1905.09705v1 [math.NA] 23 May 2019

arxiv

HIGH ORDER EXPLICIT LOCAL TIME-STEPPING METHODS FOR
HYPERBOLIC CONSERVATION LAWS*
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Abstract. In this paper we present and analyze a general framework for constructing high
order explicit local time stepping (LTS) methods for hyperbolic conservation laws. In particular, we
consider the model problem discretized by Runge-Kutta discontinuous Galerkin (RKDG) methods
and design LTS algorithms based on strong stability preserving Runge-Kutta (SSP-RK) schemes,
that allow spatially variable time step sizes to be used for time integrations in different regions.
The proposed algorithms are of predictor-corrector type, in which the interface information along
the time direction is first predicted based on the SSP-RK approximations and Taylor expansions,
and then the fluxes over the region of interface are corrected to conserve mass exactly at each time
step. Following the proposed framework, we detail the corresponding LTS schemes with accuracy
up to the fourth order, and prove their conservation property and nonlinear stability for the scalar
conservation laws. Numerical experiments are also presented to demonstrate excellent performance
of the proposed LTS algorithms.
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AMS subject classifications. 65M20, 65L.06, 65M12

1. Introduction. Numerical methods for hyperbolic conservation laws are a
subject of great interest and importance as these laws are extensively used for mod-
eling a wide range of physical phenomena such as gas dynamics, shallow water flow,
advection of contaminants, traffic flows, etc. It is well known that these problems
are often highly nonlinear and may have discontinuous solutions with sharp and mov-
ing fronts/shocks. To obtain accurate and stable numerical solutions to hyperbolic
conservation laws, it is popular to use conservative high resolution methods in space
together with explicit time stepping. Examples of such spatial discretization include
the MUSCL (monotonic upwind scheme for conservation laws) [50], the ENO (essen-
tially nonoscillatory) and WENO (weighted ENO) schemes [22, 23, 32, 27|, and the
RK-DG (Runge-Kutta discontinuous Galerkin) methods [6, 7, 8, 9]. Note that to
guarantee numerical stability, the time step size needs to satisfy the CFL condition,
which is determined by the spatial mesh size and wave speed. The use of local spatial
refinements is efficient in resolving the sharp, moving fronts. However, as the CFL
condition needs to hold everywhere, the step size for time integration would be con-
trolled by the smallest cell size, or by the highest wave speed, which certainly increases
the computational cost as a small time step size has to be used globally. Thus, to
improve computational efficiency, the global CFL condition could be replaced by a
local one so that the different time step sizes can be used in different regions: smaller
time step sizes where the mesh is fine or the wave speed is high, and larger time step
sizes where the mesh is coarse or the wave speed is low.
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Explicit local time-stepping (LTS) algorithms have a long tradition. To the best
of our knowledge, the first LTS algorithm for hyperbolic conservation laws was intro-
duced in [36] for one-dimensional scalar case based on the forward Euler method in
time. It is of predictor-corrector type and is first order accurate in both space and
time. Extension to high resolution schemes with slope limiters for advection equa-
tions was presented in [12], and to second order in time for hyperbolic conservation
laws in [13]. The numerical results on two-dimensional test problems confirm that
these LTS schemes are very competitive to the global time-stepping with respect to
the accuracy in time. The application of LTS schemes to the shallow water equations
was investigated in [39] with a Godunov-type finite volume discretization in space
and later in [49] using the RK-DG finite element methods. Note that the LTS scheme
in [39] is only first order accurate in time, while the one in [49] is second order accu-
rate in time on regions away from the LTS interface but its accuracy degrades to first
order at the interface. The LTS scheme in [49] is based on the second-order strong
stability preserving Runge-Kutta (SSP-RK) method, which is also known as a total
variation diminishing (TVD) method introduced in [41, 45]. Higher order RK-based
explicit LTS methods were introduced for conservation laws in [29, 1] and for wave
propagation in [18]. In [14], a space-time fully adaptive multi-resolution method based
on natural continuous extensions for RK methods was proposed, whose accuracy is
of second order in both space and time. Other works related to LTS include the
adaptive mesh refinement (AMR) method [2, 3|, the multirate time-stepping method
[11, 40] and the Implicit-Explicit (IMEX) based LTS methods [24, 19]. Among them,
the AMR method involves the refinement in both space and time, i.e., small time step
sizes are taken on the refined mesh and large time step sizes on the coarse mesh. It
is different from our approach in the way that refined grids are placed over regions of
the coarse grid and information is exchanged between the grids by means of injection
and interpolation. The multirate time-stepping method allows different time step
sizes in different regions but it requires buffer regions to accommodate the time scale
transition between regions. An overview of LTS techniques over the last two decades
can be found in [16].

In [25], inspired by the first order predictor-corrector scheme in [36], we have
designed conservative second and third order explicit LTS algorithms, incorporating
with SSP-RK, for the rotating shallow water equations. The model is discretized in
space by a C-grid staggering finite volume method, namely the TRiSK scheme [48, 38|,
on orthogonal primal and dual meshes. Numerical results with parallel implementa-
tion show excellent performance of the LTS algorithms in terms of stability, accuracy,
efficiency and scalability. In this work, we extend the approach to construct, in a sys-
tematic way, a framework of high order LTS algorithms for hyperbolic conservative
laws. In order to derive high order LTS algorithms, the key idea is to find high order
approximations on the interface at intermediate time levels to handle the coupling
between coarse and fine time steppings. Our proposed schemes are also of predictor-
corrector type: we derive the predictors based on Taylor series expansions of the
solution at the current time level and the SSP-RK stepping algorithms at each inter-
mediate time level. Our approach thus is different from the one proposed in [29, 1]
where the predictors are based on RK time-stepping and interpolating polynomials.
We present up to fourth order predictors within this framework, and show that the
proposed LTS schemes preserve the accuracy in time over the entire domain. Con-
cerning the corrector, it is designed to balance the fluxes from the regions with small
time step sizes to the ones with large time step sizes. As high order SSP-RK methods
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consist of multiple stages, the fluxes at the same stage are accumulated over all the
intermediate time levels to update the interface solution associated with that stage.
As a consequence, the total mass is well conserved, though the corrector is no longer
convex combinations of forward Euler steps as in the global SSP-RK methods. Nev-
ertheless, we rigorously prove that the proposed LTS schemes for scalar conservation
laws are total variation bounded (TVB). Such nonlinear stability is a crucial feature
of any effective numerical method for hyperbolic conservation laws because it guar-
antees that the schemes can capture moving shocks without introducing nonphysical
oscillations. Various numerical experiments are carried out to validate the accuracy,
conservation and stability of our LTS schemes. Since time advancement of the simu-
lations in the fine regions and in the coarse ones can be implemented in parallel (this
will be discussed further in Section 3), the proposed LTS schemes preserve the natural
parallelism of explicit stepping schemes.
Consider the initial value problem for hyperbolic conservation laws:

d
ou ofi d
— =0 R 0, T
o T2 o, W0 nROX(OT), (1)
U(.’L‘,O):’U,O(.’E), in Rda
where u(x) := (ui(),...,un(z)) is an m—dimensional vector of unknowns and each

flux function f; : R™ — R™ defined by

u = fi(w):=(fiu(w),..., fim(u)),

is vector-valued and is of m components. Since we focus on the time discretization
techniques in this paper, we shall only consider the one-dimensional case, d = 1. In
particular, our model problem is the following scalar hyperbolic conservation law,
resulting from the system (1.1) with d =m = 1:

ou 0
74»%‘]0(’&)—0, OHRX(OvT)a

ot (1.2)

u(z,0) = ug, inR.

We shall construct and analyze high order Runge-Kutta discontinuous Galerkin al-
gorithms with local time-stepping for (1.2). The proposed LTS algorithms can be
straightforwardly extended to the case of one-dimensional systems of conservation
laws (m > 1), which will be presented in the numerical results, as well as to the
higher dimensional problems (d > 1).

The rest of this paper is structured as follows. In Section 2 we briefly introduce
the RK-DG methods for scalar conservation laws (1.2). High order LTS algorithms are
carefully derived in Section 3, and their conservation and stability properties are then
proved in Section 4. Numerical results for various test cases are given in Section 5 to
demonstrate the performance of the proposed LTS schemes. Additionally, coefficients
of the SSP-RK methods used in the paper are given in Appendix A, and detailed
derivation of the predictors for the proposed LTS schemes is presented in Appendix B.

2. Runge-Kutta discontinuous Galerkin methods. We first introduce the
RK-DG methods and refer to [7] for a complete presentation of the methods. Within
the framework of RK-DG, we first discretize equation (1.2) in space by the discon-
tinuous Galerkin method, then integrate it in time by SSP-RK schemes, and finally
apply a slope limiter to achieve stable and high order accurate numerical solutions.



2.1. Spatial discretization by the discontinuous Galerkin. Assume a par-
tition of the real line R to have the j-th intervals as I; = (xj_l/z,xj+1/2) and define
Aj=zjp1p—2j 17, and h = max A;. Let V}, be the finite dimensional space consisting

J

of discontinuous, piecewise polynomial functions:

Vi, =ViF ={ve L'(R):v|,e P*()), Vi} ¢ H' (R),

where P¥ (I ;) is the space of polynomials of degree at most k on I,;. Consider a weak
formulatlon of (1.2) obtained from testing it by any function v, € V3, over I;:
For a.e. t € (0,T), find up(t) € V3 such that: Vj and Yoy, € V},

/I. Opup (z,t) vp(z) dax — /I fup(z,t)) Opvp(z) da

Fh(un) () va(ey ) — h(un) ;-1 (t) on(a], ) =0, (2.1)
/Ij up(x, 0)vp (z) de = /Ij uo(x)vp(z) de.

Note that we have replaced the nonlinear flux f(u(zj415,t)) in (2.1) by a Lipschitz,
consistent, monotone numerical flur h(u);i1,(t) which depends on the two values
of wat xj 1,

B(w)jn(t) = b (g, 0, u(@l ), 0)

The numerical flux A(-,-) is required to satisfy the following properties: i) locally
Lipschitz continuous; ii) consistent with the flux f, that is, h(u,u) = f(u); and
iii) nondecreasing in the first argument and nonincreasing in the second argument.
Examples of such a flux include the Godunov flux, Engquist-Osher flux, Lax-Friedrichs
flux and Roe flux.

