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1 Introduction

The Higgs field in the Standard Model (SM) defines a set of field connections of the SM
states. The mass scales of the SM states are dictated by the vaccum expectation value
(vev) of the theory, which is defined to be \/2(H'H) = tp. When the SM is generalized
to the Standard Model Effective Field Theory (SMEFT) [1, 2], the Lagrangian contains two
characteristic power-counting expansions. The SMEFT is of interest when physics beyond
the SM is present at scales A > vp. One of the power-counting expansions in the SMEFT
is in the ratio of scales vr/A < 1. This ratio defines the nature of the SMEFT operator
expansion for measurements with phase space populations dictated by SM resonances (i.e.
near SM poles). The SMEFT is well-defined and useful when such effects are perturbations
to SM predictions.

A second power-counting expansion is present in the SMEFT. This expansion is in
(p?/A?)4=* < 1, where p? is a kinematic Lorentz invariant. It is linked to the novel Lorentz-
invariant connections between SM fields, due to higher-dimensional (and frequently derivative)
operators. This expansion is most relevant when studying measurements with phase space
populations away from the poles of the SM states (when p? # m% ), i-e. in tails of kinematic
distributions.

For the SMEFT to be a predictive and meaningful theory, it is necessary that both of
these expansions are under control.! In this paper, we develop the geometric approach to the
SMEFT. This approach is useful as it makes the effects of these two distinct power counting
expansions more manifest. Here, we advance this approach by systematically defining con-
nections that depend on the scalar field coordinates, defining a scalar field space geometry,
that is factorized from composite operator forms. These connections depend on the vev and
functionally this is useful as it (largely) factorizes out the op/A power counting expansion
from the remaining part of the composite operator, and the derivative expansion. The prop-
agating degrees of freedom, including the Higgs field, then interact on field manifolds, which
encode the effects of higher-dimensional operators. The scalar field space is curved, and the
degree of curvature is linked to the size of the ratio of scales vy /A [5-11]. This curved field
space modifies correlation functions, and the definition of SM Lagrangian parameters such
as gauge couplings, mixing angles, and masses. The flat field space limit of the Lagrangian
parameters simplifies to the definitions in the SM as o7 /A — 0.

In this paper, we also introduce a consistent all-orders general definition of SM Lagrangian
parameters (in this expansion) embedded into the SMEFT. This is possible by taking into
account the geometry of the field space defined by the Higgs field. This definition is limited
in form by consistency of the parameter definitions in the SMEFT o7 /A expansion. These
constraints due to self-consistency allow several all-orders results to be derived for critical
experimental observables in electroweak precision and Higgs data, which we also report.

IFor this reason, the fact that the number of parameters present in the SMEFT operator basis expansion
also grows exponentially on general grounds [3, 4] is a challenge for the SMEFT. We return to this point below.



2 The Geometric SMEFT

The SMEFT Lagrangian is defined as

ol
Lsverr = Lsv + L7, LO=3" o o\ ford> 4. (2.1)
The particle spectrum has masses m ~ gsvy/(HTH), and includes a SU(2)y, scalar doublet
(H) with hypercharge y, = 1/2, distinguishing this theory from the Higgs Effective Field
Theory (HEFT) [12-15], where only a singlet scalar is in the spectrum.?
The higher-dimensional operators Ql(d) in the SMEFT are labelled with a mass dimension
)

d superscript and multiply unknown Wilson coefficients C’i(d . The sum over i, after non-
redundant operators are removed with field redefinitions of the SM fields, runs over the
operators in a particular operator basis. We use the Warsaw basis [2] in this paper for
L£©®) . The operators defined in Ref. [18] are frequently used for L®) results, when basis
dependent results are quoted. We frequently absorb powers of 1/A? into the definition of
the Wilson coefficients for brevity of presentation and use éi(ﬁ) = CZ-(G)T)% /A? as a short-hand
notation at times for £ operators. We generalize this notation to L") operators, so that
éi@") = Ci(zn)ﬁ%"_A‘ /A?"=%. Our remaining notation is largely consistent with Ref. [9].

Field space metrics have been studied and developed outside the SMEFT in many works.3
These techniques are particularly useful in the SMEFT, due to the presence of the Higgs field
which takes on a vev. When this occurs, a tower of high-order field interactions multiplies
a particular composite operator form. For low n-point interactions, the field space metrics
defined in Refs. [5-8, 10] are sufficient to describe this physics. It has been shown that this
approach can be used to understand what operator forms cannot be removed in operator bases
[5], how scalar curvature invariants and the scalar geometry is related to experiment and the
distinction between SMEFT, HEFT and the SM [6-8], and how to gauge fix the SMEFT in
a manner invariant under background field transformations [10]. (See also Ref. [22].) This
approach also gives all-orders SMEFT (background field) Ward identities [11].

The generalization of this approach to arbitrary n-point functions is via the decomposition

ﬁSMEFT:Zfi(a‘”)Gi(LA'”)a (2.2)

where f;(« - ) indicates all explicit Lorentz-index-carrying building blocks of the Lagrangian,
while the G; depend on group indicies A, I for the (non-spacetime) symmetry groups that act
on the scalar fields, and the scalar field coordinates themselves. By factorizing systematically

2The direct meaning of this assumption of including a SU(2)y, scalar doublet in the theory, is that the local
operators are analytic functions of the field H. The analyticity of the operator expansion was reviewed in
Ref. [9]. See also Refs. [6, 16, 17] for some discussion on the HEFT/SMEFT distinction.

3See for example Refs. [19, 20]. It is remarkable that the similar theoretical techniques to those we develop
here also enable studies of general relativity as an EFT, see Ref. [21].



the dependence on the scalar field coordinates from the remaining parts of a composite op-
erator, the expectation value of G;(I, A---) reduces to a number, and emissions of h. This
collapses a tower of higher-order interactions into a numerical coefficient for a composite oper-
ator — when considering matrix elements without propagating h fields. The f; are built out of
the combinations of fields and derivatives that are outputs of the Hilbert series characterizing
and defining a set of higher-dimensional operators, see Refs. [4, 18, 23-25]. This introduces a
basis dependence into the results. The Hilbert series generates operator bases with minimal
sets of explicit derivatives, consistent with reductions of operators in an operator basis by
the Equation of Motion (EOM). For example, the Warsaw basis for £©) is consistent with

the output of a Hilbert series expansion.*

The f; retain a minimal scalar field coordinate
dependence, and vev dependence, through powers of (D*H) and at higher orders through
symmetric derivatives acting on H. As these operator forms depend on powers of d,h they

do not collapse to just a number when a scalar expectation value is taken.

