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1. Introduction

This work aims to develop efficient numerical algorithms for highly nonlinear stochastic differential equations (SDEs)
using explicit schemes. Our main goals are to obtain order-one convergence in the second moment in a finite-time interval.
Because of the need in applications, such problems have received much attention in recent years. The main challenge that
we face stems from the nonlinearity of the coefficients. The progress of numerical schemes using Milstein’s method has
much improved the convergence rates compared with that of the Euler-Maruyama (EM) methods. Although some implicit
numerical procedures have been developed to combat the high nonlinearity, whether one can use explicit procedures to
achieve higher-order convergence similar to that of Milstein’s procedure remained an open question. Focusing on explicit
schemes, the current paper settles these issues. It is shown that an explicit algorithm with built-in truncation device can
be used to improve the rates of convergence and to achieve the same convergence rate as that of the Milstein scheme.

To begin, consider a d-dimensional stochastic differential equation of the form

dx(t) = f(x(t))dt + g(x(t))dB(t), t>0, x(0)=x0€ R’ (1.1)
where B(t) := (B;(t), ..., Bm(t)Y is an m-dimensional standard Brownian motion, f : R — R% g : R? > R&™ with
fx) = (fix), ..., fa(x)Y, g(x) = (gij(x))axm, and z’ denotes the transpose of a matrix or a vector z. To prove the convergence
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of the algorithm, we require f, g, and Ligj (with Lf‘gj defined in Section 3) being locally Lipschitz. When we establish the
rates of convergence, we need additional conditions, namely, these functions satisfy the polynomial growth conditions
and the partial derivatives of f and g with respect to x up to the second order are continuous.

Stochastic differential equations have been used in a wide range of applications, including physics, control theory and
decision making, biological and ecological models, financial market modeling and analysis, cyber-physical systems, and
social networks among others; see [ 1] and references therein among others. More often than not, one has to deal with high
nonlinearity. As a result, analytic solutions are difficult to obtain; numerical methods are often the only viable alternative.
A method commonly used for solving stochastic differential equations is the Euler-Maruyama method. It is well known
that EM method has order 1/2 convergence rate [2,3] (comparing also the pathwise convergence rate in [4]), whereas
the Milstein scheme [5-7] has order one convergence rate. To obtain the convergence rates, linear growth was deemed
crucial in the proofs. In practice, there are many cases that the linear growth condition is violated. Take for instance, the
stochastic Ginzburg-Landau equation from statistical physics, which arises in the study of phase transitions [5,8],

dx(t) = [(n + %az)x(t) — 9xX3(0)]dt + ox(t)dB(t), x(0) = xo > 0, (1.2)

and the stochastic risk-adjusted volatility model used in finance given by [9, p. 83]

du(t) = (Bo — Brv(t))dt + Ev(t)dB(t). (1.3)

Neither of these equations verifies the linear growth of the coefficients. Several counterexamples for nonlinear SDEs
revealed that the mean deviations of the EM method in finite time diverge to infinity [8].

Recently, by using a tamed scheme, Wang-Gan [10] modified the Milstein method and obtained order one convergence
rate. The main assumptions used are the drift satisfying one-sided Lipschitz continuity and polynomial growth rate,
and the Taylor expansion terms g and Ligj being globally Lipschitz continuous. The truncated Milstein scheme was
developed further for nonlinear SDEs in [11], but only convergence rate being less than order one was obtained. To design
algorithms with better convergence rate, several implicit Milstein schemes were developed for SDEs with global Lipschitz
coefficients; see for examples, [12-16]. Nevertheless, it is known that more computational efforts and costs are required
using the implicit approximation in each iteration. Thus easily implementable explicit methods for nonlinear SDEs are
more desirable. By introducing more correction terms, the tamed Milstein method with order 1.5 convergence rate was
given [17]. In [18], a tamed Euler scheme was given for switching diffusions. Related work [19] considered Milstein-
type schemes for switching diffusions, in which the emphasis was on treating the interactions of continuous and the
switching components using certain arguments from martingale theory together with growth and smooth conditions on
the coefficients.

Higher-order approximations are desirable, particularly, in the multilevel Monte-Carlo (MLMC) setting due to the
need of many simulations with large discretization time step; see [20-22]. Aiming at designing an explicit numerical
scheme for highly nonlinear SDEs, in this paper, we construct a class of easily implementable numerical algorithms such
that the numerical solutions approximate the solutions of the highly nonlinear SDEs with better convergence rate (in
the sense of strong convergence). Using a truncation mechanism (see [23]), we develop modified Milstein scheme with
appropriate truncation mappings to avoid possible large excursions due to the nonlinear drift, diffusion terms, and the
Brownian motions. We prove that the modified Milstein scheme preserves order one convergence rate in the sense
of strong convergence for nonlinear SDEs with smooth coefficients with polynomial growth. Finally, some numerical
experiments are presented to support our theoretical results. We remark that these proposed techniques can further
be used to construct higher-order explicit stable schemes by adding more Taylor expansion terms.

The rest of the paper is organized as follows. Section 2 gives some notation and results on the solutions of the original
stochastic differential equations. Section 3 constructs an explicit scheme and demonstrates its convergence. Section 4
provides the rate of convergence. Section 5 provides some numerical experiments to support our theoretical results.
Finally, Section 6 gives further remarks to conclude the paper.

2. Preliminary

Throughout this paper, let (§2, F, {Ft}:>0, P) be a complete filtered probability space with the filtration {F;};>o
satisfying the usual conditions (that is, it is right continuous and F, contains all P-null sets). Let B(t) = (By(t), ..., Bn(t))
be an m-dimensional standard Brownian motion defined on the probability space, and |-| denote both the Euclidean norm
in R and the Frobenius norm in R9*™, Use C to denote a generic positive constant whose value may change for different
appearances. Moreover, let C>'(R? x R, ; R) denote the family of all nonnegative functions V(x, t) on RY x R, whose
partial derivatives with respect to x up to the second order and the partial derivative with respect to t are continuous.
For the regularity and pth moment boundedness of the exact solution we make the following assumption.

Assumption 1. There exists a symmetric positive definite matrix Q € R?*¢, p > 0, and « satisfying

(14X Qx)(2X'Qf (x) + trace[g (x)Qg(X)]) + (p — 2)Xg(x)I* “u

lim sup "

x| 00 |x]
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Remark 2.1. For some constant &, Assumption 1 is equivalent to
(1+ X Qx)(2X'Qf (x) + trace[g'(x)Qg(x)]) + (p — 2)IX¥' Qg(x)I* < @(1 + [x[*). (2.2)

If Q = Iyxq (identity matrix) (as in [23]), it becomes (1+ [x|2)(2Xf(x)+12(x)[*)+(p — 2)[¥'g(x)|> < &(1+|x[*). Furthermore,
if there is a constant p > 2 such that 2x'f(x) + (p — 1)|g(x)|> < &(1 + |x|?), which is the assumption usually used for the
global existence of exact solution, for example, [3, p. 58, Theorem 3.5], then Assumption 1 holds. With the assumption
above, we have the regularity and moment boundedness of the exact solution as given in the next lemma.

Lemma 2.1 ([23, pp. 851-852, Theorem 2.3, Lemma 2.5]). Let Assumption 1 hold. Then SDE (1.1) with any initial value xy € R?
has a unique regular solution x(t). For each positive integer N > |xo|, define

vy = inf{t € [0, +00) : |x(t)] > N}. (2.3)
Then for any F;-stopping time v satisfying 0 < v < ty a.s.,
sup E|x(t)]P <C, sup Elx(t Av)P<C, VT >0, (2.4)
0<t<T 0<t<T

where C is a generic positive constant dependent on T, p, and xq, and independent of N. Moreover,
C
Pty <T} < Ne' (2.5)
The proof is an application of Dynkin’s formula (see [23, pp. 851-852, Theorem 2.3, Lemma 2.5]); the details are
omitted.

