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1 Introduction and summary

Ui jt xpsl sfuyft po u f joufsqihz cfuxffo ejfifsfou fifmt pgsftfbsdi - jodmejoh upqprphz-
qi ztjdt boe ovn cfs ui fpsz/ Bt ti pxo jo flhvsf 2- fbdi pgu f u sff fifmt btlt ejfifsfou
rvituypot- csjoht jo ejfifsfousftvmt- boe fn qzt ejfifsfouufd ojrvft- xijdi bmimwso pvu
w cf sfrbufe boe jo ghdudsvdjbngps pof boe pu fs/ Ui f df owsbnpe Kdujt b df subjo ghn jm pg
joflojuf ¢.tfsjft | Zﬁq—l# xijdi qrbzt u f sprh pgtvqfstzn n fwjd joejdf t- upqprphjdbnjowbs;.
bout- boe rvbown n pevibs gpsn t jo qi ztjdt- upqpiphz- boe ovn cfs u fpsz sftqf duywfm/
Y fipqf uf sftvmt dbo cf pgjoufsftuwp u f dpssftqpoejoh dpn n vojuft/ Up ghdjgubuf i jt-
u f jowspevduypo jt x sjufo gpn u sff qpjout pgwjfx / Ui butbje- u f sfbefst bsf fodpvsbhfe
w sfbe bmpgu fn wp hfub dpn qifnf qjduvst/



What are the quantum
invariants of 3-manifolds?

Topology

WRT inv,
Ohtsuki series 3d-3d
4 ( )
Number
Theory resurgence
Why are quantum modular forms What are the properties of
natural? 3d N=2 theories?

Figure 1/ Ui f ejfifsfouwpqjdt jowpmfe jo u jt gbqfs/

1.1 ... for physicists

Jo u f gbtuwp efdbeft- wfn foepvt gsphsftt i bt cffo n bef jo voefstuboejoh tuwspohm
dpvarfie tvqafstzn n fwjd ) TVIZ +rvbown fifma u fpsjft- fwfo wp u f fyufou u bu jotjhi w
dpn joh gpn TVTZ u fpsjft n pywbuf gsphsftt jo opo.tvqfstzn n fisjd u fpsjft/ Jo gbsw
u jt gsphsftt jt cbtfe po sbqje efwfmpgn fou pgpdbirbuypo ufdi ojrvft jo tvqfstzn n fsjd
u fpsjft 2= xijdi dbo cf vtfe up dpn qvuf whsjpvt gbsuyupo gvoduypot boe joejdft ~
jodmejoh u f poft pgjoufsftujo u jt qbqfs = fybdun/

Gspn u f qiztjdt gpjou pg wifx- u jt gbqfs jt becpvu b dfsubjo 4e bobmphvf pg u f
¢bn pvt fggud hfovt 87/ Npsf gsfdjtfm xf tuwez u f dpn cjofe joefy pgb de O 7 3
tvafstzn n fwsjd ui fpsz xju b i brg CQT cpvoebsz dpoejuypo- psjhjobmm jowspevdfe jo 47/
Y ijhu f fogguyd hfovt pg3e O 7 )1, 3+ fpsjft jt lopxo wp cf sfrhufe wp u f whejypobm
Ui fpsz pgn pevibs gosn t- 1 f dpn cjofe 4e.3e joefy )tpn fun ft donfie i brgjoefy ps D3x ,S>
gbsuyupo groduypo—+x jmef ti pxo up fyi jejun psf tveuwh boe joufsftyoh wqft pgn pevrihs
cfibwjps/ Tqf djfldbme- jo tfdupo 3 xf x jmejtdvtt u sff wqft pgn pevibs.ijl f ¢fi bwjps u bu
dbo cf ejtqibzfe cz u f ibgjoejdft- xju bo jodsfbtjoh efhsff pgtvcutuz bt u f cvih 4e
u fpsz cfdpn ft n psf boe n psf opo.usjwjbip

Jo u f gspdftt- xf brtp floe b ofx boe vofyqfdufe xbz jo xijdi 3e 1phbsju n jd dpo.
gpsn brflfra u fpsjft )iph. DGUt+dbo bsjtf gpn tvqfstzn n fwsjd rvbouwn fifm u fpsjft- jo
gpdir gspn i sff.ejn fotjpobmi fpsjft”

1.2 ... for topologists

Gspn ui f gpjoupgwifx pgupqpmphz- u f gsftfougbqfs bjn t up n bl f gsphsftt po u f gonpx .
joh moh.tuboejoh gsperfm ; i px dbo pof fyuoe Gy rvbown hspvq )Y jufo.Sftifuli jo.
Uvsfbw ps Y SU jo ti psutjowbsjbout pg4.n bojgprat bx bz gspn spput pgvojw- wp u f joufsjps
pgu f vojuejtl \g\ < 2A



Tvsqgsjtjohm sfdfouqi ztjdt efwfipgn fout *5- 6~ cspvhi ubcpvucz tuezjoh N 6 csboft
xshqqfe po 4.n bojgprat- gsfejdu ui bu b tpmupo wp u jt gspcrfin jowpmf't opu kvtu pof
gvodypo Z)q+ cvusbu fs b dprfidypo pggvodupot the fifie ¢z fifm fout pgu f flojuf tfu

TN 2 )My, TM3,CH € Ups Hy) My, ZHZs 224

xsjufo ifsf gos G 7 TV)3+4/ Tyfdjfldbme- ju xbt dpokduvsfe jo 7" u buu fsf fyjtuofx
4.1 bojgpm jowbsibout Z,)q+/ ¢ v Z g™ xi jdi jo qsbdudf dbo cf dpn qvufe gps b thshf dihtt
pg4.n bojgpmt- tvdi u bu

Y SU) My, k+? 3mikEV)a+
)My, k+ 1:[ e q;{gﬂ/k

H SZ?JFZ/Jq—F , )28+
b

xifsf uf tvn svot pwfs u f dpoofdufe dpn qpofout pgu f n pevijitgbdf pg ffbu dpoofd.

upot )2/24/ Bopu fs gosn pgu jt sfrbygpo- xju b gx fywb efubjir x juxbqqfbs cfipx - jo

tfdupo 4- xifsf u f spifipgu f S.n bwsjy $)4F x jmibitp cf dibsjfife/ Juibt u f gonpx joh

fyqudju gosn ,

S();;H_ o Ha’e{Zg()psckupga} f)3)\)a 7b—H: )2/4+

\UpsHz) My, ZH

boe pom efqfoet po c¢btjd upgpphjdbnjowbsjbout pgui f 4.1 bojgpra- tvdi bt Ha) My, Z4x ju

jut joofs joofs gspevdu M- po xijdi uf Y fzuhspvq Zs bdut ¢z a ¥  a/

Pof pgpvs n bjo sftvimt jo u jt qbqfs jt u bugq.tfsjft jowbsjbout Z:)Mﬁ—i bwf b]ijeefo
twsvduwst-#obn fm u f twvdwsf pgb qspk duywf TM)3, Z+sf gsftfoubuyjpo- ejtyjodu gpn u f
spth)t+n pevibs hspvq qibzfe jo u jt dpoufyu tp gs 5- 77/ Uijt ofx twvdwsf hbet wp
qpx fsgrmyste jdypot;

=Uif ijeefo n pevibs tisvduvsf i fmgt up efufsn jof Z;Mﬁ—xi fo Zl\) My+ijt lopxo
Jtfdupo 84/ Gps fybn qify jurfibet wp u f gonpx joh ofx gsfejduypo;

) 222 5 9 9 ) 244"
Z M 3=,—, = ? 3912 21, 24 L = 4
2) > 34 3“ oo gz) =9+

¢ 2, ¢ 3¢, 4¢*, ...(  )2p+
x1ijdi tp gbs x bt opubddfttjcihicz boz pu fs n fu pet/

[en

7 3q1

)

—

= Jubitp gspwjeft b difibs gjdusf pgx i bui bqqfot = buu f fiwfnpggq.tfsjft Z,)g+boe bu
u f fwfnpgu f voefsmjoh sfqgsftfoubypo u fpsz ~ xifo g bqgspbdi ft b sppupgvojuz-
dg/ flhvsf 5/ Jo qbsuydvibs- ju dibsjfift xifo boe xiz pof ti pvia fyqfdu] dpssfdypot#
buu f spput pgvojw )tfdypo 4/3 boe tfduypo 8/

= Jutvhhftut xiz boe fyqrhjot jo xibuxbzt u f voefsmjoh brhf csbjd tusvduvsf jt n psf
efdbuf boe joufsftuoh jo ui f dbtf pgizqfscpyd My )tfdupo 64/

= Gjobuz ju gspwjeft b wfsz tjn qrfi | opo.upqprphjdbtx bz wp efufsn jof gsfuw n vd
fwfszu joh pof xbout up 1 opx be pvuftbudpoofdypot po b 4.n bojegpra M, )tfdupo 5 /4
boe tfdupo 74 ui f dpn qfuf ubypopn z- jodmejoh u f wqf- tubcjirfs hspvq- whimft
pgu f Di fso.Tjn pot jowbsjbow whottfsjft dpf * dif out- fyqudju dpn qvubuypot pgu f
Piuwvlj tfsjft boe btzn qupyd fygbotjpot bspvoe opo.wsjwibnitbu dpoof dupot- fud/



Ui f ufyu dpoubjot whsjpvt pui fs bewbodft- efwfipgfe joefqfoefoun pgn pevibsjz/ Gps
fybn qirfr dpn qvubuypo pg Z,)Ms+gps b thshf dibtt pgjoefflojuf qmin cjoht jt efwfpgfe jo

tfcjpo 712/
Bmwbmift pgu f Di fso.Tjn pot gvodypobnjo u jt qbqfs bsf efflofe n pevip 2/

1.3 ...for number theorists

Up ovn cfs u fpsjtut- u f gsperfm t ejtdvttfe jo u jt gbqfs dpvma tfswf bt b | godupsz#u bu
gspevdft joflojuf m n boz q.tfsjft pgjodsfbtjoh dpn qrhiyjwz boe qpufoujbim joufsftuyjoh tvewh
n pevibsjw gspqfsuft )tff tfduypo 34/ Jo gqbsuydvibs- pof sjdi gn jm pgfybn qifit xijdi dbo
cf iboerfe fyqydjunm jt thefifie ¢z efdpsbufe hsbqi t )hsbqi t xi ptf wfsydft bsf efdpsbufe
cz joufhfs ovn cfst4/ Uvsojoh jubspvoe- ui f sftvit gspn ovn cfs ui fpsz floe u f gonpx joh

jn gpsubou baqrjdbujpot jo upgpiphz boe qi ztjdt;

=n bl joh gsfejdupot po qfsuwscbuyw boe opo.qfsuwscbuywf u sff.n bojgpm upqprmphjdbm
jowbsjbout )tf dypo 54=

=tifeejoh ghi upo u f sftvshfodf gspqfsw pgi bigjoejdft )tfdypo 54=

—

=i fmgjoh wp efufsn jof u f vol opxo Zp)g+xi ptf dpn qvubupo jt opubddfttjcificz pu fs
n fu pet bugsftfou )tfduypo 8+

Y ifo dpn qrfiyjwz jt n pefsbuf- u f sftvigoh ¢.tfsjft fyqsfttjpot qspevdfe cz pvs qi zt.
jdbrupq prphjdbm] ghdupsz #uwso pvuwp cf gt u fub grodypot- boe i fjs sfifwbodf wp pvs
gsperfin t jft jo u fjs rvbown n pevibs twisvdusf/ Jo u jt gbqfs xf n bjom godvt po ui jt
tjuwbupo/ Cz tdsvujojfjoh/gﬁ ftf gspafsuft- xf bewpdbuf u f jn gpsubou spih qrhzfe cz u f

| gbrtf .01 pdl #qbjs jo ui f Zp)g+tupsz/ Qi ztjdbim boe upqpiphjdbie u f dsvdjbnsfr visfn fout
gps ui f sfrfmbodf pgtvdi b qbjs jt

2/ fz bsf sfrihufe cz b ¢ = g2 wbotgpsn bujpo jo ui f bqqspgsjbuf tfotf=

3/ufz ibwf uf thn f whbottfsjft fyqsfttjpo ofbs ¢ <> 2 )ps 7 <> 1+ jo psefs wp cf
dpotjtufoux ju sfrvjsfn fou dpn joh gpn Piutvlj tfsjftOqfsuvsc buywf Di fso.Tjn pot/

Jouf sftujohiwr jo 1 jt ghn pvt thtufuufs up I bsez jo xijdi if jowpevdfe u f opupo pg
n pd u fub grodypot- S bn bovkbo x spuf 8"

