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Bias Correction With Jackknife, Bootstrap,
and Taylor Series

Jiantao Jiao™, Member, IEEE, and Yanjun Han™', Student Member, IEEE

Abstract— We analyze bias correction methods using jackknife,
bootstrap, and Taylor series. We focus on the binomial model,
and consider the problem of bias correction for estimating f (p),
where f € CJ[0, 1] is arbitrary. We characterize the supremum
norm of the bias of general jackknife and bootstrap estimators
for any continuous functions, and demonstrate the in delete-d
jackknife, different values of d may lead to drastically different
behaviors in jackknife. We show that in the binomial model,
iterating the bootstrap bias correction infinitely many times may
lead to divergence of bias and variance, and demonstrate that
the bias properties of the bootstrap bias corrected estimator after
7 — 1 rounds are of the same order as that of the r-jackknife
estimator if a bounded coefficients condition is satisfied.

Index Terms— Bootstrap, jackknife, bias correction, functional
estimation, approximation theory.

I. INTRODUCTION

NE of the classic problems in statistics is to design

procedures to reduce the bias of estimators. General bias
correction methods such as the bootstrap, the jackknife, and
the Taylor series have been widely employed and well studied
in the literature. See [1]-[14] and the references therein. The
jackknife idea is also closely related to the ensemble method
in estimation [15]-[17].

A close inspection of the literature on those general bias
correction methods show that they usually rely on certain
expansion (differentiability) properties of the expectation of
the estimator one would like to correct the bias for, and the
analysis is pointwise asymptotics [7], [9], [13].

One motivation for this work is that the methods based on
series expansions and differentiability assumptions may not
suffice in the analysis of bootstrap and jackknife even in the
simplest statistical models, and the practical implementations
of bootstrap and jackknife do not require those differentiability
conditions. The Taylor series itself, by definition, is a series
expansion method which we include here for comparison with
bootstrap and jackknife.

To illustrate our point, consider one of the simplest statis-
tical models, the binomial model, where n - p, ~ B(n,p).
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For any function f : [0,1] — R, we would like to correct
the bias of f(p,) as an estimator of f(p). Let ey ,(p) =
f(p) — Epf(pn) be the bias term. The expectation of the
jackknife bias corrected estimator fg satisfies

E[fo] = E[nf(pn) — (n — 1) f(Bn-1)], (1)

where (n — 1) - pp,—1 ~ B(n — 1,p). The textbook argument
of the bias reduction property of the jackknife is the follow-
ing [13]. Suppose that

) ="+ M0, ().

where a(p),b(p) are unknown functions of p which do no
depend on n, and Op(an) is a sequence that is elementwise
upper bounded by a, up to a multiplicative constant for
fixed p. We also have

e1.n-1(p) = ;(_p)l + (nbipiy +0p <ﬁ) -

Hence, the overall bias of fg is:

)
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which seems to suggest that the bias has been reduced to order
2> instead of order 1. However, if we particularize (2) to

f(p) = pIn(1/p), which relates to the Shannon entropy [18],

we have [19]
1—p 1 /1 1
o0 T T2n2 (}_7 _p) O (F) - D

One immediately sees that it may not be reasonable to claim
that the jackknife has reduced the bias upon looking at (7)
and (6). Indeed, the bias of the jackknife estimator is uniformly
upper bounded by O(n), but the right hand side of (7) and (6)
explodes to infinity as p — 0. It shows that one cannot ignore
the dependence on p in the O,(-) notation, but even doing
higher order of Taylor expansion does not help. In fact, it was
shown first in [20] that for f(p) = pln(1/p), there exist
universal constants C; > 0, C5 > 0 such that for any n > 1,

el,n(p) =

C

sup |e1n(p)] < — ®)
pE[O,l] n
- C

sup |f(p) — Bylf]| > <. ©)

p€(0,1]
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In other words, the jackknife does not change the bias order at
all. There exist other estimators that achieve a smaller order of
bias. Indeed, the estimators [21]—[24] that achieve the optimal
minimax sample complexity for Shannon entropy estimation
used best approximation polynomials to reduce the bias of of
each symbol from = to nlnn

In this paper, we connect the jackknife and bootstrap to the
theory of approximation, and provide a systematic treatment
of the problem of correcting the bias for f(p,,) as an estimator
of f(p) for f € C[0,1] and n - p,, ~ B(n,p). Compared with
existing literature, we choose to simplify the statistical model
to the extreme, but consider arbitrary functions f. We believe
it is an angle worth investigating due to the following reasons.
First of all, it directly leads to analysis of the bias correction
properties of jackknife and bootstrap for important statistical
questions such as the Shannon entropy estimation, which
existing theory proves insufficient of handling. Second, even
in this simplest statistical model the analysis of jackknife and
bootstrap is far non-trivial, and there still exist abundant open
problems as we discuss in this paper. One message we would
like to convey in this work is that the analysis of jackknife and
bootstrap in simple statistical models but general functions
could lead to interesting and deep mathematical phenomena
that remain fertile ground for research. We mention that most
of the results in this paper could be generalized to the case of
natural exponential family of quadratic variance functions [25],
[26], which comprises of six families: Gaussian, Poisson, bino-
mial, negative binomial, gamma, and generalized hyperbolic
secant. Coincidentally, these distribution families were also
identified as special in approximation theory literature, where
they were named operators of the exponential-type [27], [28].

We introduce some notations below. The r-th symmetric
difference of a function f : [0, 1] — R is given by

T

=SS0 () o /)~ k)

k=0

Al f(z) (10)
where A} f(x) = 0 if 2 +rh/2 or £ — rh/2 is not in [0, 1].
We introduce the r-th Ditzian—Totik modulus of smoothness
of a function f : [0,1] — R as

wy(ft) = sup

0<h<t

il an

where p(x) = /x(1 — ), and the norm is the supremum
norm.

The w ( f,t) modulus satisfies the following properties.

Lemma 1: [29, Chap. 4] The Ditzian-Totik modulus of
smoothness w(, (f,?) in (11) satisfies the following:

1) wi(f,t) is a nondecreasing function of ¢.

2) There exist universal constants K > 0,ty > 0 such that
wf;(f, At) < K)\’“wz;(f, t) for A > 1, and A\t < ¢g.

3) There exist universal constants K > 0,%y > 0 such that
Wit (f,t) < Kwi(f,t) for 0 <t < tq.

4) There exists a universal constant K > 0 such that
Wi (f,t) < Ksup,eoq [F ()]t

5) lim;_ o+ “e (Tf’t) =0 = f is a polynomial with degree

r—1.(fis apolynomial of degree r—1 = w(,(f,t) = 0).
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6) wi(f,t) = O(t") for fixed f,r if and only if f"=1) €
AClOc and |¢" f] < oo,
where f("=1) € A.C.,.. means that f is » — 1 times differ-
entiable and f("~1) is absolutely continuous in every closed
finite interval [c,d] C (0, 1).

We emphasize that Ditzian—Totik modulus of smoothness
is easy to compute for various functions. For example, for
f(z) = 2%/Inz/2[7,2 € (0,1). Then for r > 2§, we
have [29, Section 3.4]:

L) =g ?ﬁwm” 5 ¢2,5>0,7>0
e\J>» 7,0,y

.12
t¥|Int~! §€Z,6>0,v>1 (12

An intuitive understanding of w((f,?) is the following.
If the function f is “smoother”, the modulus is smaller.
However, a non-zero w((f,t) cannot vanish faster than the
order t" for any fixed f

Notation: All the norms in this paper refer to the supre-
mum norm. Concretely || f|| = sup, |f(x)]. For non-negative
sequences a~, b, we use the notation a, S, by to denote
that there exists a universal constant C that only depends on
a such that sup,, Z—” < C, and ay 2o by is equivalent to
by Sa a7 Notation ay =q by is equivalent to a, S, by
and by Sa ay. We write a,, < b, if the constant is universal
and does not depend on any parameters. Notation a-, >> b,
means that liminf., 72 = 0 and a, < b, is equivalent to
by > a,. We write anb= min{a, b} and a Vb = max{a, b}.
Moreover polyn denotes the set of all d-variate polynomials
of degree of each variable no more than n, and E,[f;I]
denotes the distance of the function f to the space pon‘fL in
the uniform norm || -||o0.; on I C R%. The space poly,, is also
abbreviated as poly,,. All logarithms are in the natural base.
The notation Eg[X] denotes the mathematical expectation of
the random variable X whose distribution is indexed by the
parameter #. The s-backward difference of a function defined
over integers Gy, is

ASG,, 2 zs:(—l)k (Z) Gt

k=0

(13)

Remark 1 (Operator View of Bias Reduction): It was
elaborated in [30] that for any statistical model, the quantity
EoF (é) could be viewed as an operator that maps the function
F'(+) to another function of §. The operator is obviously linear
in F', and is also positive in the sense that if ' > 0 everywhere
it is also everywhere non-negative. If we view EgF(é) as
an approximation of F(f), then analyzing the bias of the
estimator F(f) is equivalent to analyzing the approximation
error of EgF(6).

Casting the bias analysis problem as an approximation
problem, a key observation of this work is that the bootstrap
bias correction could be viewed as the iterated Boolean sum
approximation, and the jackknife bias correction could be
viewed as a linear combination approximation, and the Taylor
series bias correction corresponds to the Taylor series approx-
imation. The main tool we use to handle these approximation
theoretic questions is the K -functional, which we introduce in
Appendix A.
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We now summarize our main results for jackknife, boot-
strap, and Taylor series bias correction.

A. Jackknife Bias Correction

The jackknife is a subsampling technique [13] that aims
at making the biases of estimators with different sample sizes
cancel each other. Before we introduce the jackknife estimator,
we recall the definition of U-statistic.

Definition 1 (U-Statistic): Let g : R" — R be a real-valued
function of r variables. For each n > r the associated
U-statistic Uy, [g] : R™ — R is defined as

>59(Xp, Xps, .., Xp,)

Unlg)(X1, Xa, ..., X,) = =22 (n)z :
(14)
which is the average over ordered samples (31, (2, ..., 3;) of

size r of the sample values g(Xg3,, Xga,,...,Xg,).

Definition 2 (r-Jackknife Estimator): Fix r > 1,r € Z. Fix
K > 0 such that K does not scale with n. For a given function
f € C[0,1] and any positive integer m, define function g,, :

R™ +— R as
"o
gm(xhx%---;xm) éf (h) . (15)
m
For a collection of sample sizes n; < no < nz < ... <
n, < Kn; = n, under the binomial model the general

r-jackknife estimator is defined as

fr=> " CiUulgm] (X1, Xa, ..., Xp), (16)

i=1

where X1, X, ...
given by

, Xn sy Bern(p). The coefficients {C;} are

oMy — Ny
J#L
If n, = n,n; —n;—1 = d, then it is called the delete-d
r-jackknife estimator.

Note that the standard jackknife in (1) corresponds to
ny = n — 1,ne = n, whose corresponding coefficients are
C; = —(n—1),Co = n. As shown in Lemma 13 in
Appendix B, the coefficients {C;}1<;<, in (17) satisfy the
following:

i=1
T Cz
25 =0

i=1

The intuition behind this condition is clear: only through
these equations can one completely cancel any bias terms of
order 1/n”,p < r — 1. It is also clear that (18) corresponds
to solving a linear system with the Vandermonde matrix, for
which the solution given in (17) is the unique solution due to
the fact that all the n;’s are distinct. The rationale above also
appeared in [31], and the corresponding coefficients C; were
given in the form of determinants. Equation (17) shows that
in this special case the coefficients admit a simple expression.

1<p<r—1,peZ. (18)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 7, JULY 2020

1) Jackknife With the Bounded Coefficients Condition: We
introduce the following condition on {C;}1<;<, which turns
out to be crucial for the bias and variance properties of the
general r-jackknife.

Condition 1 (Bounded Coefficients Condition): We say that
the jackknife coefficients C; in (17) satisfy the bounded coef-
ficients condition with parameter C' if there exists a constant
C' that only depends on 7 such that

i|ci| <C.
=1

One motivation for Condition 1 is the following. Observe
that

19)

Epfr =) CiEplf(hn,))- (20)
i=1

Viewing E,[f(pn,)] as an operator that maps f to a poly-
nomial, it is an approximation to f(p), which is the Bernstein
polynomial [32, Chapter 10]. It follows from the Bernstein
theorem [33, Chap. 7] that lim,, . |Epf(Pn) — f(P)|lec =0
for any continuous function f on [0, 1]. Then, one can view
the r-jackknife as a linear combination of operators. In this
sense, Condition 1 assures that the linear combination as a
new operator has bounded norm that is independent of n.