3. Explicit scheme and convergence in pth moment

In this section, our aim is to construct an easily implementable numerical algorithm and establish its strong conver-
gence under Assumption 1. For convenience, we define

d
() = (&1, . g0, Lg(x) :=(vxg,-(x))g,~=§:gz,,-%f), i=1....m.
I=1

To construct the numerical scheme, we first estimate the growth rate of f and g. Choose a strictly increasing continuous
function ¢ : Ry — R, such that ¢(r) — oo as r — oo and

X)W, lgx) = sy y ILigi(x) — Ligi(y)|
o<piviylsr X =Y Ix—yl? Ix—yl

< (1), Vr>0,ij=1,...,m (3.1)

Due to the local Lipschitz continuity of functions f, g, L’&, the function ¢ is well defined. Denote by ¢~! the inverse
function of . Then ¢! 1 (¢(0),00) — R, is a strictly increasing continuous function. We choose a constant K >
IF(0)] Vv |g(0)? v IL'gi(0)] v ¢(1). For a given A € (0, 1], let us define the truncation mapping 7, : RY — RY by

b%
ma(x) = (IXI A @7 (KAT9)) "’ (3.2)
where o € (0, 1/2], and we use the convention ﬁ =0when x =0. Clearly, Vx,y e RY, i,j=1,...,m,
[f(max) = f(wa)) < KATC|ma(x) — ma)l,
18(ma (%)) — graW)l < K2 A2 ra(0) — ma®)s (33)

IL'gi(ma(x)) — Lgi(ma)| < KA ma(x) — ma()l.

Remark 3.1. If (3.1) holds with ¢(r) = C for any r > 0, define @~ !(r) = co. Then mA(x) = x, and (3.3) still holds. This is
the special case that f, g, and L'g; are all globally Lipschitz continuous.

Next we construct our numerical algorithm to approximate the exact solution of SDE (1.1). For any given step-size
A € (0, 1], define

Yo = Xo, _
Ve o= mal) i o (34)
ket = Vet fOOA + 300, G ABK) + 3 L'giyilliji(k),

where ty = kA, AB(k) := B(ty41)—B(ty) and I; j(k) = f[;"“ f; dB;(u)dB;(s). We refer to the numerical method as a truncated
Milstein scheme.
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Remark 3.2. Similar to the classical Milstein scheme for SDEs, we simply assume that the terms I; j(k) can be simulated.
In some applications, the considered SDEs have commutative diffusion term (that is, L'g; = U'g;, i,j = 1, ..., m). Thanks
to the commutativity that I; j(k) + I; i(k) = AB;(k)AB;j(k) for i # j, the second equation of our scheme takes a simple form
as

Fert = e HF)A + Zg,(yk )AB;(k) + ZLg, Vi) ABi(K)ABj(k) — §ij),

j=1 1] 1
where §;; = 1 for i = j, otherwise §;; = 0.

The numerical solutions y, are obtained by truncating the intermediate terms y; according to the growth rate of the
drift and diffusion coefficients to avoid their possible large excursions due to the nonlinearities of the coefficients and the
Brownian motion increments. Consequently, from (3.3) we have the following nice linear property

- 1.0 i -
il < KATC(T+Iyl), gl S K2AT2(1+ |yil), IL'gyl < KAT(1+ |ykl), (3.5)

forall k > 0,1 <i,j < m. Moreover, the truncated Milstein method is an explicit one, so it is easy to be used. To proceed,
we define the numerical procedure by

y(t) =yk, Yt € [t tiy1), (3.6)
and
() =y +F(t — 1) +ng Vi)(Bi(t) — By(ti)) ZLg] il (e £), (37)
Jj=1 i,j=1

Vt € [tk, ter1), where (s, t) f f[ dBi(u)dBj(r) and n; = [t/A].
In order to estimate the pth moment of the numerical solution y(t), we cite an inequality from [24].

Lemma 3.1 ([24, p.2929, Lemma 3.3]). For any given positive constant p with 2i < p < 2(i + 1) (i is a nonnegative integer),
the following inequality

-2
A4+u)? <1+ gu—i— %uuum(u) (3.8)

holds for any u > —1, where P;(u) represents a ith-order polynomial of u which coefficients depend only on p.

Lemma 3.2. Under Assumption 1, the truncation scheme defined by (3.4) satisfies that
sup sup Ely(t)P <C, VT=>0, (3.9)

0<A<10<t<T

where p is given by Assumption 1.

Proof. For any integer k > 0, we have
Vier1QFk+1
=Y+ 21,Q Y g ABi(k) + 24y,Qf i)
j=1
+O GBI Q D g AB;(k) +2y;,Q D Lgi(yelij(k)
j j=1 ij=1
F20f (v)Q D g ABi(K) + A7F (v)Qf (i)
j=1
24 (r)Q Y L'gili (k) + 200 g AB(k)Y QD L'gi(yilij(k
ij=1 j=1 ij=1
+O gyl (k)Y Q Y Lgi(milij(k)
ij=1 ij=1
Then

(3.10)

~ - p P p
(14 71 Qikr1)? = (14 y,Qu)2 ( 1+Zsk, )2
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g1 =(1+y,Q7)7"2%,Q > _ i) AB(k),
j=1
&2 = (14+y,Qu)” lZAJ’ka(J’k)

&3 = (14 Y,Qu)” Zg, Vi)ABi(K)Q ng Vi)AB(K),

j=1 j=1
Eea=(1+y,Qn)7'20,Q > L'gi(yilij(k),
i,j=1
Es = (1+y,Qn) 207 100Q Y gi(vi) ABy(k),
j=1

ke = (1 +y;cQVk)_lA2f'(yk)Qf(J;1k),

&7 = (1+y,Qn) 247 (1)Q Y Lgi(milij(k),

i,j=1
Es = (1+y,Qni)” Zg, Vi )AB(Kk)Y ZLg, il (k).
j 1 ij=1
m
Sio = (1+Y,Qv0)” ZLgJ Yl (k)Y Q ) Lgi(yelh(k).
ij=1 ij=1

For the given p > 0, there exists a unique nonnegative integer u such that 2u < p < 2(u + 1). Thanks to Lemma 3.1 and
(3.10), we have

where Gy, Gy, ...,

E ((1 +J~/;<+1Q)~/k+1 )% |]:tk)

9
<@ +kayI<)% |: + SE (;-‘Ek,iu:tk) +
+ ZC] ( Z%‘kl |]:tk> s

i=1

9
) ((Z sk.i)zmk)
i=1

E(ABi(k)|Fy,) = 0, E((ABi(k)*|Fy) = A, E(ABi(k)ABi(K)|F, ) =0, Vi # ],
E( (k)| Fy,) = 0, B((Iij(k))*| 7o) = A% /2, B(AB(K);j(K)|Fy ) = O,

i,j,l=1,...,m, Yk >0.

This implies

E(&k,11F,) = B(k,al Fr,) = B(ék 51 Fr,) = B(ék 71 Fy, ) = Bék 8l Fr,) = 0,

and

E(&k 2| 7)) = (1 + Y, Q)™ "2V, F i) A,
E(&k,3|7,) = (1 + Qi) 'trace[g (vi)Qg (k)1 A.

