PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: September 17, 2019
ACCEPTED: November 19, 2019
PUBLISHED: December 2, 2019

An analytic approach to BCFT,

Dalimil Mazag,*? Leonardo Rastelli® and Xinan Zhou®*
@Simons Center for Geometry and Physics, Stony Brook University,
Stony Brook, NY 11794, U.S.A.

YC.N. Yang Institute for Theoretical Physics, Stony Brook University,
Stony Brook, NY 11794, U.S.A.

¢Princeton Center for Theoretical Science, Princeton University,
Princeton, NJ 08544, U.S.A.

E-mail: dalimil.mazac@stonybrook.edu,
leonardo.rastelli@stonybrook.edu, xinanz@princeton.edu

ABSTRACT: We develop an analytic approach to Boundary Conformal Field Theory
(BCFT), focussing on the two-point function of a general pair of scalar primary opera-
tors. The resulting crossing equation can be thought of as a vector equation in an infinite-
dimensional space V of analytic functions of a single complex variable. We argue that in
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1 Introduction

The study of boundary conditions in conformal field theory has a long and storied history.
Boundary CFTs (BCFTs) have manifold physical applications, including surface phenom-
ena in statistical mechanics (e.g., [1]) the worldsheet description of D-branes in string
theory, formal quantum field theory (see e.g., [2] for supersymmetric examples), condensed
matter (e.g., [3, 4]), and holography [5, 6].! They are also a very attractive playground to
develop analytic bootstrap methods [8-18].2 This comes about because the simplest non-
trivial BCFT correlator (the two-point bulk correlator) is a function of a single conformal
cross ratio.® Some preliminary analytic observations were already made in [24], but the time
is ripe to revisit this problem. Much analytic control has been achieved recently [25-28] in
the study of the CFT; four-point function, which also depends on a single cross ratio. We
can then look forward to analyze a case of similar complexity but greater physical interest.

We will consider the two-point function of a general pair of scalar primary operators
in the presence of a conformal boundary condition. The resulting crossing equation can be
thought of as a vector equation in an infinite-dimensional space of holomorphic functions
of a single complex variable, namely the cross-ratio. Our first goal will be to clarify which
vector space we are talking about. In particular, we will argue that it only contains
functions satisfying a suitable boundedness condition in the BCFT version of the Regge
limit. This is because both individual conformal blocks, and infinite sums of conformal
blocks which give rise physical correlators have this property.

Our main achievement in this paper is the construction of a useful basis for this vector
space, in the spirit of [27]. The basis consists of bulk and boundary conformal blocks with
scaling dimensions which appear in the bulk and boundary OPEs of the mean field theory
correlator. The two natural boundary conditions for mean field theory, Neumann and
Dirichlet, each give rise to its own basis. Expressing the crossing equation in this basis leads
to an infinite set of sum rules on the CFT data appearing in the bulk and boundary OPEs.

1We refer to [7] for a recent review and guide to the literature.

2In two dimensional rational CFTs, the beautiful work of Cardy [19, 20] still provides the prototype of
how the study of boundary conditions can lead to analytic insights into the full theory.

3The positivity property that is essential for the numerical conformal bootstrap [21] does not hold in
this case, making the development of exact methods all the more interesting. See however [22] for some
approximate results obtained by Gliozzi’s truncation method [23], which also does not rely on positivity.



This is equivalent to saying that the sum rules can be derived from the crossing equation
by acting on it with elements of the dual basis. The dual basis consists of linear functionals
each of which annihilates all but one bulk or boundary conformal block of mean field theory.

Although the sum rules are valid non-perturbatively, the primary practical merit of
our basis is that it trivializes the study of perturbations around mean field theory. Indeed,
the sum rule associated to a given mean-field operator allows us to solve for the pertur-
bative OPE data of that operator since the contribution of all other mean-field operators
is suppressed by one order in perturbation theory in that sum rule. In particular, we can
imagine perturbing the mean-field correlator by adding an individual “single-trace” con-
formal block in either channel with a general scaling dimension and small OPE coefficient.
On its own, this operation is not consistent with crossing symmetry. We can fix it by giving
small anomalous dimensions and anomalous OPE coefficients to the mean-field operators.
There is a unique way to do this, provided by expanding the single-trace conformal block
in our basis of mean-field conformal blocks.* This result is analogous to the achievements
of the analytic bootstrap for the four-point function in higher d, which allow one to find the
corrections to the OPE data of the mean-field double-trace operators in a given channel
due to the presence of individual conformal blocks in the crossed channels [29-35]. In the
BCF'T context, perturbation theory around free theory in the e-expansion was addressed in
the nice work [18]. It would be interesting to explore the relation of their methods to ours.

There is an illuminating way of reformulating the idea of last paragraph. We see that
for any bulk scaling dimension A, there exists a unique function which lies in our vector
space, whose bulk OPE only contains the bulk conformal block of dimension A and bulk
mean-field conformal blocks and whose boundary OPE only contains boundary mean-field
conformal blocks. We will call this function the bulk Polyakov block of dimension A. The
analogous definition gives also the boundary Polyakov blocks. If we want to deform the
mean-field two-point function by a bulk conformal block of dimension A, we see that self-
consistency requires that we should supplement it by corrections to the mean-field operators
so that we are in fact adding the full Polyakov block to the correlator. It is not difficult
to argue that Polyakov blocks are computed by exchange Witten diagrams in AdSy11 and
Neumann or Dirichlet boundary condition imposed at AdS; C AdSg11.

The above line of reasoning leads us to conclude that a general BCFT two-point func-
tion can be expanded not only using the bulk or boundary conformal blocks, but also as
a sum of bulk and boundary Polyakov blocks, with the same spectrum and coefficients as
those appearing in the OPEs. The cancellation of spurious mean-field conformal blocks is
equivalent to the sum rules discussed above. In other words, we recover a BCFT version of
Polyakov’s approach to the conformal bootstrap [36], recently revisited using the language
of Mellin space in [37-39].

Reference [28] offered an alternative point of view on the mean-field basis and Polyakov
bootstrap for the crossing equation of the CFT; four-point function using a Lorentzian OPE
inversion formula. Inspired by that work, we will sketch the derivation of a Lorentzian
inversion formulae for both bulk and boundary OPE of the BCFT two-point function and
explain its connection to the rest of our logic.

“In the Neumann case, there is also a single-parameter contact-term ambiguity discussed later.



While the present paper focuses on a rather abstract analysis of the analytic boot-
strap program for BCFT, there are a number of possible future applications. As stated
above, our basis is particularly useful for performing perturbation theory around mean
field theory. Since every CFT with a holographic dual reduces to mean field theory when
the bulk is weakly coupled, our results can be used to bootstrap boundary conditions of
holographic CFTs. In general, our equations can be employed to explore the conformal
manifold of boundary conditions of a fixed CFTy [40, 41]. While conformal manifolds are
rare in theories containing a stress-tensor, they are common for nonlocal theories. Confor-
mal boundary conditions are nonlocal theories since they always come with an associated
higher-dimensional theory and certainly do not contain a d — 1-dimensional stress-tensor.
Therefore, we expect that a fixed CFT generically admits nontrivial conformal manifolds
of conformal boundary conditions [42, 43]. A very interesting recent example of this set-up
is [44], which considers 3D CFTs with abelian flavour symmetry on the boundary of a free
gauge field in 4D half-space. Another important example arises in string theory, where
families of boundary conditions correspond to the moduli space of D-branes [45].

Since our sum rules work for the two-point functions of general pairs of scalar primary
operators, it will be interesting to use them to generalize the e-expansion analysis of [18]
to more general operators in the Wilson-Fisher theory.

Finally, while the conformal bootstrap of CFT four-point function with external oper-
ators with spin is rather complicated due to the large number of tensor-structures involved,
the situation for the BCFT two-point function is much more favorable. It would be inter-
esting to generalize our analysis in that direction too.

The rest of the paper is organized as follows. Section 2 gives a more detailed overview of
our logic. The most important technical work needed, namely the computation of the OPE
of exchange Witten diagrams in both channels, is performed in detail section 3. In section 4,
we derive Lorentzian OPE inversion formulae for the BCF'T two-point function and explain
their connection to the rest of this paper. In section 5, we analyze a family of conformal
boundary conditions for mean-field theory interpolating between Neumann and Dirichlet
and use it to check the consistency of our proposal. In particular, we give a closed formula
determining the boundary spectrum for an arbitrary value of the deformation parameter.

Note added. While our work was being completed, we became aware of [46], which has
substantial overlap with our results in sections 2 and 3. A detailed presentation of this
subset of our results was delivered by one of us at Caltech in July 2018 [47].

2 Outline

2.1 Kinematics

Let us first recap some basic kinematics (see, e.g., [24, 48] for detailed presentations).
We consider a Euclidean CFT in d dimensions, in the half-space x, = z4 > 0, with
boundary conditions at x; = 0 that preserve the appopriate SO(d, 1) subgroup of the
original SO(d + 1, 1) conformal symmetry. The correlator of two bulk scalar operators of



dimensions A; and Ay takes the form

G(z,y) == (O1(2)Os(y) !

2@ A2y A2

g, (2.1)
where £ is the unique cross ratio,

C(z—y)?  (@-9)+(rL—y1)?
f N 4$J_yJ_ - 4I‘J_yJ_ ' (2'2)

& takes positive real values when the two operators live in the Euclidean signature or are

spacelike separated in the Lorentzian signature. As familiar, we can expand the two-point
function in two inequivalent OPE limits, the bulk limit £ — 0 and the boundary limit
& — 400,

GE) = rogk, () =D npda, (). (2.3)
0 o

Here ¢g? and g¢” denote the bulk and boundary conformal blocks (whose well-known ex-
pressions will be reviewed in section 2), and the two sums run over the set of bulk primary
operators {O} or boundary primary operators {O} that appear in the respective OPEs.’

2.2 Regge limit and the spaces V and U

In any unitary CFT, G(£) is a complex analytic function of £, with branch point singularities
at £ = 0 and £ = oo, dictated respectively by the bulk and boundary OPEs. When we
continue to the Lorentzian signature such that the time direction runs along the boundary,
we find that the configurations where O; and Qs are timelike separated are described
by the analytic continuation of G(&) to & < 0 around the branch-point at & = 0. This
regime includes the interesting limit & — —1, which we dub the Regge limit. Physically,
the Regge limit corresponds to configurations where Oy approaches the light-cone of the
mirror reflection of O;, with the boundary acting as the mirror (figure 1).

As we show in appendix A, G(§) obeys a suitable boundedness condition in the BCFT
Regge limit, analogously to what happens in the more standard Regge limit of a CFTy
four-point function. This condition takes the form

A

G| S (E+1)" 2 for &€ — -1t (Regge boundedness) . (2.4)

For a given choice of bulk external dimensions A; and A, we define the space V as
the space of complex analytic functions {G(£)} that have (at worst) the same branch point
singularities at £ — 0 and £ — oo of a physical two-point function, and that are “bounded”
in the Regge limit, i.e., they diverge at most as in (2.4).

We will also find it useful to define a smaller space U C V), the space of “Regge super-
bounded” functions. The function F € U if and only if 7 € V and further obeys

Aj+Ay—1

IFO|S(E+1)" =2 1 foré— —17 (Regge super-boundedness) , (2.5)

with some € > 0. As we show in appendix A, both bulk and boundary conformal blocks
are Regge bounded, as long as the unitary bound A; > d/2 — 1 is satisfied.

5As a general rule, we will use hatted symbols and a lower case “b” for boundary objects, and unhatted
symbols and a capital “B” for bulk objects.
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Figure 1. Left: the Regge limit of a two-point function in the presence of a conformal boundary
condition. The thick vertical line represents the (timelike) boundary. In the Regge limit, Oq
approaches the lightcone of the mirror reflection of @;. Right: to reach the Regge limit, we should
start with G(¢£) in the Euclidean regime £ > 0 and analytically continue to £ — —1. In doing so,
we need to go around the branch point £ = 0.

2.3 Mean field theory

To state our main point we first need to recall another bit of kinematics, the definition
of mean field theory. In mean field theory, the n-point correlator of the “elementary”
scalar operator ¢ is simply given by its disconnected part, i.e. it factorizes into products
of two-point functions. In the presence of a boundary, the form of the mean field theory
two-point function depends on a choice of boundary conditions. The two obvious choices

are Neumann and Dirichlet boundary conditions,®
_ 1 —A, —A,
(p(7)¢(Y))Neumann = (2$L)A“" (2yL)A¢ (§ +(€+1) ) , (2.6)
_ 1 A, _A,
(¢(2)9(Y)) Dirichlet = x5 2y )5 (¢ (E+1)"%%) . (2.7)

The boundary OPE of ¢ predicts the existence of an infinite tower of boundary modes @,,,
with n € Z>, of dimensions

~ ~

A, =Ay+2n  (Neumann), A, =Ay,+2n+1 (Dirichlet). (2.8)

For concreteness, in most of the paper we will pick Neumann as our reference boundary
condition. In addition to the identity and to ¢, the bulk operator spectrum of the mean
field theory consists of the usual multi-trace composite operators — normal ordered prod-
ucts of ¢ sprinkled with derivatives. Similarly, the boundary spectrum consists of the
boundary identity, of the single-trace modes {¢,,} and of their multi-trace composites. An
equivalent and very useful definition of mean field theory is provided by the holographic
correspondence. The theory of a single free scalar field in AdS,44; is dual to CFT; mean
field theory. The BCFT case is obtained by introducing an AdS,; boundary in AdS41, with
suitable (Neumann or Dirichlet) boundary conditions [6, 49]. The resulting “half-space”

5Both choices preserve the Zs symmetry ¢ — —¢ so one-point functions are zero.



geometry is what we denote by hAdSJdV 1 and hAng) 1 for the Neumann and Dirichlet
cases, respectively.

2.4 From functionals to Polyakov blocks, and back

Our main contention is that the space of super-bounded functions U admits a natural basis
“adapted” to mean field theory. The basis functions are bulk and boundary conformal
blocks with quantized dimensions, as dictated by our reference Neumann mean field theory.”

Let us first consider the case A # Ay. We claim that the following set functions is a
basis for U,

g8, with Ay=A;+Ay+2N, N€Zs, (2.9)

g%i with A§V:£i+2n, nEZZQ,i:LQ.

A basis for the dual space U* is given by the set of functionals {wM,ZJ,(%)}, defined by
dualizing the primal basis (2.9),

wrr(9R ) = SmN, wM(gb&-l) =0 (2.10)
O (9R) =0, BP(gk,) = 6mn 8V

Our main goal is to find explicit expressions for the action of the functionals {wyy, E\u,(%)} on
bulk and boundary conformal blocks of arbitrary dimension. We will proceed somewhat
indirectly. The first step is the definition of the “Polyakov blocks”.

Polyakov blocks. The bulk Polyakov block of dimension A is defined as the wunique

function in I/, which admits the following bulk and boundary conformal block expansions,®
PR=9R+ D angk, = bl ok, (2.11)
N m,i

for some coefficients ay and b,(fl). Acting on this equation with the functionals {w M,ZJ%)}

and using the orthonormality relations (2.10) we immediately find
ay = —wn(9R), b5 =30 (9R). (2.12)

Clearly, if we were somehow handed an expression for the bulk Polyakov block of general
dimension A, we could perform its conformal block expansion and find the action of our
basis of functionals on the general bulk conformal block. Similarly, the boundary Polyakov
block of dimension A is defined as the unique function in & with conformal block expansions

Ph=ok+> gk =D ek, (2.13)
N

n,t

"An analogous statement holds if one chooses Dirichlet mean field theory as the reference BCFT. We
will come back to the choice of reference boundary conditions in section 5.

8The Polyakov blocks depend on the choice of boundary conditions for the reference mean field theory.
To avoid cluttering, we do not indicate explicitly that we are choosing Neumann boundary conditions, but
this should be understood throughout.