2.1 Mass eigenstates

The field coordinates of the Higgs doublet are put into a convenient form with a common set of
generators for SU(2);, x U(1)y, by using the real scalar field coordinates ¢ = {¢1, p2, 3, P4}
introduced with normalization

1 -

H = — , H = —

¢4 is expanded around the vacuum expectation value with the replacement ¢4 — ¢4 + vp.

The gauge boson field coordinates are similarly unified into W4 = (WL, W2 W3, B} with
A =1{1,2,3,4}. The corresponding general coupling is defined as a4 = {92, 92, 92, 91}

¢2 + i1 1

¢4 — i3

G4+ i3

—po + iy | (2:3)

We define short-hand notation as in Ref. [11] for the transformation matrices that lead
to the canonically normalized mass eigenstate fields

1J
up = g*tuse, Vi =Vh Vg

Here \/EAB and \/EIJ are square-root metrics, which are understood to be matrix square
roots of the expectation value — () — of the field space connections for the bilinear terms
in the SMEFT. These connections are defined below in Section 2.3. The matrices U,V are
unitary, and given by

1 1 —i 1

Vi V3 0 0 ﬁﬁOO

A=t 0 1 1 g9
UBC: V2 V2 ) VJK: V2 V2

0 O Cg Sp 0 0 —10

0 O —S5 Cg. 0O 0 01

4Such a basis also offers a number of other benefits when calculating in the SMEFT, that are most apparent
beyond leading order in the operator expansion; see the review [9] for more details.



1J
Also, Vh "Vhyk = 5% and \/§AB\/§BC = 5é. The rotation angles cg, sz are functions of a4

and (g4B) and are defined geometrically in Section 4.3.

The SMEFT weak /mass eigenstate dynamical fields® and related couplings are then given
by [10] (see also Refs. [26-29])

ot UGB, WA =UEATH, T = Vi o, (2.4)
where in the SM limit

o ={g292,92. 91}, WA = {Wy, Wy, Ws, B},
g(1—d) go(14+19) /5 5 5 o 2919 c + -

ﬁC: ) ) g +g (67_87)77 3 A = (W 7W 7Z7A .

\/5 \/E 1 2\~9 0 g%_‘_gg ( )

and ¢7 = {¢1, ¢2, @3, ¢4}, PK = {®~ ®T x, h} for the scalar fields. All-orders results in the
vp/A expansion can be derived as the relationship between the mass and weak eigenstate

fields is always given by Eqn. (2.4). Remarkably, the remaining field space connections for
two- and three-point functions can also be defined at all-orders in the op/A expansion.

2.2 Classifying field space connections for two- and three-point functions

We first classify the operators contributing to two- and three-point functions. The arguments
used here build on those in Refs. [2, 18]. Consider a generic three-point function, including
the effects of a tower of higher-dimensional operators. We denote a SM field, defined in the
weak eigenstate basis, as F' = {H, ¢, W} for the discussion to follow. Recall the SM EOM
for the Higgs field,

D*Hy, — M2 Hy, + 2M\(H H)Hy + @ Y, u(ios)jx + dYaqr +€Yel, = 0, (2.5)

indicating that dependence on D?H), can be removed in a set of operator forms contributing
to three-point functions, in favour of just Hy, and higher-point functions. Further, using the
Bianchi identity

DMWQB + DQWQH + DQWMQ =0, (2.6)
one can also reduce D? We to EOM-reducible terms and higher-point interactions via

D2 WaAB = DMDugijaAﬁa
= —Dug" (DaWp, + DsWih)

1 1 1 1
_§D{V,Q}WBAV - §D{V,B}Wfa - §Wllx4awé4u - §W1‘?BW;1Q,

= and higher-points (2.7)

Here Dy, oy is the symmetric combination of covariant derivatives. An explicit appearance of
Dy, F is reduced to W:f,,F , where A is dictated by the SM charge of F.

5The vev or is subtracted from ¢4 in the equation below involving ¢”.



Similarly, D? can be reduced as

D*) = D,D,g""t) = D, D, (v'4" +ich )i = and higher-points, (2.8)

where 0, = %(’y,/y,, — YY) In what follows, when D?F appears, it is replaced in terms of
EOM terms and higher-point functions for these reasons. Explicitly reducing operator forms
by the EOM, when possible, in favour of other composite operators, has a key role in these
arguments.

Now consider higher-derivative contributions to three-point functions. Explicit appear-
ances of D?F are removed due to the proceeding argument. Further, a general combination
of derivatives, acting on three general SM fields Fi 2 3,

f(H)(DyuF1)(DyF2) Dy Fs, (2.9)
is removable in terms of EOM terms and higher-point functions, using integration by parts:

fH)(DpF1)(Dy Fa)Dypy By (2.10)
= — f(H) [(D*F1)(Dy F) + (DuF1 ) (DD F3) + (D Dy Fy)(Dy F) + (Dy 1) (D* )] (D, F)
— (Duf(H)) (DuF1)(Dy F2) + (D, F1) (D, Fy)| (D, F3)
= — f(H)[(D,F1)(DuD,Fy) + (DD, F1) (D, Fy)] (D, F3) + and higher-points
= — f(H) (D) F1)(DuF2)(Dy Fs) + f(H) (D, Fy) (D, F2)(D*Fs) + and higher-points
= and higher-points.

As a result, in general, an operator with four or more derivatives acting on three (possibly
different) fields F; can be reduced out of three-point amplitudes.