Because of the symmetric positive definite matrix Q, one observes from (3.5) that

E(ék 6l 7o) < (1+5,Que) ' A%1QIF (i)l

and

E(Sk,s |-F[k)

IA

(14 yQui) 'K2AZ7221Q|(1 + |yil)* < CA,

A2 / —1 = i 2
— (v 'Iel ) Il

ijl

IA

IA

A? )
— (1 +yQn) |Q|ZK2 AT2(1 4 |y])? < CA.
ij=1

C, are constants depending only on p. The fact that AB(k) is independent of 7, implies that

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Combining (3.13)-(3.16) yields

9
E((Z &)l Fo) < (14 y,Qui) ™' (2y,Qf (k) + trace[g' (vi)Qg(yi))A + CA. (3.17)

Noting that
E((ABi(k))" |7, ) =0, and E(|ABi(k)|"|F,) < CAY? ¥n>1,i=1,...,m, (3.18)
we have that

E((&1)1F,) = 401+ ¥,Qui) 21y, Qg i) A. (3.19)
One observes that

E((&k,18x,2)1Fy,) = E((&k,18k,3)|Fy,) = B((Ek,18k,4)1 F, )
= E((&k,18k.6)| F¢,) = E((&k,18x,7)| F¢,) = 0.

Furthermore, owing to (3.5), we have

E((§k1815)1 7)< 41 + ¥, Qvo) >yl IQIPF r)llg i) > A%
<4014 y,Qr) K2 Q P lykl (1 + Iyl A% 72 < €A,

and by the Holder inequality,
E((&k,18k,8)1 F¢,)
m m
< 401+ y,Qr) 2 1QP I EI Y gy ABiK) D 1Lyl jk)DIFy .

j=1 ij=1
/ 1
< C(1 + Y, Que) 2y TE( |Zg, VOAB(RI 7, )12 (Z gl 1F )12
Jj=1 m i,j=1
< CO+ %, Q) 2yl lga)? Y ILgi (i)l A2,
ij=1

< C(1 4y, Qi) lykl (1 + Iyl A%72¢ < CA.

An application of the Burkholder-Davis-Gundy inequality leads to

ti+1 liet1
E(IL,(0[) < CE| / B(t)Pds < CAE / 1B(s) — Bi(t)|*ds < CA*, (3.20)

tk

which together with (3.5) implies
E((&,18k,9)1 F¢,)
< 201+ y,Q) *1Q P B gy ABiK)INY  Lgi(yi)li (k)1 F ]

j=1 ij=1
1
< CO1 + Y, Que) 2 lyx T |Z& VOAB(R |7, )12 |2ng(yk i (k)[4 74 )12
j=1 1 " ij=1 1
< CO+ %) 2yl O gAY gl B> (k)| )12
] 1 lj 1

1
C(1+ Y, Qi)™ |yk|Z|g,yk AzZWg,yk

ij=1
< C(1+y,Que)~ |yk|( +l?A079 < cad.

The above inequalities imply that

9
(&1 Y &l Fy) < CA. (321)

i=2
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Owing to the positive definiteness of Q and (3.5), one obtains that

9

9
B(() " &i)17,) < C Y E(EXIF,)
i=2

i=2

m
_ : 2
< C(1+ y,Qvi) 2<|J’k|2|f(}’k)|2A2+ B A + yil® Y IL'giyi)l A
ij=1

+ FORPIEWRA® + AT + Frol? Y gl A%
ij=1

m m
+ gl Y IgPA® + Y Ilgntat)
ij=1 ij=1
< C(AH@ 4+ A 4 A4_49) <ca.
Combining (3.19)-(3.22) yields

9 9 9
B &1 Fy) = E(E1PIF) + 2B D &)l F) +EO &)1 7,)
i=1

i=2 i=2

IA

41 + y,Qv) 21y, Qe )P & + CA.

Similar to (3.23), we have

9
CoE((D &)1 7y)

i=1

9 9 9
= Go| (32, D6+ 366 + (1 HEN]

9 9 9
< c(meez, D il + Bl 38+ B 6417 < €A

i=2

due to ]E((S,<,1)3|]-}k) = 0. Using the truncation convenience (3.5), we also obtain that for any integer j > 1,

9 9
GE((Y &V 17) < CEOY  l&it 17,
i=1 i=1 E

= €O+ Y@ 2 (I Plgl AT + ot a0

30+3)

m
+ W) PIATE 2 Y (Ligin) T A+ f )l g )b A
ij=1

m
F I @PTAM) 4 |f ()P gyl A%
ij=1

m m
j i i+3  3(+3) . 2i43) o
+ |g(}’k)|1+3 E |L'gj(yk)|] AT2 + 2 Lgi(y)| A2(,+3))
l-J-:l i,j:]
g | A2(1—9)0+3)> <ca.

(1—0)(j+3)

< C(Af + A(l—Q)U+3) + A

Combining (3.17), (3.23)-(3.25) and using (2.2)-the equivalent form of Assumption 1, for any k > 0,

- N
E((1+ P Q)8 17,

(14 y,Qui)(2y,Qf i) + tracelg’ (1)Qg(i)]) + (p — 2)Iv,Qg(yi)® A

» p
<(1+y,Qu)t [1+Ca+Z
Vi 2 (1+ Y, Q)

P
2

< (1+y,Qr)2 (14 CA).

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Thanks to the nice property of the truncated Milstein scheme (3.4) that

- 2

, Tl A KA\,

Vi = | —————— ) #.Q¥k < 5,.Q¥«
Ykl

for any positive integer k, we obtain

E(( 4+ Y @in)?) < E((0+5,Q00f ) =B [B((1+ 7 @b 17, |
<(14+CAE ((1 +y;{ka)§) .

Forany T > 0,0 < kA <T and any t € [ty, tys1), solving the above linear first-order difference inequality, we obtain

E((1+yOeef) =B(0+yam?)
< (1+ CAYE(1 + y5Qp0)

14 4
2 2

< (1 + x,Qx0)2.
Therefore, we get that

A5 sup sup EOP <E((1+y(0Qn)) =,
0<A<10<t<T

where A > 0 represents the smallest eigenvalue of Q. The desired result follows. =

Note that y(tx) = y(tx) = y«, that is y(t) and y(t) coincide at the grid points. For any t > 0, one observes from (3.6)
and (3.7) that

y(t) = y(t) = F(ONE — tn,) +Zgj — Bj(tn,) +2ng(}’(t i j(tne s £). (3.27)

i,j=1

Lemma 3.3. Let Assumption 1 hold. For any A € (0, 1], define
¢p =inf{t = 0 [y(t)] = ¢~ (KA} (3.28)
Then for any F;-stopping time v satisfying 0 < v < ¢, as.,

sup sup E|y(t Av)P <C, VT >0, (3.29)
0<A<10=<t<T

where C is a positive constant independent of A and p is given by Assumption 1. Moreover,
C

P{ea < T} < m (3.30)

Proof. Clearly, ¢, is a F; stopping time. For any F;-stopping time v satisfying 0 < v < ¢, a.s. we have |y(t Av)| <

e~ (KA™@) as. and y(t A v), y(t A V) are Fin,, Fty,,, Measurable, respectively. Then for any ¢ > 0, it follows from (3.27)
that

JEAv) =y AV +FOEAVEAD = ta,,)+ Y gUEAVB(E A )= Bi(tn,,,))

j=1
+ Y Lgi((t A V)i j(ngp. €A D).
ij=1
Then
9 P
(14 /(¢ AVIQHE A V)E = (1+(E AvIQEAVDE (14 (T+Y(EAVIQLEAD) Z o) (3.31)

where

i =2Y/(0Q ) gy(t))By(t) — By(ta,)).

j=1
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Er= 2(t — 6, )Y () (¥(1)),
By = Zgj N(Bi(t) — Bi(tn, ))Q Y g()NBI(E) — By(ta,)).

j=1
Ea=2/(t)Q Z ) ()
ij=1
Eos =2t — to)f’ QZgJ (O)B;(t) = By(ta,)),
fuo = (0 = )T OO0,
=2t — ty)f ZLg] i (g » 1),
ij=1
Eis =2 Z& £)Bi(t) — By(tn,) ZLg] (e 1)),
ij=1
Eo= ZL’g] Wi f(Ene s t )QZL’g] (Ot £)-
ij=1 ij=1

