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In this paper, I review recent progress in lattice-QCD calculations of hadron struc-
ture with an emphasis on nucleon structure. A wide range of nucleon observables are
being studied in modern lattice calculations, and important progress has been made at

physical pion mass, including the spin decomposition of the nucleon and the Bjorken-x
dependence of hadron structure. Challenges and perspectives for future lattice hadron-
structure calculations will be discussed.

Keywords: Lattice field theory; quantum chromodynamics; nucleon structure; proton
spin.

PACS numbers: 12.38.Gc, 14.20.Dh, 13.60.Hb

1. Introduction

Nucleons (that is, protons and neutrons) are the building blocks of all ordinary

matter, and the study of nucleon structure is a critical part of the Department of

Energy (DOE) mission. Gluons and quarks are the underlying degrees of freedom

that explain the properties of nucleons, and fully understanding how they con-

tribute to the properties of nucleons (such as their mass or spin structure) helps to

decode the Standard Model that rules our physical world. In the theory of quan-

tum chromodynamics (QCD), a branch of the Standard Model, gluons strongly

interact with themselves and with quarks, binding both nucleons and nuclei. How-

ever, due to their confinement within these bound states, we cannot single out

individual gluons to study them, and the predicted state that is made up of these

particles only has yet to be experimentally observed. Many mysteries remain after

decades of experimental effort; for example, what is the origin of the proton mass?

How are sea quarks and gluons, and their spins, distributed in space and momen-

tum inside the nucleon? Therefore, the exploration of the nucleus continues: in the

US, physics targets are being pursued by multiple DOE laboratories, Brookhaven
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National Laboratory (BNL) and JLab, as well as the future Electron-Ion Collider

(EIC). Worldwide, facilities such as Gesellschaft für Schwerionenforschung (GSI) in

Germany and Japan Proton Accelerator Research Complex (J-PARC) in Japan will

join the effort, and future facilities are being considered, such as an EIC machine

in China and the Large Hadron-Electron Collider (LHeC) at CERN.

Lattice QCD is an ideal theoretical tool to study the parton structure of hadrons,

starting from quark and gluon degrees of freedom. LQCD is a regularization of

continuum QCD using a discretized four-dimensional spacetime; it contains a small

number of natural parameters, such as the strong coupling constant and quark

masses. Unlike continuum QCD, LQCD works in Euclidean spacetime (rather than

Minkowski), and the coupling and quark masses can be set differently than those

in our universe. The theory contains two scales that are absent in continuum QCD,

one ultraviolet (the lattice spacing a) and one infrared (the spatial extent of the

box L); this setup keeps the number of degrees of freedom finite so that LQCD

can be solved on a computer. For observables that have a well-defined operator in

the Euclidean path integral for numerical integration, we can find their values in

continuum QCD by taking the limits a → 0, L → ∞ and mq → mphys
q . LQCD is

a natural tool to study the structure of hadrons, since quarks and gluons are the

fundamental degrees of freedom.

Progress has long been limited by computational resources, but recent advances

in both algorithms and a worldwide investment in pursuing exascale computing has

led to exciting progress in LQCD calculations. Take the nucleon tensor charge for

example. Experimentally, one gets the tensor charges by taking the zeroth moment

of the transversity distribution; however, the transversity distribution is poorly

known and such a determination is not very accurate. On the lattice side, there

are a number of calculations of gT ;
1–9 some of them are done with more than

one ensemble at physical pion mass with high-statistics calculations (about 100 k

measurements) and some with multiple lattice spacings and volumes to control

lattice artifacts. Such programs would have been impossible 5 years ago. As a result,

the lattice-QCD tensor-charge calculation has the most precise determination of

this quantity, which can then be used to constrain the transversity distribution

and make predictions for upcoming experiments.10 One can imagine that many of

the quantities less known from experiments can greatly benefit from lattice-QCD

predictions and constraints.

However, for decades, probing hadron structure with lattice QCD was limited

to only the first few moments (integrals over the distributions), due to complica-

tions arising from the breaking of rotational symmetry by the discretized Euclidean

spacetime. In principle, this problem can be avoided by working with moments of

parton distributions, which correspond to matrix elements of local operators, pro-

vided all the moments can be computed to recover the whole PDF. In practice, one

can only obtain the first few (about 3) moments due to operator mixing with lower-

dimension operators with coefficients proportional to inverse powers of the lattice

spacing, which divergent in the continuum limit. Even if one could design more

2030006-2

In
t.

 J
. 
M

o
d
. 
P

h
y
s.

 A
 2

0
2
0
.3

5
. 
D

o
w

n
lo

ad
ed

 f
ro

m
 w

w
w

.w
o
rl

d
sc

ie
n
ti

fi
c.

co
m

b
y
 M

IC
H

IG
A

N
 S

T
A

T
E

 U
N

IV
E

R
S

IT
Y

 o
n
 0

6
/2

7
/2

0
. 
R

e-
u
se

 a
n
d
 d

is
tr

ib
u
ti

o
n
 i

s 
st

ri
ct

ly
 n

o
t 

p
er

m
it

te
d
, 
ex

ce
p
t 

fo
r 

O
p
en

 A
cc

es
s 

ar
ti

cl
es

.



Frontiers in lattice nucleon structure

complicated operators to subtract the power divergence arising from the mixing of

high-moment operators to get to even higher moments, the renormalization for the

higher-moment operators becomes significantly more complicated, and the correla-

tors suffer from signal-to-noise problems as well. Thus, in practice, most calculations

in recent years were limited to the first couple moments. Higher moments, such as

〈x2〉, have not been updated using dynamical fermions for more than a decade.11

There are interesting proposals to obtain higher moments by using smeared sources

to overcome the power-divergent mixing problem12 and by using light-quark–to–

heavy-quark transition currents to compute current–current correlators in Eucli-

dean space.13 There are also ideas about obtaining the structure functions directly

from the hadronic tensor current.14–17 However, none of the above ideas have been

carried out due to their complexity in the lattice numerical calculation.

The paper by X.-D. Ji18 proposed a much more straightforward way of calcu-

lating the full x dependence of the distribution for PDFs and generalized parton

distributions (GPDs) (and other quantities) without dealing with many moments

nor requiring enormous computational resources to achieve. In this large-momentum

effective theory (LaMET) framework, we take an operator containing an integral

of gluonic field strength along a line and boost the nucleon momentum toward the

speed of light, tilting the spacelike line segment toward the lightcone direction.