The following theorem quantifies the performance of the
general r-jackknife under the bounded coefficients condition
in Condition 1.

Theorem 1: Suppose {C;}1<;<, satisfies Condition 1 with
parameter C'. Suppose r > 1 is a fixed integer. Let f, denote
the general r-jackknife in (16). Then, for any f € C]0,1],
the following is true.

1)
1£(p) = Epfoll Src wl (f:1/vm) +n7"|If] @D
2) Fixing 0 < a < 2r,

Hf(p) - Epf?“” ,Sam,c n=o/?

& w2 (f,1) Sarc t. (22)
3) Suppose there is a constant D < 22" for which
wy' (f,2t) < Dw? (f,t) fort <to. (23)
Then,
1f () = Epfoll <rc.p w3 (£,1/V0). (24
4) Forr =1,
1 () = Epfll = w3 (f,1/v/n). (25)

The following corollary of Theorem 1 is immediate
given (12).

Corollary 1: Under the conditions in Theorem 1, if
f = —plnp, then
1
-

Hf(p) - Epf?“” =r,C (26)
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If f(p) =p*0<a<l, then,
1

1/ () = Epfrll =rc no

Corollary 1 implies that the r-jackknife estimator for fixed
r does not improve the bias of f(p,,) for f(p) = pln(1/p),
which makes it incapable of achieving the minimax rates of
Shannon entropy estimation [23], [24].

2) Jackknife Without the Bounded Coefficients Condition:
Theorem 1 has excluded the case that n; = n — 1,ny = n.
Clearly, to satisfy the assumptions of Theorem 1, we need to
require |n; —n;—1| 2 n1, which puts a minimum gap between
the different sample sizes we can use. This begs the question:
is this condition necessary to Theorem 1 to hold? If not, what
bad consequences it will lead to?

From a computational perspective, taking d small in the
delete-d jackknife may reduce the computational burden. How-
ever, as we now show, the usual delete-1 jackknife does not
satisfy Theorem 1 in general and exhibits drastically different
bias and variance properties. !

We now show that the delete-1 jackknife may have bias and
variance both diverging to infinity in the worst case.

27)

Theorem 2: Let f,« denote the delete-1 r-jackknife estimator.
There exists a fixed function f € C/(0, 1] that satisfies || f|| < 1
such that

[y fr = )l Z 0"

If we allow the function f to depend on n, then one can have
fecCo,].?

Meanwhile, for any n > 4, there exists a function
f € C0,1] depending on n such that

2
A n
[Var, ()] = .

(28)

(32)

Theorem 2 shows that in the worst case, the delete-1
r-jackknife may have bad performances compared to that sat-
isfying Condition 1. Before we delve into the refined analysis
of delete-1 r-jackknife, we illustrate the connection between
various types of r-jackknife estimators. It turns out that the
jackknife is intimately related to the divided differences of
functions.

't has been observed in the literature [34] that in jackknife variance esti-
mation, which is a different area of application of the jackknife methodology,
sometimes it is also necessary to take d large to guarantee consistency.

2We emphasize that if we restrict f € C[0,1], ||f|| < 1, and do not allow
f to depend on n, then one cannot achieve the bound (28). Indeed, noting
that -7, C; = 1, the error term can be written as

> CiEpf(Buti—r) — f(p)

i=1

> Ci(Bpf(Prvi-r) — f(P))] (29)
i=1

< ICHIE f(rsi—r)— F®)]l, (30)

i=1

It follows from the Bernstein theorem [33, Chap. 7] that
limp oo [|[Epf(Pn) — f(p)|| = O for any continuous function f on
[0, 1]. Hence, for any f € C0, 1] one has

IEpfr — F()I| = o(n" 1),

since maxi<;<, |Ci| < n™~1 for the delete-1 r-jackknife.

(€1Y)
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Definition 3 (Divided Difference): The divided difference
flz1,22,...,2,] of a function f over n distinct points
{z1,22,...,x,} is defined as

= f(xi)
L — )

It follows from (20), (17) and Lemma 13 in Appendix B
that the bias of a general r-jackknife estimator f. can be
written as

f[xlamQ)"'7xn]: (33)

Eolf] = £0) = 3 [ o Eali (0]~ F(9) (39)
i=1j#i " J

_ n;_l (Eplf (Pri)] —
= ; Hj;éi(m — nj)

Define G, rp = n" " (E,[f(pn)] — f(p)). Then, the bias
of f. can be written as the divided difference of
function G. s :

Ep[fr] - flp)= G-,f,p[nhng, -

It follows from the mean value theorem of divided differ-
ences defined over integers in Lemma 11 of Appendix B that
for every p, f,

B /] = £ ()]
|G ppln—r+1,n—r+2,...,n—1n]),
(37)

f)

(35)

. (36)

< max

ni<n<n,

and the right hand side of (37) is nothing but the maximum of
the bias of the delete-1 r-jackknife with varying sample sizes.

Equation (37) shows that in terms of the bias, the delete-1
jackknife might be the “worst” among all r-jackknife esti-
mators. However, what is the precise performance of the
delete-1 r-jackknife when the function f is “smooth”? Does
the performance improve compared to Theorem 2? We answer
this question below.

Condition 2 (Condition D;): A function f :[0,1] — R is
said to satisfy the condition Dy, s > 0, s € Z with parameter
L > 0 if the following is true:

1) s = 0: f is Lebesgue integrable on [0,1] and
SUPge(0,1] |f(z)] < L.
2) s> 1:
a) f~1 is absolutely continuous on [0, 1];
b) sup,eo, 1 @ ()| <L,0<i<s.

Remark 2: We mention that if a function f satisfies
condition Dy, it does not necessarily belong to the space
C*[0,1], where C*[0,1] denotes the space of functions f
on [0,1] such that f(*) is continuous. Indeed, the function
f(z) = 2?sin(1/z)1(z € (0,1]) satisfies condition D; as
a function mapping from [0, 1] to R, but it does not belong
to C*[0,1].

The performance of the delete-1 r-jackknife in estimating
f(p) satisfying condition Dy is summarized in the following
theorem.
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Fig. 1. Error exponents of “Good” and “Bad” jackknife estimators. Here

“Good” refers to the r-jackknife satisfying Condition 1, and “Bad” refers to
the delete-1 r-jackknife.

Theorem 3: Forany r > 1,s > 0 and f satisfying condition
D, with parameter L, let f,. be the delete-1 r-jackknife. Then,

Tl if0<s<2r—2
Epfr = fO) Srse {n~C8) ifs=2r—1; (38
n-" if s > 2r.

Theorem 4: For 1 < s < 2r — 3, there exists some
universal constant ¢ > 0 such that for any n € N, there
exists some function f € C*®[0,1] such that || f|| <1, ||f] <
1,--,[|f®] <1, and for delete-1 r-jackknife f,:

IBp fr(bn) — F()|| = en™ =15,

Theorem 5: For integer 2r — 2 < s < 2r — 1, there exists
some function f € C°[0,1] such that [[f[| < 1,[[f'flc <

(39)

L, 1 )ls <1, and for delete-1 r-jackknife f,,
E Ar A7 -
n— 00 n—3/2
Moreover, if s > 2r, then
P 1
B (5n) = FD)e 2 @

Proof: The first part follows from (37) and Theorem 1.
The second part follows from taking f(p) to be a polynomial
of order 2r with leading coefficient one. (]

Now we compare the performance of the r-jackknife esti-
mator f,« with and without Condition 1. Under Condition 1,
we know from Theorem 1 that

|Epfr(ﬁn) - f(p)l ST,S,L,C o min{ra}

for f satisfying condition D, with parameter L 3, where
the exponent is better than that of Theorem 3. A pictorial
illustration is shown in Figure 1.

(42)

Remark 3: For general delete-d r-jackknife, the cases of
d =< n and d = 1 exhibit drastically different behavior.
It remains fertile ground for research to analyze what is the

3Tt follows from the proof of Theorem 1 that the first part of Theorem 1
also applies to functions f satisfying condition D.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 7, JULY 2020

minimum d needed for the delete-d r-jackknife to achieve the
bias performance that is of the same order as those satisfying
Condition 1 for a specific function f.

3) Specific Functions: The last part of results pertaining to
the jackknife investigates some specific functions f(p). Here
we take f(p) = —plnp or p*, 0 < « < 1. Those functions
even do not belong to D; under Condition 2. However,
we show that the jackknife applied to these functions exhibits
far better convergence rates than the worst case analysis in
Theorem 4 predicted.

We show that for the r-jackknife when » = 2, no matter
whether Condition 1 is satisfied or not, the bias of the jackknife
estimator can be universally controlled.

Theorem 6: Let fg denote a general 2-jackknife in Defini-
tion 2. Then,

D if f(p) = —plnp,

X 1
Epfz - SIS - @)
2) if f(p) =p*,0 <a <1,
. 1
IEpfz = ) S - @4

Meanwhile, let fg be either the delete-1 2-jackknife, or a
2-jackknife that satisfies Condition 1. Then,

D) if f(p) = —plnp,

R 1
Iy f2 — FP)I 2 - (45)
2) if f(p) =p*,0<a<],
X 1
IEpf2 = FPI o —- (46)

Remark 4: We conjecture that Theorem 6 holds for any
fixed r instead of only r = 2.

B. Bootstrap Bias Correction

The rationale behind bootstrap bias correction is to use
the plug-in rule to estimate the bias and then iterate the
process [9]. Concretely, suppose we would like to estimate
a function f(#), and we have an estimator for 6, denoted
as . The estimator 6(X7') is a function of the observations
(X1,Xs,...,X,),and X; g Py. The bias of the plug-in rule
fi = f(0) is defined as

e1(8) = f(8) — Eof ().

We would like to correct this bias. The additive bootstrap
bias correction does this by using the plug-in rule el(é) to
estimate e (6), and then use f(A) + e1(f) to estimate f(6),
hoping that this bias corrected estimator has a smaller bias.

It is the place that the Monte Carlo approximation principle
takes effect: it allows us to compute the plug-in estimator e; (é)
without knowing the concrete form of the bias function e ().

Indeed, we have

(47)

e1(0) = f(0) — Bz f(67), (48)
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4 Lid.

where 6* = (X7, X3,...,X?), and the samples X '~ -
To compute E; f (é*), it suffices to draw the n-tuple sample
(X}, X5,...,X}) in total B times under Py, and use the
empirical average to replace the expectation, hoping that the
law of large number would make the empirical average close
to the expectation E, f (é*) This argument also shows that it
takes B rounds of sampling to evaluate e; () at one point.

After doing bootstrap bias correction as introduced above
once, we obtain fg =f (9) + el(é). What about its bias? The
bias of this new estimator, denoted as e3(6), is

2(6) = 1(6) — (Eaf (0) + Eoer(6))
= 61(9) — Egel(é).

(49)
(50)

Clearly, in order to compute e3(f), we need to evaluate
e1(+) in total B times, which amounts to a total computation
complexity B2.

It motivates the general formula: the bias of the bootstrap
bias corrected estimator after m — 1 rounds of correction is
related to that after m — 2 rounds via

em(0) = em-1(0) — Egen—1(0). (51)

Indeed, denoting the estimator after m — 2 rounds of bias
correction as f,,—1, by definition we know e,,_1(0) = f(6)—
Ea fm— 1 The bias corrected estimator after m — 1 rounds is

fm = fm—1+ em—1(0), whose bias is

(52)
(53)

en(8) = £(0) =Eo (Fn-1 + em-1(0))

= em,l(Q) — Eeemfl(o)'

The bias corrected estimator after m — 1 rounds of

correction is

(54)

It takes B™~! order computations to compute fm if we
view the computation of fo = f(f) + e;(0) takes computa-
tional time B. We introduce an linear operator A,, that maps
the function f to the same function space such that

An[f1(0) = Eqo f (D).