“I discovered very interesting functions recently which I call “Mock” theta func-
tions. Unlike the “False” theta functions they enter into mathematics as beau-
tifully as ordinary theta functions.”-

boe xfoupo wp jowftuyhbu u fjs cfibwjpvs xifo ¢ bqgspbdi ft spput pgvojw- b gspqfswz
u bujt qfsgofouwp u f 3oe sfrvjsfn foubcpwf / Buu f thn f yn f- jujt qsfdjtfm u ftf wp
tqfdjifld gspqfsuft pgu f n pd u fub groduypot u bui f jowftuyhbufe ~ i f ¢.i zqfshf pn fusjd
tfsjft fyqgsfttjpot )tfdypo 8/3+boe u f sbejbumgn jut- u butfie vt wp gspgptf u bu gt boe
n pd u fub groduypot jo ghdugpsn b qbjs qrhzjoh b tubssjoh spih jo u f gspcifn t pvujofe
jo flhvsf 2/ Up dpoofdun pd xju ghtif- cbtfe po fbsgfs xpslt 921" xf efn potsbuf



u bunpd npevibs gpsnt boe u f dpssftqpoejoh Fjdi s jouf hsbmhjwf sjtf up u f thn f
btzn qupud tfsjft ofbs b dvtq )dmn b 6+ boe tipx ubub Sbefn bdi fs tvn effloft b
gvodupo xfmefflofe jo cpu u f vqqfs boe mpxfs ibgpgu f qrhof boe frvbmp u f wp
pc K dut jo rvftupo sftqf dgwfm )u fpsfn 74/ Ui f sfibuypo bn poh ejfif sfoun pevrbs pe i dut
xf ejtdvtt jo u jt qbqfs jt tvn n bsjtfe jo flhvsf : /

Ui f upqpiphjdbifiqi z tjdbm ghdupsz#bitp gspevdft pe K dut xju i jhi fs dpn qrfiyjw/ Bu
gsftfouxf ep opuibwf b dpn qfif qjduvsf pgfybdum xijdi wqft pgn pevibs cfi bwjpvs
u fz ejtqibz/ I pxfwfs xf cfygfwl juti pvia cf b gvjuymfoefbwps xijdi dpvia tife ofx
ghi upo u f opwfim pevibs pckKdut ps fwfo hbe wp u f ejtdpwfsz pgofx obuvsbim pevihs.
gl f twvdwsft/

Ui spvhi pvuu f gbqfs xf vtf u f tuboebse opubupot;

H;? }r /C\Vn 71> 1(
s u f vqqfs.i bigqrhof- boe
H™;? }v /C\n7 < 1{

gps ul f mpx fs.1 brgqrbof- bt ti px o jo flhvsf 9/ Dvtqt sfgfs up ui f obuvsbne pvoebsz QN}ie (
pgH boe tjn jrbsm gps H™/ Cz n pdl n pevibs gpsn t xf i bwf jo n joe u f n pefso efflojupo
xijdi effloft W fn jo ufsnt pgu fjs opo.i ppn psqi jd n pevibs dpssfdypot )efflojypo 4+
boe cz n pd u fub gvodujpot xf n fbo ui f ¢.tfsjft u bubsf n pd n pevibs gpsn t xjui u fub
gvodupo tibepxt vq wp u f n vigqrdbypo cz tpn f sbypobnypx fs pgq 227/

2  From mock to modular, via 3d A/ = 2 theories

Upqpiphjdbnygi btft pgn burfs i bwf cffo bdywfm tuejfe jo sfdfouzfbst- ftqfdjbmm jo 3, 2
ejn fotjpot xifsf nboz joufsftuyoh fybn qifit i bwf cffo fyqmpsfe )rvbouwn I bmffifdw
upq prphjdbngotvibupst boe tvqfsdpoevdupst- kvtuwp obn f b x4/ B gspupwqjdbof ybn qrh
pgtvdi b qibtf jo 3, 2 ejn fotjpot jt b 4e tztun xju b n btt hbq xijdi jt of wisu fifitt
opo.wsjwjibmboe 1hbet up hbqrfitt 3e fydjubuypot jo ui f gsftfodf pgepvoebsjft/

B rvbown fifra u fpsz eftdsjqupo pgtvdi upqpmphjdbnyi btft pafo dbo cf qi sbtfe jo
ufsn t pgbopn bijft- xi jdi sfrvjsf 3e efhsfft pggffepn w cf gsftfoupo u f cpvoebsz jo
psefs uwp dpn qfotbuf u f bopn b pgb 4e cvih u fpsz/ Jo wso- u f bopn byft bt x fmbt
u f wbdvvn twsvdwsf pgb 4e hbqqfe qi btf dbo ¢f dpowfojfoun eftdsjcfe cz b upqprphjdbm
rvbown flfm u fpsz )URGU-+u bufodpeft u f ffifdut pgu f upqpmphjdbnpsefs boe moh.
sbohf foubohifm fou/

B ¢ jubs fybn qifi jt ui f Di fso.Tjn pot hbvhf u fpsz- xijdi ibt op qi ztjdbnefhsfft
pg sffepn boe dbo bsjtf bt b mpx.fofshz URGU jo b 3, 2 ejn fotjpobmqi ztjdbmtztufn
xju bnbtt hbq/ Jo u f gsftfodf pgb cpvoebsz- u pvhi - jusfrvjsft 3e n bttifitt efhsfft pg
gsffepn di bshfe voefs ui f hbvhf hspvq = u f tp.dbufie | fehf n peft#~ jo psefs upn bl f
u f dpn cjofe 3e.4e tztun opo.bopn bipvt/

Jo u f gsftfougbqfs xf xjmcf joufsftufe jo b tvqfstzn n fwsjd wlstjpo pgu jt qif.
opn fopo- xifsf 4e uifpsz xju b nbtt hbq ibt O 7 3 tvqfstznn fwz boe 3e ] fehf



T
3d A=2
thi\gry 2d A\(=(0,2) boundary

condition

Figure 2/ B 4e O 7 3 uifpsz xju b3e O ? )1,3+cpvoebsz dpoejypo D,/

n peft#po u f cpvoebsz gsftfswf 3e O 7 )1,3+tvqfstzn n fwz/ Ui f bewboubhf pgtvqfs.
tzn n fwsz jt u bujubnpx t wp tuwez u f ezobn jdt pgtvdi dpn cjofe 3e.de tztufn u spvhi

u f rvbouyuft gspufdufe cz tvgfstznn fwz/ Jo u f dbtf pg3e O 7 )1,3+tztufn- uf fm
ggud hfovt jt b ghn pvt fybn qifi pgtvdi b TVTZ.qgspufdufe rvbouyw boe x jmrf pvs n bjo
wpm3/ Jo pvs gsperfn - jrmtisbufe jo flhvsft 3- u f 3e fujguyd hfovt i bt b obuvsbnfyufo.
tjpo 4" wp u f tvgfstzn n fsjd joefy pgu f fousf 4e u fpsz xju b 3e tvqfstzn n fusjd
cpvoebsz dpoejupo D, joefyfe cz b rhefnu-

Zoa+? Z)DPx o S*=D,+ )32+

B sboepn di pjdf pgui f 3¢ O 7 )1,3+cpvoebsz dpoejupo D, epft opurfibe wp b ¢.tfsjft )32+
xju joufhfs qpxfst pgq boe joufhfs dpf” djifout/ Cvugps b gqbsydvibs di pjdf pgcpvoebsz
dpoejuypot ~ xijdi dpssftqpoe up efhfofsbuf dsjudbnypjout pgu f ux jtufe tvqfsqpuf oyjbm
X xifo uf u fpsz jt qvupo b djsdi = uf ibigjoefy )32+epft fyijcju opo.sjwibm
joufhsbinz gspqfsuft;

Za+? ¢ ] and”, an /7 )38+
Jo u f dpoufyu pg de.de dpssftqpoefodf- u bujt gos de O 7 3 u fpsjft bttpdjbufe xju
4.1 bojgpmat- tvdi fyqsfttjpot bsf tpn fun ft dbfie homological blocks tjodf i f joufhfs
dpf ” djifout a,, bsf hsbefe Fvifis di bsbdufsjtudt pg dfsubjo i pn piphz hspvqt/ Pof pgpvs
hpbrh jo u jt qbqfs jt wp tuez u f n pevibs qspqfsuft pg )33/

Opupom tvqfstzn n fusz bupx t up efflof b gspuf dufe rvbouwz- jubrp i fmgt up dpn qvuf
jw wjb mpdbgrbuypo uf di ojr vt jo ui f sfhjn f pgxfbl dpvqyoh/ Ui jt thbet up bo fyqsfttjpo
gps u f ibgjoefy jo ufsnt pguf dpowvs jouhsbm)jo u f dpn qifiyjfife Dbsubo pg ui f
hbvhf hspvq+ ~

— dx )
Zy ? %FM)HES%H )3 A+

x1fsf u f wp ghdupst jo ui f jourhsboe- Fyy)x+hoe Zg,f;;):m— dpssftqpoe up u f dpowsjcvupot
pgde u fpsz boe 3e cpvoebsz efhsfft pggstffepn - sftqf dywim/

2.1 The half-index and three-manifolds

Opx thu vt wblf b diptfs mppl buu f efflojuypo boe u f twsvduwsf pgu f wpsufy gbsuupo
gvoduypo 0 ibgjoefy )32+ ftqfdjbmm gps u ptf cpvoebsz dpoejuypot D, xijdi thbe wp b



o .

Figure 3/ B ipn piphjdbmeipd )bA b/ ibigjoefy+dpvout CQT tubuft pgde O 7 3 uifpsz po
Jun f-++ )djhbs+/

qpx fs tfsjft jo ¢ xju joufhfs qpxfst boe joufhfs dpf ~ djifouwt/ Tvdi tqfdjbncpvoebsz dpo.
ejupot x fsf dibttjfife jo ‘7" boe u f dpssftqpoejohi bgjoefy pgu f dpn cjofe 3e.4e tztufn
jo tvdi dbtft jt 1opxo bt u f i pn piphjdbnemd )eps jut sfibgpo wp i pn prphjdbnjowbsjbout+/

Joeffe- xifo Z/Jq—i—i bt b g.tfsjft fyqbotjpo )38+xf dbo joufsqsfujubt b wsbdf pwfs
u f I jmfsutqbdf Z, pguf dpncjofe 3e.de tztun po R® & )djhbs+)un ft w f |yn f
djsdifi#tx ju. cpvoebsz dpoejupo D,- bt jrmtwsbufe jo flhvst 4/ Opuf- u f jouf hsbrpw pgu f
dpf * difowt jo )3/3-+jt dsvdjbmgps ui jt jouf sqsfubuyjpo /

Ui jt joufsgsfubuypo pgu f tvqfstzn n fsjd gbsyupo grodypo Z,)g+t dpn qrfif a bobm

—

phpvt wp b tjn jibs joufsqsfubypo pgu f 4e O 7 3 tvqfsdpogpsn bnjoefy xi jdi - gl fx jtf- dbo
cf gpsn vibife bt b tvgfstzn n fsjd gbsyuypo gvoduypo a la )32+xifsf u f 4e tqbdf.un f
D3 %, S? jt sfqihdfe cz S? x S3;

Mg+;?7 wy,) 24 B3 B0 7) 63 « ¢ S*+ )36+

Jo ghdr uiftf wp tvqfstznn fsjd joejdftOgbsuuypo grodypot bsf diptfm sfridfe/
Dpolf duvsbrm-
Ma+? T[] Wa\Za)aZa)a >+ /25" )3/6+

xifsf \X 4\ bsf dfsubjo tzn n fwz ghdupst ‘7" boe Z;qd—i-jt bo bqgspgsjbuf fyufotjpo pg
Zﬁq—i-upui f sthjpo \¢\ > 2 )ps- frvjwbifioun wp Jn )7+< 14/ N bu fn bydbme u f fyjtufodf pg
tvdi fyufotjpo bdsptt ui f cpsefsJn )74+? 1 jt dpn qrfufm opo.pewjpvt- cvugpn u f qi ztjdt
qfstqfdgwf dbo cf voefstuppe bt b sftvim pg psjf oubuypo sfwstbm)qbsjw+sbotgpsn bupo
po pof pgi f ifn jtqi fsft D3 1 buvqpo hmjoh gspevdf b 3.tqi fsf S3;

et G ) ((am

—

Bt xf ti bmtff jo u jt gbgfs- u f rvftypo bepvu fyuoejoh Z,)g+bdsptt u f cpsefs
Jn)7+7? 1 boe uf tfbsdi gps Z/a\)q_2+jt effqm joufs.sfribife wp u f )rvbown +n pev.
ths qspqfsuft pgu f psjhjobmg.tfsjft )38+ Uif thufs- jo wso- bsf efufsn jofe cz u f
qi ztjdbmgspqfsyft pgu f dpn cjofe 3e.de tztufn / Ui fsf bsf spvhim u sff rvbjubuywfm
ejtyodudbtft pof n jhi udpotjefs- xijdi dpssftqpoe up gsphsfttjwfm n psf efygdbuf n pevibs
aspafsuft;