Using (2.10), we immediately find

i.e. the boundary Polyakov block of dimension A encodes the action of the functionals on
the boundary conformal block with the same dimension.

Polyakov = Witten. We are now approaching the punchline. There is, in fact, an
independent way to define the Polyakov blocks. We just need to recall that bulk and
boundary exchange Witten diagrams in hAdS ;41 have conformal block expansions precisely
of the form (2.11) and (2.13), respectively. The boundary exchange Witten diagram is
Regge super-bounded, and it must then coincide with the boundary Polyakov block,

mb = goundary . (2 15)

On the other hand, the bulk exchange Witten diagram is Regge bounded, but not super-
bounded, i.e. it belongs to ¥V but not to U. Fortunately, there is a simple fix. The basic
Witten contact diagram in hAdSgy; (with Neumann b.c. and a non-derivative vertex)
belongs to V, but not to U, and admits bulk and boundary conformal block expansions
featuring precisely the set (2.9) of conformal blocks,

yycontact _ ZCLN ggN = Zd%’) g%% . (2.16)
N n,i

It follows that we can “improve” the bulk exchange Witten diagram by adding to it a term
proportional to the contact diagram, such that the sum belongs to /. All in all,

;Bg = WZulk + GAWCOHtaCt 7 (217)

where 6a is a computable coefficient. This will then be our strategy to find the action of
our basis of functionals on general conformal blocks. We will “just” need to perform the
conformal block expansion of the (improved) exchange Witten diagrams. To that end, we
will have to overcome some technical hurdles, especially for the crossed channel expansions
of the Witten diagrams (i.e., the boundary expansion of the bulk exchange diagram, and
the bulk expansion of the boundary exchange diagram). The requisite technical work is
performed in section 3.

It should now also be becoming clear why we had to introduce the notion of Regge
super-boundedness as opposed to mere boundedness. The reason is that the equality of
the bulk and boundary OPEs of the contact diagram (2.16) gives a linear relation among
our proposed basis vectors in the space V. Since the contact diagram is Regge bounded
but not super-bounded, this relation disappears when restricting to ¢/. Had we chosen to
work with the Dirichlet boundary condition, we would not be force to introduce U.

The Polyakov block expansion. It follows from the definitions (2.11), (2.12) and (2.13),
(2.14) that assuming the BCFT two-point function (2.3) is Regge super-bounded, it admits
the following curious representation,

G =D 2oPRE+D_nsP5©). (2.18)
O

(@]



The two sums run over the same bulk and boundary spectra of the usual conformal block
expansions (2.3), and with the same OPE coefficients. To show the validity of this repre-
sentation, we can replace the Polyakov blocks by (say) their bulk channel conformal block
expansions,

G= Z/\OQA - Z)\O Z wn(9R) 98 + Y 1p Y wn(dh,) 98, (2.19)
16) N

O N o 19)

The expression in the bracket is identically zero thanks the crossing equation (2.3), and
we have thus recovered the bulk conformal block expansion of G. The only potentially
subtle point in this derivation is swapping the order of the infinite sums (over N and
over {O},{0}).2 One may also prove (2.18) by replacing the Polyakov blocks by their
expansion in the boundary channels, and follow entirely analogous steps.

The representation (2.18) is somewhat analogous to the one conjectured long ago by
Polyakov [36] (and reproposed recently in [37-39]) for the four-point function of identical
scalar operators in CFTy. In that context, Polyakov blocks are defined to be fully crossing
symmetric, so that one is effectively summing over the s, ¢ and u channels, which are all
equivalent for identical scalar operators. In our context, the bulk and boundary channels
are inequivalent and one necessitates the introduction of two kinds of “Polyakov” blocks.
The existence of a Polyakov block representation for the four-point function in CFT has
been recently demonstrated in [27], following a similar logic as the one we have used here.
The Polyakov block turns out to be the crossing-symmetrized sum of Witten exchange
diagrams, plus a multiple of the contact diagram, needed to achieve super-boundedness.
The status of a Polyakov block representation in CFT, is still unclear (at least to us),
see [27, 39, 50] for recent discussions.

The case A1 = As. The action of the functionals in the equal dimension case can be
obtained by carefully taking the limit A; — As. Alternatively, we recognize that in this
limit the two sets of boundary blocks in the basis (2.9) become degenerate with each other,
and to preserve completeness we need to introduce derivatives of the boundary blocks with
respect to the conformal dimension. The basis then reads (with A; = Ay = Ay):

gR, with Ay =2A+2N, N € Zsg, (2.20)
g% with BN:B—I—QH, TLGZZ(),
agbﬁ with AN:B—I—Zn, n € Zso,

where 8gA stands for the derivative of gA with respect to A evaluated at A = A The
dual ba51s {wN ,Wn ,Wn } is defined by the orthonormahty conditions

WN ONM
n | |98, 9% 8g%m] - S . (2.21)
W, 6nm

9We were not able to prove that this swapping is allowed in general but we are optimistic. It will be
important to return to this very important point in future.



The analysis performed above for A; # Ay can be repeated with the obvious modifications
in the equal dimensions case. For example, the boundary conformal block decompositions
of the Polyakov blocks now read

PR =D Bm9R)ek + Y mlgR)dds (2.22)
PL =95 — D _Onl9R)ox, — D Omlox)d9% (2.23)

while (2.16) gets replaced by
Wt =N " AN gRy =Y Angh DA D (2.24)
N n n

2.5 From U* to V*

A generic BCFT two-point function is Regge bounded, but not necessarily super-bounded.
Our real interest is in the space V of Regge bounded functions, and in its dual space
V*. Fortunately, extending the previous analysis to these physically relevant spaces takes
only some minor additional work. The only complication is that the functions (2.9) (for
Ay # Ag) or (2.20) (for A; = Ay) are not quite linearly independent in V. As we have
noted, the basic Witten contact diagram W/eact helongs to V but not to U. Its bulk and
boundary conformal block decompositions ((2.16) or (2.24)) imply that the putative basis
vectors obey one linear relation.

The inclusion U4 C V implies V* C U*: a functional acting on the space of super-
bounded fun is not necessarily a good functional on the space of bounded functions. Indeed
(focusing for definiteness on the equal dimension case), it is easy to see that the basis
elements of U* defined by the orthonormality relations (2.21) are not good functionals on
V. For example, acting with wy on both conformal block expansions (2.24) of yyeontact ¢ )
we find Ay = 0 for all N, which is an obvious contradiction. The issue is of course that
we have not yet taken into account the linear relation. Heuristically, we need to remove
one functional from U* in order to obtain V*. This is easily accomplished by taking linear
combinations of the basis of U/*, such that the resulting functionals annihilate the difference
of the L.h.s. and r.h.s. in Weortact  For example, we could decide to “remove” wy and take
as a complete set of functionals in V* the linear combinations

WN+7NU)0; @m_l_’/y\mw(], wn"'A'VJnWOa NZl,m,nZO, (225)

where vy, 7, and 7, are determined by requiring that these linear combinations respect
the existence of the contact linear relation.

The bottom-line is that the above linear combinations of functionals lead to sum rules
which are valid constraints on the OPE data in the bulk and boundary expansions of a
general scalar two-point function in a unitary BCFT.

2.6 Connection to the Lorentzian inversion formulae

There is an alternative point of view on the above logic provided by the Lorentzian OPE
inversion formula for the BCFT two-point function. We will write down Lorentzian in-
version formulae for both the bulk and boundary OPEs. The formulae express the OPE



coefficient functions in each channel as weighted integrals of the correlator in Lorentzian
configurations. More precisely, both the bulk and boundary formulae involve the double
discontinuity around the boundary OPE singularity and a single discontinuity around the
bulk OPE singularity. These discontinuities annihilate precisely the set of boundary and
bulk mean-field conformal blocks which form the basis for our vector space discussed earlier.

The Lorentzian formulae lead to the Polyakov sum rules in the following way. If we
insert a single bulk conformal block of dimension A into the Lorentzian formulae, we get
back the coefficient functions of the bulk Polyakov block of dimension A, and similarly for
the boundary conformal and Polyakov block. When applying the formulae to a general
two-point function, the boundary dDisc must be expanded using the boundary OPE and
the bulk Disc using the bulk OPE. Combined with the previous sentence, we see that by
inserting these OPEs into the Lorentzian formula, we obtain the coefficient function of our
correlator as a sum over the coefficient functions of bulk and boundary Polyakov blocks,
with the same spectrum and OPE coefficients that appear in the bulk and boundary OPEs.

The construction also gives us a better understanding of the linear functionals which
form the dual basis for the primal basis of mean-field bulk and boundary conformal blocks.
The functionals arise simply by taking residues of the Lorentzian inversion kernels at the
mean-field scaling dimensions.

Our method does not yield an explicit expression for the inversion kernels of the
Lorentzian formulae. Instead, consistency with the Euclidean formula dictates that the
double discontinuity of Lorentzian inversion kernel is the conformal partial wave. We give
an explicit formula for the kernels in the special case A1 = Ay + 1.

3 Witten diagrams with Neumann boundary condition

3.1 Representation in terms of probe-brane diagrams

In this paper we will consider tree-level Witten diagrams in an hAdS;.1 space which is a
half of an AdS4y1 space. Using the Poincaré coordinates, it is defined by

_dzf +dZ? 4 d2?

ds® 5
z
0

. 21>0. (3.1)

In addition to the conformal boundary at zgp = 0, the hAdS,,; space also has an AdS,
boundary defined by z; = 0. Let us specify the boundary conditions. For fields ¢ living in
the bulk of hAdS;y1 we impose the Neumann boundary condition on the AdS; boundary
(and we denote the hAdSg, 1 space with this choice of boundary condition as hAdSY, 1)

6Zl¢<2075azJ_)‘ZL:0:O- (32)

However for the boundary fields q?(zo, Z) that live only on the AdS; boundary there is no
such constraint. The Witten diagrams are then constructed by using the hAdS]dV 'v1 Green’s
functions which obey the boundary condition (3.2), and the AdS; Green’s functions. More
precisely, the hAdSéV "1 bulk-to-bulk propagator é’% (2, w) satisfies the defining equation

(s + MA)GGp(z,w) = 61D (z,0), (3.3)
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with M2 = A(A — d). As a result of (3.2), the propagator é%B(z,w) has to satisfy the
boundary condition

Gﬂé%B(z,w)‘ =0, &MC:’%B(Z,M)‘ =0. (3.4)

z1—0 w —0

We also have the AdSg bulk-to-bulk propagator GA B B(z w) where both z and w are re-
stricted to be on AdSy. The propagator G i B(z w) satisfies the AdS, equation of motion

(Og + ]\/472)ég3(z, w) = () (z,w) (3.5)

where
M>=AA-d+1). (3.6)

We will also need the bulk-to-boundary propagators é%a(z,f). These bulk-to-boundary
propagators can be obtained from the bulk-to-bulk propagators by sending one point to
the conformal boundary.

In terms of the hAdSéV 1 propagators, we define three types of Witten diagrams with
the Neumann boundary condition. The simplest diagram is a contact Witten diagram
(figure 2a) which comes from a quadratic coupling on AdSy. It is defined to be'®

contac dd

Wit e = [ TG wn) G w). (37)
AdSy w()

We also define the bulk channel exchange Witten diagram (figure 2b) where the external op-

erators exchange a dimension A hAdS,, 1 field with the AdS,; boundary via a cubic coupling

" d%w dit1z
WNbellll;q( ,y) _A —d d+1 G (w Z)GBa(Z x)Gga(ZHZ/) . (38)

d
dsg Wy JhAdS), 2

Finally, we define the boundary channel exchange Witten diagram (figure 2c) where an
AdS field with dimension A is exchanged

d
pyoundary (o gy — / L@"ld 2GR p(wy, we) GoY (wy, 2)GA3 (wa,y) . (3.9)
Ads, Wiy w§y

However it is not the most convenient to work with the hAdSZ, 1 propagators because
of the nontrivial boundary condition. Instead we will shortly see that we can express the
above Witten diagrams in terms the probe-brane Witten diagrams, where only the usual
AdS propagators are used.

The probe-brane set up is given by an AdS;;1 space with an AdS,; brane inserted at
2z, = 0 and corresponds to an interface.'! The AdS, brane coincide with the z; = 0 slice
of AdSg411, and causes no back reaction to the geometry of the latter. In the probe-brane
setup the AdSgy1 bulk-to-bulk propagator satisfies the equation of motion

(Oag1 + M?)Gp(z,w) = 6 (z,w), (3.10)

10Because we will seldom use contact Witten diagrams with derivatives in the contact vertex, whenever
we write Wt we mean by default the zero-derivative contact diagram.
"This is the simplest version of the Karch-Randall setup [5, 51].
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(a) contact diagrams (b) bulk channel exchange dia- (c) boundary channel exchange
grams diagrams

Figure 2. Tree level Witten diagrams in hAdS}, 1 The semi-disk represents the hAdS?, 1 space
which terminates at an AdS,, represented by the horizontal line.

Wil]h no boundary condition when z| or w; goes to zero. The AdS; bulk-to-bulk propagator
G%B(z, w) is the same as in the hAdS;; case

GBy(zw) =GBz w). (3.11)
The bulk-to-boundary propagators are obtained by taking the boundary limit of the cor-

responding bulk-to-bulk propagator. For concreteness, let us recall below the explicit
expressions of the propagators

GSp(w, z) = () Ty ) (A, M, 2A —d+1, —4> : (3.12)
2m2 (A — 4 +1) 2 u
GBp(w, 2) = ) PA(A) u B (A, M, 2A — d +2, 4 ., (3.13)
217 D(A — 5L + 1) 2 u
A
aA _ <0 3.14
Bo(#7) <Z3 +(F-8)?+ (2L - UCL)2> 3.1

where we have defined

y— (117—5)2+(MJ_—ZJ_)2+(U)0—Z())2 . (3.15)
Wo<o

We now define the following probe-brane Witten diagrams (figures 3, 4, 5) similar to those
that we have defined in hAdSg1

contac ddw
pycont t(g;vy):/ — Ggé(w,x)Ggg(w,y), (3.16)
AdS,; Wq
u dw ditlz
WGy = [T O G0, 2)GR (5 )G (2y),  (3.17)
Ade w() AdeH ZO
boundary ddwl ddw2 A Ay Ao
w (x,y) = — GEp(wy, we)Gh(wy, v)GEa(w2,y) . (3.18)
Ads; Wip Wag

Notice that the integration region of z has now been extended to the entire AdSg; ;.
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Figure 3. A contact Witten diagram Wenact in the probe brane setup. The disk represent
AdSg441 space and the horizontal line represent the AdSy interface.

A1 ) £C< > A2y Yy
A
v
Figure 4. A bulk channel exchange Witten diagram WP"¥ in the probe brane setup.
AN Az, y
m
un (105

Figure 5. A boundary channel exchange Witten diagram WP°"dary in the probe brane setup.

To express the hAdS]dV ', 1 diagrams in terms of the AdSy; 1 diagrams, we notice that the
hAdSéV 1 bropagators can be constructed using the method of images. It is easy to check
that the following combination

é%B(% w) = Ggp(z,w) + G3p(z,) (3.19)

satisfies the equation of motion (3.3) and the boundary condition (3.4) for w; — 0. Here
we have defined z = (20, Z, —z1 ) to be the mirror point of z with respect to z; = 0. Note
that G55(2,w) only depends on the combination u defined in (3.15), and the quantity u
is invariant under reflection with respect to z; = 0. We can therefore rewrite (3.19) as

_ 1 B B -
G3p(z,w) = 5 (G%B('Za w) + GHp(z,w) + G5p(2,w) + G5p(Z, w)) (3.20)

which manifests the symmetry between z and w. The boundary condition (3.4) for z; — 0
is then also manifestly satisfied.
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AQag

Figure 6. A mirror bulk exchange Witten diagram WP in the probe brane setup. Here 7 is the
mirror point of y with respect to the interface, and therefore appears on the other side.

