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1 Introduction

D-branes probing singularities provide a powerful framework for engineering quantum field
theories in various dimensions and studying their dynamics. In particular, a large class
of (6 — 2m)-dimensional gauge theories can be realized in Type IIB string theory on the
worldvolume of D(5—2m)-branes probing Calabi-Yau (CY) (m+2)-folds. The prototypical
example involves D3-branes on CY 3-folds [1-13]. While in the context of quantum field
theories and string theory we are restricted to the 0 < m < 3 range, these constructions
can be extended to arbitrary m > 0 in the framework of m-graded quivers [14], building
on the mathematical ideas in [15-17].! The physical relevance of m-graded quivers for
general m is that they describe the open string sector of the topological B-model on CY
(m + 2)-folds [18-20].

Given an m-graded quiver arising from such a B-model setup, it is natural to ask
what the corresponding CY,,4+2 is. Similarly, starting from a CY,,42 it is interesting to
determine the corresponding quiver theory.? There are multiple approaches for addressing
these questions which can become, in practice, computationally challenging.

The dictionary connecting geometry and quivers is particularly well understood when
the CY (m+2)-folds are toric, in terms of objects that generalize dimer models. In this case,
T-duality connects the D(5 — 2m)-branes probing CY (m + 2)-folds to new configurations
of branes living on T *!. For m = 1, 2 and 3, these configurations are known as brane
tilings [10, 12], brane brick models [21-23] and brane hyperbrick models [24], respectively.
In this paper we will generalize these constructions, developing similar objects that have
been postulated to describe the graded quivers associated to toric CY (m + 2)-folds for
general values of m [14, 20, 23, 25]. We will collectively refer to these combinatorial objects
as generalized dimer models.

Generalized dimer models significantly streamline the connection between graded quiv-
ers and the underlying CY’s. This problem has been extensively studied for CY 3-folds

In what follows, we will often use the terms graded quiver and gauge theory interchangeably.
2In fact, the correspondence between CY,,42’s and quiver theories is not one-to-one but one-to-many
due to dualities and their generalizations.



and 4-folds. For toric CY 3-folds, perfect matchings are one of the main ingredients in
the map between gauge theory and geometry [10]. For toric CY 4-folds, perfect matchings
generalize to brick matchings, which were introduced in [21]. The power of perfect match-
ings and brick matchings follows from the fact that they admit combinatorial definitions
in terms of the underlying brane tilings and brane brick models. In this paper we will
introduce generalized perfect matchings, which parameterize the toric CY (m + 2)-folds
associated to m-graded quivers. In the standard case of brane tilings, the simplification is
even more striking, thanks to the existence of a straightforward algorithmic approach for
finding perfect matchings based on the Kasteleyn matrix [10, 26-29]. In this paper we will
also introduce a generalization of the Kasteleyn matrix procedure to all m.

This paper is organized as follows. In section 2 we review m-graded quivers and their
mutations. In section 3 we review brane tilings and brane brick models. In section 4 we
introduce m-dimers, which encode the m-graded quivers associated to toric CY (m + 2)-
folds. In section 5 we discuss the m-dimers associated to C™*2, which consist of (m + 2)-
permutohedra. In section 6 we generalize the concept of perfect matchings to m-dimers with
arbitrary m. We provide a first definition of perfect matchings based on the superpotential.
We also explain how to use them to compute the corresponding toric diagram. In section 7

)

we apply these ideas to determine de moduli space of the Fém infinite family of quiver
theories. In section 8 we present a second definition of perfect matchings, based on chiral
cycles, and a simplified algorithm for their computation based on a Grassmann integral.
We apply this method for calculating the moduli space of the Y'1:?(P™) family in section 9.
In section 10 we present a general discussion of abelian orbifolds of C™*2. We present our
conclusions in section 11. Appendices A and B contain additional details on the perfect

matchings for Fo(m) and orbifolds of C™*2,

2 Graded quivers

A central aim of this paper is to develop new tools to connect m-graded quivers to toric
CY (m + 2)-folds. In order to make our presentation self-contained, in this section we
briefly review m-graded quivers and their connections to physics. We refer the reader
to [14, 20] for in-depth presentations and to [19] for a mathematical analysis. Related
works include [30-32].

Given an integer m > 0, an m-graded quiver is a quiver equipped with a grading for
every arrow ®;; by a quiver degree:

@] € {0,1,--- ,m}. (2.1)
To every node i we associate a unitary “gauge group” U(N;). Arrows stretching between
nodes correspond to bifundamental or adjoint “fields”.?

For every arrow ®;;, its conjugate has the opposite orientation and degree m — |®;;]:

—(m—c) __ (c)
3 = (@), (2.2)

ij

3The framework of m-graded quivers can be extended to theories with gauge groups that are not unitary
and with fields that do not transform in the bifundamental or adjoint representations, i.e. theories that are
not of quiver type. We will not consider these possibilities in this paper.



Here we introduced a notation that will be used throughout the paper, in which the su-
§1=c
Since the integer m determines the possible degrees, different values of m give rise

perindex explicitly indicates the degree of the corresponding arrow, namely |®

to qualitatively different classes of graded quivers. The different types of arrows can be
restricted to have degrees in the range:

2
(I)EJC) Ay c=0,1,---,n.—1, nc:\"rn;_J’ (23)

4 We refer to degree 0 fields as

since other degrees can be obtained by conjugation.
chiral fields.

Graded quivers for m = 0,1,2,3 describe d = 6,4,2,0 minimally supersymmetric
gauge theories, respectively. Different degrees map to different types of superfields. The
correspondence between graded quivers and gauge theories is summarized in (2.4), where we
also indicate how some of these theories can be engineered in terms of Type IIB D(5 —2m)-

branes probing CY (m + 2)-folds.

m | 0 1 2 3

)% CY, CY; CYy CYs (2.4)
SUSY | 6d M =(0,1) 4dN =1 2dN =(0,2) 0dN =1

Superpotential. Graded quivers admit superpotentials, which are given by linear com-
binations of gauge invariant terms of degree m — 1:

W =W(®), W|=m-—1. (2.5)

Gauge invariant terms correspond to closed oriented cycles in the quiver, which might
involve conjugation of some of the arrows. The superpotential encodes relations on the
path algebra of the form dgW = 0.

There is no possible superpotential for m = 0. For m = 1,2,3, the superpotentials
take the schematic forms:

m=1: W=w@®),
m=2: W=2aWja") +3VE@0), (2.6)
m=3: W=oWeWH®) 4+ j@O),

where W (@), J(®©), E(®©)) and H(®©) are holomorphic functions of the chiral fields.

Kontsevich bracket condition. In addition to the constraint on its degree (2.5), the
superpotential must also satisfy:
{W,W}=0. (2.7)

4The range of degrees in (2.3) is just a conventional choice. The n. “fundamental” degrees can be picked

differently. Moreover, as we will later illustrate in examples, sometimes it is convenient to deal with all

)

possible values of the degrees. For every arrow, either @ﬁ;) or 5;-;”_6 can be regarded as the fundamental

object, while the other one is its conjugate.



Here {f, g} denotes the Kontsevich bracket, which is a natural generalization of the Poisson
bracket to a graded quiver and is defined as follows

of 9g D FHD@I+(gl+1) @)+l @1 9F 99
{9k = Z<8<I>8<I> - 9% 00 (2:8)

The degree and Kontsevich bracket constraints on the superpotential are necessary
for the good behavior of a differential operator that can be associated to graded quivers.
See [14, 20] for details.

In section 4 we will discuss how in the case of graded quivers related to toric CY
(m + 2)-folds the superpotential has additional structure. These extra features are at the
heart of their description in terms of generalized dimer models.

2.1 Mutations

m-~graded quivers admit order m + 1 mutations. For m < 3 these mutations reproduce the
dualities of the corresponding gauge theories, namely: no duality for 6d ' = (0, 1), Seiberg
duality for 4d N' =1 [33], triality for 2d N' = (0,2) [34] and quadrality for 0d N' =1 [24].
Moreover, the mutations provide a generalization of these dualities to m > 3. It is natural
to expect that these generalized dualities correspond to mutations of exceptional collections
of B-branes in CY (m + 2)-folds [14].

A precise prescription determines the transformation of the quiver and superpotential
under mutations. We refer the reader to [14, 20] for detailed presentations.

2.2 Generalized anomaly cancellation

Under a mutation at a node *, its rank transform according to:
N, = No— Ny, (2.9)

where Ny is the total number of incoming chiral fields at node x. Demanding invariance
of the ranks under m + 1 consecutive mutations of the same node leads to the generalized
anomaly cancellation conditions. For m odd, these conditions are given by:

ne—1

ZN Z ( ))—N(q)z(]))) —0, i, ifme2Z+1, (210

where N (® ( ) denotes the number of arrows from ¢ to j of degree c. For every fixed ¢, the
sum over j runs over all nodes in the quiver (including i), and n. is given by (2.3). For m
even, the conditions become

ne—1

ZN 3 (- (N(<I>§.?) +N(<1>§§))) —9oN,, Yi, if me2z. (2.11)

c=0

For m = 0,1, 2, 3, these conditions reproduce the cancellation of non-abelian anomalies for
the corresponding d = 6,4, 2,0 gauge theories with gauge group [[, U(NV;).



3 Brane tilings and brane brick models

Before introducing generalized dimer models, we present a brief review of brane
tilings [10, 12] and brane brick models [21, 22]. These objects have been extensively studied
in the literature. The aim of this section is just to highlight some basic properties that we
will later generalize to arbitrary m.

3.1 Brane tilings

The 4d N' = 1 gauge theories living on the worldvolume of D3-branes probing toric CY3
singularities are fully encoded by bipartite graphs on T? denoted brane tilings [10, 12].% In
fact a brane tiling is a physical brane configuration consisting of an NS5-brane wrapping a
holomorphic curve from which D5-branes are suspended, which is related to the D3-branes
probing the CY3 by T-duality.® The holomorphic surface is given by the zero locus of the
Newton polynomial of the toric diagram.

A simple dictionary relates brane tilings to the corresponding gauge theories. Faces,
edges and nodes in the tiling correspond to unitary gauge group factors, bifundamental or
adjoint chiral fields and superpotential terms (with sign determined by the node color),
respectively. Figure 1 illustrates these ideas with an explicit example. This theory is often
referred to as phase 2 of Fy [7]. The 4 gauge groups, 12 chiral fields and 8 superpotential
terms are easily read from the brane tiling. Equivalently, the same information is captured
by a periodic quiver on T2, which is obtained from the brane tiling by graph dualization.
Like a brane tiling, a periodic quiver not only summarizes the matter content and gauge
symmetry of a theory but also its superpotential, which is encoded in its minimal plaque-
ttes. For detailed discussions of brane tilings see e.g. [10, 35, 36] and references therein.

The gauge theories associated to toric CYgs’s satisfy the so-called toric condition,
namely that every chiral field belongs to exactly two terms in the superpotential with
opposite signs. Equivalently, every arrow in the periodic quiver belongs to two adjacent
plaquettes with opposite orientations. Brane tilings automatically implement this condi-
tion, since every edge connects two nodes of opposite colors.

Due to the toric condition of the superpotential, all the F-terms are of the form:

Tx = MITC6) — M (X)), )

where Mi+ and M, are monomials of chiral fields. To determine the moduli space, we first
impose the vanishing of the F-terms, which become:

M (X;) = M7 (X;) Vi, (3.2)

2

SHere and in the discussions that will follow for general m, we focus on toric phases of the quiver
theories. Such phases exist for any toric CY and can be defined as theories that are fully captured by
generalized dimers or, equivalently, periodic quivers. Starting from them, non-toric phases can be generated
by mutations.

SWe refer to both the full fledged brane configuration and the bipartite graph representing the most
important features of its structure as brane tiling. We will adopt a similar approach when discussing
generalized dimer models.
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Figure 1. a) Brane tiling and b) dual periodic quiver for phase 2 of Fj. The unit cell is indicated
with dashed blue lines. We also show the superpotential, making the SU(2) x SU(2) global symmetry
of this theory manifest.

i.e. for toric phases, the vanishing F-term conditions are always of the form “mono-
mial=monomial”. This property makes it possible to solve them in terms of combinatorial
objects called perfect matchings. A perfect matching p is a collection of edges in a brane
tiling such that every node is connected to exactly one edge in p.

Perfect matchings can be summarized in terms of the so-called P-matrix, whose rows
and columns are indexed by chiral fields X; and perfect matchings p,, respectively. It is

defined as:
1if X;ep
P, = " 3.3
: {0 if X;¢p, (3:3)

We can think about perfect matchings as useful variables in terms of which the chiral fields
in the quiver can be expressed. In particular, the following map between perfect matching
variables and chiral fields:

W

automatically solves the vanishing F-term equations (3.2). Hence, there is a one-to-one
correspondence between perfect matchings and GLSM fields in the toric description of the
CY3 moduli space.

Further imposing the D-term constraints, perfect matchings are mapped to points in
the corresponding 2d toric diagram. This description of the geometry can in general be
redundant, namely multiple perfect matchings can correspond to the same point in the
toric diagram. Brane tilings facilitate this process, too. Picking fundamental cycles -, and
Yy of T?, equivalently the boundaries of the unit cell of the brane tiling, the Z? coordinates
of the point in the toric diagram associated to a perfect matching p, are then given by:

Pu - Z Pilt (<X17 7x> ) <Xi,'7y>) ) (35)



where (X;,7,) is the intersection paring between the edge X; and the cycle 7. Different
choices of v, and 7, result in the same toric diagram up to SL(2,Z) transformations.

3.2 Brane brick models

Similarly, the 2d N/ = (0, 2) gauge theories on the worldvolume of D1-branes probing toric
CY, singularities are fully captured by tessellations of T? called brane brick models [21, 22].
A brane brick model is a brane configuration involving an NS5-brane wrapping a holomor-
phic surface ¥ from which D4-branes are suspended, and it is related to the D1-branes at a
CY, via T-duality.” ¥ is the zero locus of the Newton polynomial of the CY toric diagram.

