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ABSTRACT. A phase-retrievable frame {f;}~ for an n-dimensional Hilbert
space is exact if it fails to be phase-retrievable when removing any
element from the frame sequence. Unlike exact frames, exact phase-
retrievable frames could have different lengths. We shall prove that for
the real Hilbert space case, exact phase-retrievable frame of length N
exists for every 2n—1 < N < n(n+1)/2. For arbitrary frames we intro-
duce the concept of redundancy with respect to its phase-retrievability
and the concept of frames with exact PR-redundancy. We investigate the
phase-retrievability by studying its maximal phase-retrievable subspaces
with respect to a given frame which is not necessarily phase-retrievable.
These maximal PR~subspaces could have different dimensions. We are
able to identify the one with the largest dimension, which can be con-
sidered as a generalization of the characterization for phase-retrievable
frames. In the basis case, we prove that if M is a k-dimensional PR~
subspace, then |supp(z)| > k for every nonzero vector x € M. Moreover,
if 1 <k < [(n+1)/2], then a k-dimensional PR-subspace is maximal if
and only if there exists a vector € M such that |supp(z)| = k.

1. INTRODUCTION

A finite sequence F = {f;}, of vectors in an n-dimensional Hilbert space
H is called a frame for H if there are two constants 0 < Cy < Cy such that

N
CUIFIP <D KS PP < CallFIP
i=1
holds for every f € H, where C1, (s are the frame bounds and N is the
frame length. Equivalently, a finite sequence is a frame for H if and only if
it is a spanning set of H. Two frames {f;}2, and {g;}, are called similar
if there exists an invertible operator 17" such g; = T'f; for every ¢. For a
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given frame F = {fi}}V,, the spark of F is the cardinality of the smallest
linearly dependent subset of the frame. A full-spark frame is a frame whose
spark is n + 1, i.e., every n-vectors in F are linearly independent. For our
convenience in this paper we also identify a frame { fl}f\;l with the n x N
matrix [f1, f2, ..., fn].

In recent years, frames have been extensively studied in the context of
the so-called phase-retrieval problem which arises in various fields of
science and engineering applications, such as X-ray crystallography, coherent
diffractive imaging, optics and quantum information. The problem asks to
recover a signal of interest from the magnitudes of its linear or nonlinear
measurements. For the linear measurements with a frame {f;}Y,, one wants
to reconstruct f from its intensity measurements {|(f, f;}|}}*,. Clearly the
intensity measurements are the same for both f and A f for every unimodular
scalar A\. Therefore the phase retrieval problem asks to recover f up to an
unimodular scalar. We refer to [1]-[24] and the reference therein for some
historic background of the problem and some recent developments on this
topic.

Definition 1.1. A frame {f; ﬁil for a Hilbert space H is called phase re-
trievable if the induced quotient map A : H/T — RN defined by A(f/T) =
{F, F) BN, s injective, where T = {\ : |\| = 1}.

There are few basic concepts when talking about frames or frame se-
quences: signal recoverability, redundancy and the exactness of frames. The
signal recoverability of a sequence F = { fz}f\; 1 can be measured by the
space spanned by F, and the redundancy of a frame F = { fz}fil for an
n-dimensional Hilbert space can be measured by N/n. An exact frame for
a Hilbert space H is a frame such that it fails to be a frame if we remove
any one element from F. So exact frames are precisely the bases or the
frames with redundancy one. These concepts naturally lead us to the fol-
lowing questions when dealing with the phase-retrieval problem: Given a
frame F = {f;}¥ (which may not be phase-retrievable), how to measure
its phase-retrievability? how to measure its redundancy with respect to
the phase-retrievability and what can be said about those phase-retrievable
frames that have the exact PR-redundancy?

Even if a frame is not phase-retrievable, it is still possible that it can be
used to perform phase retrieval for some subsets of the Hilbert space. So
for the purpose of theory development and practical applications, it seems
natural to investigate the subsets on which phase-retrieval can be performed
with respect to a given frame (could be your favorite frame but not neces-
sarily phase-retrievable). In this paper we initiate the study on the maximal
phase-retrievable subspaces for a given frame. This consideration leads to
the concept of frame redundancy with respect to the phase-retrievability
and the notion of exact phase-retrievable frames. Unlike exact frames which
always have length n = dim H, exact phase-retrievable frames could have
different lengths. This paper will be focused on the existence problem of
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exact phase-retrievable frames (or more generally, the frames with the ex-
act PR-redundancy) with all the possible lengths, and the maximal phase-
retrievable subspaces of all possible dimensions.

There are two well-known necessary and sufficient conditions for phase
retrievable frames(c.f. [2, 3, 4, 5, 6]). The first one is given in terms of
the so-called “complement property”: A frame { fi}fil is said to have the
complement property if for every Q C {1,..., N} we have either {f;};cq or
{fi}icae spans H.

Proposition 1.1. The complement property is necessary for a frame to be
phase-retrievable. It is also sufficient for real Hilbert spaces.

The second condition is based on the rank-one operator lifting of the
frame {fi}N.,. Let f,g € H and f ® g be the rank-one operator defined by
(f®g)x = (x,g)f for every x € H. In what follows we use (A, B) = tr(AB*)
to denote the Hilbert-Schmidt inner product on the space of n x n matrices
and let Sy be the set of all the Hermitian n x n matrices with rank less than
or equal to 2. Let O, be the analysis operator of L(F) := {L(f;)}, where
L(f;) := fi ® fi. From the definition of phase-retrievable frames, it is easy
to obtain the following characterization:

Proposition 1.2. A frame {f;}}\, is phase-retrievable if and only if
keT(@L(]:)> NSy = {0}

The above characterization indicates that ker(©pr)) N S2 seems to be
a good candidate to measure the phase-retrievability for a frame F. This
motivates us to introduce the following concept of redundancy with respect
to the phase-retrievability (or PR-redundancy) and the concept of frames
with the exact PR-redundancy property. Let F = {f;}}¥, be a frame for H.
For each subset A of {1,..., N}, let Fo = {fi}ica and use |A| to denote the
cardinality of A.