A local orthogonal basis of V}, consists of functions gogl) defined as, for any 7,

oV =P <2(35A:”J)) for [ =0,1,...,k
J

in which P, is the Legendre polynomial of degree I and z; is the middle point of I;.
Consequently, the approximate solution uy, is expressed uniquely as

k
t)=>u )\ (x), forzel, (2.2)

where the degrees of freedom ugl) (t) are determined by
, 2+ 1 .
ul(t) == T/ u(z, )l (x) de, for1=0,1,... k.
J 1;
Note that u(.O) is the cell average of u in I;. By taking v, = gog.l) in (2.1), we obtain
the following ODE for u ) for any j:

()" 5 )] 3
—_ flup(z,t)) Opps’ dx
20+1 dt J (2.3)

+Alj [h(uh)j+1/2(t) - (71)lh(uh)j_1/2(t)] = O, Vi= 0, 1, ey k’,




with the initial condition

20+1
u(0) = = | w@)ef (@) de.
JJI

J
Note that in (2.3) we have used the following properties of Legendre polynomials:

0, - !

(@) =R =1, ¢@i,,)=P(-1)=(-1)"

The numerical flux A is computed by h(up);jq1.(t) = h (u;rl/z(t),u;l/z(t)) , where
“ji+1/2(t) = uh(xjirl/z,t) are defined by

k k

— l l
Wit = 2w w0 =D

=0 =0

Approximating the integral in (2.3) by Gauss-Lobatto quadrature rules that involve
the two endpoints of the interval yields (using the definition of u in (2.2)):

l _
/1 Flun) 050 d = /1 f (U;r_l/Q,(Ugl))ogzgmuﬂlh) o) da.
J J
The system of ODEs (2.3) can be recast in an autonomous form as follows:

dU
dith =Ly({Un), Ur(0)=Uno, (2.4)

where Uy, = (u;)v; with u; = (Ugl))lz(),_“’]ﬁ the right hand side

!
L,(U,) = (Lﬁh)j(uj[_l/z,uj,u]il/z))w =01k

PR PN

with
O + oy 2+1 - 0
Lh,j(uj_1/27uj7uj+l/2) = TJ . f (Uj_l/yujauj_,_l/z) am@j dx
J

(2.5)
— 1 —
- |:h(uj+1/27uj_+l/2) - (_1) h(uj_l/yu;__l/g)} }7

and the initial data Uy = {(21 + 1)/Aj/ uo(a:)gag.l)(a:) dx}v N Next, we solve
I, 7,1=0,1,...,

(2.4) explicitly in time by the SSP-RK methods [44, 17].

2.2. Strong stability preserving Runge-Kutta time discretization. The
SSP-RK methods have been proved to be effective for solving hyperbolic conservation
laws with discontinuous solutions. Given a uniform partition of (0,7"), 0 =ty < t1 <
... <ty-1 <ty =T, with the time step size At = T/n. The s-stage, rth-order SSP-
RK methods, referred to as SSP-RK(s, ), for solving the autonomous system (2.4)

read as follows: for n =0,..., N — 1, compute
=
UpD =N Uy + gAMLy U Y), Yi=1,...s, (2.6)

v=0
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where UZ’(O) = U}, and set U;‘H = UZ’(S). It is required that all the weights oy, i >
0. To measure stability of RK-DG methods, we denote by u)"" = (ugl)’")vj and define

the total variation of numerical solutions by
TV =3 [ — WP, Wi=0,.. k andn=0,...,N 1.
J
A numerical method is total variation diminishing (TVD) if
TV (@O <17v®™), vi=0,...,kandn=0,...,N —1,
and is total variation bounded (TVB) if
TV @) < 7v@®%) + BT, Vi=0,...,kandn=0,...,N —1,

for some constant B independent of the time step size. The stability of the SSP-RK
schemes is given by the following lemma.

LEMMA 2.1 ([17]). If the forward Euler method Uyt = U+ AtL,(U}) is TVD
under the CFL condition At < Atpg, then the SSP- RK(S T) scheme (2.6) is TVD

under the modified CFL condition: At < CAtpg, where C := min a_” is the SSP

coefficient. We present some commonly used SSP-RK schemes such as SSP-RK(2,2),
SSP-RK(3,3) and SSP-RK(5,4) in detail in Appendix A.

2.3. TVB corrected slope limiter. In order to handle moving shocks while
preserving high order accuracy in smooth regions, we follow [41] and define the TVB
corrected minmod function m:

~ { ai, if|a1| SC]\{hQ,
m(a17 ) au) =

m(ay,...,a,), otherwise.
where C > 0 is a constant and m is the usual minmod function [20]:

sign(ay), ifsign(ay) =...=sign(a,),

m(ay,...,a,) =s mln la;], with s = { 0, otherwise.

1<i<

(2.7)

The corrected limiter leads to high order accuracy in any region where the solution is
smooth, even at local extrema. The resulting scheme is no longer TVD, instead it is
TVB. Next, we define the (k + 1)th-order limiter ATI} as in [5]. When &k = 1, we have

uo) 0) (0)) (1)( ).

0 1
AT (un) 7, =l + m(ul?, ulD) =l ul® = ul®))!

For k > 1, we first compute

—(mod) __ (0) _ (0) (0) © 0 (0)
e = U U, = — g =),
+(mod 0 ~ 0) 0 0 0) 0
uj_(1/2 ) — ug ) _ m(’u,§ - uj‘_l/w §+)1 ug )’u§ 5 )1)
then define
—(mod) __ +(mod) +
ATEE (up) |1 = unl1;, it w00 =g, and o0V =t

AT} (up)|1,, otherwise.

We finally make the following notation



k
ungOd) IIj = AHZ (uh)hj — Z Ugl)(m()d)@la
=0

and

AHk U, — U(mod) _ [ (.l)(mod)i| -
n(Un) h Y Vi 1=0.1,...k
The complete RK-DG method with the TVB minmod limiter is given in Algorithm 1,

in which r = (k + 1) to match the accuracy in space and in time, and s > r is the
number of stages in SSP-RK.

Algorithm 1 Runge-Kutta local projection discontinuous Galerkin method
1: Compute U?L(m()d) = AII} (U o).
2: Foreachn=0,1,...,N — 1,
1. Set UZ’(())(mOd) = UZ(m°d>.
2. Fori=1,...,s, compute the solution at stage i:

i—1
UZ,(i)(mod) _ AHﬁ (Z aiyUZ’(V)(mOd) + Bi AtLy, (UZ,(V)(mod))> )

v=0

+1(mod) __ ,(s)(mod)
3. Set U} =y,

3. Local time stepping algorithms. In this section, we present high order
LTS algorithms incorporated with the RK-DG methods for conservation laws. Given
the solution U Z(mOd) at t", possibly with moving shocks, we approximate the solution
at "1, To this end, we divide the domain into coarse and fine regions, and assume
shocks only appear in the fine regions. This could be made possible by varying the
LTS interfaces with time. Consequently, we can use spatially variable time steps:
large step sizes in the coarse regions and small step sizes in the fine regions.

For simplicity of presentation, we decompose the domain into a coarse region
Q; and a fine region . Extension to more complicated configurations with mul-
tiple subdomains is straightforward. Denoted by zjn 1, the interface point at ¢",
Qp ={I; : j <jg} the coarse region, and Q} = {I; : j > jg + 1} the fine region. As
depicted in Figure 3.1, we enforce a larger time step Atcoarse = At in §2) and a smaller
time step Atgpe = At/M in Q}L We remark that the coarse time increment must be a
union of fine time increments:

n gn+l) _ ' n,p yn,p+1
[ttty = (| [er et
p=0

To proceed in time in the fine region, one needs to find (k + 1)th-order in time
approximation of the flux at the interface at intermediate time levels t"? for p =
1,..., M — 1. This is obtained via a predictor based on kth-order Taylor expansions
and the (k 4 1)th-order SSP-RK algorithm, assuming that the solution is smooth
enough near the LTS interface. After advancing in the fine region to t"*', we will
correct the flux at the interface in order to conserve mass exactly. The derivation of
the predictors up to fourth order accuracy are presented in Appendix B. The proposed
LTS algorithm of order (k + 1) consists of the following three steps:
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Figure 3.1: Partition in time with local time-stepping.
Step 1: Predicting the interface values. We first compute the solution of

the first (s — 1) stages of the SSP-RK(s, k + 1) scheme on the interface cell I;» with
a coarse time step:

Wi = (W0mO) ot ent
0 v, 1=0,....k

J ]o
It is important to note that we compute 'u. (@ locally on I, by enforcing u; ,1( )1’ =
n,(i),+ (1), (D).~
ujg)_1 P and ujg iy = Winl, n (2.5). ThlS is obtained under the assumption that

the solution near the LTS interface is continuous (for k£ < 1) or sufficiently smooth (for

k > 1). Thus, limiter is not necessary in this case and we have u, mo(6)(mod) 7’“ We

then use these values to predict the solution on the interface x]::_H /o at intermediate
time levels ¢"™?:

k
n.p.(i),~ (mod 2.00),
it med) — g Z )@y =0,1,..., M ~1,  (3.1)
=0
(1),m,p,(4)

where Ujn are computed by the formulas in Appendix B. In particular:

For second order SSP-RK(2,2):
(‘l)anvp7(0) — (1 0[)) (l)a ,(0) +0 (l)vna(l)

)

(3.2)
l l D,
50) n,p, (1) =(1- 77p) ()" () + npu () (1)
for [ = 0,1, where 6, = {7 andnp:p—ﬂz1 forp=0,1,...,M — 1.
For third order SSP-RK(3,3):
1),m,p,(0 n,(0 ~\ (D, 2
go) ,0,(0) (l_gp_gp) 52 ()_,_(9 _ap) ('o) )+29 ()
0),n, 0 ~\ (D, 1
EO) p(1) _ =(1—np— np)§) ()+( 77)() (1)+2p§) ()) (3.3)
1),n,p, , l),n, l),n,
PO (1 0y 5l 1 (3, ~ 5D 1 25 D,
for I = 0,1,2, with 6, and as above, and 0, = LZ m, = p(pi"f), = 22t 4nq
) P p ) p = =z b M o 2M

ﬁp:%forp:07l,...7M—l.