=4e | cvih#u fpsz jt dpn qifnfm hbqqfe boe jut dpowsjcvupo w u f i bigjoefy )32+
jt wjwibm Fyg)z+7 2/ Jo u jt dbtf- )3/A+cbtjdomm dpn qvuft u f fujgud hfovt pg



uf 3e O 7 )1,3+cpvoebsz u fpsz D, boe ibt u f tuboebse n pevibs gspqfsujft pg
b 3e fujgud hfovt/ Jo gbsydvibs- ju jowpmft u f psejobsz n pevibs gpsn t ghn jijbs
gpn uyuwppl t/ Fybn qifit pgu jt wqf bepvoe=boz )opo.sfibhyw+3e O ? )1,3+ps
O 7 )3,3+u fpsz- whfu fs xju u f wjwbmle u fpsz- jt bo fybn qify/

=Uif ofyudbtf jt xifo 4e O 7 3 u fpsz jt hbqqfe cvuofwisu fifitt jt jo b opo.sjwjbm
upqpiphjdbmqi btf- bt eftdsjcfe jo u f jowpevdypo/ Jo ujt dbtf- u f | epn jobou#
dpowsjcvypo w ui f i bigjoefy )3 2+tumudpn ft gpn 3e n bttifitt efhsfft pggffepn -
cvuu f ojdf n pevibs cfibwjps pgu f 3e fojgud hfovt jt | tqpjiie#cz u f opo.wsjwjbm
dpowsjevupo Fyg)z+? 2 pgu f 4e O 7 3 fpsz/ Ui jt dbtf pgjoufsn fejbul dpn qriyjw
jo jut n pevrbs gspqfsuft jt ui f n bjo tvekdupgu f gsftfou gbqfs=jo u jt dbtf- u f
sfrfmboun pevibs pc K dut bsf ghitif ui fub gvodujpot boe n pdl n pevrhs gpsn t- bt x fmbt
ui fjs diptf hfofsbigtbypot/ Bmfybn qifit jo i jt gbqfs bgbsugpn u ptf gsftfoufe jo
tfdupo 9 bsf pgu jt wqf/ Jo qbsydvibs- jo tfdypo 7 boe tfdypo 86 xf gsftfoun boz
fyqudjufybn qifit pgi bigjoejdft Z/a\gps 4e O 7 3 u fpsjft T“My" u budpssftqpoe wp
tjn qrf 4.1 bojgprat/

= Gjobmz ui f n ptu hfofsbmdbtf u bu pof dbo dpotjefs jt xifo cpu 3e cpvoebsz
dpoejuypo D, boe 4e O ? 3 u fpsz i bwf n bttifitt efhsfft pgegffepn )jf/op n btt
hbq+/ Jo ui jt dbtf- u f tuboebse n pevibs gspqfsuift pgu f 3e fujgud hfovt pg D,
bsf dpotjefsbcm ejtupsufe cz opo.n pevibs cfi bwjps pgu f 4e cvih u fpsz/ B pvhi
xf fyqfduu f pckdut up cf tjhojfldboum n psf dpn qudbufe jo u jt dbtf- gsftvn bem
u fz tymfyi jejuu f twsvdwsf pgrvbouwvn n pevibs gpsn t/ Difibsiee ui f w p gsfwjpvt
dbtft bsf tqfdjbnjotubodft pgu jt n psf hfofsbnefi bwjps/ B wqjdbmfybn qifi pgu jt
cfibwjps jt 4¢ O ? 3 ifpsz T°S? x Yy~ bl b/ 4e O ? 3 belpjou TRDE xi ptf
i bigjoefy jt hjwfo cz )3/A+xju uf joufhsboe )321+4gps hfofsbmg > 2/ B tijhi u
n pejfldbuypo hjwft b de O 7 3 u fpsz

TV) 34 bwi £ S .di bshf cpvoebsz dpoejupo

di jsbm bek 3 Ofvn boo 138+
Ny di jsbih O 1 Ofvn boo
Ny di jsbih O 1 Ejsjdi rfu

x1ptf i bigjoefy jt bm ptujefouydbmdg/ 7™~
—— 2 dz )2 2392 273+
Z ? 3
Jat 3)g=go  3miz)2 24Vr)2 224 H ¢ )39+

cvuxijdi epft opubsjtf-up ui f cftupgpvsl opx ihehf- gspn boz 4.1 bojgpra wjb 4e.4e
dpssftqpoefodf

Ui jt dibttjldbupo- pg dpvstf- jt pom rvbgubuywf=jut n bjo qvsqptf jt uwp gspwjef bo jouv.
juwt fyqrhobuypo pgu f efwbupo gpn wbejypobmrqft pgn pevibsjwz/ Jo gbsuydvibs- u f
cpsefsgoft cfuxffo ejfifsfouwqft pgcfi bwjps bsf oputi bsq boe tpn f fybn qifit n bz dorm
sjhi ujo u f n jeerfr ps pof n jhi ufloe tve.dibttft jo fbdi wqf pgcfi bwjps/

LFor various other examples and applications of half-indices see e.g. [3, 4, 6, 12-18].



Bmi pvhi pvs dpotjefsbupot bqqm up bscjwsbsz 4e O 7 3 u fpsjft- b gbsydvibsm
thshf dibtt pg fybn qrfit dpn ft gpn 4.n bojgprat wib u f tp.doife 4e.de dpssftqpoefodf
ps- frvjwbriourn dpn gbdufldbypo pg 7e )1, 3+flwfcsbof u fpsz po b 4.n bojgra M,/ Ui f
sftvigoh 4e O 7 3 ui fpsz- vtvbmm efopufe T M4~ dbo u fsfgpsf cf b qspyz gos b n psf
hfofsbmie O 7 3 ui fpsz/

Gpsde O 7 3u fpsjft TMy4~u f CQTI jmfsutqbdf Z , M4 "jt bi pn piphjdbnjowbsjbou
pg4.n bojgpmat- boe

a / mN %)My, Ge+ )3/ +

thefrh ui f dpoofdufe dpn gqpofout pgu f n peviptqbdf pg abelian fibu dpoofdupot po My
)del )22-H/ T fsf-u f sfrvjsfn fougps u f cpvoebsz dpoejupo D, wp sfgsftfoubefigbo fibu
dpoofdupot jt jouyn bufm sfrbufe w u f jouhsbyjiz pgu f sftvigoh g¢.tfsjft )3/34/ Bt fy.
qrhjofe jo 6™~ f jogpsn buypo bepvuopo.befijbo fibudpoof dypot jt opurmptie ¢ vusfqbd bhfe
jo i f q.tfsift Z,)g+boe jo jut doufhpsifidbujpo T oMy "/
Btjef gpn jut bqqrdbupot jo mpx .ejn fotjpobmipqpiphz- ui f be wboubhf pgx psl joh x ju

u jt dibtt pgde O 7 3 u fpsjft T“M," jt i buu f i pn prphjdbnempd t )3 2+dbo cf fyqudjumn
dpn qvufe gps n boz opo.wsjwibmfybn qifit/ Uif botxfs jt pgfo fygsfttfe bt b dpowpvs
joufhsbm)3 A+ x i fsf )vq wp bo pwisbmypx fs pg g+

Fug)z+? )z 28739, s efhsff.p S? flesbupo pwfs T, )321+

Fiq)z+? ‘[ Voo 2/zyE P s qmn cjoh )3/22+
v € [ fhudft) +

Opuf- u bu Fyq)xz+epft opuefqfoe po u f di pjdf pg3e O ? )1,3+cpvoebsz dpoejuypo D,=
u jt efqfoefodf dpn ft ui spvhi u f ghdups E?;?)x—kxijdi jt cbtjdbma u f frjgud hfovt pg
D,/ Gps jotubodf- jo u f bepwf fybn qifit )3 /224

a _@Mly
E%ﬁx—i—? H q 1 Ld‘ zb )3/23+
vel f t)

Le3MZL- a +

gt u f u fub grodupo gps ui f rhugdf efufsn jofe cz uf goljoh gosn M pg - tvdi u bu
Ho)My, Z+ & ZF/MZE 2.7/ Gps b efhsff.p S? flesbypo pwfs Ty~ xf tjin qm i bwf

E%Lj)flf—i-‘? HnepZ— a qn2/p x?m/
3 Three encounters of modularity

Jo pvs kpvsofz xf fodpvou's u sff ejfifsfou S.n bwsjdft boe u sff dpssftqpoejoh | TM3, Z+
sfgsftfoubuypot#

=Pof tfupgnpevibs S boe T n bwjdft fodpeft u f jogpsn buypo bcpvu bmtwisted
indices pgde O 7 3 u fpsjft po 57/ Jo ghdw u jt ovn fsjdbmebub jt b qbsu pgn vdi
sjdi fs twvdusf- obn fma u f n pevibs ufotps dbufhpsz x i ptf Hspu foejfd hspvq jt
u f tqbdf pgtvqfstzn n fisjd tubuft pgb4e O ? 3 fpsz po R+ T3/ Y ifo dpn cjofe
xju 4e.4e dpssftqpoefodf- jubttpdibuft b n pevibs ufotps dbufhpsz )N UD gps ti psu+
NUDM, ™~ w fwfsz diptfe 4.n bojgpra M,/



=B ejfifsfowr nvdi tjn qifis S.n bisjy S)4* bisfbez bqqfbsfe jo )2/44/ Jujt wzjoh wp
n bl f bo | TM)3, Z+sf gsftfoubyjpo#pvupgu f tfu)224pg abelian fibu dpoof dypot po
M boe- jo i f cbtjd dbtf Ha)My,Z+? Z,- bl £t b tin qifi gsn

ab
2 3 50,,1
Ui jt qf dvigbs | dpt#sfgsftfoubuypo pgTM)3, Z+jt tvhhf tuywf pgb opo.tfn jtjn qri N UD

dpn n po jo mhbsju n jd dpogpsn bnflfma u fpsz/ Jubqqfbst wp cf sfrbufe wp bopu fs
dpoofduypo x ju mphbsju n jd DGUt xi jdi foufst pvs tupsz bhbjo jo tfdupo 6/

)42+

ab?

=Uif ihtucvuopuribtu ™ jo ghdw ui f n ptujn gpsubouup vt i fsf = jt u f qspk duywf

TM3, Z+sfqsftfoubuyjpo ui bueftdsjcft n pevibs qspqfsuft pgu f ¢.tfsjft Z/Jqﬁ/
Ui f n bjo hpbnpgu jt tfdupo jt wp eftdsjcf fbdi pgu ftf )dptf dpvtjot pe+TM3, Z+sfqsf.
tfoubuypot- boe xf efwpuf fbdi pof b tvetfduypo/

3.1 Twisted indices of 3d N = 2 theories

Ui sff.ejn fotjpobm® 7 3 u fpsjft- xju ps xju pvu b Mbhsbohjbo eftdsjqupo- ep opu
ibwf tv” difoutvqfstzn n fwsz wp ben jub gymmpqprphjdbmix jtupo bo bscjwbsz 4.1 bojgpma/
I pxfwfs-xifo ®)24p S.tzn n fsz jt voesplfo- u fz dbo cf uxjtufe po S?* Y, ps- n psf
hf of sbme- po b efhsff.p djsdifi cvoerh pwfs b hfovt.g tvsgpdf Y,/ Tvdi gbsyupo grodupot
bsf tpn fun ft donfie twisted indices pgde O 7 3 u fpsjft boe- gps hf of shmg boe p- u fjs
fousf twsvdwsf jt dbquvsfe cz b n pevibhs ufotps doufhpsz )N UD+u budbo cf bttjhofe wp
bde O 7?7 3uifpsz 57/

Bn poh pu fs u joht- u jt sjdi twvdwsf jowpmft n pevibs S boe T n bwsjdft- xi ptf
wbuft S1, boe Ty bupx wp x sjuf b hf of sbigpsn vih gps ux jtufe joejdft jo b tvddjodu gosn ;

Zuxl«tufe ? H)Sla‘é_?)g)Taa‘{p- )4/3+

Yifode O 7 3ufpsz jo rvftypo ben ju b Mbhsbohjbo eftdsjqupo- u f tvn pwfs a dbo
cf joufsgsfufe bt b tvn pwfs tpmypot up u f Cfu f botbu- frvbypot vtjoh u f tuboebse
mpdbirbuypo ufdi ojrvf- xi fsfbt S1, boe T, dbo cf jefoufife xju xibutpn fun ft bsf
dbife i boerfLhmjoh boe wux jtuflc fsjoh pqfsbupst;

Sia 7 ]1boerfihmjoh pqfsbups#

. : )4/A+
Too 7 ] w jtwdflcfsjoh pafsbups#

Jo ui f dpoufyupgde.de dpssftqpoefodt-jf/gps 4e O 7 3 u fpsjft T“My ™~ u jt n pevibs
ufotps dbufhpsz jt ffif dywfm bttjhofe up b 4.n bojepra My )qmt b di pjdf pgu f spputztufn +
boe xbt eveccfe NUDMy" jo 67/ Dpssftqpoejohm u f S boe T n bwjdft u fo ben ju
joufsqsfubuyipo jo ufsn t pgu f upqpiphjdbme bub pgu f 4.n bojepra M4/ Gps jotubodf-

Taﬁ ? 6aﬁ 637riEV)a+ )4/6+

x1fsf DT)a+jt u f Di fso.Tjn pot jowbsjbout pgb fibudpoofduypo « ; mo) My+<+ G- efflofe
n pevip 2/ Tjn jibsir S1, jt sfrbufe wp u f Sfjefn fjtufs wpstjpo pg My wjtufe cz a=u jt



Figure 4/ Uif ynjuq < e®™/*- xju k / Z- foufst n boz btqfdut pgpvs tupsz; 1 f Lbebo.