The time-independent, nonlocal (in space) correlators at finite Pz can be directly

evaluated on the lattice. For example, the quark unpolarized distribution can be

calculated via

q lat(x, µ, Pz) =

∫

dz

4π
eizk × 〈P|ψ̄(z)Γ

(

∏

n

Uz(nẑ)

)

ψ(0)|P〉 , (1)

where Uz is a discrete gauge link in the z direction, x = k/Pz, µ is the renormal-

ization scale and P is the momentum of the hadron, taken such that Pz → ∞. The

matrix Γ fixes the type of parton distribution, e.g. Γ = γz, γt corresponds to unpo-

larized parton distribution, while for helicity and transversity distributions one has

Γ = iγ5γz and Γ = iγ5γxγz, respectively.
19–23 Since no amount of boost will take

the nucleon exactly onto the lightcone, there remain corrections power-suppressed

by Pz as O
(

M2
H/P

2
z ,Λ

2
QCD/P

2
z

)

(where MH is hadron mass). The same idea can

be straightforwardly applied to helicity ∆q(x, µ) and transversity δq(x, µ) for the

direct lattice-QCD calculation of these quantities.

The first attempt to apply the LaMET approach to compute parton observ-

ables was the calculation of the unpolarized isovector quark distribution,19,24,25

and this work was closely followed by ETMC (a European lattice group).20 Simi-

larly, when the helicity and transversity distributions were computed,21 an ETMC

follow-up work soon appeared.26 Such interest shows that this new research field

is very active and competitive. Although currently, lattice systematics are not yet

fully accounted for, a sea-flavor asymmetry has been qualitatively seen in both the

unpolarized and linearly polarized cases, part of which has been confirmed in the

updated measurements by the STAR and PHENIX collaborations. The Drell–Yan
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experiments at FNAL (E1027+E1039) and future EIC data will be able to give

more insight into the sea asymmetry in the transversely polarized nucleon.

The rest of the review is organized as follows. I will briefly introduce lattice

QCD and bring the readers up-to-speed on how to read lattice numbers and their

corresponding uncertainties in Sec. 2. In Sec. 3, I will highlight a few nucleon

structure studies with fully controlled systematics. In Sec. 4, I will mention a few

examples of recent attempts to determine the Bjorken-x dependence of structure.

A summary and future outlook can be found in Sec. 5.

2. Lattice-QCD 101

Lattice QCD (LQCD) is a theoretical tool that allows us to study QCD directly

with full systematic control. The approach is based on regularizing QCD on a finite

Euclidean lattice, and is often studied in the nonperturbative regime using numer-

ical computations on national-scale supercomputers. QCD correlation functions in

the path-integral formalism27–30 are calculated using methods adapted from statis-

tical mechanics.31,32 To make contact with experimental data, the numerical results

are extrapolated to the continuum (with lattice spacing a→ 0) and infinite-volume

(L → ∞) limits. When the calculation is done using heavier-than-physical quark

masses (to save computational time), one also has to take the mq → mphys
q limit. In

the past decade, there has been significant progress in the development of efficient

algorithms for the generation of ensembles of gauge-field configurations and tools

for extracting relevant information from lattice-QCD correlation functions. Lattice-

QCD calculations have reached a level where they not only complement, but also

guide current and forthcoming experimental programs.33,34

Lattice-QCD calculations must demonstrate control over all sources of system-

atic uncertainty introduced by the discretization of QCD on the lattice to make

meaningful comparisons with experimental data or provide predictions for physical

world. These include discretization effects from nonzero lattice spacing, extrapola-

tion from unphysically heavy pion masses, finite-volume effects, and renormaliza-

tion of composite operators. We briefly review these main sources of systematic

uncertainty here; see Ref. 35 for a detailed discussion by FLAG (Flavor Lattice

Averaging Group), focusing on mesonic quantities. A similar standard was first

applied to lattice nucleon structure by Precision Neutron-Decay Matrix Elements

(PNDME) collaboration3,4 with extension to excited-state systematics, which are

more significant for the nucleon case. These extensions were later adapted by a

topical review36 and are now included in latest FLAG Review in 2019.37

• Discretization effects and the continuum limit. Discretization introduces

an additional parameter to QCD, the lattice spacing a; however, this also allows a

fair degree of flexibility in discretizing the QCD action, which has led to a variety

of formulations. For the gluon action, one can easily construct operators that are

O(a2)-improved without increasing the computational cost much. However, to

improve the fermion action beyond the simplest discretizations at O(a) increases
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Frontiers in lattice nucleon structure

the computational cost by huge amounts. Since this would be the leading system-

atic relative to the gluon action, lattice discretization effects are often classified

by the type of fermion action used for the quarks. In practice, one cannot afford

to perform numerical simulations at arbitrarily small lattice spacings, because

the cost of computation increases with a large inverse power of the lattice spac-

ing. Thus, O(a) effects can remain significant even with current lattice spacings

ranging from 0.15 fm to 0.05 fm.

• Pion-mass dependence. The computational cost to evaluate the fermion con-

tribution to the path integral increases with a large inverse power of the quark

mass (or equivalently, the pion mass). Therefore, lattice-QCD calculations are

often performed at unphysically heavy pion masses. In recent years, with the help

of hardware and software advancements, there are increasingly many results pub-

lished using direct calculation at the physical pion masses. However, such direct

calculations at the physical quark masses still yield larger statistical uncertainty.

To obtain better results at the physical pion mass, lattice data are generated over

a range of pion masses and then extrapolated to the physical pion mass. To control

the associated systematic uncertainties, these extrapolations are guided by effec-

tive theories. In particular, the pion-mass dependence can be parametrized using

chiral perturbation theory (XPT),38 which accounts for the Nambu–Goldstone

nature of the lowest excitations that occur in the presence of light quarks. How-

ever, XPT does not work well in nucleon studies, so people often study multiple

pion-mass dependences and report combined-analysis systematics.10,39

• Finite-volume effects. Numerical lattice-QCD calculations are necessarily

restricted to a finite spacetime volume, e.g. a hypercube of side L. For most

simple quantities, these effects decay exponentially with the size of the lattice,40,41

and therefore the easiest way to minimize or eliminate finite-volume effects is to

choose the volume sufficiently large in physical units. Unfortunately, this can

be prohibitively expensive as one approaches the continuum limit, requiring the

number of lattice sites to grow as L/a in all four dimensions. In general, finite-

volume effects of hadrons are dominated by their interactions with pions; numer-

ical evidence suggests that lattice sizes of mπL ≥ 4, where mπ is the pion mass,

are generally sufficiently large that finite-volume effects are negligible for mesons,

within the current precision of lattice-QCD calculations. From the studies of the

pseudoscalar and electromagnetic form factors of the nucleon, it is evident that

larger physical volumes are sometimes needed for the baryons. One must study

this case by case.