When considering field space connections that can reduce to three-point functions when
a vacuum expectation value is taken, we also use

F(6) Fi (DuFs) (DuFs) = (D (9) (DuF) Fy Fi+ 3 (D* f(8)) Fy Fy Fy + [EOM], (211)

to conventionally move derivative terms onto scalar fields. After reducing the possible field
space connections using these arguments systematically, and integrating by parts, a minimal
generalization of field space connections for CP even electroweak bosonic two- and three-point
amplitudes is composed of

his(6)(Dud) (Dud)’,  gap(@)Wa WP ki (¢)(Dud) (Dyo) W,
Fapc(@)Wi, Whre WS,

and the scalar potential V(o).
The minimal set of field space connections involving fermionic field in two- and three-point
functions is

Y(o)h1ta,  Lra(@)riv'oarsa(Dug) .  da(@)bro™ paWi,,



where flavour indicies are suppressed. Here we have defined 04 = {0y, 1}, and use this notation
below. The corresponding connections in the case of the gluon field are

kan(9)GL, G2 kane(§)GLGPPV GO, (@Yot Tays G, (2.12)

When considering two- or three-point functions the expectation values of the scalar field
connections are taken with (). Although we are focusing our presentation on CP even field
space connections, the case of CP odd connections is analogous and an additional connection
can be defined for gap, fapc, kas, and kazc. The connections hrj,gap are symmetric and
real, while fapc and kagc are anti-symmetric. The Y (¢), da(¢), and ¢(¢) connections are
complex. Ly 4 is real for the SM fields, and complex in general in the case of the right-handed
charged current connection. k‘f‘J is antisymmetric in the subscript indicies.

2.3 Definition of field space connections

The scalar functions include the potential Gy = V(H TH ), with corresponding fy = 1;

V($) = —LSMEFT£(0,5.—0) - (2.13)

Going beyond the potential, we define field space connections from the Lagrangian for
a series of composite operator forms. The field space metric for the scalar field bilinear,
dependent on the SM field coordinates, is defined via

gt 62 LSMEFT

his(¢) = = 3(Dud) 6(Dvd) | £y —0

(2.14)

The notation L(«, - --) corresponds to non-trivial Lorentz-index-carrying Lagrangian terms
and spin connections, i.e. {W/‘fw (DK 4potap,4pap - - - }. This definition reduces the connec-
tion hr; to a function of SU(2)r, x U(1)y generators, scalar fields coordinates ¢; and v7.

The CP even gauge field scalar manifolds, for the SU(2);, x U(1)y fields interacting with
the scalar fields, are defined as

—2g" ¢°? §*LomprT

gap(9) = a ’ (2.15)
d? WA SWE, £(0,f )—0,CP-even
and (here 4,8 run over 1---8)
—2g" g §2LsMEFT
kﬂ$(¢) _ . (2.16)
d2 5Gﬁa 5G§p E(aﬁ...)—m,CP—ovon
We also have
K gvo 83 LsmErT
k’A ¢ _ 9y 2.17
IJ( ) 2d? 5(Du¢)15(DV¢)J5W?U L(a,B:+-)—0 ( )




and

fABC(¢) B nggUagB” 53£SMEFT
= 3 A SWB SWC ’
3ld 5WMV5WP<75WQB L(a,B:+-)—0,CP-even
g%t 83 LsmprT
kasc(9) = 3143 5GA 5G3 5GC (2.18)
PP Tab | (g, B )—0,CP-even
We also define the fermionic connections
OLSMEFT .pr 0*Lsnmrr
Y (6r) = P . LYH = ; - @)
’ MWV | pasrso 1 ODPO)S(Wpm0atr) | e s 10
and
5° LsMEFT
A0V (f) = — (2.20)
A 5(7,Z)£,p0'pu¢1,r)5wfu L(a,B)—0

2.4 Hilbert series counting

The Hilbert series is a compact mathematical tool that uses character orthonormality to
count group invariants. As shown in Refs. [4, 23-25], it can be adapted to count SMEFT
operators up to arbitrary mass dimension while accounting for EOM and integration by parts
(IBP) redundancies. The ingredients required are simply the SMEFT field content and each
field’s representation under the SM gauge groups and 4-d conformal symmetry. The output
of the Hilbert series is the number of SMEFT operators with a given mass dimension and
field /derivative content. To convert this output into something useful for phenomenology,
one must make a choice of how to contract indices and where to apply any derivatives. This
choice introduces basis dependence.

The results from the Section 2.2 (combined with similar results from Ref. [22] for two-
point vertices) show that it is possible to construct a basis where the two- and three-point
vertices are particularly simple — meaning that they are impacted by a minimal set of higher-
dimensional operator effects. Following Eqns. (2.10) and (2.11), three-point (electroweak)
bosonic vertices are captured entirely by operators of the form D?(HTH)" (HTH)"X?,
D*(H'H)"X, (H'H)"X3 and (H'H)" (n an integer), with X1,z = {W*+W? B+B,G+G}.
The Lorentz group representation is SO(4) ~ SU(2)r, x SU(2)R, so that X /g are in the (1,0)
and (0, 1) representations.

Studying the Hilbert series output for this restricted set, we find that the number of
invariants in each category approaches a fixed value, and then remains fixed independent
of mass dimension: there are 2 operators of the form D?(HTH)" for all n, 2 operators
(HTH)"W?2, 1 operator (HTH)" W B, etc. The fact that the number of operators relevant
to the field connections for the two- and three-point vertices saturates can be proven in each
case using techniques from Ref. [18]. As one example, take (H H )" Wg and suppress all
indices other than Lorentz, in the form SU(2);, ® SU(2)gr, and SU(2)y: being bosonic, the



H™ and H™™ terms must be completely symmetric and therefore in representations (0,0, %)
of (SU(2)r,SU(2)r, SU(2)w). Their product lies in (0,0,0® 1 & 2@ ---n). W2 must also be
symmetric, but it is more complicated as Wy, contains both Lorentz and SU(2), indices (here
we use the notation SU(2)y, to avoid a double use of SU(2)1,). Keeping all symmetric combi-
nations, we find (042,0,0$2)+ (1,0,1). Combining the two pieces, the product (HTH)"W]%
clearly contains two invariants, one where the (HTH)" form a net SU(2),, singlet, and one
where (HTH)" lie in a quintuplet (spin-2).° Since By, transforms under Lorentz symmetry
alone, there is only one operator of the form (H TH )"B%, and the SU(2)y, triplet component
of (HYH)™ combines with the Lorentz singlet piece of Wy, By, to form one operator of the
form (HYH)"Wp, By,. Together, these make up the 4 terms in the gAB(qﬁ)WfVWB’“” entry
of Table 1 for mass dimension > 8.7 Similar arguments can be made for the other operator
categories in Table 1, which are also consistent with the results reported in Ref. [4].