As in the proof of Lemma 3.2, we prove the assertion for the given positive constant p with 2u < p <2(u+ 1) (uisa
nonnegative integer). By virtue of (3.8), we know that

E((1+5(e AvQite A v)E I, )

9
SA+y(E A AV EQ Bl )

i=1

<(14+y(t Av)Qy(t A v))% |:1 +

(3.32)
+

9
p(Ps_ 2)(1 +y'(t AV)QY(t A V))_ZE((;éEMU,i)z'}—fnmv)
9

+ ch(l —H’/(t A v)Q}’(t A V))70+3)]E((ZgtAu,i)j+3|'F[ntAv) '

j=0 i=1

Since B(t) is a continuous martingale, by virtue of the Doob martingale stopping time theorem [3, p.11, Theorem 3.3] and
[3, p.26, Theorem 5.17], one observes that for any t > 0, Vi,j, =1, ..., m,

E(Bi(t A v) — B'(fmv)lfrnw) =0,

B (b £ A VI Fir, ) / w)dB;(5)| Fy )
t

t”[/\v Ay

—x( / (Bis) Bf<tnw>>d31(s>|fm) =0,
- (3.33)

E((Bi(t A v) = Bi(tn,,,, ))Bj(t A v) = Bj(tn,, N Ft,,,, ) = 0, Vi # j,
E((Bi(t A v) — Bz(tnw))fij(tnw, t AV F,,, )

—e(Gc B [ [ dssels,,) <o

tngpy LN

and

E(IBi(t A v) = Bi(tng, NP Fiyy,, ) = LAV = b,
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Moreover, using the Holder inequality and the Doob martingale stopping time theorem [3, p. 11, Theorem 3.3] yields
that for any constantn > 2, Vi,j=1,...,m,

E(Il;j(tn, » € A V) Py )

tAV S
([ [ awaseris,,)
t;

tngpy LWINY

< E((/w |/W dB,'(v)|2ds)% |]—"tnw> (3.34)

LN LN

tAvY
n=2
<AV -ty )5 / E(|B,~(s Av)— Bi(tnm)lnlf}nm)ds
t;

tAv

<C(t AV —ta,, )"

For the case of 0 < n < 2, the above result still holds by virtue of Jensen's inequality. By the techniques similar to
Lemma 3.2, (3.33) and (3.34) together with (3.1) and (3.3) imply

9
E((;aw,i)vm) < (6 AV =, 2V (€ AVIQF(E AV)) (3.35)
+ trace[g'(y(t A v))Qg(Y(t A v)]) + CA(T+Y/(t A v)QY(t A V)).
For any integer n > 1,i =1, ..., m, one observes that
E((Bi(t A v) = Bi(tn,,, )" | Py, ) = 0, (3.36)
and
E(IB(t A v) = Biltng,, " P, ) < A2 (3.37)
Using similar techniques as in Lemma 3.2, we derive from (3.34), (3.36) and (3.37) that
9
E(() &1 Py, ) < (6 A = by, )Y (E A )QEV(E A V) (338)
i=1 .
+ CA(T+Y(t Av)QY(t A V).
and
9
CoE((D &)1 Py, ., ) < CA(T+Y/(E AVIQUE A V). (3.39)
i=1
Similar to (3.25), using the truncation convenience (3.5), we can also prove that for any integer j > 1,
> > j+3
GE(Y &V 1Ry, ) < CEQY &l | Py, ) < CA(T+Y(E AVIQUE A V). (3.40)
i=1 i=1

Combining (3.35), (3.38)—(3.40), by Assumption 1, for any t > 0,
E((1+5( Av)aie av)t)
= (B (1 +5(Aveie aviiz,,, )

< IE[(] F V(e AVQYE A ))E (1 rca

. 2y'(t AV)Qf(y(t A v)) + trace[g'(y(t A v))Qg((t A v))]
2 1+ y(t Av)QY(t Av)
p(p — 2)ly'(t A v)Qg(y(t A V)
2(14+y'(t Av)Qy(t A v))2 (EAv= t"“”))]
< E(1+y(t Av)Q/t Av)I(1+CA). (3.41)

(t AV —tg,,)
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Similar to (3.41), we arrive at that forany 0 <t <T,
= E(E((1+¥( At Av)EIF-an))
E(1 4+ y/((t — A) Av)QY((t — A) Av)2(1 4+ CA)

)4
2

E(1+y'(t A v)Qy(t A v))

<
< E(1+y/((t — 2A) Av)QY((t — 2A) Av)2(1 4+ CAY?

S N

< E(1+y/((t — neA) Av)QY((E — neA) A v))E(1 + CAY™

= E(1+ y,Qyo)2(1+ CAY™

< eTE(1 4 X,Qx)% =: C. (3.42)

Inserting (3.41) into (3.42) leads to

sup sup E ((1 F(E A V)QRE A u))%) <c.
0<A<10<t<T

Therefore the desired assertion follows from

(p7(KA™PPlY < T) < B (T A v)P) < AP2E ((1+F(T AvQIT Av)) =<,

where A > 0 represents the smallest eigenvalue of Q. The proof is complete. ®

The following theorem gives the pth-moment convergence of the truncated Milstein scheme.

Theorem 3.1. Under Assumption 1, for any q € (0, p) and p given in Assumption 1,
Jim E|(T) — X(T)7 = Jim E|y(T) — XT)*=0, VT=0, (3.43)

where p is given by Assumption 1.
Proof. The desired result is a slight modification of the argument in [23, Theorem 3.3]. Thus the details are omitted. B
4. Convergence rate

In this section, our aim is to establish a better rate of convergence result than that of the classical EM method under
Assumption 1 and additional conditions on f and g. We shall show that the rate is order 1 similar to the standard results
for the explicit Milstein scheme with globally Lipschitz f, g and L'g;. To obtain the rate of convergence, we need somewhat

stronger conditions compared with the convergence alone, which are stated as follows.

Assumption 2. f, g € C2, namely, their partial derivatives up to the second order are continuous. Moreover, there exist
positive constants pg > 1, L, Co, I, lo, and symmetric positive definite matrix Qo such that Vx,y € R,

2(x — ¥) Qo(f(x) — f(¥)) + potrace[(g(x) — g(¥)) Qo(g(x) — gW))] < Lx — y/?, (4.1)
IF(x) — FOI v IL'gi(x) — L'gi(y)l < Co(1 + IxI' + yI)Ix — yl, (42)
GOl V 1Ol V (8 ()] V (8 w(X)] < Co(1 + [x]0), (4.3)

k=1,...,d; i,j=1,...,m.

Remark 4.1. One observes that if Assumption 2 holds, then there exists a positive constant C; > Cy such that

lg(x) — g1 < Gi(1+ IxI' + yl")Ix — yI. (4.4)
In addition,

F(x)] < IF(x) = F(O)] + LF(O)] < L1+ [x|)Ix] + F(0)] < C(1+ [x|""), (45)
similarly,

ILgx)| < CO+x"h), ij=1,....m, (456)
and by Young's inequality,

1200 < CIIxP> + [xI(1+ %1112 + |g(0)] < C(1 + [x[>*1). (4.7)

Remark 4.2. Under Assumption 2, we define ¢ in (3.1) by ¢(r) = 2C;(1+ ') for any r > 0. Then ¢~ '(r) = (r/2¢; — 1)/
for all r > 2Cy. Thus, ma(x) = (Jx| A (KA™2/2C; — 1)V/') x/|x| for any x € R?, where ¢ € (0, 1/2].
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Define the stopping time 6, := T,-1ka—ey A {a, Where Ty and ¢, are defined by (2.3) and (3.28), respectively. Define
another auxiliary process X(t) := x(t) = x, for any t € [y, 1) Then the moment deviations between y(t A 6,) and

y(t ABp), X(t ABx) and X(t A B,), are estimated as follows.