• Excited-state contamination. A lattice-QCD correlation function can be

decomposed into a sum over a tower of states whose contributions behave like

e−Eit, where Ei is the energy of the ith state and t is Euclidean time. Thus,

at large Euclidean times, ground-state quantities can be extracted by fitting

to the dominant exponential behavior. Unfortunately, the signal-to-noise ratio

is exponentially suppressed with Euclidean time; for nucleon quantities it goes

like e−(EN−3Mπ/2)t, where EN is the nucleon energy,42 and similarly for any
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state of interest heavier than the pseudoscalar mesons. Thus, most lattice-QCD

results must be extracted from an intermediate region in which excited-state

contributions are either small or well-controlled and the signal-to-noise ratio is

sufficiently large that the signal can be reliably extracted. This is a particular

challenge for baryons and is one of the largest sources of systematic uncertainty

for nucleon matrix elements. There were multiple early studies43–46 advocating for

excited-state contamination to be included in nucleon analysis, but only recently

has it become common practice.

• Renormalization. The matrix elements extracted from a lattice-QCD calcula-

tion at a given lattice spacing are “bare” matrix elements, rendered finite by

the presence of the lattice spacing, which serves as a gauge-invariant UV regula-

tor. Therefore, the result is lattice spacing dependent. One must renormalize the

operators and fields to remove the regulator dependence and match them to some

common scheme and scale used by phenomenologists after taking the continuum

limit. Although renormalization is traditionally discussed in the framework of per-

turbation theory, at hadronic energy scales the renormalization constants should

be computed nonperturbatively to avoid uncontrolled uncertainties due to trun-

cated perturbative results. This requires a renormalization condition that can be

implemented on the lattice and in continuum perturbation theory. In QCD with

only light quarks, it is technically advantageous to employ mass-independent

renormalization schemes. A common choice is the regularization-independent/

momentum (RI/MOM) scheme.47 Finally, to compare with experiments, which

often use the minimal-subtraction (MS) scheme, a conversion factor from the

nonperturbative scheme must be computed perturbatively.

In addition, on a hypercubic lattice, the orthogonal group O(4) of continuum

Euclidean spacetime is reduced to the hypercubic group H(4). Thus, operators

are classified according to irreducible representations of H(4).48 Different irre-

ducible representations belonging to the same O(4) multiplet will, in general,

give different answers at finite lattice spacing, an effect that can be reduced by

improving the operators.11 Conversely, operators that lie in different irreducible

representations of O(4), but the same irreducible representations of H(4), will

mix at finite lattice spacing but not in the continuum. When these operators

have lower mass dimensions, the mixing coefficients scale with the inverse lattice

spacing to some power, and diverge in the continuum limit. This power-divergent

mixing must be removed nonperturbatively, and is a particular challenge for lat-

tice calculations of the Mellin n ≤ 3 moments of PDFs.

To illustrate what needs to be done to obtain reliable nucleon observables

from lattice QCD, examples from recent PNDME’s calculation of nucleon charges

are shown in Fig. 1.1 To reach the continuum limit (a → 0), at the physical

pion mass (Mπ ≈ 135 MeV) and in the infinite-volume limit (L → ∞), physics

motivated fit ansatz is used. To parametrize the dependence on Mπ and the finite-

volume parameter MπL, we report results from finite-volume chiral perturbation
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Fig. 1. (Color online) The continuum-extrapolated renormalized isovector charges gu−d
A

, gu−d
S

,

and gu−d
T

in the MS scheme at 2 GeV using Eq. (2). The result of the simultaneous extrapolation

to the physical point defined by a → 0, Mπ → Mphys
π ≈ 135 MeV and MπL → ∞ is marked by

a red star. The pink error band in each panel is the result of the simultaneous fit but shown as a
function of a single variable. The overlay in the left (middle) panels with the dashed line within
the gray band is the fit to the data versus a (M2

π), i.e. neglecting dependence on the other two
variables. The symbols used to plot the data are defined in the left panels. These plots are taken
from Ref. 1.

theory.49–55 For the lattice discretization effects, the corrections start with the term

linear in a since the action and the operators in our clover-on-HISQ formalism are

not fully O(a) improved. Keeping just the leading correction term in each, plus

possibly the chiral logarithm term discussed below, our approach is to make a

simultaneous fit in the three variables to the data from the eleven ensembles. For

the isovector charges and the flavor diagonal axial and tensor charges, the ansatz is

gu−d
A,S,T (a,Mπ, L) = c1 + c2a+ c3M

2
π + c3M

2
π ln

(

Mπ

Mρ

)2

+ c4M
2
π

e−MπL

X(MπL)
, (2)

where Mρ in the chiral logarithm is the renormalization scale.
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H.-W. Lin

Table 1. (Color online) A summary of the control over various sources of systematic errors in

lattice-QCD calculations of the isovector tensor charge gu−d
T

using the FLAG quality criteria.35

Note that the errors in the table are quoted from papers which often only contain quark-mass
extrapolations, not the continuum a → 0 extrapolation (except for PNDME). In order to use a
quantity as a SM input, it is important to have green-star rating for each potential systematic
uncertainty to make sure all lattice artifacts under control.
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lat

ion

Fin
ite

Vo
lum

e

Ex
cit

ed
St
ate

Re
no
rm

ali
za
tio

n

gT

PNDME’16 3 A 2 + 1 + 1 ⋆ ⋆ ⋆ ⋆ ⋆ 0.987(51)(20)

PNDME’15 4 A 2 + 1 + 1 ⋆ ⋆ ⋆ ⋆ ⋆ 1.020(76)

ETMC’15 7 C 2 + 1 + 1 � � ⋆ ⋆ ⋆ 1.053(21)

LHPC’12 5 A 2 + 1 ⋆ ◦ ⋆ ◦ ⋆ 1.038(11)(12)

RBC/UKQCD’10 6 A 2+1 ◦ � ⋆ � ⋆ 0.9(2)

RQCD’14 8 A 2 ⋆ ⋆ ⋆ ◦ ⋆ 1.005(17)(29)

ETMC’15 7 A 2 ⋆ � � ⋆ ⋆ 1.027(62)

RBC’08 58 A 2 � � ⋆ � ⋆ 0.93(6)

We use the recent LQCD calculation of the isovector tensor charge as a demon-

stration of the standards one should apply to all nucleon matrix elements calcu-

lations. To use LQCD numbers to replace Standard Model inputs, we must be

absolutely sure that all sources of systematic uncertainty (quark mass, a → 0,

V → ∞) are controlled. Table 1 shows a summary of the level of control over

various systematics in the calculation of the nucleon isovector tensor charge using

simulations of lattice QCD with Nf = 2, 2 + 1 and 2 + 1 + 1 flavorsa in the FLAG

format.35,56,57 Note that a community-wide consensus on applying the FLAG crite-

ria to matrix elements of nucleon states does not yet exist. However, the level of un-

certainty is of particular concern, since there is no firm experimental measurement

of the tensor charge. Therefore, it is important for LQCD to quote the full errors.