With the help of the operator A,,, one may view the bias of
fm in the following succinct way. Indeed, since

(55)

em,(e) = em,—l(e) - An [em—l](e) (56)
= (I — Ap)lem—1](0), (57)
we have
Eg fn = An <I + z_j (I - An)i> [f] (58)
= An ( . (I - An)i> [f] (59)
i=0
= (I —(I—A)™)f). (60)
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The operator I —(I—A,,)™ is known as the iterated Boolean
sum in the approximation theory literature [35], [36]. Indeed,
defining the Boolean sum as P& Q = P+ ) — PQ, we have

I—-(I-A,)"=A,9A4,0... A, =a™A4,, (6]

where there are m terms on the right hand side.
Let the bias of the bootstrap bias corrected estimator after
m — 1 rounds be denoted as e, (p), where

€m(P) = €m71(P) - Epemfl(ﬁn)v (62)

and e1(p) = f(p) —E,[f(pn)]. Here f € C[0,1], and n-p,, ~
B(n,p). Our first result on bootstrap bias correction is about
the limiting behavior of e,,(p) as m — oo. In other words,
what happens when we conduct the bootstrap bias correction
infinitely many times?

Theorem 7: Denote the unique polynomial of order n that
interpolates the function f(p) at n+1 points {i/n : 0 <i < n}
by L, [f]. Then, for any f:[0,1] — R,

lim sup |en(p) — (f — Lo[f])| =0,

M50 pel0,1]

where e,,(p) is defined in (62).

(63)

In other words, the bias function converges uniformly to the
approximation error of the Lagrange interpolation polynomial
that interpolates the function f at equidistant points on [0, 1].
This interpolating polynomial is in general known to exhibit
bad approximation properties unless the function is very
smooth. The Bernstein example below shows an extreme case.

Lemma 2: [37, Chap. 2, Sec. 2] [Bernstein’s example]
Suppose f(p) = |p — 1/2|, and L,[f] denotes the unique
polynomial that interpolates the function f(p) at n+ 1 points
{i/n:0 <i<mn}. Then,

liminf | L, [f](p)| = oo

n—oo

(64)

for all p € [0, 1] except for p=0,1/2, and 1. *

For more discussions on the convergence/divergence behav-
ior of L,[f], we refer the readers to [39] for more details.
We emphasize that it is a highly challenging question. For
example, it was shown in [40] that for any p € [0, 1], we have

Tim |La[f)(p) - F(p)] =0,

where f(p) = —plnp or p*,a > 0, ¢ Z, and L,[f] is
the Lagrange interpolation polynomial at equi-distant points.
However, to our knowledge it is unknown that whether
sup,eio) [ Lnlfl(p) — f(p)| converges to zero as n — oo
for those specific functions, and if so, what the convergence
rate is.

As Theorem 7 and Lemma 2 show, it may not be a
wise idea to iterate the bootstrap bias correction too many
times. It is both computationally prohibitive, and even may
deteriorate statistically along the process. In practice, one
usually conducts the bootstrap bias correction a few times. The

(65)

4This phenomenon has been generalized to other functions such as
lp— %|°‘, o > 0 when « is not an even integer. See [38] for more details.
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next theorem provides performance guarantees for the first few
iterations of bootstrap bias correction.

Theorem 8: Fix the number of iterations m > 0, and
0 < a < 2m. Then the following statements are true for
any f € C10,1]. Here e,,(p) is defined in (62).

1y

lem@)ll Sm w2™(f,1/Vn) + [ fln~™.  (66)
2)
lem @] Saum 1% & W2 (f,1) Sam 1% (67)
3)
llem (p)]] <m n~™ < f is an affine function  (68)
4) Suppose there is a constant D < 22™ for which
w2 (f,2t) < Dw2™(f,t) fort <to.  (69)
Then,
lem (Pl =m.p w3™(f,1/v/n). (70)
5) Form =1,
lem (P)| =< w3 (£, 1/v/n). (71)

Theorem 8 has several interesting implications. First of all,
it shows that for a few iterations of the bootstrap bias cor-
rection, we have a decent bound on the bias ||e,,(p)||, which
is intimately connected with the 2m-th order Ditzian—Totik
modulus of smoothness evaluated at 1/+/7. This bound is tight
in various senses. The second statement shows that it captures
the bias ||e,,,(p)] at least up to the granularity of the exponent
in n, and the third statement shows that it is impossible for
the bootstrap bias corrected estimator to achieve bias of order
lower than n~"™ except for the trivial case of affine functions,
which have bias zero. The fourth statement shows that as long
as the modulus w?™(f,t) is not too close to ¢, the DT
modulus bound is tight. The fifth statement shows that when
we do not do any bias correction, the DT modulus bound is
tight for any function in C10, 1].

The following corollary is immediate given (12).

Corollary 2: If f(p) = —plnp, then,

1

Hem(p)H =m n =m Hel(p)Ha (72)
If f(p)=p*0<a<l,then
1

lem )l =m.a —5 <m.a llex(P)ll; (73)

which means that the bootstrap bias correction for the first few
rounds does not change the order of bias at all.

We have shown that the bias of fm converges to the
approximation error of the Lagrange interpolation polynomial
at equi-distant points when m — oo (Theorem 7). However,
we also know that for the first few iterations of the bootstrap,
the bias of fm can be well controlled (Theorem 8). It begs the
question: how does ||e,,,(p)|| evolve as m — oo?
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Fig. 2. The evolution of || (p)]| as a function of m for 1 < m < 8.5x10°.

0n

Fig. 3. The evolution of ||e (p)]| as a function of m for 1 < m < 2x 10%.

We study this problem through the example of f(p) =
|p —1/2|, with the sample size n = 20. Thanks to the special
structure of the Binomial functions, we are able to numerically
compute |leq,(p)|| up to m =~ 8.5 x 10°. It follows from
Theorem 7 that

lim ”em(p)H = Hf_Ln[f]Ha (74)

m—00

and for n = 20, we numerically evaluated || f—L,[f]|| to be
47.5945.

Figure 2, 3, and 4 show that the behavior of |le,,(p)]|
could be highly irregular: in fact, for the specific function
f(p) = |p — 1/2], it continues to decrease until m grows
slightly above 2 x 103, and then keeps on increasing until m
exceeds about 1.2 x 104, then it continues to drop until it hits
about 3 x 10%, then it keeps on increasing again within the
range of computations we conduct. It is also clear that after
about 8.5 x 10° bootstrap iterations, which is by no means
practical, ||e,,(p)|| is still far from its limit || f—L,,[f]||, which
is about 47.5945 as shown in Figure 4.

Remark 5 (Connections Between Bootstrap and Jackknife):
The interested reader must have observed that the bias prop-
erties of the bootstrap bias corrected estimator after r — 1
rounds are the same as that of the r-jackknife estimator sat-
isfying Condition 1. Concretely, their biases are both dictated
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Lagrange interpolation :
¢ Lagrange interpolation points |

i i i L i i i |
0.1 02 03 04 04 08 07 0g 09 1

Fig. 4. The Lagrange interpolation points and the Lagrange interpolation
polynomial of the function |p — 1/2| with equi-distant n + 1 points, where
n = 20.

by the modulus w?"(f,1/y/n). It would be interesting to
compare the rate w_"(f,1/+/n) with that of the best polyno-
mial approximation, upon noting that in the binomial model,
the biases of both the jackknife and bootstrap estimators are
polynomial approximation errors of the function f(p) with
degree at most n. It follows [29, Thm. 7.2.1.] that for best
polynomial approximation with degree n, the approximation
error inf pepoly, SUP,¢(o17 [/ (P) — P(p)] is upper bounded by
wk(f,1/n) for any k < n. We first observe that one achieves
a smaller argument (1/n compared to 1/4/n) in this case,
but more importantly, there is essentially no restriction on the
modulus order when n is large. It indicates the best polynomial
approximation induces a much better approximation (smaller
bias) for estimating f(p), which, unfortunately has been shown
in [20] to fail to achieve the minimax rates in entropy
estimation, since the variance explodes while the bias is very
small. The estimators in [21], [23], [30] only choose to conduct
best polynomial approximation in certain regimes of f, which
reduces the bias by a logarithmic factor without increasing too
much the variance.

C. Taylor Series Bias Correction

The Taylor series can only be applied to functions with
certain global differentiablity conditions, which makes it a less
versatile method compared to the bootstrap and jackknife. The
Taylor series bias correction method exhibits various forms in
the literature, and we discuss two of them in this section.
We call one approach the iterative first order correction, and
the other approach the sample splitting correction. To illustrate
the main ideas behind the methods, we still use the binomial
model n - p,, ~ B(n, p).

1) Iterative First Order Correction: As shown in [41,
Chapter 6, Section 1, Pg. 436], suppose for certain f, we have

. B, (p 1
B )~ f0) =2 0 (). as)
n n
where B, (p) = % f”(p)nE,(pn — p)*. Then, the Taylor series
bias corrected estlmator is deﬁned as
r ~ B Ar
o= 7(pa) ~ PP) 6)
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We can generalize the approach above to conduct bias
correction for multiple rounds [7]. However, the correction for-
mula becomes increasingly more complicated as the correction
order becomes higher. We start with the following lemma.

Lemma 3: Suppose function f : [0,1] — R satisfies
condition Dy with parameter L as in Condition 2, where
s =2k is a positive even integer. Then, if n - p,, ~ B(n,p),
there exist k£ — 1 linear operators denoted as T} [f](p),1 < j <
k — 1, independent of n, such that

E

nJ
1

Epf(pn) — f(p) — (77)

T1f)0)| St -

.
I

Here sup,c(o.1) [75[f]1(p)| Sk,r 1. Concretely, T;[f](p) is a
linear combination of the derivatives of f of order from j+ 1
to 25 where the combination coefficients are polynomials of

p with degree no more than 2j.

Now we describe the Taylor series bias correction algorithm
below [7].

Construction 1 (Taylor Series Bias Correction): [7] Define
t;(p) iteratively. Set to(p) = f(p), and for i > 1 define

= Tylti5)(p) (78)
j=1
The final bias corrected estimator is
X =1y
o= n_ti (Pn)- (79)
i=0

Construction 1 may be intuitively understood as the iter-
ative generalization of the order one Taylor series bias cor-
rection (76). Indeed, after we conduct the first order bias
correction and obtain

ﬁ=mm—ﬂ@@ (80)
%H“?X 81)

we apply Lemma 3 to the function %, —|— and obtain the

expansion up to order p as

t Tyt Tt Tt
to(p) + 1(p) N 1[to] (p) N b 02](1?) n 1 [ 12](17)
n n n n
Ts[t Tt
n n
where we used the definition of ¢; = —Ti[to]. It naturally
leads to the further correction
ta(p) = —Taltol(p) — Th[t1](p). (83)

One can repeat this process to obtain the formula in
Construction 1.

Now we prove that the estimator fk in Construction 1
achieves bias of order O(n~F) if the original function f
satisfies condition D, with s = 2k. It can be viewed as one
concrete example of [7].
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Theorem 9: Suppose f : [0,1] — R satisfies condition
D, with parameter L, and s = 2k, k > 1,k € Z. Then,
the estimator in Construction 1 satisfies

IE, (/3] -

2) Sample Splitting Correction: This method was proposed
in [42]. It aims at solving one disadvantage of Construction 1,
which is that the bias correction formula for higher orders
may not be easy to manipulate since it is defined through a
recursive formula. The sampling splitting correction method
provides an explicit bias correction formula which is easy to
analyze with transparent proofs, but the disadvantage it has is
that it only applies to certain statistical models.

The intuition of the sample splitting correction method is
the following, which is taken from [42]. Suppose [ satisfies
condition Dy with parameter L. Instead of doing Taylor
expansion of f(p,) near p, we employ Taylor expansion of

f(p) near p,:

1
T <k, o (84)

2k—1

AP

Now, f(#)(p,) is by definition an unbiased estimator for
E,[f (pn)]. However, the unknown p in the right hand side
still prevents us from using this estimator explicitly. Fortu-
nately, this difficulty can be overcome by the standard sample
sphttm% approach: we split samples to obtain independent p( )
and pn , both of which follow the same class of distribution
(with possibly different parameters) as p,,. We remark that
sample splitting can be employed for divisible distributions,
including multinomial, Poisson and Gaussian models [43].
Now our bias-corrected estimator is

R 2k—1 (i) ~(1) i i
o=y L) s <])s (D) (—p ()"~

i=0 §=0

f @ ( pn

—pn)".

(85)

(86)

n2)) is an unbiased estimator of p? (which usually
exists when sample splitting is doable). Now it is straightfor-
ward to show that

where S (!