Mt—gh dpssftqpoefodf- u f sfibgpo cfuwffo Z,)Msz+boe Y SU jowbsjbout- ui f sfibypo cfuxffo
n pd n pevibs gpsn t boe ghrtif u fubt- fud/

sfrbuypo fbtjm gpnpx t gspn f/h/ 6~ xi fsf jubrtip bqqfbst bt u f dpotubou )h.joefqfoefout
dpf * difoupgti f whottfsjft 2%

Je NUDM," jt b sfqsftfoubypo dbufhpsz pg tpn f dpogpsn bmflfm i fpsz )ps- frvjw
brfiourn wfsufy brhfcsb+x ju ejbhpobrgibeth T.n bisjy- xf dbo vtf u f tuboebse sfibhupo
jo dpogpsn bmflfia i fpsz- The 7 €™M o311t p xsjuf )4/5+jo ufsnt pgu f dpogpsn bm
ejn fotjpot Oy;

DT)a+? O, 3% )46+
Ui jt sfibypo qrhzt bo jn gpsubou sprh jo whsjpvt hmijoh gpsn vibf pg 5.n bojgpma jowbs;.
bout 267/

Opuf- i f S boe T' n bwsjdft pgNUDM, " eftdsjcfe ifsf i bwf frfm fout- S,g boe Ts-
hefrfie cz a boe B xijdi svo pwfs all fibu dpoofdupot po My- befgbo boe opo.befigbo-
sfevdjcrh boe jssfevdjcrf

o, / mN -w)Gc, My+ )41+

Ui jt jt jo tubsl dpowsbtux ju | n pevibs#n bwsjdft u bufoufs u f sfrbngpo )2 B+cfuxffo Z/a\
boe Y jufo.Sfti fuyli jo.Uvsbf wjowbsjbout pg My;

fl

c 4 YA+
Y SU) My, k+? ) ]{;42—b1)M3+1—‘l[ D)kN)a, a-+S5,"Zy) gy )1, )4 B+

Ui f qfdvijbs S.n busjy )41 bubgqfbst i fsf xjmef u f tve Kdupgu f of yu tvetfdupo=c
boe © bsf dfsubjo sbuypobnovn cfst- boe u f tvn svot pwfs dpoofdufe dpn qpofout pgu f
n pevijitqbdf pgffbudpoofdypot )2 2+frvjqqfe xju b cjgotfbs gosn A hjwfo cz u f ol joh
qbjsjoh po 1 f upstjpo qbsu pg Ho) My, Z+/

3.2 Za\ and non-semisimple MTCs

Nboz fybn qifit pgn pevibs ufotps dbuf hpsjft bsjtf bt sfqsftfoubuypo dbuf hpsjft pg wisuf'y
pqfsbups bihfcsbt YWPBt+/ Jo gbsudvibs- sbypobmWP Bt hjwf sjtf wp tfn jtjn qrh sfgsftfo.



ubujpo dbuf hpsjft- x i fsfbt n psf ftpufsjd mphbsju n jd WP Bt 1hibe up opo.tfn jtjn qith N UDt-
jou f tfotf pgMevebti fol p 81337/

Bt u f obn f tvhhftut- b1fz gbusf pgiphbsju n jd DGUt )fr vjwbriour u f dpssftqpoe.
joh WPBt+jt ui butpn f dpssfibuypo gvodupot fyi jejuiphbsju n jd cfi bwjps/ Ui jt i bqqfot
xifou f I bn jmpojbo L; jt opo.ejbhpobijrberh )i bt opo.wsjwibnkpsebo cipd t+boe- u fsf.
gpsf- of dfttbsjm sfrvjsft sfqsftfoubujpot xi jdi bsf reducible- cvuopu decomposable/ Ui
dpowfstf brtip bqqfbst up ¢f wvf- boe bopu fs 1fz g buvsf pgmphbsju n jd DGUt jt u f gsft.
fodf pgjssfevdjcih sfgsftfoubypot xijdi i bwf opo.wjwjbnfyufotjpot bn poh u fn tfmft/

Qfsi bgt u f tjn qrfitu boe n ptuxfml opxo fybn qifit pgmphbsju n jd DGUt x ju tvd
aspqfsujft bsf i f tp.dbnfie )2, p+wsjqrfun pefih/ Ui fz i bwf df ousbidi bshf*

2
co o P2 PP, dad )4/ +
p

xifsf xf vtf u f tuboebse DGU opubuyjpot

ar? o, a_, a. 7 /3p, a_?

Uif obnf | wjqrfutdpn £t gpn u f ghdu v buu f dpssftqpoejoh wisufy bihfcsb- vtvbim
efopufe fju fs X, ps X)3,)3p 24+ jt bo fyufotjpo pgui f Wisbtpsp bihfcsb cz 1 f s[)3+
wjqriu pgui f Wisbtpsp qsjn bsz fifrat W*1)z4pgdpogpsn bnejn fotjpo 3p 2 ‘847

)41+

= | Wl

W™)z+7 e *¥)z+ Whz+7 S W)z, W )z4? S Wzt

I fsf- S jt uf | ipoh#tdsffojoh pqfsbups )6/A+u bux jmef vtfgrmp vt hufs/
Ui f wjqifu bihfesb X', i bt 3p jssfevdjcih sfgsftfoubypot Usi— s7 2,...,p-xju dpo.
gpsn bnejn fotjpot

3
9

O)U +7 )P 5ps+, CS5 )422+
_ 3 £ 2

O)U +? )p5p5 , 035 )423+

2 Indecomposable means that a representation can not be written as a direct sum of other non-trivial
representations. A good example to keep in mind is that of a finite-dimensional non-semisimple algebra A
with finitely many irreducible (simple) modules M;:

A= é(dimMi)Pi (3.8)

=1

where P; denotes the indecomposable projective cover of M;, such that dim Hom(P;, M;) = d;;.
3In the special case p = 2, we have

Wy = SF

where SF d+ denotes the even part of the symplectic fermions SF,, another popular family of logarithmic
vertex superalgebras, with the central charge ¢ = —2d.
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ep opu diptf voefs u f bdypo pgu f n pevibs hspvq TM3,Z4/ Ui jt jt b hfof shmgf buvsf
pgiphbsju n jd DGUt/ Joeffe- kvturfl f dpssfibupo groduypot- )n pevihs wsbotgpsn bupot pg+
di bsbduf st jo iphbsjul n jd ui fpsjft jowpmf phbsju n t boe objwfm ubl f wbruft jo Z“G ™ “iphq”/
Ui fo- gpsn bnm bojqvibypot u busf.fyqsftt phq ufsnt bt qpxfs tfsjft jo ¢ pafo hbe wp
fygsfttjpot xi jdi bsf opun pevibs jo ui f wbejuypobntfotf )f h/ui fz dbo cf n pd n pevihs+
boe bitp dpoubjo cpu qptjuywf boe ofhbuywf dpf” djifout jo u f g.fygbotjpo/ Ui jt gosn bm
x bz pgsfxsjyoh mhqg ufsn t wjb ¢.tfsjft jt gsfdjtfm xi bu pof fodpvoufst jo ui f bobmuyd
dpoyovbuypo pgY SU jowbsjbout bxbz gpn sppuwt pgvojw ‘7- 357/ Ui jt gbsbufimnc fux ffo
Z/J(H-boe Jatfvep.4di bsbduf st pgiph. DGUt x jmrf efwfipgfe gvsu fs jo tfdypo 6/

Ui f n pevibs gspqfsuft pgu f di bsbdufst dbo cf sftupsfe cz bvhn foyoh u fn xju b
tfupg] fyufoefe#di bsbdufst )ps- | qtfvep.di bsbduf st#4/ Jo i f dbtf pgui f phbsju n jd )2, p+
wjqrfun pefmu jt n fbot u b jo beejupo wp 1 f 3p di bsbdufst xF)g+ pof offet up jowsp.
evdf p 2 qtfvep.di bsbdufst- xijdi u fo buphfu fs gosn b )4dp  2+ejn fotjpobyspkf dijwf
sfgsftfoubujpo 3 pgTM3, Z+ Ui jt sfqsftfoubuypo dbo cf jefouifife x ju i f foepn psqi jtn t
pgu f jefouyw gvodups jo u f dbufhpsz pg WP B n pevifit boe i bt u f tisvduvst ‘367

37 Sp2®C¥0 S, )4/26+

xifsf Spojtuf )p 24ejnfotjpobm tjo %#squftfoubquo pg M3, Z+po u f vojubsz
5?)3—12—7_3 di bsbduf st- boe C? jt 1 f efflojoh w p.ejn fotjpobusfqsftfoubypo pgTM3,Z+/ Pg
n ptujoufsftuup vt i fsf jt b opo.vojubsz )p, 2+ejn fotjpobn] dpt edtstasttfoubypo Sp. 2
pg TM)3, Z+u bu epft opudpn f gpn boz gn jybs sbypobmDGU/ Jo gbsydvibs- juibt b
opo.ejbhpobyrberfi 7.0 busjy/

Nvd glf CN )G, My+jt jtpn psqi jd )bt b tfutp u £ Hspu foejfd sjoh pgN UD*“M,"
eftdsjcfe jo u f gsfwpvt tvetfdupo- 3 jo )4,26+jt sfibufe wp u f Hspu foejfd sjoh pgb
opo.tfn jtjn qti NUD/ Jut twsvduvsf jt n ptu fbtjm voefstuppe wjb ui f Lb-i ebo. Mrt-ujh
dpssftqpoefodf xi jdi xf eftdsjcf ofyu/ Jo qbsyjdvibs- ui f L b ebo. Mrt—gh dpssftqpoefodf
ifgt wp tff uf twvduwsf pgjoefdpn qptberh n pevifit xijdi- bt bewfsutfe fbsijfs- bsf

“Here we find a connection to non-semisimple MTCs based on non-perturbative arguments and modular
properties of the partition functions. These arguments are consistent with braiding properties of Wilson
lines in complex Chern-Simons theory and quantization of the moduli space of flat Gc-connections [27].
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tp ui bubsspx bm bzt qpjout gpn u f jssfevdjerhi tver vpuyfouw u f jssfevdjerhi tven pevifi/
B sffffdypo pgu f ejbn poe ejbhsbn )4 27+t b tjn qrh fybn qifi pgbo foepn psqi jtn pgui f
qsplf dujwf n pevrh RE/

3.2.1 Kazhdan-Lusztig correspondence

Jujt b sfibywfm x fml opx o boe xjefm vtfe ghdu u bugvtjpo svifit pgb Y [ Y n pefmbsf
sfribnfe wp sfgsftfoubypo u fpsz pgb rvbouvn hspvq bub gsjn juywf sppupgvojue/ Nvd it
bqgsfdibufe- i pxfwis- jt ui f 1fz btqfdupgu jt sfrbypo xijdi jowpmft semisimplification/
Obn f u f tfn jtjn qrthN UD x1i jdi eftdsjeft u f tfn jtjn qrh grtjpo jo sbuypobnDGU jt pom
brvpufoupgu f sfgsftfoubypo dbuf hpsz pgbrvbouwn hspvq cz u f jefbnpgjoefdpn qptbe
uyngoh n pevifit/

Dvsjpvt ui jt dpssftqpoefodf =~ dbufie ui f Lb-iebo.Mvt—gh dpssftqpoefodf ‘39—
42" 7 cfwffo gvtjpo bihfcsb pgb DGU boe ui f Hspu foejfd sjoh pgu f dpssftqpoejoh
rvbown hspvq jt bdwbmm n psf ejsfdujo u f dbtf pgiphbsjui n jd DGUt/ Y i jifi tvsgsjtjoh
bu flstw i fsf jt b tjn qrfi sfbtpo gps ju u f NUD bttpdjbufe up b mphbsju n jd WPB jt opu
tfn jtjn qrh boe- ui fsfgpsf- ui f dpssftqpoejoh dbufhpsz po u f rvboun .hspvq tjef sfrvjsft
op tfn jtjn qijfldbujpo/

Uif tfn jtjn qufldbypo jt pom ofdfttbsz jgxf xjti up n blf bo beejuypobmtufq boe
sfibuf rvbown hspvqt buspput pgvojw )ps mphbsju n jd DGUt+up sbuypobmY [ Y n pefrt/
Jut jn qydbuypo gps 4.1 bojgprat jt u bu g.tfsjft jowbsjbout ZJM;;—F xijdi- bt xf fyqihjo
cfrpx - bsf obwsbnn sfribufe wp )di bsbduf st pg+rphbsjui n jd DGUt © n bz sfrvjsf dfsubjo
dpssf dypot buspput pgvojw- xifo dpn gbsjoh wp Y SU jowbsjbout pg My- dg/ ubeth 2/