Lemma 4.1. If Assumptions 1 and 2 hold with 2p > 1+ 2, for any qo € (0, 2p/(I 4+ 2)],

NS

sup E(J(t A Ga) —y(E ADs)") < CAT, sup E(IX(t AGa) — Kt AGL)") < CAT, (4.8)

0<t<T 0<t<T
VT > 0, VA € (0, 1], where C is a positive constant independent of A, p and | are given by Assumptions 1 and 2, respectively.
Proof. Forany T > 0, any ¢t € [0, T], it follows from (3.27) that

E([3(t A 8a) = y(t A B)")

m

< C(E(Lf(y(t NI e Ay —to, , 1°)+ D Ellgiu(e A B)I"IB(t A Bs) = Bta,,; )I™)
j=1
+ D ELgE A DI I, 5, ¢ A B)")).
ij=1

Since y(t A 0,) is ]—}n[ 5 -adapted, it follows from (3.34) and (3.37) that
(AN

E([5(t A 6a) — y(t A O)™)

<cC ( E(f (£ A" 2%) + ) " E(Igi(y(e A O2)IE(BI(t A 8s) = Bi(ta,,, )17, . )

N
j=1
m
i n do - n 90
+”Z=‘; E(ILgi( A OBl g A BNy ) )
h m a m
_ _ “ , _
= C(BIFOLE A B A% + D Blgio(e A 8" AT + 3 E(Lgl(e A eA))r"’)A%).
j=1 ij=1

Due to (3.5), (4.7), and Lemma 3.3, for any qo € (0, 2p/(I 4+ 2)] < (0, p],
E(I7(t A 6a) = y(t A 8)™) ,
< CE(1+ [y(t A B)])0 A0 4 CE(1+ [y(t A B5)|2 0%
+2)qg qQ0

L0} ~ . p.%0 4 ~ p,HE20 q
SCAZ +CEEAO)N)P AZ +CEEAO)) P A2

a9 _ _ p.d0 4 _ _ p (4+2)q9 [
<CAZ 4+C(sup E[y(t AOA) )P A2 +C(sup E|y(t ABp)|") 22 A2

0<t<T 0<t=<T
)
<CAZ.

The first part of the desired assertion follows. Similarly, the second part of (4.8) follows by virtue of Lemma 2.1. ®

Using Assumption 2, the following results on the exact solutions follow from Jensen’s inequality and Lemma 2.1
directly.
Lemma 4.2. If Assumptions 1 and 2 hold, then for any q; € (0,p/(lo V(I+1))],any T >0,i=1,...,d; j=1,...,m, any
A € (0, 1], we have

sup E[f(x(t AGu)I™ <C,  sup Elgi(x(t O™ <C,

0<t<T _ q 0<t<T _ q
sup E|(ik(x(t A6 <C.  sup El(gy(x(t ABu))" < C,
0<t<T 0<t=<T

sup sup E|(f)u(ux(t Afa)+ (1 — wx(ty, A6))" <C,

0<u<10=<t<T

sup sup E|(gy)u(ux(t ABa)+ (1 — wi(ty, AGx))" <C,

0<u<10=<t<T
where p and ly, | are given by Assumptions 1 and 2, respectively.

Noting that y(t) defined in (3.7) is related to k and t, for any k and any t; <s <t < ty,1,

() = y(s) = Fy(s))(t —s) + Zgj(J/(S))(Bj(t) — Bj(s)) + Z L'gi(y(s))ij(s. t). (4.9)
j=1

ij=1
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In order to derive the convergence rate, we analyze the exact solution x(t). For convenience, for any twice differential

function ¥ = (yq, ..., Yq) i RY — RY Vu = (uy, ..., ug) and v = (v1, . .., vg) € RY, define
L9y ‘ ,
Y )u) = (Vo (-), u) = ; e NI OTE N J; (W12,
d 024 d
VX Z ax Dy, o)l = P(HMOL
j=1 J j=1
Note that

[Yx( )W)l < [l (a1, 0)] < W)l Ul 0]

It follows from Assumption 2 and the Taylor formula that

FOO) — Fo) = 3 il / gX(s)AB(s) + il / fixt

j=1 b

1
+/ (1 — u)feeux(t) + (1 — uxi)(x(€) — Xi, X(t) — xi)du, VYt = 1.
0

Using Assumption 2 and the Taylor formula again yields that for each 1 <j < m, Vt > ¢,

gi(x(t)) — gi(xx)

1
= (X )(x(t) — 1) +/ (1 — u)(gal(ux(t) + (1 — wxie)(X(t) — X, X(t) — Xi.)du
0

= 3 LB — Bt +Z(& (4 / X(5)) — &i(x)dB(5)
i=1

t 1
+(gj)x(xk)/ f(X(S))ds+/ (1 — u)(g axux(t) + (1 — wxpe J(X(t) — Xk, X(t) — xi)duL.
tx 0

Thus, rearranging x(t

(t)
— s):/f(x(r))dr+2[ &(x(r))dB(r)

= FRE)E —9) +Zg, +ZLg, (s, ©)

ij=1

+ Z/ (R,-(f, s, r)dr + ZR,-(gj, s, r)dBj(r)),
i=1 "3 j=1

and using the above equalities yields that for any 0 < s < t,

where
Rif.s.r fo f (0))dB(v),
Ralf.5.7) = H(R(s)) f Fx(w)du
Rir. s = | (1~ W) + (1 — WD) — K6), x0r) — X)),
Ri(gj, s, 1) = Xm:g,)x(x )/ (&i(x(v)) — &i(X(s)))dBi(v),
Rolg, 5, 1) = (gM{i(s)) f fix(

R3(gj,s, 1) = / (1 — u)(gax(ux(r) + (1 — w)X(s))(x(r) — X(5), X(1) — X(s))du

0

In order to estimate the error of estimation, we look for the moment bound on the last term of (4.11).

(4.10)

(4.11)

(4.12)
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Lemma 4.3. Let Assumptions 1 and 2 hold with p/4 > Iy Vv (I + 2). Then

tkt1A04 _
sup E| Ri(f, tic A Op, s)ds|*< CA?;
0=<kA<T  Jtynbp
tep1 A0 _
sup E| Ri(f, te ABa, s)ds?P< CA%, i=2,3; (4.13)
0<kA<T fk/\éA
tk1/70 B
sup E| Ri(gj, tx AOa, s)dBi(s)*< CA3, i=1,2,3,j=1,...,m

0=<kA<T  Jtynbp

Proof. For any integer k, we estimate the remaining terms of (4.11) one by one. Using the Holder inequality, Lemmas 2.1
and 4.2 lead to

[PESTCIN _
E|f, Ri(f. tie A Oy, s)ds|?
tkNOA
[k+1/\9A
SB[ Ry SR A G) Z / g (x(u))dB(u)dsf?
tkA@A
SAGA

tet1 B _ )
<maY E [ o i sy (A B) / " g(x(u))dBy(u)Pds

j=1 tk [TYNON

1
2

m Cke+1
=maY ] / (Bl A 6))°) ‘(& / ignd <zt GBI ) ds
j=1 7t

1

1
Z/M f g A B) P du?) ” ds
fir
23 [ maotngotan) s < o,

| /\

| /\

and

ti1A0A _
E|/  Ra(f e A By, s)ds|?
t]

kAOA

IS TN _ s
= Elly,,) / UG [ Fxtu)dudsP?