2k—1 f() ( A(l))

Elfi]l = f(p) =Ep | > T(p p) - f(p)]

=0
(87)
ILFeR
< (1) _ )2k
1
Sk (89)
n

where in the last step we used the property of the binomial
distribution in Lemma 15.

The rest of the paper is organized as follows. Section II
discusses the key proof ingredients of the results pertaining to
jackknife bias correction. The proofs of main results on boot-
strap bias correction are provided in Section III. Appendix A
reviews the K -functional approach for bias analysis. Appen-
dix B collects auxiliary lemmas used throughout this paper.
Proofs of the rest of the theorems and lemmas in the main text
are provided in Appendix C, and the proofs of the auxiliary
lemmas are presented in Appendix D.
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II. JACKKNIFE BIAS CORRECTION
A. Theorem 3

We first present the proof of Theorem 3. We explain the
roadmap below, and the key lemmas used in roadmap are
proved in Appendix C.

The first step to analyze the general r-jackknife for func-
tions f satisfying the Condition Dy in Condition 2 is to use
Taylor expansions. It is reflected in Lemma 4.

Lemma 4: Suppose [ satisfies Condition 2 for fixed s > 1
with parameter L. Then, for the general r-jackknife estimator
with fixed » > 1 in Definition 2,

Epfr — )| Srsp ™"
1| r
S iR, (p, — )57t
=1
D T
> CE(pn, — 1) | dt. (90)
=1

Here the coefficients {C};}1<i<, are given in Definition 2.

Lemma 4 shows that it suffices to analyze the behavior of
the quantities S L CEy(pr, — )" and 37, CiE, (P, —
t)*"". These quantities can be viewed as divided differences
(see (36)), and to analyze the worst case we analyze the
following backward difference sequences.

Fort > p,u > 0,s > 0, define

Anu(t) =Ep(pn — ¥ On
and consider its s-backward difference defined as
: s
ASAn,u(t) = Z(_l)k (k) An—k,u(t)- (92)

k=0
We have

Lemma 5: For s,u>0,t>pandn>2s,if p <1,

1
ASAnu D <er - nf(u+s 1) LY uAl; _— Al >
A% A (0] < (07 CF gty ()

-exp(—cant); (93)

ifL<p<i

n 2°

— (%45 L 1
|A° A, ()] <eq - (n (E+s)ps 4 1p““(\/ﬁ A 1))

CQ”(t - p)2
t

-exp(—

if 3<p<1-2,

)i (94)

|A8An,u(t)| <cy - ( -z +S)(1 - )% +n—u(1 _p)u/\l
1 con(t — p)?

(= A1) - exp(— 2= —)
95)

where the universal constants cj,co > 0 only depend
on u, s (not on n or p). Moreover, if t > 1 — %, we have

A Apu(t)] < cr (1= )"(1 = p)°p" . (96)
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Note that in Lemma 5, the case where p > 1 — % has
already been included in the case ¢t > 1 — %, for ¢ > p. Hence,
Lemma 5 has completely characterized an upper bound on the
dependence of |A®A, ., (t)| on all n,p and ¢t. By symmetry,
we have the following corollary regarding

Apu(t) 2 Ep(pn — )2 O7)

Corollary 3: For s,u>0,t <pandn > 2s,ifp>1— %,

AL (1)) <e1 (”“““‘”(1 —p)+n (1= p)"

1
(98)
if 5<p<1-—3

n’

|A* A, L ()] <er - (n(%“)(l =p)% +n7 (1 —p)t

1
(m/\l)) - ex

(_ CQn(t B p)2 )

1—1 ’
99)
if L <p<3
u m 1
AA- ()] <eq - nf(f“”s) P _'_n*u uNl/ = /\1)
| n,u( )|7 1 < P P (\/H )
t— 2
Cexp(— 2P
p
(100)

where the universal constants c¢;,c2 > 0 only depend
on u, s (not on n or p). Moreover, if ¢ < %, we have

A% A, (8)] < et p®(1 —p)" 2. (101)

Furthermore, in most cases we do not need the dependence
on p, and Lemma 5 implies the following corollary.

Corollary 4: For s,u > 0,t > p >t and n > 2s, we have

|A* A, ()] < e (n™ ) exp(—can(t — p)?)
\/ﬁ exp(—w))
A4, ()] < 1 (n” G F) exp(—can(t’ — p)?)

+ et (102)

+ n*(uJF%) .

(103)

where the universal constants ci,c2 > 0 only depend on u, s
(not on n or p).

Now we can start the proof of Theorem 3. Proof:
[Proof of Theorem 3] We split into three cases. When s = 0,

4401

we use the triangle inequality to conclude that

By fr(Bn) = f(0) = D CiBpf (B,) — f(p) (104)
i=1

< 1Gl+ DA (105)
i=1
<p 'L, (106)
For 1 < s < 2r, it follows from Lemma 4 that
|Epfr(ﬁn) - f(p)|
1] r
Sr,s,Ln7T +/ Z C’LEp(p'm - t)j-_l dt
P |i=1
p T
+/ > CiBy(pn, —t)* " | dt. (107)
0 Ji=1

For t > p, it follows from Corollary 4 that there exist
universal constants cq, co depending on 7, s only such that

|A%Ap s—1(t)] < e ! - anteen + eeen(t=p)?)
’ t+n!
n~CGFH 0 <u <[5, (108)
n=(—3) if u>[3]
Now define
Brrs(t) =n" " Ay (1), (109)

By the product rule of backward difference we obtain

|AT By, s (1)]

,Sr,s Z

0<i,j<r—1,i+j>r—1

|Afp™ - AT A, (1)) (110)

. 1 con(t—p)?
r—1—1 ——

Srys E n : (ﬁe ‘

0<i,j<r—1Litj>r—1 Vit

+emenltopty e minE o8 (111

1 _can(t—p)? Ceon(t—p)2
Sr,s(ﬁe t +e 2 (t—p) )
-~ min{*gts—r+3} (112)
As a result of Lemma 11,
ZCiEl)(ﬁTM - t)iil
=1
= > Ciln s (D) (113)
=1
= |B',T’,S[n1a"' 7nr](t)| (114)
1
A"B s(t 115
S o) i, A B (1)) (115)
]. UZ"(t*T’)z 2
Slps (—m—=e"" =+ e—c2n(t=p) )
MMttt
s ors—1 1
T min{T s} (116)
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Using this inequality, finally we arrive at

1| r
ZCiEP(ﬁm _t)i_l dt
i=1
I PR
s — i e
R S
“n (117
. s—1 1 o ]-
Sn_mm{Tvs—’""‘E}(/ S
0o Vu+p+nt
L2!LU.2 o0 2
.e Tutp du+/ e 2nu du) (118)
0
1 conu
< pmin{*zsrtg) —e 2 du
(L 7
o0 onu o0
+ [ Vne "z du+/ e du) (119)
P 0
s s 1 o0 conu?
< g~ min{ Ls—r+1i} _/ e~ % du
< (\/}_j ;
+vn e 2 u—l—/ e~ " du) (120)
0 0
Srs n- min{%,sfrh‘rl} (121)

as desired. The remaining part can be dealt with analogously.
When s > 2r, the desired result follows from applying
Lemma 4 with s = 2r. (]

B. Theorem 4

We consider the case where s > 0 and s < 2r — 3.
To come up with an example which matches the upper bound
in Theorem 3, we first need to prove a “converse” of Lemma 5.
Recall that for ¢ > p,

An,u(t) = Ep(ﬁn - t)i

Lemma 6: For any 0 < u < 2(s — 1), there exists some
po > 0 such that for any 0 < p < min{p0,4—18} and any
n> z%’ whenever t € [p,p + %] satisfies

(122)

1) n%ﬂ<t<%forsomekENifu<s;
2) n’is<t<%forsomek€Nifu25,
we have

A Ay o ()] > en~(0F2) (123)

where ¢ > 0 is a universal constant which only depends on
u, s and p.

Now we start the proof of Theorem 4. The basic idea of the
proof is to construct functions f such that Lemma 4 is nearly
tight. Proof: [Proof of Theorem 4] Pick an arbitrary p > 0
which satisfies Lemma 6, and we define

t) = sign <Z CiE,(p
i=1

Note that g is not continuous, but we can find some h € C0, 1]
such that ||g — h||; < n~2". Now choose any f with f(*) = h
, we know that f € C*[0,1], and the norm conditions are
satisfied under proper scaling.

‘1) At >p). (124)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 7, JULY 2020

It follows from Lemma 4 that

|Epfr(An) - f(p)|

/ (ZCE P, —

=0(n~

>d

+/0 h(t) <Zci1Ep(p —1> dt (125)

=1
=0(n™") + /lg(t) (Z CiEp (P, — t)+_1> dt

O(llg = hllh) ZICI (126)

:O(n—’“)+/ “Hdt (127)
I

=o(n""17%) 1 iCiAm,sl(t) dt (128)

>o(n""17%) ZCAW L(t)] dt (129)

where G C [p, p+—= ] is the set of all “good” ¢’s which satisfy
the condition of Lémma 6. It's easy to see
m(G) < n"2 (130)

where m(-) denotes the Lebesgue measure. Moreover, by our
choice of delete-1 jackknife, for ¢ € G we have

m,s—l(t

_ |AT71(TLT71An’S,1(t))|
an_1|AT_1An7s—1(t)|

- 2

1<i<r—1,0<j<r—1,i+j>r—1

(131)

A" AT Ay o (1)

(132)
an—l—(s—%) _ Z P
1<i<r—1,0<j<r—1,
itj>r—1
(133)
Spros= (134)

where we have used Lemma 5, Lemma 6 and the assumption
that 0 < s —1 < 2(r — 2). As a result, we conclude that

B, fr(Pn) — (0|
>o(n"717%) / ZCAW (W) dt (135)
Zo(n™ '~ 8>+m(G>-nH*% (136)
>prsTl (137)
as desired. ]
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C. Theorem 6
The following Ilemma characterizes the difference
E, f(pn) — Epf(pn—1) for certain functions.
Lemma 7: [44] Suppose f(p) = —plup,p € [0, 1]. Then,
X X 1-p"—(1-p)"
0<E -E ) = 138
s pf(pn) pf(pn 1) > n(n — 1) ( )
Suppose f(p) =p*,p € [0,1],0 < o < 1. Then,
0 <Epf(Pn) — Epf(Pn-1)
1—a)(l—p"—(1—p)m
-t —p—(1-p)") (139)

- n(n —1)*

The next lemma charactprizes the lower bound for the bias
of the jackknife estimate fs.

Lemma 8: Suppose fg is the delete-1 2-jackknife. Then,
1) for f(p) = —plnp,

. 1
IEpfa—f@I 2 o (140)
2) for f(p) =p*,0<a<l,
. 1
IE,fa— f(p)]]| 2 o (141)

Suppose fg is a 2-jackknife that satisfies Condition 1. Then,
1) for f(p) = —plnp,

A 1
IEpfo— f(P)I 2 o (142)
2) for f(p) =p*,0< a <1,
p 1
IEpfo— f(0)I 2 o (143)
Now we can start the proof of Theorem 6. Proof:

[Proof of Theorem 6] The lower bounds follow from Lemma 8.
Now we prove the upper bounds.
For a general 2-jackknife and general function f, we have

Bplfa] = f(9) = o (Bl ona)] — f(2)
o Bl ()] = f0)) - (144)
Define H,, = E,[f(pn)] — f(p). Then,
Byl — f(p) = 22— (145)
= H,, + n2"_1nl (Hn, — Hy,,).  (146)

For any f € (C]0,1], we have lim, . H, = 0, which
implies

H,, = H,, — Hyo (147)
o0
=Y (Hj—Hj) (148)
Jj=ns2
and
n2
Hy,, = Hp, = Y (Hj—Hj 1) (149)

j=ni1+1
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It follows from Lemma 8 that for f(p) = —plnp, 0 < H; —

H; 1 5 =. Hence,
mmmlwm<il+ m_ (3]
plJ2] — ~ _2 _ _2
j=na J ne=m \ S
(150)
1 1 1
S —+ = (— - —) (151)
na nog — Ny ny N9
1
e (152)
n2
1
S (153)
n

where in the last step we used Definition 2.
The case of f(p) = p*,0 < « < 1 can be proved

analogously.
O
ITI. BOOTSTRAP B1AS CORRECTION
A. Theorem 7
Define the Bernstein operator B,, : C[0, 1] — C]0, 1] as
n . )
:Z < ><> ‘(1 —p)" (154)

=

Theorem 7 can be proved using the eigenstructure of the
Bernstein operator [45]. We give a concrete proof as follows.