5They are also responsible for the additional mysterious pseudo-characters, which can be viewed as
modified traces xv(q) = Trv gq~0 31, twisted by g € End(V).
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fibu dpoof dijpot n pevit
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Jnpd tjef# L M] gptjujwf —pof

| éhrtif tjef# LM] of hbujwf —pof #

| dpsst dujpot#bu spput pg vojw tfn jtjn qufldouypo

Table 1/ Nztufsjpvt evbijiw cfuxffo 4.n bojeprat boe mphbsju n jd DGUt/

Uif sftwjdue )b/l b/ | cbez#tr vbown hspvq V,)sls+bu f gsjn juywf 3p.ui sppu pg
vojw q? er jt efflofe cz tvqqrfin foujoh 1 f vtvbmsfnjpot”

K K2

‘B 7 5
q9 4q

, KEK™? 7 $F, KFK™2%? ¢73F )4 294
X jui

EP? 17?7 FF . K¥?71 )42: +
Ui f sftvigoh rvpuyfoupgu f )qfsi bqt+n psf ghn jbs rvbown hspvq V,)slz+jt- jo ghduw
flojuf .ejn fotjpobm obn fm 3p*.ejn fotjpobyf Juibt 3p jssfevdijcth sfqsftfoubuypot U -
s?7 2,...,p-xju ufijhiftuxfjhiudg®?;

ejn UF ? s, i/ UE(? Bg? )41+
boe b)4p 2+ejn fotjpobndfoufs-xi jdi dbssjft b qspkdywt TM)3, Z+sf gsftfoubupo 36- 377
ejn 37 4p 2 )4/32+

Voefsu f Lb-i ebo.Mrt—gh dpssftqpoefodf- UF boe 3 bsf jefoujfife- sftqf dujwfm xju i f
jssfevdjcih sfgsftfoubypot boe u f tqbdf )4 /26+pgqtfvep.di bsbduf st pgu f wjqrfu brhf csb
X - efopufe cz u f thn f fst/

Bddpsejoh w ui f Lb-+ ebo.Mrt—gh dpssftqpoefodf- opu pom u f qspkduywt TVM)3,Z+
stgsftfoubuyjpot bsf tvqqptfe wp n budi - cvuu f foust sfgsftfoubypo dbuf hpsjft pg &', boe
V,)sls+tipvia cf frvjwbifiou bt cshjefe ufotps dbufhpsjft/ Jo gbsujdvibs- bgbsu gpn 3p
jssfevdicthn pevifit U v fsf bsf bitip 3p Wisn b n pevift W&- 2 > s > p- boe 3p qspk dujwf
n pevift RE- 2 > s > p- pgejn fotjpo

ejn RE 7 3p, rein RE 7 1 2>s>p 2+ )4/33+

fSee [32] for a friedly introduction and a physical realization of the Lusztig quantum groups in the setup
of [4, 6] that leads to Za (Ms3). In a two-dimensional description of this setup, E and F generators of the
quantum group correspond to half-BPS interfaces of a 2d ' = (2,2) CFT (Kazama-Suzuki model), so that
the quantum group emerges as an algebra of interfaces.
"Its regular representation has the structure (3.8):
p—1 p—1
Reg = (P sPf o P sPs @pt, @px,
s=1 s=1
Dimensions of various pieces, then, add up as follows: 2p - 25;11 s+ 2p- Zg;i s+p-p+p-p=2p, where
we used (3.20), (3.22) and (3.25).
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opo.befgbo TM)3, C+{fbu dpoof dypot S.n bwjy dpoejupo )5 41+
dpn qrfiy ffbu dpoof dypot S.n bwjy dpoejupo )5 A4+
qprh dpowsjecvupot jo ui f Cpsfm Y fjnsf gsftf oubujpo
sftvn n bupo ngJM3+ S.n bsjy 75
Di fso.Tjn pot jowbsjbout T.n bwsjy UB) )5 414
/i\pn pIphjde/C\Ipdl t ghitf u fub grodupot
Za)Ms+boe Z,) Ms+ boe n pd u fub groduypot

Table 2/ Ui f dpssftqpoefodf cfuxffo n pevibsjz boe upqpiphzO0CQT tubft/

Gps hfofsjd s 7 p- ui fz bsf hjwfo cz fyufotjpot

Lo Ul oW oUuf o1 )4 34+

LoW o REeW o1 )4 /35+

sftqf dgwfm/ Ui jt jt qsfdjtfm u f twsvdwst efqjdufe jo )4274 Jo u f tqf djbmdbtf s 7 p-
u f wp n pevifit

U ? W RS )4/36+

bsf jssfevdjcrfr Wsn b- boe qspK dywf tjn vimbof pvtm/ Ui fz bsf dbnfe Steinberg modules
cz bobiphz xju xibuibgqfot jo u f rvbown hspvq pwfs F,/

Bt xf bmfbez n foupofe fbsijfs- bopu fs tubufn foupgu f L b+ ebo. Mvt—gh dpssftqpo.
efodf jt u bugytjpo bihfcsb pgu f mphbsjui n jd DGU jt tvqqptfe up n budi u f Hspu foejfd
sjoh pgV,)sls+/ Ui f thufs jt hfofsbufe pws Z cz 7 U ‘367

p—2 .3
Hs ? Z%0)x 34z, 3+,,é )x 3dpt7;3[ )AB7+
o2

Opuf- jo u f Hspu foejfd sjoh u fsf jt op ejfifsfodf cfuxffo ejsfdutvn t boe opo.wsjwjbm
fyufotjpot- tp W bu ‘RE"? 3UE", 3, - fud/

3.3 The Weil representations

Bt n foupofe jo tfdypo 2- wib Di fso.Tjn pot u fpsz b sfgsftfoubypo gps Ju f n fubqrfidgd
epverh dpwfs pe+TM)3, Z-+t bubdi fe up u f 4.n bojgpra My- boe i jt sfqsftfoubypo qrbzt bo
jn gpsubousprh jo ui f dbuf hpsjfldbyipo pg4.n bojgpma jowbsjbout/ Jut T.n busjy S)B+ dbquvstt
u f gfswscbywt bt x fmbt opo.qfsuvscbuywt ebub pgu f i pn prphjdbmempd t ZSMZL—H Cz
sfrbyoh ui f i pn piphjdbneipd t wp u f Di fso.Tjn pot gbsyupo grodypot )ps Y SU jowbs;j.
bout+ x f tff u bujut T. boe S.n bwsjdft hjwf ti bsq gsfejduypot gps u f ebub pgopo.bc fijbo
V)3, C+fibu dpoof dypot- jodmejoh u fjs ovn cfst- Di fso.Tjn pot jowbsjbout- boe xi fu fs



Ui fz bsf sfbrps dpn qrfiy ffbu dpoofdujpot /' Ui ftf sfrhuyjpot bsf tvn n bsjtfe jo wberh 3/ Jo
u jt tvetfdypo xf hjwf fyqydjuefubjih pgu ftf sfqsftfoubypot/

Jo u f n bjo dibttft pg fybn qrfit- xijdi bsf wbsjpvt Tfjgfsu n bojgprat xju u sff ps
gpvs tjohvibs flefst- u f sfrfwbou sfgsftfoubypot bsf )cbtfe po+u f tp.dbonfie Y fjmsfq.
sftfoubypot/ Hjwfo b gptjuwf.efflojuf hugdf- pof dbo bttpdjbuf b Y fjmsfqgsftfoubypo-
xijdi jt b sfgsftfoubypo gps TM3,Z+xifo u f shol jt fwfo boe b sfgsftfoubypo gps
u f n fubqriidujd epverfi dpwl's Tl\m-i-pg T™3,Z+xifo uf sbol jt pee/ Sfdbmmu bu
M3, Z-+dpotjtt pg frfn fout xijd bsf wif qbjst )y, v+ xifsf v 7 @5( / TM3,Z+
boe v ; H «+ C jt bi pmpn psqi jd grodujpo tbutgzjoh v)7£ ? Yer, d+4/ Ui f n vmjqgdbupo jt
)7, vy, U+ ), v e /4 Ui f fifin fous T ;2 )) 2 2+ 24boe S ;7 32,7 7( gsn
b hf ofsbuyjoh tfu/

Jo ui jt bsydh x f gpdvt po Y fjnsfgsftfoubuypot bttpdjbufe up sbol pof thuydft- rhe fnfe
cz b qptjuwf joufhfs m 447/ NMbufs u jt jouhfs xjmcf efufsn jofe cz u f upqprphjdbm
ebwb )7/254/ Dpodsfufm dpotjefs u f Y fjmsfqsftfoubypo g, dpssftqpoejoh wp u f flojuf
befygbo hspvq Z/3m frvjqqfe xju b rvbesbuyd gpsn Z/3m <> Q/Z hjwo cz x % %/
Ui f vojubsz sfgsftfoubujpo Tl\//jTS,/Z—l—H HM,,, ) C+hfofsbufe cz u f bttjhon fout S¥ T boe
T ¥ U- xi fsf

T 52 §2—f) ”"[ 7
3m

3m
7.3
Z/tI‘T" ,? f>57/n |: (57-7,,1/. )4/38+

Ui spvhi pvuu f qbqfs xf tfuf)z+? €3 boe ¢;? f)r+1y;? f)z4/
Uif Y fjusfgsftfoubypo oy, jt sfbijrfe cz u f gn jijbs u fub groduypot;

am,r)Ta Z‘H? H q€2/5m Z’ )4/39_|_
£Cr n pe 3m
gs 7 / H boe z / C/ Yifo sfhbsejoh 6, ;7 )04 1 pe 3m bt b dpmn o whdups- ju
whotgpsn t bt

2 2 3
9m> ,z[%f> mz[? TOr)T, 2
T T T T
O0m)T, 2,247 UbOp)T, 2+ )43 +

voefs TI\//DE,/Z—I-Xi fsf T boe U bst bt jo )4384/ Bt b sftvir Y fjnsfgsftfoubypot qihz bo
jn gqpsubousprfi jo ui f twez pgKbdpej gpsn t )tff 6 pg 45/

Uif bepwf tipxt u bué,, tqbot b 3m.ejn fotjpobmsfqsftfoubuypo pg r[1\//I)Z\3,/Z+ xijdi
xf efopu cz %,/ Uijt sfgsftfoubypo jt sfevdjcth gos bmn > 2/ Up tff u jt- opuf u bu

U f psu phpobnhspvq Oy, 5? Ya / Z/3m \a® ? 21 pe )5m+ ibt i f obuvsbbdujpo

Omr X057 Opra )4 A1+

SWe say that an SL(2, C) flat connection is real if it is conjugate to an SU(2) flat connection and complex
otherwise.



d budpn n vt xjui TM3, Z4 Bt b sftvim pof pewbjot b tve.stqsftfoubupo cz dpotjefsjoh
fjhfotqbdft pga / O,/ Jo ghdw gos n ptufybn qifit xf fodpvoufs jo ul jt qbqfs- u f sfrfiwbou
sfgsftfoubuypot bsf jssfevdjcifi’

Up the fmui £ tve.sfgsftfoubypot xf bsf joufsftufe jo- juxjmcf dpowfojfouup fn qrpz
u f jtpn psqi jtn cfuffo O, boe Fy,,- u f hspvq pgu f fybduejwjtpst pgm/ S fdbmui bu
b ejwjtps n pgm jt thje wp cf fybdu jg)n, 7F+7 2- boe 1 f hspvqt pgfsbuypo jt hjwfo cz
n4n'? "7”//Gps n / Fyp, xsjuf a)n+gps u f vojrvf a / Oy, tvdi u bu

a)n+?  2npe 3n, boe a)n+? 2n pe 3m/n. )4 /424

Ui f bttjhon foun ¥ a)n+effloft bo jtpn psqijtn pghspvqt Fy,, & O,/ Fyqydjue u f
jtpn psqi jtn jt jn qifn foufe cz u f Omega matriz- efflofe bt

2 jgr? r'npe3nboer? rnpe3m/n-

)4 A3+
1 pufsxjtf, r,7" /7Z/3m,

ﬁim)n#,r’ ;7 }

xijdi jt ghn jibs gpn u f dibttjfldbuypo pgn pevibs jowbsjbou dpn cjobujpot pgdi jsbmboe
bou.di jsbrdi bsbdufst pgu f TV)3+dvssfou brhfcsb 467/