The gauge theory associated to a brane brick model is determined as follows. Bricks, i.e.
the 3-polytopes in the tessellation, correspond to unitary gauge group. 2d faces represent
matter fields in the bifundamental or adjoint representation of the bricks they separate.
Oriented and unoriented faces correspond to chiral and Fermi fields, respectively. Finally,
every edge represents a term in the superpotential (the m = 2 case in (2.6)), which is
given by the gauge invariant product of the chiral fields and the single Fermi field (or its
conjugate) that meet at the edge.®

2d N = (0,2) theories are symmetric under the exchange of any Fermi with its conju-
gate. This is the symmetry between degree m/2 fields and their conjugates for even m (in
this case m = 2) discussed in section 2. This symmetry is accompanied by the exchange
of the corresponding J- and E-terms. The distinction between a Fermi and its conjugate,
and as a result the distinction between J- and E- terms, is therefore a matter of conven-
tion. This symmetry is reflected by the fact that Fermi faces in brane brick models are
unoriented. Brane brick models are dual to periodic quivers on T3, which contain the same
information. Further details can be found in [21, 22]. Figure 2 shows an example of brane
brick model and periodic quiver, which correspond to local CP? [22]. Grey and red faces
correspond to chiral and Fermi fields, respectively.

The superpotential of the 2d N' = (0, 2) gauge theories associated to toric CY,’s satisfy
a toric condition [37], which in this case means that every Fermi field belongs to exactly
two J-terms and two E-terms with opposite signs.” The superpotential hence takes the
general form

W= 3" Aa(Ji (X) — J; (X0)) + Rl (X)) — Ey (X)) (3.6)

where the sum runs over all Fermi fields A,, and JF and EF are holomorphic monomials
in chiral fields. In brane brick models, all Fermi faces are square. This implements the
toric condition, since it implies that every Fermi fields participates in four superpotential
terms, in agreement with (3.6). Two of these terms correspond to J-terms while the two
others correspond to E-terms.

"As for brane tilings, we will interchangeably refer to the full brane configuration and its “skeleton” as
a brane brick model.

81t is possible for more than one Fermi to coincide at an edge. We refer to [22] for a discussion of such
cases.

9Here we refer to the full gauge invariant terms, i.e. including the Fermis or their conjugates, as J- and
E-terms.



(a) (b)

Figure 2. a) Brane brick mode and b) dual periodic quiver for local CP3.

The toric CY4 arises as the classical moduli space of the gauge theory, which can be
determined in two stages. First, we impose vanishing of the chiral part of the J- and
E-terms. Due to the toric form of the superpotential (3.6), these conditions are once again
of the form “monomial=monomial”:

Jd (Xi) = J, (X3) E;(Xi) = E, (X)), (3.7)
which allows us to solve them combinatorially. To do so, we introduce brick matchings,

which are the brane brick model analogues of perfect matchings [21]. A brick matching p
is a collection of chiral and Fermi fields such that:

e For every Fermi field A,, p contains exactly either A, or A,.
e If p contains A,, it contains exactly one chiral field in each of E; and E; .
e If p contains A,, it contains exactly one chiral field in each of J; and J, .

We can summarize the chiral field content of brick matchings by means of the P-matrix,
defined as in (3.3).!° Again, the map between chiral fields and brick matchings given by
equation (3.4) solves (3.7).

The final step consists of imposing the vanishing of D-terms. As for brane tilings,
there is an alternative way of finding the Z? coordinates in the toric diagram for every
brick matching. They are given by:

Py — Z F)i;t (<Xi7'7:v> ’ <Xia 7y> ) <Xi7'7Z>) ’ (38)

where 7,, 7, and . are the edges of the unit cell of the brane brick model. Again, different
choices of v, lead to the same toric diagram up to SL(3,Z) transformations.

The P-matrix can be extended to include the Fermi field content of brick matchings [21]. This extra
information has various applications but it is not necessary for the determination of the moduli space.



4 Generalized dimer models

We have reviewed brane tilings and brane brick models and discussed how they simplify
the relation between geometry and gauge theory. In this section we will describe an infinite
generalization of them, which streamline the connection between toric CY (m + 2)-folds
and m-graded quivers.

4.1 Toric quivers

The CY 42 associated to an m-graded quiver arises as its classical moduli space. Extending
the usual notion for m < 3, it is defined as the center of the Jacobian algebra with respect
to fields of degree m — 1 [14]. This corresponds to imposing the relations:

ow m—1

plus gauge invariance.!!

Since the superpotential has degree m — 1, the terms that contribute to the relations
in (4.1) are of the general form ®~DP(®() where P(®() is a holomorphic function
of chiral fields. We will refer to such terms as J-terms. The resulting relations (4.1) then
consist entirely of chiral fields.

The quivers theories associated to toric singularities are endowed with additional struc-
ture. Their global symmetry contains a U(1)™*2 Cartan subgroup, coming from the isome-
tries of the underlying CY 2.

Furthermore, for every toric CY,,42 there exists at least one toric phase, which is a
theory satisfying the following properties.'? First, for N regular branes and no fractional
branes, the ranks of all gauge groups are equal to N. In other words, there exists a solution
to the anomaly cancellation condition (2.10) or (2.11) in which the ranks of all gauge groups
are equal and unconstrained.

In addition, the superpotential of a toric phase obeys a toric condition, according to
which every field of degree m — 1 appears in exactly two J-terms, with opposite signs.
Namely,

W = a1 @Oy — o1 = (o)) 4 (4.2)

where dots indicate terms that do not contain @émfl). This condition generalizes the toric

conditions for the m = 1,2 cases discussed in section 3.1 and section 3.2. The relations (4.1)
then take the “monomial=monomial” form:

@) = 77 (@), (4.3)

This property is of central importance for the generalized dimers and the associated com-
binatorial tools that we will introduce later. A straightforward way of deriving the toric
condition is as follows. It is satisfied by the C™*2? quivers as it will be explained in

UFor m = 2, the fields 1 in (4.1) denote both V) and &%), namely the Fermi and conjugate Fermi
fields in the 2d N = (0, 2) gauge theory.

12 Acting on this theory with sequences of mutations, we can generate other phases, both toric (if they
exist) and non-toric.



section 10, it is inherited by its C™*2/(Zn, X - -+ X Zn,,,,,) orbifolds and it is preserved by
partial resolution, with which we can reach an arbitrary toric CY 4.

As we previously mentioned, in this paper we will exclusively focus on toric phases, so
we will no longer emphasize this distinction.

4.2 Generalized dimer models and periodic quivers

We are now ready to introduce generalized dimers of order m, or m-dimers for short, which
fully encode the m-graded quivers with superpotentials of toric phases associated to toric
CYmt2’s and simplify their connection to geometry.

Consider the Newton polynomial of the toric CY,,+2 under consideration, which is

given by:
P(z1,...,Tmt1) = Z cpast .ot (4.4)
vev
where x, € C*, p = 1,...,m + 1, the ¢z are complex coefficients and the sum runs over

points ¥’ in the toric diagram. By rescaling the z,’s, it is possible to set m + 2 of the
coefficients to 1. The freedom in the remaining coefficients captures dual phases of the
quiver theory.

In addition, let us consider the coamoeba projection from (C*)™*! to T™+1:

(1, ooy Tmy1) — (arg(z1), ..., arg(Tm1)) - (4.5)

We define an m-dimer as the coamoeba projection of the holomorphic surface X,,,
which in turn is given by the zero locus of the Newton polynomial:

Ym:  Plxi,...,xm41)=0. (4.6)

This definition reproduces the m < 3 cases (elliptic models, brane tilings, brane brick
models and brane hyperbrick models) and naturally generalizes them. As usual, most of
the time we will focus on its tropical limit or “skeleton”, which is a tessellation of T™+1 13

The quiver theory can be read from the m-dimer as follows. Every codimension-0
face i, which we will denote brick, corresponds to a gauge group. Every codimension-
1 face common to bricks ¢ and j has an orientation and a degree ¢, 0 < ¢ < m, and
corresponds to a bifundamental (or an adjoint field if i = j) field of degree c. As usual, we
can flip the orientation by conjugation, which simultaneously changes the degree to m — c.
Codimension-2 faces are such that the degree of faces they bound sum to m — 1 and map
to superpotential terms.

While determining the tessellation is relatively straightforward, establishing the orien-
tations and degrees of its codimension-1 faces is not. For m = 2, this problem has been
addressed in [23], but an algorithm for general m is still lacking. In practice, there are
efficient alternatives for approaching this problem. One of them is obtaining the theory
for the desired geometry by partial resolution of an orbifold. Implementing such partial
resolution is considerably simplified using m-dimers.

13For this reason, these objects have been dubbed tropical coamoebas in the mathematical literature [38].

~10 -



m-dimer Periodic m-quiver

Codimension-0 face (brick) Gauge group
Codimension-1 face of degree ¢ Degree c field in the bifundamental
between bricks i and j representation of nodes ¢ and j

(adjoint for i = j)

Codimension-2 face Plaquette encoding a monomial in
the superpotential

Table 1. Dictionary mapping m-dimers to periodic m-quivers (equivalently, toric m-quivers with
superpotential).

Clearly, the structure of m-dimers is richer than what we have exploited so far. In
particular, starting at m = 2, it is natural to ask whether faces of codimension higher than
2 have a gauge theory interpretation. It is tempting to speculate that they are connected
to the Ay relations among multi-products in the quiver algebra [20, 30]. We plan to revisit
this question in future work.

Via graph dualization, m-dimers are in one-to-one correspondence with periodic m-
quivers in T™t!. Both objects contain exactly the same information. Periodic quivers
not only summarize the gauge symmetry and field content. They are such that every
minimal plaquette, namely the duals to codimension-2 faces of the m-dimer, corresponds
to a term in the superpotential. Table 1 summarizes the map between m-dimers and
periodic m-quivers.

It is convenient to decompose the U(1)™*+2 Cartan subgroup of the global symmetry as
U1+l < U(1)g. The U(1)7:1 is nicely geometrized by m-dimers and periodic quivers,
where it is mapped to the fundamental directions of T™+1.

For m > 3, m-dimers and periodic quivers have more than three dimensions and hence
become difficult to visualize. Their structure can be captured by various projections, such
as the tomography of [23, 25]. However, as we will show in this paper, several powerful
tools follow from the existence of m-dimers, equivalently from the structure of toric phases,
and do not require their explicit visualization. For simplicity, we will often phrase our

discussions in terms of periodic quivers.

5 C™*2 and permutohedra

We now discuss the m-dimers associated to flat space, C™* 2. These dimers can be regarded
as the simplest ones but also as the most universal, since the ones for any other toric CY ;49
can be obtained from their orbifolds, which in turn correspond to stacking multiple copies
of the same brick, by partial resolution.

The toric diagram for C™*2 is the minimal simplex in Z™*!, namely it is given by the
following points:
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Figure 3. Toric diagrams for C™*2 with m = 0,1, 2.

Figure 3 shows the toric diagrams for m < 3. The geometry has an SU(m + 2) isometry,
which maps to an SU(m + 2) global symmetry of the corresponding quiver theories.

5.1 Quiver theories

This infinite family of theories was first discussed in full generality in [20] where it was
independently derived using both the algebraic dimensional reduction procedure introduced
in [20] and the topological B-model. We quickly review it here. For m = 0,1,2,3 these
theories correspond to maximally supersymmetric Yang-Mills in d = 6,4,2,0. For general
m, the quiver is defined as follows:

e It has a single node.

e It contains adjoint fields ®(&¢t1) of degree 0 < ¢ < L%J Here we have introduced a

(¢k) indicates an arrow of degree ¢ in the k-

notation with two superindices, in which ®
index totally antisymmetric representation of the global SU(m + 2) symmetry. Then,
every field ®(©*t1) transforms in the antisymmetric (¢ 4 1)-index representation of
SU(m+2). The conjugates of these fields (®(ct1)) = (m—cmt+1—c) have degree m—c

and transform in the antisymmetric (m + 1 — ¢)-index representation of SU(m + 2).

e In the case of even m, the multiplicity of the unoriented degree-3 fields is half the
dimension of the corresponding representation. The full representation can be built

in terms of ®(3) and ®(%).
Figure 4 shows the quivers for C™*2 up to m = 7.

Superpotential. The superpotential can be written compactly by exploiting the
SU(m+2) global symmetry. It is:

W = Z U1 @ (k—Lk) p(m+1—j—kim+2—j—k) (5.2)
itj+k=m+2

Every term has m 4 2 SU(m + 2) flavor indices, which are contracted with a Levi-Civita
tensor to form an SU(m + 2) invariant. We have suppressed them in the interest of a
cleaner notation.

- 12 —



15

6

m=4

10
5
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Figure 4. Quivers for C"™*2. The multiplicities of fields, i.e. the dimensions of the representations
for the SU(m + 2) global symmetry, are indicated on the arrows. For m even, the multiplicity of
the outmost (unoriented) line is half the dimension of the corresponding representation. Black, red,
green, blue and purple arrows represent fields of degree 0, 1, 2, 3 and 4, respectively.

Periodic quiver. We now discuss how periodic quivers neatly capture the C™+2 quivers
and their superpotentials. While visualizing periodic quivers beyond m = 2 is challenging,
they can be described fairly straightforwardly.

The periodic quiver can be embedded in the torus T"*! = R™*! mod (Z™*!). The unit
cell thus becomes the domain [0, 1]+, We locate the single node of the quiver at the origin.

Let us now consider the arrows. There is a field stretching from the origin to every
corner of the unit cell. Since all the corners are identified, these are adjoint fields. There
are 2™+t — 1 corners other than the origin, which is indeed the total number of fields in
the quiver.

The degree ¢ of the field connecting the origin to the corner with coordinates ¢, is
given by the L' norm of the point minus one, i.e.:

m+1

c= Z|qa|—1. (5.3)
a=1

Hence, considering only fields outgoing from the origin, there are (73:11) fields of degree ¢

and (mﬁtic) of degree m — ¢, whose conjugates also have degree c. If ¢ # m — ¢ the two

sets are distinct and the total number of fields of degree c is

()= (") =0 54

This is precisely the dimension of the antisymmetric (¢ + 1)-index representation of
SU(m + 2). When ¢ = m/2 the two sets coincide and the number of fields of degree c is half
the dimension of the (m/2 + 1)-index representation of SU(m + 2). In summary, this con-
struction of the periodic quivers nicely reproduces the quivers for C"™*?2 introduced above.
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Finally, it can be verified that going around any collection of three corners of the unit
cell gives rise to a minimal plaquette of degree m — 1, as required. This reproduces the
cubic superpotential in (5.2).