It was shown in [46] that the Bernstein operator B,,[f]
admits a clean eigenstructure. Concretely, it has n+ 1 linearly
independent eigenfunctions p,(cn), 0 < k < n, which are
polynomials with order k, with k simple zeros on [0, 1].
The corresponding eigenvalues are A,gn) = nlk (n"'k), The
Bernstein operator is also degree reducing in the sense that
it maps a k-degree polynomial to another polynomial with
degree no more than k.

Decomposing £(p) as £(p) = Lu[f)(p)
the definition of L,[f] that g(i/n) = 0,0
Bylg] = 0.

Since L,,[f](p) is a polynomial with degree no more than n,
it admits a unique expansion

n
= Z akp](cn) .
k=0

Applying I — B,, on the decomposition of f, we have

+ g(p). It follows
< ¢ < n. Hence,

(155)

(I = Bu)lfl = f — Bul/f] (156)
= Zakpk +g- Za AUpy (157
—Zak " + g (158)

It follows by induction that
Z ar(1 = A"yl g (159)
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We have

(n)|

=A™ [suplp (160)

g|<z

—>0

sup e (p

as m — oo. (161)

Note that A" = 1- (1—21)...(1-51) k > 2, and
)\,(C") = 1 when k = 0, 1. Hence, the smallest )\,(C"), which is
the slowest to vanish corresponds to k = n. Since

nn en

; (162)

— rounds of iteration to make (1 - )\Sbn))m

a prohibitively large number in practice.

it takes m =
vanish, which i

Z %|®
3

APPENDIX A
THE K-FUNCTIONAL APPROACH TO BIAS ANALYSIS

We introduce the r-th modulus of smoothness of a function
f:10,1] — R as

w'(f,t) = sup ARSI, (163)
0<h<t

where Aj f is defined in (10). The r-th Ditzian-Totik modulus

of smoothness of a function f : [0,1] — R is defined in (11).

Intuitively, the smoother the function is, the smaller is

its moduli of smoothness. For f € C[0,1], we define the
K -functional K,.(f,t") as follows:

K. (£,47) =inf{]|f — gl + g™ -

9"V € ACu}, (164)
and the K -functional K, ,(f,t") as
Ko (£,87) =it {|Lf = gl + """ || :
9" € ACuuc}, (165)

where g(rfl) € A.C.joc means that g is r — 1 times differ-
entiable and ¢("~1) is absolutely continuous in every closed
finite interval [c,d] C (0, 1).

The remarkable fact is, the K -functionals are equivalent
to the corresponding moduli of smoothness for any function
f € C[0,1]. Concretely, we have the following lemma:

Lemma 9: [32, Chap. 6, Thm. 2.4, Thm. 6.2] [29, Thm.
2.1.1.] There exist constants ¢; > 0,co > 0 which depend
only on r such that for all f € C[0,1],

aw’(f,t) < K (f,t") < cow"(f,t) forallt >0 (166)
ciwg, c(f, )<K,n<p(f,tr)<c:2w (f,t) forall ¢t < ¢,
(167)

where o > 0 is a constant that only depends on 7.

We emphasize that the K -functionals and moduli of smooth-
ness introduced here are tailored for the interval [0,1] and
the supremum norm, which can be generalized to general
finite intervals and infinite intervals, and L, norms. The
corresponding equivalence results also hold in those settings.
We refer the interested readers to [32, Chap. 6] and [29,
Chap. 2] for details. For other use of K -functionals in statistics
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and machine learning, we refer the readers to the theory of
Besov spaces as interpolation spaces [48] and distribution
testing [49].

Now we illustrate the K -functional approach to bias analy-
sis, which is well known in the approximation theory litera-
ture, see, e.g. [50]. Suppose X is a random variable taking
values in [0, 1], and we would like to bound the quantity
[E[f(X)] = f(E[X])| for any f € C]0,1]. Clearly, f may not
be differentiable, so we introduce another function g € C'[0, 1]
such that g(l) € A.C.jp.. We proceed as follows:

[E[f(X)] = f(E[X])]
=|E[f(X) — g(X) + g(X) — g(EX)

+ 9(EX) — f(EX)]| (168)
<2||f — gl + [E[g(X) — g(EX)]| (169)
<2]f gl + 3" IVar(X) (170)
=2(|If — gl +llg"1) . (171)

Var(X)
4

where t? = . Since g(l) € A.C. is arbitrary, we know

[E[f(X)] = f(E[X])| < 2i1;f{|\f —gll+&g"} 72
=2 Ky(f,t%) (173)
—2 K, (f, Var(X)) (174)

< 2052 <f, M) . a7s)

where the constant cs is introduced in Lemma 9.
It was shown in [32, Chap. 2, Sec. 9, Example 1] that if
f(z) = zlnz,x € [0,1], then w?(f,t) < 2(In2)t. Hence,
we have shown that for any random variable X € [0, 1],
—EX]In(E[X])] < v/ Var(X).

|E[X In X] (176)

Specializing to the case where X = p,, where n - p,, ~
B(n,p), we have proved that for f(p) = —plnp, we have

Bl )]~ pnpl < /22

p(1—p)

(177)

The upper bound is a pointwise bound that
becomes smaller when p is close to 0 or 1. When p lies in
the middle of the interval [0, 1], say p ~ %, the bound is of
scale Ln We now show that using the K-functional K,
instead of K, results in a better uniform bound in this case,
which is of order 1 3

50ne remarkable fact is that, the K -functional approach with K-, in bias
analysis provides the fight norm bound for any f € C|0, 1] under the binomial
model [51].
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For any f € C[0,1], n - p, ~ B(n,p), and any g € C0, 1]
such that ¢V € A.C.ioc, we have

Ep[f (Bn)] — f(p)
<IEp[f(Bn) — 9(Bn) + 9(Pn) — 9(p) + 9(p) — f(p)| (178)
=2||f = gl + [Epg(Pn) — 9(p)| (179)
=2|f = gll+ [E, g/ (P) (50 — p)
b
+ pn — t)g” (t)dt 180
[ e =00t (10)
b
=2|f — gl + |E / (ﬁn—t)gﬁ(t)dt] (131)
P
Pl p, —t
<2||f —gll +E, D ‘.tl—t "(t)| dt
I ol + 8| [ | a0
(182)
=2||f — gl + E /p” D ||t(1—t) "(t)|dt]  (183)
"1 p(l—p)
o 2 (ﬁn_p)Q
<2|[f =gl + ll¢” g"IEp 0= p) (184)
<2||f =gl + ¥%g ”|| (185)

where ¢(t) = /t(1 — t), and we used the elementary inequal-
ity that Lp’f f)‘ < Il)p” p|

for any ¢ between p and p,,. Taking
the 1nﬁmum over ail g, we have

Elf ()] — S0 < 2Ks(fi5)  (186)
S welf, \/LZ_H). (187)

It follows from [30] that for f(p) = —plnp,
which implies that

w2 (ft) < 12,

1
—plp[ < —.

[Ep [3 In ]
The functional Ent(X) £ E[XInX]| — E[X]In(E[X]),
which is also called entropy, plays a crucial role in the theory
of concentration inequalities. Concretel;/ the Herbst argu-
ment [52] shows that if Ent(e*/ (X)) < 2" E[eM (X)), we have
sub-Gaussian type concentration [P (f(X) —E[f(X)]>1t) <
e=¥"/2. Due to the significance of the functional Ent(X),
we now present a theorem providing upper and lower bounds
of Ent(X). The key idea in the following proof is to relate
the Ent(X') functional to the KL divergence, whose functional
inequalities have been well studied in the literature. Conceiv-
ably, they are stronger bounds than those obtained using the
general K -functional approach (Lemma 17 in Appendix B).

(188)

3

Theorem 10: Suppose X is a non-negative random variable.
Denote Ent(X) = E[X In X] — E[X] In(E[X]). Then,

Ent(X) < E[X]In (1 v X;&il) < Var(X)  (189)
Ene(X) > 2 (E[X] - VEX]E[VX]) > Var(vX) (190)

4405

Ent(X) > %E[X] (E ‘% - 1‘)2.

Remark 6: Tt was shown in [53] that Ent(X) > Var(v/X).
Theorem 10 strengthens [53].

(191)

Proof:  Without loss of generality we assume E[X] > 0.
Then, we have

Ent(X) =E [X In %} (192)
X
(194)

Denote the distribution of X as (), and introduce a new
probability measure P via the Radon—-Nikodym derivative

dP X
iQ ~ EX] (5
we have
Ent(X) =Eg[X]Eq {% In %} (196)

where D(P, Q) is the KL divergence between P and Q).
Applying Lemma 18 in Appendix B, we have

X \2
B Var(X)
=E[X] In <1+ (IE[X])2> , (199)
where in the last step we used the fact that Var(X) = E[X?] -

(E[X])?. Using the fact that sup, - % < 1, we have
Ent(X) < /Var(X). (200)

Now we prove the lower bounds. Applying the Hellinger
distance part of Lemma 18 in Appendix B, we have

Ent(X) > Eg[X]- H*(P,Q) (201)
X 2

=Eo[X] - Eq < o] 1) (202)

> 2 (EQ [X] — EQ[X]EQ[\/Y]) (203)

> Eq[X] - (Eq[VX]))® (204)

= Var(VX). (205)

Here in the last inequality we used the fact that E[X] +

)2 — 2/E[X|E[VX] >
Applying the total variation distance part of Lemma 18 in
Appendix B, we have

Ent(X) > Eg[X]-2V3(P,Q) (206)
1 X ’

= 320 (ol 1) - e

O
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APPENDIX B
AUXILIARY LEMMAS
Lemma 10 (Mean Value Theorem for Divided Difference):
Suppose the function f is n — 1 times differentiable in the
interval determined by the smallest and the largest of the x;’s,
we have

S
f[$17$2,---,55n]=m, (208)
where ¢ is in the open interval (min;z;, max;x;), and

flz1, 22, ..., x,] is the divided difference in Definition 3.

The following lemma which is closely related to the mean
value theorem for divided differences in the continuous case.

Lemma 11: For integers zg < x1 < ---
function f defined on Z, the following holds:

< x, and any

1
|f[m07"'axr]|§_| max
T €[z, 2,

Here A" f(x) denotes the r-th order backward difference of f,
which is defined as

|A"f ()] (209)

T

A"f) & S04 () ) = b

k=0

(210)

Lemma 12: Suppose one observes X ~ B(n,p). Then,
the r-jackknife estimator with n; = n — 1,no = n,r = 2
in estimating f(p) in (16) can be represented as

fo=nf (%) —”;1<<n—X>f<n)_(1)
()

where one conveniently sets f(z) =0 if 2 < 0.

@211)

Lemma 13: Let r > 2. Then, for the coefficients given
in (17), we have the following.

1) If p =0, then

ZQ};=1 (212)
- n;
=1
2) If 1 < p<r—1, then
i
%: 0. (213)
— n/!
i=1
3) If p > r, then
r r—2
C; 1 1
=< —1—p—-3s)—— (214
;nf < S];[O(r P=9) i P19
_ r—1
S%%. (215)
(r—1! nf
Define T}, s(p) = n°E,(p,—p)*,n=1,2,...,s=0,1,....

We have T}, o = 1,T),1 = 0. Upon observing the recurrence
relation

Tn,s+1(x) = J,‘(l - J?) (Tr/z,s(x) + nSTYL,S—l(x)) )

one obtains the following result.

(216)
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Lemma 14: [32, Chapter 10, Theorem 1.1.] For a fixed
s=0,1,..., T5, s(p) is a polynomial in p of degree < s, and
in n of degree |s/2|. Moreover, for p? = p(1 — p), we have

Tpos(p) =Y ajs(o*)ni ¥ (217)
j=1
To2si1(p) = (1=2p) > bjs(p*)n? ™, (218)

J=1

where a;,b; s are polynomials of degree < s — j, with
coefficients independent of n.