In the case of the nucleon, we need to include a systematic for excited-state

contamination, since it has been shown in many works that it can significantly

change the final results. Here is our notation:

• Publication status:

A published or minor update of published results

P preprint

C conference contribution

aThis indicates the number of species of quark in the QCD vacuum; 2 being degenerate up/down
quarks, 2 + 1 has additional strange degrees of freedom, and 2 + 1 + 1 has up/down, strange and
charm loops in the QCD vacuum.
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H.-W. Lin

be reliably constraining the nucleon structure or inputs toward the final determi-

nations on the impact to nuclear physics. Similar ratings for nucleon isovector axial

and scalar charges are also applied and shown in Fig. 2. Note that a similar rating

idea has been adapted and modified in the joint-community white paper36 with

criteria determined by representatives from the worldwide lattice nucleon-structure

collaborations.

3. Nucleon Structure in the Continuum Limit

In this section, we discuss selected recent results and examples of lattice-QCD

nucleon structure with the continuum limit taken. We also discuss the impacts of

these results on phenomenology.

3.1. Precision nucleon tensor charges and their applications

Improving Nucleon Transverse Structure with Lattice Tensor Charges:

The transverse momentum distributions (TMDs) provide important information in

mapping out nucleon structure in the transverse plane and are one of the big re-

maining unsolved QCD puzzles. The universality of the Collins form factors (FFs)59

allows different types of experimental processes to be combined in global QCD anal-

yses. Several previous studies60–64 have used semi-inclusive deep inelastic scatter-

ing (SIDIS) and e+e− annihilation measurements to extract the TMDs. Anselmino

et al.
60–62 used a factorized ansatz to relate the TMDs to the transversity hq1 PDFs

and Gaussian transverse momentum widths, while Kang et al.63,64 parametrized the

hq1 PDF in terms of the unpolarized and helicity distributions and embedded this

inside the Collins–Soper–Sterman (CSS) evolution formalism.65 Working within the

collinear factorization framework, Bacchetta et al.
66,67 also extracted transversity

PDFs from pion-pair production in SIDIS using dihadron FFs from e+e− annihila-

tion data. The results of these analyses were generally compatible, giving values for

the isovector moment gT ≡ δu− δd in the range 0.5–1 with sizable, 30–50%, uncer-

tainties. Note that in all these studies, the experimental coverage is restricted to the

region 0.02 . x . 0.3, so that the determination of the full moment gT =
∫

dxhq1(x)

relies largely on extrapolation outside the measured region. Additional data from

future experiments will help constrain the transversity, but they are a few years

away.

Reference 10 sees the opportunity to use lattice tensor data to provide con-

straints where experimental data is limited. Using three available lattice gT works

that use multiple lattice spacings, volumes and quark masses to control all pos-

sible systematics on the lattice,3,5,8 we perform a continuum-limit extrapolation

of gT using all possible combinations of the leading terms for the fitting formulas

associated with these lattices. Combining these fits using the Akaike information

criterion then yields glatT = 1.008(56). We then use the lattice gT to constrain the

global-analysis fits to SIDIS π± production data from proton and deuteron targets,

including their x, z and Ph,⊥ dependence, with a total of 176 data points collected

from measurements at HERMES68 and COMPASS.69,70 This gives in principle 8
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Frontiers in lattice nucleon structure

Fig. 4, which includes both W -like and Z-like mediated processes, the current LHC

bounds are comparable to future low-energy ones, motivating more precise low-

energy experiments. The current analysis neglected the next-to-leading order (NLO)

QCD corrections,76 which would further strengthen the LHC bounds by O(10%).

Similar bounds are obtained using the Compact Muon Solenoid (CMS) data.77,78

3.2. Nucleon form factors

Nucleon isovector axial form factors: For neutrino physics, a key input from

the SM would be the nucleon axial form factors (GA) defined in terms of the

isovector axial current

〈N(pf )|A+
µ (x)|N(pi)〉 = ūN

[

γµγ5GA(q
2) + iqµγ5GP (q

2)
]

uNe
iq·x . (4)

Here, q = pf − pi is the momentum transfer between the initial and final state

of nucleon; and the isovector current is A+
µ (x) = ūγµγ5u − d̄γµγ5d. GA(q

2) and

GP (q
2) are known as nucleon axial and induced-pseudoscalar form factors, and ūN

and uN are the associated nucleon spinors. In the limit |q| → 0, GA(q
2 = 0) should

recover the nucleon axial charge gA = −1.2723(23), which is well determined from

neutron β-decay experiments.79 Contrariwise, the axial-charge radius squared r2A is

less known; once GA(q
2) is obtained, one can obtain the radius via

r2A ≡ 6

GA(0)

dGA

dq2

∣

∣

∣

∣

q2=0

. (5)

Although the first lattice-QCD calculation of the isovector nucleon axial form

factors can be traced back to the early ’90s, there has been significant progress

and improvement by the global lattice community. One of the systematics, excited-

state contamination, was not consistently addressed 10 years ago, which resulted in

a lower nucleon axial coupling gA and the wrong form factors. Removing this sys-

tematic has become a must-have for any lattice-QCD nucleon calculation. Another

exciting breakthrough in the past decade is the increasing number of lattice nucleon

calculations at the physical pion mass, thanks to recent advances in both algorithms

and a worldwide investment in pursuing the first exascale computing machine. Many

calculations now comes with high statistics (0(100 k) measurements) and some with

multiple lattice spacings and volumes to control lattice artifacts. Such programs

would have been impossible 5 years ago.

Figure 5 gives a summary of the recent nucleon axial form factors done near

the physical pion mass. Among those, PNDME collaboration performed the most

extensive study of the axial form factor: they use eight different 2+1+1-flavor HISQ

ensembles generated by MILC collaboration80,81 with lattice spacings in the range

0.06–1.2 fm and pion mass in the range 130–310 MeV; excited-state contamination

is controlled via a three-state fit. Furthermore, PNDME’s work includes more than

one physical pion mass ensemble. The resulting axial form factor is not as steep as

experimental determinations with mA ≈ 1 GeV;82 however, it is compatible with

MiniBooNE’s mA ≈ 1.35 GeV.83

2030006-13

In
t.

 J
. 
M

o
d
. 
P

h
y
s.

 A
 2

0
2
0
.3

5
. 
D

o
w

n
lo

ad
ed

 f
ro

m
 w

w
w

.w
o
rl

d
sc

ie
n
ti

fi
c.

co
m

b
y
 M

IC
H

IG
A

N
 S

T
A

T
E

 U
N

IV
E

R
S

IT
Y

 o
n
 0

6
/2

7
/2

0
. 
R

e-
u
se

 a
n
d
 d

is
tr

ib
u
ti

o
n
 i

s 
st

ri
ct

ly
 n

o
t 

p
er

m
it

te
d
, 
ex

ce
p
t 

fo
r 

O
p
en

 A
cc

es
s 

ar
ti

cl
es

.