5.2 m-dimers

The m-dimer for C™*? takes a remarkably elegant form. It consist of a tiling of T™*! by
a single brick, which is a permutohedron of order (m + 2), or (m + 2)-permutohedron for
short. This fact was originally noted by Futaki and Ueda in their seminal paper [25].14
The (m + 2)-permutohedron is an (m + 1)-dimensional polytope embedded in (m + 2)-
dimensions. The coordinates of its vertices are the permutations of the set {1,...,m + 2}.
The number of vertices is thus (m + 2)!, each of which is adjacent to m + 1 others. Every
edge connects two vertices that are related by exchanging two coordinates, the values of
which differ by one.

More generally, the (m + 2)-permutohedron has a facet for every non-empty proper
subset of {1,...,m + 2}. The number of codimension-d facets is:

F(m,d) = (d+1)!S(m+2,d+1), (5.5)

where S(i,7) denotes the Stirling numbers of the second kind.

For example, the m-permutohedra for m = 1,2,3,4 are the line segment, hexagon,
truncated octahedron and omnitruncated 5-cell, respectively. The first three objects in this
list are well known from the study of elliptic models, brane tilings and brane brick models.

Let us focus on codimension-1 and 2 facets, which correspond to fields and superpo-
tential terms. Using (5.5), we get the table on the left of (5.6). Since for C™*2 we have
a single brick with periodic identifications, the number of codimension-d facets must be
divided by d, giving rise the table on the right. These results are in perfect agreement with
the corresponding quiver theories. Indeed, these m-dimers are connected to the periodic
quivers discussed in the previous section by graph dualization.

Codimension Codimension

m 1 2 m 1 2

0 2 — 0 1 —

1 6 6 1 3 2

2 14 36 — 2 7 12 (5.6)
3 30 150 3 15 50

4 62 540 4 31 180

5 126 1806 5 63 602

6 254 5796 6 127 1932

14YWe thank Eduardo Garcia-Valdacasas, who independently arrived to this conclusion from an analysis
of the corresponding quiver theory, for sharing this insight with us.
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Orbifolds and higgsing. The m-dimer for a C™*?/(Zy, x --+ x Zy,,,) orbifold is
simply given by a Ny X --- X Ny41 stack of (m + 2)-permutohedra bricks. The action of
the generators of the orbifold group determines the periodicity conditions in T™*!, as we
will elaborate in section 10.

The m-dimer for an arbitrary toric CY,,+2 can be obtained by starting from an orbifold
whose toric diagram contains the desired one and performing partial resolution. This
process translates into “higgsing” of the quiver which, in terms of the dimer, corresponds to
removing the codimension-1 faces associated to the chiral fields acquiring non-zero “VEVs”
and recombining the bricks accordingly. Pairs of fields might become massive in this process
and can be integrated out.

6 Moduli spaces and generalized perfect matchings

As discussed in section 4.1, the CY,,12 corresponds to the moduli space of the m-graded
quiver. The first step in its determination is imposing the vanishing of J-terms. Due to
the toric condition (4.3), solving these equations can be accomplished combinatorially.

6.1 Generalized perfect matchings

We define a generalized perfect matching p of an m-dimer as a collection of fields satisfying:
(1) p contains precisely one field from each term in .
(2) For every field ® in the quiver, either ® or @ is in p.

In what follows, we will drop the unwieldy ‘generalized” when it can be inferred from the
context and just call these objects perfect matchings.

It is important to emphasize that while perfect matchings have a natural interpretation
in terms of m-dimers, they can be defined, as we have just done, purely in terms of the
quiver theories.

Vanishing of J-terms. Perfect matchings as defined above allow us to solve (4.3) com-
binatorially. The process is essentially the same as in the case of brane tilings and brane
brick models. We encode the relation among chiral fields and perfect matchings in terms

of the P-matrix:!? o
1if o
Pu=1{ . ) SP (6.1)
0 if &, ¢p,
Using the P-matrix we define the map between perfect matchings p,, and chiral fields @go)
as follows:

ol =TT wu" (6.2)
w

5 As we mentioned for the m = 2 case in section 3.2, the P-matrix can be extended to include the fields
of all degrees that form a perfect matching. We expect that this extended information will be useful for
studying various structures associated to m-dimers which are yet to be discovered, but it is not necessary
for computing the moduli space.
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With this map, the vanishing of J-terms (4.3) becomes

H Hp,lji’”: H Hp,]ji”‘. (6.3)

@EO)EJ; Pu CI’EO)EJ; Pu

Remarkably, the definition of perfect matchings introduced above is such that these equa-
tions are always satisfied. This is because for every p,, either p, has no chiral field in both
J and J, or else it has exactly one chiral field in each of them. This is clearly the case
since the relevant terms in the superpotential are @gm_l)(J(j —J; ) and a perfect matching
picks exactly one field from each of these two terms. Hence it either contains @&m‘l) and
no chirals from J; and J~, or it does not contain @gm_l) but involves one chiral from each

of JF and J~.

From perfect matchings to the toric diagram. The second step in the computation
of moduli space is to assign positions in the integer lattice Z™*! to the perfect matchings,
in order to construct the toric diagram of the CY,,+2. We can do so by a straightforward
generalization of the procedure we previously outlined for brane tilings and brane brick
models. We pick fundamental cycles 7o, a = 1,...,m + 1, of the torus T™*! in which the
m-~dimer is embedded. Since chiral fields are oriented codimension-1, faces we can define
the intersection pairing between the chiral fields and the fundamental cycles:

+1 if % intersects
<(I)z(0)770‘> - Zo - (6.4)
0 if <I>Z( ) does not intersect Ya

Recall that degree-m fields should be regarded as conjugate chirals.

The position of a perfect matching in the toric diagram is then given by:
0 0
pH%ZPiu <<¢5 )771>7"' 7<¢)§ )7"Ym+1>) . (65)
i

Alternative choices of v, give rise to the same toric diagram up to SL(m + 1,7Z) transfor-
mations.

6.1.1 m = 1,2 case

Let us verify that for m = 1,2 generalized perfect matchings indeed reduce to ordinary
perfect matchings and brick matchings, respectively.

Ordinary perfect matchings. For m = 1, only chiral fields appear in the superpoten-
tial due to holomorphy and an ordinary perfect matchings p is defined by the first of the
conditions above. The second condition can be implemented by simply adding to p the
conjugates of the rest of the fields, since the conjugates do not appear in any superpoten-
tial term. Therefore, ordinary perfect matchings are in one-to-one correspondence with
generalized perfect matchings.
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Brick matchings. For m = 2, a brick matching p is obtained by requiring the first
condition but the second condition is imposed only for Fermis. Again, since the superpo-
tential does not contain conjugate chiral fields, we can uniquely extend a brick matching
to a generalized perfect matching by adding the conjugates of all the chiral fields which are
not in p.

6.1.2 The m = 0 case

Although we motivated m-dimers by discussing brane tilings (m = 1) and brane brick
models (m = 2), the natural starting point is m = 0. This case corresponds to 6d N = (1,0)
supersymmetric gauge theories on the worldvolume of D5-branes probing toric CY 2-folds.

The only toric CY 2-folds are C? and its orbifolds C2/Z,, whose toric diagrams are
given by the integer points 0,...,n. The quiver for C?/Z, is an n-node necklace quiver,
namely the affine Dynkin diagram A,,.

Let us now discuss the perfect matchings and how they give rise to the toric diagrams.
For m = 0, all the matter fields and their conjugates have degree 0 so the fields or edges in
the periodic quiver are unoriented. There is no superpotential, since it should have degree
m — 1 = —1. This implies that the first condition in the definition of perfect matchings
is trivially satisfied. A perfect matching then corresponds to assigning an orientation to
each of the of n edges of the quiver to satisfy the second condition. For the toric diagram,
we assign +1 and O contributions to the x coordinate to the edges with right and left
orientation, respectively. We obtain the toric diagram of C?/Z,, as expected.

6.2 Chiral fields and generalized perfect matchings

Remarkably, the full field content of a perfect matching can be reconstructed from the
knowledge of the chiral fields in it.
Let us suppose that {<I>Z(-0)} is the set of chiral fields in a perfect matching p. The only

terms in which fields of degree m — 1 participate are the J-terms @gmfl)Ja(éz(-o)). The

1)

chiral fields in p cover a subset of the J-terms so p must contain all the @gm_ that appear

in the rest of the terms. In order to satisfy the second condition, we include the conjugate
of the remaining degree m — 1 fields @((11), which determines all the field of degree 1 in p.
Continuing this process recursively, we can compute the full perfect matching. For
every 1 <k < | ], the terms in which a field @EL’”*’“) appear have the form @,(Imfk)Pékfl),
where P*~1) is a polynomial of degree k — 1 and hence only involves fields of degree
c < k —1. The fields in p of degree ¢ < k — 1 cover a subset of the superpotential terms
and we must add the @gm_k) appearing in the remaining ones. We will assume that every
field appears in at least one term in the superpotential, so this unambiguously determines
whether it is in p or not. Once we establish the fields of degree m — k in p, we must add
conjugates of the remaining ones, which are the fields of degree k in p. At the end of this

process we will have computed all the fields in p from the knowledge of the chiral fields in it.

6.3 Perfect matchings for C™12

Let us illustrate the previous ideas, using perfect matchings to verify that the theories
presented in section 5 indeed correspond to C™*2.
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In order to construct the perfect matchings, it is convenient to exploit the SU(m + 2)
global symmetry. Picking a direction p = 1,...,m + 2 breaks SU(m + 2) — SU(m + 1).
Under this symmetry breaking, the quiver fields @017 1 < j < L%J + 1, decompose as

follows:16

PU-L1) _y pl—Liw) 4 @li—Luyh 7 (6.6)

where ®U=171) and ®U-13%) have j — 1 and j indices, respectively, and are explicitly
given by:

(@U—Lm - vi—1 — (UL vi—1

(@ULI vy — (UL vy (6.7)

Making only the reduced SU(m + 1) symmetry manifest, the superpotential (5.2) takes
the form:

W ~ Z PU—171) @ (k= Liksph) G (mA1—j—kim+2—j—k;y)
itj+h=m+2
+ Z H U173 §(k—Likip) G (m1—j—kim+2—j—k;))
i+j+h=m-+2
+ Z & U—L73ph) (k= Liksph) § (mA+1—j—ksm42—j—k;p)
i+j+h=m-+2

(6.8)

It becomes clear that there are m + 2 perfect matchings, one for each value of u. Further-
more, all ®U—17#) and U174 form a perfect matching i.e.

= {q)(j—l;j;u)7cj>(j—1;j;u)’1 <j< % + 1} i (6.9)
In particular, the chiral field content consists of a single chiral field:
p,u‘chiral = {(I)(O;l;u)}’ (610)

i.e. there is a one-to-one correspondence between chiral fields and perfect matchings.
We can choose the fundamental cycles of T+ such that

<q)(0;1;u)7%> = Gop s (6.11)

with « = 1,...,m + 1. In particular, this implies that <(1)(0;1;m+2)’%[> = (0. The toric
diagram therefore consists of the points:

UOZ(O,...,O),
v; = (1,0,0,...,0), wy=(0,1,0,...,0), ..., Vmp1=(0,0,...,0,1),

which is indeed the toric diagram of C"™*2,

16WWe have chosen to denote the degree of fields by j — 1 for later convenience.
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FO = /2, RV =F Y = Q" 7,

Figure 5. Toric diagrams for Fém) with m = 0,1, 2.

7 An infinite family: F{™

Let us now consider another infinite family of toric geometries denoted Fo(m), which cor-

m+l - We will illustrate in detail how perfect

respond to the affine cones over the (P!)
matchings capture the moduli spaces of the corresponding quiver theories. The toric dia-

gram for Fém) is the (m + 1)-dimensional polytope consisting of the following points:

0,...,0)
(£1, 0,'. ..,0) )
(0,...;0,11)

Fém) has an SU(2)™*! isometry. The a'® SU(2) factor acts on the toric diagram by
permuting the two points with £1 in the ot coordinate and the origin is invariant under
all SU(2)’s. For low m, this family contains some well-studied geometries: FO(O) = C2%/Zs,
Fél) = Fp and Fo(z) = C(QY11/Zsy). Figure 5 shows their toric diagrams.

This is an interesting class of geometries since it exhibits some of the main features of
generic CY,,42’s while being particularly tractable thanks to the large global symmetry.

7.1 Quiver theories

The quiver theories for the Fo(m) family were first introduced in [20], where they were
independently derived using a generalization of the orbifold reduction procedure [39] and
the topological B-model. More precisely, a toric phase was constructed for each of these
geometries. Below we review them before computing their moduli spaces using perfect
matchings.

Nodes. The quiver has x((P!)™*!) = 2m*! nodes. We index every node i by a binary
vector 7 of length m + 1. There is partial ordering relation > on nodes defined as follows

j=i &  jazigforal a=1,--- , m+1. (7.2)

Arrows. Given two nodes j and 4 such that j > 4, there is a multiplet X;; of arrows of

degree d;; — 1 connecting them, where:

dij = > (Jo = ia) (7.3)

«
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[1,0,0] [0,1,1]

(0) (0)

29 —>— 21X22X23——>—-

(0)

2a X 2 —p—

Figure 6. Quiver diagrams for Fo(l) (left) and Fé2) (right).
This multiplet contains 2%i arrows which transform in the 2{““ X -e X 2%?_”1171'”“ of
the SU(2)™*! global symmetry, with the subindices labeling the different SU(2) factors.
Figure 6 shows the quivers for Fél) and FéQ), which correspond to phase 2 of Fy [7] and
phase L of Q%11 /Zs in the classification of [40], respectively.

Superpotential. The superpotential is the most general cubic SU(2)™*! invariant of
degree m — 1. It is given by

W= "3 ()Rt i X X Xy (7.4)

i g k=g
where we have suppressed the SU(2) indices and the Levi-Civita tensors contracting them.

Periodic quiver. The periodic quiver for this family can be described straightforwardly.
We take the fundamental domain of the torus to be the cube [—1,1]*!. This domain
can be divided into 2! quadrants, with each quadrant indexed by a vector of signs ¢
Restricting to the quadrant with all + signs, the quiver is the same as the quiver in the
fundamental domain of C™*2 described above.
For any other quadrant ¢, the quiver is obtained by a reflection with respect to the
hyperplane:
To =0 o = —- (7.5)

It follows that, as for C™*2, all terms in the superpotential are cubic.