Lemma 15: The central moments of p, where n - p, ~
B(n, p) satisfy the following:

[s/2]
n*Ep( Z hys(P)n, (219)
where
(des)®
s s < === (220)
Lemma 16 (Chernoff Bound): [54] Let X1, Xo,..., X,

be independent {0, 1} valued random variables with P(X; =
1) = p;. Denote X = >"" | X;, n = E[X]. Then,

P(X < (1-B)p) <e P#? 0<p<1 221)
6_% <e 6>1

P(X>(1+0)p) < 2, (222)
e 3 0<p<1

Lemma 17: [44] For any continuous function f : R — R
and any random variable X taking values in R, we have

E[f(X)]) - FEX])| < 3w <f, M) @23

If f is only defined on an interval [a,b] that is a strict
subset of R, the result holds with the constant 3 replaced
by 15. Here w”(f,1) £ supgj<; | A}, f ntf (@) =
Sico(=DE(G) f(x 4+ r(h/2) — kh), and A} f(z) = 0 if
x +rh/2 or x —rh/2 is not inside the domain of f.

Lemma 18: [55, Section 2.4] Suppose P, are both
probability measures, and P < (). Introduce the following
divergence functionals:

1) Total variation distance:

1 dP
2) Hellinger distance:
2\ 1/2
dP
H(P, =|E -1 ; 225
3) Kullback-Leibler (KL) divergence:
dP dP
D(P,Q) = ( ) (226)
(P,Q) a0 ™ a0
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4) x? divergence:

dP 2
(P,Q) =Eq (@ — 1) (227)

dP\?
= ke (@) b

Then, we have the following upper and lower bounds on the
KL divergence:

(228)

D(P,Q) <In(1+x*(P,Q)) (229)
D(P,Q) > 2V*(P,Q) (230)
D(P,Q) > H*(P,Q). (231)

APPENDIX C
PROOFS OF MAIN THEOREMS AND LEMMAS

A. Proof of Theorem 1

Recognizing E, f. as linear combination of operators,
the first and second parts of Theorem 1 follow from [29, The-
orem 9.3.2.], the third part follows from [29, Corollary 9.3.8.],
and the last part follows from [51].

B. Proof of Theorem 2

Define f € C(0,1] to be the piecewise linear interpola-
-1 H( D ) ,m € N+}. Clearly

tion function at nodes { (
~1) = 0 when m is odd,

f(m™1) =1 when m is even, f(m
and || f|| < 1. We set f(0)=0

We have
By fr — f(D)]
=Y CiByf(bnsi-r) — F(p) (232)
> Z CiEpf(ﬁnJrifr)
n+i—r is even
-1 > CEyfuyi-r)| — |f )] (233)
n+i—r is odd
> > |CGIEyf (Brrior)
n—4i—r is even
- Z |Ci|Epf(ﬁn+i7r) -1 (234)
n+i—r is odd
where in the last step we have used the fact that Cy,--- ,C,

have alternating signs, and f > 0.
When n + i — 7 is even and p = n ",

By sicr) 2 1 ( ) P@+i-np) =1)

n+iv—r
(235)
=(n4i—-rp1—p"trt (236)
> éu —o(1)). (237)
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When n + i — r is odd and p = n~!, noting that f(0) =

f (ﬁ) =0, we have

Epf(Brvi—r) < |If-P(B(n +i—r,p) > 2)

<(1-2) a+on.

Since Y7/, C; = 1, we have > .. o ICi| = (1 +
0(1)) Y tir is even |Cil =< "', Combining these together,
we arrive at

(238)

(239)

N 1 2
mh-foiz Y lal(t-(1-2)- )
n-+i—r is even
(240)
>t (241)

which completes the proof of the first claim.

As for the second claim, it suffices to replace the function f
on interval [0, 1 /7] by the linear interpolation function interpo-
lating f(0) =0 and f(1/n) = # and keep other parts
of the function intact. Consequently, after this modification
feCo,1].

Now we prove the variance part.

Construct f € C[0,1] to be a piecewise linear interpo-
lation function at the following nodes: f(0) = 0, f (%) =
fgn 1) LI (5) = £(2) = -1,7() =
t follows from stralghtforward algebra and Lemma 12 that

0 X=0
fo=X2mn—2+4+n! X=1. (242)
—2n+5-24 X =2
It follows from the definition of variance that
. N N2
Var,(f2) = E, ( fo—E, fg) (243)
R 2
— infE, ( o a) (244)
a
Zinf(]P’( (n,p)=1)2n—24+n"" —a)?

P(B(n, )
nf (np(1

n(n )

2)(—2n+5—4/n—a)?) (245)
)" 2n —24+n"t —a)?

*(=2n+5—4/n—a)?)
(246)

——p’(1—p)"~

Setting p = 1/n, we have

. 1 1 n—1
Vary(f2) = 5 (1 — 5) inf (2n—2+n"" —a)?

+(=2n+5—4/n—a)?). (247)

The infimum is achieved when
_ (2n—2+n‘1)—|—2(—2n+5—4/n) (248)
-3 (1 - %) | (249)
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> (1— l) ) n? (251)
n
2
> (252)
e

where we have used n > 4 and (1 — %)nfl > e 1
C. Proof of Lemma 4

Since [ satisfies condition Dy, it admits the Taylor
expansion:

—p)" + Rs(z;p)  (253)

L)

Applying the r-jackknife estimator on it, we have

Epfr = f(p)

u=1

i=1
st OO
3 f | ZC]E )

u=r-+1

+ Z CiEp Rs(Pn,;p),

i=1

(254)

(255)

where in the last step we have used Lemma 13 and Lemma 14.
By convention EZ =0if a>b.

Denote E, = ., CiEp(pn, — )%
from Lemma 15 that

u > r+ 1, it follows

r [u/2] [u/2] T
Ey=Y_Ci Y hjup) _u = th )D ==
i=1  j=1 U i=1 Y
(256)
Note that
r Ci
Y == #0 (257)

=1 i

if and only if uw — 7 > r, and when that is the case, we have

r C’L 1 r—1 r—1

Z u— é (u _j - 1)7,7 u—j — uu—j — 2 T

o ny ny ™
(258)

Since r is fixed, it follows from (258), Lemma 15 and
condition Dy with parameter L that

Z f

u=r+1

(u) 1

~r,s,L :
n?"

(259)
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It follows from the integral form of Taylor remainder that

1 xT
Ry(w;p) = ——; / (@ —t) ' fO(6)dt  (260)
(s—=1)J,
Thus we know that when s is even, we have
Ry(z:p) / 2 — 1)
ﬂte[mln{z,p},max{z,p}]dt- (261)
When s is odd, we have
Ry(wsp) = /| )
]]-te[min{x,p},max{x,p}](_ ) w<rdt. (262)
When s is even, we further have
Ep|pn; — 75|S_1 ]lte[min{ﬁn,.,,p}max{ﬁn,ﬂ,JJ}]
{Eoln - 0% t2p (263)
Ep(pn, — )1 t<p
where (z); = max{z,0}, (x)_ = max{—=x,0}.
When s is odd,
Eplpn, — t1°  Licimings 5 oy (—1)tmi<r
p|Pn; te[min{pn, ,p},max{pn,,p}]
=Bl =057 2 (264)
—Ep(pn, — )" t<p

Hence,

ZCE Ry (pn,:p)

oo
: (_1)s> dt
) dt) (265)

+/ FO) (ZCE P, — 1
p
dt, (266)

Yt

NrsL/ ZCE pm -
+ / S CiBy (o, — 1)7
P |i=1

where we have used the assumption that || f(*)|| < L.

D. Proof of Lemma 5
First we recall the following additive Chernoff bound: for

np, ~ B(n,p) and t > p, we have

P(pn > 1) < exp(—=nD(t[|p)) (267)
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where D(t||p) denotes the KL divergence between the binary
distributions (¢,1 —t) and (p, 1 — p). Note that

d*D(ullp)

= _— (t—p)? 268
D(tllp) = 5 ggl[;g] aE |, (t—p) (268)

. (t—p)?
= min ——— 269
2 260 - © 207

_(t—p)?
> min 270
Teelpt] 26 (270

(t —p)?
= 271
o (271)
we arrive at the following inequality:
. n(t — p)?

P(pn > t) < exp(—nD(t|p)) < exp(—(Tp)). 272)
Now we prove the lemma. Let Xi,---,X, be iid

Bern(p) random variables, and consider the following coupling

between p,,_s, -+ ,pn: for k =0,--- s, define
1 n—k
L ) DR (273)
=1
In other words, we have
pn k *pn s+ kz n—i pn s) (274)

Now define g, () = (z — t)!{, by Taylor expansion we
have

A° A, (1)
=E, Y (-1)F (Z) Gu,t(Prn—k) (275)
k=0
s €))
gu Pn—s 5 ]
e
k=0 3=0 '
(u)
— (f’“) (P —ﬁns)“) (276)
s u (7)
ZEpZ(_l)k (Z) Z%(p k= Pn—s)’
k=0 Jj=0
w) (W)
+gu,t gk) u-'gu,t (pn*S) (pnf _ﬁn S)“) (277)
u s s
_E, MZ(_U%Z)
=0 J: k=0
1 s—1 .
Epl(—— D (Xn—i = Pn—s))’[X" "]
i=k
(et
u!
: (pnfk _pn*S) (278)
w  (5)(n
= Epz %AJ’ +EpBy. (279)
j=0

4409

Note that g,, () is in fact not u-times differentiable at = = ¢,

but with the convention that g( )( t) can stand for any number
in [0, u!], the previous formula remains valid.

1) Non-Remainder Term Aj;: Further define

a;(t) & Ep(Xp — 1)) =p(1 =)’ + (1= p)(-t))  (280)

we have ag(t) = 1,a1(t) = p —t, and

(e

> < .Zk>Hal,pH (281)

i1t tis k=]

S

k=0

Denote by I; the set of all multi-indices 7 = (i1, -~ ,44;))
with ¢(i) < s Zl 1zl = j and ¢; > 1, then for any i € Z;,
the coefficient of Hz 1 @i, (Pn—s) in Aj is

b= <z'1 j it<i>> i(_l)k@)ﬁ

< P Ss:: S > (282)
(L)l M) 2 ()
e St<_z'>k) (259

(284)

- <i1 j Z't(i)> <d1 t(Z) dt'> <t(si)> AT

(285)
where dy,---,dp is /the nonzero histograms of ¢ =
(i1, ,iyq)) with Ef,zl dy = t(i). By the mean value

theorem of backward differences, we have

qs—t(@)

|Asft(i)nfj| < ma; g t(z)( fj)

TE[n— s+t(7, n)
< n—U+s—t(@)

(286)
and thus
(3+s—t(3))

|bi] < e(i)n™ (287)

where the constant ¢(i) does not depend on n or p.
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Now for any 7 =0,1,---,u, we have
(9 (5
Epgu,t(f!n—:?)Aj
£(4)
=By | (Brs — )47 > bi [] @i, (s (288)
iel; =1
< Z c(i)n—(j+s—t(i))
=
70
(289)

Ep (ﬁnfs - t)iij H |aiz, (ﬁnfs”
=1

For any ¢ € I;, denote by v(i) the number of ones in ¢ =
(41, ,4¢), using a1(t) = p —t and |a;(t)| < p+t yields

t(i)
El) (ﬁn—s - t)i_] H |aiz (ﬁn—‘?)l
=1

<E, [(ﬁnfs - t)if”ﬁn,s — p|U(i) [Pr—s +p|t(’i)—v(i) .
(290)

We distinguish into two cases. If np > 1, by Holder’s
inequality E[XY Z]3 < E[| X *|E[|Y |’]E[|Z|?] we obtain

t(i)
E:D (ﬁn—s - t)i_j H |aiz (ﬁn—€)|
=1

< EP |:(ﬁnfs - t)iij |ﬁnfs — p|v(7) |ﬁnfs + p|t(1)7v(z)

(291)
< By [pn-s = " OBy > 1)
Npn—s + pl““‘“‘“} (292)
< (Eplﬁn,S _ p|3(ufj+v(i)))%
. (Ep|pn_s +p|3(t(i)—v(i)))% Pl > 1) (293)
Sus (%)%W QRO .eXp(_M) (294)
_ e ea ol Zp) ) ggs)

t
where in the last step we have used (272), and the fact that
when np > 1, we have [42]

. 2N
Eplpn —pI* Sk ()2
Eplpn + pl* Sk 0"

(296)
(297)

As a result, in this case we conclude that
) A
gi,z(pnfs)
j!
N (j4s—t(i _u—jtv(@)
Sws Z C(Z)n (Gts=t(D) n =
iel;

E, A;

u=i+2t(0)=v (i) can(t — p)?
g S L e L S
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u u jhv (i) —2¢()
= D el E It - (np)
i€l

can(t — p)?
(———F)

; (299)

- exp

Note that j = Z(i)l i > v(i) + 2(t(i) — v(7)), we have
j+wv(i) > 2t(i), and thus by np > 1,

(7)

gu,t(ﬁnfS)

7!