Jo ui f n bjo fybn qifit jo u jt bsydih )dpssftqpoejoh wp THjgf sun bojgprat x ju. 4 tjohvibs
flcfst boe jowpmjoh x fjhi u203 rvbouwn n pevibs gpsn t+ xf bmrbzt fodpvous sfqsftfoub.
ypot xijdi bsf uf 2 fjhfotqbdft pgu f pqfsbuypo )4 Al+gs a)m+? 2/ Bt b sftvm xf
bsf joufsftufe jo tvesfgsftfoubuypot pgX,,- thefufe cz K <+ Fy,, xju m 1/ K )u f tp.dbnfie
| opo.Gsjdl f#qspafsw+xi jdi jt efflofe bt u f tjn vimbofpvt fjhfotqbdf pga)ntn / K xju
fjhfowbmf 2- boe pg 27 a)m+xju fjhfowbmf 2/ Pom jo tfdypo 9 xf xjmrfodpvoufs
u f | Gjd f#dbtft xifsf m / K/

Jo ufsn t pgopubypot- gonpx joh b wsbe jupo jojubufe jo U7~ xf efopuf u f gbjs )m, K+
czm, K? m, nn,... s K? }2,n,n,...(/ Tvctfrvfour xf efopuf cz L™ K
u f dpssftqpoejoh tve.sfgsftfoubypo efflofe bepwf/ Ftqfdjbmm joufsftuyoh di pjdft pg K
bsf u ptf tvdi ubuu f bepwf gsftdsjqupo sfoefst b tjn vimbofpvt fjhfotqbdf pgbmO,,/
Dpodsfufm u jt i bqqfot xifo K jt thshf fopvhi tvdi ubuFy,, ? KN )m K4 Gps
tvdi b di pjdf pg K- boe xifo m jt opuejwtjcth cz boz trvbsf ovncfs’ uf sftvmgoh
sfasftfoubujpo jt irreducible/ Ui jt x jmef u f dbtf jo n ptupgpvs fybn qrfit/

Dpodsfufm up jn qifin fouu f gspk dupo poup fjhfotgbdft xf jowspevdf u f gspkf dujpo
pqfsbupst- hjwfo ¢z u f n busjdft

PEYn4? )@ ff,,)n+/3, )4 A4+

pm K9 >mZ P,;I)m-[P,;)m—i— )4 A5+
K

9When m is not square-free, the irreducible representation is given by taking the orthogonal complement

of the images of operators Ug : On — ©,,42 given by Uq(é(T, 2)) = ¢(7,dz) with respect to the so-called
Petersson metric in the space {¢p € © | ¢ - a = a(a)p} [37].



xifo m jt trvbsf.gff/ Fywb dbsf offet wp cf wlfo xifo m jt ejwjtjcrh cz b trvbsf/ Gps
jotubodf- xifo m ? p3m’ xifsf m/ jt trvbsf.sff boe p jt gsin f- xf i bwf

pm K9 > "Z P;I)m{ Poyml  f)py/p+ )4 46+
K
Vtjoh ui f bepwf gsplduypo pqfsbups- xf efflof gps r / Z/3m
o= K2 3K T Py Ko VA AT+
LeZ/3m

Efopuf cz v / o™ K 1 f tfupgvofrvbmvq wp b tjho+wfdupst 7 X/ B tqfdjfld cbtjt gs
»m- K it i fo hjwfo cz Yo K r /o™ K(/
Fyquydjum u f T.n bisjy pgu f tve.sfqsftfoubypo ™ X jt hjwfo cz
7’771

rr/

TPy
A ] [ R )4/48+

ez/3m 't
xijdi dbo cf voefstuppe gpn i f ghduu b hjwfo bo fifin four jo o™ K- f ovncfs pg
¢/ Z/3m tvdi i budy” K2 @gm K jt qstditfm 2/P7 K/ Jujt fbtz wp di fd  bujoeffe
)T K272 J. Bt do cf fbtjm efevdfe gpn )4/88+ i f dpssftqpoejoh T' n bwsjy jt
tjn qm hjwfo cz u f ejbhpobmm bisjy

3
m Ko )5 449
ur >5m[ )4/49+

Bt bo fybn qifr fuvt ublf m ? 7boe K 7 }2,4(/ Todf Fyz ? }2,3,4,7( ? KN7T+K-
tff u buu f sftvmjoh sfqsftfoubujpo 7 * jt jssfevdjcrfi/ Goupx joh i f bepwf ejtdvttjpo- b
tjn qrf dbrdvibujpo 1fibet up o™ 4 7 12, 4( boe u f dpssftqpoejoh cbtjt wfdupst bsf

7- 4
Oy °7 b72, O 07 2 07 _¢

4/4: +
07 *? 3)074 07 4t 4
boe u f T.n bwsjy jt
7 ag gl 2 2 VAL
T4 §—4> - [ )4/1+

4 Resurgence and modularity

Y f xjmtff jo u jt tfdypo ipx uf ujse wqf pgn pevibs sfgsftfoubypot ejtdvttfe jo
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10We choose the branch to be the principal branch —7 < arga < 7.
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" As is clear from (4.4), the functions U, . also have the property that they are just like (linear combi-
nations of) ordinary theta functions except for that the sum is performed only over part of the lattice. As
a result, they are sometimes also referred to as partial theta functions [40-42].
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4.2 Resurgence and Eichler integrals
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4.3 Flat connections from modularity
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12The origin of d may seem somewhat unclear, especially when compared to (2.2). At a technical level, it
originates from a regularization of an infinite sum, which we expect to be cured by introducing ¢t-dependence
or, equivalently, working at the categorified level, with the space of BPS states. One could also think
of (4.27) as a sum of two blocks Zb(Mg,), which happen to have the same value of CS(b) and such that one
of them is d.

Y3The Chern-Simons partition function Zcs(Ms) coincides with WRT (M3, k) when the gauge group is
SU(2) and the level is k. It is normalized such that:

2
ZCS(S2 X Sl) = 1, and ZCS(SB) = \/;S,in (%) .
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hspvq/

)jj+ Ui f dpowjevupot wp Z, tvn vq wp —fsp bgffs qfsgpsn joh u f wp beejuypobm
tvn t u bu hjwft ZEV)MLL‘V

Gspn u f qi ztjdbnjouf sqsfubujpo pg Z:Za boe Zpy)My+ijo u f 4e.4e dpssftqpoefodf- x
dbo hjwf u f gpnpx joh qi ztjdbmjouf sqsfubuyjipo up ui f be pwf wqft pgqprfit;

2/ Ui fz dpssftqpoe wp | qi boupn #tbeerfit pgu f qbu jouf hsbngps 7 i bun bz opufwfo
dpssftqpoe wp ffbu TM 3, C+dpoofdypot po M4/ )Gps fybn qift | sfopsn bipo#tbeerfit
bsf ghn jigbs fybn qifit pgui jt ¢fi bwjps jo sftvshfoubobmtjt pg RGU A

3/ Ui fz dpssftqpoe w theerfi qpjout pgu f gqbu jouf hsbmgps Ziui bu bsjtf gpn opo.
be fybo TM)3, C+ffbu dpoof dujpot po M4/ )Opuf u bu bddpsejoh wp b Ui fpsfn jo 6~
poma opo.bcfibo fibu dpoofduypot dbo bgqfbs jo whottfsjft dpowsjcviupot up b Cpsfm
sftvn n bypo pgb qfsuwscbuywf fygbotjpo bspvoe bo befibo ffbu dpoof dypo 4

)j+ N psfpwfs- u fz dpssftqpoe w | sfbufopo.befygbo fibu dpoofdypot u bu dbo cf
dpokvhbufe jotjef G 7 TV)3+/

)jj+ Ui fz dpssftqpoe wp | dpn qifiy# opo.befigbo fibu dpoofdypot u bu dbo not cf
dpokvhbufe joup G 7 TV)3+/

Bt b sftvir gspn u f n pevibsjw pgu f dortaf ui fub gvodupot xf dbo sfbe pfi ui f cfi bwjpvs
pegu f ejfifsfouqprfit pgu f jouf hsbnfyqgsfttjpo gps i pn prphjdbneipd t- boe u fsfcz efevdf
gsfejdypot po opo.befgbo fibu dpoofduypot bt be pwf /

Up wso xpset jow frvbuypot- xf efflof u f gonpx joh rvboyuft/ Mung ? \o\cf tjf
pgu f Y finsfgsftfoubuypo eftdsjcfe jo tfdypo 4/4- boe efopuf cz ny u f ovn cfs pgbefijbo
TV 3, C+tbu dpoofduypot po My-jf/u f tj+ pgu f n pevibs S.n bwsjy )2/44/ Dpotjefs u f
w p n bwsjdft

S)My+? S§4*Emb.)S)BH2

T)My+? DAL TBH2 5+

xifsf Emb boe I bsf ng * np nbwjdft/ Uif flstujt uf fncfeejoh n bwsjy efflofe cz
Emb,, 7 c¢jfi )5/38+ prat/ Jo gbsydvibs- Emb,, 7 1xifo u f ¢.tfsjft Z;\epft opu jowpmf
u f gortif ui fub grodupo Q,, -/ Uif tfdpoe n busjy I jt ui f n bsjy xju bmfouwsjft frvbmp
pof / Uit gsfejdupo- sffff dyoh u f joufsqsfubuypo 3.)j+ jt u fo

} £)DT)a+-\a jt b opo.befgbo TM)3, C+tbu dpoof dypo po My

)5/41+
7?7 } )My \a,r tvdi u buS)My, 7 1



Dpn qvif Z,

Y
Jefouyg Y fjnsfq.
sftfoubypo )m, K+

xju Z, 7 cd®)Qm K d+

Y
Dpn gvuf u f n pevibs n bwsjdft
S)My+boe T)My+)5/3: +

Y
Gjoe opo.bcfrgbo fibu
dpoofdupot )5 /A1+
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Figure 5/ Gspn qmin cjoh ebub w ffbu dpoof dypot/

Mut efopu u f frfm fout pgu f tfupo u f sjhi ui boe tjef cz f)a+ boe x sjuf

I 1) MatrS)Maarer ? T £)ortean )5 A2+
Jo pu fs xpset- xf i bwf
ca ? [ S)Matarer )5 A3+
Ya,r+

xifsf u f tvn po u f sjhi uiboe tjef jt pwfs u f qbjst )a, r+tbutgjoh T) My, 7 f)a+/ Jo
ufsn t pgui ftf rvbouuft- u f joufsgsfubypo 3.)jj+wbotrnft joup ui f gonpx joh gsfejdujpo
po dpn qrhy opo.bcfibo fibu dpoof dujpot;

} £)DT)a++\a jt b opo.befibo TV)3+fbu dpoofdupo po My (

7} flat\ca ? 1 ST

Jo pqfsbypobmufsn t- ui f tufqt pg sfwjfwjoh u f jogpsn bujpo bepvu opo.befijbo fibu
dpoofdypot gpn u f qmin cjoh ebub pgb ui sff.n bojgpra bsf tvn n bsjfe jo flhvst 6/ Y f
opuf ui buu f bepwf svifit porn hjwf u f tfupgu f dpssftqpoejoh Di fso.Tjn pot jowbsjbout
)n pe Z+boe b gsjpsj dboopu ejtyohvijti ejfifsfou fibu dpoofduypot xju u f thn f Di fso.
Tn pot jowbsjbout /



5 Logarithmic CFTs from three dimensions

Vovtvbmm pevihs wbotgpsn buppot pgu f dpn cjofe 4e.3e joejdft )32+boe 4.n bojgpm jo.
whsjbout Z/JM4+tuvejfe jo u jt qbqfs brtp baqfbs bt pof pgu f 1fz g buvsft jo phbsju n jd
dpogpsn bnflfra u fpsjft )iph. DGUt- gps ti pswt/ Ui £ hpbnpgu jt tfdupo jt wp fyqrhjo- rvbm
jubywfma bt x fmbt rvboyubywie u bu u jt jt opubo bddjefouboe u fsf bsf hppe sfbtpot
xiz ibigjoejdft pgde.3e dpn cjofe tztufn t boe ¢.tfsjft jowbsjbout Z(Sle‘th n boz dbtft
bsf fyqfdufe wp cf sfibufe up iph. DGUt/

Bn poh pu fs u joht- ui jt pfifst b ofx xbz pgippl joh buphbsju n jd DGUt- dpoofduyoh
u fn w tvafstznn fsjd 4¢ O 7 3 u fpsjft- jodmejoh u fpsjft T“My" dpn joh gpn 4.
n bojeprat/ Y f i paf u bw jo ul f gruvsf- u jt ofx qfstqf dywf x jmi frg wp ti fe ghi upo tuym
sbui fs n ztufsjpvt obusf pgiph.DGUt/