Definition 1.2. Given a frame F = {f; Z-]\Ll for H. Let k be the smallest
integer such that there exists a subset A of {1,..., N} with the property that
|A| =k and
ker(@L(;A)) NSy = ker(@L(;)) NSs.

Then we call N/k the PR-redundancy of F. A frame is said to have the exact
PR-redundancy property if its PR-redundancy is 1, and a phase-retrievable
frame with the exact PR-redundancy will be called an exact phase-retrievable
frame.

Let F = {f;}}¥, be a frame for H. From the above definition we have
the following:

(i) There exists a subset A of {1,..., N} such that F, is a frame for H
with the exact PR-redundancy property.

(ii) F has the exact PR-redundancy property if and only if for any proper
subset A of {1,..., N}, there exist two vectors z,y € H such that |(z, f;)| =
|(y, f;)| for every j € A, but [(z, fi)| # |(y, fi)| for some i € A°.
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(iii) If F is phase-retrievable, then it is an exact phase-retrievable frame
if and only if F, is no longer phase-retrievable for any proper subset A of
{1,...,N}.

In what follows we always assume that H = R™ and use H,, to denote the
space of all the n x n Hermitian matrices.

Lemma 1.3. If a frame F = {f;}", for R" has the evact PR-redundancy
property, then {L(fi)}Y, is a linearly independent set (and hence N <
dimH,, = n(n+1)/2). The converse is false.

Proof. If {L(f;)}, is linearly dependent, then there exists a proper subset
A of {1,..., N} such that span{L(f;) : ¢ € A} =span{L(f;) : 1 <i < N}.
This implies that ker(©p(r,)) = ker(©(r)). Hence F does not have the ex-
act PR-redundancy property. Therefore {L(f;)})¥, is a linearly independent
set.

Let n > 3. Then 2n — 1 < n(n+ 1)/2. Let {f1,..., fon—1} be a phase-
retrievable frame for H which clearly must have the exact PR-redundancy
property. Thus {L(f;)}2" " is linearly independent. Since dimH,, = n(n +
1)/2 and span {L(x) : € H} = H,, we can extend {L(f;)}?";" to a basis
{L(fi)}?:(Trl)/2 for H,,. But clearly F = {fi}?:(qﬂ)ﬂ does not have the
exact PR-redundancy. ([

Lemma 1.3 immediately implies the following length bound for exact
phase-retrievable frames.

Corollary 1.4. If F = {fi}}N, is an ezact phase-retrievable frame for R",
then2n — 1 < N <n(n+1)/2.

This leads to the question about the attainable lengths for exact phase-
retrievable frames. Our first main result shows that every N between 2n — 1
and n(n + 1)/2 is attainable, i.e., there exists an exact phase-retrievable
frame of length N for every such V.

It is known that for each N > n, the set of full-spark frames of length N
is open and dense in the direct sum space HN) .= H@ ... & H (N-copies).
It is clear that if N > 2n — 1 and F = {f;}¥, has the full spark, then
N can not be an exact phase-retrievable frame. Therefore the set of exact
phase-retrievable frames of length N has measure zero, and so the existence
proof of exact phase-retrievable frames is quite subtle, as demonstrated in
section 2.

For a non-phase-retrievable frame JF, researchers have been interested in
identifying the subsets of the signal space such that phase-retrieval can be
performed by the frame on these subsets. A typical example is the subset of
sparse signals (e.g. [18, 24]). In order to have a better understanding about
frame phase-retrievability, in this paper we are interested in the problem of
identifying the largest subspaces M such that F does the phase-retrieval for
all the signals in M. For this purpose we introduce the following definition:
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Definition 1.3. Let F = {f;}}X., be a frame for H and M is a subspace
of H. We say that M is a phase-retrievable subspace with respect to F if
{Pyp [}, is a phase-retrievable frame for M, where Py is the orthogonal
projection from H onto M. A phase-retrievable subspace M is called max-
imal if it is not a proper subspace of any other phase-retrievable subspaces
with respect to F.

We will use the abbreviation “F-PR subspace ” to denote a phase-retrievable
subspace with respect to F. For a given a frame F, here is a list of sample
questions about phase-retrievable subspaces: What are possible dimensions
k such that there exists a k-dimensional maximal F-PR subspace? Can we
characterize all the maximal phase-retrievable subspaces? Due to the fact
that the dimensions of the maximal PR-subspaces could be different, it is
interesting to find out the information about the largest (or the smallest)
dimension for the maximal F-PR subspaces. We will explore the answers to
these questions in Section 3 and Section 4.

As an motivating example, we will show that if 7 = {f;}, is a basis for
H, then there exists a k-dimensional maximal F-PR subspace if and only if
1 <k <[(n+1)/2], where [a] denotes the integer part of a . For any general
frame F, we will identify the largest k such that there exists a k-dimensional
maximal F-PR subspace. This leads to a generalization of Proposition 1.1.
In the case that F = {f;}}, is an orthonormal basis, we show that if M is
a F-PR subspace, then the support supp(z) (with respect to the dual basis)
of every nonzero vector x in M has the cardinality greater than or equal to
k. Moreover, we will prove that for any given vector xz with |supp(z)| = k,
there exists a k-dimensional maximal F-PR subspace M containing x. This
support condition is also necessary in the case that k& < [(n + 1)/2], i.e,
in this case we have that a k-dimensional F-PR subspace M is maximal if
and only if there exists an nonzero vector x in M whose support has the
cardinality k.

The following simple property will be needed in the rest of the paper.

Lemma 1.5. Suppose that H is the direct sum of two subspaces X and Y.
If F1 is a frame for X with the exact PR-redundancy property and Fa is a
frame for Y with the exact PR-redundancy property, then F = F1 U Fs is a
frame for H with the exact PR-redundancy property.