From the definitions of Witten diagrams and the relations (3.19) (3.11) for the prop-
agators, it is not hard to show that all the Witten diagrams with Neumann boundary
condition can be written in terms of the probe-brane Witten diagrams. We have

ISRt (3, ) = AWORt (g ). (3.21)
Wl (@,y) =2 (WP, ) + W™ (2,5)) | (3.22)
WRoundary (g, ) = SWPeundary (5 1y (3.23)

We will also denote the diagram WPk (z, ), where the boundary point y is replaced by
its mirror point § = (7, —y1), by WPU(x,y) and refer to it as the mirror bulk exchange
Witten diagram (figure 6). In the following discussions, we will focus on these probe brane
Witten diagrams which are simpler to study.

3.2 Relating exchange diagrams and contact diagrams

The exchange Witten diagrams can be related to the contact Witten diagram by second
order differential operators (figure 7). These differential relations exist as a result of the
conformal invariance of the integrals that define the exchange diagrams, and the fact that
the bulk-to-bulk propagator satisfies the equation of motion in the bulk. As we will see in
later sections, these relations play an important role in the conformal block decomposition
of the exchange Witten diagrams. In this subsection we give the explicit expressions for
these relations.

We start by considering the bulk exchange Witten diagram WP (2, ) in (3.17), and
focus on the z-integral

dd—i—lz

1P (g, s ) = / C 2 G (w, 2)G B2, )G (2, y) (3.24)
Ade+1 ZO

By the conformal invariance of the z-integral, we have

(L1 + L + £4) apI™™(z,y;w) = 0, (3.25)
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Figure 7. The equation of motion identities relating the exchange diagrams to the contact diagram.

where L; and Ly are the generators of the SO(d,2) conformal group for operator 1 and 2,
and £, is the AdSg4y1 isometry generator. From this identity it follows that

1 1

5 L1+ Lo) P (L 4+ Lo) ap ™ (w, s w) = S €57 80 ap ™ (i, y3 w) = —Dan 1™ (, g w).
(3.26)

We now use the equation of motion (3.10) for the AdS;y; bulk-to-bulk propagator and

perform the remaining w-integral. We get the following relation between a bulk exchange

Witten diagram and a contact Witten diagram

<;(L1 +Lo)? + AA - d)) Whulk(y ) = yreentact (g 4 (3.27)

In terms of functions of the cross ratio, we can write the equation as

EOMB Wblﬂk(f) — Wcontact(g) (3.28)
which defines a differential operator EOMp. The action of this differential operator is
given by

BOMp G(€) = ~(6 + DEG(9) + €4~ 4E+ DA+ 2+ DGO o
+ (A=A = A)(—d+ A+ A1+ Ag) —4A1A26)G(E) .
Similarly, the mirror bulk exchange Witten diagram satisfies
1 _ _
(500+ L + A = @) WP, y) = ot g). (3.30)
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The operator Ly is the conformal generator with respect to the mirror point 7. This identity
defines a differential operator EOM p of the cross ratio which turns a bulk exchange Witten
diagram into a contact Witten diagram

WB Wbulk(g) — Wcontact(g) ) (3.31)

The differential operator has the following explicit expression

EOM5 G(&) = 4€(£ +1)2G"(€) + 2(£ + 1)(d + 2£(A1 + Az + 1)G'(€)

(3.32)
+(d(=A+ A1+ D2) + A% — (A1 — A2)* + 481 826)G(8) -

Finally let us look at the boundary exchange Witten diagram (3.18). The wy-integral

dw1

Pt () = [ S G, w) OB 0r.) (3.33)

d
dsq Wig

has SO(d — 2,1) invariance, which is the residual conformal symmetry preserved by a
conformal boundary in a CFTy. Therefore we have

(L + L) 4517099 (22, 09) = 0 (3.34)

where fq is the SO(d — 2, 1) conformal generator and sz is the AdS, isometry generator.
Acting again with these generators, we obtain
LABL Iboundary (l‘, w2) 7£AB£ boundary (:C, w2) — _Dd Iboundary ($’ w2) )
(3.35)

After using the AdS; equation of motion and integrating over wo, we arrive at the following

1,AB wQ,AB

relation .
<2i§ +AA-d+ 1)) pyboundary (g yy) = pyreontact (g ). (3.36)

Alternatively, we can write it as
EOMb Wboundary (5) _ Wcontact (f) ’ (3'37)

with EOM, being a differential operator defined by

BOM, G(6) = -5 (2d¢ + d)G'() + AR —d + 16(0) ~ €€+ 1)G"(). (339)

3.3 Regge behavior of Witten diagrams

We now look into the behavior of various Witten diagrams in the Regge limit. Our starting
point is the contact Witten diagrams for which we have closed form expressions in terms
of hypergeometric functions. The simplest contact diagram is the one with no derivatives
in the vertex, and we have [6, 12]

2T (3(=(d — 1) + Ay + A))

Wcontact —
(%(Al + Ag + 1))

1
o F1 (Ah Ag; §(A1 + Ay +1); —§> . (3.39)
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After making the change of the variable into p, we find the following behavior in the Regge
limit
Wcontact(p) ~ (1 + p)lf(AHrAz) . p— 1t (340)
According to our terminology, the zero-derivative contact Witten diagram is only Regge
bounded
yyeontact ¢y (3.41)

There are also contact diagrams that arise from the contact vertices with derivatives.
However, these higher-derivative contact diagrams have more divergent behavior in the
Regge limit compared to the zero-derivative one. For example, the Regge behavior of a
contact Witten diagram with two derivatives reads

WSPHa (p) ~ (14 p) =17 B1F82) -y 1 (3.42)

To investigate the Regge behavior of the various exchange Witten diagrams, it is
advantageous to make use of the equation of motion operators. Since the equation of
motion operators turn exchange diagrams into contact diagrams, we only need to know
their actions on a power-like singularity at p = —1. For example, the operator EOMp
collapses a bulk exchange Witten diagram into a zero-derivative contact diagram

EOMB[Wbulk] _ Wcontact ’ (3'43)

and turns a singularity (p-+1)% into a stronger one (p+1)~2. Since we know that the zero-
derivative contact diagram diverges as (p + 1)!~(A1+22) we find that the bulk exchange
Witten diagram has the Regge behavior

Wbulk N (p + 1)37(A1+A2) . p— 1t ’ (3‘44)
and therefore is Regge super-bounded
whulk e 14 (3.45)

The analysis for the other two exchange Witten diagrams is analogous and yields the
following Regge behavior

WPHk o (p+ 1) Btae) gt (3.46)
Wboundary ~ (p + 1)3—(A1+A2) , p— —1t. (347)

We have
whulk ¢ ) yyboundary < 7/ (3.48)

3.4 Conformal block decomposition of the contact Witten diagram

In this subsection, we study the conformal block decomposition of the contact Witten
diagram (3.16). The integral is simple to evaluate and the result can be compactly expressed
in terms of a single oF] function, as we have already mentioned in (3.39). Using well-
known properties of oF} it is a straightforward exercise to work out the conformal block
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decomposition of the contact Witten diagram. In the bulk channel, we find double-trace
operators with dimensions Ay + As + 2N

Wt (6) = > " an g8 4 ayson(©) (3.49)
N=0
where
IY-SEY-CIVN A4+A1—ANy A+Ay—A d
gR(E) =€ 2§§2F1< 21 2 22 1;A2+1;§>, (3.50)

is the bulk channel conformal block [48]. The decomposition coefficients are given by'?

T2 (~)NT(N+A)D(N+A0)T (= 2+ N+A1+A0) T (3 (—d+2N+ A1 +A5+1))
T(ADT(A)T(N+ DT (L 2N +A1+A2+1)) T (=2 +2N + A1 +Ay) '

anN —

(3.51)
In the boundary channel, we have two towers of single-trace operators, with dimensions
A1+ 2m and Ay + 2m respectively

WcontaCt (f) = Z &grlz)gbAH—Qm + Z gAz-i-Qm : (3'52)
Here d
g5 =¢ AR (AA - 5tk 9N +2—d;—¢71), (3.53)

is the boundary channel conformal block [48], and the decomposition coefficients are

d—1
S=o—A1+A2—4m—1 d—2m—2A1+1 —2m—A1+Ao —d+2m+A1+A2+1
T2 2 (Al)Qm (72 r ( ) )F )

&(1) — —m :
m I'(Ag)I'(m+1)
(2 = replacing A; with Ay in all). (3.54)

So far we have considered the contact diagrams with generic external dimensions A; and
Aj. The special case with equal weights Ay = Ay = Ay can be obtained from the above
expressions by taking the limit. The bulk decomposition coefficients a,, are regular when
A1 = Az = Ay. We can therefore straightforwardly take this limit. However the boundary
channel coefficients d%)’ &Q) contain simple poles in A1 —Ay — 0. This generates additional
derivative conformal blocks 8391’3 in the boundary channel decomposition

Wt (6) = 3™ a,0% o (€) + D ba(0a,9h, 1on) (6. (3.55)

The coefficients a,, by, are given by

d—1

77 (=£)" T@2n+AyT (3(d—4n—2A4+1)) T (=2 +n+Ay+1)
(n!)2D(Ag)2T (3(d—2n—2A4+1))
( ta-an-28,-1) T H 1@ an—on, 1)~ Honta, -1+ Ho+log(4 )) (3.56)

d—1

. w2 (=16 T (2n+Ag)T (A (d—4n—28441)) T (=44 n+Ay+1)
(n!)20(A)2T (3(d—2n—2A,+1)) ’

=
and H,, denotes the Harmonic number.

Gn =

12We can also arrive at this result using the BCFT version of the geodesic Witten diagrams [12, 13, 52].
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3.5 Direct channel decomposition of exchange Witten diagrams

In the direct channel, the decomposition of an exchange Witten diagram contains a single-
trace conformal block and infinitely many double-trace/single-trace conformal blocks whose
dimensions depends on the external dimensions. This is clear from the Mellin representa-
tion [12]. More precisely, a bulk exchange Witten diagram can be written in bulk channel as

WPHE(E) = APgR() +> AR gR 1 ayion(©) . (3.57)
N

Similarly, decomposing a boundary exchange Witten diagram into the boundary channel
gives

Wboundary(g) — Abgb&(ﬁ) 4 ZA%(l)gbAﬁ»Zn(g) + ZA%(Z)gbAQ+2n(§)' (358)

The direct channel decompositions can be obtained by starting from the Mellin spectral
representations given in [12]. To proceed one massages the cross ratio dependence in the
inverse Mellin transformation into that of a direct channel conformal block. Then one
obtains the spectral representations with respect to the direct channel conformal blocks,
and the OPE coefficients can be read off from the residues. We give the detailed derivation
in appendix B, and only present the final results here.

From the spectral representation, we find that the single-trace coefficients associated
with gg and gbg are

W92 con () T (152) T (SRS T (308200  (=2580s0a) p (<dedsprads)

AP =

9

AD(AT(Ag)sin (TAZ5EAD) P (—dy A1) T (225250052
(3.59)

F%F(£)2—23+A1+A2—3F (Al;&) P (A2;£) P <*d+32+A1+1) 1’1 (*d‘i’z;AQ‘i’l)

P(ANT(A)T (—4+A+1)

~

A=

(3.60)

The remaining double-trace and single-trace coefficients can be extracted from the
spectral function in the same way. But an alternative and faster method is to use the
relations discussed in section 3.2. Let us first look at the bulk exchange Witten diagram.
Inserting the bulk channel decompositions (3.57), (3.49) into the equation of motion rela-
tion (3.28), we have

EOMp |APgR(€) + > ARgR, 1 ason (€| =D angR yasran(€)- (3.61)
N

n

Notice that the bulk channel conformal blocks are diagonal under the differential operator

EOMp
EOM3[g5 (£)] =0,

EOMB[9§1+A2+2N(E)] (A(A+d) - (Al +A2+2N)(A1 +A2+2N_d))9§1+A2+2N(5) .
(3.62)
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Therefore we have the following simple relation

AB _ an . 3.63
NTAA —d) — (A + Ay +2N)(Ay + Ay + 2N — d) (3:63)

Similarly, using the boundary equation of motion (3.37) and the fact that boundary channel
conformal blocks are diagonal with respect to EOM,, we have
. - (4)
A = an . (3.64)
A(A—d—l— 1)— (Ai+2n)(Ai—|—2n—d+ 1)

3.6 Crossed channel decomposition of the exchange Witten diagram

To extract all the analytic functionals we also need to obtain the crossed channel de-
compositions of the exchange Witten diagrams. There are several cases we have to con-
sider. We need to decompose the boundary/bulk channel exchange Witten diagram into
bulk/boundary channel. We also need to decompose the mirror bulk exchange Witten
diagram into both the bulk channel and the boundary channel. Such crossed channel
decompositions are in general much more difficult compared to the direct channel decom-
positions, and no systematic methods exist in the literature. In this subsection we will
present a recursive method to obtain the crossed channel decomposition coefficients.

The main idea of our method is to use the contact Witten diagram as a stepping stone.
As we have seen in 3.4, the conformal block decomposition of the contact diagram is very
simple in both channels, and the decomposition coefficients were obtained in closed forms.
In section 3.2, we showed that all the exchange Witten diagrams can be related to the
same contact Witten diagram by using the equation of motion identity. The action of
the equation of motion operators on the crossed channel decompositions of the exchange
diagrams should therefore match the decompositions of the contact diagram. Remarkably,
the various equation of motion operators admit very simple actions on the crossed chan-
nel conformal blocks. The resulting expression can be generally expressed as the linear
combination of three conformal blocks with shifted conformal dimensions. This gives rise
to infinitely many linear relations among the crossed channel decomposition coefficients.
These relations can be recursively solved, and give the crossed channel decomposition.

Similar techniques for extracting the cross channel decomposition coefficients have also
been developed for four-point functions in CFTs without boundaries, see [53].

3.6.1 Bulk exchange diagram in the boundary channel

Let us make the above comments precise by looking at the boundary channel decomposition
of a bulk channel exchange Witten diagram. We start with the action of EOMp in (3.29)
on a boundary conformal block gbAl +n(§). Using the properties of 2F}, it is not hard to

verify the following relation'®

EOM5 g4, 0 (&) = a0 gh 1 1(8) + BV A 10 () + AV gA i1 (6) (3.65)

13The relations given here and in the next a few sections are in fact more general. The hypergeometric

identities are valid when n is not an integer. Therefore such three-term recursion relations exist for blocks
with any conformal dimension.
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A = —dn(A] — Ay +n),

B = —d(A+ A — Ag) +n(—2d + 421 +2) + A% + A (A} +2) — A2 4 202,
~(1) _(A1+n)(d—2A1—n—1)(d—A1—n— )( d+A1+A2+n—|—1)
T (d— 201 —2n—3)(d— 201 — 20— 1)

(3.66)

A similar relation exists for gbAQ +n(§), and can be obtained from the above expressions by
swapping A; with As.

We apply this relation to the boundary channel decomposition of the bulk exchange
Witten diagram

WPk(e) =Y " APWgh (O + D APP L (). (3.67)

Using the equation of motion identity (3.28)
EOMB Wbulk(g) — Wcontact (5) 7 (368)

and the boundary channel decomposition of the contact diagram (3.52), we get the following
recursion relations for A B, and Af (2)

, neven,

a
0, n odd.

[OERE

A(Z) B + B AB( (7,) ABv(l) —

n+1 n+1 (369)

We should also impose the boundary condition fl?’l(i) = 0. These relations gives us a
recursive algorithm for doing the crossed channel decomposition. Our starting point is

n = 0 where we have the identity
BN AZD 4 60 4B — i (3.70)
From this equation we can solve AB @ 5.0 nﬁ)

in terms of Ay, B.®) and A ( ). The entire decomposition therefore boils down to computing

in terms of A For n > 1, we can solve A

the seed coefficient AO (8 ) Wthh we will discuss in appendix C.