5.1 ZI\(M;;) as characters of log-VOAs

Ui f fistu r vbjubuywt- zfu dpodf quvbmjoe jdbujpo i bu pvs tfuvq jrmtisbufe jo flhvst 3 1 bt
tpn fu joh wp ep x ju mphbsju n jd DGUt dpn ft gspn ul f ¢hduu bwr jo n boz dbtft- mph. DGUt
dbo cf u pvhiu pgbt | efgpsn buypot#pgn psf gn jiybs psejobsz dpogpsn bmflfa i fpsjft-
tvdi bt gff u fpsjft boe thugdf WPBt/ Gps fybn qifr bt xf sfwjfx ti psum i jt qf stqf duywl
ibt cffo wsz tvddfttgrmjo dpotwsvdyoh wbsjpvt mph. WP Bt bt 1 fsofrh pg tdsffojoh pqfsb.
upst ‘36- 37~ x1 jdi bsf rhshfs dpn gbsfe up dpi pn prphjft pgui f thn f tdsffojoht vtfe jo u f
dpotwsvdypo pgn jojn bom pefrh ‘58- 597/

Ui jt jt tjn jrbs wp i px- bt fyqrhjofe jo tfduypo 3- u f joufsbdypo xju 4e efhsfft pg
gffepn dbo | efgpsn #u f tuboebse n pevibs gspqfsyft ng?,ff)x+boe hjwt sjtf up pc K dut
tvdi bt gotif u fub gvodypot- n pd n pevibs gpsn t- ps n psf hfofsbmrvbouwn n pevibs
gpsn t/ S fdbmm® - u bu Eggjx—i—jt u f foggud hfovt pg3e O 7 )1,34cpvoebsz u fpsz D,/
Y ifo dpvqrhie up 4de O 7 3 u fpsz- jub fijgquid hf ovt jt op mohfs n pevibs jo ul f whejupobm
tfotf boe- bt b sftvir ui f dpn cjofe joefy )32+4dbo cfdpn f b qtfvepd bsbdufs pgu f wqf
xf bfbez fodpvousfe jo tfdupo 4,3/

Gps fybn qifr gps mphbsju n jd WPBt dpotwsvdufe gpn gff fifmt boe tdsffojoh pq.
fsbupst- ju jt obusbmup fyqfdu u bu gff fifmt eftdsjcf D,- xifsfbt tdsffojoh pqfsbupst
dpssftqpoe wp dpvqyoh xju 4e O 7 3 ui fpsz/ S frfihbyoh b n psf tztufn byd tuwez pgu jt
joufsgsfubuypo wp grwst xpsl-ifsf xf opuf u bu dpodsfuf fyqgsfttjpot gps Eg,fy):v+jo pvs
fybn qifit joeffe jowpmf di bsbdufst pgrbugdf WP Bt- dg/)3/23+boe )6 H+cfipx /

Tin qrh fybn qifit pgrphbsju n jd WP Bt dpotwsvdufe gpn gff fifmt boe tdsffojoh pqfs.
bupst bsf ui f tjohifui boe wjqifin )2, p+n pefitr psjhjobmm jowspevdfe jo 5: 7/ Jo cpu dbtft-
u f tubsuyjoh gpjoujt b gff tdbrbs fifra ¢ xju u f PQF

2
0p)z+0p)w+ C m )62+
boe ui f twsftt.ufotps- dg/ )4 21+
2 (03] 3
T)z+7? g&p)z—l&p)z—h 33 )2+ )63+



Ui f n peft pgdp)z+hfofsbuf u f I fjtfocfsh bihfesb U, an”™? mép. pn,11-x1 jihu f n peft
pgT")z+hfofsbuf u f Wisbtpsp bihfcsb x jui ul f df owsbndi bshf )4/ 4/ Ui fsf bsf w p tdsffojoh
pafsbupst- pgifo dbfie | mpoh#boe | ti psufttdstfojoh pafsbupst- sftqf duyw m;

S 7 Eeo‘“", S_ 7 Z:eo‘*‘p )6 A+

u budpn n vuf xju uf twsftt.ufotps-jA/SL,T)z+7 1/
Ui fo- ui f tjohrfuboe wjqrfn )2, p+wfsuf y bihf csbt bsf sfbrjife bt 1fsofthpgu f | ti psu#
tdsffojoh pqfsbups ‘34- 36- 37- 61- 627

Np ? LfS]:O S_ )6/5+
X, ? Lfsy, S_ )66+

pouf I fjtfocfs% bihfesb G )? u f Gpdl tgbdf pgxfjhi ul+boe po u f thugdf WPB W
gs L ? oo Z? 7 3pZ- sttqfdywim/ Jo pu fs xpset- X', jt b n byjn bompdbmtvebrhf csb
pg W jo uf lfsofmpguf | ti psu#tdsffojoh pafsbups S_- boe N, 7 G { X, jt uf
bobiphpvt tvebihfesb pgGi/ Ui jt hjwft bo bmf sobuwf eftdsjquipo pgui f wjqifie brhfesb X',
u buxf bisfbez ejtdvttfe jo tfdypo 4/3- boe cpu bihfcsbt N boe X ibwf uf dfowbm
di bshf )4/ 4/

Ui f tjohifin )2, p+bihfcsb i bt Gpdl n pevifit G pgijhi ftuxfjhiuA / C )bitip dbufie
(jhjo.Gvdi t n pevifit xifo voefstuppe bt Wisbtpsp n pevifit+ boe n pevifit My o xju 2 >
s> p/ Uifjs di bshdufst bl f v f gosn 63- 647

q%)x—%j@
X)Ga=+? P )67+
2 L3pn- p—s£ L\3pn- p- s Q _5)T+
M. ) > 15)3pn- p—s )3pn- p 9 i 68+
XMaa= n)q+£[1 1 1 n)T+ )68

Cfgpsf xf jefoug u ftf di bsbdufst xju 4e.3e joejdft )32+boe g.tfsjft jowbsjbout pg
4.n bojepmt- x f ti pvm gpjoupvuu b gonpx joh 6- 7= i spvhi pvuu f gbqfs xf tvqqsftt?”
Ui f gbdups pg)g=g+o )dg/ )8 R8+Ho i f qi ztjdbnjoefy?"

—_—

Za)q+
Zlostetygpr SO0 6/0+
) )q=4bo )65

boe jotufbe vtf Z,)g+ x1ijdi pgfo wlft bn psf dpn qbdugpsn / Ui jt qi ztjdbnwf stjpo )6,9+

pgu f joefy Z/Jqﬂt tpn fun ft dbufe unreduced ps un-normalized/
Ubl joh joup bddpvouu jt opsn brjrbujpo- xf dbo sfqi sbtf pvs ejtdvttjpo jo tfdupo 5- jo
gbsydvibs )5/38+ cz thzjoh u bujo u fpsjft xifsf u f opsn bijpfe joefy
Z)a+? Qps)TH Q)T - )6/ +
jt hjwfo ¢z b gofbs dpn cjobuypo pg gt u fub grodypot )5/7+ xf i bwf- dg/ ubcih 2;

Z(mee—’-)q_“ ? X)M2,p781 Q@ Map—s, ® ... =T+ )6,21+

1 Cf. (2.8) where this factor is, in fact, present.

rank(G)

15For more general gauge groups, this relation involves a factor of n(q) in the denominator [4].



S-manifold m, K module of a singlet log-VOA
T)3,4,6+ 41, 7,21,26 My & M1 & My19 @ My 29
1)3,4,8+ 53, 7,25,32 M1 & My 13 ® My 29 @ My a1

Table 3/ Y fjusfgsftfoubypot boe u f dpssftqpoejoh n pevifit pgu f mphbsju n jd )2, p+tjohifu DGU
eps tjn qifi i pn piphz tqi fsft/ Uif tvn pwfs npevifit jt gsfdjtfm u f tvn pwls fifm fout pgu f
psul phpobihspvq O,,, jowpevdfe bepwf )4 /A414/

Jo pul fs xpset- u f qspqfsm opsn birfe qi ztjdbnjoefy )69+t frvbmp u f di bsbdufs pgb
)2, p+tjohrfu WP B n pevrh

My s @ Map 5, @ ... )6 22+

Opuf- b pvhi u jt n pevih mppl t sfevdjeifr qfsi bqt jujoejdbuft fyjtufodf pgbo fyufotjpo
up b 1thshf's iph. WP B- x i fsf Z)LW)Sfehq%—dbo cf jefouflfe xju b di bsbdufs pgb fitt sfevdjcrh
n pevih/ B qptjuw joejdbupo gps ul jt dpn ft gpn u f ghduu b jo n boz pgpvs fybn qifit-
fwfsz ufsn My s jt bmbzt bddpn gbojfe cz My, jo )6/224/

Jo gbsydvibs- xifo dpn qptfe xju 4e.4e dpssftqpoefodf- u jt jowsjhvjoh evbiiz cf.
w ffo mphbsju n jd DGUt boe 4e O 7 3 u fpsjft xju ibmgCQT cpvoebsz dpoejupot jn .
quft u bubmilfjgsun bojgprat x ju 4 tjohvibs flcfst dpssftqpoe wp n pevift pg)2, p+tjohrfiu
n pefrd Ui f n pevifit bsf efufsn jofe cz u f ebub pgui f Y fjusfqsftfoubuypo dpssftqpoejoh
wp My- x1ijdi - jo wso- dbo c¢f pcubjofe vtjoh u f hfofsbmifd ojrvf pvujofe jo tfdypo 5/
Jux jmef jmatwbufe jo n boz fybn qift jo tfdupo 7/

Juxpvma cf joufsftuyoh wp tuwez b sfibypo cfuxffo phbsjui n jd WP Bt bttjhofe wp 4.
n bojgprat i fsf- boe wisufy bihfcsbt WP B “Mj5” bttjhofe wp 5.n bojgpmt cpvoefe cz tvd
4.1 bojgprat wib u f evbyiz ‘23- 26- 657/ Bopui fs obusbnr vitupo jt; gps xijdi dibtt pg
4e O 7 3 u fpsjft )boe cpvoebsz dpoejuypot D,+u f dpn cjofe 4e.3e ibmgjoejdft )32+
gspevdf di bshduf st pgphbsjui n jd DGUtA Boe- dpowfstfr x1ijdi 1phbsju n jd DGUt bsjtf
jo u jt dpssftqpoefodf AY f i pqf wp fyqmpsf u ftf rvftypot jo u f gyuvsf xpsl /

I fsf boe jo tfdupo 4/3- xf gpvoe tfw sbmdpoofdypot sfrbuyjoh 4.1 bojgpma jowbsjbout
ZSq%—xjui iphbsjul n jd DGUt boe opo.tfn jtjn qitit N UDt/ Po u f pu fs i boe- jo b gbsbufim
gof pgefwipgn fow | iphbsju n jd#4.n bojgpra jowbsjbout cbtfe po opo.tfn jtjn qrh N UDt
xfsf tuvejfe jo 66—68" xijdi - u fsfgpsf- xf fyqfduwp cf sfribufe wp Zﬁq—b’ Y f qrho wp
qvstvf u jt ejsfdupo jo ui f gyuvsf xpsl /

5.2 Hyperbolic M3 and non-Cs-cofinite log-VOAs

Bmwfbez buu jt fbsm tubhf- u f dpoofdypot cfuxffo 4.n bojgpmat boe mphbsju n jd DGUt
dbo ubdi vt b wbmibcth tfittpo/ Obn fm u fz dbo ifmg vt voefstuboe ui f botxfs wp u f
gpipx joh jn gpsubourvituypo; xibujt jubcpvu4.n bojgpmat xi ptf jowbsjbout Z/a\)q+db0 cf
fygsfttfe jo ufsn t pgghrtf u fub groduypot boe n pd n pevibs gpsn t- bt pqqptfe up n psf
dpn qrdbufe n pevibs pc KdutA

Jex f dpn cjof tfwfsbndmift gspn ul f bepwf-u f botx fs tffn t up cf wjhhfsfe cz xi fu fs
u f dpssftqpoejoh mph. WP B jt Cs.dpflojuf ps opw boe xi fui fs b 4.n bojgpra My ben jut pom



G fibu dpoofdupot x jui sbupobnwbmft pg DT)a+
DT)a+ / Q gos by / N -1,,)Ge, My+ )6 23+

Joeffe- boudjgbuyoh b dmptf sfrbuypo cfuwffo NUDM," eftdsjcfe jo tfduypo 4 boe u f
ufotps dbufhpsz pgb mph. WP B bttpdjbufe up My wib ui f ejdypobsz tvn n bsjfe jo ubcrh 2-
xf fyqfduu bun pevifit pgu f thufs i bwf dpogpsn bnejn fotjpot O, sfibufe wp wbmft pg
DT)a+bt jo )46+

Ui fo- jgdpoejupo )6/23+ghjmhgps tpn f a- jun fbot u buu f dpssftqpoejoh mphbsju n jd
DGU n vtuibwf bu fibtu tpn f sfgsftfoubypot xju jssbuyppobmdpogpsn bmejn fotjpot © -
boe tvdi wfsufy brhfcsbt dbo opucf Cz.dpflojuf 27 Joeffe- Njzbn pup qspwfe ‘697 )tff 6: "
gps b mdje sfwjfx +u bu wbmift pg dpogpsn bmejn fotjpot boe u f df owsbmd bshf jo b Cj.
dpflojuf WPB n vtubme f sbuyjpobii Dvsjpvtm u f dpoejupo )6/23+ prmat gps bmfybn qifit pg
4.1 bojgpmat dpotjefsfe jo u jt gbqfs- xijdi jt qspcbem xiz jo bmdbtft xf floe b sfrbupo
w Cs.dpflojuf 1ph. WP Bt/