Proof. By passing to a similar frame we can assume that Y = X . Clearly
F is a frame for H. Now assume that a vector f is removed from Fj.
Since F; is a frame for X with the exact PR-redundancy property, there
exists some nonzero operator A = v ® u — v ® v with u,v € X such that
A€ ker(Opr\{fp) and A & ker(©p (7). Since Y 1 X, we also have A €
ker(©r(r,)). This implies that A € ker(©Opr\(s)) and A ¢ ker(Opx)).
The same argument works if we remove one element from Fy. Thus F has
the exact PR-redundancy property.

O
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2. EXACT PHASE-RETRIEVABLE FRAMES

In this section we prove the existence theorem for exact phase-retrievable
frames of length N with 2n —1 < N <n(n+1)/2.

Theorem 2.1. For every integer N with 2n — 1 < N < n(n + 1)/2, there
exists an exact phase-retrievable frame of length N.

Before giving a proof for the above theorem, we introduce some prelim-
inary results. We use the following notations for matrices: A(I,J) is the
submatrix of A consisting of the entries with row indices in I and column
indices in J. A(:,J) = A({1,...,n},J) and A(i,75) = A({i}, {4})

Lemma 2.2. Let f(z1,...,2,) be a polynomial and a; be independent con-
tinuous random variables. Then f(ay,...,a,) # 0 almost surely.

Proof. The conclusion can be proved by induction on n and we omit the
details. N

Lemma 2.3. Let A be an n x m random matriz such that rank (A) = r
almost surely. Let B be an (n+1) x (m+1) matriz such that B(1..n,1..m) =
A and B(n+1,m+1) is a continuous random variable which is independent
of the entries of A. Then we have rank (B) > r + 1 almost surely.

Proof. Let €2 be the sample space. Since A has only finitely many subma-
trices and rank (A) = r almost surely, there is a partition {€;}; of Q such
that for each 1 < ¢ < N, there is an r X r submatrix A; which is of rank
r almost surely on €2;. Therefore, the submatrix of A consisting of rows
and columns in A; and the (n + 1)-th row and the (m + 1)-th column is of
rank 7 + 1 almost surely on §2;, thanks to Lemma 2.2. This completes the
proof. ([

The following lemma can be proved similarly, which we leave to interested
readers.

Lemma 2.4. Let A be an n x m random matriz such that rank (A) = r <
n—1 almost surely. Let a be an n-dimensional vector with entries consisting
of continuous independent random variables, which are also independent of
the entries of A. Then we have rank ((A a)) = r + 1 almost surely.

We are ready to give a proof of Theorem 2.1.

Proof of Theorem 2.1. Since every full-spark frame of length 2n — 1 is an
exact PR-frame, we only need to prove the theorem for 2n < N < n(n+1)/2.
First, we show that for 2n < N < n(n+ 1)/2, there exist n x N matrices A
such that

(P1) A contains the n x n identity matrix as a submatrix;

(P2) the rest N — n columns of A consisting of independent continuous
random variables or zeros and each column contains at least one 0
and two non-zero entries;
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(P3) there are exactly n non-zero entries in every row of A;
(P4) for each 1 < i < n, there exist mutually different indices ji, ..., jn
such that a; j,, a;; # 0;

(P5) columns of A form an exact PR frame with probability 1.

We first point out that a phase-retrievable frame which satisfies (P3) must
be exact. If fact, if A has rows with exactly n non-zero entries, then one can
remove a column and obtain a row with n — 1 non-zero entries. Choosing the
column vectors whose entries in this row do not vanish gives a non-spannings
set. The complement consists of vectors that have a zero entry in common,
so they are also not spanning. This contradicts the complement property,
so the columns of A form an exact phase-retrievable frame.

Now let us explain (P4) in more details. Fix some i, say, i = 1. By
(P3), there exist mutually different indices ji, ..., jn such that a;j # 0
for 1 <1 < n. (P4) says that every row contains a non-zero entry in such
columns and different rows correspond to different columns.

Consider the following example,

1 00 CL174 a1,5 0
(2.1) A=(0 1 0 a4 0 a23],
0 01 0 a3z asg

where a;; are independent continuous random variables. For i = 1, set
{J1,72,J3} = {1,4,5}. Then we have a1 ;,a;; # 0 for 1 <1 < 3.

It is easy to see that A satisfies (P1)~ (P5). In other words, such matrix
exists for n = 3.

Now we assume that such matrix A exists for some n and N with n > 3.
Let us consider the case of n + 1. We prove the conclusion in the following
four steps.

(I). There is an (n + 1) x (N +n + 1) matrix satisfying (P1) ~ (P5).

Define the (n + 1) x (N + n) matrix B as follows,

a1, N+1 0 0 0

0 a2 N+2 0 0

B— A 0 0 e 0 0
0 0 anN+n O

0...0 Gn+1,N+1 Qn4+1,N42 Un+1,N+n 1

where all the symbols a; ; are independent continuous random variables. It
is easy to see that B meets (P1) ~ (P4). It remains to prove that (P5) holds
for B.
Take some J C {1,...,N +n+1}. Set
JO = {1<j<N+n+1:j¢J},

JIv = {jeJ:j<N},

JIv = {jeJ: j<N},
Without loss of generality, we assume that N +n+1 € J¢.
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Suppose that rank (B(:,J¢)) < n + 1 on some sample set Q' which is of
positive probability. Since N +n + 1 € J¢, we have rank (A(:, J|n)) < n
a.s. on . Consequently, rank (A(:, J|n§)) = n a.s. on .

On the other hand, Since N+n+1¢€ J° not allof N+1, ..., N+n are
contained in J¢. Otherwise, rank (B(:, J¢)) =n + 1 a.s. on . Hence there
is some 1 <4 < n such that N+i¢ € J. By Lemma 2.3, rank (B(:, J)) = n+1
a.s. on (.

(IT). There is an (n + 1) x (N + n) matrix satisfying (P1) ~ (P5).