7.2 Moduli space

We are ready to explore how perfect matchings give rise to the Fém) moduli space. The
discussion in this section significantly supersedes the preliminary analysis presented in [20].
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In particular, we will provide explicit expressions for the perfect matchings and their
multiplicity.

7.2.1 Central perfect matchings and Dedekind numbers

Let us first focus on the central point of the toric diagram (7.1). Since this points is in-
variant under the global symmetry, the perfect matchings corresponding to it must contain
complete representations of SU(2)™*!. One such perfect matching is immediately evident
from the superpotential (7.4). It consists of all the arrows

Po = {Xl]|’b - j} . (76)

The chiral fields in this perfect matching are in X (1,--,1),(0,---,0) Which has dimension gm+1
and transforms as 27 X - -+ X 2,,41. In the examples in figure 6, these are the conjugate of
the dotted arrows.

This is not the only perfect matching associated to the central point. The multiplicity
of perfect matchings corresponding to it rapidly grows with m. For example, it is known
that for the phases under consideration the perfect matching multiplicity of the central
point is 2 for Féo), 5 for Fél) and 19 for F(gg).

The central perfect matchings can be elegantly classified in terms of Boolean functions.
A Boolean function of m + 1 variables is a function f : {0,1}™*! — {0,1}. For us, the
domain of f corresponds to the nodes of F(O)(m), which have a partial ordering >. A
Boolean function f is monotonically increasing if for any i with f(i) = 1 we also have
f(j) =1forall j = 4.7

Given a monotonically increasing Boolean function f, we define a collection of fields
py as follows:

Py ={Xijlf(i) =0 and f(j) =1}. (7.7)
Using py we define:
pr =D U{X;i|Xij & Dr}- (7.8)
In appendix A we show that the p; are indeed perfect matchings. In fact the previous
definition also accounts for pg. It is straightforward to see that following (7.7) and (7.8),
both constant functions f = 0 and f = 1 map to the same perfect matching pg. It is clear
that all these perfect matchings correspond to the central point of the toric diagram of Fém),
since the X;;’s (and their conjugates) represent full SU(2)"™*! representations. The same
conclusion is obtained by computing intersection numbers with the fundamental cycles.

The integer sequence M (n) of the numbers of monotonically increasing Boolean func-

tions is known as Dedekind numbers. The multiplicity of central perfect matchings is then:

# central pm’s of F" = M(m+1)—1, (7.9)

where we have taken into account the fact that the two constant functions map to po.
Dedekind numbers grow very quickly and only the values for 0 < n < 8 are known

"Notice that this definition includes the constant functions f =0 and f = 1.
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explicitly [41]. Combined with (7.9), they give rise to the following multiplicities:

m Multiplicity

0 2

1 5

2 19

3 167 (7.10)
4

5

6

7

7,580
7,828,353
2,414, 682, 040, 997
56,130, 437, 228, 687, 557, 907, 787

For m < 2, there is full agreement with the known results mentioned earlier. The multi-
plicities for m > 2 are new predictions.

7.2.2 Corner perfect matchings

Next let us consider the corners of the toric diagram (7.1), for which x, = 41 and all the
other coordinates are zero. SU(2), transforms these two points into one another, so picking
one of them breaks SU(2),, down to U(1) x U(1). We need to consider how a representation
X of SU(2)™*! splits under this reduced symmetry. There are two possibilities:

e i, = j,. In this case the original multiplet transforms trivially under SU(2), and
remains intact. The same is true for its conjugate.

e ju, —i, = 1. In this case Xj;; splits into two multiplets: Xi? and X both of which
transform as

J1—1%1 Ju—1—%p—1 Jut1—lpt1 Jm+1—tm+1
20 T X x 20T X 20 X oo X 290 (7.11)

under the remaining SU(2)™.
We again make all the quantum numbers explicit so that the conjugate of X :; is X it

The superpotential also splits into two parts
W=Wy+W4_. (7.12)

W) consists of terms which contain no arrows charged under SU(2),. W, _ consist of terms
with two arrows charged under SU(2),,, one barred and the other one unbarred. Under the
reduced symmetry such a term splits as

Xinijki %XJXij,;—XZ;XJkX;; ju_iu =1
Xinijki — XUX;];X]; — XZij_kX]:; kM — jM =1 (713)
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With this, it is straightforward to verify that the following collection p:[ of arrows is a
perfect matching:

o If j, —i, =1, then p;[ contains X{; and the conjugate of X, Le. X;g These arrows
cover every term in W, _ exactly once and do not cover any term in Wj.

e If j, — i, = 0, then p, contains in. These arrows cover every term in Wy exactly
once and do not cover any term in W, _.

Above we have assumed that j > 4, which is the condition for the existence of an arrow
between i and j.

pj is the perfect matching which corresponds to z, = 1. The chiral content of this
perfect matching is then:

+_ [y o+
AR B RPN SUR 5 ¢S SR ALY

Similarly, the perfect matching corresponding to z, = —1, which we denote p,, is the
following collection of arrows:

e If j, —i, =1, then p, contains X and the conjugate of Xi? ie X;Z

e If j, — iy =0, then p, contains in.

The chiral content of this perfect matching is:
p; - {X(Z‘lv'”7au—107au+17"'am+1)7(a17"'7au—1717aﬂ+17"'am+1)} U {

8 A simplified algorithm for finding perfect matchings

We have seen that perfect matchings provide a simple combinatorial approach for calcu-
lating the moduli space of m-dimers and illustrated their applicability with two infinite
families of theories. While this represents a significant simplification with respect to al-
ternative methods, in this section we introduce a considerably more efficient algorithm
for computing perfect matchings, one that does not rely on the direct application of their
definition. This can be regarded as a generalization to arbitrary m of the elegant approach
based on the Kasteleyn matrix for brane tilings. In order to set up the stage for the new
method, we first revisit the Kasteleyn matrix from a new perspective and also consider the
counting of brick matchings for brane brick models.

8.1 Warm up: toric CY 3-folds and brane tilings

As a warm up, we first consider the familiar case of brane tilings and how their perfect
matchings can be determined using the Kasteleyn matrix.
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8.1.1 The Kasteleyn matrix revisited

The superpotential of a brane tiling consists of an equal number of positive terms W
(white nodes) and negative terms W, (black nodes). The perfect matchings can be neatly
packaged into the Newton polynomial:

P(z,y) = det(K), (8.1)
where the Kasteleyn matrix K is defined as follows:
K, = Z X; oKy (Xim) | (8.2)
i€a,b

The index 7 labels the edges in the brane tiling. Every entry in K is thus given by the
sum over all edges connecting the corresponding pair of nodes (equivalently, the sum over
all chiral fields participating in the associated pair of superpotential terms). Furthermore,
every edge is weighted by a monomial in z and y that encodes its intersection numbers
with v, and ~,, the fundamental cycles of T?.18

For later generalizations, it is convenient to rewrite (8.1) as Grassmann integral. To
every W, and W~ we associate Grassmann variables 6 and 6, , respectively. Then we get:

P(z,y) = /Hd9id9a exp (Z@(Xi)Xi I<Xi’%>y<xi’%’>> ; (83)

where the function O(X;) is the product of the Grassmann variables associated to the pair
of superpotential terms in which X; occurs:

@(Xl) = 92_9{)_ for X; € W;, Wb_ . (8.4)

8.1.2 Permanent vs. determinant

The coefficient of the 2™y" term in P(z,y) defined as above is the sum (up to signs)
of the perfect matchings, expressed as the products of the fields in them, corresponding
to the point with coordinates (m,n) in the toric diagram. The signs in the determinant
correspond to the anticommutativity of Grassmann variables. Although their squaring to
zero is essential for (8.3), anticommutativity is not. We can alternatively use commuting
variables, i.e. we define these variables by

62 =0
0a0p = 040, (8.5)

and we define the integration in the same way as for normal Grassmann variables

/d9a1:0

/ A0, 0, =1 (8.6)

8Minor variations of this definition exist, depending on whether individual edges of the tiling are labeled
(as in our expression) and additional signs are included.
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Here we note that these properties follow immediately if we consider each of these variables
to be the product of two independent Grassmann variables.

Computing (8.3) with this definition of HZTJE will give us the permanent of the Kasteleyn
matrix. In all the discussions that follow, we can either regard Grassmann variables in the
usual sense or as this modification.

8.2 CY 4-folds and brane brick models

Finding perfect matchings of a brane tiling using the Kasteleyn matrix relies crucially on
the fact that every chiral field participates in two superpotential terms with different signs.
But for brane brick models, different chiral fields can take part in different numbers of
J- and E-terms (see e.g. [21] for explicit examples). Therefore, we do not expect that
the Newton polytope can be expressed as a determinant. However, its formulation as
an integral over some auxiliary Grassmann variables is more amenable to generalization.
In this section we will investigate such extensions, progressively simplifying them, before
moving to general m-dimers.

8.2.1 First approach: Grassmann variables for plaquettes

Recall the combinatorial definition of perfect matchings for brane brick model, i.e. brick
matchings, given in section 3.2. A brick matching p is a collection of chiral and Fermi fields
such that:

e For every Fermi field A,, p contains exactly either A, or A,.

e If p contains A,, it contains exactly one chiral field in each of E; and E; .

e If p contains A, it contains exactly one chiral field in each of J; and J .

Given this definition, we can write an expression analogous to (8.3). To do so, we
associate a Grassmann variable to every J- and FE-term. There are four variables per
Fermi field: 6F from J* and 6 from EF. For every chiral X;, we define ©(X;) as the
following product:

e Every J or J, term containing X; contributes a 8 A, or 6, A, factor, respectively.

e Every E; or E; term containing X; contributes a A, or 8, A, factor, respectively.

From a brane brick model perspective, the Grassmann variables in ©(X;) are simply those
attached to edges shared by X; and Fermi fields.

The Newton polynomial for a brane brick model is then given by

P(z,y,z) = /H(d@f{dﬁa +df;dh; ) exp <Z 0(X;) XZ-a;<Xi"71>y<Xi’7y>z<Xi’72>) . (8.7)

— 95—



8.2.2 Second approach: Grassmann variables for chiral cycles

Although (8.7) provides an algebraic expression for the Newton polynomial, it is consider-
ably hard to work with. Instead of one top-level integral as in the case of dimer models,
it gives rise to a collection of mid-dimensional integrals whose number grows rapidly with
the number of Fermis.

In order to remedy this, it is convenient to introduce an equivalent definition of brick
matchings. From now on, we will focus on their chiral field content. The reason for doing
this is twofold: the Fermi content of a brick matching is fixed by the chiral fields in it and
the toric diagram only depends on the chiral fields. It is straightforward to reintroduce the
Fermis, if necessary.

Let us consider the J- and E-terms associated to a Fermi field A,. The product

JoBo = IS B — J Iy — Jg By + J, By (8.8)

is a sum of four chiral cycles. We can alternatively define the chiral content of a brick
matching as a collection of chiral fields that contains exactly one field from each of these
chiral cycles for every Fermi field. It is easy to see that a brick matching as defined above
will have two (not necessarily distinct) chiral fields from the J- and E-terms of a given
Fermi field A,, and either both of them belong to J, or both belong to E,. Hence, it covers
either both J-terms and we add A, to it or it covers only E-terms and we add A,. With
this completion with Fermi fields, this definition is clearly equivalent to the previous one.

Now it is easy to give an expression for the Newton polytope as a top level integral
over auxiliary Grassmann variables. This time we assign 65° to the chiral cycle JSES .
Again, there are four variables per Fermi. The Newton polynomial becomes

P(z,y,z)= /Hd@frd&:{_dﬁfrd@a__ exp <Z @(XZ-)Xix<X"7%>y<X"’W>z<X”7Z>) , (8.9)

where O(Xj;) is now defined as the product of the Grassmann variables for all the chiral
cycles containing Xj;.

8.2.3 Final approach: further simplification using the trace condition

The previous expression admits a further simplification. The so-called trace condition,

> JuEa=0, (8.10)

is required by 2d (0, 2) supersymmetry and is equivalent to the vanishing of the Kontsevich
bracket (2.7) in the m = 2 case [14]. Due to the trace condition, it is clear that apply-
ing (8.8) to all Fermis, every chiral cycle will be generated twice (with opposite signs).
Since we are just interested in counting different chiral cycles, we can reduce the number
of Grassmann integrations by half, e.g. by picking the chiral cycles that occur in this ex-
pansion with a positive sign. Hence, if we assign variables 6 to the cycle JFE and 6,
to the cycle J; E; the Newton polynomial can be computed as

P(z,y,2) = /Hd@jdea exp (Z @(Xi)XZ,x<X¢,%>y(me>Z<sz>) 7 (8.11)
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where ©(X;) now contains a 0 factor iff J; or E contains X; and a 6, factor iff J~ or
E~ contains X;.

8.3 An algorithm for general m

Starting from the definition of perfect matchings for general m-dimers given in section 6.1
we can immediately write and expression that computes them, analogous to (8.7). While
correct, such formula would have the same drawbacks we mentioned earlier:

e Since for every field ®, either ® or ® is in the perfect matching, the expression
would involve numerous factors in the measure and hence several non top-dimensional
integrals.

e [t is desirable to focus on chiral fields only, since they are sufficient for reconstructing
the full perfect matchings and for determining the moduli space. This is a consider-
able simplification since, in general, the number of chiral fields is significantly lower
than the total number of fields. For example, the C™*2 quiver contains 27+! — 1
fields but only m + 2 of them are chiral.

Chiral cycles. Due to these reasons, an expression as a top-dimensional integral defined
in terms of chiral fields only is very attractive, both conceptually and computationally.
This can be achieved by extending the concept of chiral cycles to general m. Chiral cycles
are oriented cycles in the quiver which only contain chiral fields and are defined as follows:

e The superpotential can be written as:!’

W=w+> oy, (8.12)

where W and J, do not involve fields of degree m — 1. For a term W, € W, let us
(1) 4
define Wp™/ by:

W) =W,

r

(8.13)

)
(i)t(zl):(]a

i.e. we evaluate every é&l) at the corresponding J-term J,.

We denote W) the result of replacing all the terms W, in the superpotential accord-
ing to (8.13). W is a sum of cycles that neither contain fields of degree m — 1 nor
their conjugates, i.e. fields of degree 1. Note that this process reduces the total degree
of a term by the number of @5}) in it. As for brane brick models, due to the vanish-
ing Kontsevich bracket condition, this process generates multiple copies of the same
cycles (with signs). As previously mentioned, we do not cancel such contributions

and count every cycle once. We apply the same procedure in the steps that follow.