2

< -t L ep(— U =)
Nu,sZc(z)n 2% p2 - exp( ; ) (300)

ZEIj

w w t —p)?

Sue =49 (- 2] (301)

t

where we have used that both |I;| and ¢(7) do not depend on
n or p in the last step.
If np < 1, we first show that

N con(t — p)?
Ep [P} 1(pn > t)] Sk n’il eXP(—#)- (302)
In fact, the MGF of p,, gives
Eple?] = (pe +1—p)". (303)

Differentiating w.r.t A for k times, for A > 0 we arrive at

Ey[pre ]
k
A
= =5 [per +1-p)" (304)
k
<Gy (per Y K (pe +1—p)" (305)
j=1
< per(pe +1—p)t
~k nk—1
N k—1
R L (306)
pen +1—p
kX A
n n 1—p)"
<, b (pe 1:1 p) 7 (307)
n

where C}, is a universal constant depending on % only, and in
the last step we have used np < 1. As a result, by Markov’s
inequality we have for any \ > 0,

E, [pE1(p, > t)] < E,[pkerPr—Y)]

EA, A "

n n 1-—
< o Per (e le p)"

~

(308)
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(I—p)t
(2—t)p

Ep 051 (P > )] Sk nf_l <g :;))]Z>ntk
(=)

<& () (51

Specifically, when ¢t > %, choosing A = nln yields

(309)

(310)
D t
< oy eXP(—nD(§||p)) (31D
con(t —p 2
< L= 2P G
as desired. When p < t < %, we have M = 0(1),
and (302) follows from
N . A p
Ep[ph1(pn < 1)) < Eppyy Sk ——- (313)
Now based on (302), we have
(i)
Ep (Pr—s — t)iij H |, (Prn—s)|
=1
S IEp [(ﬁn—s - t)i_jmn—s - plv(i)
By + p|" D70 (314)
< Ep|lpn-s = pI" O Ly = 1)
. |pn78 +p|t(i)*v(i)} (315)
S By [T 4 p N5, > 0)] G16)
p u—j+t(i)
Su,s (nu—j-i-t(i)—l +p" )
t— 2
. exp(_ch(fp)) (317)
can(t —p)?
s ()1 exp(— m ) )- (318)
As a result, in this case we have
)
Eﬂﬁ%tﬂ&
4!
Np—Uts—t@) P
Sus zl: c(ijn™" ' nu—j+t(i)—1
el
t— 2
.eXp(_M) (319)
t— 2
=Y (it Vp. exp(~ 2L " ) (320
iEIj
RY
S n” sy, exp(—LL(t ) ). (321)

t

Moreover, when % <p<l1-— %, we can use the symmetry
n(l —p,) ~B(n,1—p) and |a;(t)| < (1 —p)+ (1 —t), and

4411
then adapt the proof of the first case to conclude that
(4) (=
Epgu,t(?n—S>Aj
4!
" " t—p)?
Suan ETI (1 —p)5 . eXp(—chl(ip)). (322)
In summary, for the non-remainder terms, if p < %,
@) 2
gt,/(p —s) (uts— con(t —p
g, Putlee) g | < ey eXp(_%);
(323)
e 1 1
if " <p<s,
D (s
Epgu,t(l"nfs)Aj Susn EFpE
7!
t —
- exp(— 2 . PRV (3o
1 1
if 5 <p <1- )
(9)
gt,t(pn—s) s w
B, == Ay | S 11— )
con(t — p)?
— ; 325
Xp(——— _ )i (325)

2) The Remainder Term B, : By our convention on gq(fft) )
we observe that ¢\") (¢) — gq(fft) (Pn—s) is non-zero only if

w,t
(& — t)(Pn—s — ) < 0. (326)

However, since min{p,—, Pn—s} < & < max{Pn_k, Dn—s}»
the previous inequality implies that the “path” consisting of
Dn—s, - ,Dp under our coupling “walks across” ¢. Let’s call
it “good path". Moreover, note that

R . S
[Pn—k — Pn—s| < , k=0,---,s (327)
n—-s
under our coupling, for a good path we must have
s —t] < ——. (328)

n—s
Since p,_s must be an integral multiple of ﬁ, we con-
clude that the number of good paths is O(1). Let’s call
DPn—k — Dn—k+1 a ‘right step” if p,—x < Ppn_g41 OF
Pn—k = Pn—k+1 = 1, and a “left step” if Pp—x > Pn—kt1
Of Pr—k = Pn—k+1 = 0.

First we consider the case where p < %, and consider any
good path L. The idea is that, each good path L gives rise
to a realization of B, and E,B,, is the expectation averages
over all good paths. Hence, to evaluate E,B,, it suffices to
compute the value of B, given L, and the probability of the
path L. Denote by r, [ the number of right and left steps in L,
and by ¢ the starting point of L, it is easy to see that the
probability of this path is

P(L)=p"(1—p)' - P(B(n—s,p) = (n—s)q). (329
We first take a look at the quantity P(B(n, p) = ng) for any
q with |¢ —t| = O(n™1). By Stirling’s approximation

nl = V2 (g)" (14 o(1)), (330)
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we have
P(B(n,p) = ng)
_ ( n )pnq(l _ p)n—nq (331)
nq
) V(s
~ V2mng(tL)ma 2m(n — ng)(=4)n—na
P =) (332)
< 1 . e—nPlallp) (333)
nq(l —q)
1 _ 2
<. exp(—w) (334)
nq(l —q) 2q
where the last step is given by (272). Moreover, for
q>1—:,(272) gives a better bound
2
nlg —
P(B(n,p) =ng) < eXP(—@T]p)). (335)
Combining them together, we conclude that
1 n(q—p)3
P(B(n,p) =nq) < exp(— (336)
(Bn.p) =na) S~ exp(— 1 EE)

Now we show that if ¢ = ¢t + O(n™1), we can replace ¢
by ¢ without loss in the previous inequality. In fact, if ng > 1,
it is easy to verify that

1 n(q —p)3
P(B(n,p) =nq) < exp(— (337)
(Bnp) = n4) £ = exp(—— )
1 n(t — p)?
< (—= A1 _ 338
and if ng < 1, we use the trivial bound
1 n(t — p)?
P(B = <1< (—=A1 7 .
(B(n,p) =ng) < N(\/EA ) exp( e,
(339)

As a result, for all good paths with starting point ¢ we conclude
that

n(t —p)*

P(B(n,p) = nq) < ( pm

A1) exp(— ) (340)

}
)

Now we evaluate the quantity B, (L) given L. In fact, it is
easy to see

|B.(L)| < {ZLB); i : i 8. (341)
As a result,
|Bu( )| ( )
p+(E)") - B(B(n.p) = ng) (342)
St <¢% A esp(- %) a43)
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Finally, there are only O(1) good paths, and for p < % we
arrive at

|Ep Bl
<> IBu(L)|-P(L)
L
—u, uAl

1
<un —
Sun P (e

The previous approach can also be applied to the case where

(_ an(lf - p)Q )

A1) exp ;

(344)

1 <p<1-1 and we conclude that if p < 1
1 can(t — p)?
EBu <unuu/\1 —/\1€X —_);
|EpBul < P (\/H ) exp( ; )
(345)
o1 1
ifs<p<1-4,
1
E,B,| < n (1 —p)“. Al
|p1|,\ﬂ ( p) ( n(l—0) )
con(t —p)?
exp(~ 2P (346)
—-p

Finally, when ¢ > 1 — 1, it’s easy to see

Apo(t) = (1 =8)" - P(p, =1) = (1= )"p"  (347)
and
|A3An7u(t)| = (1 _ t)u|ASpn|
Sus (L=1)"p" (1 —p)*. (348)

Now the combination of (323), (345) and (348) completes the
proof of Lemma 5. |

E. Proof of Lemma 6

First note that by assumption we have

k+1 1+0
f41 140w .
n—=17 n—=17
for any 7 = 0,---, s in both cases, and when u < s we have
k
> P (350)
n—s n

Adopt the same coupling as in the proof of Lemma 5, and
write

|A%Apu(t)]
= [EpA°(Br — )% (L(Pns € A) + L(pn_s & A)| (351)
> [E,A% (B — 1) L(pn—s € A)]

— [EpA® (pr — )4 1(Pn—s & A). (352)
where
Aé{ks, i ] (353)
n—s n—s

By the proof of Lemma 5, the non-remainder terms in the
Taylor expansion is at most O(n~(319)) = o(n~(u+3)),
and by our coupling the remainder term is non-zero only if
Pn_s € A, we conclude that

|EpAS(ﬁn _t)i]]‘(ﬁnfs ¢ A)| _ O(nf(“+%)).

(354)
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Now we deal with the first term. It’s easy to verify that for
any x € A, we have

o=l =1t =2l +0(3) < <= +0(3).

As a result, by the Stirling approx1mat10n formula in the proof
of Lemma 5, we conclude that for any - € A with m € N,

by

=(1+0(1) P(pp_s = P

(355)

q £ P(ﬁnfs =

1

Z —. 356
In other words, p,,—s is almost uniformly distributed restricted
to A with mass at least @( f) on each point. Moreover, for

7 =0,1,---,sand ¢ = 1,---,s — j, it follows from the
coupling that
k41
IPAnf’* ;An 5€A
(Pr—j it )
® k+i k—m
—ZPpn —j = |pn s = )
n-—s
m=0
R k—m
: P(pn—s = ) (357)
n—s

2 (;;jz)p ML) (4 0(1) (358)

As a result, when u < s, we have

|EpA* (Pn — )4 1(Pn—s € A)]
= EPZ(—l)j <8) (Brj — )41 (pn_s € A) (359)
k+i .
s S () -
i=1 j=0 —J
. E+i
P(pn—j = F;;pn s€A) (360)
» s—j s S—i—j 4
(1 +o(L)| (-1 () + > -1y
i=1 j=0 m=0
. S 5—J m4if1 _ ,\S m—i k+z_ w
Q)Qn+)P (1= ppr ()
(361)

| s—i—m _1)j s—m —1 (1 —p)s—m=i=i
A
-(:j] gy (362)
_ (1+0(1)) ( 1)5(£)u+ s s—i S
! Ti; =1 mzz:O <m—|—2>
i (i 4+ O(p)) (—1)7 s—m—i
> ()
(1—py i i o) (363)
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a1+ o) |y T (0
" i=1 m=0 m+
m+i u A S—i m(l _p)s—m—z—:r
i+ 0()"A EEr (364)
By the product rule of differentiation we know that
s—i—m (1 - p)87m7iiz
. 2y
_n)s—t—m 1 O
) ni FOW) (1 Lony).  65)
Plugging into the previous expression, we arrive at
[Ep A% (P = )51 (Pn—s € A)
1+0(1)(14+0 PR
_aL A OR) |y
m+z - s—i—m
+;;O(m+z> (= @66)
1+o 1+0 s
_q(1+o(1 ))1(L (p))‘(_l) oY)
n
1)t 367
>y z (150 (367
2= p"(1+0(p) (368)
=n~ (2 p(1+ 0(p)) (369)

where we have used v < s. Hence, in this case by choosing
po small enough we arrive at the desired result.
When u > s, similarly we have

U&N@W%wumﬂeAn

_a(L+o(1)(1+O(p) ES:Z

i=1 m= O<Tn+Z>

n
(1t (370)
_P+00) |~ (5
S ;( 1) (r);z (371)
pi(1 ) —~
- AasST 372
— ;z (372)

Since Z _, 4" is a polynomial of 7 with degree u+1 > s, its
s-backward difference is not zero, and thus the desired result
also follows by choosing py small enough.

F. Proof of Lemma 8

We first prove the lower bound for the delete-1 jackknife.
It suffices to fix p = %, where ¢ > 0 is a positive constant,
and prove

Tim n( o — F(p )) £0 (373)
when f(p) = —plnp, and
Tim n® (B fo— [(p) #0 (374)

for f(p)

=p*0<a<l.
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It follows from Lemma 12 that it suffices to analyze the
expectation of the following quantity:

ga(X) =nf <%> . ((n X/ <n)_( 1)
()

As n — oo, the measure 1, = B(n,p) converges weakly to
u = Poi(c).