A t"tk/\?)A
[ERVNON B _ s )
e RN O S / F(x(u)duds|
tyNOA tntk/\éA

N

liet1
A / B3 iond <o) e A B) /  Fxu))duPds
7%
tkAéA

ty AOA
lket1 . - 4 1
o [ (e ) (= l

5 [l s — 4 2
cm/ (/ Ef(x(u A 6,))] du) ds < CA*.
173 173

IA

NN

IA

f(x(u))du|4)7ds

IA

Using the Holder inequality, Lemmas 4.1 and 4.2 yields

te+1°0n B
E| /  Rs(f.te A By, s)ds|
t]

}AA

=4 R | (1 wfs) + (1 — W) £ )
(x(st)k — X(te A On), x(s)o— X(te A Gx))duds|?)

<A f[kﬂ JEI/ (1 — u)fieux(s A Ba) + (1 — w)X(tx A 6a))
(x(tsk/\ 6a) N Xt A Oa), X(s A ) — X(tx A B,))du|?ds
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<o [ [ (Elhatuts A8+ (1 - wie A B
ty 0

1
X <E|x(s ABA) — Xt A éA)|8) *duds < CA%.

For eachj =1, ..., m, using similar techniques yields that

PSSV _
E| / U Rilg e A B, S)B(S)P
TN
m tk+1/0A B s _
=Y [ b @A) [ (s - g3t A B D)B B

: N, t _
i=1 kATA "tkAﬁA

SAOp

tet1 B _
=m ZE/ N I{t,(A9A<s<9A)|(g))X( X(tk A QA))/ ~ (&i(x(u)) — &i(R(tx A 6,)))dBi(u)[*ds

tAOA
m ths1 ~ _ 4 1 SAGp l B _ %
=my. f (Bl A 2a") (B[ (g — @it A O )aBi(u)l*) " ds
i—1 Ytk tyNOA
scab Y [ mlntu £ ) - st B ) i
i=1 Y i

N\'—‘

< cal Z/ ( [0+ B 0 B A ) 0 B ) s

t tx

tk+] _ _ 1
<CAZZ/ /E(1+|x<uAeA)|‘“+|>“<(tkA9A)|‘“))2

X (]Elx(u AB) — Xt A éA)|S>

Nl—=

1
du]zdsgCA3,

and

1A _ 5
E| / " Ralg e A B, s)BS)]
[TCIN ~
IS TN _ s
=E[|  Iiy<i @kt AOA)) F(x(u))dudBy(s)|*

tkNOA tntk/\éA
1 _ RN
= E/ Lty<tniliogndn <s<ip (@)Xt A 62)) | fx(u))dul*ds

tx ty AOA

= [ (E@vea i) (= " ) o

te

tt1 s _ 1
<CA? / (/ E|f (X(u A QA))|4du)2ds <CA3.

tk Tk

N\_

tk/\éA

Owing to Lemmas 4.1 and 4.2, one further obtains

k170 _
E| / Ra(g) t A B, S)ds”

tkAéA

tie1 1 B
= (| / L, <) litendp <s<B,) / (1 — u)(gixx(ux(s) + (1 — w)X(tx A On))
t _ 0 _
(ic(s) - ’?(fk A 0), X(s) — X(ti A 0))dudBj(s)|?)
k+1 _ -

=/ E|/ (1 — u)(g x5 A ) + (1 — WR(G A )

t] 0

(kx(s ABA) — Xty ABp), X(s A Bp) — X(tx A Op))dul®ds

lie1 _ _ 1
< [ [ (st@atunts £82)+ (1~ witee A 5)
ty 0

[N,

x <E|x(s ABp) — Rt A éA)|8> duds < CA3.

The proof is complete. ®
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After this preparation we begin to analyze the error of strong convergence. To clarity, define e(t) = x(t) — y(t),
e(t) := x(t) — y(t). Combining (4.9) with (4.11) yields that for any k and any t; <s <t < ti1,

o0 —&s) = (f(H) — SNt =)+ Y (&) — gD B(O) — B(s)
j=1

+ > (UgRs) — L)) 15, ) (4.14)

ij=1

3 t m
+ Z/ (R,-(f, s, r)dr + ZR,-(gj, s, r)dBj(r)).
i=1Y$ j=1

Theorem 4.1. If Assumptions 1 and 2 hold with p/4 > lp v (I+ 2), for the numerical solution defined by (3.4) and (3.7) with
o €l2l/(p—2),1/2],

E|J(T) = x(T)? <CA?, VT =>0. (4.15)

Proof. Since it is rather technical we divide the proof into 3 steps.
Step 1. Define 224 := {w : 0, > T}. Using the Young inequality, for any « > 0, we have

EIR(T)? = B (J&(T)Pla,) + B (12T los )
2A¢ p—2

- 2 -
< E(|&(T)Plp,) + ) E (le(T)P”) + W[@(m). (4.16)
It follows from Lemmas 2.1 and 3.2 that
20¢ i}
5 E (Je(T)P) < CA* [E (IXT)IP) + E (I(T)IP)] < CA*. (4.17)

By virtue of Lemmas 2.1 and 3.3 one observes that
p —
= — S Plr-1ka-e) STV +P{ga < T})
DAZ/(p=2) (4.18)
p—2 2C 2% .

op
T " p-2
= a3 (g Kooy =8 T

—2
mmﬂﬁ

Step 2. We estimate the first term E (|&(T)|’I, ) on the right side of (4.16). Obviously, E (|&(T)’Io,) < E <|é(T A éA)|2>.

Next, our main aim is to estimate the upper bound of E (|E(T A éA)lz). Since this step is rather technical and complex
we divide it into 3 small parts.

Step 2. Part I Expand &'(ti 1 A 04)Qo8(tesq A 64 ). Note that for any 0 < k(w)A < T A 0, (tx) = y(t) = Yk = Jk then
(4.14) holds with replacing s, t by ti, ty.1, respectively. For any fixed k with 0 < kA < T (if k = nr, we just let t,,1 = T),
it follows from (4.14) that

8(tir1 A On) — &tk A Oy)
= (PR A 6)) = FVt A 6))(ths1 A By — 7 B)

+ Y (8Kt A B)) = g0t A ) ) Byt A B) = Bi(ti A B))
j=1

. (4.19)
+ D (Lt A ) = gt A Oa) )it A B, i A D)
ij=1
3 ter 170 B m B
+Z/ (Rt oA Do+ D R(G b A B, TIAB()).
i=1 kA =1

Then, one observes that

14

& (tir A 0a)Qo(tir1 A Oa) = (b A OA)QoE(t A Ba)+ Y miltic A B, tiys A Ba), (4.20)
i=1
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m(s. t) QoZg, S)NBi(t) — By(s)),
(s, t) = 28/ )Qo(f( $) — FsHE —9),
(s, ) s)QoZ L'gi(X(s)) — L'gi(y(s)i (s, ),
i,j=1
na(s, t) =Y _(By( (5)) — g(¥(s))Y Qo Y _(g(X(s)) NBi(t) — Bi(s)),
j=1 j=1
ns(s, t) = 2t — s)(F(X(s ()Y Qo Y_((X(s)) — g(y(s))By(t) — Bi(s)),
j=1
ns(s, £) =2y _(Bi(t) — Bi(s)Xg(X(s)) — G¥(s))) Qo »_(L'gi(X(s)) — L'gi(y(s))is. t),
j=1 ij=1
n7(s, t) = 28(s)Q Z R, i+ > " Ri(g;, s, r)dBy(r),
i=1 S j=1

s(s, £) = (¢ = SP(F(ES) — F)) QU Rs) — FOD),
no(s, t) = Y Iij(s, )Lg(X(s)) — L'gi(y( QOZL'g] ) — Lg(y(sM)i (s, t),

ij=1 ij=1
Mo(s, t) = 2(t — s)F(x(s)) — f(¥(5))) Qo Xm:(Ligj(i(S)) — L'g(y(s))ij(s. 1),
ij=1
na(s, t) =2 3 (Bj(t) — Bi())(gi(X(s)) — &i(¥(5))) Qo
j=1
X 23: /t(Ri(f, s, r)dr + iR,-(g,, s, r)dBl(r)),
i=1 S I=1

n1as. £) = 2(t — $)(f(X(s QOZ/ R(fsrdr—i—ZR (81,5, T)ABL)).