Since A satisfies (P2), by rearranging columns of A, we may assume that
A(:;,N) = (0,az,n,...)", where at least two entries are non-zero. Define the
(n+1) x (N 4+ n) matrix B as follows,

0 a1, N+1 0 0 0
as, N a2 N4+1 0 0 0
* 0 a 0 0
B — 3,N+2
* 0 0 an Nyn—1 O
p4+1,N On+1,N+1 OGpt1 N+2 On4+1,N+n—1 1

Again, we only need to prove that (P5) holds for B.

As in Step I, we take some J C {1,..., N +n}. We suppose that N +n €
J¢ and that rank (B(:, J¢)) < n + 1 on some sample set €' which is of
positive probability. Then we have rank (A(:, J|n)) = n a.s. on Q.

If there is some 1 < i < n such that N + ¢ € J, then we have rank (B(:,
J)) =n+1as. on ', thanks to Lemma 2.3.

Next we assume that N 4+ i € J¢ for 1 < ¢ < n. Since rank (B(:, J9)) <
n+ 1 as. on ¥, for any j < N with A(1,j) # 0, we have j € J, thanks to
Lemma 2.2. Similarly we get that N € J.

By setting ¢ = 1 in (P4), we get mutually different 1 < j;,...,5, < N
such that A(1,7;), A(l,j;) # 0. Hence ji,...,jn € J|n. Moreover, rank (A(:,
{j1,--+,7n})) = n a.s. on ', thanks to Lemma 2.2. Note that N € J|y and
N # j; for 1 <1 < n. By Lemma 2.3, we have

rank (B(:, {j1,.--,Jn. N})) =n+1, a.s.on (Y.
Hence
rank (B(:,J)) > rank (B(:, {j1,.--+Jn, N})) =n+1, a.s.on (Y.

(III). There is an (n+ 1) x (N 4+ 2) matrix satisfying (P1) ~ (P5).
By rearranging columns of A, we may assume that

(1) A(;,{1,...,n}) is the n x n identity matrix (P1),

(2) A(n,N) =0 and there are at least two non-zero entries in the N-th
column (P2),

(3) A(4,N —i),A(n,N —i) #0for 1 <i<n-—1(P4).
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Define the (n + 1) x (N + 2) matrix B as follows,

* a1 N—1 * a1,N+1
ag N—2 * * a2 N+1
Ixn * * * * az . N+1
B =
Gp—1,N—n+1 * * *
Qp, N—n+1 Qp, N—2 Gn,N—1 0 Gn, N+1
0...0 Opt1,N—n+1 Op+1,N—2 Ont1,N—1 Qn+1,N 0

Again, we only need to prove that (P5) holds for B.

As in Step I, take some J C {1,..., N + 2} and suppose that N 4+ 2 € J¢
and rank (B(:,J¢)) < n + 1 on some sample set ' which is of positive
probability. Then we have rank (A(:, J|n)) = n a.s. on .

There are three cases.

(i). N+1eJe

In this case, we conclude that

(a) rank (B(1..n,J¢N)) <n—2, a.s. on ;
(b) there is some 1 < jo < n — 1 such that N — jp € J.

In fact, if there is some Q" C Q' with positive probability such that
rank (B(1..n, J¢|n)) =n — 1 a.s. on Q”, then we see from Lemma 2.4 that
rank (B(1..n, J¢ |y U{N + 1})) = n a.s. on Q”. By Lemma 2.3, we get
rank (B(:,J¢)) = n+ 1 a.s. on Q”, which contradicts with the assumption.
This proves (a).

On the other hand, if N—j5 € J¢for any 1 < j7 < n—1, then the expansion
of the determinant of B(:,{N —n+1,N—-n+2,...,N—1,N+1,N +2})
contains the term A(n, N+1)-1-[['-' A(i, N —i), which is not zero a.s. By
Lemma 2.2, rank (B(:, J¢)) = n+1 a.s. on . Again, we get a contradiction
with the assumption. Hence (b) holds.

We see from (a) and (b) that rank (B(1..n, JY|y U{N —jo})) <n—1, as.
on . Since A is a PR frame a.s., we have rank (B(1..n, J|[N\{N —jo})) = n
a.s. Now we see from Lemma 2.3 that rank (B(:, J|y)) =n+ 1 a.s. on .

(ii). N+1eJand N —jo € J for some 0 < jop <n—1.

Since rank (A(:, J|n§)) = n a.s. on ', by Lemma 2.3,

rank (B{1,...,n}, JINU{N + 1} \ {N —jo})) =n, a.s.on (Y.
Using Lemma 2.3 again, we get
rank (B(:, JIn U{N +1})) =n+1, a.s.on().
Hence
rank (B(:,J)) =n+1, a.s.on(.

(iii). N+leJand N—je Jforany 0<j<n-—1.

By (P2), there is some 1 < iy < n — 1 such that A(ip, N) # 0. Hence the
expansion of the determinant of B(:,{N —n+1,N —n+2,...,N,N + 2})
contains the term B(n+1, N+2)A(n, N —io) A(io, N) [ [1<i<p—1,i24o Al N—

e}

o
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i), which is not zero a.s. By Lemma 2.2, rank (B(:, J¢)) =n+ 1 a.s. on {,
which contradicts with the assumption.

(IV). For 2n < N < n(n + 1)/2, there exist n x N matrices satisfying
(P1) ~ (P5).

Let K, be the set of all integers k such that there exists an n x k matrix
A satisfying (P1) ~ (P5).

Since K3 D {6}, we see from the previous arguments that

K, O {8,9,10},
Ks O {10,11,12,13,14,15}.

Hence for 3 <n <5,
(2.2) K,D>{k:2n<k<n(n+1)/2}.

Now suppose that (2.2) is true for some n > 5. Since 2n + (n + 1) <
n(n+1)/2+ 2 for n > 5, we have

{k+2:2n<k<nn+1)/2}U{k+n:2n<k<n(n+1)/2}
Wk+n+1:2n<k<n(n+1)/2}
= {k:2(n+1) <k<(n+1)(n+2)/2}.