The argument can also be made using on-shell amplitude methods for counting higher-
dimensional operators, and there is clearly a profitable connection between SMEFT geometry
and the recent developments using on-shell methods to study the SMEFT to exploit. See
Refs. [30-37] for recent developments of this form.

Because the number of terms of each operator form for the field connections saturates
to a fixed value, the expressions for the connections for the two- and three-point vertices
at all orders in the v7/A expansion of the SMEFT can be written compactly and exactly.
This implies that the general exponential nature of the operator basis expansion [3, 4] is
more strongly expressed in the growth of higher-point functions and the SMEFT derivative

expansion.8

3 Field space connections

The explicit forms of the field space connections are basis dependent. In this section we give
results in a specific operator basis set, the Warsaw basis at £, and some operators at £(®)
defined in Ref. [18].

The potential is defined in a power counting expansion as

2\ 2
V(HTH) = ) <HTH - %) O mE Y — D (HTH) (3.1)

5This second possibility requires at least four Higgs fields (n > 2), and therefore total operator mass
dimension > 8.

"In addition to the X? operators, there are an identical number of hermitian conjugate terms involving
Xg. Only one combination of the X7, X% terms are CP conserving.

8 The very simple form of the resulting field space connections can clearly be examined using Borel re-
summation, once assumptions on perturbativity of the Wilson coefficients are made. This offers the potential
to construct error estimates due to the series truncation on the field space connection. We leave an exploration
of this observation to a future publication.



Mass Dimension

Field space connection 6 8 10 12 14
h11(¢)(Dpo) (D )7 2 2 2 2 2
gaB(@)Wi, WEH 3 4 4 4 4
krya(¢)(D") (D" ¢)" Wy, 0 | 3 | 4 | 4 | 4
Fapc(@)WA WBvPWIH 1 2 2 2 2
?ziz;gzi E.c. 2NJ§ 2NJ§ 2NJ§ 2NJ§ 2NJ§
i (0)Q .C. 2N? | 2N? | 2N} | 2N? | 2N?
Yy (¢)Le+ hc. 2N7 | 2N7 | 2N} | 2N7 | 2N}
d5P" (¢)LoweWh! + h.c. 4N]% 6N]% 6N]% 6N]% GN?
A" (¢) Qo uWh”+ hec. AN7? | 6N7 | 6N7 | 6N7 | 6N7
A% ($) Q0 dWHY + hc. AN? | 6N? | 6N? | 6N? | 6N?
LY (6)(D ) (U pyuoatnr) | NP | N7 | N3 | NP | N
Ly A(@)(D#6)” (Gprvuoathnr) | 2NF | ANF | ANF | 4NF | N7

Table 1. Counting of operators contributing to two- and three-point functions from Hilbert series.
These results are consistent with Ref. [4].

The minimum is redefined order by order in the power counting expansion

2
2 3c®,2 9 (CF) +4ciPA 2
(HTH>:? L+ —5 v o +o | = (3.2)

This generalization of the expectation value simplifies at leading order in 1/A? to the vev
of the SM. Including the leading 1/A? correction, the result is that of Ref. [26], the 1/A%
correction is as given in Ref. [18], etc. At higher orders in the polynomial expansion of HH
that results from taking the derivative of the potential, numerical methods must be used to
find a minimum due to the Abel-Ruffini theorem. Note that this also means that expanding
out the vev dependence in a formal all-orders result to a fixed order necessarily requires
numerical methods.

The expectation values of the field space connections is also denoted by () and a critical

role is played by \/EU = (R!7\1/2 and \/EAB = (g4B)1/2. The v/h and /9 depend on 7.

3.1 Scalar bilinear metric: hy;(¢)

The relevant terms in £%8) for the scalar metric are [18]

£6® > ) (vt mOH H) + %) (H D, H)*(H D*H) (3.3)
+ O (HE (D) (D H) + Oy (HTH) (HY o, H) (D, H) 0 (DPH)| .

— 10 —



For the Warsaw basis [22], extended with the £®) defined in Ref. [18], hz; is

4 FI ¢KFK ¢L
hry= |1+ %(Cg)D - Cg,)m) o1y — 20}%@% + % (ng%) + ¢2CI(§,)D2) :

(3.4)

We note d;; = FiKI‘fJ for all A and ¢? = ¢? + ¢3 + ¢2 + (¢4 + v7)%. As we define hy;
as in Eqn. (2.14), the choice in the Warsaw basis to integrate by parts and retain an explicit
O(HTH) derivative form is notationally awkward. The integration by parts operator identity

Quo = (H' i D H) (D 1) — A(H D, HY* (5! D" H) (3.5)

can be used with the results in the Appendix to write

B Pt (8) (8) F{4,J¢KP§,L¢L (6) (6) 2(8)
hry= |1+ Z(CHD — Chpy)| 017 + — 1 (CHD —4Cyn + ¢ C'H,D2)
— 2(6m)s (119) Clgh, (3.6)

Alternatively, one can use field redefinitions, expressed through the EOM operator identity
for £ for the Higgs,? to exchange Qp for HTH(D”H)T(DuH). This leads to a redefinition
of the Wilson coefficient dependence of the vev and

F{4,J¢KF§7L¢L

¢4
- (Cith+¢*Clin,) . (37)

hry= |1+ ¢2ng)g + Z(C}f) - CS,)m) oy +

Although the dependence on CS)D coincides in (hrs) in Eqns. (3.4), (3.6) a different depen-

dence on C}?)D is present in (hr;) in Eqn. (3.7). There is also a redefined vev in this case, and
a further correction to the Wilson coefficient dependence in modified Class five operators in
the Warsaw basis, etc. It is important to avoid overinterpreting the specific, operator basis,
and gauge dependent, form of an individual field space connection. Such a quantity, like a
particular Wilson coefficient, in a particular operator basis, is unphysical on its own. (See
Appendix B for more discussion.) Despite this, a geometric formulation'® of the SMEFT
exists in any basis, and still dictates a consistent relationship between the mass eigenstate
field and the weak eigenstate fields. This relationship also allows all-orders results in the
o1/ A expansion to be derived.