ns(s, t) =2 Z Iijs. £)(L'gi(X(s)) — L'gi(¥(s))) Qo
ij=1
3 t m
X Z/ (Ri(f, s, r)dr + ZR,-(g,, s, r)dBl(r)),
i=1 S I=1
3 t m ,
mats. )= - [ (R 5.0 + Y- R s, i)
i=1YS I=1

3 t m
X Z/ (Ri(f, s,r)dr + Z Ri(g, s, r)dBl(r)).
i=1 S I=1

17

Step 2. Part II. Our aim of this part is to compute the super bound of each E(ni(ty A O, tis1 A 64)). By virtue of the

Doob martingale stopping time theorem [3, p.11, Theorem 3.3], we know that Vi, j,I=1, ...,

E(Bi(tes1 A Oa) — Bi(tk A QA)lfr, Ad)
fk+1A9A

E(li f(tk A Oas tigr A O Fyni,) / dB;(u)dBj(s )|‘FtkA9A)
th

tk/\HA i

te+170A
— x( / (BS) — Bt , DB(S)I .5, ) = O,
k

AéA _ _ _ _
E((Bi(tk+1 A 0a) — Bi(ti A Oa))(Bj(tit1 A 0a) — Bi(ti A Oa))|Fyng,) = 0, Vi #
E((By

tipr A 6a) = Bi(tie A OaDij(ti A On tisr A Op) Fiyng,)

(
(
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[PIRTNON
= B((Btusr A ) — Bt 7 B) [ aeaser,s) =0

teABa n, R

E((Bi(tir1 A 0a) = Bilti A 0p)) | Fyngy ) = Blligs A Os — tie AOa|Fyn5, ) < A
For convenience, define x; = ti4 1 A 6 — ty A B,. Then one observes that

E(n1(tk A Oa, tes1 A0a)) = 0, E(3(ti A Oa, tis1 ABa)) =0,
E(ns(tk A Oa, tig1 A6a)) =0, E(ns(tc AOa, kg1 ABa)) =0, (4.21)
E(n10(tk A Oa, tiger A 64)) = 0.

Now we begin to estimate E(n(tx A 04, trpq A 0,)). Note that

E(n2(tk A On, tiegr A 64))
= 2E(€'(tx A 02)Qo(f(X(tk A 04)) — FY(tk A B2)))xk)
= 2E(€/(ti A 02)Qo(f(X(tk A 04)) — FY(tk A Ba)))xk)
+ 2E((X(ti A 6a) — X(ti A 04)) QoUf (R(tie A 62)) — FY(tie A B2)))xx)
+ 2E((W(tk A 0a) — J(ti A 04)) Qolf (X(tk A 04)) — F(V(tk A O2)))xk)- (4.22)

By virtue of Lemma 4.2 and Hélder’s inequality, one obtains from Assumption 2
E((x(tx A 0a) — X(tk A 02)) Qo(f (X(tk A 64)) — V(b A 65))xk)
= B(B((0 A 92) =t V1T, QUK 5 ) = F Tl Witi)

) = e, 5, W)

teABa
_ (/ FX)dsQf (Xt ;.
' AtkA(;A
< CAIE(| F(s)dslIf (x(t, 5 ) = fOAtn, 5 ))I)

Tt AGp

IA

F(x(s A B2))dS(1 + [x(tn, 5 )N+ [3(tn, O leCti A ém)
N kAN

(4.23)
< ca( / F(x(s A B VISP + It I+ 1, )

+CAE(e(tk A 0a)%)

t

[N

< CA(BC[ s A Ba)lds)*) " (B + It o '+ 7CE, , I)

tg—A
TCAE(e(te A 0x))
i 1
2

<Co¥(BI[ s AB)I"dsl)” + CABCe(ti A B

tk—A
< CA3 4 CAR(je(te A G5)).

Similarly, we obtain
E(((te A Oa) = Y(tic A 04)) Qolf (X(tk A 6)) — FY(tk A B2)))xx)
< CA3 + CAE(e(tk A 82)1). (4.24)
Inserting (4.23) and (4.24) into (4.22) implies

E(n2(tk A Oa, tiep1 A 0a)) < 2E(€ (i A 0a)Qo(f(X(tk A 0a)) — FY(tk A O)))xk)

3 - 5 (4.25)
+ CA° + CAE(le(ty A 6A)]7).
Note that
E(na(ti A Oa, tigr A 0a)| Fyns,)

_ . . n 426
= trace[(g(X(tk A 04)) — 8tk A 04))) Qo((X(ti A 04)) — SV (ti A O )] Xk- (420
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To estimate E(57(tx A B4, tee1 A B4)), by virtue of the Doob martingale stopping time theorem [3, p.11, Theorem 3.3], we
obtain

_ t/\éA _
E(28/(ty A 0A)Qo Ri(f, tx A B4, s)ds)
EkAéA
_ m TSR PAN s
=EQE(GAOIQY [ A, ) / gi(x(u))dB;(u)ds)
j=1 teAOn tk/\eA
m tk1A04
ZE(Ze e A B)Quf(X(t A B ))E / / 1))dB;(u)ds |fWA)) =0.
= [,(/\GA n A

The above equality implies that
E(n7(tk A Oa, tes1 A 64))

3 _ ERVNON _
- Z B (2¢/(t £ 92)00 R{f. t A O, 5)ds)
ty AOA
tk1 "B _
— 205 le(te A 8)) + 57| |ZE|/ R(F, t A B, s)dsT2.
[I(AGA

Inserting the second inequality of (4.13) into the above equation arrives at

E(n7(ti A Bas tip1 A Ba)) < AE(Je(ti A B+ CA%. (4.27)
It follows from the nice property (3.3) of the truncated scheme that

E(s(ti A O, tes1 A 6a)) < CAZA™Ele(ti A 0)|" < CAEJe(ti A 6a)[". (4.28)
Similarly, using (3.3) again yields that

E(no(ti A Oa, tess A 6a)) < COEJe(t A 62", (4.29)

To estimate E(n11(tx A O, ter1 A Ba)), choose a sufficiently small constant such that 0 < ¢ < pg — 1. Noting

Ms

(s, 0 () - g/(s) QOZ/ R(fsrdr+ZR (81,5, "AB(1)]
ZB(r ((X(s)) — g(¥())) Z(B — Bi()g(X(s)) — ()]
|QO|Z|/ Ri(f, s, r)dr| +—|Qo|22|f (g1, s, T)AB(r)P,
i=1 I=1 VS

by virtue of Lemma 4.3, we have
E(n1(tk A Oa, tiegr A Oa)) = E(E(ﬂn(tk A O, ties1 A éA))|~7:tkAéA)
< (E(trace[(g(X(ti A 0)) — gtk A 64))) Qo(g(X(tk A 64)) — 8tk A 62)))]xk)

ERVIN b1 /\9A

3
+CY B[ R{f.teAOa.)ds +CZZ“‘3|[ Ri(g1, tk A On, s)dBy(s)I?
i=1

teda = =1 JtAda
< (E(trace[(g(X(ti A 04)) — 8tk A 64))) Qo((X(ti A 6a)) — W (tk A Ba))]xk)
+CA°%. (4.30)
Using the truncation property (3.3), one derives from Lemma 4.3 that
E(m12(tk A O, tis1 A 04))
< 2R(Jti1 A Bs — i A Ba "t A B2)) = F(E A B)))

tk+1/70

+31Q 2 Zm/ R(F. ti A Ba. s)ds]?

tAOA

tk1A04

+ 3m|Qo|? Z‘Zm/ Ri(g), ti A Oa. $)dBi(s)|?