For fourth order SSP-RK(5,4): we approximate u§?’7l’p’(i), forp=0,1,..., M —1

as linear combinations of @?7”*“ forI,i =0,...,4, as presented in Appendix B.3.

Step 2: Advancing in the coarse and fine regions in parallel.

Step 2a). Advancing the coarse region excluding the interface cell: with the solution
at the current time level, we advance solution to the next time level by running the
SSP-RK with a coarse time step.

For all the cells I; with j < jg, we perform:
1. Fori=1,...,s,

1),n,(2) 0),n,(v n,(v),t n,(v n,(v),%
u§-) © Zawu ) )—&—BWAtL ) ( i (1/)2 U ( )’uj-|-(1/)2 ) (3.4)
v=0

2. Set ut! = u;-l’(s) for all j < ji.
Step 2b). Advancing in the fine region with the predicted values on the interface,
we evaluate the interface flux h(u”, in +f/2, ;ﬁff‘j&) at the intermediate time levels, and
consequently obtain the solution u; P for all the cells I; with j > j§ in the fine region.

mpmod) g 5 > j¢ and the predicted values

The TVB limiter is performed to obtain u;
are updated on the interface after limiting.
For all the cells I; with j > jg + 1, we perform:

Forp=0,...,M —1,

1. Set ugl)’"’p’(o)("md) = ugl)’"’p("wd), foril=0,... k.
2. Fori=1,...,s, we compute the solution at stage i:
(l), n,p,( ZO‘Z (1),m,p,(v)(mod)

At ) n,p,(v),£(mod) _n,p,(v)(mod) n,p,(r),£(mod)
+Biv (M) Lhyj (uj_l/z YU YUy

for I =0,...,k. If p< M — 1, limit the solution in the fine region

P () (mod) _ AITE ( ., () ) |1,

J 3’230

n,p,(4),—(mod) (cf. (

and update the predicted interface value u 3.1)) after lim-

g1/

iting:
n.p.(i).~(mod) _  (0).n.p,(i) n,p,(i),—(mod) _ (0),m,p, (i)
Uig+1/2 = Yy * m(” i1/ Y ’

(0),m,p,(2) (0),m,p, (1), (0),m,ps(3) _ (0)7 ()
Ujn iy — Ujn s Wjn )

0
3. For all j > jg, set:

U§Z)7n7p+1(mod) gl)7n,p7(8)(m0d)’ ifp< M—1,

u<l)7n+1 (l)7nap7(s)’ ifp=M—1.
J U;

Step 3: Correcting the interface solution and limiting the global solu-

tion at t"*! locally. With the predicted interface value u;lg’jr(f;z*, we calculate the
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flux at the interface x = xjpy1/,. Together with the flux at = x;p _1/,, which is
frozen over [t", t”“), we correct the solution of the interface cell I;». Finally, a TVB
limiter is applied, which can be implemented in parallel as [10], to limit the solution
on I;, Vj in which only information on elements sharing edges with I; is necessary.

1. Fori=1,...,s, we compute the solution at stage ¢ at the interface:
i, (4) Zawa(lﬂ n,(v)
AN 0 (o n)s ) () mod) (1) (mod)
l v mod v)(mod n,p,(v),x(mod
+ﬁw Z Ly g o ( —1/2 Ui g/ )
(3.5)
where u(l), n,(0) _ u%?,n,(O)(mod).

2. Set ugg’nﬂ = ﬁ;?’n’(s) and perform the limiter: U"+1 (mod) _ AHZ(UZH).

4. Properties of LTS schemes. First, we notice that the proposed LTS schemes
preserve the accuracy in time of the corresponding global SSP-RK methods due to
the construction of the predictor and the corrector (see also Remark B.1). In the fol-
lowing, we prove that the LTS schemes conserve mass exactly and importantly, they
satisfy the TVB stability.

4.1. Conservation. Mass conservation of the proposed LTS schemes is obtained
via the construction of the corrector. For simplicity, we assume that the solutions are

(UKD £

obtained after performing the limiter defined in Subsection 2.3 and write u; or

(Domlmod).

THEOREM 4.1. The LTS schemes exhibit exact conservation of mass:

/uZ+1 /uﬁ, Yn=0,...,N—1.
R R

Proof. We only need to show that mass is conserved in the region of the LTS
interface = = Zjni1je, Ljp U Ljpyq, under the assumption that no flux is imposed at

n+1 n
/ uy, / up. (4.1)
InUI G IjSLUIjSL+1

Next, we prove (4.1) for the second order LTS scheme based on SSP-RK(2,2) (cf.
Equations (A.1)). The proof for the third and fourth order LTS schemes can be done
in a similar manner; in fact, the result holds for any high order LTS schemes with the
corrector defined by (3.5).

$jau_1/2 and $j61+3/21

For the fine cell Ijp 11, the second order LTS algorithm reads:

WOm+r _ L ooynnv—1 | 1| @)nm-1,0)
Ujgrr = U4 +2{“jg+1

At\ nM-1,(1).&  nM-1,(1)  nM-1,1)x
+ <M> L2 (i T s

_ u(l),n,]\/f—l + lg Z ) un,M—l,(u),:I: ’U,"L’M_L(U) u™ M-1,(v),£
ig+1 2 01 2 Fragrr (Mg oM gy
v=0
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Thus, by recursion, we obtain:

u Dt _ mn 1At I50 np, ()£, np(v) | np,(v),E
J nl +1 + Z Z ,]0 < ] +1/2 7u]0 +1 7u]n1i‘_3/2 ) . (42)
p=0 v=0

Taking v, = 1 in (2.1), using (4.2) and the definition of L;ll)j in (2.5), we have

1At -
’I’LJrl sPs Dyt n, 1(1)7 n, 1(1)7+
[ [ S Y (M) M ).
o+ Lip p=0
(4.3)

as no flux is imposed at @n s/,

For the interface cell Ij», the corrector (3.5) associated with SSP-RK(2, 2) is given
by

~()m.(1) _ <z>, At n o npd
’U/jg Z L (U n 1/27U<617Uj61,+1/2) )

NOE RS 1 (z)n+}

Jo T 9 Ui 2 jg—1/27 730 0 Tig /2

N At
(l) n,(1) Z [(ld0 ( n,(1),+ un ,(1) ur_z,p,(l),i)‘| ’
from which we deduce that

M-
Wmt1 _ (n 1At n(W),t  n,v)  np, )+
iy Wi e Z ZLh S (u p—1/2 0 %ip Uit ) : (4.4)

As for the fine cell j = j + 1, we choose v, = 1 in (2.1) and use (4.4) to obtain

1Aty _

+1 n, Dyt n,p,(1), n,p,(1),+

/1. U= /1 vty M ¢ (h( e Wigye) UG g, )>’
J iy

&
(4.5)
noting that no flux at @jn_ 1/, is assumed. Thus, the proof is completed by adding
(4.3) and (4.5) together. O

4.2. Stability. Numerical methods for conservation laws need to satisfy certain
nonlinear stability requirements in order to prevent spurious oscillations when the
solution is discontinuous. In [36], the first order LTS scheme based on forward Euler
is proved to be TVD with the predictor obtained by freezing the value at ¢t":

u?é;ilh =Ujnyap, Vp=0,...,M—1.
For higher order LTS schemes as proposed in Section 3, multiple stage time-stepping
algorithms are employed and the predictors are obtained by taking linear combinations
of the interface solution at different stages with a coarse time step size. Therefore, the
proof of nonlinear stability for high order LTS schemes is not an obvious generalization
from the first order one. Additionally, the corrector designed to conserve mass is not
a convex combination of forward Euler steps as in the case of the global SSP-RK. As

a consequence, the high order LTS schemes are not TVD anymore, instead they are
TVB.
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We next prove the stability of the second order LTS scheme by first showing that
it is TVBM (total variation bounded in the means). The generalization to higher
order LTS schemes can be done in a similar manner. We introduce some notation
to be used in the proof. Denoted by A, and A_ the forward and backward finite
difference operators, respectively:

A+Uj = Uj4+1 — Uy, and A_Uj =Uj —Uj—1-
Following [7], we decompose the interface values u;.tJrl /35
_ R ~ + - =
uj+1/2 =u; + uj, ujJ/2 =u; — uj,

where u; := u(-o)

;' is the mean value of u on the cell ;. As in [6], we denote:

N Ay
Cj+1/2 = _h2 . <1 — Aiu]> 5 and Dj,l/z = hl . (1 + A u]> s (46)
J — ]
where
b — h(uj__,_l/zvuj__l/z,) - h(uj__l/27u;__l/2) by — h(u;+1/2,u++1/2) h(u +1/2au;__1/2)
1= — — ) 2 = .
Ujprpp = Ujrps Wi = U g

Note that hy and —hsy are nonnegative due to the monotonicity of h(-,-). Then the
flux associated with the mean value @; (cf. Equation (2.5) with [ = 0) can be rewritten
equivalently as

- (h(uj_Jrl/z’ uliag) = hug_y,, “351/2)) = Gl ATy — Djapy AT

Using the above notation, the second order LTS scheme as presented in Section 3 for

the mean value u; reads as follows: for n =0,...,N — 1,
1. Compute the predicted mean on the interface cell at the intermediate time levels
from the solutions with a coarse time step: for p =0,..., M — 1,
—n,p o . ﬂ P _n, (1)
U = (1 M)UH+MUJ"+1/2’
e ({_PT 1 T 1ﬂn,(1) (4.7)
o M Jo M bt
2. Advance in the coarse region, for all j < jj:
At
—n,(1 —n
uj() uﬂ+A7xj< J+1/2A+’U, j 1/2A U )
4.8)
1 1 At (
nt+l _ Lom —n,(1) —n,(1) ,n,(1
4G50ty {“j Ny <CJ+1/2A+ @ - DA )} 7
and in the fine region, for all j > ji': forp=10,...,M — 1,
(D) _ s At , : ,
w;” 7"t A (GRS NG P
1 1 At
—n,p+l _ Lo_np —n,p,(1) n,p, (1) A | mp (D) _ prps(1) —n,p,(l)
Ut = gu g [“j T WA, (CFf Ay ™ = DIy PA g ™) .
(4.9)
Note that the interface u™F: ()~ ,fori=1,2, and p=0,..., M — 1 are computed

n.+1/2
by using the second order predlctor (4.7) and (3.1).
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3. Correcting the interface values for which the flux at & = w;n_1/, is frozen over
[tn tn-i—l)_
, :