Frontiers in lattice nucleon structure

To provide reliable input, lattice-QCD calculations must take into account all

systematics mentioned in Sec. 2 as well as overcome the numerical challenges of sta-

tistical noise in the disconnected nucleon three-point contributions. Reference 99

used 4 lattice spacings {0.15, 0.12, 0.09, 0.06} fm including ensemble at physical pion

mass to study the quark spin contribution to the proton spin. High-statistics calcu-

lations are performed for both the connected and disconnected contributions to the

nucleon three-point functions using the following strategy: the quark-disconnected

diagrams are estimated using a stochastic method accelerated with a combina-

tion of the truncated-solver method (TSM),100,101 the hopping-parameter expan-

sion (HPE)102,103 and the all-mode–averaging (AMA) technique.104 This method

of calculating quark-disconnected contributions to nucleon charges has proven to

be useful in extracting the up, down and strange contributions to nucleon tensor

charges, and set an upper bound for BSM scenarios that are dominated by quark

EDM.4,105 A more detailed description of the numerical techniques used can be

found in Refs. 1 and 4. An important finding of this work is that the lattice dis-

cretization errors and the chiral corrections are large; consequently, evaluating the

renormalized charges at the physical pion mass and extrapolating to the continuum

limit are essential. The “disconnected” contributions due to light/strange quarks,

gl,discA and gs, discA are calculated with high statistics with O(103) configurations and

O(104) random sources in Ref. 99. After proper renormalization, these disconnected

contributions to the quark charges are simultaneously extrapolated to the physical

limit using the ansatz,

gq, discA (a,Mπ, L) = c0 + caa+ cMM
2
π . (9)

c0 parameter gives the disconnected contributions in the chiral limit, −0.129(15)

and −0.058(9) for light and strange, respectively. For both charges, as expected,

a nonzero dependence on quark mass, cM , is found 0.53(15) and 0.22(10) GeV−2.

However, although ca is usually set to zero in many lattice-structure calculations,

the coefficient dependent on lattice spacing, ca, is not small compared with the

magnitude of the disconnected part of the charges, 0.207(88) and 0.084(65) fm−1.

This suggests that using ensembles at multiple lattice spacings is very important to

obtain the correct quark spin contribution. Without taking the continuum extra-

polation, one can easily miss a factor of 2 or more in the disconnected charges,

resulting in a wrong picture of the proton spin decomposition.

The extrapolation fit including some next-order corrections, a2 for the dis-

cretization error and M2
π logM2

π for the chiral log term, are also included one

at a time. In each case, the errors in the fitted coefficients and extrapolated

results grow as expected. For example, in the best case of adding the a2 term will

change gl,discA = −0.147(43) from −0.118(14), and the lattice-spacing coefficients

ca = 0.67(71) and ca2 = −2.1(3.2) when a is replaced by a2 in the extrapolation

formula. PNDME’s final results are derived from fits using Eq. (9) but account

for the uncertainty in the fit model by assigning an additional systematic error

of 0.03.
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Fig. 9. (Left) Constraints on the BSM couplings of the CP -violating quark EDM operator using
the current experimental bound on the nEDM (2.9× 10−26e · cm119). The strongest constraint is
a strip in du and dd, i.e. representing the thickness of the slab, with high (low) corresponding to
a p-value of 1 (0.1). (Right) Regions in M2–µ plane corresponding to various values of dn/de in

split SUSY, obtained by varying gu,d,s
T

within our estimated uncertainties. For µ, M2 > 500 GeV,
maximizing the ratio dn/de along this line gives the upper bound dn < 4.1 × 10−29e · cm at
dn/de = 3.71. Figures taken from Ref. 118.

The contribution of the quark EDM dq to dn is116,117

dn = guT du + gdT dd + gsT ds . (11)

However, tensor-charge information has been hard to obtain precisely from experi-

ments to date; therefore, combining improved knowledge of gqT from lattice QCD

with experimental bounds on dn can provide stringent constraints on new CP -

violation encoded in dq.

Reference 105 presents the lattice-QCD results on the neutron up/down/strange

tensor charges including, for the first time, a simultaneous extrapolation in the

lattice spacing, volume, and light-quark masses to the physical point in the conti-

nuum limit. The calculation was updated with up to 11 lattice ensembles in 2018,

including 4 lattice spacings and improved statistics.118 Using the lattice tensor

charges at the physical limit and the experimental bound on the nEDM (dn ≤
2.9× 10−26 e · cm119), the Eq. (11) provides constraints on the CP violating quark

EDMs, dγq , arising in BSM theories, assuming that the quark EDM is the only CP -

violating BSM operator. The bounds on dγq are shown in the left panel of Fig. 9.

Of particular importance is the reduction in the error in gsT = 0.0027(16) from

Ref. 118 compared to the previous result,105 gsT = 0.008(9), which leads to bounds

on dγs even though gsT remains noisy. Conversely, the overall error in dn is reduced

even if dγs is enhanced versus dγu by ms/mu ≈ 40, as occurs in models in which the

chirality flip is provided by the Standard Model Yukawa couplings.

In general, BSM theories generate a variety of CP -violating operators that all

contribute to dn with relations analogous to Eq. (11). As discussed in Ref. 105, in

the “split SUSY” model,120–122 the fermion EDM operators provide the dominant
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H.-W. Lin

BSM source of CP violation. The right-hand side of Fig. 9 shows the contour plots

for dn/de in the gaugino-mass (M2) and higgsino-mass (µ) parameter plane over

the range 500 GeV to 10 TeV. For this analysis, we have followed Ref. 123 and set

tanβ = 1.

Thanks to the greatly reduced uncertainty in the tensor charges (factor of ≈ 6

for gsT and ≈ 2 for gu,dT ), the ratio dn/de is much more precisely known in terms of

SUSY mass parameters. This allows for stringent tests of the split SUSY scenario

with gaugino mass unification.120–122 In particular, our results and the experimental

bound de < 1.1 × 10−29e · cm,124,125 imply the split-SUSY upper bound dn <

4.1 × 10−29e · cm. This limit is falsifiable by next-generation nEDM experiments.

Constraints on split SUSY from LHC searches predicated on gluino decays rule

out the region below about a TeV in the {µ,M2} plane,126 whereas, assuming a

maximal CP -violating phase (sinφ = 1), EDMs currently probe scales considerably

higher than LHC’s energy scale reach.

4. Bjorken-x-Dependent Hadron Structure

The formulation of lattice QCD in Euclidean space has severely restricted lattice

calculations of partonic structure for decades. However, much exciting progress has

been made in recent years. “Large-Momentum Effective Theory” (LaMET),18,127

was proposed to overcome the limitations of lattice QCD by computing spatially

extended equal-time matrix elements with large momentum in the external states,

as shown in Eq. (1). The quasi-PDF is obtained by Fourier transforming these

nonperturbatively renormalized matrix elements to momentum space. To relate

this lattice quasi-PDF to the desired Minkowski lightcone PDF, matching condi-

tions are implemented within LaMET. Power corrections that break the matching

procedure from higher-twist effects are suppressed at large nucleon momentum.