i=1 j=1 PN
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< 2K2 A 2R Je(t, A G5)°) + CA3 + CA%

< 2K2AE(le(te A 05)°) + CA3. (431)
Furthermore, we obtain

E(n13(tx A O terr A 62)) < 2K2AE(le(ti A Bs)]°) + CA>. (4.32)

It follows from Lemma 4.3 that
E(n1a(tc A Oa, tes1 A Oa))

3 tkr 1A B
<610 Y B[ Rt A B s
i=1

7

B (4.33)

3..m IR B
+6m|Qol Y Zm/ © Ri(g te A G, s)dBi(s) < €A%
i=1 j=1 tkAOA
Step 2. Part IIl. Complete the estimates of E(|e(t A éA)|2
(4.25)-(4.33) together with (4.20) imply

E(8(tis1 A 0a)Qo(tis1 A 0)) — E(€'(tx A 04)Qoe(ti A 6a))
14

=Y E(ni(ti A Ba. tier A82)
i=1

< CA? 4+ CAEle(ty A B +E (( 2€/(ti A 02)Qo(f(R(ti A 05)) — F(¥(tk A 64))) (4.34)
+potrace[(gi(X(ti A 0)) — gtk A 04))) Qo(&i(X(ti A 05)) — gtk A O] ) xe )

< CA%+ CAR(le(te ABL))
< CA® + CAE(€/(t, A B4)Qoe(ty A Gp)).

) and E (|E(T)|2I_Ql). Under Assumption 2, using (4.21) and

Then we arrive at
I
E(8 (tks1 A 05)Qo(ti1 A Ba)) < CA* +CA iE(e/(ti A 0)Qoe(ti A B)).
i=0
Using the same techniques as the above inequaliq; yields that for any 0 <i < k and any t € [t;, ti11],
E(&/(t A 62)Qoe(t A 6a)) < CA* +CA Xk:E(e/(t,- A 02)Qoe(ti A 0n)).
i=0

which implies

nr
sup E(&/(t A0s)Qoe(t ABa)) < CA%+CAY (€t AGa)Qoelti A G4))
0<t<T i
1n_T0
<CA’*+CA Z sup E(€/(s A 64)Qoe(s A Oa)) (4.35)
i—0 0<s<t;
nr

< CA?+CAY " sup E(&(s A 0a)Qoe(s A Ba)).

- 0<s<t;
i=0 =1
An application of the discrete Gronwall inequality leads to

sup E((t A Bx)Que(t ABn)) < CAZeT < CAZ (4.36)

0<t<T

Therefore, by the positivity of Qp, the desired result follows, namely,

E(J&(T)Ple,) < sup E([e(t Aa)[") < CA2. (4.37)
0<t<T
Step 3. Inserting (4.17), (4.18), and (4.37) into (4.16) yields
~ 2 2 K g e
Ele(T)” < CA“+CA* +CAT P2, (4.38)
Let «k = 2 and % — p%“z > 2, which implies o > p%’z Therefore, the desired assertion follows. ®
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As a consequence of Theorem 3.1, we have the following corollary.

Corollary 4.1. Under the conditions of Theorem 4.1, for the numerical solution defined by (3.4) with o € [2l/(p — 2), 1/2],

sup Elyy — x> <CA%, VT >0. (4.39)
0<kA<T

Remark 4.3. Zong-Wu-Xu [16] and Higham-Mao-Szpruch [13] obtained the optimal rate 1 for implicit Milstein schemes
of strong convergence under the conditions that the functions f and g are C?, and there exist a constant ¢ such that

IF(x) = FOI Vv Ig(x) — gl Vv IL'gi(x) — L'g(y)l <clx—yl, Vx,yeR%ij=1,....m.

Note that a similar convergence rate result was also obtained by Wang-Gan [10] for a modified tamed Milstein scheme
under the conditions that f is one-sided Lipschitz with polynomial growth, and g and Lig are globally Lipschitz. In contrast
to the aforementioned results, we are using explicit schemes with truncations. Our conditions are much weaker. We
managed to show that the order 1 convergence is preserved under weaker conditions.

5. Numerical examples

In this section, we consider an example of a nonlinear system and conduct simulations using of our numerical scheme.

Example 5.1. Let us consider the Ginzburg-Landau equation from statistical physics in the study of phase transitions.
Its stochastic version with multiplicative noise is given by

1
dx(t) = [(n + 5az)x(t) — 9x3(t)]dt + ox(t)dB(t), x(0)=xg > 0, (5.1)
where o, @ > 0; see [5,8]. It can be verified that Assumptions 1 and 2 hold with all p, pp > 2 and | = Iy = 2. Then (5.1)
has a unique regular solution.
Let ¢1(r) = Ci(r* + 1), ¥r > 0, where C; = || + 30 + 202 + 1, ¢;'(r) = /G —1, ¥r > C;. Define
K = ¢1(1 V |x0]), 0 = 0.2. For a fixed A € (0, 1], the truncated EM scheme for (5.1) is

Yo = Xo,
Ve o= (h A \/(1 Vg + A2 — 1) L (5.2)
Frt = Yt (0+ 302l — OVEA + oy AB(K) + 307y (AB(K)Y — A).

By virtue of Theorem 4.1, the numerical solution of this scheme approximates the exact solution
Xo exp {nt + o B(t)}

X(t) = [
\/1 + 2x30 [, exp {2ns + 20°B(s)}ds

(5.3)

given by [8, p. 1568] in the mean square sense with error estimate A. To demonstrate, we carry out numerical experiments
by implementing (5.2) using MATLAB. We compare the truncated EM method with the backward EM scheme and
the tamed EM scheme (see, e.g., [25]) numerically. Consider (5.1) with n = —1, ¢ = 1,9 = 1, X, = 10 and
T = 1. Fig. 1 plots the root mean square approximation error (E|x(T)— X(T)|*)"/? between the exact solution of
(5.1) and the numerical solution by the backward EM scheme, and the error (E|x(T) — y(T)|*)"/? between the exact
solution and that of the truncated Milstein scheme, as functions of the runtime and step sizes, respectively, when
A e {2712, 27137 27‘147 27157 2716’ 2717}‘

6. Concluding remarks

This paper developed explicit scheme for highly nonlinear stochastic differential equations with better strong con-
vergence rate compared to the usual EM procedure. We constructed explicit numerical schemes that allowed both drift
and diffusion coefficients being not globally Lipschitzian and growth faster than linear. We obtained convergence and
moment boundedness of the numerical solutions under local Lipschitz condition and structure conditions required by
the analytic solutions. Under additional mild conditions, order one rate of convergence was obtained. Our results were
demonstrated through numerical experiments. It is worth mentioning that, by taking higher-order Taylor expansions and
truncating the local Lipschitz continuous expansion coefficients, we can obtain higher-order stable schemes for nonlinear
SDEs (cf. [5, pp. 351-364, Section 10.4-10.6] although only the case of global Lipschitz and linear growth was allowed
for all the functions involved in [5]). The implementation of such schemes is normally computationally more intensive,
however.
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-2

107 10
—#— Truncated Milstein scheme —#— Truncated Milstein scheme
—*— Implicit EM scheme —#— Shope 1

Approximation error 1/1000 |/ —*— Implicit EM scheme |

10 F

Root mean square approximation error
Root mean square approximation error
N
o
T

10° ) 5 I 0 5 10 6 I I4 3
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Runtime in seconds step size

Fig. 1. The root mean square approximation errors for 1000 sample points between the exact solution x(T) of SDE (5.1) and the numerical solutions:
X(T) by the implicit EM scheme, and y(T) by the truncated Milstein scheme, as functions of the runtime and step sizes, respectively, when
A€ {2—12’ 2—13’ 2—14’ 2—15’ 2—16’ 2—17}.
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