=n,(1)  _p At — n,p,— n,p,+ n,— n,+

I Ve ;o (OS5 35T ) = R 5T 0))

gt Lon o Lisn@) At MZ_I np,(1),— | n,p,(1),+ n,(1),— | n,(1),+
g = gt *5{%‘5’ T MAay 2~ (h(“a‘sm i) R ﬂ—l/z’“fa‘—m))]

(4.10)
The flux term in the right-hand side of (4.10) can be rewritten as
D D>+ n,+ n, 7
(h(u nil/wu nil/Z) — h(u’, a1/ Wg 1/2)) C! n+1/2A+uj3p

_ =n D, — Dy n,— n,+
Difp1pA-jn (h(“jng’“jau/z) h(“jgw/w“jau/z))v

where U P ’Jf/ is computed by the same predictor as u ;fll P In addition, we write
P, — n,p,+ n,— n,+
- (h(uj61+1/2auj3_1/2) - h(u‘fu,.l/gvu‘n 1/2))
_ [P . 7p+ _ . n,p,— __ ,n,—
= b n g (W — g 4/2) 0Y Ty (uj8+1/2 uj{Hl/Z)
where
Py n,+ _ n,— n,+
h L h(u ﬂ+1/23u n_1/2) h(ujg+1/27uj6’“_l/2) >0
Ljg+1/2 T TP T =
Jg+1/2 Jo+1/2 (4 11)
Py — n,p,+ Py n,+ ’
. h(u n+1/27u n 1/2) - h(u "+1/27u i 1/2) >0
_bQ,]"*lﬁ T n.p,+ n,+ =

Uy — U,
Moreover, using the second order predictor (3.2), we deduce that

n,p,+ n+ _ P (1),+ n,+ n,p,— n,— p 2(1), n,—
. . = . . s g = o — U .
Uig—1p™ -1 T 1 (uJ€—1/2 Uig—rp2) > Yigrp™Yip e = 3p \Yig+12 ig+t/2

Therefore, we can rewrite the correction (4.10) as follows:

(1) At !

=n, — g n,p kY S n 7N

Ujp = Ujn + E (C n+1/2A+ujg D1y A_ujn
=0

Jo Jo

p n, ’ﬂ,(l)d’ n,+ n1(1)7 n,+
+M(_ 2 jn—1/) (“jg_l/z —u n—1/2) - 7h1,]0+1/2 (“jg+1/z - uj(;+1/z)>
(4.12)
Similarly,
M-1
_ 1_ 1 [~n,(1) At np (1) A —npy(1) (1) " (1)
n+1 __ n 5P, 7P '
Uig =gt T 2{ g F MAzjn ,;) (Cjé‘+1/zA+ po1p DT

P+l np) )+ ot PH1 onp) ([ n@+  n+
+7(_b2’;&71/2) (uj6L71/2 - UjéLil/z) bl o1/ ( Gu41/s - uj6L+1/2) )

(4.13)
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in which h?’fﬁﬂh and l);’f;(l)l/Q are defined in a similar way as in (4.11) but with the
solutions of the first stage u S i(ll/i £ and u” ,fi”l /f. The TVBM property of the second

order LTS scheme is guaranteed by the followmg theorem.
THEOREM 4.2 (TVBM). Assume that there exists some 6 > 0 such that

A+:l;n 5 (1) A+:ﬁ?vpv(l)

. Y (4.14)
oo Bt ~”’() L i g AP i
Y= ~ _n() =5 1<J9, 0SS -7 1, 71270,
A+*;L () 0 A+ﬂ?m,(2) 0

form=0,... N—-1,p=0,...,M —1 and i = 0,1. In addition, if a local CFL
condition is satisfied:

1

AP (hy — h
i (= he) < 375

(4.15)

where hy and —hg are the Lipschitz coefficients of h(-,-) with respect to the first and
second arguments respectively, and /\;L’p 1s defined by

ot fi<jo+1
AP — Aajj7 Y1 =Jo ) fOTTlZO,---,N—l,
- At e andp =20 M-1
n 1 9oy .

MAJJJ, ij>]0+ 3

Then the second order LTS scheme is TVBM.

Proof. Following the techniques in [36], we first introduce some important facts
that will be used later in the proof. From the monotonicity of h(-,-) and (4.14), we
deduce that, in (4.6):

), DY, >0, Yj<jo, and CIRY DIED >0, Wj>g.  (4.16)

We may omit the superscripts for the ease of presentation. Given any two nonnegative
numbers «, # and suppose \J"” = max(a, 3) that satisfies (4.15), we have

aC’j+1/2 + BDj+1/2 < 1,
and consequently,
|ﬂj+1 —Uuj — Osz+1/2A Ujy1 — BC <+1/2A+ﬂj| = ‘A+ﬂj| |1 — OéDj_p/Z - 6Oj+1/2}
|U’J+1 | aDjii, |A_Tjt1] — C'+1/2 |A4 7],

in which the functions must be evaluated at the same time level. Then, together with
(4.16), we deduce that

(@1 =T+  (CaapDiTjpn = DjjapA i) = B(Cipdi@y — DjoapA) |
< [T =T — aDjapA_Tj1 — BCu1p AT | + aC) s |AL Ty | + BD; 1y | AT
< a1 =Tl + @ (Cya [ A1 ] — Djyr |A-Tj41])

= B(Cjprpe [1A4T;] = Djpp |A_T5]) - (4.17)
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In the following, we compute the variation |u;11 — ;| for all j. Particularly, we
consider four cases:

i) If j < (j§ —1): from (4.8), we find that

—n,(1 —n,(1 n At mn —n
) Y = (@, ) + : (Ca‘+3/2A+“j+1 Diyip- “a+1)
AL o (415)
v (Croptrimy = DA ) ] .
: . At
Applying (4.17) with a = AL and § = Ag Ve deduce from (4.18) that
Jj+1 J
() _ gn (1 At _
Ujp1 — ‘ = ‘uj+1 ?’ + A [ij ( JL+1/2 |A+“ ‘ j /2 \AU?D} :

From this we obtain

1
Tk 1 —n+l — ik (1) _—n,(1)
wH - < S, - J]+ apt) - ap |
1 At —n,(1) n(1) [ A (D)
SA [M (e |aya®| = o), |aa®))
<[y -+ 5 ZA At om0 | A g @] _ pme) (A gm0
j+1 J + x JHe |5 =12 | T )
or equivalently
1N ) @)
=n+1 7n+1 ot _mn,(v
W - < [ - g > A | g (O]
p=0 v=0
- DA mp) )], Vi<ji—1.  (419)

it) If j > ji: By the same argument applied to (4.9) with a fine time step, we find
that

—n-{—l —n+1
J+1 ’ <

A

Repeating this argument inductively, we obtain a similar bound as (4.19):

an 1 —n,M—1
Ujpr T Uy
v M—-1,(v) n,M—1,(v)
A — Dj_1/2

A_H?,Mfl,(l/)

)|

M1
Tl _ gt »P»(V) —n,p,(v)
Ujpr — Uy ‘ <|“J+1_UJ’+ ZZA+[ +1/2 AJF“J’
p=0 v=0
_D]’_pf/(:) A_ﬂ;},p,(l/) )} Vi> o
(4.20)

i) If j = 4 (the interface cell)
We aim to show that (4.20) again holds for j = j{', which is the main part of the
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proof. Using the formulation for the corrector (4.12)-(4.13), as well as the time-
stepping scheme in the fine region, we obtain

—-n+1l _ =—n+l _ —n _n
U, Jr+1 ’U,J(T)L = uj{)”rl ujéL
]V[ 11

n,p,(v) —n,p,(v) n,p,(v) —np,(v)
T3 Z% Z |:MA$J7L+1 (C 7 +3/2 JAWRT) Ujn 1 —D. in41/2 A_1u Ujnly )

At T (v) D™ (v) 7”7(”)
~rary (OB - DA )

M-1

1 At p+1 p.(1) (DA nt
-3 Zo MAz,, { < (=b3t, o= L) (= by i i) (U?g_l/z - Uj3_1/2)
p= 0]

p+1 np) n(1),— -
( 01 s Car i) (W5 i) )|

n,(1),+ n,+

Since Ujn 1y = Uy = O(At), and by the CFL condition, we can bound
0 0
M-1 1
1 At
—n+1 _ =—nil =N _=n - n,p,(V) —n,p,(v)
Tt~ T < T - W+ ,; 2 {Mijgﬂ (Clg'sape AT
np () A s (v) At np ) A ) _ @) A )
— Dy ATEH) ~ Sag (Crmipa ) — D) A, >H
M
——O(At 4.21
+ o 0(A0) (4.21)
We have
M—1
n 1 —n _n n,p
p=0
n =N —n,p,(1 —n,p,(1 k) 5 —n,p,(1 —n,p,(1
; [(W ) - () - )]+ () + (0 -mp) )
(4.22)

Regarding the first two terms, let us write

_ _ : L - 7p (D) _ ops(1)
[(u?(?_;'_l - uglsl) —_ (u n+1 — uJ,Lp):| + 5 [(u n+1 ung> _ (uJC’)L+1 - uJéL
)

1
_ (=n _ =n,p —n,p n,p,(1 N " —n,p,(1)  —n
= (“jg+1 ujg+1) + = 5 (u il T Ujni ) + = 5 [(uw ujg) + (“jg Uijn
4