We can also consider the decomposition of bulk exchange Witten diagrams with equal
weights. Just as in the case of contact Witten diagrams, the equal weight exchange Witten
diagrams contain derivative conformal blocks in the boundary channel. The equal weight
case can be obtained from the unequal weight results by taking a limit. We will give the
expressions for the decomposition coefficients in appendix D.

3.6.2 Boundary exchange diagram in the bulk channel

The same strategy applies to all the other cases. To obtain the bulk channel decomposition
of the boundary exchange Witten diagram, we first look at the action of EOM, on a bulk
channel conformal block ggl 1A, 2N+ We find

B B B B
EOM, gA, +ay42N = ONIA, +A,+2N—2 + BNIA +As+2N T INIA, + A5 12N +2 (3.71)
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where

an=—5N(d+2N~2),

By =1 (—2d3+dA1+2£2+2£+4N2+4A1N)
N(d+2N—-2)(A1+N-1)(d—2(A1+N)) (n+1)(d+2N)(A1+N)(d—2(A1+N+1))

T 2(d—2(A-1)) 2(d—2(A2 1 1)) ;
_2(A N (A2 + N)(2(A1+ N +1) —d)(2(A2+ N+1) —d) (—d+ AR - N+1)(2(AR ~N) —d)
N (d—28R)(d—2(AR+1))2(d—2(AF +2)) ’

(3.72)

and we have defined the short-hand notation A]l\/? = A1+ Ay + 2N. Apply EOM, to the
bulk channel decomposition

wboundary (6) = N " AP gR  a,ran (), (3.73)
N

and use the equation of motion identity (3.37), we get the following recursion relations for
the OPE coefficients AIJ’V

N1 Ay + BNAY +an 1AL = an. (3.74)
As before, we have defined A ; = 0. The seed coefficient A} is given by (C.48).

3.6.3 Bulk mirror exchange diagram in the boundary channel

We now consider the boundary channel decomposition of the mirror exchange Witten
diagram Werchange (3 4/). The action of the mirror equation of motion operator EOMp on
a boundary conformal block gbAl 4 Teads

EOM5g &, 4n(&) = 6V gh 1 1(8) + BV A, 10 (©) + AR 1nia (6) (3.75)

&(1) = 4TL<A1 — Ao+ n) ,

BUY = —d(A+ Ay — Ag) +n(—2d + 441 +2) + A% + Ay (A +2) — A2+ 212 (3.76)
i(1)_(Al"‘”)(al_QAl_”_:l)(Cl_Al—n— 2)(— d+A1+A2+n+1)
T = (d—2A1 —2n —3)(d — 2A; —2n — 1)

Following the same reasoning, the above action leads to recursion relations for the boundary
channel decomposition of the mirror exchange Witten diagram

W(E) =D L AT Mg () + D AT DA, (6) (3.77)
The recursion relations takes the following form

, neven,

50 B0 4 50 4B 4 50 j80 )0
0, nodd,

n+1 n+1 = (378)
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and jli(i) = 0. It is important to note that in the above recursion relations

) = —af, BY=BD, 3P =40 (3.79)

n

where aﬁf’, B,(f), }(f) are the recursion coefficients in (3.69) for the bulk exchange Witten
diagram. Moreover, as we will show in appendix C, the seed coefficients for the mirror
exchange Witten diagram are the same as for the exchange Witten diagram

2B, (i +B,(i
ABO = jB.6) (3.80)
This implies that

ABO = (—1yr RO (3.81)

Recall that the Neumann boundary condition bulk exchange Witten diagram is a sum of
whulk and WPk we therefore find that all the single-trace boundary conformal blocks with
conformal dimensions A; + 2n + 1 are projected out. This is precisely what we expected
for the Neumann boundary condition.

3.6.4 Bulk mirror exchange diagram in the bulk channel

Finally we discuss the decomposition of the mirror exchange diagram into the bulk channel

WPlk(g) = Z AR R 4 ayson (€) - (3.82)
N

The action of the operator EOMpg on a bulk channel conformal block ggl 1A, on takes
the following form

=~ B _ B ;. _ B
EOMB gx, 1 a1o8 (&) = AN gR, 1A, 1o8—2 T BN IR 1Ay toN T IN A 1A 1on+2  (3.83)

where

ay =2N(d+2N-2),

By =—(A+A1—Ay+2N)(d—A+A;—As+2N)
_2N(@+2N=2)(A1+N=1)(d=2(A1+N)) | 2N +1)(d+2N)(A1+N)(d=2(A1+N+1))

d—2(AR-1) d—2(AR+1) ’
_ 8(AHN) (A N)(2(A 1+ N+1)—d) (2(A2+ N+1) —d) (—d+ AR — N+1)(2(A¥ — N)—d)
N (d—2AR)(d—2(AR+1))2(d—2(AF+2) ’
(3.84)

and AY¥ = Ay + Ay + 2N. Using the equation of motion (3.31), we get the following
recursion relations for the coeflficients flﬁ

IN-1AN_1 + BNAR + N1 AR = an, (3.85)

with AB, = 0. The seed coefficient AZ is given by (C.45) in appendix C.
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3.7 Relating decomposition coefficients to functional actions

As we discussed in section 3.3, the boundary exchange Witten diagram WPeuwndary anq
the bulk exchange Witten diagram WP"X are super-bounded in the Regge limit while the
mirror bulk exchange Witten diagram WK fails to be. This implies that the hAdSéV 1
exchange diagrams are super-bounded in the boundary channel, but only bounded in the
bulk channel. We also notice that the zero-derivative contact diagram Wemtact ¢ ) has
the same Regge divergence as WP"k ¢ V. Tt implies that a certain linear combination
of Wﬁg{lkm with Wentact can have improved Regge behavior such that it belongs to space

U. By construction, these improved hAdSéV 1 exchange diagrams then coincide with the
Polyakov blocks up to an overall normalization

1
PR = N Wit + aWyeortact, (3.86)
u
1
b boundary
=W . 3.87
(’BA Nboundary Neum ( )

Here the normalization factors Npyik and Npoundary are such that the single-trace confor-
mal blocks have coefficient 1. The coefficient A is fixed by requiring the improved Regge
behavior, and is
(A-1)(A—-d+1)
Oa = — 1B . (3.88)
Acting on ‘Bg and ‘Bbg with the functional basis of U*, we can then read off from the
Witten diagrams the functional action on the generic channel conformal blocks in both

channels. Explicitly, the action of these functionals reads

1 _
w(gR) = —F(Afﬂ‘flﬁ)'i‘@AaN, (N as in Aj+Ag+2N),
1
wn(9%) = EA?V, (N as in Ay +Ay+2N),
S0 (B = L (ABO  FBOYV g al) _ 2 ABD g a0)
Wy (9x) = @(Agn +A57 ) +0aay) = EAQ” +0aay,  (nlabels A;+2n),
. 1 ~. /.
S50 (b — — 1 jbi0) ,
O (9x) == A (n labels A;+2n),
N 1 .p s N A
&(gR)n = F(Bi—’_Bi)_{—gA by = FBgn—f_eA by, (n labels A;+2n),
1 -
&(g3)n == Bn (n labels A;+2n).

(3.89)

4 A Lorentzian inversion formula for BCFT

In this section, we will offer another perspective on our logic by deriving a Lorentzian OPE
inversion formula. We will write down a Lorentzian inversion formula for each channel. The
formula for a given channel will express the OPE data in that channel in terms of the two
discontinuities across the OPE singularity in both channels. Inserting the OPE expansions
into the formulae immediately leads to the Polyakov expansion of the correlator. Our logic
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and notation will closely follow [28], where the analogous construction was made for 1D
conformal four-point function.

4.1 The Euclidean inversion formulae

The starting point of our analysis are the so-called Euclidean inversion formulae. These
formulae express the OPE data in each channel as a weighted integral of the Euclidean
correlator. They were derived in [11], where we refer the reader for more details. Below we
will review the aspects relevant to our discussion. It will be useful to switch to a different
cross-ratio

1 1—-2

The Euclidean configurations correspond to z € [0,1]. We have z — 0 in the boundary

z

OPE limit, and z — 1 in the bulk OPE limit. By a small change of notation compared to
the previous sections, G will now stand for the four-point function as a function of z rather

than &
1

2z A2y |Ae

(O01(x)Oa2(y)) g(2). (4.2)

Similarly, we use a definition of the conformal blocks adapted to the z variable. We will
focus on the boundary channel first. The boundary OPE reads

_ b
G(2) = Y 1o i, (2) (4.3
]
where the boundary conformal block in the z-variable takes the form
b A NN N
93 (2) = 2721 A,A—§—|—1;2A—d+2;z . (4.4)

gbﬁ (z) is related to the conformal blocks g%(f ) defined earlier by

05 (x) = g% (137) - (4.5)

These conformal blocks are solutions of the boundary-channel Casimir equation, which we
can write in the Sturm-Liouville form

9, [zH(l - z)%azf(z)] AR —d+ 1)1 —2)5 1 f(2). (4.6)

The idea behind the Euclidean inversion formulae is that G(z) can be expanded instead in
a complete set of delta-function normalizable eigenfunctions of the Casimir operator. A
boundary condition is needed at z = 1 in order to make the Casimir operator self-adjoint.
Analogously to [54], we will choose the boundary condition f(z) = regular at z = 1. We
will call the resulting eigenfunctions conformal partial waves. They take the form

b b
by 9z(%) LYRING)
BT R

: (4.7)
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where

T(A)T (3 —dy 1)

R(A) = =~ 4.8
(2) (2A —d+1) (4.8)
One can check a simpler alternative formula holds
~ ~ d z—1
Vo(2) = —oFy (Ayd—A—1;; : 4.9
A(Z) F(%)Q 1< ) 727 > > ( )
The Casimir is self-adjoint with respect to the pairing
1
(f1, f2)p E/dzz (1—2)2 1f1( ) f2(2) . (4.10)
0

The complete set of orthogonal, delta-function normalizable conformal partial waves cor-
responds to the principal series of SO(1,d), i.e., A = % +ia with @ > 0. Indeed, we find

2
R(4F +ia) R(4GE —ia)

Let us now define the boundary coefficient function T z of a correlator G(z) as the overlap

<‘I’I?z%1 W, o=

viw Yty d(a—p) fora,p>0. (4.11)

1
IA = \I'b /dzz (1—2)2 1\11%(2) G(2). (4.12)
0

This is the Euclidean inversion formula in the boundary channel. It follows using a standard
argument that the correlator can be expressed using I3 as

% +i00
dA
6)= [ GaRAI

T—ZOO

S
L)

5 (2). (4.13)

The boundary OPE is recovered by deforming the contour to the right. A primary operator
O in the boundary OPE translates to a pole of I3 at A = Az with residue fixed in terms
of pg:
~ - -~ :u‘ A o~
Iz ~ —R(Az) "% — as A= Aj5. 4.14
Rl v 5 (4.14)
The same logic can be applied to the bulk channel. We will write the bulk-channel
OPE in the following way
A2

G(z) = WZ)\OQEOO—Z% (4.15)
(1 — Z) 2 %)

where the bulk conformal blocks read

A—-—Ap—d+2 A-Ap d )

A — -+ 1y

4.16
2 ’ 2 ’ 2 ( )

A
g5 (y) = y2 21 (
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where Ao = A1 — As and we write y = 1 — z to distinguish the bulk and boundary
channels. g&(y) is related to g5 (&) used in the previous sections by
INE

ak(y) = ﬁgf () - (4.17)

The bulk Casimir equation has the following Sturm-Liouville form

d

0y [43/1‘5(1 — )220, f()| — (1 — ) AR AL (AL +d—2)f(y) =
) (4.18)
=AA-dy 21—y 22 f(y).

Again, we will choose a self-adjoint domain for the Casimir by the boundary condition
f(y) = regular at y = 1. This leads to the following bulk conformal partial waves

B B
gr(y) 95 AY)
TR (y) = 4.19
where
r (A—2A12) r (A—Alg—d—‘rQ)
k(A) = - (4.20)
2T (A-5)
Again, there is a simpler useful formula
2 Al—A2 A—Alg d—A—Alg y—l
Ry = —— F 1 — Aqg; . 4.21
A(y) F(l _ A12)y 2 oI ( 2 ) 2 ) 12, y ( )

The complete orthogonal set corresponds to the principal series of SO(1,d + 1), i.e.,
A= %l + i with o > 0. The bulk Casimir is self-adjoint with respect to the pairing

1
(o= [dyy 370 - 0) = 1) ). (1.22)
0

Let us define the bulk coefficient function Ia as the following overlap

Ag—d—2

1
In = (VX Geross) B = /dl/ y T 1 — )M B () 61— ). (4.23)
0

This is the Euclidean inversion formula for the bulk channel. The correlator can be ex-
panded using I as follows

5 +io0
Zh2 1 dA
o) = s / S R(A) IaR(1 -~ 2). (4.24)
— 2z 2
d -
E—T/OO

The bulk OPE is recovered by deforming the contour to the right. A primary operator O
in the bulk OPE translates to a pole of In at A = Ap with residue fixed in terms of Ap:

Ao

Ia~=nlba) T3 TR

as A —=Ap. (4.25)
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4.2 The Lorentzian formulae

A Lorentzian inversion formula is a formula computing the OPE data from the correlator
evaluated in Lorentzian configurations. The first example of such formula was found by
Caron-Huot in [35] in the context of the four-point function in D > 1. We will now derive
a similar formula for the coefficient functions I z and I encoding the boundary and bulk
OPE data of a two-point function in a BCFT. Since the two-point function depends on a
single cross-ratio, our formula will be more closely analogous to the formula of [28] for the
four-point function in 1D.

If we consider a boundary condition for a CFT in Euclidean space, all configurations of
the two points will have z € (0,1). When we continue to the Lorentzian signature, we will
assume the time direction flows along the boundary. In that case, we still have z € (0,1)
if the two operators in the two-point function are spacelike separated. However, we can
now reach also other regions of z. The region z € (1, 00) corresponds to @7 and Oy being
timelike separated such that Os stays spacelike separated from the mirror image of O on
the other side of the boundary. The region z € (—o0,0) is reached by making Oy timelike
separated from both O; and its mirror image.

The Euclidean two-point function G(z) can be analytically continued from z € (0,1)
to complex values of z. It has a pair of branch cuts at (—oo,0] and [1,00). The branch
cuts are present because every time we hit a light-cone, we have to choose an ordering of
operators. The Lorentzian formula will depend on appropriate discontinuities across these
branch cuts. The discontinuities will be chosen so that they annihilate the contributions
of mean-field conformal blocks from our basis.

It will be convenient to switch from G(z) to

G(2) = 2722G(2). (4.26)

In general, adding a tilde over a symbol defined in the previous sections will denote the
same object as a function of z and with an extra prefactor =2 included. In accordance
with this notation, the contribution to G(z) coming from conformal blocks of dimension A,

A in the boundary, bulk channel respectively will be denoted

T (2) = 722 gh (6(2)) = 2~ 22gh (2)

5 i DN (4.27)
GR(z) =2 22gR(E()) = (1—2) "7 gR(1—2),
so that the boundary and bulk expansions take the following form
G(z) = npTa,(2) =D A0 Gk, () (4.28)
O O
For z € (1,00), we consider the discontinuity of G(z) across its branch cut
Disc[G(z)] = 6™ (2) — G~ (2) (4.29)

Here G™(z) stands for the analytic continuation of G(z) from z € (0,1) to z € (1,00)

passing above the branch point z = 1, and similarly for G*(z). Disc[G(z)] is proportional
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to the commutator [Op, 2] in the Lorentzian configurations where z > 1. Note that

Disc|[G(z)] can be computed from the bulk OPE
Disc[G(z)] = Z /\oDisc[ggo(z)] for z > 1. (4.30)
]

The discontinuity of a bulk block comes purely from its power-law branch cut, so that

Disc[gR (2)] = —2isin [g(A—Al —Ag)} X

A Ao _ (4.31)
X(z—l)A A21 A22F1 <A A1; d+2,A 2A12;A—62i+1;1—z).

