
method can include these factors in a satisfactory manner.

The second advantage is to use the particle interaction parameters,
which are largely dependent only on the system of mixtures but

independent of the packing procedure. This characteristic is useful for
the packing density model, because the same parameters and the same
modelling methodology can be conveniently applied to predict void ra-
tios of mixtures under different packing procedures (e.g. the maximum
and minimum void ratios produced by two different processes).

For predicting void ratio of sand-silt mixtures, we proposed a set
values for the particle interaction parameters, p and s, (to be used in
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the nonlinear packing density model proposed by Chang and Deng
[34]). The values are suggested for mixtures with three types of
compound particle shapes: R/R, A/A (or SA/SA), and R/A (or R/SA).
The comparisons between measured and predicted results show
that: the error of predicted values have a standard deviation
of 0.02–0.03 for mixtures with compound particle shapes R/R and
A/A (or SA/SA), whereas, the error of predicted values have a stan-
dard deviation of 0.054 for mixtures with compound particle shapes
R/A (or R/SA). Thus, it is more difficult to achieve accurate predicted

results for the binary mixtures composed of two components with
different particle shapes.
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