N | =

By definition of the second order predictor (3.2), the last term in (4.23) is given by

1 —n Znp(D) _ n A1) _on

On the other hand, the first and second terms in (4.23) can be computed by using
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the time-stepping in the fine region (4.9):
- —n, L, —np,(1)
(um+1 - uﬂnﬂl) + 5 (e, — )

Z MA.’,UJH ( +3/2 A+’LL n+1 D "+1/2 A u n+1)

(4.25)
(1) A =n0,(1) 7,q,(1) A 710,(1)
ZMAIJTLH ( 35 +3/2 Aty = Dyl A-Tpdy )
Summing (4.25) over p=0,..., M — 1 yields
M—1 1
—n —n, n B 1
> {(“jgﬂ - “jz;ﬂl) T3 (“ e — ))}
p=0
M-1
1 b At n,p 1,p n,p 1P
T2 ,;) <1 - M) Azjpi1 (C Fon A+igr = Dy, Ao “ﬁ€+1)
M—1
1 L _pt+1Y At (Cn,p,m AL _ pre) A g <1>)
2 M Axjniq g3 Srlp4t ”+1/2 —Ujpt1” ) -
p=0 0
(4.26)
Substituting (4.24) and (4.26) into (4.22) and then (4.21), and using (4.17) with
_ A _ ptl A
o= 17 (A%;H) or o = 7 (ij{;+1> and § =
n+l _ =ntl| 1= 1P TP =P (1) =n.p,(1)
Ujn'pg = Uje | < M Ujripq = Ujr | + | Ujn 3" — Uje
p=0
p At n,p n,p =N p
0
pt1l At np (1) | A znp D] ) [ A el
M Azjngq (CJ{H% Avligpyy | = Dl |A-Tpy D
0
_ At 21: e | aLzp @] - pr®) a7 @ Lo
Azjp g+ |51 ag=1p |21 '
0 v=0
(4.27)
Furthermore, by the definition of the second order predictor, we have u . i ne () — Py
= <unn(1) ﬂjg) = jgp + O(At). This together with using (4.17) for o = ﬁ
T
and 8 = 0, we have that ’
=Py (1) —n,p,(1) =D P
g+t T g ’ = [Yager T g
__ At cuP L A A_uip oA
+Mij5L+1 ( v AT — Dyl AT ) +0(AY
At
D 1D n,p 1D n,p 1,
<S ujg,+1 — an + W]H (C n+3/2 A+Ujg+1‘ D’ ,L+1/2 A_Tw n+1D + O(At)
(4.28)

Plugging this into (4.27) yields:
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M—-1
—n+1 771 1 —n,
W1 — Wjy' ) S Z {‘”jzﬁl g’
p:O
p+1 At n.p »
27M Ax]6,+1 (C +3/2 A+uj"+1’ D n+1/2 A u "+1‘) (4 29)
p+1 At (O 2D | AL P (D ’_ o, (1) | A 7n,p7<1>‘) '
2M ijnﬂ g+ |2+ a2 |2 g+
1
n,p,(v) n,p,(v) n,(v) —n,(v)
**Z Ax " ( oy [AeT | = DR, | A )}*O(At)'

On the other hand, by the SSP-RK(2,2) time-stepping in the fine cell (j§ + 1) and
using (4.28), we deduce that

|

1 1 _ _
—n,p =1, =n,p—1 _ —n,p—1 —n,p—1,(1)  _n,p—1,(1)
Ujryy — Uje ’2 <u o1 T Uy ) + 5 (ujgJrl = Ujn )
1 At np-1,01) A —np-1,1)  prp-1,00) A —np—1,(1)
2 MAu (O Avath Y = DRI A wir )
L np—1 | —np—1,1) —n,p n,p—1  _—n,p—1
+§ (ujg —l—ujg —2ujg> < “J5‘+1 - Uy
1 At 21: n,p—1,(v) ,p—1,(v) n,p—1,(v) —n,p—1,(v)
+77 (C]g+3/2 A+U 7L+1 - D +1/2 A U n+1 ) + O(At),
0

2 MAQL‘jg)url -

in which we have used definition of the second order predictor to obtain

1 1 1
—n,p—1 —nap L) _gznp) _ = (7p—1 _ Znp) _ ot — M) =
(Ujg +u — 2uy; ) =3 (Ujg — U ) oYY ( —Ujn ) = O(Ab).

2

Repeat the above argument inductively, we arrive at

ﬂ?’ﬁl < W41 — Uy
v ( )
oW A LAt v) n,q,(v =1,4,(V)
ZMAx inyq ( g +3/2 Uigt1 DJ &+1/2 AT jg+l )+O(At>'
FE S Sy
Consequently,
M—1
unH—un <M‘ 1 —
M-1p—1 1
n,q,(v) ,q,(v) n,q,(v) —1,q,(v)
2 MA:L‘ ot Z ( n+3/2 A+U jo+1 —D: n+1/2 A_1 G +1 ) + O(At)
=0 ¢q=0rv=0
M—-1 1 P+l ( :
=N n,p,(v) _n,p,(v
=M ’“J‘Ff“ * iMAme Z 2 <1 - ) (Ca‘g+3/z A+l
=0 v=0
n,p,(v) —_n,p,(v)
—D" n:il/2 Ay ) + O(At),

where the last inequality is obtained by reversing the order of summation. Plug this
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into (4.29), we find that

n:r_&l - unjl‘ < "LL np1 ’U,];)L
M 11
np,() | A o )| prp ) | A e )
3 Z Z |:MA$ 41 (CJ‘S+3/2 Aty | = D; 3§ +1/2 AT ) (4.30)
+7At crr A @ — pr®) A 7L |+ oA
MAggy \ a8+ |7 Y :
0

i) If j = j{' —1: It remains to investigate the case of the interface cell and its neighbor
in 7. Similarly to (4.21), we have

I\/I 11
—n+1l _ —n+l P (V) AP ()
U *“jg—l‘ < |js 1t3 Z Z MAm - "+1/z Ay
p=0 v=0
D" ,(v) _n,(v) At n,(v) =N (V) D™ ,(v) _n,(v)
]n 1/2 A_ n ) W (C -n 1/2A+ n 3/2A_ n 1) ‘
M
——O(At
Tl

By performing similar manipulations as for the case j = jj, one arrives at

Wy — Ty

an — gt ‘ <

Jo 7o —1| = 70
M1 o ) .
np,ty 7np v n, —n,(v
2 pzo 2 {MA;E — (cpm) | Ay | = DR ATy )) g
At ) (V) .
+Wj”—l (Cjn e | AT DJ" 3 | AT ) + O(At).
0

Finally, we combine (4.19), (4.20), (4.30) and (4.31) and obtain:
TV (@™ < TV (@) + O(At), or TV(a") < TV (@) + CT.

Hence, the second order LTS scheme is TVBM. O The condition (4.14) is fulfilled if the
solution is limited by the minmod function m defined in (2.7) (see [7]). The scheme
remains TVB when the modified minmod function m is used, which is achieved by
Theorem 2.2 in [41] (see also [7, Lemma 2.3]). Finally, the TVB property of the means
u; can be passed to whole solution wy, in the same manner as the RK-DG method [7,
Propositition 2.11]. We remark that it is assumed that the solution near the time-
dependent LTS interface is sufficiently smooth so that the condition (4.14) is satisfied
in the region of the LTS interface without limiting. In practice, local time-stepping
should be coupled with adaptive spatial meshing to achieve computational efficiency
and accuracy when dealing with hyperbolic conservation laws.

5. Numerical experiments. We consider several standard test cases of one di-
mensional scalar conservation laws (Subsection 5.1) and system of conservation laws
(Subsection 5.2). We aim to verify the accuracy, mass conservation and stability of
the LTS schemes as predicted theoretically and compare with those by the global
time-stepping (GTS) schemes. As a first step towards study the behavior of proposed
schemes, we use a fixed LTS interface (i.e., j§ = jo for all n ) in all the tests, instead of
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a time-varying LTS interface as discussed in Section 3, and leave the investigation on
parallel performance of the proposed methods with space-time adaptive multiresolu-
tion meshes in two and three dimensions to future work. Note that for the prediction
step, if the solution is discontinuous at the fixed LTS interface, then it is necessary to
limit the solution on the interface with a coarse time step u?o’(z)(m()d) fori=1,...,5—1
before calculating the predicted interface values (3.1) at intermediate time levels.

5.1. Scalar conservation laws. We first consider two model problems that
obey the scalar conservation laws: the linear advection equation and Burgers’ equa-
tion. For problems with a smooth solution, we confirm the convergence order in
time of our LTS algorithms. The effectiveness of LTS algorithms is demonstrated by
comparing with the GTS schemes in terms of accuracy and CFL conditions.

Example 1: Linear problem. We solve the linear advection problem with a
smooth initial condition

ur +uy, =0, wu(z,0)=sinnz, (5.1)

in —1 < x < 1 with periodic boundary conditions. The exact solution is given by
u(z,t) = sinmw(x—t). The spatial domain is divided into two subdomains, ; = [—1, 0]
and Qg = [0,1]. The mesh size and time step size in §; are respectively Az; and At;,
which are fine when ¢ = 1 and are coarse when i = 2:

Ax C At
Axl = ﬂa A-’52 = Axcoarse; Atl = m xr1 = %

M

for M =1,2,4,8, and for k = 1,2, 3 corresponding to second, third and fourth order
LTS methods. The L! relative errors at 7' = 2 of the three LTS algorithms are listed
in Table 5.1. We observe that for all schemes, the errors decrease as M increases; and
the LTS schemes (with M = 2,4, 8) preserve the order of convergence as in the GTS
case (M = 1), regardless of how large M is.

Now to show that the LTS algorithms are stable with a local CFL condition, we
still consider the linear problem (5.1) but with a discontinuous initial condition

2, r < -1,
u(z,0) = { -1, x> -—1.