A variety of other approaches were investigated soon after the quasi-PDF calcula-

tions: the “pseudo-PDF” approach considers the ratio of equal-time matrix elements

of the Wilson line between quarks with the rest-frame density matrix element

and is parametrized in terms of the “Ioffe time,”128,129 focusing on the Ioffe-time

distribution;130,131 the “good lattice cross sections” approach132,133 uses single-

hadron matrix elements of a time-ordered, renormalized nonlocal operator On(z):

σn(ν, z
2, p2) = 〈p|T{On(z)}|p〉 with four-vector momentum, which can cover a

wider variety of matrix elements; the “hadronic-tensor” approach13,14,17,134,135

accesses partonic distributions through a discrete Laplace transform of the

Euclidean hadronic tensor; the “fictitious heavy-quark field” approach extends the

corresponding hadronic tensor involving heavy-light currents and resulting lattice

correlation functions are matched on to the relevant operator product expansion

(OPE) to extract the moments of regular parton distributions;136 other approaches

based on transforms of the hadronic tensor are being pursued in Refs. 137. These

calculations only started a few years ago; even though there have been interesting

results reported every year, not all the required lattice-QCD systematics have been
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Frontiers in lattice nucleon structure

taken into account. Results are mostly limited to a few lattice ensembles for now;

one should keep in mind that the actual systematics if included could be much

larger than currently estimated. Among various new methods, LaMET approach,

which calculates boosted hadron matrix elements at multiple spatial displacements,

shows promising PDFs at physical pion mass, calculated by both LP3 and ETMC

collaborations. Due to the limited space, in this review, only quasi-PDF results are

shown.

In the LaMET (or “quasi-PDF”) approach, time-independent spatially displaced

matrix element that can be connected to PDFs are computed, and the operator

choice is not unique at finite hadron momentum Pz. A convenient choice for leading-

twist PDFs is to take the hadron momentum and quark–antiquark separation to

be along the z direction

hΓ(z, pz) =
1

4pz

2
∑

s=1

〈p, s|ψ̄(z)Γeig
∫

z

0
Az(z

′)dz′

ψ(0)|p, s〉 , (12)

where pz is the hadron momentum boosted in the z direction, s its spin, and z is the

separation of the quark and antiquark fields ψ̄ and ψ. There are multiple choices

of operator in this framework that will recover the same lightcone PDFs when the

large-momentum limit is taken. For example, Γ can be γz or γt;
130,131,138,139 both

will give the unpolarized PDFs in the infinite-momentum frame. Since the first

lattice Bjorken-x dependent PDF calculation,19 there have been many follow-up

works, leading to rapid developments in the direct calculation of the Bjorken-x de-

pendence of hadron structure using lattice QCD; the technique shows promising

results. On the lattice side, more lattice-QCD calculations of the nucleon isovector

quark distributions19–21,26,139–142 have been reported since, including the unpolar-

ized, polarized and transversity cases and variations of the quasi-PDF methods.

Results at physical pion mass were first reported in 2017143 and many additional

studies followed.2,22,23,144–146 Recently, there have also been a number of works on

quasi-PDF renormalization.141,142,147–156

Nucleon Parton Distribution Functions at Physical Pion Mass: In this

review, the work of LP3 collaboration is highlighted, since they pioneered many

quantities and include systematic errors in the PDF results. We first consider their

lattice calculations of the bare isovector quark unpolarized, helicity, and transver-

sity quasi-PDFs using clover valence fermions4,46,92,105 on an ensemble of gauge

configurations with lattice spacing a = 0.09 fm, box size L ≈ 5.8 fm, and with

pion mass Mπ ≈ 135 MeV and Nf = 2 + 1 + 1 (degenerate up/down, strange and

charm) flavors of highly improved staggered dynamical quarks (HISQ)157 generated

by MILC Collaboration.80 Gaussian momentum smearing158 is used for the quark

field to increase the overlap of the lattice sources with the ground state of the

large-boost nucleon. For the nucleon matrix elements of Ô(z, a) at a given boost

momentum, h̃(z, Pz, a), the ground-state matrix elements are extracted from each
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three-point correlator, C
(3pt)
Γ (Pz, t, tsep) by fitting the following form:

C3pt
Γ (Pz, t, tsep) = |A0|2〈0|OΓ|0〉e−E0tsep + |A1|2〈1|OΓ|1〉e−E1tsep

+ |A1||A0|〈1|OΓ|0〉e−E1(tsep−t)e−E0t

+ |A0||A1|〈0|OΓ|1〉e−E0(tsep−t)e−E1t + · · · ,

where the operator is inserted at time t, and the nucleon state is annihilated at the

sink time tsep, which is also the source-sink separation (after shifting source time

to zero). The state |0〉 represents the ground state and |n〉 with n > 0 the excited

states. In our two-state fits, the amplitudes Ai and the energies Ei are functions

of Pz and can be obtained from the corresponding two-point correlators. Figure 10

shows one of the many studies of excited-state contamination, performing fits with

and without the 〈1|OΓ|1〉 contribution (labeled as “two-simRR” and “two-sim,”

respectively) and using data from different source-sink separations tsep.
2,23,144

The nonperturbative renormalization (NPR) factor Z̃
(

z, pRz , µR, a
)

is calculated

from the amputated Green function of Ô(z, a) with a similar procedure,144,159 where

pRz and µR are the Euclidean quark momentum in the z-direction and the off-shell

quark momentum, respectively. The bare matrix element of Ô(z, a), h̃(z, Pz, a),

has ultraviolet (UV) power and logarithmic divergences as a → 0 and must be

nonperturbatively renormalized to have a well defined continuum limit. Next, the

renormalized matrix elements hR
(

z, Pz, p
R
z , µR

)

are Fourier transformed into x-

space to obtain the quasi-distribution q̃
(

x, Pz, p
R
z , µR

)

:

f̃(x, 1/a, pz) =

∫

dz

2π
e−ixzpzpzhΓ(z, pz) . (13)

As originally pointed out in 2017 and demonstrated using CT14 NNLO160 at 2 GeV,

a naive Fourier transform from momentum-space x to coordinate space z and then

back suffers an inverse problem143 (see the left-hand side of Fig. 11). The oscilla-

tion is less noticeable if calculation stays in the small-Pz region, as shown in the

pink band in the figure. This means that since the lattice calculation has finite

displacement z in the nonlocal operator and cannot actually use infinitely boosted

momentum, a straightforward Fourier transform produces truncation effects, result-

ing in unphysical oscillatory behavior, as observed in earlier works.141,142 The anti-

quark and small-x regions suffer the maximum deformation. Two ideas (“filter” and