The general form of the scalar metric with d = 8 + 2n dimensional two derivative opera-
tors, can be defined as having the form

@5 — (HTH)™2(D,H)!(D*H), (3.8)
(2 — (HYH)" (H' o, H)(D, H)' 0® (D" H), (3.9)

See the Appendix and Eqn. (5.3) of Ref. [2].
10Christoffel symbols can be derived from the field space metrics.

— 11 —



which leads to the result
© = (¢ e (842n) (8+2n)
2 n n
14+ ¢°Cyn + E : <7> (CHD —Ch o >] orJ
n=0

D soxTh 0" (CF), S\ (s42n
- 5 gD—FZ(?) .

n=0

hry =

The scalar field space metric defines a curved field space.

3.2 Gauge bilinear metric: gap(¢)

The relevant £6+27) terms for the Gauge Higgs interactions are
(6+2n _ HTH n+lpuw B HV’

(6+2n

HTH)" MW w,,

(H'H)
(H'H)

5?3’52 (HTH)"(H 0" H)W! B,
(H'H)
(H'H)

Qi) = (HUHY™(H' 0" H) (H 0" HYWE W, 0,
H]LH n+1GHV G/‘?l

(6+2n

The Gauge-Higgs field space metric is given by
2\ n+1
948(01) = [1 - 42 (cli? 1 aan) + g am) (5) ] ar

- 201%25 <—> (61T 19”) (617%™ (1 = 6aa)(1 — 6pa)

Z Citws’ <_>"] [(61T% ;67) (1 — 644)0pa + (A < B)]

and for the gluon fields G = \/E% Gl where

s (@ <1 —4 Z(J(ﬁ”" < > > Oom.

3.3 Yukawa couplings: Y (¢)

(3.10)

(3.16)

(3.17)

The Yukawa interactions of the Higgs field are extended in interpretation in a straightforward

manner. Here the relevant £6+27) operators are

QU™ — (H'H)"™ (1, e, H),
pr

Q™) — (HH)"™ (g, u, H),
pr
261;2%) _ (HTH)TH-l(qp dr H)
pr

- 12 —

(3.18)
(3.19)

(3.20)



We define the Yukawa connection in Eqn. (2.19), where

oo 2\ n+1
Vilon) = ~H@0Wl} +fen Y c™ (5) (3.21)
n=0 PT
oo 2\ n+1
Viton) = ~Henll, + Hen Y cli™ () (322)
n=0 Pr
u (6+2n) ¢2 e
Vit =~ + Aon S s (5) (3.23)
n=0 PT

3.4 (D'e) YTy

The class seven operators in the Warsaw basis, and extended to higher mass dimensions, are
of the form

Ql ,(6+2n) (HTH)”HJr ﬁ“H?Ep%ﬂf)ﬁ

pr
Qg ,(64-2n) (HTH)” ot BZHzﬁpmaawm
pT’
Q2 ,(8+2n) _ (HTH)W(HTO—QH) HT ﬁuH'lEp’Yuaawra
pr
Q (8+2n) 4 HTH n T t %H )
) = e () (o) HY DGt (324

Rd
where D = (0,D* — 5“ 04). Connections corresponding to these operators are defined as

2 n
LI = ~(6om) J‘”MZCI v <¢7> — (74)5(1 — bas) ZOH o <_>

2\ 7
+ §(¢74) (1= 044) (qul“A 165 ZCH (8+2n) <¢_>

n

n=0 pr 2
e ) s+2n) 62\
+ =55 (078)s (¢kTC 10 Z i ) - (3.25)
n=0 pr
Similarly one can define the right-handed charged current connection
5L o1 = 6+2n) (7"
Lud,pr _ _ _ —(—FI + ’L"}/I ) C( no| , (326)
T D) o(pydy) 20 2_30 T\ 2

where Q 6+2" = (H'H)"(HiD" H)t,y,d,.
pT

— 13 -



3.5 W)’ TZJO'MVO'ATZJ

The class six operators in the Warsaw basis, and extended to higher mass dimensions, are of
the form

Q™ = (H'H)"Gyowo e W H(1 —ba0), QY™ = (HIH) Ly0,0% e, WL H 6 4,

pr pr

Q™™ = (HH)"gyoyo deWHY H(1 — d44), Q(G“" (HH)" Gy 0 dy WH H S 04,
pr

Qi@;zn (H'H)" Gy 0 up WL H (1= 6 4), QE?EQ" (HVH)"Gp0 0w, WY H 6 44,
pr pr

and

QS/I—/F%) = (HTH)n (HTUAH) ZPJWETWZVHQ —644),
pr

QG = (H'H)" (H'0A H)y0,0 d, W H (1 — 64). (3.27)

pT’

The dipole operator connections are given by

0 2
7 = 3 (L) oae €™+ a1~ 500 G fonu] 0 - sa ]

n=0 PT’ pr pr
[ o\m [

=3 (5) |oun ™+ oall - han) €~ [onTS 104 (1 b >c§%¢§")] "
n—0 L pr pr pr

o 2 5
&= <¢_> Saa CSS™ 4o a(1 = 6.40) CFP — [0 TK L6"] (1 - 5,44)(15%‘;3")] .
n=0

2 pr pr r
As the Higgs does not carry colour charge, the corresponding connections to gluons are simply
(6+2n) " (6+2n) "
wpr( dr
HZC < > , anoopr < > . (3.28)
3.6 W4, Wi, W, 94,598, 96,

The relevant operators are

g}?}+2n) = Eabc(HTH)nW;?VWVp’bWPMC’ (3'29)
W27 = eane(HH)" (H' " )W), WP < B, (3:30)
Q (6+2n) _ fﬂ@C(HTH)nGﬁyGVP,’BGPH,C_ (3.31)

The connection for the electroweak fields is given by

[ee] 2\ N 2\ "1
faBc(9) = EABCZC$+2n) <¢—> — —5A4€BCD(¢KFD 10F) ZC’ (8+2n) <%> .(3.32)

2
n=0 n=0

— 14 —



While in the case of gluon fields it is

. fo: (642n) ¢2 "
kﬂl’BC(qs) - f/‘zl’BC CG ? . (333)
n=0

For both of these connections, there is also a corresponding CP odd connection of a similar
form.