We are interested in the behavior of the approximate solution near the discontinuity
x=—0.5at T = 0.5 and z = 0 (the LTS interface) at T = 1. Again, the fine region is
Q1 = [-1,0] and the coarse one is Q3 = [0,1]. We use second order RK-DG method
and consider three schemes as follows:

1. Coarse GTS scheme with a coarse global time step At = Atcoarse-

2. Fine GTS scheme with a fine global time step At = Atcoarse /M.

3. LTS scheme with spatial variable time step Aty = Atcoarse /M and Ato = Atcoarse-

Note that the spatial mesh is refined in Q; by a factor of M. Table 5.2 shows the L'
relative errors of the three schemes at T'= 0.5 and T' = 1 respectively. It is seen that
the coarse GTS becomes unstable as the spatial mesh is refined due to the violation
of the CFL condition, while the LTS scheme, with a valid local CFL condition, gives
stable solution with the same accuracy as the fine GTS scheme.

) At? = Atcoarsca

Example 2: Burger’s equation. Next, we test the proposed algorithms on the
Burgers’ equation with a smooth initial condition:

2 1 1
wy + <u2>x =0, u(:c,()) = 1 + 5sin7r:v, (5-2)
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Linear advection
AZcoarse | M RK-DG2 RK-DG3 RK-DG4

Rel. L' error  [CR] | Rel. L' error  [CR] | Rel. L' error  [CR]

1 5.70e-02 — 1.39e-03 — 4.43e-05 -

1/5 2 3.59e-02 - 8.09e-04 - 2.40e-05 -

4 3.13e-02 - 7.65e-04 - 2.32e-05 -

8 3.04e-02 - 7.62e-04 - 2.33e-05 -
1 1.36¢-02 2.07] 1.66e-04 [3.07] 2.73e-06 [4.02]
110 2 8.71e-03 [2.04] 9.76e-05 [3.05] 1.46e-06 [4.04]
4 7.60e-03 [2.04] 9.20e-05 [3.06] 1.39¢-06 [4.06]
8 3.91e-03 [2.04] 9.17e-05 [3.06] 1.41e-06 [4.05]
1 3.30e-03 [2.04] 2.04e-05 [3.03] 1.71e-07 [4.00]
120 2 2.14e-03 [2.03] 1.20e-05 [3.02] 9.07e-08 [4.01]
4 1.87¢-03 [2.02] 1.14¢-05 [3.01] 8.66e-08 [4.01]
8 1.81e-03 [2.03] 1.13¢-05 [3.02] 8.83e-08 [4.00]
1 8.11e-04 [2.03] 2.54e-06 [3.01] 1.07e-08 [4.00]
140 2 5.31e-04 [2.01] 1.49¢-06 3.01] 5.67¢-09 [4.00]
4 4.64e-04 [2.01] 1.41e-06 [3.02] 5.42e-09 [4.00]
8 4.50e-04 [2.01] 1.41e-06 [3.00] 5.53e-00 [4.00]

Table 5.1: [Linear advection with a smooth initial condition] L' relative errors at
T = 2 for different M. The rates of convergence “CR” for fixed M are shown in
square brackets.

Linear advection, RK-DG2
At T =05 At T =1
AZcoarse M
coarse GTS | fine GTS | LTS | coarse GTS | fine GTS | LTS
1 2.58e-02 2.53e-02
1/40 2 3.46e-02 1.52e-02 3.46e-02 1.50e-02
4 - 9.00e-03 - 8.99e-03
8 - 5.40e-03 - 5.46e-03

Table 5.2: [Linear advection with a discontinuous initial condition] L' relative errors
at T'= 0.5 and 7' = 1 of RK-DG2 global time-stepping (GTS) and local time-stepping
(LTS) schemes.

in —1 <z < 1. The exact solution of the problem is given by [23]:

w(z,t) =14+ 1Lv(z —t,t/R), (5.3)
in which v(x,t) is the solution of the Burgers’ equation with v(x,0) = sinmz. We
compute v by Newton iterations to solve the characteristic relation:

v=sin(rz —vt), 0<z<l1.

The solution v in (—1,0) is computed from v in (0,1) via: v(—z,t) = —v(x,t). The
solution of (5.2) is smooth up to t = 2/x then it develops a moving shock. For details,
see [23].

We divide the spatial domain into two zones and use the same discretization in
space and in time as in Example 1. In Figure 5.1, we show the exact solution and the
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approximate solution by the fourth order LTS algorithm with Azcpase = 1/40 and
M = 4. We see that LTS scheme clearly captures the shock with local refinement in
space and in time. In Figure 5.2, mass evolution as a function of time of different LTS
schemes with AZcoarse = 1/40 and M = 4 is displayed. The LTS schemes conserve the
mass in the region of the LTS interface, and thus in the whole domain. The relative
L' errors at T = 0.3 when the solution is still smooth are shown in Table 5.3. Again,
the LTS schemes converge at the same order as the associated GTS schemes and the
errors are improved as M increases. At T' = 1.1, the errors in the smooth regions (0.1
away from the shock) are as the same magnitude as in the smooth case as displayed
in Table 5.4.

0.8 0.8 0.8

0.6 0.6 0.6

0.4 0.4 0.4

0.2 0.2 0.2

0 0 0
—Exact solution —Exact solution —Exact solution

-0.4 -0.4 -0.4
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

(a) At T=10.3 (b) At T =2/x (c) At T =1.1

Figure 5.1: [Burger’s equation| Snapshots of the solution by the fourth order LTS
scheme with 2 subdomains, Az; = Azs/4 and Azy = 1/40,

0.500000006
0.500000004
° —LTS RK-DG2|
é 0.500000002 | —L1s RK.Dot
0.500000000
0. 998 . ! : ' ;
0 0.2 0.4 0.6 0.8 1

Time

Figure 5.2: [Burger’s equation| Time evolution of mass for second, third and fourth
order LTS schemes at AZcoarse = 1/40 and M = 4. Note that the third and fourth
order approximations coincide with each other.

5.2. Euler equations of gas dynamics. We next apply the proposed LTS
algorithms to solve a system of one dimensional conservation laws. For the spatial
discretization, we employ the DG methods for systems of equations presented in [§]
with the local projection limiting in the characteristic fields. The time-stepping is
still SSP-RK and thus it is straightforward to apply the proposed LTS algorithms for
such a system. We consider the Euler equations of gas dynamics for a polytropic gas:

ue+f(u)e =0, u=(p,m E)", f(u)=qu+/(0,P,¢P), (5-4)

with P = (v —1) (E — 1/2pq2). Here p,q, P and E are the density, velocity, pressure
and total energy, respectively; m = p ¢ is the momentum and -y is the ratio of specific
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AZcoarse | M RK-DG2 RK-DG3 RK-DG4

Rel. L' error  [CR] | Rel. L' error [CR] | Rel. L' error  [CR]

1 6.49¢-03 [1.97] 3.27e-04 3.18] 2.26e-05 -

110 2 3.97e-03 2.07] 1.10e-04 [3.12] 6.75e-06 -

4 3.37e-03 [2.09] 8.97e-05 [3.26] 5.97e-06 -

8 3.22e-03 [2.09] 8.73e-05 [3.28] 5.93e-06 -
1 1.62e-03 [2.00] 4.10e-05 [3.00] 1.31e-06 [4.11]
120 2 9.63¢-04 [2.04] 1.45¢-05 [2.92] 4.19e-07 [4.01]
4 8.11e-04 [2.06] 1.17¢-05 [2.94] 3.60e-07  [4.05]
8 7.74e-04 [2.06] 1.14¢-05 [2.94] 3.57e-07  [4.05]
1 4.03e-04 [2.01] 5.01e-06 [3.03] 8.68¢-08 [3.92]
/40 2 2.38¢-04 [2.02] 1.81¢-06 [3.00] 2.63e-08 [3.99]
4 1.99¢-04 [2.03] 1.43¢-06 [3.03] 2.30e-08 [3.97]
8 1.89¢-04 [2.03] 1.40e-06 3.03] 2.28¢-08 [3.97]
1 1.00e-04 [2.01] 6.18e-07  [3.02] 5.44e-09 [4.00]
/80 2 5.95¢-05 [2.00] 225007 [3.01] 1.75¢-09 [3.91]
4 4.95¢-05 [2.01] 1.78¢-07 [3.01] 1.56e-09 [3.88]
8 4.71e-05 [2.01] 1.746-07 [3.01] 1.55e-09 [3.88]

Table 5.3: [Burger’s equation| L' relative errors at 7' = 0.3 for different M. The rates
of convergence “CR” for fixed M are shown in square brackets.

At T = 1.1, errors in smooth region ||z — shock|| >= 0.1

AZcoarse M | 2nd order LTS | 3rd order LTS | 4th order LTS
1 6.16e-05 4.25e-07 4.31e-09
1/40 2 4.67e-05 1.73e-07 1.71e-09
4 4.37e-05 1.53e-07 1.59e-09
8 4.35e-05 1.52e-07 1.60e-09

Table 5.4: [Burger’s equation] L' relative errors in smooth regions at 7' = 1.1 of
different local time-stepping schemes.

heats. In the following computation, we use v = 1.4 and present numerical results
of applying the second order LTS algorithm to solve Riemann problems of Euler
equations and the problem of interaction of blast waves. Note that for these test
cases, there is no advantage of using higher order schemes as investigated in [8].

Example 3: Shock tube problem. Consider the Riemann problem

ur, <0,
u(x,O):{u; =0 (5.5)

with two sets of initial conditions:

a) The Sod problem [46]: (pr,qr, Pr) = (1,0,1) and (pg, gr, Pr) = (0.125,0,0.10);
b) The Lax problem [31]: (pr,qr, Pr) = (0.445,0.698,3.528) and (pgr, qr, Pr) =
(0.5,0,0.571).
The Sod problem has become a standard test problem of Euler equations with
a monotone decreasing density profile. For this problem, we consider two settings of
the decomposition into fine and coarse regions:
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1. two subdomains with the coarse region [—4.9, —0.5) and fine region [—0.5,5.1);
2. three subdomains with the coarse regions [—4.9,—2.9) and [4,5.1], and the
fine region [—2.9,4).