19Tn the rest of this section, we do not care about signs or numerical factors and regard sums simply as
collections of cycles. In particular, if a given cycle appears twice with opposite signs, we do not cancel the
two contributions but keep a single term indicating the presence of the cycle.
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e We continue this process recursively, defining W®*+1 for 1 < k < %] as follows.
Suppose W) is a sum of cycles which do not contain fields of degree 1 < i < k or
their conjugates. Then W) can be written as:

W = ) 4 37 gmk 1) (8.14)

where W) and JC(Lk) do not involve fields of degree m — k — 1. This form follows
immediately from the fact that every term in W has degree m — 1 and hence the
terms in W) have degree less than m — 1.

For a term WT(k) of W) we define VNVr(kH) as:

Wik — k) : (8.15)
r r pim—k=1_ ;)

We obtain a collection of cycles that do not contain fields of degree 1 < ¢ < k + 1.
We call W*+1) the sum of the independent cycles obtained at this step.

e This process terminates with W *max)  where kyayx = | 5], which is a collection of

cycles Wﬁkma") consisting entirely of chiral fields. These are the chiral cycles we are
interested in.

8.3.1 From chiral cycles to perfect matchings and the toric diagram

It is straightforward to verify that every perfect matching p contains exactly one field
from each term of W) for 0 < k < kpax. In particular, this is true for Wkmax) je. a
perfect matching contains exactly one chiral field from every chiral cycle. Moreover, such
a collection of chiral fields can be uniquely completed into a perfect matching using the
process described earlier. This provides an alternative definition of perfect matchings based
on chiral cycles.

We can now write a simple Grassmann integral that efficiently computes the perfect
matchings and their positions in the toric diagram. It is given by:

(0)
P(z,) = /Her exp (Z o@") e [\ ’W) : (8.16)
T 7 n

where 0, is the Grassmann variable associated to the chiral cycle ,gkm‘“‘) and @(‘bgo)) is

the product of the Grassmann variables for the chiral cycles that contain <I>Z(.O).

8.4 Chiral cycles for small m

For small m we can easily enumerate all possible types of superpotential terms. As a
result, it is also possible to classify the different types of chiral cycles. Below we present
this classification for m < 4.
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m = 0. There is no superpotential so there are no chiral cycles.

m = 1. In this case the superpotential is a holomorphic function of the chiral fields so
every term in the superpotential is a chiral cycle. As explained in section 8.1, assigning a
Grassmann variable to each of them, (8.16) is a Gaussian integral which evaluates to the
permanent of the Kasteleyn matrix.

m = 2. As discussed in section 3.2 the superpotential in this case has the general form

W= 3" Al (X0) = T3 (X0)) + Ra(BF (X) — By (X)) (8.17)

Hence, every Fermi field gives rise to four chiral cycles

JiES J By I B, I E,
As we mentioned in section 8.2.3, chiral cycles are generated multiple times due to the
trace condition. We can obtain the independent chiral cycles by restricting to J;7 E and

J, E, for every A,.

m = 3. For m = 3, there are two types of fields: chiral fields X; of degree 0 and Fermi
fields A4, which by convention we take of degree 2 [14, 24].
The most general superpotential obeying the degree constraint has the form:

W= Aado(Xi) + > Ay Hop(X5) (8.18)
a a,b

where J, and H,;, are holomorphic functions of chiral fields. Vanishing of {W, W} means
that for every A,:

> Hydy=0. (8.19)
b
Computing chiral cycles with the procedure introduced in section 8.3, we get:
W =" HopJady . (8.20)
ab

As mentioned earlier, throughout this section we regard sums simply as collections of cycles,
without caring about numerical factors or implementing cancellations. These cycles are
composed entirely of chiral fields and are the chiral cycles.

m = 4. For m = 4, the most general superpotential compatible with the degree condition
takes the form:

W= Y AT (X + Y [roAaHaa(X0) + SodaHoa(X0)] + é S by Ko (X), (8:21)

a,o a,b,c

where X;, A, and x, have degree 0, 1 and 2, respectively. Ja,Hm,I:Iaa and K . are
holomorphic functions of chiral fields and K. is antisymmetric under the exchange of any
two indices. As for any even m, there is a symmetry under the exchange of x, <> Xo and
the simultaneous exchange of H,, <+ H -
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The vanishing of the Kontsevich bracket {W,W} translates into the following

conditions:
ZHana = Z f[ozaja =0
a a

> [Hoala = HopHlaa| +2" Kapede = 0

«

(8.22)

Let us now construct the chiral cycles from the superpotential, starting from the terms
Woéa = XaAaHaa + XaAaHoza‘ We see that:

W = XaJaHoa + XaJaHoa - (8.23)

These cycles still contain y, and ¥4, so we need to iterate the process once more in order
to replace them with chiral fields. We obtain:

W2 =" JyHapJaHoa - (8.24)
b
Similarly, let us consider the terms Wyp. = AgApAcKape. They give rise to the addi-
tional chiral cycles:
w®

abe = JadpJe K qpe - (8.25)
Combining (8.24) and (8.25) we obtain all the chiral cycles for these theories, which

are of two kinds:

Caba ~ JaHanbI:Iab
Cabc ~ JanJcKabc (8.26)

As usual, every cycle is generated multiple times due to the relations coming from the
vanishing of {W, W}.

9 Chiral cycles and perfect matchings for Y1°(P™)

We now illustrate the new algorithm introduced in the previous section with another infinite
family of geometries, denoted Y19(P™) [20]. The perfect matchings for this family of
theories were already presented without a derivation in [20]. We now explain in detail how
they are systematically determined using chiral cycles combined with Grassmann integrals.

In order to make our presentation self-contained, we begin with a brief description of
this family. The toric diagram for this family of singularities is given by:

’U1:(1,0,0,...,0),
vy = (0,1,0,...,0),

vo = (0,...,0), : Vmyo = (1,1,---,1,1). (9.1)
vm+1:(0,0,...,0,1),

The geometries have an SU(m + 1) isometry that translates into an SU(m + 1) global
symmetry in the corresponding graded quivers. This symmetry acts by permuting the
points vy, ..., Umi1.
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Let us now review the quiver theories for these geometries, which were first derived
in [20] by a combination of the 3d printing algorithm of [40] with partial resolution and,
independently, using the topological B-model. The quiver has m + 1 nodes which we will

label by 0,--- ,m. The arrows are:
Xm,03 m—>1 0
(0)
X1 ¢+1+>¢ 0<i<m-—1
0
m—+41
(k—15k) . (") : . _ :
itk sz—i—k 0<i<m-11<k<m-—1
pktktD) PR 50 R 1<i<m-10<k<m—i (9.2)
i,i+k (k+1) —= 7= = =

The subscripts, taken mod(m + 1), indicate the nodes connected by the arrows. X,
and Xy, are chirals and singlets under SU(m + 1). For the rest of the arrows, we use
a notation consisting of two superindices. The first integer is the degree of the field. The
second integer j indicates that the arrows transform in the j-index totally antisymmetric
representation of SU(m + 1). In (9.2), the numbers over the arrows are the dimensions of
the SU(m+ 1) representations and the numbers below are the degrees. We refer the reader
to [20] for figures showing these intricate quivers up to m = 6.

Let us consider the superpotential. All the terms in it are invariant under the SU(m+1)
global symmetry. The products of arrows we will write are explicitly given by

(Agcﬁkl) . 'A%cn;kn))ak+1~--am+1 — 1 Ot1 Oém+1A(Cl7k1) . 'A(anZn) (93)

= H k" Liag-ag, N0 — ke +1° Xk )

where £ = ) . k; and the a,,’s are fundamental SU(m + 1) indices. With this convention,
any term with a total of m + 1 indices is an SU(m + 1) invariant.
The superpotential consists of cubic terms W3 and quartic terms Wy. The cubic terms

are:
m 1—1
m—k—1;m—k k;k+1
:Zzsl i k) X 1F§ 1i—1-k )Az(—l—k:,)i
=2 k=0
N (k-1%) )
. k—1;k m—km+1—k
+Z sa(d, k) Xii—1A;7 ;7 1+kri71+k,i
=2 k=1
m—14i—1m—1—1 ( ) - )
.. k—L;k)m(m—j—1;m—7)+(j—k+1,j—k+1
+ 33(27]7k)Az k,i F’L’L J Fz —ji—k

.. (k—1L;k)~(G+L5+1) m(m—j—k—1;m—j—k)
+ sa(i, J, k)N~ ki Lty Fi-i-j,i—k
i=1 k=1 j=0
e (b—138) (1) 5 (me+1—j—k 3
1 J—1j +l—j—km+l—j—
+Z 35 i ]a Az ki Az Ji+g Az+j,i7k (94)
i=1 k=1 j=1
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and the quartic terms are:

k=1
m—1m—1—k N L A
1;5+1 m—k—j—1m— 1;
+ ST s T A DX (9.5)
k=1 j=0

where s1, -+, s7 are signs which can be fixed by imposing {W, W} = 0.

9.1 Chiral cycles and the moduli space

Knowing the superpotential, we are ready to find the chiral cycles for this family. Since
to get them we substitute fields in the superpotential terms by polynomials with the same

quantum numbers, chiral cycles will arise in SU(m + 1) invariant combinations. The chiral

fields in the quiver are X, 9, X;y1,; and AZ(O}F)1 In terms of them, the chiral cycles are:

A(O 1)X1 OA(O 1)A( I _A(O;l) Xomo

1,2 m—1,m

JrA(o 1)A(0,1)X A(o;l)___A(O;l) Xmo (9.6)

m—1,m

+A(01)A(01) A§731)1m mm— A;(;l)lm mO

(0;1)
dyi+1
of the chiral cycles contain the same arrow twice due to the implicit contractions with

Notice that despite every term containing a product of the form AZ(gi)le,iA none
Levi-Civita tensors.

Expanding these cycles in terms of the component arrows, every term in (9.6) gives
rise to (m + 1)! chiral cycles. Since there are m of these terms, we conclude there are

m(m + 1)! chiral cycles. For m = 1 we obtain 2 chiral cycles, which are just the 2 terms in

the superpotential. For m = 2, there are 12 chiral cycles, 2 for each of the J- and F-terms
associated to the 6 Fermis in the quiver.

Since all AE p +)1 have a single index, we will drop the superindex (0; 1) and instead write
its SU(m + 1) index explicitly. With this, the Grassmann variables and the corresponding
chiral cycles become:

07 o ALY AN X AT AR AT X, (9.7)

where 1 < ¢ < m and p runs over the elements of the symmetric group Sy,+1 of m + 1
elements {0,---,m}. Using them we can write down the Grassmann variables associated
to every chiral field, which are given by:

@(Xm,O):H H (952

=1 p€Sm+1
z+lz = H 917
(9.8)
PESm+1
m
'Y D
Alfis1) HH%H II ¢
=0 peSm+1;p(1)=n J=i pESm+1;p(i+1)=p
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We also need the intersection numbers between chiral fields and the fundamental cycles
of the torus. We can choose the fundamental cycles such that they are:

(8 70) =

<X1,0a7a> =1 (99)

We are ready to evaluate the integral to obtain the Newton polynomial of the moduli
space and identify the perfect matchings. We first note that:

O(Xn.0)O(Xis14) = O(A"

1i41)0(Xm0) = 0. (9.10)

This is trivially true since O(X,, ) contains all the Grassmann variables. Similarly,
O(Xj+1,)0(A}; 1) =0, (9.11)

since ©(Xj41,;) and @(AZH—l PESm s 1:p(i)=

[Les, 1 p(it1)=p 0y for j > i. Also for i < j, ©(A},;, ;) and ©(AY,, ;) have a common

) have a common factor [] MG? for j < i and

factor:

11 o (9.12)

PESm+1;p(1)=p,p(j)=p

Note that since p is invertible, the common factor is non-trivial if and only if u # v. Hence,
for p # v,
@(Aéfiﬂ)@( jl{,jJrl) =0. (9.13)

With these results in mind, the only surviving integrals are:

/ﬁ [ 467 O(Xmo) =1

=1 pESm+1
/H II @ JJeXii1) =1 (9.14)
i=1 pESmi1 i=1
JT1 T e Tl =1
i=1 pESma1 i=1

The Newton polynomial for Y19(P™) therefore becomes

m
I
HAi—lyi

i=1

m
P(a") = Xmo+
n=0

m m
zh + HXH‘lﬂ; H ", (915)
=1 v=0

from where we can read off the chiral field content of all perfect matchings and determine
their position in the toric diagram.
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Complete perfect matchings. As explained in 6.2, we can reconstruct the entire per-
fect matchings from their chiral field content. We summarize them in the table below.

Point Chirals Additional fields
Vo Xm0 Agfzil—k;m—&-l—k)
M
o= L | AGET | AR
pimktm—ki) | gLkl
Um+2 Xit1i /_\gfzil—k;m-&-l—k)
pit L)

10 Orbifolds of C™*2

Orbifolds of C™*? constitute a large class of Calabi-Yau singularities, which are obtained
by orbifolding a discrete subgroup G of the SU(m+2) isometry of flat space. We will focus
on abelian orbifolds, i.e. those for which the subgroup G is abelian. The purpose of this
section is twofold. First, we will initiate the study of general abelian orbifolds of C™*2
The literature contains some interesting classification of the corresponding toric diagrams
up to relatively large m [42—44], but there is no study of the associated m-graded quivers.
In addition, we apply to these orbifolds the techniques we introduced for calculating perfect
matchings. Combinatorial details of these computations are presented in appendix B.
An abelian subgroup of SU(m + 2) can be decomposed as:

ngkIXZkZX-”XZk (10.1)

m—+1 °

Quiver and orbifold action. The quivers contain |G| nodes, which are indexed by
elements of G. The action of G on C"™*2 is stipulated by specifying m + 1 elements g, € G,
which are required to generate G.?° We define:

m—+1
gmi2 == ga- (10.2)
a=1

We now discuss the matter content of the quiver, starting with the chiral fields. Fields
of higher degree follow an analogous discussion. There are (m + 2)|G| chiral fields. We
can think about each of them as arising from an element g € G and a chiral field in C™*2

theory as follows:

0; (050)
(gv (I)( M)) — (I)g,g+g# ) (103)

with p=1,--- ,m+ 2.