In particular, the discontinuity vanishes for the double-trace blocks of mean-field theory

Av=A1+Ay+2N N=0,1,.... (4.32)

Note that one can not compute Disc[G(z)] for z > 1 using the boundary OPE since the
latter does not converge for z > 1.

We would like to define a similar quantity which annihilates the contributions of bound-
ary blocks at the mean field dimensions with the Neumann boundary condition

—~ 4.33

AP = Ay +2n. (4.33)
This quantity is precisely the double discontinuity around z = 0, defined by
N o emegn() e gv(E)

dDisc[G(2)] = cos(2212) G(z) — & A | (4.34)

2 (1—2)%2 2 (1—2z)R2

where z € (0,1). The first term involves just the Euclidean correlator. The second and

third term involve the analytic continuation of the correlator from the Euclidean region

z
z—1

the branch point at z = 0 should be avoided along the path of analytic continuation. The

to the Lorentzian configuration at € (—00,0). The curved arrows on G indicate how

4
z—1
the boundary blocks therefore transform nicely under it. The double discontinuity can be

transformation z is natural since it is a symmetry of the boundary Casimir, and

calculated using the boundary OPE since the latter converges in each of the three terms
defining dDisc

dDisc[G(z)] = Z %) dDisc[ﬁbA@(z)] : (4.35)
o
To find the dDisc of an individual boundary block, first note that for z € (0,1)

~b z ~b z
g& <271> R N (zfl> N
— ST(A—A2)=b. A — o~ im(A=A2) b
(].—Z)AQ € gA(Z)7 (1_Z)A2 € gA(’Z) (436)

It follows that

dDisc[g4 (2)] = 2sin [g(ﬁ - Al)} sin [f(A - Ag)} 7 (). (4.37)
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As promised, dDisc[ﬁ%(z)] has a simple zero whenever A hits one of the mean-field dimen-
sions (4.33). Pairs of simple zeros coalesce into double zeros whenever Ay — Ay € 2Z. If
we were dealing with the Dirichlet boundary condition instead of Neumann, all we would
need to do is replace the minus signs in front of the second and third term in (4.34) with
plus signs. Again, dDisc[g (z)] can not be directly computed using the bulk OPE since the
latter does not converge for z < 0.

Note that the limit z — 1 of dDisc[G(z)] and the limit z — oo of Disc[G(z)] probes the
BCFT analog of the Regge limit. Recall that in umtagy theories, the two-point function
must satisfy a boundedness condition G(z) = O(z 2 ) as |z| — oo. Without loss of
generality, we can choose Ay > Aj. It follows that G(z) is bounded as |z| = oo.

Our strategy for writing down Lorentzian inversion formulae in the boundary and
bulk channel for BCFT will be the reverse of the derivation of [35], which started from
the Euclidean formula and derived the Lorentzian one by a contour deformation. First,
we will write down a general ansatz for a Lorentzian formula, i.e., one depending only on
dDisc[G ()] evaluated in z € (0,1) and Disc[G(z)] evaluated in z € (1,00), each multiplied
by yet undetermined inversion kernels. Then we will perform a contour manipulation
bringing all integrations into the Euclidean region. We will see that in order for the
contour deformation to be allowed, the two kernels multiplying dDisc and Disc need to
descend from the same holomorphic function of z. Finally, we will constrain this function
by imposing that the Euclidean and Lorentzian formula give the same answer.

Let us start with the first step, i.e., writing a general ansatz for our Lorentzian inversion
formulae. We will have one formula for each channel:

o0

Az (z) dDisc[G +/dz DISC g( )

/)

(4.38)

In=2 [dzKna(z )leSC —i—/dZLA

/1

0

/1 00
0

The factors of 2 and 1/i are a useful convention simplifying several ensuing expressions. It
remains to fix the inversion kernels K3(z), Lz(2) and Ka(z), La(z). In the next subsec-
tion, we will derive a full set of constraints the kernels need to satisfy in order for (4.38) to
give the same answers as the Euclidean inversion formulae. We expect the constraints fix
the Lorentzian inversion kernels essentially uniquely and it is a very interesting mathemat-
ical problem to find the solution. We did not determine the kernels in full generality. We
will later discuss the case Ay — A1 € 2Z —1, where all kernels can be found in a closed form.

4.3 Constraining the inversion kernels

We will now perform a contour deformation of the Lorentzian formulae (4.38) which takes
all integrations into the Euclidean region z € (0,1). Since the general form of the boundary
and bulk formulae is exactly the same, we will work with the bulk formula until the dis-
tinction becomes important. We start from (4.38), write out the definitions of dDisc[G(z)]
and Disc[G(z)] inside the integrals, and change integration variables in the branch cut
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Figure 8. The contour deformation from the Lorentzian to the Euclidean region. The branch cuts
of the correlator G(z) are shown in red, while the branch cut of the inversion kernels is shown in
green. Figure taken from [28].

contributions to dDisc to arrive at
1 o)
In=2 /dz Ka(z)dDisc[G(2)] — i /dz La(2)Disc[G(2)]
1

0
1

= dZQCos(”AQ“) Ka(2)G(2)—

0
. | , (4.39)
— /dz €_$(1 — Z)AQ_ZKA <ﬁ> §m<z) —i [dz La(2) Q’m(z)
S 1
0 v o0
- /dz ¢ (1—2)2272K (;1) GY(2) +i /dZ La(2)G¥(2).
% 1

The first line on the r.h.s. is already an integral over the Euclidean region. We will now
combine the two integrals on the second line and deform the contour to z € (0, 1), as shown
in figure 8. We will do the same with the two integrals on the third line except then the
contour deformation takes places in the lower-half plane.

For the contour deformation to be admissible, a few conditions must be satisfied.
Firstly, the integrands of the two integrals on the second line must define the same analytic
function on the upper-half plane. Similarly, the integrands of the two integrals on the third
line must define the same analytic function on the lower half-plane. These two constraints
together imply that Ka(z) and La(z) arise from the same analytic function. Indeed, it is
not difficult to show that the constraints together imply we can always write Ka(z) and
La(z) as follows

Ka(z) = (1—2) 522 Ha(2) for = € (0,1)
(4.40)

_ Aqo+l

La(z)=(z—1)""% HA(;l) for z € (1,00)

where Ha(z) is analytic for z € C\(—o00,0]. Ha(z) should decay sufficiently fast as z—1
so that we can drop the contribution from the semicircle at infinity. Combining the con-
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tributions, we arrive at the following integral over the Euclidean region

1
A1+09-3

Ia = 2/dz(1 —2)" 2 Sa(2)G(2), (4.41)
0
where Sa(z) is essentially the dDisc of the inversion kernel

iﬂgm HE(Zil) n 6,$ HX<2f1> (4 42)
2 (1—z)Ar1 2 (1—z)A17 ’

Finally, we should impose that (4.41) is equivalent to the Euclidean formula in a given

e

Sa(z) = COS(%) Ha(z)+

channel. This means that besides being holomorphic away from (—oo,0], the boundary
kernel must satisfy
inAp oz _imAjp ﬁy(i)
7A1o R e 2 A <z—1> (& 2 A \z—1 _
o (F) G+ et G e (443
d—A1—A
R S
= 5 ﬁ(z) .

Similarly, the bulk kernel is also holomorphic away from (—oo, 0] and must satisfy

iTA 2 z
212 HA (z 1)

_1> e_i7r§12 HZJ(Zi

2 (L—zm 12 q—odd (4.44)
—A1s 1— 1-d

:z (2 Z)ng(liz)a

where WY (2), U8 (2) are the boundary and bulk conformal partial waves defined in

(&

cos(“Alz) Ha(z) +

subsection 4.1.
Provided we can find kernels satisfying these constraints, the Lorentzian inversion
formulae in the two channels take the following form
1

Aﬁ = 2/dz (1- z)AH?ATSPAIE(z) dDisc[G(2)]—
0 (4.45)

1) Disc[g(z)]

8

A12+1 ~

—i [dz(z—1)" H3<Zf

—_

and
1

A= 2/dz (1— 2) 522 Ha(2) dDisc[G(2)]—
0 (4.46)

7dz (z—1)" S ( )DISC[Q( )]
1

We see from (4.43) and (4.44) that compatibility of the Lorentzian and Euclidean
formulae fixes the dDisc of Ha(z), Hx(z) in terms of the conformal partial waves. One

lesson of the Lorentzian inversion formula is that knowing the dDisc of a function with
appropriate analyticity and boundedness properties allows us to reconstruct this function
essentially uniquely. Applying the same logic to the inversion kernel itself makes us believe
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that the equations (4.43) and (4.44) go a long way towards fixing Ha(z) and flg(z). In
the following subsection, we will fix the kernels explicitly in the case A1 — Ag € 27Z + 1.

The formulae (4.45), (4.46) tell us that the coefficient functions I x> Ia, and hence
the full correlator G(z) can be reconstructed from its dDisc and Disc. This is only true
provided the correlator satisfies an appropriate boundedness condition in the Regge limit
z — 00. Otherwise, there can be additional contributions when going from the Euclidean
to the Lorentzian formula coming from the semicircle at infinity, which we neglected in the
above. By analogy with what happens in the case of the bosonic four-point function in
1D, we expect there always exist distinguished inversion kernels H x(2), Ha(z) such that
the formulae (4.45), (4.46) apply to all Euclidean-normalizable and Regge super-bounded
functions. Once the formula for superbounded functions is derived, one can “improve”
the kernel by subtractions to derive a formula for functions with less strict boundedness
properties in the Regge limit, along the lines of section 6.5 of reference [28].

4.4 A solvable example

Our life simplifies when A; = Ay + 1. In this case, the boundary spectrum {ﬁ,(ll)} U {322)}
has integer spacing, and the double discontinuity (4.34) reduces to a simple discontinuity.
We find

dDisc[G(2)] = M 67 (=) -6v ()] (4.47)

Similarly, the constraints on the inversion kernels (4.43), (4.44) become formulae for their
single discontinuity across the branch cut z € (—o00,0]. The actual kernel then can be
recovered from

0
Ha(z) = / ;% Ha (w;:fﬁ (w) (4.48)

which follows from Cauchy’s integral formula and analyticity of Ha(z) by a contour defor-
mation. Equivalently, we can derive the Lorentzian formulae directly by first writing the
standard dispersion relation for G (z), inserting it into the Euclidean inversion formulae,
and interchange the two integrations.

The above procedure gives the following formula for the Lorentzian inversion kernel
for the boundary OPE data

F(A2—3>F<A2+£—d+1)
x(z) = i 27X
7T (A)T (Ag — & +1)
o [(BAe A A+ A—d 1 21
a2 AQ,AQ*%“F:L Tz ’

(4.49)

Note that it is indeed holomorphic for z € C\(—o0,0]. The same procedure leads to a
formula for the bulk Lorentzian inversion kernel in the form of an infinite series around z = 1

Ha(z) =213 ¢ (331) (4.50)
§=0
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where
. (d=1)(d-A+1)rG+1)T (AQ—L;l)X
j =

N

3—d A—d+1 . . d—3
><3F2( 5 5 7j+1;A2+J—272;1>

(4.51)

4.5 Polyakov blocks from the inversion formula

The Lorentzian inversion formulae (4.45), (4.46) very directly encode the boundary and
bulk OPEs of the Polyakov blocks. Since we are including an extra factor of z=22 in the
correlators, we will work with Polyakov blocks including the same factor, i.e., we define

P (2) = 2 2P (E(2)
PR() = 2722 BRER)),

where ‘B%({ ), PR (&) are the Polyakov blocks used in the previous sections and £(z) = 17 .
Recall that the Polyakov blocks admit the following bulk and boundary OPEs

PR(2) =GR (= +ZaN9AN Zbl)MbA()
B (2) =93 (= +Z 950 (2 ZDNQAN
where A( ) — = Ay + 2n, A( ) — = Ao +2n and Ay = A1 + Ay + 2N. It follows from these

OPEs that the dDisc of the boundary Polyakov block of dimension A equals the dDisc
of a single boundary conformal block of dimension A, and its Disc vanishes. In fact, the

(4.52)

(4.53)

boundary Polyakov block is the unique function satisfying these properties which is also
super-bounded in the Regge limit. Similarly, the bulk Polyakov block of dimension A is
the unique Regge super-bounded function whose dDisc vanishes and whose Disc equals the
Disc of a single bulk conformal block of dimension A.

Since the Polyakov blocks are super-bounded, the Lorentzian inversion formulae apply
to them. Furthermore, when inserting the OPEs of the Polyakov blocks into the inversion
formula, only a single term survives. We conclude that the boundary and bulk coefficient
functions of the boundary Polyakov block of dimension A 5 are given by respectively

(A AplA1, Ag) =1

1
2/d21_z“”“ (=) dDisc[ga., (2)]
0 (4.54)

Ty(A, AplAr, Do) = IA[BA ] = /dz (1—2) 2 Ha(2) dDisc[gh  (2)] -
0
Similarly, the boundary and bulk coefficient functions of the bulk Polyakov block of dimen-

sion Ay are given by

g

~ o~ ~ +1 ~ "
Zp(A, AolAr, Ag) = T [R,) = —i [dz (= = 1)~ "5 Hz () Disclgh, (+)

(4.55)

12+

dz(z—1)"

Tp(A, AolAr, Ag) = IA[BR ] = Hy (1) Disclg&, (2)].

H\g —
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Let us explain how these expressions give rise to the OPE of Polyakov blocks (4.53). In
cirder to reproduce the first term, we should find that fb(ﬁ, Ap|A1, Ag) contains a pole at
A = Ag with residue —E(A@)_l. This pole can only come from a z — 0 singularity of
the first integral in (4.54). In the specific case discussed in the previous subsection, i.e.,
A1 = As + 1, we indeed find

~ ZAQ—A—I

Ha () ~ 4sin [g(ﬁ _ Al)} sin [g(ﬁ - Ag)] R(A)

as z — 0, (4.56)

which produces precisely the right pole and residue in fb(ﬁ, AplA1, Ag). Similarly, the co-
efficient function Zg(A, Ap|A1, As) should have a pole at A = Ap with residue —x(Ap) !,
which requires Ha(z) to have a specific singularity as z — co.

It remains to understand the origin of the poles corresponding to the mean-field opera-
tor contributions to the Polyakov blocks. We claim these arise entirely from corresponding
poles of H x(2) and Ha(z) themselves, rather than from the integration over z. For this to
be the case, ﬁfz(z) should have simple poles at A = A and HAa(z) should have simple
poles at A = Apy. Let us denote the residues of the inversion kernels at these locations

as follows )
ﬁz(z)w,\hni(fgi) asﬁ—)ﬁg)
Ah— An (4.57)
HA(z)NLi) as A — Ay .
A— Ay

We can see these poles are indeed presAent for the example of the previous section. H A ﬁz)
of equation (4.49) has simple poles at A = Ag+Z>( coming from the prefactor I'(Ay — A).
These corresponding to alternating 3;2) and ES). Similarly, the expected poles of Ha(z)
are manifest in the prefactor I' (%) visible in (4.51).