The exact solution and approximation solution by the second order LTS algorithm
at T = 2.0 with AZcoarse = 1/5 and M = 4 are shown in Figure 5.3 for the case of
two subdomains and in Figure 5.4 for the case of three subdomains. The L! relative
errors are displayed in Table 5.5 in which we observe that for both settings, the
errors decrease as M increases, especially for the three subdomain case, and the order
of convergence is first order as the solution is discontinuous. The three subdomain
setting, as expected, has a better performance since the fine region includes the contact
discontinuities and the corners of rarefaction waves.

o LTS RK-DG2
1 o LTS RK-DG2 —Exact solution 1 o LTS RK-DG2
—Exact solution 0.8 —Exact solution
0.8 ' 08
> > g
%06 506 206
s 3 3
Q04 S04 &4
0.2 0.2 0.2
0 0 0

4 2 0 2 4 4 2 0 2 4 4 2 0 2 4

Figure 5.3: [Sod shock tube problem]| Snapshots of the density, velocity and pressure
at T = 2.0 by the second order LTS scheme with 2 subdomains, Az cpase = 1/5 and
M =4.

o LTS-RKDG2
1 koo o LTS-RKDG2 —Exact solution 1 beeesee o LTS-RKDG2
) —Exact solution 0.8 —Exact solution
0.8 ' 0.8
Z 206 g
% 0.6 S 206
5 $ g
Q04 >04 £04
0.2 0.2 0.2
0 0 0
4 2 0 2 4 4 2 4 4 2 0 2 4

Figure 5.4: [Sod shock tube problem]| Snapshots of the density, velocity and pressure
at T' = 2.0 by the second order LTS scheme with 3 subdomains, Az¢oarse = 1/5 and
M =4.

For the Lax problem, the density profile has a “built-up” intermediate state, thus
we divide the domain into two subdomains with the coarse region [—4.9,0) and the
fine region [0,5.1). The second order LTS approximate solution at 7' = 1.3 with
AZcoarse = 1/5 and M = 4 is shown in Figure 5.5 together with the exact solution.
We observe that the LTS scheme captures very well the “built-up” density profile with
local refinement in space and in time. The L' relative errors are presented in Table 5.6
that match our expectation.
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Ateomrse | M Density Velocity Pressure
2 domains | 3 domains | 2 domains | 3 domains | 2 domains | 3 domains
1 1.79e-02 3.88e-02 1.76e-02
1/5 2 8.96e-03 8.28e-03 2.03e-02 1.75e-02 8.46e-03 7.22e-03
4 6.35e-03 4.25e-03 1.39e-02 8.82¢-03 6.82e-03 3.62e-03
8 6.06e-03 2.22e-03 1.27e-02 4.46e-03 7.34e-03 1.81e-03
1 8.28e-03 1.78e-02 7.24e-03
1/10 2 4.41e-03 4.23e-03 9.79e-03 8.83e-03 3.89¢-03 3.61e-03
4 2.88e-03 2.21e-03 6.11e-03 4.46e-03 2.76e-03 1.80e-03
8 2.50e-03 1.16e-03 5.19e-03 2.30e-03 2.80e-03 9.03e-04

Table 5.5: [Sod shock tube problem| L* relative errors at 7' = 2.0 of the second order
LTS algorithm for the Sod shock tube problem.

4 s Ak-0G3 o LTS RK-DG2 5 LTS RK-DG2
12 —Exact solution 3 —Exact solution
1.5 3
1 °
>
g B 32
0.8 o 1 3
) ° o
Bo6 > a
..... 0.5 1
0.4 Sessese
0.2 0 0
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4

Figure 5.5: [Lax shock tube problem| Snapshots of the density, velocity and pressure
at T = 1.3 by the second order LTS scheme with two subdomains, AZcoarse = 1/5
and M = 4.

’ AZcoarse M ‘ Density Velocity | Pressure
1 4.74e-02 | 2.15e-02 1.44e-02

1/5 2 2.94e-02 | 1.69e-02 | 1.07e-02

4 2.11e-02 | 1.73e-02 | 9.12e-03

8 1.18e-02 | 1.37e-02 | 7.63e-03

1 2.52e-02 | 1.20e-02 | 6.55e-03

1/10 2 1.51e-02 | 9.07e-03 | 4.74e-03

4 8.88e-03 | 7.13e-03 | 3.91e-03

8 5.70e-03 | 7.41e-03 | 4.19e-03

Table 5.6: [Lax shock tube problem| L' relative errors at T' = 1.3 of the second order

LTS algorithm.

Example 4: Interaction of blast waves. We finally consider the problem of
two interacting blast waves:

u(z,0) =

ur,
Unr,
UR,

0<z<0.1,
0.1 <z <0.9,
09<2 <1,

(5.6)
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with (pz, qz, Pr) = (1,0,10%), (par, qar, Par) = (1,0,1072) and (pr, qr, Pr) = (1,0, 100).
Reflection boundary conditions are applied at z = 0 and = = 1. For details, see
[51, 23].

We divide Q = [0,1] into 3 subdomains £; = [0,0.2), Q3 = [0.2,0.9) and Q3 =
[0.9,1]. The mesh and time step sizes in Q3 are M times smaller than those in ; and
3. The solutions at 7' = 0.038 with the second order global time-stepping (M = 1)
and local time-stepping (M = 2) are shown in Figure 5.6. We see that the LTS scheme
with a local refinement in space and time gives a much better resolution, especially
for the density profile.

8 15 500/ % Moa
x M=1 x M=1 = .
o M=2 o M=2 —Converged solution
6 —Converged solution —Converged solution 400
10
2 £300
g
3 o 200
=5
100
0 e 0
0 0.5 1 0 0.5 1

Figure 5.6: [Blast waves’ interaction problem| Snapshots of the density, velocity and
pressure at 7' = 0.038 by the second order GTS (M = 1) and LTS (M = 2) schemes
with AZcoarse = 1,/200.

6. Conclusion. In this work, high order explicit local time-stepping algorithms
have been proposed and analyzed for hyperbolic conservation laws. The approaches
are of predictor-corrector type, and algorithms of up to fourth order accuracy are con-
structed in a general setting of Runge-Kutta discontinuous Galerkin methods with the
modified minmod limiter. With our LTS schemes, different time-step sizes can be used
based on a local CFL condition instead of the more restrictive global CFL condition.
Thus, they outperform the global time-stepping for simulations on multi-resolution
meshes or of multiple scales. In addition, we rigorously prove the conservation prop-
erty and nonlinear stability of these schemes. Numerical results confirm their accuracy
and efficiency. Future work includes the coupling of adaptive multi-resolution meshes
with our local time-stepping to carry out simulations in parallel and further inves-
tigations on the numerical performance of the proposed approaches for large scale
simulations on modern supercomputer systems.
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Appendices.

A. SSP-RK time stepping schemes. We first present the SSP-RK(2,2) and

SSP-RK(3,3) schemes for solution of the system (2.4), which are optimal in the sense
that the number of stages equals the order of accuracy and the coefficients 3;, are
nonnegative [17]. In both cases, the schemes possess the SSP coefficient C = 1.

Second order SSP—RK(Q,Q) Q10 = /810 = 1, Qo = Qg1 = 621 = 1/2 and /820 = O,

which is equivalent to the Heun’s method:

UZ,(I) =U} + AtL,(U}),

Al
Ut = 1pU 1 (U0 A7), -
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Third order SSP-RK(3,3): a10 = B0 = 1, agg = 3/4, g1 = P21 = 4, agp =
1/3, aiga = P32 = 2/3 and P9 = B30 = a31 = f31 = 0, or explicitly:

Upt = U+ AL (U7),
Up® = spuy s (U + s, @),
Ut = 1sU 2 (U P 4 AL, 03 ?)).

(A.2)

For higher order schemes r > 4, we can not avoid negative 3;, without using

additional stages.

We shall use the SSP-RK(5,4) proposed in [30] with the SSP
coefficient C = 1.652, and the coefficients of the scheme are listed in Table A.l.

Ay
1 0 0 0 0
0.261216512493821  0.738783487506179 0 0 0
0.623613752757655 0 0.376386247242345 0 0
0.444745181201454  0.120932584902288 0 0.434322233896258 0
0.213357715199957  0.209928473023448  0.063353148180384 0 0.513360663596212
Biv
0.605491839566400 0 0 0 0
0 0.447327372891397 0 0 0
0.000000844149769 0 0.227898801230261 0 0
0.002856233144485  0.073223693296006 0 0.262978568366434 0
0.002362549760441  0.127109977308333  0.038359814234063 0 0.310835692561898

Table A.1: [30] Coefficients of the SSP-RK (5,4) scheme with C = 1.652.

B. Derivation of the predictors. We derive the predictors up to fourth order
accuracy (k = 1,2,3) in the DG-RK setting. To simplify the notation, in the following,
we consider an arbitrary equation in the system (2.4) and write it in the form:

where w = (w;(¢))

Vi

(w; represents u

drwj = Lj(w),

@

J

simplicity) and L; is a multivariable, real-valued function.
Given the time partition with coarse and fine time steps as defined in Section 3

(B.1)

and we have dropped the superscript (1) for

and assume that the solution w™ at t" is known, we shall construct the approximation
of w at the interface ;11 at the intermediate time levels t"* for p=1,..., M — 1.
Performing Taylor expansion of w; at t" yields:

dwj 1 k d(k) U)j
— (") +...+=(t—t"

dt )+ + k!( ) dt
The time derivatives of w; up to order k are approximated by the SSP-RK solution

w;(t) = w; (") + (E—t") ") +0 ((A)*1). (B.2)

of the first (s — 1) stages with a coarse time step, w;l’(i) fori=1,...,5s — 1. These
approximations are detailed in the following for second, third and fourth order schemes
respectively.