“derivative” methods)143 were originally proposed to remove this biggest system-

atic uncertainty in the LaMET approach to studying x-dependent hadron structure:

Fourier-transformation truncation. When not assuming a parametrization form, this

determines the shape of the PDF. The first lattice PDF at physical pion mass was

used to demonstrate how the proposed methods improve real-world lattice calcula-

tions. A third method was proposed in late 2017, modifying the Fourier transfor-

mation in LaMET using a single-parameter Gaussian weight.161 In 2019, another

three methods were proposed.162 Following the recent work,2,23,144 the simple but
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effects from other nucleon matrix studies and the matching formula approxima-

tion. As expected from the Fourier-transformation study, the sea-flavor asymmetry

is recovered with increased momentum. In the positive isovector quark region, the

lattice results agree nicely with CT14,160 which is consistent with NNPDF3.1163

and CJ15,164 up to the small-x region, where even larger zPz data is required for lat-

tice calculation to have control over these regions. The middle plot of Fig. 12 shows

LP3’s isovector quark helicity PDF2 matched in MS-scheme at scale µ = 3 GeV,

extracted from LaMET at the largest proton momentum (3 GeV), compared with

fits by NNPDFpol1.1109 and JAM.113 The red band denotes statistical error, while

the gray band also includes systematics. The right-hand side of Fig. 12 shows LP3’s

proton isovector transversity PDF144 at renormalization scale µ =
√
2 GeV (MS

scheme), extracted from lattice QCD and LaMET at Pz = 3 GeV, compared with

global fits by JAM17 and LMPSS17.10 The blue error band includes statistical

errors (which fold in the excited-state uncertainty) and systematics mentioned in

the unpolarized PDF cases.

Gluon PDFs: The unpolarized gluon PDF is defined by the Fourier transform of

the lightcone correlation in the hadron,

g(x, µ2) =

∫

dξ−

πx
e−ixξ−P+〈P |F+

µ (ξ−)U(ξ−, 0)Fµ+(0)|P 〉 , (16)

where ξ± = 1
2 (ξ

0 ± ξ3) is the spacetime coordinate along the lightcone direction,

the hadron momentum Pµ = (P0, 0, 0, Pz), |P 〉 is the hadron state with momentum

P with the normalization 〈P |P 〉 = 1, µ is the renormalization scale, and Fµν =

T aGa
µν = T a

(

∂µA
a
ν − ∂νA

a
µ − gfabcAb

µA
c
ν

)

is the gluon field tensor; U(ξ−, 0) =

P exp
(

−ig
∫ ξ−

0
dη−A+(η−)

)

is the lightcone Wilson link from ξ+ to 0 with A+ as

the gluon potential in the adjoint representation. However, these time-separated

and nonlocal operators cannot be directly calculated using lattice QCD. LQCD

has only been used to calculate the first moment of the gluon PDF106,165–168 and

calculations of moments beyond the first are still absent.

Given the recent success in the quark sector of the LaMET calculation as de-

scribed in above, it is time to explore how this would work for the gluon.169 Focusing

on the unpolarized gluon PDF, the LaMET quasi-PDF can be obtained through

g̃(x, P 2
z )(µ) =

∫

dz

πx
e−ixzPzZ(µ, z)H̃0(z, Pz) , (17)

where H̃0(z, Pz) = 〈P |O0|P 〉 and

O0 ≡
P0

(

O
(

F t
µ, F

µt; z
)

− 1
4g

ttO
(

Fµ
ν , F

ν
µ ; z

))

3
4P

2
0 + 1

4P
2
z

, (18)

with the correlation operatorO(O1, O2; z) defined by O1(z)U(z, 0)O2(0). The renor-

malization constant in the so-called “ratio” scheme Z(µ, z) = ZMS
gg (µ)H̃0(0, 0)/

H̃0(z, 0) cancels all the UV divergence in H̃(z, Pz), including the linear term149
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H.-W. Lin

due to the Wilson line under the lattice regularization, where ZMS
gg (µ) is the MS

renormalization constant of 〈x〉g at the scale µ.

The choice for the quasi-PDF operator is not unique. Any operator that

approaches the lightcone one in the large-momentum limit is a possible candidate,

like the choice inspired by operators used in the moment definition but with a long

displacement along the boost momentum direction:

O1(z) ≡
1

Pz
O
(

F t
µ, F

zµ; z
)

,

O2(z) ≡
P0

(

O
(

F z
µ , F

µz; z
)

− 1
4g

zzO(Fµ
ν , F

ν
µ ; z)

)

1
4P

2
0 + 3

4P
2
z

,

(19)

as well as

O3(z) ≡
1

P0
O
(

F z
µ , F

zµ; z
)

, (20)

proposed by Ref. 18. As discussed in Ref. 169, the quasi-PDF using O1,2,3 has larger

higher-twist corrections and statistical uncertainty compared to that using O0.

In the first exploratory study,169 ensembles with unphysically heavy quark

masses were used. Since gluon quantities are much noisier even than quark dis-

connected loops, cheap calculations with very high statistics are necessary to have

any hope of seeing signal. The calculations were done using overlap fermions on

gauge ensembles with 2+1 flavors of domain-wall fermion and spacetime volume

243 × 64, a = 0.1105(3) fm, and M sea
π = 330 MeV. The gluon operators were cal-

culated for using all volumes and high statistics: 207,872 measurements were taken

of the two-point functions with valence quarks at the light sea and strange masses

(corresponding to pion masses 340 and 678 MeV, respectively). On the lattice, the

field tensor Fµν needed for the quasi-PDF operator O0,1,2,3 is

Fµν =
i

8a2g

(

P[µ,ν] + P[ν,−µ] + P[−µ,−ν] + P[−ν,µ]

)

, (21)

where the plaquette Pµ,ν = Uµ(x)Uν(x+ aµ̂)U†
µ(x+ aν̂)U†

ν (x) and P[µ,ν] = Pµ,ν −
Pν,µ. The Fµν are very noisy, so to further improve the signal of Hg, up to 5 steps

of hypercubic (HYP) smearing are applied to the gluon operators.

The MS renormalized gluon quasi-PDF matrix element H̃MS(z, Pz, µ) can be

factorized into the perturbatively calculable matching kernel C and the lightcone

PDF g(x) through a factorization theorem147,170 up to higher-twist corrections at

O
(

z2Λ2
QCD

)

and mixing with the quark PDF at O(αs(µ)),

H̃MS(z, Pz, µ) =

∫

dξ C
(

ξ, z2, µ2
)

H(ξzPz, µ) +O
(

z2Λ2
QCD

)

+O(αs(µ)) , (22)
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for the boosted nucleon matrix elements used for quasi-distributions within the

range of Mval
π L ∈ {3.3, 5.5}.