Starting from the residues ﬁg)(z), hn(z), we can compute the OPE coefficients ay,
6%, ¢, 2y from equations (4.54) and (4.55)

o0

an = ik(Ay) /dz (z— 1)~ 5 ny (%) Disc[g&(2)]

o) = iR(AL) [dz (=~ )7 HE7RY (2;) Disclg ()
1
, (4.58)
) = _oR(AW) / dz(1—2) "2 19 (2) dDisc[g4 (2)]
0
1
Aj+Aoy—3 . ~b
oy = —2H(AN)/CZZ (1—2)" 2 hn(z)dDisc[gx (2)].
0

In the cases where the inversion kernels are known, these formulae provide a useful alter-
native for computing the OPE coefficients of the mean-field operators in Witten exchange
diagrams for BCFT.
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4.6 Polyakov expansion of the correlator

We are now ready to explain how the Lorentzian inversion formulae (4.45) and (4.46) lead
to the expansion of the correlator into Polyakov blocks. The expansion is obtained by
inserting the boundary and bulk OPEs into the Lorentzian inversion formulae. We will
write the boundary and bulk OPEs as follows

Z no9A, Z Ao GR, (2 (4.59)

where ﬁ%(z) and g% (z) were given in (4.27). The Lorentzian inversion formulae involve
dDisc[G (z)] with z € (0,1) and Disc[G(z)] with z € (1,00). As discussed earlier, dDisc[G(z)]
can be expanded using the boundary OPE, but not using the bulk OPE, and vice versa
for Disc[G(2)].

dDisc[G Z“O dDisc[g’ ( )] for z € (0,1)
(4.60)
Disc[G( Z Ao Dlsc[gAO( )] for z € (1,00).
o
Inserting these expansions into the inversion formulae (4.45) and (4.46) gives
=Y ua (A, AglA1L, As) + D XoZp(A, Ao|Ar, Ay) (4.61)
o) @
and
In =Y s To(A A5lAL As) + > Ao Ta(A, Ao|Ar, Ay), (4.62)
O @

where 7, g, fb7 B are the coefficient functions of Polyakov blocks discussed in the previous
subsection. In going from (4.45), (4.46) to (4.61), (4.62), we assumed that we can commute
the OPE sums and the z-integration. This is definitely allowed for the boundary channel
sum in the case of identical external operators, for A on the principal series. This is be-
cause in that case the OPE gives dDisc[g (2)] as a sum of positive terms and the swapping
of integration and summation follows from the dominated convergence theorem. By anal-
ogy with the situation for the 1D four-point function, we expect the sums over operators
n (4.61) (and (4.62)) to converge uniformly in A (and A), in any compact region of the
complex plane away from the poles of the individual terms. If that is the case, it follows
that I i and In are meromorphic, with poles only at poles of the individual terms in the
sums over operators. In the following, we will assume this is indeed what happens.

Provided the last assertion holds, equations (4.61) and (4.62) say precisely that the
correlator can be expanded in Polyakov blocks, at least at the level of the coefficient
functions.

4.7 Sum rules and functionals

For equations (4.61) and (4.62) to be consistent with the boundary and bulk OPEs, the
spurious poles of 7 g, 7y p at mean-field operators must cancel out in Ia, I after per-
forming the sum over O and O. These are the Polyakov sum rules. As explained before,
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they can be alternatively derived by acting with suitable linear functionals on the standard
crossing equation

Z 16 9A, Z Ao A, (2 (4.63)
We have one functional associated to every mean-field operator, namely functionals @Sf)
for the boundary mean-field operators and wy for the bulk ones. Recall that the OPE
coefficients of mean-field operators in Polyakov blocks are given by the action of functionals
on conformal blocks according to'*

ay = —wn(gA)
o) = 0(eB) o
) = -0 (g%) ‘

oy = wN(gﬁ) .

We can compare these expressions with (4.58), where the same coefficients are computed
from the inversion formulae. We see that those equations indeed compute ay and 67(12 )
(@)

a linear action on the bulk conformal block §g. Similarly, ¢;,” and 0 are computed by a

from

linear action on the boundary block g%. The only issue seems to be that the definitions of
the functionals provided by ay and bg ) do not appear equivalent to those provided by cgf)
and 0y. To see that in fact they are equivalent, let us focus on the bulk functional wy.
The formulae for ay and 9y provided by (4.58) lead to the following two ways to define
the action of functional wy on a general test-function F(z) (F(z) should have the same

complex-analytic properties as a generic physical two-point function G(z)):

8

A12+1

—ik(AN) [dz(z —1)" hN( )Dlsc[ —Ma F ()]

ay @ wn(F)

(4.65)

Ai+09-3

av: wy(F) = —2k(AN) [dz(1—2)" 2 hy(z)dDisc[z~22F(2)].

O\’_‘ =

We claim that these two formulae are in fact completely equivalent, that is for every Regge
super-bounded function F(z), there is an exact identity

2 / dz (1 — 2) 7752 hy(2) dDisc[z 22 F(2)] -
° (4.66)
/dz (z—1)" hN( )DISC[ A2 ()] =0.
1

We can prove this identity by the same contour deformation as used in subsection 4.3 to

take us from the Lorentzian to the Euclidean inversion formula. After all contributions are

MRecall that the functionals were defined to act on G, rather than on 5 = 2~?2@G. This will lead to a

few extra =22 factors in the following formulae.
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placed in z € (0, 1), we use the identity

<Zi )1 =0 (4.67)

1#%12 ( ) 77L1‘r§12 h}vj T
A
cos(%42) () + st

2 81T T

to show the r.h.s. of (4.66) indeed vanishes. This identity follows by taking the residue
of (4.44) at A = Ay since the r.h.s. of (4.44) has no pole at that location.

We can use identical logic to show that the following two definitions of the boundary

(4)

functionals w;’ are completely equivalent:

b0 a0(F) = iR(AY) [dz (2 —1)""F R0 (1) Discl==22F(2)]

(4.68)

A1+ 93~

hi) (z) dDisc[z 22 F(2)].

1
1
) 50(F) = 2m(AW) / dz(1— 2)
0

(4)

This concludes the explanation of how functionals wy and wy,” arise from the Lorentzian
inversion formula.

4.8 Open questions

In this section, we have given a sketch of the Lorentzian inversion formula BCFT and its
connection to the Polyakov bootstrap and the associated functionals. The discussion was
incomplete in several important aspects, which should be addressed:

for general A 5 and d

e Find an explicit formula for the inversion kernels Ha (z), H x(2)
(4.43), (4.44), or otherwise.

starting from their analyticity properties and constraints

e Construct improved inversion formulae which apply also to correlators which are
Regge bounded but not necessarily super-bounded. This point should be trivialized
in the Dirichlet case, where there is no Regge-bounded contact diagram.

e Show that one can swap the OPE sums for dDisc and Disc with the integration over
z, which leads to (4.61) and (4.62), for A, A on the principal series.

e Prove that the OPE sums in (4.61) and (4.62) converge to a meromorphic function
of A, A whose only poles are those of the individual terms in the sums.

The last two points were proven in [28] by appealing to the positivity of the coefficients in
the conformal block expansion. While this condition is not generally present in the BCFT
context, we are optimistic that the claims of this section are correct and can eventually be
proven rigorously.
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5 A deformation of the mean field theory

5.1 The set-up

In this section, we will consider an interesting family of conformal boundary conditions
for the mean field theory. The family smoothly interpolates between the Neumann and
Dirichlet boundary condition and thus provides a useful test of our logic.

Throughout this section, we take our CFT; to be the mean field theory of a scalar
operator ¢. This has an AdS bulk description as the theory of a free massive scalar field ¢
in AdSg41, with the mass M related to the scaling dimension of ¢ by (M R)? = Ay(Ay—d),
where R is the AdS radius. We can now define a family of conformal boundary conditions
in the following way. First, we restrict the theory in AdS;y; to half of AdSyy; defined
by z; > 0, and denoted hAdS;y1. Second, we add to the action a “coupling” given by
integrating t®2 over the AdS; boundary of hAdSg,; at z; = 0. The total bulk action
then reads

t
S == / d™ 2\ /gai [9"70,20,® + M?®?] + - / d%z\/gq ®*, (5.1)
2 JnAdSass 2 Jads,

where t is a positive real parameter. The variation principle leads to the following boundary
term on AdSy

/ d?2\/g9q (t(I) — R@p) ) (5.2)
AdSy 20

which has to vanish for any §®. This gives the boundary condition

P — Ea@

=0. (5.3)
20

zl:O

This interpolates smoothly between the Neumann boundary condition, for which ¢ = 0,
and the Dirichlet boundary condition, for which ¢ = oco.

The CFT data intrinsic to the CFT stay fixed and equal to mean field theory for any ¢.
We are interested in the CFT data of the BCFT;_1 as a function of ¢t. Most importantly,
these are the scaling dimensions of the primary operators @n appearing in the bulk-to-
boundary OPE of ¢, as well as the corresponding bulk-to-boundary OPE coefficients. Since
the deformation of the action is quadratic in ®, we can find a closed solution for general t.

5.2 Boundary scaling dimensions from holography

To work out the boundary spectrum, we need to solve for the wavefunction of the field in
hAdS;y;. We set R = 1. It is convenient to use the following coordinates that foliates
AdS441 into AdSy slices [6]

dsQAde+1 = cosh? r(e?VdZ? + dw?) + dr?. (5.4)
This set of coordinates is related to the Poincaré coordinates by

2z =e Ytanhr, zyp=e “cosh lr. (5.5)
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We then write an AdSgyq field as

D= Pn(r)®n(Z,w) (5.6)

where ®,, satisfies the AdS,; equation of motion
Oads, ®n + M2®, =0, (5.7)

and is dual to a boundary operator O, living in the BCFT [6]. We would like to find the
scaling dimensions A, of O,,.
From the equations of motion of ® and ®,, we find a second order differential equation

for ¢y,
2y, + dtanh 1., + (coshr) " 2M2ap, — M1, = 0. (5.8)

This differential equation is also supplemented by the following boundary conditions for
. First of all, we note that we can approach AdS,; by taking » — 0 and keeping w fixed.
Recall that in the new coordinates

0, P = e"(—tanh r¢, 0, @y, + 0,90 P,,) (5.9)

and the first term becomes zero as r — 0. Therefore the boundary condition at r = 0
is simply

Orthp — by, = 0. (5.10)
The other boundary condition comes from studying the behavior at » — oco. Note that
this has the effect of keeping z; and Z finite, while sending zy — 0. From the expectation
that the bulk field ® = ) 4, ®, is dual to an operator with conformal dimension A4 on
0AdS411, we expect that at large r

Yn(r) ~ (") 72 (5.11)

where

Ay(Ay —d) = M?. (5.12)

We now solve for v,,. It is useful to make a change of variables into x = €", after which
the equation (5.8) becomes

d(z? = 1)z (z)

+ 22" () + 2 (z) + <A¢(d —Ay) + ABna(—d + An + 1)) P(z) =0.

z2+1 (22 + 1)
(5.13)
Here we have written the squared mass of v, as
M2 =An(A,—d+1). (5.14)
The general solution to equation (5.13) takes following form
zBe 1 ~ N d 2
@bn(m) =Ci—————9F; *(d — QAn), A¢ —Ap;—=+ A¢ +1,—=x
(14 x2)An 2 2
(5.15)

d—Ag d R ~ d
NG A — ) <—An,d—A¢—An;

2 = — Ay + 1; —x2>
(14 22)An 2 2 i
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When & — 0o, the boundary condition (5.11) fixes the ratio

o T(E =2+ 1)sin (dn(d—28,)) DAy = A)N(=d+ Ay + A, + 1)

= . 5.16
Co [ (—%+A¢+1) (5.16)

Further imposing the condition that at z =1 (r = 0)
20yt — tihy = 0, (5.17)

we find the following equation relating ¢ and ﬁn:

oT <A¢—2An+1> r <—d+A¢2+An+2>
. (5.18)

r <A¢;£n> r (—d+A¢2+£n+1>

This equation gives the spectrum of the boundary operators @n as an implicit function of
t. When ¢t = 0, the spectrum consists of the zeros of the r.h.s., which lie at En = Ay +2n
with n = 0,1, ..., agreeing with the spectrum of the Neumann boundary condition. When
t = +oo, we need the poles of the r.h.s., which lie at ﬁn = Ay + 2n + 1, this time
agreeing with the Dirichlet spectrum. As t is varied from 0 to +o0, the spectrum smoothly

t=—

interpolates between the Neumann and Dirichlet case.

5.3 Coefficient function in the boundary channel at finite coupling

Having found the boundary spectrum, we will now determine the boundary conformal block
expansion of the two-point function of ¢ for general t. We write the two-point function
as follows

L Gi(2), (5.19)

(22 [Rej2y, R

(p(x1)d(22))

where z = ﬁ We write the boundary OPE as

Ge(z) = D 1n(t)gk () (2)- (5.20)
n=0

In practice, we will determine the coefficient function I- x(t) of Gi(z), as defined by the
Euclidean inversion formula (4.12). The boundary OPE then can be read off from the
poles and residues of I3 (t) according to

~

S S RV S
NG (A1) oA A= A). (5.21)

First, let us consider the two-point functions for ¢ = 0 and ¢ = oo, which correspond to the
Neumann and Dirichlet boundary conditions

Gioo(2) = (é)% 4B

(5.22)
Gi—oo(2) = (é)Ad’ Vv 5.22

— 41 —



The scalar product with the partial waves can be evaluated with the result

R T (4 Ay) r(ay—-2)r(a,—d+1+4)
I3t=0= I'(Ay) r <E+12—A¢) r (d—ﬁQ—A(p) r <A¢+21—3> <A¢ —d+2+ )
N 47TF(%—A¢) F(A¢—£) (A¢—d+1+A>
[x(t=00) = I'(Ag) r (£+22—A¢> r <d+1—2A—A¢> r <A¢2—A> (Aas d+1+A>

(5.23)
I 1(0) and I A (00) are shadow-symmetric as they should be. Now, let us consider 1 B(t) 'n
perturbation theory for small ¢

0.)
Ly =191, (5.24)
§=0
There is only one Witten diagram contributing to A(Aj) for each j, involving j integrated

insertions of ®? on AdS, connected in a linear chaln Since the deformation is gaussian,
the diagrams for j > 1 form a geometric sequence

) a1
ﬂzﬂz[tK(A)}] v, (5.25)

where

<A¢d2+l+£} . (5.26)

7(0) Iy
L) =14 —2 5.27
A(AO) and Ag) can be fixed by using the known values at ¢ = 0,00 in (5.23), the final result
bemg
. Tx(0) — tK(A)Ix
Tx(t) = 5(0) = tR(A)I5(00) (5.28)
1—-tK(A)

The primary operators exchanged in the boundary OPE correspond to poles of fz(t).
These come from the zeros of the denominator

K(A) =1, (5.29)

in agreement with the earlier result (5.18).
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5.4 Comparison with the Polyakov bootstrap

We can use the presented family of boundary conditions to test the consistency of the
Polyakov sum rules. We will do so by expanding the boundary OPE data at small ¢ and
check that the resulting sum rules are satisfied up to O(¢?). Recall the form of the boundary
and bulk OPEs along the deformation

G = Z“n(t)gb&n(t) =90 + ) An(t)gR, - (5.30)
n=0 N=0

Crucially, in the bulk channel the spectrum Ay = 2A4 + 2N is independent of ¢, and the
only t-dependence comes from the one-point functions in the presence of the boundary. On
the other hand, in the boundary channel both scaling dimensions and OPE coeflicients are
nontrivial functions of ¢t. We will write the perturbative expansion of the boundary OPE
data as follows

An(t) =284+ 20+ > AP
j=1

o (5.31)
n(®) = S0
5=0
It is not hard to use (5.29) to find the anomalous dimensions up to O(t?):
1 d1
A7(11): F(n+§)I‘(n+A¢—§+§) (5‘32)
rT(n+ 1T (n+Ag—%+1)
F(n—l—l)QF(n—i-A —d—i-l)Z
~(2 2 $" 272
P = gt Hn gy~ Hoa,g] o (539

- 2m2T(n+1)20 (n+A¢—%+1)2

where H, is the harmonic number. We will also need the OPE coefficients up to O(%):