B.1. Predictor for the SSP-RK(2,2) scheme. We obtain the approximation
for wi* = w;“p’(o) by truncating (B.2) to the second term:

pA

v M

n,p,(0) _  n,(0)
i =w; +

awl” +O(A2), p=0,1,...,M 1, (B.3)
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where At, = pAt/m. To compute the first time derivative, we first notice that
atw;l’(o) = Lj('w"’(o)) according to (B.1). Thus, by using the solution at stage 1
of SSP-RK(2,2) with a coarse time step

w;u(l) _ w;u(O) + AtLj(w”’(O)),
we deduce that

WD) _ ()

n,(0) _ 7. L0y g J
Ow; ™ = Lj(w™") = QT O (At). (B.4)
Substituting this into (B.3) yields:
n,p,(0 n,(0 p n,(1 n,(0
wjp():wj()—i-—(wj()—wj())—&—O(Atg). (B.5)

We also need to predict w;.l’p ’(1), the solution at stage 1 at intermediate time levels,

forp=0,...,M — 1. By definition of the SSP-RK(2,2) scheme, we have:

n.p,(1) _

n,p,(0) At (0))
J J

w + MLJ ('w"’p’

As Lj(w™? (@) = L;(w™®) + O(At), we deduce from (B.6) that

A
(1) o (0) 4 MtLj(’wn’(O)) 1+ O(A),

w] J

or equivalently via (B.5)
e (1) _nop©  PEL ) ) O(AR) (B.6)
w; = w; a7\ w; . .
It is clear from (B.5) and (B.6) that the proposed predictor gives second order accurate
approximations of the solutions at intermediate time levels t"?, for p =0,..., M — 1.

B.2. Predictor for the SSP-RK(3,3) scheme. As in the second order case,
we approximate w;“p’(o) by truncating (B.2), but now to the third term:

2
n,p,(0 n,0) , PAt . ), 1 [ PAt n,(0
w-p():wj()—i—@twj()—i—( attwj()+O(Atf,), p=0,1,...,M—1.

J 2\ M
(B.7)
The time derivatives are computed from the solutions at stage 1 and stage 2 of SSP-
RK(3,3) with a coarse time step:

w;z,(l) — w;}»(o) + AtL;(w™ ), (B.8)
n 3 . 1 n 1 n
wj)(Q) = 3% O 4 ij’(l) + ZAtLj(w (). (B.9)

The first time derivative can be obtained as in (B.4), for the second time derivative,
by the chain rule we deduce from (B.1) that

8ttwj = VLJ (’U)) . at'w7
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and we will compute the right-hand side by using (B.9). In particular, by performing
first order Taylor expansion, we obtain:

Lj(w™W) = Lj(w™®) + VL;(w™©) - (w1 —w™©) 1 O(A#?).
Substituting this into (B.9) yields
wp® = Z W (°)+i W@ 4 2 TAL ™)+ 5 LA VL@ ©) - 0,™ @)+ 0(A8),
from which we deduce that
APVL; (™) 9, (w™ ) = 4w?? — 30 — W — ALL; (™) + O(A)
= 4w?® — 20 — 20V L O(AF),

where the last equality is obtained by (B.4). Inserting this and (B.4) into (B.7), we
arrive at

2
,p,(0 ,(0 p (1 0 p (2 ,(0 ,(1
w;”’( ) :w;b( )Jrﬂ(w;z( ) Jn( ))Jrm (Qw?( )7%7}( )7w;z( ))) +O(At3),
for p = 0,1,...,M — 1. Similarly, we can approximate wj m2 () and w; (2 ), the
solutions at stage 1 and stage 2 of SSP-RK(3,3) as follows:
n 1) gy O At np(0)
w; = + = M Lj(w w; )
At
B8 (10 8 ). 000501
n At n At
:wj’p’(o)+MLj(wj’(O))-F*VL'(w"’(O)) p 20 © + 0(A)
0 p+1 n,(1 (p+2) n,(2 n,(0 n,(1
()+ M(j()_wj())+ v (2wj()—wj()—wj())>+O(At3),
and
W@ 3@ | L) | LA )

J 47 47 4 M

3 1, 1At . ., ., .
= Zu © + ») 4 2 e ( S ) 4 VL (™)« (w1 — ’(0))+O(At2))

At At (p+1)At .
n,p,(0 n, n,
w; np(0) L 20p ™) £ VL™ ©) 2T 9,00 - O(AE)
n@©  2P+1 @) noy, 2222 +1 0 n@) a0 na :
= w4 5 (w M ())+ e (211)]-()fwj()*wj()))JrO(Ats).

J J

B.3. Predictor for the SSP-RK(5,4) scheme. Again, we approximate w;-l’p’(o)
by truncating (B.2), now to the fourth term:

., At 1 (pAN? . o L (pA
w,’p’(o):w () p at j,(O +§ (p> 8ttwj’(0)+6 <p) atttwj7(0)+O(At;17)a

J M M
(B.10)
for p=0,1,..., M — 1. As for the second and third order cases, we approximate the
time derivatives
&sw;l’(o) = Lj(w™®), 3ttw;l’(0) = VL;w™?) - g™, (B.11)
8tttw;-l’(0) = (8twn,(0))T HLj (,le,(O)) 825’!1]”’(0) + VLJ (w"’(o)) . 8ttw"’(0), (B12)
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by using the solution the first four stages of SSP-RK(5,4) with a coarse time step:

w;"v(l) — 0410'10?7(0) + ﬁlOAtLj(wn)(O))) (B].S)
w;‘h@) = 0520“’?7(0) + azlw;h(l) + 521AtLj ('wn’(l))’ (B'14)
w}h(g) = 0430“’;‘1’(0) + BsoAtLj(w™ ) + 0432“’;‘1’(2) + B AtL;(w™ ), (B.15)
Wl = agow® 4 B AL (™) + agw] M 4 By AL (w™ D)
+ CY43’LU;L’(3) + B43AtLj (w"’(3)). (B16)
Denote by _ _
A — ’y(l)At, i=0,1,2,3, (B.17)
with

YO =0, AW =815, @ =7 + a1, 7B = az27? + Baz + B0 (B.18)
From (B.13) we have

n 1 n "
At g = At Lj(w™©) = Bro (“’j W~ g ’(O)) :
10

Next, we approximate the flux by Taylor expansion with O(At?) truncated error:
L™ W) = L") + VL " ®) . (@) — ")
1
+ 7(11)”’(1) o w"7(0))HL]. (wm(O)) (,wm(l) _ ,wn,(O)) + O(At3)

2
n,(1))2
Ay attw”’(‘)))

= Lj(w™©) + VL;w™©). (Atm(l) dw™ ) 5

n,(1))2
M (atwn7(0))T HLj (wn’(o)) atwm(O) + O(AtB)’

(Atn,(l))Q
2

in which A#™() is defined in (B.17) and the last equality is obtained by substituting
the derivatives in time (B.11)-(B.12). Similarly,

=Lj (wn’(o)) + A attw?’(o) + atttw_?7(0) +0(At%), (B.19)

At 2)?
Liw™®) = Lj(w™®) + At™® g0 % B + O(AL), (B.20)
and
At @3)?
Li(w™®) = Lj(w™®) + At g0 % B + O(AF). (B.21)

For the fourth order SSP-RK scheme, the number of stages is larger than the order
of the scheme. Consequently, we can compute different approximations of the time
derivatives 8“11)?’(0) and 3tttw§b’(0) using either equations (B.19)-(B.20) or (B.20)-
(B.21). In particular, if we substitute the equations (B.19)-(B.20) into (B.14)-(B.15),
we obtain the following system for attw;?*“)) and 8tttw;’(0):

. " At n
w; = Aj+ 521510At23ttwj (0 4 B21ﬁ%078tttwj RO O(AtY), (B.22)

w; ) = Bj + Baz(a2 o + Bo1) A2y O 4 By (azBro + ﬁ21)278tttwj (O
+ O(AtY), (B.23)
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where
Aj = OZQOU/;I’(O) —+ OLQlUJ ﬂQl (wn’(l) — Oél()w?’(o)) 5
610
n n + n n
B; = agowj’(o) + azaw; 2 4 (630510'832) (wj’(l) _ Oélowj’(o)> _

By solving (B.22)-(B.23), we can compute fourth order approximations of 8ttw;l (0)

and 8tttwn’(0) denoted by 8“104 ™,(0) and 9y w4 0), as linear combinations of the so-
n,(0) | n,(1)  n,(2) n,(3),

lutions at different stages with a coarse time step w s Wi, w; and w
—n,(0 —n,(0 n,(0 n,(1 n,(2 3
8ttw 0 _ attw ( )(U’j ( )’ w ( )’ ! ( )’ n,( ))7 (B.24)
s 0 0 n,(1 n,(2 ,(3) :
8”“)() —aw()( ()7wj()7wj() ()

Similarly, we can substitute the equations (B.20)-(B. 21) into (B.15)-(B.16) to ob-

tain alternative approximations of 8ttw ™0 and Ot tw ©) , denoted by 8ttw ) and
at,ﬁ;“‘o), as linear combinations of the solutions w; (0), w; (1), w;-“(g) and w (),
=n,(0 =n,(0 n, n, n,
aﬁﬂ( ) — 0, L( )(wj (0)7 w (1)’ w) (3)7 w) (4)>7
=n,(0) n,(0), 7n,(0)  m,(1) n,(3)  n,(4) (B.25)
Ot 10 = atttwj (wjf s W W wy ).

To take into account values at all four stages, we choose the average of (B.24) and

n,(0) n,(0)

(B.25) as approximations of attw and O bW respectively and insert them into

(B.10) to obtain a fourth order approximation of w" P 0),

Next, we approximate w; P () , i =1,2,3,4 based on the definition of the SSP-
RK(5,4) scheme:

Zaww 2. (v) +Bw Ljw"™®)  vi=1,234.
Denote by

; WAV
At = (p+aW) 7 i =0,1,2,3,

with () defined in (B.18). We approximate L; (w™P), i =0,1,2,3, as in (B.19)-
(B.21) and use (B.24) and (B.25) to approximate the time derivatives:

, , n 1 ; n
Lj (w"’p’(l)) = Lj (w"’(o)) + At”’p’(l)attwj (0 + i(At"’p’(l))QBtttwj (0 + O (Atg) .

Using this we can compute w; (1) ,1=1,2,3,4 with fourth order accuracy in time.
REMARK B.1. By construction, the predictors for SSP-RK(2,2), SSP-RK(3,3)
and SSP-RK(5,4) are respectively second, third and fourth order accurate in time.