Hence K,y1 D {k: 2(n+1) <k < (n+1)(n+2)/2}. By induction, (2.2)
is true for n > 3.

Finally, since columns of a randomly generated n x (2n — 1) matrix form
an exact PR frame almost surely, we get the conclusion as desired. O

The following are some explicit examples for n = 5 and 10 < N < 15.
In each case, column vectors of A form an exact PR frame. Moreover, such
matrices correspond to exact PR frames almost surely if the non-zero entries
are replaced with independent continuous random variables.

(n,N) = (5,10):

10000 6 4 211 O
0100O0 13 10 8 0 3
A=l 00100 7 7 0 9 8
0 0010166 0 8 30 13
00001 0 4 12 14 18
(n,N)=(5,11):
10000 5 0 33 7 0
0100018 0 14 27 0 2
A=1 001 00 023 5 01 14
00010 O 8 0147 14
00001 O 0 3 30 3 14
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(n,N) = (5,12):
100007 010 10 11 0 O
010004 0 7 16 0 15 0

A=1 001 0 00 16 2 0 2 30
00010O0 1T 023 3 09
000O0O10 012 2 11 0 2
1 00006 0412 16 0 00
010006 08 5 0 015 0

A=]10 01 0 00 95 0 0 11 12 0
0001O0O01660 6 1 0 08
00001O0 OT7T 6 010 009

(n,N) = (5, 14):

10 000 11 0 20 0 16 4 0 0 O
01 000 5 0 0116 0 040
A=]1001 00 0 3 6 0 00 13 80
0O0010 01 00O 88 004
0ooo0oo01 o0 0 01 20 10 3
(n,N) = (5, 15):
1 000O012040¢7T 013 0 0 O
01 00O01O0OO0OD3O010 0 0 2 O0
A=]1 001 00 018 00 0 0 12 17 O
00010 03O0O0OO0O0 11 0 0 2
00001 O0O0O0O31 0 013 0 18

3. PHASE-RETRIEVABLE SUBSPACES

We first prove the following special case.

Proposition 3.1. Let F = {f;}I", be a basis for H. Then there ezists a
k-dimensional mazimal F-PR subspace if and only if 1 <k < [(n+1)/2].

Proof. Suppose that M is a k-dimensional F-PR subspace. Then we have
that n > 2k — 1 and hence k < (n+1)/2. For the other direction, note that
for each invertible operator T'on H, M is an maximal F-PR subspace if and
only if (T*)~1M is a maximal TF-PR subspace. So it suffices to show that
for each k-dimensional subspace M with 1 < k < [(n + 1)/2] there exists
a basis {u;}!'; such that M is an maximal PR subspace with respect to
{uitic,-

Let {goj}?izl C M be a PR-frame for M. Without losing the generality
we can assume that {©1, ..., ok} is an orthonormal basis for M. Extend it
to an orthonormal basis {e;}! ; for H, where e; = ¢; for i =1, ..., k. Define
u; by

wi=e (i=1,.,k2k ...n) andu;=¢;+p; (i=k+1,...,2k—1).
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Let Pp; be the orthogonal projection onto M. Clearly we have

{PMUi}?zl = {8017 cees P21, 0, ceey 0},

and hence {u;}]" ; is a phase-retrievable for M. It is also easy to verify that
{u;}1'_, is a basis for H. Now we show that M is a maximal PR subspace
with respect to {ui,...,u,}. Let M = span{M, u} with u = D k1 Q€5
in M+ and ||u|| = 1. Then Pyu; = e; for 1 <1 < k, Pyu; = ¢; + au for
k+1<i<2k—1and Pyu; = aufori>2k—1. If a; =0 for ¢ = 2k, ..., n,
then {Pyu;};", is not phase-retrievable for M since it only contains at
most 2k — 1 nonzero elements. If a;, # 0 for some ig > 2k, then clearly
{Py;u;}, is phase-retrievable for M if and only if {Pyu; kLU {agou}
is phase-retrievable for M. Thus M is not a PR subspace with respect to
{u1,...,un} since we need at least 2k + 1 number of elements in a phase-
retrievable frame for the (k 4 1)-dimensional space M. O

Now let us consider the general frame case: Let F be a frame for H. For
each subset A of {1,..., N}, let

dpn = max{dim span (Fy ), dimspan (Fxec)}.

Define
d(F) =min{dy : A C{1,...,N}}.

Theorem 3.2. Let F be a frame for H. Then k is the largest integer such
that there exists a k-dimensional mazximal F-PR subspace if and only if
k= d(F).

Clearly, d(F) = n if and only if F has the complement property. Thus
the above theorem is a natural generalization of Proposition 1.1 . We need
following lemma for the proof of Theorem 3.2.

Lemma 3.3. Let Tz = Zle(x,xkﬂk be a rank-k operator and M be a
subspace of H such that dim TM = k, then dim P(M) = k, where P is the
orthogonal projection onto span{z1,...,xy}.

Proof. Since (z,xy) = (Px,x), we get that range(T|ar) = range(T|par).
Thus dim P(M) > k and hence dim P(M) = k.

O

Proof of Theorem 3.2. Clearly we only need to prove that if d(F) =
k, then there exists a k-dimensional F-PR subspace and every (k + 1)-
dimensional subspace is not phase-retrievable with respect to F.

Suppose that M is a (k + 1)-dimensional subspace of H and it is also
phase-retrievable with respect to F. Then, by Proposition 1.1, we get that
d(PF) = k+1, and hence d(F) > d(PF) > k+1, which leads to a contradic-
tion. Therefore every (k 4 1)-dimensional subspace is not phase-retrievable
with respect to F.
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Next we show that there exists a k-dimensional F-PR subspace. Let 2
be a subset of {1,..., N} be such that dim Hy > k, where Hqo = span Fq.
For X = (z1,...,a) € H® := H® ... ® H, define Tx(z) = Y% (2, z1) x4

Consider the following set

Sa = {(z1,....x) € H® : dim T (Hg) = k}.