) = (8p)y, (s =9 +1),
" 22"_1(2n)! (A¢ +n — % + %)n (534)
1 ~
i) = S0a(uPAY).
where (a), = Flgtzz)b) is the Pochhammer symbol. Correspondingly, the two-point function

can be expanded in perturbation theory

Gi(:) = 3G9 (2)6 (5.39)

j=0

Since Gi(z) is a two-point function in a unitary theory, it must be bounded in the Regge
limit, i.e. G¢(2) = O(2*¢) as z — oco. Furthermore, the perturbation ®? generating the
deformation is a relevant operator on AdS,. Therefore, we expect that also the individual
terms G (z) are bounded in the Regge limit. This means that the sum rules resulting
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from functionals living in V* apply to each G (z). We will focus on GU)(z) for j = 0,1, 2.
Their boundary OPEs take the form

Q(O)(Z) = Z M%0)93A¢+2n(z)

n=0
G () = 3 [P gha 20 (2) + 1AV 05 gbn o (2)]

n=0 (536)
G) = 3 [ ah an(e) + (ADFD + ) O3t onl)+

n=0

1 ~
+ SO GE PO ()]

We can now test the BCF'T Polyakov sum rules. We will focus on the sum rules coming
from the functionals w,. Recall that these functionals have the following properties when
acting on the bulk and boundary conformal blocks, and A-derivatives of the boundary
blocks

0
)=0 (5.37)
b}

We can not derive sum rules by directly applying w, to the expressions in (5.36), since w,
live in U*, but not in V*. We can construct functionals w{ belonging to V* by subtracting
a suitable multiple of Wy from the remaining w,

& = @y — quio - (5.38)

The coefficients g, can be fixed as follows. Firstly, note that each w} annihilates each G,
This is because we can expand the latter in the bulk channel, where we find only double-
trace conformal blocks ng for 7 > 1, and with the addition of an identity conformal block
for j = 0. All these conformal blocks are annihilated by &} . Applying @} to the OPE
of GO)(2) shown on the first line of (5.36) leads to the trivially correct equation 0 = 0
since each @ also annihilates each g4 A, 4on(2). Applying @), to G (M) (2) on the second line
of (5.36), we see that the resulting sum rules are satisfied if and only if

(0)5(1)
Hn "7
Ho "o
which therefore fixes all a,,. This is of course just the constraint alluded to in the in-
troduction that w; must annihilate the boundary expansion of the contact diagram. A
nontrivially check of the logic comes from applying &3 to the boundary OPE of G®)(z),

which gives

(103D + uD3D) = gu (03 + 1"30) + 50— Guso =0, (5.40)
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where we defined the following infinite sums
1 1)\2~
=g Zﬂw ()20 (03,08 42m ) - (5.41)

@n(ﬁigg Ay +om) can be computed since thanks to results of section 3, we know &n(g%)

for arbitrary A. The infinite sum over m can then be performed analytically in special
cases and numerically in the generic case. We checked that the sum rules (5.40) are indeed
satisfied, providing a check of the consistency of our proposal. We stress that the Polyakov
sum rules can be used to fix OPE data even in cases where, unlike here, no other analytic
solution is available.
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A Regge behavior

The discussion of the two-point function Regge limit is facilitated by introducing the p
coordinate which is related to £ via [55]

(1—=p?

=

(A.1)
This change of the variable maps the ¢-plane into the unit disc |p| < 1. The physical
regime of the cross ratio { € (0,00) corresponds to the interval p € (0,1) along the real
axis where £ = 0 and £ = oo are mapped p = 1 and p = 0 respectively. The point p = —1
(¢ = —1) is another special point of interest which lies outside of the physical regime. The
analytic continuation of the two-point function from within the unit p-disc to p = —1 is
what we will refer to as the Regge limit for BCFT. In the following we will prove two
general statements about BCFT two-point functions regarding their boundedness.

Statement 1. The two-point function of different operators (O10s2) is bounded by the
square root of the two-point functions (O10;) or (O202) of identical operators.

The proof of this statement follows simply from the application of the Cauthy-Schwarz
inequality, and the unitarity of a physical two-point function

190,00 = |zk:&1kd2k9b£k &l < zk: \&m&%Hg%k 3]

< \/Zwmggk ©) Y (@e% ©) (A.2)
k k

< I60.00190:0,]
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Statement 2. The growth of a physical two-point function G(p) near the unit circle
|p| = 1 is bounded by its behavior at p = 1, i.e., the bulk channel limit.

To present the proof, let us first point out a useful fact of the boundary channel confor-
mal block. In the p coordinate, we can write the boundary channel conformal block (3.53) as

o) = (2 AQF1 ARA_d 1 oR 4o g~
A (1-p)? o2 "(1-p)?

. ] (A.3)
A ~d—1 ~ 3
— (4p)%R <A, SRS+ p2)

2 2

15 From the second

where in the second line we have used a quadratic transformation.
expression we see that the boundary channel conformal block admits a power expansion in
p around the origin, and the expansion coefficients are positive for A > %. Let us first
look at a two-point function (O10;) of identical operators, for which the boundary channel

decomposition reads
Gioyon =) &ﬂ;g%k (p)- (A.5)
k

We expand the r.h.s. in powers of p and assume that no operators with dimension A< %
appear in the boundary channel OPE. From the positivity of &%k and the expansion coef-
ficients of the boundary channel conformal blocks, we conclude that G(p,0,) has a power
expansion in p at p = 0 with all positive coefficients, to wit

G100 = DD Crnp™ T G > 0. (A.6)
kE n

This immediately implies the following inequality: on the circle |p| = r, r < 1, the physical
two-point function is bounded by its value at p = r (i.e., the intersection of the circle with
the positive real axis)

G000 1p1=r < Gi0,00) \p:,u (A7)
The expansion in p converges inside the unit disc |p| < 1 but diverges at the boundary
of the disc due to the exchange of the identity operator in the bulk channel (p = 1). As
p — 17 along the real axis, the two-point function diverges as 67~ 22! where 6r =1 — r is
the difference of radii between the unit circle and |p| = r circle. The inequality (A.7) then
implies the following bound on the Regge behavior

Go00(p) S (L+p)722, p— —1F. (A.8)

Furthermore, when combined with our first statement, we have proved the following bound
on the Regge behavior for a general physical two-point function

G000 (p) S (14 p)"B1F82) - p— 17, (A.9)

15The identity we used is

2 Fy <a,a—b+%;2a—2b+1;— = 2)

2Fi(a,b;a —b+1;2) = (1_\/2)% (1-v2)

el < 1. (A.4)
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As we can straightforwardly verify, each individual conformal block has the following
Regge behavior

gR(p) ~ (p+ 17" gx(p) ~ (p+ 1), p——17. (A.10)

Therefore, as long as Ay > (d — 2)/2, both the bulk channel conformal block and the
boundary channel conformal block are bounded in the Regge limit

gR(p) S (1+p)~Bat82) b (p) S (14 p)~ Bt p 5 17, (A.11)

B Direct channel decomposition from the spectral representation

In this appendix, we give the details of deriving the direct channel decomposition from
the spectral representation of exchange Witten diagrams. This makes use of the Mellin
representation formalism for BCFT correlators [12].1

We start with the bulk exchange Witten diagram (3.17). In [12], the bulk exchange
Witten diagram was shown to have the following spectral representation

yybulk _ A1+A2 /m /dT T{ 4 )T (74 2522)T (T+A22A1)F(T—T)F(hge—r)}
2mi [, 2w I(3—7)T(27)
A1+A2 h+c 1+c h)F(A1+A§_h_C)F(1_;_h)
x (Afh) *CQ 87 (Al)F(Ag)F(c)F(fc) (B-1)

where h = 521 and the contour C for 7 is parallel to the imaginary axis. One can show that
the term in the brackets can be rewritten as

Mg J(7) + (=) Mg ] (7) (B.2)
with
foulk(0) = 2y/7L(—c)cos (3m(c+ h)) csc (3m(c — Ay + Ag 4+ 1)) T (5(c+ h+ Ay — A)) .
[(3(—c—h+A1 — Ay +2))
(B.3)
Here M[gR](7) is the reduced Mellin amplitude'” for a bulk channel conformal block
A tA dr .
g = > [ ST MBI (B.4)
c 4T
MBI ey = FOH IO+ B0+ g) DA —h+1) (B.5)
T) = : .
N P(T + % —h+ 1) F(A+A21—A2 )F(A+A22—A1)
Therefore we can write
A +A 0 de
whikig) =5 [ [ e (F o ) + P onlel )
(B.6)

63ee also [56] for the Mellin formalism for defect CFTs.
1"See [12] for definitions and details of the Mellin representation formalism of BCFT.
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where

1 F(A1+A227h+0)11(1+;fh)F(A1+A227th)F<1fcfh)

bulk c) = bulk c i
FPU(c) = fP"(e) x (A —h)2—¢2 SW%*hF(AQF(AQ)P(C)F(_C)

(B.7)
We can perform the 7 integral using (B.4), and the result is written as a spectral represen-
tation with respect to the bulk channel conformal blocks

Wbulk(é-) — / i‘fbulk(c)gEJrc(f) + Fbuu{(—c)g}?fc(g) = / T;

—100 2mi —100

FPH () ghye(€)

(B.8)
where in the second equality we have used the ¢ — —c¢ shadow symmetry. Closing the
contour to the right and pick up the poles we get the OPE coefficients. The residue
at ¢ = —h + A gives the OPE coefficient of the single-trace operator. The residues at
¢c=—h+ A; + Ay + 2N, with non negative integers N give the OPE coefficients for the
double-trace operators.

The analysis for the boundary exchange Witten diagram is completely analogous. The
spectral representation in Mellin space was given in [12]

Wboundary — o0 E di -7 477 (n)r (h_T_%)F(h+c_7_%)r(h_c_7_%)
ico 274 c 271 I'(2h—27-1)

A3 (h—1)9A1+A2-3n (c—h+A1+% ) r (—c—h+A1+% ) r (c—h+A2+% ) r (—c—h+A2+%)

2 2 2 2

X
L(—c)T' ()T (A1)T(A2) ((ﬁchr%)chQ)

(B.9)

The term in the brackets can be rewritten in the following form
e () Mgy s, J(7) + fPo (o) Mgy s ](7) (B.10)

where
—2c—2h 1

fhoundary ) w2 Ze=2htl ege(me)l (e + h — %) 7 (B.11)

I'(c+1)

and M [gbz] (7) is the reduced Mellin amplitude for a boundary channel conformal block

dr
b -7 b
— Mg B.12
5 = [ 5 MIgIE). (.12
[(T)T(A — 7)D(=2h + 2A + 2)T(=h + 7+ 1
Mg&](r) = (DI n T ). (B.13)
NAI(=h+A+1DI(-2h+A+T7+2)
The boundary exchange Witten diagram can therefore be written as
100 de
boundar; _ boundar, b
whomts(¢) — [~ S apremtyeygh () (B.14)
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where
7T%(zm1)2A1+A2—:>,

T(A1)T(As) ((3 —h+ %)2 - c2>

r (c—h+A1+%> r (—c—thAlJr%) r (c—h+A2+%> r (—c—h+A2+%)

]:boundary (C) — fboundary (C) %

(B.15)

2 2 2 2

. T(—o)T(c)

Closing the contour to the right, the residue at ¢ = —h + % +A gives the OPE coefficient
for the single-trace operator with dimension A, and the residues at ¢ = —h + % +A;+2m
give the rest boundary channel OPE coefficients for single-trace operators with dimensions
A; + 2m.

C Computing the seed coefficients

In this section we compute the seed coefficients needed for the crossed channel decomposi-
tions of exchange Witten diagrams. The main strategy is to use and generalize the method
of [57] to write an exchange Witten diagram as an infinite sum of contact Witten diagrams.
The seed OPE coefficients are extracted from this representation by taking certain limit

and then performing resummation.

C.1 Bulk exchange Witten diagrams

We start by reviewing the method in [57] of computing the three-point integral that appear
in the bulk channel exchange Witten diagrams
bulk CREPN A A
I u (J,’l,l'Q;’U]) = / ﬁGBB(U},Z)GB}?(Z,ZL'l)GBg(Z,ZL‘Q) (Cl)
Ade+1 ZO

It is convenient to perform a translation such that
x1—>0, To —» T3] =2 — 7. (02)
This is followed by a conformal inversion,

12 ’ z ’ w
- = - . C.3
) w (C.3)

I
L1g =

After these transformations the integral becomes,

PR (2 2y w) = (212) 7222 (W — 2hy) (C.4)
where .
d z A A 20 Ag
J(w) = / " GBa) " (3)™ (C5)

The scaling behavior of J(w) under w — Aw together with the Poincaré symmetry dictates
that J(w) takes the form
J(w) = wit =22 f (1) (C.6)
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where )

w
t:Eg (C.7)
and the physical region of ¢ is [0,1]. The function f(t) is constrained by the following

differential equation,

4t2(t—1)f”+4t[(A1—A2+1)t—A1+A2+§—1]f’+[(A1 — Do) (d— A+ D)+ M?)f =22

(C.8)
where M? = A(A — d). This equation comes from acting with the equation of motion of
the field in the bulk-to-bulk propagator. The function f is further subject to two boundary
conditions:

1) From the OPE limit, we know that f(¢) should behave like

A—Aj+Agy

ft)~t— 2 , t—0. (C.9)

2) From its integral definition, f(¢) has to be smooth at ¢t =1 [58].

Let us now look at the solutions to this equation. When A = Ay 4+ As — 2m with
m € Z and m > 0 it is easy to find a polynomial special solutions for f(z). This solution
was first given in [57] and takes the following form

kmax

fO =Y at (C.10)

k=Emin
with
kmin:(A_A1+A2)/27 k’max:A2_17
U e e [t B s s
(k=1)(k —1— A1+ A9 ’ (C.11)
1
T A DB - 1)

The equation (C.8) also admits the follwoing homogeneous solutions
LA—A1+A,) 1 1 d
fl(t>:t2 1225 Fy §<A—A1—|—A2),§(A+A1—Ag);—§+A+l;t s (C.12)

and

1 1 d 1
fo(t) = 2F1 <2(A A1+ Az), o(d— A=A+ Ag)s ol — t) - (C.13)

However, neither solutions can be added to the special solution as they would spoil the
boundary conditions. More precisely, this is because fi(¢) has a branch point at ¢ = 1 while
f2(t) is smooth; while f2(t) has the wrong asymptotic behavior for ¢ — 0 which grows like
d—A—A1+Ag
2
When the truncation condition A = A; + A2 — 2m is not satisfied, one can still get a
special solution from (C.10). The series (C.11) now does not truncate, and can be written
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in terms of a gF5 function. However it has the wrong boundary behavior. It implies that
the solution should be accompanied with homogenous solutions. By studying its behavior
near t =0 and £ = 1, we find the correct combination of solutions is

A A A d A A A
Ft) =CP A2y (1A Agy =T+ S+ 224, — o+ S o 2 Lt | ORI (2)
2 2 2 2 2 2 2 ’
(C.14)
where
Cbulk _ _ 1
s (—A+AL+A2)(—d+A+A1+A2)’
cute_ DA+ A1-8) T (H(A-81+80) L (A+A+80) T (3(d+A+a1+89)  (O15)
hi = AD(ANT(A)T (—2+A+1) ‘
It will also appear to be useful to write the above solution as power series
i=0 i=0
where
A1)i(Ag);
P = ( 1) ( 2) (0‘17)
(A — Ay — Do) (—d+ A+ Ay + Ay) (FAFALFAEZ) (‘d“*%lm“)i
and
i —2i— . w(d—2A —
Q- - (_1) T (d 22 2A) sm( ( > )) F( d+A+2A1+A2)

T (A—A21+A2) T (A+A21—A2) T (—A+%1+A2) T (—A+A12—A2+2) T (—A—A12+A2+2)
F (—A+A1—A2—2’i+2) F (—A—A1+A2—2i+2)
2 2

X

(C.18)

After obtaining this solution, we can undo the inversion and translation and the upshot is

that each power t* becomes a contact vertex at w,
(1 — 29) 2@ A GUEAITR2 (1) 1)) G (22, w) . (C.19)

Therefore the bulk exchange Witten diagram can be written as an infinite sum of contact
Witten diagrams

%) [eS)
bulk 21 contact A—A1—As+25 contact
W = E (X1 —22)'P; WA1+1,A2+2‘+ E (1 —22) TR WAEK DA, +iA=B1FAy L,
: : 2 ) 2
i=0 =0

(C.20)
where we have labelled the contact Witten diagram by two external dimensions. Written
in terms of the cross ratio,

oo oo
. A—A1—Ny | .
W) =D PEWRNIA O+ _ Qi€ = TR, s aea, (6) (C21)
=0 i=0
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Similarly, in replacing x2 by Z2, and use the fact that

Wcontact(l,h 1:2) — Wcontact (xh 532) 7 (022)
we can also write the mirror exchange Witten diagram as an infinite sum of contact Witten
diagrams
o o0

T7bulk __ § : — \2t contact § : — \A—A1—-As+27 contact

W - (f]fl - x?) 'PZ WA1+i,A2+i + (xl - 'CCQ) ! ? QZ WA+A21*A2 +Z', A*A21+A2 +i *
=0 i=0

(C.23)

In terms of the cross ratio, it reads

A=A —Ag+i

WIEE) = 3 P €+ DWRNA (O + D Qi€+ 1) = WR, s aia, (6)-
=0 =0
(C.24)

C.2 Boundary exchange Witten diagrams

Let us now use the same strategy for the boundary exchange Witten diagrams. We focus
on the two-point integral
boundary ddwl A Ay
I (l‘l,wg) = TGBB(wl,wg)GBa(wl,xl) (0.25)
Ads; Wig
This integral has AdS,; isometry and should depend on a single variable ¢ invariant under
the scaling wg — Awe, 1 — Az

. w%o + aciL + (W — 71)?