3.7 (Duo) oa(Dy,o) Wi,

In the Warsaw basis operators of the form (D,H) o 4(D,H )W
redefinitions. This connection is however populated by operator forms that cannot be removed

, are removed using field
using field redefinitions, and a derivative reduction algorithm leading to an operator basis, at
higher dimensions.

The form of the connection is given by

n+1 2\ n+1
n 1 ny (@
ki) = —rhn i () - - a0 Xl (5)
n=0
1 K L N (1042n) ¢2 "
- g(l —6a4) [0 T% L0"] [oMTE L8] vh JZCHDHW?, 5 (3.34)

1 (842 <Z52 "
+ J€aBc (0K T 16"] ’7CJZOHBI}LW2 < 5 ) -
n=0

Here, the operator forms are defined as
8+2n n v
Whih = i (H'H)" (D, H) (D, H)B",
8+2n) n a v
Qb = an(H'H)™ (D, H)lo™(D, H)W}",
Qe = icaeH HY (H 0" H)(D, H) 0" (D, H)WL,

s = ibaSea(HTH)"(H 0" H)(H'0®H) (D, H) 0" (D, HYW}" (3.35)

4 Phenomenology

4.1 Higgs mass, and scalar self couplings

The Higgs mass follows from the potential and is defined as
5V (P - ) 44,5 5 | A v? — 1 (2n) ~en
_ = h Yop|=(3— =] — — . 4.1
GIZ |y 2(Vh )t |5 (3 = > > o 5 | Cii (4.1)

T n=3

— 15—



This result follows from \/534 vanishing, due to the pseudo-goldstone nature of ¢. Similarly
the three-, four-, and m-point (m > 5) functions are given by

BV (P - @) - 44, 4 1 (2n)\ ~en

—7(5}1)3 ot = (\/E )3’UT (—6)\4-”5:32—” <3 ) Cy ) )

SV (D - D) B 44 =1 (2n) ~@n
TRy~ VY (‘6”,12232_“@)% )

SV (P - D) = 120 ~en)
T ey~ ) Z?‘(m) h "

4.2 Fermion masses, and Yukawa couplings

The fermion masses characterise the intersection of the scalar coordinates with the colour
singlet, hypercharge 1/2 fermion bilinears that can be constructed out of the SM fermions.
The corresponding mass matrices are the expectation value of these field connections

[Mylrp = (), (4.3)

while the Yukawa interactions are

SVt s X020 — 3 - (an).0
D}w]rp = = =T 5 [Yw]rp - Z n—2 Cu;H R (4.4)
oh $;—0 V2 n=3 2 pr

4.3 Geometric definition of gauge couplings

The covariant derivative acting on the scalar fields is
1 -
(Do) = (048} — Wit ) o, (15)

with the real generators ’yfh 7 given in Ref. [10], and also in the Appendix. The tilde super-
script on v indicates that a coupling dependence has been absorbed into the definition of the
generator. The bilinear terms in the covariant derivative in coupling and field dependence
ggl/\/,i’2 = QQW;—L etc. remain unchanged due to £ transforming to the mass eigenstate
canonically normalized terms [26]. This corresponds to the invariant a4 W4 = a - W being
unchanged by these transformations. This also holds for corresponding transformations of the
QCD coupling and field g3G* = g3G*. At higher orders in the SMEFT expansion an invariant
of this form is also present by construction. The bar notation is introduced on the couplings
to indicate couplings in Lgyprr that are canonically normalized as in Ref. [26]. Here this
notation also indicates the theory is canonically normalized due to terms from £(4>6) that
appear in gAB.

— 16 —



The geometric definition of the canonically normalized mass eigenstate gauge couplings

are
9= 929" = 9277, (4.6)
- 92 g1
97 = 5~ (Ce‘\/§33 - 35\/534> =2 (39‘\/544 - 65\/534) : (4.7)
th 6Z

e = g2 (s0v5" +ev5") = 91 (cav5" +53v5") (48)

with corresponding mass eigenstate generators listed in the Appendix. Here we have used the
fact that as \/gu = \/§22 due to SU(2)1, gauge invariance, it also follows that \/§12 = 0. These
definitions are geometric and follow directly from the consistency of the SMEFT description
with mass eigenstate fields. These redefinitions hold at all orders in the SMEFT power
counting expansion. Similarly, consistency also dictates the field space geometric definitions
of the mixing angles

2

S0, = ) (49)

7 go(VG%cg — VT sg) + a1 (Vs — V3 ep)
52— (91v5" — 920/5™)’  410)
" glVEH? + (VI + gLV + (VP - 2019257 (VI + )
The gauge boson masses are also defined in a geometric manner as
_92 9 _ 5
miy = %2 hi1 07, my = % hss U7 m% = 0. (4.11)

To utilize these definitions, and map to a particular operator basis, one must expand out to a
fixed order in v2./A?. Nevertheless, such all-order definitions are of value. The relations hold
in any operator basis to define the Lagrangian parameters incorporating SMEFT corrections
in T)% /A? and clarify the role of these Lagrangian terms in the SMEFT expansion.

When the covariant derivative acts on fermion fields, the Pauli matrices o123 for the
SU(2)L, generators!!', and the 2 x 2 identity matrix I for the U(1)y generator are used. This
is a more convenient generator set for chiral spinors. The covariant derivative acting on the
fermion fields v, expressed in terms of these quantities, is

2

D = 8u+z'g3ggTﬂ+i\/§

WHTT+ W™ T7) +igy (Ts — 55,Qy ) 2" +iQype A" | 1.
(4.12)

Here Qy = 03/2 + Y, and the positive sign convention on the covariant derivative is present
and the convention v2 W* = W! FiW? and /2 &+ = ¢? Tip! is used. Here T3 = 03/2 and
2T+ = gy +i09 and Yy ={1/6,2/3,-1/3,-1/2, -1} for v» = {qr,ur, dr, 1, er}. Note that
the SU(2)1, x U(1)y generators of the fermion fields do not need to be the same as those for the

"Defined in the Appendix.
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scalar and vector fields for the parameter redefinitions to consistently modify the covariant
derivative parameters in the SMEFT.
The covariant derivative acting on the vector fields is defined as

DW= oW — & WEWS (4.13)
where the covariant derivative sign convention is consistent with the definition, and also
Wi, = 0 Wit — O Wi — e WEWE.