Since dimspan Fq > k, we get that there exists a linearly independent
set (fiy,-.., fi,,) in Fo. This implies that (f;,,..., fi,) € Sq and hence Sq is
not empty.

Moreover, since dimTx(Hgq) = k if and only if there exists an k x k
submatrix of the n x |Q| matrix [T'x f,,] whose determinant is a nonzero
polynomial of the input variables 1, ..., xx, we obtain that Sq is open dense
in H®).

Now for each subset A in {1,...,N}. Let Qy = A if dp = dimspan (Fp),
and otherwise 2y = A°. Thus we have dimspan Fq, > k for every subset
A. Since each Sq, is open dense in H®)  we get that

S:= () Sa,

Ac{1,.,N}

is open dense in H®). Let X = (z1,...,2;) € S and M = span {z, ..., 2} }.

Then by Lemma 3.3 we obtain that dim P(Hg,) = k. This implies that

either dimspan PF, = k or dimspan PFjc = k for each subset A. Hence

{Pf; }jvzl is a frame for M that has the complement property, which implies

by Proposition 1.1 that M is a k-dimensional F-PR subspace. O
From the proof of Theorem 3.2, we also have the following:

Corollary 3.4. Let F be a frame for H. Then for almost all the vectors
(z1,..x) in HO (here £ < d(F)), the subspace span{x1,...,x¢} is phase-
retrievable with respect to F. More precisely, for each £ < d(F), the follow-
g set

{(x1,..2¢) € HO : span{xy,...,zs} is phase retrievable with respect to F}
is open dense in HO.

The following lemma follows immediately from the definitions, and it
tells us that it is enough to focus on maximal phase-retrievable subspaces
for frames that have the exact PR-redundancy property.

Lemma 3.5. Let F = {f;}Y, be a frame for H, and A C {1,....,N}. If
ker(©r(r,))NSa = ker(Orr)) NSa, then M is a F-PR subspace if and only
if it is a FA-PR subspace. Consequently, M is an mazimal F-PR subspace
if and only if it is an maximal Fa-PR subspace.

Now we would like to know what are the possible values of d(F). Since
every frame contains a basis, we get by Proposition 3.1 that d(F) > [2£].
The following theorem tells us that for every k between [(n + 1)/2] and
n, there is a frame F with the exact PR-redundancy property such that
k= d(F).
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Theorem 3.6. Let H = R™ and k be an integer such that n > k > [”TH]
Then for each N between 2k — 1 and k(k +1)/2 + (n — k)(n — k + 1)/2,
there exists a frame F of length N such that it has the exact PR-redundancy
property and d(F) =k, i.e., k is the largest integer such that there exists a

k-dimensional mazimal F-PR subspace.

Before giving the proof we remark that while the proof of the this theorem
uses Theorem 2.1, it is also a generalization of Theorem 2.1 since it clearly
recovers Theorem 2.1 if we let n = k.

Proof. Let M be a k-dimensional subspace of H.

We divide the proof into two cases.

Case (i). Assume that 2k — 1 < N < k(k+1)/2.

By Theorem 2.1, there exists an exact PR-frame G = {g;}, for M.
Without losing the generality we can also assume that {g1,...,gx} is an
orthonormal basis for M. Extend it to an orthonormal basis {e;}_ ; with

e1=4gi,...,ex = gi. Let
F = {fl}f\;l - {617 v €k Jk+1 + €k+1y -y 9n + en,gn+1~--,gN}~

Then it is a frame for H. Consider the subset A = {1,....k,n+1,..., N}
of {1,...,N}. We have dimspan F, = dim M = k, and dimspan Fyc <
n — k. Note that from k > [%:!] we get that n — k < k. Thus we have
d(F) < max{n — k,k} = k. On the other hand, it is easy to prove that
d(F) > d(PyF) = d(G) = k, where Py is the orthogonal projection onto
M. Therefore we have d(F) = k.

Now we show that F has the exact PR-redundancy property. If fact, if A
is a proper subset of {1,..., N}, then Py Fy is not a PR frame for M since
Py F = G is an exact PR-frame for M. Therefore, there exists  and y in M
such that |(z, Pafi)| = [y, Pmfi)| forallie Aand A=z @z —y®y #0.
Since Py F is a PR-frame for M, we obtain that |(x, Par fi)| # |y, Par fi)| for
some i € A°. Note that |(z, f;) = (z, Py fi) for every z € M. Therefore, we
have that A € ker©p,z,)NS2 but A ¢ ker®pr)NSa, and hence kerOr,z,)N
Sy # ker®pr) N Sy for any proper subset A. So F has the exact PR~
redundancy property.

Case (ii): Assume that k(k+1)/2 < N < k(k+1)/24+(n—k)(n—k+1)/2.

Since k > [(n 4+ 1)/2] > n/2, it is easy to verify that

E(k+1)/2> (2k—1)+2(n—k)—1=2n—2.
Then we can write N = Ny + N3 such that
2k —1< Ny <k(k+1)/2 and 2(n—k)—1< No<(n—k)(n—k+1)/2.

By Theorem 2.1, there exist an exact PR-frame F; of length N; for M
and an exact PR-frame F, of length Ny for the M*. By Lemma 1.5, we
know that F = F1UJF3 is a frame of length N with the exact PR-redundancy
property. Clearly d(F) < k since

max{dim span F1,dimspan 52} = k.
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On the other hand, since F has a k-dimensional PR-subspace M, we get
from Theorem 3.2 that d(F) > k. Thus we have d(F) = k. O

We remark that that k(k+1)/24 (n — k)(n — k+ 1)/2 is not necessarily
the upper bound of NV such that there exists a frame F of length N with the
exact PR-redundancy property and d(F) = k. Indeed, let {e1, e2,e3} be an
orthonormal basis for R3. Then it can be verified that F = {e1,e2,€3,€1 +

e9,e1 + e2 + e3}. has the exact PR-redundancy property. However, we have
k=dF)=2and 5>k(k+1)/2+3B3—-k)3—k+1)/2=14.