20 At this point it is worth emphasizing some standard facts. First, we note that the decomposition of
the orbifold group G into cyclic groups as in (10.1) is not unique. Moreover, there can be multiple different
orbifolds for the same cyclic groups. Fully specifying the orbifold under consideration requires determining
a set of generators. Finally, given an orbifold, the generators can be picked in different ways.
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The chiral fields in the unorbifolded C™*2 quiver theory transform in the fundamental
representation of SU(m + 2). An orbifold gauges a discrete subgroup G of the global
symmetry of its parent theory. This means that generically there is no non-abelian global
symmetry left. It is for this reason that in (10.3) we explicitly wrote the index p of the
parent field and omitted the 1 that indicates the fundamental representation. Similarly,
the arrows of degree k are given by

Kpur - (Rspur - pig1)
(g, Dinprr)y (I)g,nglgmiﬂJrgukH . (10.4)

As before, we have written the k + 1 indices of the corresponding antisymmetric represen-
tation of SU(m + 2) in which the degree k arrows in C™*? transform.

Periodic quiver and superpotential. The periodic quiver of an orbifold theory is
obtained by enlarging the fundamental domain of the C™*2 quiver. This enlargement is
described by m+1 linearly independent points v, in the integer lattice. The v, are defined
up to SL(m + 1,7Z) transformations, which preserve the underlying torus. It is always
possible to use SL(m + 1,7Z) to take the v, to triangular form, i.e. such that:

(Va)g =0 for > . (10.5)

The orbifold group (10.1) and its action can be determined from such a triangular

Vq. Let uq be the first non-zero integer point on the segment connecting the origin to vg.
Then:

Vo = kol , (10.6)

fixes the integers kq in (10.1).

Every integer point in the enlarged torus can be written as hquq with hy € Zg,. So
h = (hi, -+ ,hmt1) is an element of G and labels the node of the periodic quiver that is
located at this point. In particular this is true for the m -+ 1 unit vectors:

(1,0,---,0), (0,1,0---,0), ---, (0,---,0,1). (10.7)

The elements g, € G labeling these m + 1 points are the generators defining the orbifold
action.

We have explained how to locate the nodes on the T™*! torus. Connecting them with
the fields in (10.4), we complete the periodic quiver. The superpotential consists of the
minimal plaquettes in it. They are all cubic and we can explicitly write the superpotential,
which is given by:

W Z Z . (b(j—l;ul.nllj)@(k—l;/ﬁj+1“'ﬂj+k) (i)(m+1_j_k?“j+k+3'““m+2)
HrHm+2 = g.g4g(psf) g+8(uid).g+a(ui+k) ~ g+o(psi+k).g ’
9€G itj+k=m+2

(10.8)
where we defined:

0(t:5) = D e - (10.9)
a=1

The previous discussion can be immediately translated into an algorithm for the con-
struction of the m-dimer for general abelian orbifolds of C™*2, which corresponds to the
appropriate stacking of |G| copies of the (m + 2)-permutohedron.
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From the orbifold action to the periodic quiver. Having explained how a given
enlargement of the fundamental domain of the periodic quiver translates into the orbifold
action, we now discuss the inverse problem. As previously mentioned, the decomposi-
tion of the orbifold group into cyclic groups is not unique. The important point is the
relation among the generators and we can choose a decomposition that simplifies them.
For this purpose, we take Zg, to be the cyclic group generated by g; and hence g; to be
(1,0,---,0). Next, we take Zy, X Zg, to be the group generated by g¢; and g2 so that
g2 = (g2,1,1,0,---,0). Continuing with this process, we can choose Zy, X --- X Zj, to be
the group generated by g1, - , ga, So that:

9o = (9a1, 902, s Jova—1,1,0,---,0) forall 1 <a<m+1. (10.10)

This presentation of g, makes it clear how to enlarge the fundamental domain of the
periodic quiver of C™*2 to construct the periodic quiver for the action g,. The vectors vy
which result in this action are

vy = k1(1,0,0,---,0)

vy = ka(—g2,1,1,0,---,0)

v3 = k3(—g31 + 932921, —932,1,0,---,0)

(10.11)
m—1
Um+1 = km+1 <—9m+1,1 + gmt1,2921 + o+ (=)™ H Im+1—im—is" " » —Gm+1,m; 1)
i=0

Chiral cycles. The chiral cycles for a general abelian orbifold of C"*2 can be determined
applying the prescription presented in section 8.3 to the superpotential (10.8). It is however
clearer and conceptually simpler to directly orbifold the chiral cycles of C™*2. The chiral
cycles of C™*2 are indexed by elements of S, 11, so there are (m + 1)! of them. Explicitly,
to every p € S,4+1 we associate the chiral cycle:

B Or(1) pOp(2) .. Oip(m+1) gy (Om+2) (10.12)

For the orbifolds under consideration, the quiver contains (m-+2)|G| chiral fields, given
in (10.3). There are (m + 1)!|G| chiral cycles, which can be found by directly orbifolding
the chiral cycles (10.12). They are:

. 50p(1) £(0:p(2) (0;p(m+1)) (0;m+2)
05 : q)g7g+gp;1q)g+gp;27g+gp;2 "'(I)g+gp;m,g+gp;m+1(I>9+gp;mg7 (10.13)

where the 0 are the corresponding Grassmann variables and

Ipja = Z Ip(B) - (10.14)
p=1

It is now straightforward to construct the © functions:

@((I)(O;m-i-?) ): H oP

gvg+gm+2 9—9m+2
PGSm+1
(0;0) _ D
@((I)g,ngga) = H 9g_gp;p_1(a) (10.15)

pGSm+1
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The Grassmann integral that generates the perfect matchings is:

m+2 m+1
/ H H d9p exp Z Z o( ;Ogljr)gu goglfk)gu H x<‘1>g o %> - (10.16)
g€G pESm+1 u=1 geG a=1

10.1 Orbifolds of C™*2 with SU(m + 2) global symmetry

Orbifolding generically breaks the SU(m + 2) global symmetry of the parent C™*2 theory.
In this section we consider the Z,, o orbifolds with g, = 1 for all «, which preserve the
full SU(m + 2).2!
The toric diagram for these orbifolds consists of the following m + 3 points:
V1 = (1,0,0,...,0),
Vo = (0,1,0,...,0),
vo = (0,...,0), , Umio = (=1,—1,...,—1).  (10.17)
Um+1 = (0,0,...,0,1),
Quiver and superpotential. The corresponding quiver theories were first presented

n [20] (for earlier appearances of the quivers for m = 3 and m = 4, see [24, 30, 45, 46]
and [14], respectively). They contain m + 2 nodes and the following arrows:

m+2
<1>§’jj+,1€’“) ((k—))> tk o 0<i<m+21<k<m+2—i (10.18)
1
where CIJ( ) transforms in the k-index antisymmetric representation of SU(m + 2).

The superpotentlal is:

— (U=13) gy (k=1ik)  F(m+1—j—kim+2—j—Fk)
w= > e el e ) (10.19)
it jrk<m+2
where we have suppressed the SU(m + 2) indices and used the convention in (9.3) for

products.

Perfect matchings and moduli space. Next let us compute the moduli spaces of these
theories via the Grassmann integral (10.16). Appendix B discusses the evaluation of this
integral and the combinatorics of general orbifolds. In this case, we can choose 7, such
that the non-zero intersection numbers are:

0; 2
<q)((]71m+ )77u> =-1

<‘I)(()01a)77u> = Oau (10.20)

The resulting Newton polynomial is

m—+1
H 501 SO T a0 1 3 (@m H@Ei’i’f’)) .
a=1

=0 p=1
( m+1
(0;1;m+2) 0;1;m+2) -1
( m+1,0 Hq)z i+1 ) H Lo (1021)
a=1

The corresponding toric diagram is (10.17), as expected.

21Gince there is only one Z, 2 factor, we provide a single component for the gq’s.
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There are m + 2 perfect matchings at the internal point of the toric diagram vg. Their
chiral content is given by the first two terms in (10.21). Completing these perfect matchings,

we obtain:
Perfect matching | Chirals Additional fields
50 Bl | BT (s )
si (1<i<m+1) ‘I’E%,)i (I)gi—j—l;k—j) (j<iandj<h) (10.22)
By I (> 2 )

vo is the only point invariant under SU(m + 2). This is nicely reflected by the perfect
matchings above, all of which consist of full SU(m + 2) representations.

On the other hand, the corners break SU(m + 2) down to SU(m + 1) by singling out
a direction. This fact is already reflected at the level of chiral fields of the corresponding
perfect matchings, as can be seen in (10.21). This pattern of symmetry breaking greatly
facilitates the completion of these perfect matchings, which proceeds analogously to the
case of C™*2. After including the fields of higher degree the corner perfect matchings are:

Point in Toric Diagram | Chirals | Additional fields
(0;1300) (k—13k;p)
U T Piivk (10.23)
=(0;1; = (m+1—k;m+2—k;
ity | B TR

These perfect matchings for this orbifolds were derived in [20] by global symmetry
arguments instead of direct computation as in this section.

11 Conclusions

The open string sector of the topological B-model on CY (m + 2)-folds is described by
m-~graded quivers with superpotentials. This correspondence extends to general m the well
known connection between CY (m + 2)-folds and gauge theories on the worldvolume of
D(5 —2m)-branes for m = 0,...,3. The determination of the quiver theory associated to a
given geometry and the inverse problem are, in practice, computationally challenging. In
this paper we developed new powerful tools to tackle this problem.

We introduced m-dimers, which fully encode the m-graded quivers and their super-
potentials, in the case in which the CY (m + 2)-folds are toric. The basic ideas of this
correspondence were previously outlined in [14, 20, 23, 25]. Remarkably, as it has been
extensively studied for m = 1,2, m-dimers significantly simplify the connection between
geometry and m-graded quivers. A key result of this paper is the generalization of the
concept of perfect matching, which plays a central role in this map, to arbitrary m. We
provided two alternative definitions of perfect matchings, which are based on the superpo-
tential section 6.1 and on chiral cycles section 8.3.1.

We studied the m-dimers associated C™*2, which are elegantly given by (m + 2)-
permutohedron bricks. The dimers for any other toric CY,,+2 can be constructed from
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orbifolds of C™*2, which are simply given by stacking multiple permutohedra, via par-
tial resolution. We can thus regard this class of dimers as a universal parent theory in
any dimension.

We also introduced various simplified methods for computing perfect matchings and the
corresponding toric diagrams, culminating in the Grassmann integral given in (8.16). This
algorithm considerably supersedes the direct application of the perfect matching definition
and provides a generalization of the Kasteleyn matrix approach to arbitrary m. In order
to illustrate these ideas, we applied them to the Fg(m) and Y1O(P™) infinite families of
singularities and to abelian orbifolds of C™*2. In all these cases, we obtained new results
about the perfect matchings, which provide a more complete picture of the map between
quivers and geometry.

Exploiting these tools, we derived novel combinatorial results for singularities at arbi-
trary m. For the Fém) family, we showed that the number of perfect matchings is related to
Dedekind numbers. For CY 3-folds, the behavior of perfect matching multiplicities under
Seiberg dualities connecting different toric phases is controlled by cluster transformations.
It is tempting to conjecture that a generalization of cluster algebras [47] based on the
mutations of m-graded quivers exist. If so, the combinatorics of perfect matchings might
provide a useful handle for elucidating them.

Finally, we initiated a general study of the quiver theories for abelian orbifolds of C*+2,
introducing methods for connecting the orbifold action to the periodic identification of the
enlarged fundamental domain.

There are various interesting directions for further research. Here we mention a couple
of them. It would be interesting to develop the general m analogues of other central
concepts in the study of dimers. Zig-zag paths are a prime example. For CY 3-folds,
they play a fundamental role for mirror symmetry [48] and for the corresponding cluster
integrable systems [49, 50]. For m = 1, 2, zig-zag paths are given by the difference between
perfect matchings associated to corners of the toric diagram [21, 51]. It is thus natural to
expect that our definition of perfect matchings will shed light on this problem.

Perfect matchings on dimers also appear in the context of melting crystal models of
CY 3-folds [52-55]. It would be interesting to study similar melting models for higher
dimensional CY singularities and to investigate their physical interpretations.
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A Perfect matchings for F\™

In section 7, we defined all of the perfect matchings for the central point of the toric diagram
of Fém) in terms of Boolean functions as follows. Given a monotonically increasing Boolean
function f, we define a collection of fields p; as follows:

by =A{Xij]f(i) = 0 and f(j) = 1}. (A.1)

Using py we define:

pr =Dy U{X;ilXi; € s} (A.2)
Let us now show that p; is indeed a perfect matching. By its definition, for every arrow
py contains either the arrow or its conjugate. Given the superpotential (7.4), in order to

show that it is a perfect matching we need to verify that for every k = j > i, py contains
exactly one of Xj;;, Xj;, or X4i. We proceed as follows:

1. Let us suppose that X;; € py. Then f(j) = 1, which implies that X, ¢ ps. Also
f(i) = 0 and since k > j and f is monotonic then f(k) = 1. Therefore X;;, € py,
which means that Xy; ¢ p Iz

2. Next we consider the case when X, € py. This means that f(j) = 0 and f(k) =1
and since j > i then f(i) = 0. Then, X;; ¢ ps. Also Xj, € py, which means that
Xki & py-

3. Finally, we consider the case when neither X;; nor Xj; are in py. Here we further
divide the problem into two subcases:

(a) f(k) = 1. Since X ¢ ps then f(j) = 1, which in turn means that f(i) = 1
since X;; ¢ py. Hence, X, ¢ py, which means that X € pf-

(b) f(k) = 0. Since k > j > i, monotonicity means that f(i) = f(j) = 0. Hence
Xk ¢ py, which means that X € Pf-

This completes the proof of our assertion that p; is a perfect matching.

Next we show that if f is not a constant function and py = pg, then f = g. For this we
first note that for any non-constant monotonic function f(0,---,0) =0 and f(1,---,1) =
1. If f and g are distinct they differ at some argument i. Without loss of generality, we
assume that f(i) = 0 and g(i) = 1. This means that X; .. 1) € py but X; i .. 1) € py-
Hence py and py are also distinct.