(375)

We will show that lim, ..o nE,, ¢,(X) # 0 when
f(p) = —plnp and lim, . n“E,, go(X) # 0 when
fp) =p™.

For f(p) = —plnp,

E,.n-gn(X)
X n n-1n-X)X n-1
—E Sl 1
1t (n( X) n n-1 X
- n—1X(X n—1 ¢ n
1 ——In— 376
n n—1 n(X—l) nnc) (376)
n X(n—-X n—1
e
- n— c.n
— 1 — —In— 377
n "X nnc) (377
X(n—-X
:Eun-(Xlnn— (n )ln(n—l)
n
X(X -1
K= -1y - gln ﬁ) (378)
1 Xn-X), 1
—1—1‘%; (f(ln 1 - lng
X-1, _1) (379)

B n X
1
= <(c— en)In <1 - 5) +clnc>
1
+E,, <X2 In < — X(X -1)In
=A, + B,.

(380)
(381)

1
X -1

Since lim,, .00 A, = c+clne, limc_,0+ 2
and C_QEH (XQIH% - X(X - 1)1n
at ¢ = 0T, we know there exists some ¢ > 0 such that

(c+clne) = oo,
has a finite limit

lim E,, n-g,(X)#0. (382)
n—oo
For f(p) = p*,0 < a < 1, we have
Ep,n® - gn(X)
X\“ o n- 1 X \“
(03
- 2 n—X
X —
-1 ( ) (383)
n—1

=E,, (nX“ - ( 1) (X¥(n— X)+ X(X —1)%)

— ca) (384)

(1))

—
+ (”; 1) E,, (X° — X(X —1)%).

(385)
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Hence,
lim E, n%: g,(X)=E, (aX*+ X*" - X(X —1)%)
— (386)

Noting that ¢ 'E,, (aX® + X' — X (X — 1)*) has a finite
limit at ¢ = 0 but ¢! does not, we know there exists some
¢ > 0 such that

lim E, n% g, (X)#0 (387)

n—oo

when f(p) =p*,0 < a < 1.
For a 2-jackknife that satisfies Condition 1, the lower bound
is given by Theorem 1 and (12).

G. Proof of Theorem 8

The first three statements follow from [56]. The last state-
ment follows from [51]. Now we work to prove the fourth
statement.

It follows from [29, Inequality 9.3.5., 9.3.7.] that for f €
C[0,1], we have ||@*™(Bx[f])?®™]| < CE™||f||, and for f
such that f(>™) € C0,1], we have ||p>™(By[f])*™| <
Cllg?™ fE™)]|. Here p(x) = \/a(1 ).

It follows from the definition of the K -functional
Kom,o(f,1/n™) that

Kom,o(f,1/n™) <[|f — @™ Bi[f]]l
S Gl
Noting that @™ B[ f] is nothing but linear combinations of
the powers of By up to degree m, we can apply the estimates
on [|¢*™(Bx[f])*™| to [[0*™ (@™ By[f])*™]|. For any
g € A.C.joc, we have
™ (@™ By [f)) ™|
<[le*™ (@™ Bi[f — g) ™| + o> (@™ Bi[g)) *™ |

(388)

(389)
<CE™| f = gl + Clle*™g* ™. (390)
Hence,
n=™?™ (@™ B[ f]) ™|

3 k " —m m m
sclnf(—) (117 = gl + k129 ) @91)
g n

E\™
=C <E> Komo(f, k™). (392)

We have showed that
Kom,o(f,1/n™) <||f — @™ B[ f]ll

+C(§) Kom,o(f,k7™).  (393)

Now we utilize the assumption that w?"(f,2t) <
Dw2™(f,t). We have

DWW (f,1/VEk) < w2m(f 271~ Y/2) (394)
= w2™(f, (2%9K)71/?) (395)
< My Ko o(f,1/(224ME™)),  (396)
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where in the last step we have used the equivalence between
K -functional and the Ditzian—Totik modulus.
Setting n = 229k and applying (393), we have
DWW (f,1/VE) <Mi | f — @™ Bilf]l|
+ M2 2mw2m (£,1/VE).

We now choose ¢ so that D7 > 2M;2729™  which is
possible since D! > 272™_and obtain

(397)

If = @™ Bilf]ll = 272w (f, 1/VE). (398)
The proof is complete.
H. Proof of Lemma 3
It follows from [57, Theorem 1] that
2k—1 (s
- f9(p) . j 1
El)f(pn) - f(p) - ; ;! E, (pn —p) ,Sk’,L oE
(399)

It follows from Lemma 14 and 15 that for any 5 > 1 integer
there exist polynomials h,,_ ;j(p) with degree no more than j,
and coefficients independent of n such that

Li/2]

Ep(ﬁn - p)j = Z hm,j (p)n]%m (400)
m=1
Define
2k—1 (i)
Tie) = 3 P h )
i=1 ’
LGi- /2 <j<i—1). (o1

It is clear that T;[f](p) depends on f only through the
derivatives of f of order from j+1 to 2. Concretely, T} [ f](p)
is a linear combination of the derivatives of f of order from
7-+1 to 25 where the combination coefficients are polynomials
of p with degree no more than 2j.

1. Proof of Theorem 9

Proof: We first show, through induction, that each ¢;,0 <
i < k — 1 satisfies condition Dy(;,_;) with parameter Sp L.
Indeed, it is true for ¢+ = 0. Assuming that it is true for
i =m,1 < m < k— 2, we now show that it is true for
i =m + 1. We have

m—+1

== Tiltms1-5](p).

=1

tm,-i- 1 (p) (4’02)

Since Tj[f] involves the derivatives of f up to order 2j

(Lemma 3), for each j-th term T[t,41—;](p), 1 < j < m+1,

it involves the derivatives of f up to order
2(m+1—37)+2j=2(m+1), (403)

which implies that #,,,1 satisfies the condition Doy_o(; 1)
with parameter <; L.

4415

Now we apply Lemma 3 to each term in the formula of fk.
For the i-th term, 0 < ¢ < k£ — 1, we have

By [%ti(ﬁn)}

k—i—1
1 1
=—ti(p) + > — il )+O(—k> (404)
j=1
— i)+ kf Lo +o (=), @os)
_ni i\p = nm m—i|li|\P nk .
Sum over 0 < ¢ < k — 1, we have
k1l kel
Eplfi] = Z <Etz(P) + Z WTmi[ti](P)>
i=0 m=it+1
+0(%). (406)
n

It suffices to show that
k—1 k—1

1 1
Z(—iti(p)Jr > _me—i[ti](p)> = f(p). (407)
iz \" meir1
We have
k—1 1 k—1 1
> () = 10+ X ), o
and
k-1 k—1 k—1 m—1
1 1
> WTmfi[ti](P): 2 T
i=0 m=i+1 m=1 i=0
(409)
k—1
= Z im (410)

where in the last step we used the definition of ¢;(p). The
proof is now complete. 0

APPENDIX D
PROOFS OF AUXILIARY LEMMAS

A. Proof of Lemma 11

Let p(x) be the Lagrangian interpolating polynomial of f
at points xg, - - - , &, and define g(z) = f(z) —p(x). It is easy
to see that g(x) has at least (r + 1) zeros g, - - - ,z,. Since

= > s

r=xo+1

0=g(x1) — (411)

there must be some yo € (o, x1] such that Ag(yo) < 0. Sim-
ilarly, there exists some y1 € (z1, 23] such that Ag(y,) > 0,
and yo € (22, 23] such that Ag(y2) < 0, so on and so forth.
Next observe that

0<Ag(y1) —

XIAQ

=yo+1

Ag(yo) (412)

there must exist some zg € (yo,yl] such that A2%g(zy) > 0.
Similarly, there exists some 23 € (y1,y2] such that
A2%g(21) <0, and z2 € (y2,ys] such that A%g(ze) > 0,
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so on and so forth. Repeating this process, there must be some
x € [x0,,] such that (—1)"A"g(z) > 0. Note that p(x) is
a degree-r polynomial with leading coefficient f[xq,- -, ],
we conclude that

0<(=1)"A"g(z) (413)
= (-1)"A"(f(z) — p(z)) (414)
= (=1)"(A"f(x) = r!f[zo, -, zr]). (415)

Similarly, we can also show that there exists 2’ € [z, 2]

such that
0 < (1) THA"f(2') = rlf[zo, -, x,)).

Combining these two inequalities completes the proof.

(416)

B. Proof of Lemma 13

The key idea is to connect the problem of solving the
matrix equations (18) to the notion of divided difference in
approximation theory.

For p > 0,p € Z,

Z 7 z; an—nj 17)
:ZnT 1— pan_n] (418)

J#L
zx’" 1= Plny, na, ..., nyl, (419)

where f[z1,22,...,2,] denotes the divided difference in
Definition 3. The lemma is proved using the mean value

theorem (Lemma 10) of the divided difference for function
xr—l—p’

C. Proof of Lemma 15

The first part follows from Lemma 14. Regarding the second
part, the moment generating function of p,, — p is given by

Blexp(z(pn — )] = ¢~ (14 p(e/" = 1))

Written as formal power series of z, the previous identity
becomes

(420)

(421)

Hence, by comparing the coefficient of n/~*z* at both sides,
we obtain

hj,s(p)

s!

I N s5—1i i k 1
DI DI D S | P
=0 k=j—1 a1+---+ap=s—1,l=1

ay,,ak>1

(422)
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where {5, , is the coefficient of z” in z(x — 1) ---

It’s easy to see
k Kk
[te,r] < k-’”( > < =
' r 7!

Moreover, it’s easy to see when k < s — i, we have

L

a1+-tap=s—i,ai,- =

szﬁai

(x—k+1).

(423)

(424)
ar+-tap=s—il=1
k+1 )5
< 425
< > P (425)
ar+-Fagti=sl=1
and this quantity is zero when k > s — i.
Then, applying k! > (%)k yields
J S—1
1 k(k —I— i)
| < -~ 426
<D Yy R R (426)
= k=j—i
] 8 8
< 427)
- a0~
$27
= s(es) — (428)
j!
2 S
alt _6'5) (429)
j!
4 S
(deo) (430)
4!

D. Proof of Lemma 17

We first prove the statement when the domain of f is the
whole real line. We introduce the first and second Stekolv
functions [y, (), fan(x) as follows:

fn(x) = [ = Ky
(@) = fox Ky = fx Ky Ky,

where K, = +1(z € [~h/2,h/2]) is the box kernel, and the
operation * denotes convolution.

The Steklov functions have the following nice proper-
ties [58, Chap. V, Sec. 83]:

NI
T h h/2
fiw) = E(f(xﬂ;) f(x—g)) (434

431)
(432)

flx) — flz+1))dt (433)

h/2 rh/2
f@) = fwle) =55 [ [ br@ = @t
—fle+s—t)— flx—s+1)
— f(z — s —t)]dsdt (435)

() = 15 (P + ) + flz — B) = 20 (@).
(436)
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Hence, we have

|f( — fun(z
h/2 h/2
< / [27(@) = Fa s +1) = @ =5 1)
—|—|2f flx+s—1t)— f(x —s+t)|]dsdt (437)
h/ h/
g—/ 2/ i [2w2(f, h)]dsdt (438)
_w2(fa h)v (439)
and
i@ < 5507 (f: h). (440)
We use
IELf(X)] — fE[X])]
<IEf(X) = fan(X) + fran(X) = fan(E[X])
+ frn(E[X]) — FE[X])]| (441)
<2||f = funll + |E[fhh(X)] — fan(E[XT])] (442)
<2[|f—funll + —||f [[Var(X) (443)
<W?(f,h) + —W2(f, h)Var(X) (444)
=3-W(f,h), (445)
where h = %

Now we argue that when the domain of f is an interval
[a, b] that is a strict subset of R, we can replace the constant 3
by 15. Indeed, as argued in [59, Sec. 3.5.71, pg. 121], for
any continuous function f € [a,b], one can extend ¢(z) =

f(z) — f(bl)) (J:(a) (x — a) — f(a) to the whole real line while

ensuring the second order modulus of the extension is upper
bounded by five times the w?(f,t) of the original function f.
Indeed, one achieves this by extending ¢ so as to be odd with
respect to the ends of the [a,b] and then periodically with
period 2(b — a) on the whole real line.
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