Proposition 3.7. Let H = R™. Suppose that a frame F of length N has
the exact PR-redundancy property and d(F) <n. Then N <n(n+1)/2.

Proof. Since F has the exact PR-redundancy, we get that N < n(n+ 1)/2.
If N =n(n+1)/2, then, by Lemma 1.3, {f; ® fi}n is linearly independent
and hence a basis for H,,. This implies that F is phase-retrievable and so
d(F) = n. This contradiction shows that N < n(n+1)/2. O

Question. Give an integer k such that n > k > [2F1]. What is the least
upper bound N such that there exists a frame F of length N which has the
exact PR-redundancy property and d(F) = k?

4. MAXIMAL PHASE-RETRIEVABLE SUBSPACES WITH RESPECT TO BASES

Given a basis F = {f1,..., fn}. We would like to have a better under-
standing about the maximal phase-retrievable subspaces with respect to F.
We will first focus on orthonormal bases and then use the similarity to pass
to general bases.

Now we assume that £ = {ey, ..., e,} is an orthonormal basis for R”. By
Proposition 3.1, we know that there exists a k-dimensional maximal £-PR
subspace for ever integer £ with 1 < k < ["T‘H] What more can be said about
these k-dimensional maximal £-PR subspaces? We explore this question
by establishing a connection with the support property of the vectors in
maximal PR-subspaces. Recall that for a vector z = ) "' | a;e; € R™, the
support of x is defined by suppg(z) := {i |a; # 0}. We will also use supp(z)
to denote suppg(z) if £ is well understood in the statements, and use |A| to
denote the cardinality of any set A.

Proposition 4.1. Suppose that M is a k-dimensional € — PR subspace.
Then for any nonzero vector x € M, we have |supp(zx)| > k.

Proof. Assume to the contrary that there exists a nonzero x € M with
|supp(z)| = j < k. We may assume that ||z|| = 1 and that supp(z) =
{1,2,...,5}. Pick vectors yi, ..., yx—1 in M such that the set {x,y1,...,yp—_1}
is an orthonormal basis for M. Then the partition {Pa(e1),..., Pr(ej)}
and {Pyr(ejs1), ..., Pr(en)} does not have the complement property since
the first set contains less than k elements and the members of the second
set are all contained in the (k — 1)-dimensional subspace span {yi, ..., yx—1}-
Thus M is not a £ — PR subspace, which leads to a contradiction. O
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Corollary 4.2. If M is a k-dimensional € — PR subspace and there exists
x € M such that |supp(x)| = k, then M is mazimal.

Now suppose that £ < [(n+1)/2]. Let x € H be a vector of norm one
and |supp(x)| = k. We show that = can be extended to an orthonormal
set {z,uy,...,up_1} such that M = span{z,u1,...,ux_1} is a k-dimensional
E-PR subspace.

Theorem 4.3. Let u; € R™ be a unit vector such that |supp(u1)| = k and
E<[(n+1)/2]. Then ui can be extended to an orthonormal set {uy, ..., ux}
such that M = span{uy, ..., ux} is a k-dimensional mazimal £-PR subspace.

Proof. We can assume that {e, ..., e, } is the standard orthonormal basis for
R™ and u; = Zle a;e; such that a; # 0 for every 1 < i < k.

It is easy to observe the following fact: Let m : 1 < m < k. Suppose that
{uy,...,un,} is an orthonormal set extension of u; and

AUty ooy Upy) = (UL eeny Uy

is the matrix consisting of column vectors ui, ..., uy,. Also let Ap (w1, ..., )
be the matrix consisting of the row vectors of A(uy, ..., u,,) corresponding to
an index set A. If A (ug, ..., up,) is invertible for every subset A of {1, ...,n} of
cardinality m with the property that AN{1,...,k} # 0, then the row vectors
of A(uy, ..., uy,) form a frame for R™ that has the complement property.

Now we use the induction to show that such an matrix A(uq, ..., un)
exists for every m € {1,...,k}. Clearly, the n x 1 matrix A(u;) satisfies
the requirement. Now assume that such an n x m matrix A(uq, ..., un) has
been constructed and m < k. We want to prove that there exists a unit
vector U1 L u;i(1 < i <m) such that A(uy, ..., Um, Um+1) has the required
property.

Let U = span{u, ..., u, }*, and let A be a subset of {1,...,n} such that
Al =m+1and AN{1,.. k} # (. Define

Qpr ={ueU:Ax(u1,...,um,u) is invertible}.

We claim that 25 is an open dense subset of U.

Using the fact that the set of invertible matrices form an open set in the
space of all matrices, it is clear that 2, is open in U.

Now we show that Q # (). Let A’ be a subset of A with cardinality m
and A’ N {1,....,k} # 0. Then, by our induction assumption, we have that
Apr(ug, ..., up,) is invertible, which implies that the m column vectors of
Ap(u1, ..., Uy, ) form a linearly independent set in the m+1 dimensional space
RA = I;cAR. Let z € R™H! be a nonzero vector such that it is orthogonal
to all the column vectors of Ap(u1, ..., Up,). Define u = (uy, ..., u,)" € R by
letting u; = z; for i € A, and 0 otherwise. Then v € U and hence u € 4.
Therefore we get that Q5 # 0.

For the density of Q, let y € U be an arbitrary vector and pick a
vector u € Qy. Consider the vector vy = tu + (1 —t)y € U for t € R.
Since Ap(uq, ..., Um,u) is invertible, we have that det(Ap (w1, ..., Um,us)) is
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a nonzero polynomial of ¢, and hence it is finitely many zeros. This implies
that there exists a sequence {t;} such that u;;, € Qy and lim; ,ot; = 0.
Hence ut; — y and therefore Qy is dense in U.