Both the constant functions f = 0 and f = 1 are monotonic and for both of them p;
is empty and hence they determine the same perfect matching, which is precisely the pg
defined in (7.6).

Going in the opposite direction, we want to prove that all the central perfect matchings
for Fo(m) are determined by increasing Boolean functions. This can be achieved by assigning
to every central perfect matching p a monotonic Boolean function f, such that:

Pf, =D- (A.3)
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Let us define f, as follows:
fp(4) =1 & there exists an ¢ such that j > ¢ and X;; € p. (A.4)

We start by showing that f, is monotonically increasing. Assuming f,,(j) = 1 then there
exists an ¢ such that X;; € p. For every k = j there is a term in the superpotential:

X Xk X - (A.5)

This means that Xj; ¢ p, which in turn means X;; € p. Hence f,(k) = 1 and f, is
monotonic.

To prove (A.3) we need to show that if X;; € p then f,(i) = 0. Let us suppose that
this is not the case and f,(i) = 1. By the definition of f,, there is some [ such that Xj; € p.
Consider the term in the superpotential:

X Xii Xj - (A.6)

Since X;; € p, we must have Xj; ¢ p which leads to a contradiction. Hence f,(i) = 0. This
completes our determination of the central perfect matchings.

B Perfect matchings for general orbifolds of C™12

In this appendix we explain how to evaluate the integral (10.16) and discuss the resulting
combinatorics. Since @(@é p Jr)g ) is a product of (m + 1)! Grassmann variables, we only
need the |G| power of the exponent in (10.16) i.e. every perfect matching of an orbifold
by G has |G| chiral fields in it.

Given a collection ¢ of |G| chiral fields:

g={oym) 1<i<|Gl}, (B.1)
q represents a perfect matching if an only if:
€] o0
11 i) =11 I1 - (B.2)

geG pESm+1

Below we present the implications of this condition for perfect matching on the
k-dimensional “faces” of the toric diagram.

Corners. Every chiral field in an orbifold descends from a chiral field ®(%#) of the parent
C™*2 theory. Each ®(#) gives rise to a perfect matchings corresponding to a corner of
the toric diagram of C™*2. Analogously, every corner of the toric diagram of an orbifold is
occupied by a single perfect matchings ¢* for which the chiral fields correspond to all the
descendants of ®(O#) e,

¢ = {2 1geay. (B.3)

It is straightforward to check that the ¢/ satisfy (B.2) and that they are the only such
collections containing the descendants of a single chiral field in C™*+2. Therefore, there are
m + 2 corners, which is in agreement with the fact that the toric diagram for an orbifold of
C™*2 is an m+1-dimensional simplex. The precise shape of this simplex, up to SL(m+1,7Z)
transformations, is controlled by the specific orbifold action.
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Edges. Next we consider the perfect matchings that lie on the edge connecting the points
corresponding to g* and ¢¥. The internal points on this edge mix the descendants of o (Om)
and ®0¥),

Such perfect matchings admit an elegant description in terms of the quotient group
G /G where G, is the group generated by:

{9plp#pv}. (B.4)

The elements of G/G,, are cosets [g] of G, in G, i.e.

lg]={g+h|heGu}. (B.5)
Applying (B.2) to a perfect matching p on this edge results in the condition that if
é(goéli)g € p then for all h € G, we must have CD;(LI;L)ngthg € p. Similarly, if @éog'jzg €p

()
g+h g+h+gu

of cosets of G, i.e. elements of the quotient group G/G,,,. Concretely, if we define a new

o
set of fields X[g}’[g] o] B

then we must have ® € p. Then, the chiral fields in p can be organized in terms

P _ J&On)
Flollal+los) = {q’g+h,g+h+gp‘h € Guv} ) (B.6)

every perfect matching on this edge is a collection of X[ with p € {u,v}. Since

gl[9]+1gp]
all 2('[ L[]+ 190] contain |Gy, | chiral fields, their number in a perfect matching must be
|G|/|Guv| = |G/Gu|. Every perfect matching of this edge can be written as:

0= { X0 i1 <1< 1C/Cul } (B.7)

In order to determine whether such g results in a perfect matching, we first note that G/G ..,
is a cyclic group generated by [g,] = —[g,]. Hence, [g,] defines the action of a C?/(G/G )
orbifold. We can regard X[ g1+ [g] and X [g] o] +1o] B the chiral fields of this orbifold.??
Then (B.2) implies that ¢ is a perfect matching via the map given in (B.6) if and only if it is
a perfect matching of the corresponding C?/(G/G ) orbifold. As already mentioned, there
is no superpotential for m = 0 theories, hence a perfecting matching simply corresponds
to assigning an orientation to the unoriented chirals. There are 2/6/Guw! of them, one for

every subset of |G/G),,|. Given such a subset s, the corresponding perfect matching gy is:

s = {X[Z},[gmgﬂ}”g] € S} UL 19,0101/ [9] € s} (B.8)

m—+2
k+1

dimension k, one for each collection {u1, -, urs1} of k + 1 coordinates of C™* 2, The

Faces. This behavior generalizes to faces of any dimension. There are ( ) faces of

perfect matchings for such face only involve the descendants of ®Om) ... HOmn+1) These

perfect matchings can be described in terms of the quotient group G/G where

M1 R

G-y, 1s the subgroup of G' generated by:

{o v g {p, - pra}} (B.9)

22Gince m = 0 for this orbifold, there is a subtlety resulting from the fact that in this case the conjugate
of a chiral field also has degree 0. With this definition, the conjugate of X[‘;]

(o1 +lg,] 15 Vg1l 1.[9)"
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G/G ... 1s useful because applying (B.2) to a perfect matching g on this face results in the

condition that if @é?gfggu € q then for all h € Gy, ...y, ,, We must also have @égi‘,gwhw“ €q.

These perfect matchings can hence be recast in terms of new fields defined using the cosets

of G,. i.e. the elements of G/G These fields are given by:

Mk RN

_ J&0m)
l9]+lgn] — {q)g+lé,g+h+gu‘h = Gm-~~uk} . (B.10)

The condition stated above implies that the perfect matchings on this face can be written

w
X[g] ,

as a collection of X" As in the case of edges, we can regard these new fields as the

(9], [9]+[gn]"
chiral fields of a C*!/(G/G,....,,,) orbifold with action given by [gu,], ", [gu,]. With
this in mind, we can straightforwardly determine which collections of X correspond

[g],[g]+1g,]
to the perfect matchings. A set of X[’;] [g]-+1g0] is a perfect matching via the nl{ap in (B.10)

if and only if it is a perfect matching of the Ck*!/(G/G,,,...u,.,) orbifold described above.
The upshot of this discussion is that the perfect matchings on a k-dimensional face of
an orbifold theory have a remarkably simple and natural description. This face is itself the
toric diagram of an orbifold of C¥*1. The multiplicities of perfect matchings on this face are
the ones obtained from the quiver of the C**! orbifold. In addition, the perfect matchings
themselves are related to the perfect matchings of this C**! orbifold by a simple map.

Internal points. From the discussion presented above it is clear that a perfect matching
at an internal point must contain at least one descendant of each dOm) for 1 < w<m-+2.
This innocuous statement is enough to rule out the existence of internal points for small
orbifold groups. An internal point must contain at least m + 2 chiral fields. On the other
hand the number of chiral fields in a perfect matching of a C™*2/G orbifold is |G|. Hence
the toric diagram has no internal points if |G| < m + 2.

An example: C™1t2/7,,.5 with g, = 1. As an example of this discussion let us
consider the C™+2 /Zm+2 orbifold with all g, = 1, which was presented in detail in the
main body of this work.

Since every g, generates the orbifold group G = Zy,42, all the quotient groups
G/G iy .y, ave trivial. Hence, every k-dimensional face is the toric diagram of CF*!
and has no points other than the corners. The perfect matchings at the corners are:

¢ ={olin<i<m+2}. (B.11)

All that remains is to determine the perfect matchings at the internal point. Since the
order of the orbifold group is m + 2 any such perfect matching can be written as:

_ (0;1) (0:2) (0;m+2)
§= {(I)il,il-‘rl’ q)i27i2+1’ o q)im:nz7im+2+1} ) (B'12)
which satisfies (B.2) if
== = dpys =1. (B.13)

Hence we get one perfect matching for every element ¢ of Z,, 2. The corresponding perfect
matching s; is:
5 = {@52%1 §M§m+2}. (B.14)

The right hand size can be recognized as the fundamental SU(m + 2) multiplet @501}31,

which is to be expected from the SU(m + 2) invariance of the internal point.

43 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

[18]

D.R. Morrison and M.R. Plesser, Nonspherical horizons. 1., Adv. Theor. Math. Phys. 3
(1999) 1 [hep-th/9810201] [INSPIRE].

C. Beasley, B.R. Greene, C.I. Lazaroiu and M.R. Plesser, D3-branes on partial resolutions of
Abelian quotient singularities of Calabi-Yau threefolds, Nucl. Phys. B 566 (2000) 599
[hep-th/9907186] [INSPIRE].

B. Feng, A. Hanany and Y.-H. He, D-brane gauge theories from toric singularities and toric
duality, Nucl. Phys. B 595 (2001) 165 [hep-th/0003085] [INSPIRE].

C.E. Beasley and M.R. Plesser, Toric duality is Seiberg duality, JHEP 12 (2001) 001
[hep-th/0109053] [iNSPIRE].

B. Feng, A. Hanany and Y.-H. He, Phase structure of D-brane gauge theories and toric
duality, JHEP 08 (2001) 040 [hep-th/0104259] [INSPIRE].

B. Feng, A. Hanany, Y.-H. He and A.M. Uranga, Toric duality as Seiberg duality and brane
diamonds, JHEP 12 (2001) 035 [hep-th/0109063] [INSPIRE].

B. Feng, S. Franco, A. Hanany and Y.-H. He, Symmetries of toric duality, JHEP 12 (2002)
076 [hep-th/0205144] [INSPIRE].

M. Wijnholt, Large volume perspective on branes at singularities, Adv. Theor. Math. Phys. 7
(2003) 1117 [hep-th/0212021] [INSPIRE].

S. Benvenuti, S. Franco, A. Hanany, D. Martelli and J. Sparks, An Infinite family of
superconformal quiver gauge theories with Sasaki-Finstein duals, JHEP 06 (2005) 064
[hep-th/0411264] INSPIRE].

S. Franco, A. Hanany, K.D. Kennaway, D. Vegh and B. Wecht, Brane dimers and quiver
gauge theories, JHEP 01 (2006) 096 [hep-th/0504110] INSPIRE].

S. Benvenuti and M. Kruczenski, From Sasaki-Finstein spaces to quivers via BPS geodesics:
L**p,q—r, JHEP 04 (2006) 033 [hep-th/0505206] [INSPIRE].

S. Franco, A. Hanany, D. Martelli, J. Sparks, D. Vegh and B. Wecht, Gauge theories from
toric geometry and brane tilings, JHEP 01 (2006) 128 [hep-th/0505211] [INSPIRE].

A. Butti, D. Forcella and A. Zaffaroni, The Dual superconformal theory for L**pqr
manifolds, JHEP 09 (2005) 018 [hep-th/0505220] [INSPIRE].

S. Franco and G. Musiker, Higher Cluster Categories and QFT Dualities, Phys. Rev. D 98
(2018) 046021 [arXiv:1711.01270] [INSPIRE].

V. Ginzburg, Calabi-Yau algebras, math/0612139.
S. Oppermann, Quivers for silting mutation, Adv. Math. 307 (2017) 684.

A.B. Buan and H. Thomas, Coloured quiver mutation for higher cluster categories, Adv.
Math. 222 (2009) 971.

P.S. Aspinwall, D-Branes on Toric Calabi-Yau Varieties, arXiv:0806.2612 [INSPIRE].

— 44 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.4310/ATMP.1999.v3.n1.a1
https://doi.org/10.4310/ATMP.1999.v3.n1.a1
https://arxiv.org/abs/hep-th/9810201
https://inspirehep.net/search?p=find+EPRINT+hep-th/9810201
https://doi.org/10.1016/S0550-3213(99)00646-X
https://arxiv.org/abs/hep-th/9907186
https://inspirehep.net/search?p=find+EPRINT+hep-th/9907186
https://doi.org/10.1016/S0550-3213(00)00699-4
https://arxiv.org/abs/hep-th/0003085
https://inspirehep.net/search?p=find+EPRINT+hep-th/0003085
https://doi.org/10.1088/1126-6708/2001/12/001
https://arxiv.org/abs/hep-th/0109053
https://inspirehep.net/search?p=find+EPRINT+hep-th/0109053
https://doi.org/10.1088/1126-6708/2001/08/040
https://arxiv.org/abs/hep-th/0104259
https://inspirehep.net/search?p=find+EPRINT+hep-th/0104259
https://doi.org/10.1088/1126-6708/2001/12/035
https://arxiv.org/abs/hep-th/0109063
https://inspirehep.net/search?p=find+EPRINT+hep-th/0109063
https://doi.org/10.1088/1126-6708/2002/12/076
https://doi.org/10.1088/1126-6708/2002/12/076
https://arxiv.org/abs/hep-th/0205144
https://inspirehep.net/search?p=find+EPRINT+hep-th/0205144
https://doi.org/10.4310/ATMP.2003.v7.n6.a6
https://doi.org/10.4310/ATMP.2003.v7.n6.a6
https://arxiv.org/abs/hep-th/0212021
https://inspirehep.net/search?p=find+EPRINT+hep-th/0212021
https://doi.org/10.1088/1126-6708/2005/06/064
https://arxiv.org/abs/hep-th/0411264
https://inspirehep.net/search?p=find+EPRINT+hep-th/0411264
https://doi.org/10.1088/1126-6708/2006/01/096
https://arxiv.org/abs/hep-th/0504110
https://inspirehep.net/search?p=find+EPRINT+hep-th/0504110
https://doi.org/10.1088/1126-6708/2006/04/033
https://arxiv.org/abs/hep-th/0505206
https://inspirehep.net/search?p=find+EPRINT+hep-th/0505206
https://doi.org/10.1088/1126-6708/2006/01/128
https://arxiv.org/abs/hep-th/0505211
https://inspirehep.net/search?p=find+EPRINT+hep-th/0505211
https://doi.org/10.1088/1126-6708/2005/09/018
https://arxiv.org/abs/hep-th/0505220
https://inspirehep.net/search?p=find+EPRINT+hep-th/0505220
https://doi.org/10.1103/PhysRevD.98.046021
https://doi.org/10.1103/PhysRevD.98.046021
https://arxiv.org/abs/1711.01270
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.01270
https://arxiv.org/abs/math/0612139
https://doi.org/10.1016/j.aim.2016.11.024
https://doi.org/10.1016/j.aim.2009.05.017
https://doi.org/10.1016/j.aim.2009.05.017
https://arxiv.org/abs/0806.2612
https://inspirehep.net/search?p=find+EPRINT+arXiv:0806.2612

[19]

[20]

[21]

22]

[23]

[24]

[25]

2
2
28]

6

i N2

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

Y.T. Lam, Calabi-yau categories and quivers with superpotential, Ph.D. Thesis, University of
Oxford (2014).