Impact on Parton Distribution Functions: How can the current lattice-QCD

isovector PDF calculations contribute to global PDF fits in the next 5 years? Cur-

rently, the large-x regions of the PDFs are not well constrained by the experimental

data in the global fits, or they suffer hard-to-quantify nuclear-theory uncertainty.

The lattice isovector PDFs at large x, do not have large boost-momentum depen-

dence (unlike the small-x region), so it should be able to provide good constraints

to the global PDF fit. The white paper36 from the first joint-community work-

shop between the LQCD and global analysis communities gives an estimation of

the precision needed and its corresponding impacts on the global PDF fits for the

most-studied unpolarized PDF and helicity cases. Firstly, a set of pseudo-data for

the isovector combinations at Q2 = 4 GeV2

u
(

xi, Q
2
)

− d
(

xi, Q
2
)

and ū
(

xi, Q
2
)

− d̄
(

xi, Q
2
)

, i = 1, . . . , Nx , (24)

for the unpolarized case, and

∆u
(

xi, Q
2
)

−∆d
(

xi, Q
2
)

and ∆ū
(

xi, Q
2
)

−∆d̄
(

xi, Q
2
)

, i = 1, . . . , Nx , (25)

for the polarized case, with Nx being the number of points in x-space that are

being sampled. For this study, we choose the Nx = 5 points taken from lattice-

QCD computations to be

xi ∈ {0.70, 0.75, 0.80, 0.85, 0.90} . (26)

Three scenarios for the total uncertainty of δ
(i)
L = 12%, 6% and 3% are denoted

by Scenario D, E, and F, respectively. For each scenario, we assume the same relative

error for each value of {xi}, and we neglect possible correlations between neighbor-

ing x-points. The results of this exercise are summarized in Fig. 15, where we plot

the ratio of the PDF uncertainties in each scenario to the uncertainty of the original

NNPDF3.1 (NNPDFpol1.1) set. The impact on the PDF uncertainties in ū and d̄

at large x is shown in the upper plots, with the corresponding comparison for ∆ū

and ∆d̄ in the lower plots. The results for the individual quark flavors shown, even

though the constraints are imposed on differences between flavors, since the former

are of more interest to phenomenology. From this comparison, the lattice-QCD cal-

culations of the x-dependence of PDFs can significantly reduce the uncertainties

for both unpolarized and polarized antiquarks in the large-x region. Taking into

account that the PDF uncertainties on the large-x antiquarks are rather large and

that they enter a number of important beyond-the-Standard Model (BSM) search

channels (such as, for instance, production of new heavy gauge bosons W ′ and Z ′),

our analysis demonstrates that such calculations would have direct phenomenologi-

cal implications. In a Monte-Carlo approach such as NNPDF, the PDF uncertainties

themselves fluctuate, particularly at low scales, which explains the wiggles seen in

these plots.
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Fig. 15. The ratio of PDF uncertainties to the original NNPDF3.1 (NNPDFpol1.1) in the fits
where lattice-QCD pseudo-data for x-space PDFs have been added to the global unpolarized
(polarized) analysis. Specifically, we show the impact on the PDF uncertainties in ū and d̄ at large
x in the upper plots, with the corresponding comparison for ∆ū and ∆d̄ in the lower plots. These

plots are taken from Ref. 36.

Figure 15 shows that in the unpolarized case, the large-x PDF uncertainties

could be reduced to 60% of their original values. It is also found that there are

no large differences between the three scenarios, probably because the constraint

is on quark differences rather than on individual flavors, so there is freedom for ū

and d̄ to vary in a correlated fashion while still satisfying the constraint. However,

it does suggest that a direct lattice-QCD calculation of xū − xd̄ does not need to

reach uncertainties at the few-percent level to influence global fits. For the polar-

ized PDFs, Fig. 15 demonstrates that the reduction in PDF uncertainties could be

significantly more marked. For instance, in the case of ∆d̄, at x ≃ 0.8 the resulting

PDF uncertainty from Scenario F is less than 50% of the original uncertainty.

Machine-Learning Predictions for Small-x Distributions: Even with pro-

gress made so far, there remain challenges to reliably extract small-x distributions

and antiquark distributions. Figure 11 shows the recent effort181 toward demon-

strating the capability to reach high boost momentum in the LaMET method. One

can see the reproduction of the PDF is much more sensitive to the size of Pz in

the antiquark (negative x) region. Such an effect is also clearly seen in the LQCD
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reliably predict the target observables with different fit quality and systematic

errors. The predictions from smaller displacement z to larger ones work better

than those for momentum p due to the higher correlation among the data, whereas

the momentum predictions depend on the precision of the available data. It would

be interesting to see more studies done in this direction to make breakthrough for

the small-x region of nucleon-structure studies.
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P. M. Junnarkar, H. B. Meyer, T. D. Rae and H. Wittig, Int. J. Mod. Phys. A 34,
1950009 (2019), arXiv:1705.06186 [hep-lat].

88. C. Alexandrou, M. Constantinou, K. Hadjiyiannakou, K. Jansen, C. Kallido-
nis, G. Koutsou and A. Vaquero Aviles-Casco, Phys. Rev. D 96, 054507 (2017),
arXiv:1705.03399 [hep-lat].

2030006-35

In
t.

 J
. 
M

o
d
. 
P

h
y
s.

 A
 2

0
2
0
.3

5
. 
D

o
w

n
lo

ad
ed

 f
ro

m
 w

w
w

.w
o
rl

d
sc

ie
n
ti

fi
c.

co
m

b
y
 M

IC
H

IG
A

N
 S

T
A

T
E

 U
N

IV
E

R
S

IT
Y

 o
n
 0

6
/2

7
/2

0
. 
R

e-
u
se

 a
n
d
 d

is
tr

ib
u
ti

o
n
 i

s 
st

ri
ct

ly
 n

o
t 

p
er

m
it

te
d
, 
ex

ce
p
t 

fo
r 

O
p
en

 A
cc

es
s 

ar
ti

cl
es

.



H.-W. Lin

89. G. S. Bali, S. Collins, M. Gruber, A. Schäfer, P. Wein and T. Wurm, Phys. Lett. B
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arXiv:1602.05525 [hep-lat].
159. Y.-S. Liu et al., arXiv:1807.06566 [hep-lat].
160. S. Dulat, T.-J. Hou, J. Gao, M. Guzzi, J. Huston, P. Nadolsky, J. Pumplin,

C. Schmidt, D. Stump and C. P. Yuan, Phys. Rev. D 93, 033006 (2016), arXiv:1506.
07443 [hep-ph].

161. T. Ishikawa, L. Jin, H.-W. Lin, A. Schäfer, Y.-B. Yang, J.-H. Zhang and Y. Zhao,
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