4.4 W, Z couplings to ¥

The mass eigenstate coupling of the Z and W to 1) are obtained by summing over more
than one field space connection. For couplings to fermion fields of the same chirality, the sum
is over Lfﬁ’ir and the modified 1ilp, that includes the tower of SMEFT corrections in Z/{é.
A compact expression for the mass eigenstate connection is

_AA7M(1Z}P’YM7TA1/}T’)6PT + AC7M(1Z}P’YM0-A1/}T’) <L}bﬁr>(_7({ﬁ4)®T7 (4.14)

where the fermions are in the weak eigenstate basis. Rotating the fermions to the mass
eigenstate basis is straightforward, where the Vogy and Upyins matrices are introduced as
usual. The generators are

g2 01 T io2

- - 2 - =
T1,2 = ﬁTu T3 = gz (T3 — SezQw)7 Ty = eQy. (4.15)

Expanding out to make the couplings explicit, the Lagrangian effective couplings for {Z, A, W*}

are
(Zlpppr) = E%Z Dp fz [(233ZQ1/; —03)0pr + 0317T<L§}7’§”> + @T(L;ﬁ’fr)} Ur,  (4.16)
(Albptpr) = =€ p ¢ 4 Qu Opr U, (4.17)
Waldtn) = =) T [ = or(L3]7) £ ivr(L{ED| o (4.18)

The last expressions simplify due to SU(2), gauge invariance. Similarly the SMEFT has the
right-handed W* couplings to (weak eigenstate) quark fields.
W fapdy) = o (L) Lty fyydy, (W drup) = @T<L¥d’”>g—22€7r fyv- Up.

V2 V2
4.5 Dipole connection of W, Z to 9

The dipole operators generate a coupling of the Z and W to ¥ that is distinct from the
couplings above, due to the fermion fields being of opposite chirality. Interference between
the dipole connection and the connections in the previous section requires a mass insertion.
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The dipole couplings are defined as

2 2
_ _ o S
(Zlufug) = —2gzulp, ¢ ,uh <<d§’pr>g—; - (dif’%g—f) ;

2 2
_ T c@ T 89
EBEY = 2,8, ( (@) Dz (o >—Z> |

G
(

2 2
_ _ Co Sp
BV eh) = =208, ok ((d57) % <dzvp’“>g—j> , (419)

and
W g dr) = —ﬁg— (catoy + ™) ) o
W1 ur) = —ﬁg—j (dmy — iy ™)) &y oy s
Wikl er) = —VRE ((57) +id5™) ) by s (4.20)

Here the fermions in the dipole connections are in the weak eigenstate basis and a Hermitian
conjugate connection also exists in each case. The expectation values of d4 are understood
to be the upper (lower) component of an SU(2) doublet for df ,, d‘f,2, and dj 4 (df o, d§ 4, and

di -
4.6 hAA, hAZ couplings

The effective coupling of h-y-v, including the tower of ¥2./A? corrections, is given by

i 5933(¢)>§+2<5934(¢) e 4 (%91 (9) e
4 Sps ' g3 0bs " 9192 bps g2 ]’

(4.21)

(h|A(p1)A(p2)) = —(hA* Ay

where A, = 0,A, —0,A,, and (hA" A,,,)) = —4(p1-p2€1-€2 — p1-€2p2-€1) when €1(p1), e2(p2)
are the polarization vectors of the external ’s. Similarily the coupling to h-v-Z is given by

(h|A(p1)Z(p2)) (4.22)
N/ 8933(9) b 8934(0), 5, — 5% 8944(0) 5

— _(hA™ Z,, bz z z _ Zoz |
( Zyw) 2 97 [< 0y ) g3 4 0y 9192 04 ) 97

where (hAWZ;w> = —2(p1-p2€1-€2 — p1-€2p2-€1).
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4.7 hZZ, hWWW couplings

The off-shell coupling of the Higgs to ZZ and WW are given by summing over multiple field
space connections. One finds

44
vh

4 9 2 o
- (5933(¢)>Cez 2<5934(¢) €O %07 5944(¢)>

Sps ' g3 04 9192 Sps " g3

_9 o v
n \/#4972 [<M§%¢i¢)> (%)2 + <h33(¢)>§] (h2,2")
2 2

+ Vh gEor [<k34> . <k34>sgl ] (0"hZ,ZM), (4.23)

(h|Z(p1)Z(p2)) = —

(hZ,,2ZH)

and

(WW(Pp1)W(p2)) = — [ 5911 %

0ds ' g5

+ VA3 [<‘”} 1) ()" + o) 5| oo

+ 2Vh 44:22 UZ [i (ko) — (k)] (D" YOV, W2+ W, W), (4.24)

As these couplings are off-shell, they are not directly observable.

] (B, W)

4.8 Z — yub, W — ¢np partial widths

A key contribution to the full width of the Z,W bosons in the SMEFT are the two-body
partial widths that follow from the SMEFT couplings of the Z, W to fermions of the same
chirality. These results can be defined at all orders in the o7 /A expansion as

4M2 3/2
Lzsiy = 224 Vo ( — ) (4.25)

my
where
9" =2 |(253, Qv — 03)dr + 0 (LYT) + 0gor(LYY")] (4:26)
and v = {qr,ur,dgr,lr,er}, while o3 = 1 for uy,v; and o3 = —1 for d,er. Similarly one
can define
, 4n2\*?
Ty gy = \/ My lges” ( —* ) (4.27)
myy,
with

ggqu = _7 {VCKM op(L17") £ Z'?7T<L[f,L2’pr>] )
9‘%“ = _E [Ug;}[TNs - 2_’T<LZL’W> + ZUT<LZL’W>] )

where the Voxm and Upning matrices are implicitly absorbed into (L 4).
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4.9 Higher-point functions

Field space connections for higher-point functions can also be defined in a straight-forward
manner. However, due to the power-counting expansion in p? /A2 and the less trivial kinematic
configurations compared to two- and three-point functions, the number of independent field
space connections for e.g. four-point functions is infinite. This can be seen by noting that the
field space connections can be defined as variations of the Lagrangian with respect to four
fields in the set {D“gbl,D{u,y}¢I,D{u,y7p}¢I, .-+ }, or analogous sets for Wlf}, or the fermion
fields. The higher-derivative terms are the symmetric combinations of covariant derivatives.