) (C.26)
w2,0T1,1

and its physical region of is [2,00). The function TP (11 ws,) then takes the form
P09 (3, wg) = iy () (C.27)

To work out f(t), we use the equation of motion for the bulk-to-bulk propagator inside
AdS,. It leads to the following equation

— (2 = A)p"(t) — dtp/(t) + M3p(t) =t~ (C.28)

o~ o~

where M2 = A(A — (d—1)). This second order differential equation is also supplemented
by the following two boundary conditions:

1) ast — oo, p(t) ~ t75;

2) at t = 2, the function p(¢) is smooth.

~

We now consider the solutions to this equation. When A; = A — 2m with m € Z,

m > 0, one finds a polynomial solution [12]

k!nax
p(t) = > bit*, (C.29)
k

min
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where

~

o, = Rk —(B—@—1)
* 4k +1)(k+2) ’
kmin =-A 27
St (C.30)
kmax = —A,
1
bp . = :
min 4(—A1 -+ 2)(—A1 —+ 1)
It is easy to check that further adding the homogeneous solutions
A AA+1 d ~ 3 4
-A
=t R [ 5 S s A S 31
p(t) =t 21(2, 5 5t +2’t2)’ (C.31)
and R
X 1 ~ d—A 1 ~ 4

will spoil the boundary behavior. When A and A takes generic values, the series (C.29)
no longer terminates. But the special solution we get from the resumed series does not
satisfy the boundary conditions. Instead, we should use the following solution for p(t)

A 5 (1,%+%,%;—%+%+1,—%+%+%+%;;%)
(A —A)(—d+A+ A +1)
(77 cse(nA) sin(rAT(1 — AT (% - %) csc (%w(—d +A+ A+ 1)))

p(t) = —

+ = =~ = pi(t).
@ -A)r (-4 +3+3)T (-5 -4 +1)
(C.33)
It is also convenient to write this solution as power series in 1/t
p(t) =783 Rt H AN 5 (C.34)
i=0 i=0
where
Ay)ai
M A Ay (i Bia (21)21 d+A+A,+1)) (€39
(A=4) (5(_ taut )>z (5(_ tatAnt )>i+1
(—1)i*+ sin(rADD(1 — Ap) cos (Z022) p (A=A p (d=2i=2A-1
(e)r (sgd)r (i)

4i! sin(7A) sin (%) (=2 — A+ 1)T (%)
It is not difficult to find from the definition that each ¢~% corresponds to a contact vertex

2 2 G, wa) G5 (wa, ws) . (C.37)
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Therefore we can write the boundary exchange Witten diagram as an infinite sum of contact
Witten diagrams

00 00
yyboundary _ Z(xl,J_)ziRi WK;T-%??AQ + Z(wl,J)E_AH_ZiSi ng;?:& _ (C.38)
i=0 i=0
Written in terms of the cross ratio, we have
o o ~
yboundary (¢) = 37 92 R, Wt () + 39 AR Rg yeentadt () (C.39)
i=0 i=0

C.3 Extracting seed coefficients

Building on our previous results (C.21), (C.24) and (C.39), we now extract the various
OPE coefficients.

We start with the bulk exchange Witten diagram (C.21). To compute the seed OPE co-
efficient AOB’(U for boundary channel decomposition we note that Wact hag the following
expansion around £ = oo

WA+ =1 €27 (1+0(E71) +e26 7227 (140(671)
A+Aq —A1+Ao _

—A . A .
WS, | sy, (O=d€ T 10 )+ e (0 ).
2 ’ 2
(C.40)

. —Aj—i -1 e -1 ~
It is easy to see that {217 (1+ O(¢71)) and ¢ 2 (1+0(£71)) contribute to
ER1(14+0(671)) in WPulk while £4277 (1 4+ O(¢71)) and {‘%_i (1+0(™)) con-
tribute to £722(1 + O(¢71)). On the other hand, in the boundary channel decomposition
AOB’(U appears in WPUK as the coefficient of €21, Therefore /1(])3 ‘() can be obtained
from (C.21) and (C.40) by resumming all the =21 coefficients. The result is

AB) _ ip T2 (Ag— Ay (=201 482141 ) n 720 (A — Aq)T (ZLE2iEA+L)
I s S g e =
_ TIT(Ao— AT (A (—d+A1+A+1))

T D(A2) (A=A —A)T (A(—A1+A2+1)) (~d+A+A1+As)

d A 1 A A d A A A
X3F2<1,A1,—§+71 5;—54-71 54‘54’71-1-724-1;1)
71'% 9f2—A1-3 sin(mA1)sin(wAz)sin (”(dQQA)) csc ("(A+A21_A2)) csc (”(_d+A+QA1+A2+2>)
T ( 7A7A12+A2+2) T (dengngJrQ)

o (—d+2A+1’ A+A21*A2 : _g+A+1; 1) r <d722A> I <7d+2A+1>

xr(A2;A1)r(‘A+§1+A2>r(1—A1)r(1—A2). (C.41)

=0

Az A2
+5+ +5 L, -

The seed coeflicient flg ‘@ can be obtained from the above expression by exchanging Aj
and As. Moreover, as a consistency check, we can also reproduce other leading OPE
coefficients in the bulk channel from (C.21). By expanding the contact diagrams in the
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bulk channel, it is clear that the leading bulk channel double-trace OPE coefficient A% is
given by

AF = PBoWRRSN0), (C.42)

while the single-trace OPE coefficient is given by

AB = Qo W?ftAalCEAQ A—ng+a, (0). (C.43)
2 2

)

We now consider the bulk mirror exchange Witten diagram (C.24). In the bulk channel,
the bulk mirror exchange diagram contains only double-trace blocks. In the bulk channel
limit &€ — 0

whulk(e) = AB + 0(¢). (C.44)

Therefore, we can obtain the seed coefficient [153 from (C.24) by simply setting £ = 0

tact tact
AO_ZPW“mCAW +ZQZWCA°12C1_A2 A-A+a, (0)

i=0 +1, 2 +1
_Z 2T (3 (—d+2i+ A1 +Ax+1)) ZQ 720 (L (—d+2i+A+1))
I (3(2i4+A1+A2+1)) ! I (3(2i4+A+1))

= 1n¥7r (%(—A+A1+A2)> x [—r (%(—d+A1+A2+1)) r (%(—d+A+A1+A2))

~ —d+A1+Az+1 A1+Az+1 —A+A1+A24+2 —d+A+A1+Ax+2
X 4F3 (1 Ar, 5 Ag; 5 3 ; 5 ;1>
' (1-A)T(1-A2)T ( _d+2A+1 ) csc (“(A+A217A2) ) csc (“(AfAQHA"’) ) sec (“(7d+A+2A1+A2+1))

T ( 7A+A127A2+2) T ( 7A7A12+A2+2) T (defAQﬁAzm)

—d+A+1 A+A1—As A—Ai+A; A+l
2 2 2 2

xsin(r ) sin(mA2)s F ( —5+A+L1)

(C.45)

where 3F5 and 4Fj are the regularized hypergeometric functions. Let us also look at the
decomposition of this diagram into the boundary channel. From (C.21) and (C.24), it is
clear that to the leading order WP"X has the same large & expansion as WP"K, Therefore
the seed OPE coefficients of the two diagrams are the same

B B.(i
ADW = 7B (C.46)

Finally we consider the boundary exchange Witten diagram (C.39). When decomposed

in the bulk channel, the boundary exchange Witten diagram consists only double-trace

operators. By taking & — 0, we can isolate the seed OPE coefficient Ag

Wboundary(g) — AS +0O(¢). (C.47)
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Setting £ = 0 in (C.39), we get

& . 00 N d/2 1/ N
A= 2%R, 720 (L(—d+2i+ A1+ Az +1)) 22—A+A1—2i5i7r F(Q( d+21+A+A2+1))
1 - RN
pad F(§(21+A1+A2+1)) pae F(%(QZ_A'_A_A'_AQJ’_:[))
72 AT ( 7d+A12+A2+1)
T4 T (A (—d+ A+ AT (B(A A2+ 1))
Ay 1A d A A 1 AL A d A A3 A A 1
X4F3<1a2+2727_2‘1’2“‘2+2,_2+2+1,—2+2+2+2,2+2+2,1>

2 2

I(1-A)r (£+A22+1) T <d_z_2A1+1)

—d+A4Ao+1 A 1A d, A Ay 1 d ~, 378 A 1
XF() 3Fy <2—|—2,2,—2+2++ —*+A+§,5+ +2,1>

N 2A1_Bcsc(7r£)sin(wA1)F(1fA1)cos (ﬂd*ﬁ‘) ) T (d*2£*1) r (A12—B) sec (”<7d+52+4\‘1+2))

2 2
(C.48)

A non-trivial consistency check of this formula is that (C.48) can be shown to be symmetric
with respect to exchanging Ay, As — a property that is obvious from the definition of the
Witten diagram. But this symmetry is totally obscured in the above expression by the
asymmetric treatment of the two external legs in the method leading to (C.39). We can
also get Ag’(l) and Ag,(z) from (C.39). It is easy to see there is only one term Ry WMRS'(€)
in (C.39) contains €A1 in 1/¢ expansion, and we can get Ag’(l) by extracting the £=41
coefficient. On the other hand, every term in (C.39) contributes to =42, Ag’@) can be
obtained by resumming all the contributions, and reproduces our previous result.

D Formulae for equal weights

In this appendix, we consider the special case when the external conformal dimensions are
degenerate, i.e., Ay = Ay = Ay, The boundary decomposition coefficients contain simple
poles when A; — Ay.'® By expanding in Ay — Ay, the singularities cancel at the cost of
generating conformal blocks with derivatives in the boundary channel decomposition.

Let us start with the boundary channel conformal block decomposition (3.52) of the

contact Witten diagram Wmact The coefficient dﬁ,ll) has a simple pole in A; — Ay because

of the Gamma function I‘(_%”%MAZ). The same simple pole appears in aﬁ?), but with
an opposite sign. After expanding in Ay — Ao, it is easy to see that in the limit Ay, Ay —

Ay, (3.52) becomes

WM (E) =3 g, 120 (6) + D bn(0a,9,12n) (€, (D-1)

where the coefficients é,,, b, were given in (3.56).
Similarly, the equal-weight boundary exchange Witten diagram also contains simple
poles in its boundary decomposition coefficients. In the boundary channel we find both

8More generally, this happens when A; — Ay € 2Z. But we will focus on the equal weight case for
simplicity.
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the boundary channel conformal blocks and their derivatives

wbomndary (6) — AR (&) + ) Abgh, 100 (€) + D BhIa, g, 120 (S) (D-2)

It is straightforward to get this expression from (3.58) by taking the equal weight limit,
and we find that the coefficients Ab, Az and Bz are given by

7T 2 ARSI (A)D <A¢{A)2F (%(—d+A+A¢+1)>2
T(Ag)T (—%+A+%)

Ab — _ T%lG*"F(2n+A¢A)F(_g+n+A¢+%)

(n)20(Ag)2(—A+Ap+2n)2(—d+A+Ay+2n+1)2T (=4 420+ Ay + )

Al =

)

2

n

X [(—d+2A¢+4n+1)+(—A+A¢+2n)(—d+A+A¢+2n—|—1) (—H%HAM

d=1_ . _ 2
B 716 F(2n+A¢2F(—%+n+A¢+%) D3
" () (AG)2(—A+ Ay +2n) (—d+ A+ Ay +2n+1)D (— 2 +2n+Ay+1)

Here ¢[z] = I[2]/T'[z] is the digamma function.

Finally, let us consider the bulk exchange diagram WP"¥ and the mirror bulk exchange
diagram WPk, In working out the boundary channel decomposition for generic external
dimensions, we used a recursive method. To obtain the decomposition coefficients in the
equal weight case

WPHE(E) =3 " ATgR, () + ) BYOa, A, 1n(€)- (D.4)

WOU(e) = ST AP L (6) + Y BEOAR, (). (D-5)

we could also take the limit of (3.67) and (3.77) after we have recursively computed the
unequal weight coefficients. In practice, however, it is more efficient to first find the recur-
sion relations for the equal weight coefficients. This has the computational advantage that
we only need to take the limit for the seed coefficients. Let us now derive the recursion
relations, focusing only on WPk, The result for WPU¥ is not needed since we know from
section 3.6.3 that the effect of adding WPk to WPuk is just to project out all the odd
n coefficients. We need the action EOMp on 8A¢gbA¢+n(§), and it can be obtained by
computing the commutator of EOMp with da,. The result is the following

EOME (92,04 ,4+1)(€) = n(0a,94 ,4n-1)(€) + Bn(0a,94,40)(€) + 40 (98,94, 1ns1) (€)
+ éngbA¢+n—1(§) + ‘i’ngbA¢+n(f) + QngbA¢+n+1(§) (D.6)
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where &, 3n, Ap are aS), 37(11)7 'Ay,(}) evaluated at Ay = Ay = Ay and

n=—8n,

n 2(—d+2A¢+2n—|—1),

& C2(Ap+n)(d— Ay —n—2)(d—-204 —n—1)

" (d—2A5—2n—3)(d—2A45 —2n — 1)
d=3)(d-1Dn+2)?*  (d=3)(d-1)n?
4(—d+205+2n+3)2  A(—d+204+2n+1)2°

e O
I

+d—2A¢,—n—1 (D7)

Using (D.6) and (D.1), we arrive at the following recursion equations for the decomposition

coefficients
. . PN . R bn , M even,
’Ynlef—l +BnB5+an+lBr§+1 = 2 (DS)
0, nodd,
) . A a ) . A A s A A . an, mneven,
A1 AL+ B AB 4611 AE  +Qy 1 BE 4V, B2+ 6,,1BP | = {0 2 dd (D.9)
, n odd.

We should also impose the initial condition A%, = BB, = 0. The seed coefficients A, B%?
can be obtained from taking the equal weight limit of

ATWgh, () + AT g4, (6). (D.10)
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