By the Baire-Category theorem we obtain that the intersection (2 of all
such Q, is open dense in Y. Pick any up,+1 € €, then A(uq, ..., Up,, Up+1) has
the required property. This completes the induction proof for the existence
of such a matrix A = [uy,...,ug], where {uy,...,ur} is an orthonormal set
extending the given vector u;.

Write u; = (a1j,a2j, ..., an;)? for 1 < j < k. Let M = span{ui, ..., u;}
and P be the orthogonal projection onto M. Then

k n
Pe; = E < €, Uj > Uj = E AijU;j
Jj= Jj=1

for all 1 < i < n. For every subset A of {1,...,n}, since {uy,...,ux} is an
orthonormal set, we have that {Pe; : j € A} are linearly independent if and
only if Ay is invertible. Thus, {Pe;}7 ; has the complement property since
the set of row vectors of A has the complement property. O

Remark 4.1. Note that from the proof of the above theorem it is easy to
see that the existence of such an matriz A(uq,...,ux) does not require the
condition k < [(n + 1)/2]. However, the complement property of the row
vectors for R* does require this condition.

We already knew that if M is a k-dimensional PR-subspace with respect to
an orthonormal basis &, then the condition min{|supp(x)| : 0 £z € M} =k
is sufficient for M to be maximal. We will prove in Theorem 4.4 that it is
also necessary if k < [”TH] However, this condition is not necessary when
k = [%t1]. Indeed, let {e1, €2, €3, €4} be the standard orthonormal basis for
R* and M = span {e; + ez + e3,e1 — ea + e4}. Then M is a 2-dimensional
maximal PR-subspace with [supp(z)| = 3 for every nonzero x € M.

Theorem 4.4. Assume that M = span{uy, ..., ur} is a k-dimensional mazi-
mal PR-subspace with respect to {e1, ..., e, } and k < [“41]. Then min{|supp(z)| :
O#xe M} =k.

Proof. By Proposition 4.1, it suffices to show there is an nonzero vector
x € M such that |supp(z)| < k.

Let {ui,...,ux} be an orthonormal basis for M. We adopt the nota-
tion used in the proof of Theorem 4.3: For every subset A of {1,...,n}, let
Ap(u1, ..., ur) be the matrix consisting of row vectors of [uq,...,ux| corre-
sponding to the row index set A. It is obvious that if there is a subset A
with |[A| = n — k such that rank Aj(u1,...,ux) < k, then there is a nonzero
vector x € M such that supp(z) € A° and hence |supp(z)| < k. We will
prove that such a subset A exists.

Assume, to the contrary, that rank Ap(uq,...,ux) = k for any subset A
with |[A| = n — k. Thus we have rank A (uq,...,ux) = k for any subset A
with [A] > n — k.
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For each subset A, since k < [”TH], we only have three possible cases:

(i) |A| >n —Fk and |A°| <n — k.

(i) [A°| > n—k and |[A] <n — k.

(iii) |A| <n—k and |[A°| <n — k.

Note that case (iii) implies that |A| > k and |[A¢| > k. Now we assign
each A to a subset S(A) by the following rule: Set S(A) to be A or A€
depending case (i) or case (ii). Suppose that A satisfies (i7). Since the
row vectors of [uq, ..., ux] has the complement property, we have that either
rank Ap (ug,...,u) = k or rank Apc(uy,...,ur) = k. In this case we set
S(A) = A if rank Ap(uy, ..., ugx) = k, and otherwise set S(A) = A°. Let

S={S(A): AC{1,..,n}}.

Then for each A we have either S(A) = A or S(A) = A°, rank Agp)(u1, ..., ug) =
k and |S(A)| > k+ 1.
Let U = span{uy, ..., uz }~ and

Qp = {u € U : rank Agp)(u1, ...up,u) = k + 1}.

Then by the exact same argument as in the proof of Theorem 4.3, we get
that Q, is open dense in U. The Baire-Category theorem implies that
there exists unit vector ug11 € U such that rank Agy) (Ug,y .Uy Ug1) =
k + 1 for every subset A C {1,...,n}. This shows that the row vectors
of the matrix [uq, ..., uk, ug+1] has the complementary property, and hence
span{uy, .., up, ug+1} is a PR-subspace with respect to the orthonormal basis
{e1, ..., en}, which contradicts the maximality of M. O

Finally, let us examine the general basis case. Let F = {f1,..., fn} be a
basis for R”, and F* = {f7, ..., fx} be its dual basis. Let T be the invertible
matrix such that f; = Te; for all i, where & = {e1, ..., e, } be the standard
orthonormal basis for R™. We observe the following facts:

(i) M is a PR-subspace with respect to F if and only if T*M is a PR-
subspace with respect to £.

(ii) The dual basis of F is F* = {(T~1)!T e, }1y, ie., ff = (T 1T e,

(iii) The coordinate vector of x with respect to the basis F* is the same
as the coordinate vector of Tz with respect to the basis &.

Based on the above observations we summarize the main results of this
section in the following theorem:

Theorem 4.5. Let F = {f1,..., fn} be a basis for R, and F* = {ff,..., fx}
be its dual basis. Then we have

(i) If M is a k-dimensional PR-subspace with respect to F, then |suppr-(x)| >
k for any nonzero vector x € M. Consequently, M is mazimal if there exists
a vector x € M such that |suppr-(z)| = k.

(ii) For any vector x € R™ such that |suppr-(z)| = k, there ezists a
k-dimensional maximal PR-subspace M with respect to F such that x € M.



FRAME PHASE-RETRIEVABILITY AND EXACT PHASE-RETRIEVABLE FRAMES 19

(i13) If k < [(n+1)/2] and M is a k-dimensional PR-subspace with respect
to F, then M is mazximal if and only if there exists a vector x € M such
that |suppr«(z)| = k.
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