For two- and three-point functions, we used the integration-by-parts relations in Eqns. (2.10)
and (2.11). This was crucial to make the number field space connections finite and small for
two- and three-point functions. These arguments fail to reduce out higher-derivative field
space connections for four-point functions and higher.

The infinite set of field space connections is related to the exponential growth of operators,
and poses a challenge for the practitioners of the SMEFT on general grounds.

5 Conclusions

In this paper we have developed the geometric formulation of the SMEFT. This approach
allows all orders results in the v7/A expansion to be determined. We have developed and
reported several of these results for electroweak precision and Higgs data. All-orders expres-
sions are valuable because one can expand directly from the complete result, and one need
not — potentially laboriously — rederive the result at each order in the o7 /A. These results
make manifest the power, utility and potential of this approach to the SMEFT.
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A Generator Algebra

The Pauli matrices o4, with a = {1, 2,3}, are given by

o) = (2 é) , oy — (? :) | - (é _01> . (A1)
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The generators in the real representation are defined as

00 0 —1 0010 0-10 0 0-10 0
; 00-10]| 000-1| 1000]| 10 00
MI= o1 0 o> 21000 "B " Jooo—-1]""™ " |oo 01
100 0 0100 0010 00 —10
(A.2)

We use tilde superscripts when couplings are absorbed in the definition of generators and
structure constants,

~A A . ~1 ~4
€pc =092€pc, With €53 =+¢g2, andépo =0,

I
s 927ay, for A=1,2,3
Tho = IAJ (A-3)
RrWe for A =4.
It is also useful to define a set of matrices
FIILx,K = ’fo,J ’YAZI,K (A.4)
where
0010 0001 -1 0 00
0 00-1 0010 0 -100
I i, = rf, = It = L. (A5
W=t o000 "% Jotool” "* o o110 % axa: (AD)
0-10 0 1000 0 001

These matrices have the commutation relations [y4,v5] = 2¢%57c, [74,'5] = 2¢%5Tc,
C4,Tp] = 266:43 vo. Explicitly the mapping between the generators acting on the field
coordinates is H — o, H and ¢! — —(T4)5 ¢/ for a = {1,2,3}, while H — I H maps to the
real field basis transformation ¢! — —(F4)5 ¢. The matrix 74 is used for the hypercharge
embedding, and also plays the role of i in the real representation of the scalar field. 73 = —I
while i = —1. Note that consistent with this the mapping: H — i0,H is related to
ol — —(’ya)ggb‘], and H — i1H maps to ¢! — —(74)5 @7
An equivalent to complex conjugation is given in the real field basis by

-10 0 O
0100
0 0-10["
0001

%{,J = (A.6)

This generator commutes with the remaining generators and I'2 = I. Note b= {¢3, P4, —P1, — P2},
and

Hio,H = —%(bfl“i 597, (A7)
HYUIDIH = ¢l ,(DHg)! = (Do) +L 507, (A.8)
HUDEH = —g141 ;(DP¢)” = (D)L 507, (A.9)
2HTD'H = ¢r(=T4 ; +id ;) (D)’ (A.10)
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Expressing HYDMH in terms of ¢ and (D*¢) requires the introduction of a singluar matrix,
so the introduction of ¢ is preferred. When considering possible operator forms at higher
orders in the SMEFT expansion, it is useful to note that QS[F;CLJQ&J # 0, while ¢17£’J¢J =

o1 'VijﬁbJ =0.
The transformation of the generators to the mass eigenstate basis is given by

1. A
Vo0 = 5VaaVT  Usc. (A.11)

Expanding the results gives the mass eigenstate generators explicitly

g2

92
71I,J = 2o (’Y1 g+ J) ’72 J= 2\/— (’Y1 J— 7 J) (A.12)
9z
V0 =5 (ch,8.0 = 53,%1,4) T =3 C (). (A.13)
B Physical effects of (h;;)
When hy; is chosen to have the form
4 o oF
hry= |1+ %(01(533 - CS?DQ] org — ZCJ(L?)D¢I¢J % (CHD + ¢2C§D2)
(B.1)
then
<hIJ> |:1 + — 4 (CS)D CS)D2):| 5[J — 20( )EJUT(sI 45J4
o
v
+ L (1053 + d14854) (Cith + 3 Cin) (B.2)
While if hyy is chosen to have the form
¢4 F{47J¢KF§,L¢L
thy = |1+ O, + S (Clh — Ol 61+ 222 (0l 4 0l (B3)

then
72
(%
(Wry) = [1 +03Cilh + —(C}% CS,)D2)} 01y + = (01,3053 + 01.4014) (C}% + @TCS,)Dz) :
(B.4)

These two cases are related by a field redefinition, expressed through an EOM operator
identity at £(©)

H'HOH'H = 2(D"H)' (D, H)H'H — 2\0*(H'H) + 4\(H'H)?
+ H'H @Y, (o) jpu+dYyq, +eYely, + he.| . (B.5)
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It is instructive to examine how the difference in the A(hry) = (k) ;) — (h1s) cancels out of
quantities closely related to S matrix elements. Explicitly

Alhry) = égj)m (077 +207,4074] - (B.6)

The modification of (hyy) can be seen to cancel in quantites closely related to S-matrix
elements, as expected. For example, one finds

AVEY 3
\/5 [Yw]T’P - ﬁ

for the Yukawa couplings, due to the correlated shift in the £©) Yukawa couplings. For the

A[yw]rp = [Yw]Tp C~(]('1?I):l

= 0. (B.7)

W and Z masses

g2 2 2
Am%v = % |:A\/ hi1 2_1% + v hi1 AZ_J%:| =0, (B.S)
and
o _ T3 29 N
Am = % [A\/hgg 7 + /I3 AUT] = 0. (B.9)
with AT;% = —é’ﬁ% 27%. Conversely, quantites (such as off-shell couplings) not closely related to

S-matrix elements, are not expected to demonstrate an equivalence under field redefinitions,
or the transformation of (h;s), and this can be observed in several off-shell couplings.
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