C. Closset, S. Franco, J. Guo and A. Hasan, Graded quivers and B-branes at Calabi-Yau
singularities, JHEP 03 (2019) 053 [arXiv:1811.07016] [INSPIRE].

S. Franco, S. Lee and R.-K. Seong, Brane Brick Models, Toric Calabi-Yau 4-Folds and 2d
(0,2) Quivers, JHEP 02 (2016) 047 [arXiv:1510.01744] [INSPIRE].

S. Franco, S. Lee and R.-K. Seong, Brane brick models and 2d (0,2) triality, JHEP 05
(2016) 020 [arXiv:1602.01834] [INSPIRE].

S. Franco, S. Lee, R.-K. Seong and C. Vafa, Brane Brick Models in the Mirror, JHEP 02
(2017) 106 [arXiv:1609.01723] [INSPIRE].

S. Franco, S. Lee, R.-K. Seong and C. Vafa, Quadrality for Supersymmetric Matriz Models,
JHEP 07 (2017) 053 [arXiv:1612.06859] [INSPIRE].

M. Futaki and K. Ueda, Tropical Coamoeba and Torus-Equivariant Homological Mirror
Symmetry for the Projective Space, Commun. Math. Phys. 332 (2014) 53 [INSPIRE].

R. Kenyon, An introduction to the dimer model, math/0310326.
R. Kenyon, A. Okounkov and S. Sheffield, Dimers and amoebae, math-ph/0311005 [INSPIRE].

A. Hanany and K.D. Kennaway, Dimer models and toric diagrams, hep-th/0503149
[INSPIRE].

S. Franco, Bipartite Field Theories: from D-brane Probes to Scattering Amplitudes, JHEP
11 (2012) 141 [arXiv:1207.0807] [INSPIRE].

C. Closset, J. Guo and E. Sharpe, B-branes and supersymmetric quivers in 2d, JHEP 02
(2018) 051 [arXiv:1711.10195] [INSPIRE].

C. Closset, D. Ghim and R.-K. Seong, Supersymmetric gauged matriz models from
dimensional reduction on a sphere, JHEP 05 (2018) 026 [arXiv:1712.10023] [INSPIRE].

R. Eager and I. Saberi, Holomorphic field theories and Calabi- Yau algebras, Int. J. Mod.
Phys. A 34 (2019) 1950071 [arXiv:1805.02084] [INSPIRE].

N. Seiberg, Electric-magnetic duality in supersymmetric nonAbelian gauge theories, Nucl.
Phys. B 435 (1995) 129 [hep-th/9411149] [INSPIRE].

A. Gadde, S. Gukov and P. Putrov, (0,2) trialities, JHEP 03 (2014) 076 [arXiv:1310.0818]
[INSPIRE].

K.D. Kennaway, Brane Tilings, Int. J. Mod. Phys. A 22 (2007) 2977 [arXiv:0706.1660]
[INSPIRE].

M. Yamazaki, Brane Tilings and Their Applications, Fortsch. Phys. 56 (2008) 555
[arXiv:0803.4474] [INSPIRE].

S. Franco, D. Ghim, S. Lee, R.-K. Seong and D. Yokoyama, 2d (0,2) Quiver Gauge Theories
and D-branes, JHEP 09 (2015) 072 [arXiv:1506.03818] [INSPIRE].

A. Tshii and K. Ueda, On moduli spaces of quiver representations associated with dimer
models, arXiv:0710.1898.

S. Franco, S. Lee and R.-K. Seong, Orbifold Reduction and 2d (0,2) Gauge Theories, JHEP
03 (2017) 016 [arXiv:1609.07144] [INSPIRE].

45 —


https://doi.org/10.1007/JHEP03(2019)053
https://arxiv.org/abs/1811.07016
https://inspirehep.net/search?p=find+EPRINT+arXiv:1811.07016
https://doi.org/10.1007/JHEP02(2016)047
https://arxiv.org/abs/1510.01744
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.01744
https://doi.org/10.1007/JHEP05(2016)020
https://doi.org/10.1007/JHEP05(2016)020
https://arxiv.org/abs/1602.01834
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01834
https://doi.org/10.1007/JHEP02(2017)106
https://doi.org/10.1007/JHEP02(2017)106
https://arxiv.org/abs/1609.01723
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.01723
https://doi.org/10.1007/JHEP07(2017)053
https://arxiv.org/abs/1612.06859
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.06859
https://doi.org/10.1007/s00220-014-2155-1
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,332,53%22
https://arxiv.org/abs/math/0310326
https://arxiv.org/abs/math-ph/0311005
https://inspirehep.net/search?p=find+EPRINT+math-ph/0311005
https://arxiv.org/abs/hep-th/0503149
https://inspirehep.net/search?p=find+EPRINT+hep-th/0503149
https://doi.org/10.1007/JHEP11(2012)141
https://doi.org/10.1007/JHEP11(2012)141
https://arxiv.org/abs/1207.0807
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.0807
https://doi.org/10.1007/JHEP02(2018)051
https://doi.org/10.1007/JHEP02(2018)051
https://arxiv.org/abs/1711.10195
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.10195
https://doi.org/10.1007/JHEP05(2018)026
https://arxiv.org/abs/1712.10023
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.10023
https://doi.org/10.1142/S0217751X19500714
https://doi.org/10.1142/S0217751X19500714
https://arxiv.org/abs/1805.02084
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.02084
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.1016/0550-3213(94)00023-8
https://arxiv.org/abs/hep-th/9411149
https://inspirehep.net/search?p=find+EPRINT+hep-th/9411149
https://doi.org/10.1007/JHEP03(2014)076
https://arxiv.org/abs/1310.0818
https://inspirehep.net/search?p=find+EPRINT+arXiv:1310.0818
https://doi.org/10.1142/S0217751X07036877
https://arxiv.org/abs/0706.1660
https://inspirehep.net/search?p=find+EPRINT+arXiv:0706.1660
https://doi.org/10.1002/prop.200810536
https://arxiv.org/abs/0803.4474
https://inspirehep.net/search?p=find+EPRINT+arXiv:0803.4474
https://doi.org/10.1007/JHEP09(2015)072
https://arxiv.org/abs/1506.03818
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03818
https://arxiv.org/abs/0710.1898
https://doi.org/10.1007/JHEP03(2017)016
https://doi.org/10.1007/JHEP03(2017)016
https://arxiv.org/abs/1609.07144
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.07144

[40]

[50]

[51]

[52]

S. Franco and A. Hasan, 3d printing of 2d N' = (0,2) gauge theories, JHEP 05 (2018) 082
[arXiv:1801.00799] [INSPIRE].

D. Wiedemann, A computation of the eighth Dedekind number, Order 8 (1991) 5.

A. Hanany, D. Orlando and S. Reffert, Sublattice Counting and Orbifolds, JHEP 06 (2010)
051 [arXiv:1002.2981] [INSPIRE].

J. Davey, A. Hanany and R.-K. Seong, Counting Orbifolds, JHEP 06 (2010) 010
[arXiv:1002.3609] [INSPIRE].

A. Hanany and R.-K. Seong, Symmetries of Abelian Orbifolds, JHEP 01 (2011) 027
[arXiv:1009.3017] [INSPIRE].

D.-E. Diaconescu and M.R. Douglas, D-branes on stringy Calabi- Yau manifolds,
hep-th/0006224 [INSPIRE].

M.R. Douglas, S. Govindarajan, T. Jayaraman and A. Tomasiello, D branes on Calabi- Yau
manifolds and superpotentials, Commun. Math. Phys. 248 (2004) 85 [hep-th/0203173]
[INSPIRE].

S. Fomin and A. Zelevinsky, Cluster algebras. I. Foundations, J. Am. Math. Soc. 15 (2002)
497.

B. Feng, Y.-H. He, K.D. Kennaway and C. Vafa, Dimer models from mirror symmetry and
quivering amoebae, Adv. Theor. Math. Phys. 12 (2008) 489 [hep-th/0511287] [INSPIRE].

A .B. Goncharov and R. Kenyon, Dimers and cluster integrable systems, Annale Sci. Ecole
Norm. Sup. 46 (2013) 747 [arXiv:1107.5588] [INSPIRE].

R. Eager, S. Franco and K. Schaeffer, Dimer Models and Integrable Systems, JHEP 06
(2012) 106 [arXiv:1107.1244] [INSPIRE].

I. Garcia-Etxebarria, F. Saad and A.M. Uranga, Quiver gauge theories at resolved and
deformed singularities using dimers, JHEP 06 (2006) 055 [hep-th/0603108] [INSPIRE].

A. Okounkov, N. Reshetikhin and C. Vafa, Quantum Calabi- Yau and classical crystals, Prog.
Math. 244 (2006) 597 [hep-th/0309208] [INSPIRE].

A. Igbal, N. Nekrasov, A. Okounkov and C. Vafa, Quantum foam and topological strings,
JHEP 04 (2008) 011 [hep-th/0312022] [INSPIRE].

H. Ooguri and M. Yamazaki, Crystal Melting and Toric Calabi- Yau Manifolds, Commun.
Math. Phys. 292 (2009) 179 [arXiv:0811.2801] [INSPIRE].

H. Ooguri and M. Yamazaki, Emergent Calabi-Yau Geometry, Phys. Rev. Lett. 102 (2009)
161601 [arXiv:O902.3996] [INSPIRE].

— 46 —


https://doi.org/10.1007/JHEP05(2018)082
https://arxiv.org/abs/1801.00799
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.00799
https://doi.org/10.1007/BF00385808
https://doi.org/10.1007/JHEP06(2010)051
https://doi.org/10.1007/JHEP06(2010)051
https://arxiv.org/abs/1002.2981
https://inspirehep.net/search?p=find+EPRINT+arXiv:1002.2981
https://doi.org/10.1007/JHEP06(2010)010
https://arxiv.org/abs/1002.3609
https://inspirehep.net/search?p=find+EPRINT+arXiv:1002.3609
https://doi.org/10.1007/JHEP01(2011)027
https://arxiv.org/abs/1009.3017
https://inspirehep.net/search?p=find+EPRINT+arXiv:1009.3017
https://arxiv.org/abs/hep-th/0006224
https://inspirehep.net/search?p=find+EPRINT+hep-th/0006224
https://doi.org/10.1007/s00220-004-1091-x
https://arxiv.org/abs/hep-th/0203173
https://inspirehep.net/search?p=find+EPRINT+hep-th/0203173
https://doi.org/10.1090/S0894-0347-01-00385-X
https://doi.org/10.1090/S0894-0347-01-00385-X
https://doi.org/10.4310/ATMP.2008.v12.n3.a2
https://arxiv.org/abs/hep-th/0511287
https://inspirehep.net/search?p=find+EPRINT+hep-th/0511287
https://doi.org/10.24033/asens.2201
https://doi.org/10.24033/asens.2201
https://arxiv.org/abs/1107.5588
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.5588
https://doi.org/10.1007/JHEP06(2012)106
https://doi.org/10.1007/JHEP06(2012)106
https://arxiv.org/abs/1107.1244
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.1244
https://doi.org/10.1088/1126-6708/2006/06/055
https://arxiv.org/abs/hep-th/0603108
https://inspirehep.net/search?p=find+EPRINT+hep-th/0603108
https://doi.org/10.1007/0-8176-4467-9_16
https://doi.org/10.1007/0-8176-4467-9_16
https://arxiv.org/abs/hep-th/0309208
https://inspirehep.net/search?p=find+EPRINT+hep-th/0309208
https://doi.org/10.1088/1126-6708/2008/04/011
https://arxiv.org/abs/hep-th/0312022
https://inspirehep.net/search?p=find+EPRINT+hep-th/0312022
https://doi.org/10.1007/s00220-009-0836-y
https://doi.org/10.1007/s00220-009-0836-y
https://arxiv.org/abs/0811.2801
https://inspirehep.net/search?p=find+EPRINT+arXiv:0811.2801
https://doi.org/10.1103/PhysRevLett.102.161601
https://doi.org/10.1103/PhysRevLett.102.161601
https://arxiv.org/abs/0902.3996
https://inspirehep.net/search?p=find+EPRINT+arXiv:0902.3996

	Introduction
	Graded quivers
	Mutations
	Generalized anomaly cancellation

	Brane tilings and brane brick models
	Brane tilings
	Brane brick models

	Generalized dimer models
	Toric quivers
	Generalized dimer models and periodic quivers

	C**(m + 2) and permutohedra
	Quiver theories
	m-dimers

	Moduli spaces and generalized perfect matchings
	Generalized perfect matchings
	m = 1,2 case
	The m = 0 case

	Chiral fields and generalized perfect matchings
	Perfect matchings for C**(m + 2)

	An infinite family: F(0)**((m))
	Quiver theories
	Moduli space
	Central perfect matchings and Dedekind numbers
	Corner perfect matchings


	A simplified algorithm for finding perfect matchings
	Warm up: toric CY 3-folds and brane tilings
	The Kasteleyn matrix revisited
	Permanent vs. determinant

	CY 4-folds and brane brick models
	First approach: Grassmann variables for plaquettes
	Second approach: Grassmann variables for chiral cycles
	Final approach: further simplification using the trace condition

	An algorithm for general m
	From chiral cycles to perfect matchings and the toric diagram

	Chiral cycles for small m

	Chiral cycles and perfect matchings for Y**(1,0)(P**(m))
	Chiral cycles and the moduli space

	Orbifolds of C**(m + 2)
	Orbifolds of C**(m + 2) with SU(m + 2) global symmetry

	Conclusions
	Perfect matchings for F(0)**((m))
	Perfect matchings for general orbifolds of C**(m + 2)