Po u f pu fs iboe-izqfscpyd 4.n bojgprat i buf bu fibtu pof TM)3, C+ffbu dpoof dupo
aifpn  tpn fun ft dbnfie | hfpn fusjd#ps | izqfscpyd#™ boe jut dpn qifiy dpokvhbuf- tvdi
u buJn DT)ajepn +7 1/ Ui jt of dfttbsjm wjprbuft u f dpoejuypo )6/23+boe- cbtfe po u f
be pwf dpotjefsbupot- xf fyqfdui zqfscpgd 4.n bojgpmat wp c¢f sfrbufe up phbsju n jd wisufy
brhfcsbt x1ijdi bsf not Cs.dpflojuf / Jo qbsydvibs- ui jt tvhhftut x i bupof ti pvm fyqfdupg
u f ¢.tfsjft jowbsjbout Z/JMﬁgps i zqfscpygd My- bttvn joh u f sfrbuypo cfux ffo 4.n bojgpa
jowbsjbout Z/JM4—|—boe di bsbduf st pgphbsju n jd WP Bt dpowjovft up i pra jo u f i zqfscpid
dbtf bt x fmf®

6 Examples

Jo ui f flstugbsupgu jt tf dypo- x f bobm—f u f efflojuyipo pgu f i pn pphjdbnemd t gspwiefe
jo ‘7" gps qmn cfe 4.n bojgpmt boe ti px u buu fjs dpowfshfodf pom efqfoet po u f tjho
pgti f ejbhpobnfowsjft pg M 2 dpssftqpoejoh wp i jhi .whifiodz wisydft )wfsudft x jui n psf
u bo wp fehft jodjefouw u fn-efhov > 34/

Ui jt foberfit vt wp fyufoe u f efflojuyipo pgu f ¢.tfsjft jowbsjbout ZJq—i—up b xjefs
sbohf pg qmin cfe 4.n bojgpmt- jodmejoh u ptf xju joefflojuf qmn cjoht sfrbufe wp u f
of hbuywf.efflojuf poft wib Ljscz n pwft/ Gps qptjuwf.effloju’ qmin cjoht boe u fjs Ljscz.
frvj“brﬁout—/tiofx gspdfevsf jt gspgptfe jo tfdypo 8 wp efflof u f dpssftqpoejoh g.tfsjft
jowbsjbout Zp)q+/

Jo u f tfdpoe gbsupgu jt tfdypo- xf fyqudjum dpn qvuf u f ofx jowbsjbout Z;q—kgbs
tpn f fybn qifit pg Tfjefsu n bojeprat x ju u sff tjohvibs flefst/ Jo beejuypo- xf fybn jof
u f gspqfsyft pgu ftf n bojepmat u spvhi u f n pevibs qfstqfdywf pvujofe jo tfdupo 5/
Jo gbsuydvibs- xf gspwjef btzn qupud fygbotjpot pgY SU jowbsjbout )ps frvjwbrfoun u f

16 Among other things, the Co-cofiniteness means that VOA has finitely many inequivalent irreducible
modules [60]. See also [61] for a nice exposition and various ways to understand this condition.

'7Tf it indeed passes further tests, the condition (5.12) perhaps deserves the name “Ca-cofiniteness for
3-manifolds.”



whottfsjft fygbotjpot pg Di fso.Tjn pot gbsyupo gvodupot bt jo tfduypo 5+gps tfrhidufe
fybn qrfit;
Zrv)My+ C H 637TikEV)a4ZB?St)]€+

«

x1fsf a svot pwfs all fibudpoofduypot po My/ Jo ui f bepwf gpsn vib- zat

iey Xjmef sfefssfe

w bt u f transseries pgu f theerh gpjoua )jf/ fibudpoof dupo o/

6.1 Definite and indefinite plumbings

Hjwfo b qmin cjoh hshqi xju gbn joh dpf” djfout a; / Z- u fsf jt bo bttpdjbufe tvshfsz
gol - tff flhvsf 7/ Qfsgpsn joh tvshfsz brpoh u f gol- xf pcubjo b | qman cfe#n bojgpra
My 737/ Jo gqbsydvibs- bmilfjefsun bojgprat My 7 M)b=q;/pi(i+bst qmn cfe n bojgrat-
cfdbvtf u f sbypobntvshfsz dpf = difout dbo cf sfbipfe cz b tfsjft pgde Ljscz n pwft boe
dpovjovfe gbdijpo;*’

plag G2 4 g Do : )72+
= P,

as
aq XXX

Boz Tfjgf'sun bojepra My 7 M)b=q;/pi(i+i bt b qmn cjoh gsftfoubuypo jrmtwsbufe jo flh.
vsf 8/ Tvdi b qman cjoh hsbqi i bt pom pof i jhi .wbifiodz wfsufy boe u f sbujpobntvshfsjft
brpoh fle fst bsf sfbijrfe cz dpoyovfe ghduypot- bt jo )7/24/

B wff.ti bqfe hshqi xju L wfsuydft ibt b L * L bekbdfodz n bisjy;

ai jg 17 j
Mij ? \2 Jg )Z,]+/ Fehft
1 pu fsxjtf-

xijd jt gsfdjitfm u f goljoh gosn jo )3,23+4/ Uphfu fs xju )3/22+ boe )323+ xf dbo
dpn qvif i f i bigjoefy )3 /4+jo i f gpnpx joh gpsn ;%

— 3L+, av dz _efi
Zy)q+? q T wq. 2 Yz, 2)zyf el
|20]C2 ve[Asudft iz,
M~y
* H q 4 / 2k )73+
Le3MZL- b ve[Sfsudft

I fsf-wq. joejdbuft u buxf bsf qfsgpsn joh b gsjodjqbnwbmif jouf hsbmboe b / 3Dpl fs) M+ §
n pevip Y fzmhspvq bdgpo b = b/ Bmipvhi xf ibwf diptfo § / Z tvd ubud, <
efh, n pe 3- ejfifsfou di pjdft pgd xpvm pom qfsn vuf u f i pn prphjdbimeipd t pg b hjwfo
qmin cfe n bojepa/

8The orientation convention is such that Poincare homology sphere is represented by a —Fg plumbing
graph, i.e., M(—2; 1 2 4)

727375
9For convenience, we have chosen M to be negative-definite. The condition can be relaxed, which is an
”

interesting topic from the viewpoint of “going to the other side.” We will come back to this in section 7.
Also, to avoid clutter, we write (6.2) for g = 0 Seifert manifolds; a more general expression for arbitrary

genus g involves the combination of (2.10) and (2.11) as the integrand.



Figure 6/ B qmn cjoh hsbqi )ihigr-boe u f bttpdjbufe tvshfsz ol )sjhi v/
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Figure 7/ Qmn cjoh hsbqi gps b Tfjefsun bojepma M b, g:}%(f:1</

Bddpsejoh up ‘7™~ b gqbsuyjdvibs dpn cjobuypo pgui f i pn prphjdbne mpdl t hjwft TV)3+Di fso.
Tn pot gbsujjpo grodjpo po My jo ui f sbejbmmn ju \g\ < 2- dg/ )484/ Tqfdjfldbim- gos
qmin ¢fe n bojgprat xf i bwf

a b

tfu>< ket

a / Dpl fb)MﬁfZg UpSHQ)Mz,H/Zg,

L )7 A+
b /)3Dplfs)M+, 0+4Z3, DTa+? )a, M “a+ npe Z,

H , e37T’L')al,M71b+
boe S)A+7 a'€{Zo0psclupga}

o \UpsHa ) M4\

xifsf uf Zsg bdwt bt ui f Y fznhspvg po Hy)My+cz a =  a/

Yifo u f qmn cjoh hsbqi jt dpn gptfe pgb tjohrfi i jhi .wbrfodz wisufy- j£ /- xifo My
jt b Tfjgfsu flcfsfe n bojgpm- u f gonpx joh u fpsfn efufsn joft xifu fs u f i pn piphjdbm
cipd t pg My efflofe wib frvbupo )7/3+qspwjef dpowfshfougq.tfsjft jotjef u f vojuejtl boe
xifo u fz dpowfshf pvutjef u f vojuejtl /

Lemma 1. Take My to be a plumbed 3-manifold, whose plumbing graph His a tree. Denote
by M the adjacency matriz of H and by M2 its inverse. Assume there is only one high-
valency vertex and let v1 denote the entry associated to this vertex in the adjacency matriz.
Then, if YM 24,0, < 1 the homological blocks associated to My are well-defined q-series,
convergent for \g\ < 2. On the other hand, if YM 24, > 1, the homological blocks
converge for \g\> 2.

More generally, when there are multiple high-valency vertices, let }v;{ be the set of
high-valency vertices in the plumbing graph of My. The homological blocks converge for
\¢\ < 2 (respectively \g\> 2) when all \M 24, < 1 (respectively > 1) for all v;’s.



Proof. Up qspwf ui f bepwf ul fpsfn xf i bwf up bobm—f u f btzn qupud hspx u pgui f gpsn vih
gps ui f 1 pn piphjdbnepd t/ Gspn frvbupo )7 /8+xf i bwf 77
— I A v My
Zyg+? 37" [ Fa T, b/)3DplfsM, 64Zs )75+
Ce3MZL- b

xifsf u f joufhfs dpf * djfout FQZ bsf hfofsbufe bt gonpx t Jopuf SMZY | b «3Z%, 5+

2 2
F: E“ L rbotlpo - L rbotlpo -
ZGSZL 5 2/ buccv—>1 2/$y‘|§fl v=3 7 bu z,—00 )I'v 2/$y‘|§fl v=3

)76+
Yifo efhv > 3-1if x,.fygbotjpo po u f si £/ ufsn jobuft bu b flojuf psefs/ Uivt- Fy
wbojti ft xifo \,\jt thshf fopvhi gps bmcvu pof dppsejobuft ¢, pg L.ejn fotjpobumf dupst
¢ /325, 6§/
Uif pom fydfqupo jt ¢,, xijdi dpssftqpoet wp uf vojrvf ijhi.whiodz wisufy vy
Jefhv; > 34 Fyquydjun-

Lo dev? w1, by /Z
Fi? 1 oo 4,7 \1 jgefhv? 3
2  jgefhov? 2.

Efhsff.—fsp wisydft bsf jssfrfmboubt x f pom dpotjefs dpoofdufe hsbqi t/ Ui jt jn qujft u bu
u f g.fyqpofout jo ui f sp A/ pg)7/5-+ buf u f goupx joh ¢ fi bwjps;
_ -1 2
. (Z,M4 ) ? (M )v%vo(luo) - 0)24 oo
bt \\<+ € boe jgFy ? 1/ Ui jt dpn qifft i f qsppgeps i f flstugqbsy/ Ui f qsppg qspdffet
jo bo jefoudbnx bz up u f qmin cjoh hsbqi t xju n vigqrh i jhi .whifiodz wisudft/ O

Ui f bepwf sftvmti pxt u buu f whijejw pg)7/8+efqfoet tprfim po v f M2 fowsjft bu
i jhi .wbrfiodz wfsydft/ Muvt nblf b gx sfn bslt;

= orientation reversal. Jujt jn qpsubouup opuf ui buu f i pn prphjdbncmd t jo fnn b 2
bsf dpn qvufe gpn )75+ xijd jt bsftvmpgb gqbsuydvibs sfhvrbsj-bujpo )tff bqqfoejy
B pg ‘74 Ui fsfepsf- xifo u f gosn vib epft opuefflof b dpowfshfou ¢.tfsjft jotjef
u f vojuejtd bo brfsobuywf dpn qvubypobntd fn f jt sfrvjsfe/ Jo gbsuydvibs- hjwfo
b 4.n bojgpra M,)H+ u f pqqptjufm psjfoufe n bojgora  My)H+qspweft u f obuvsbm
dpn qbojpo pgMy)H+po 1 f pui fs tjef pgu f g.qrbof / Jgui f gpsn fsibt )M 24, < 1-
u f thafs ibt )M 24, > 1 boe )7/h+dboopu cf jn qifm foufe wp sfgspevdf i f
bttpdjbufe i pn piphjdbmeipdl t xijdi bsf dpowfshfou gps \¢\ < 2/ Ui fsfgpsf- xifo
VM=% 45,5, > 1 xf offe wp fyufoe 1if efflojujpo pgipn prphjdbmeipd t pvutjef i f
voju ejtd/ Uijt xjmef u f dfowsbmupqjd pg tfduypo 8- xifsf xf dpokduwsf b ofx
qspdfevsf wp efsjwf i f i pn prphjdbneipd t pgi sff n bojepmt xju )M 24, > 1/

= Kirby moves. Uif tjhobusf pgu f qmn cjoh ebub n bz opucf jowbsjbou voefs 4e
Ljscz n pwft/ Bo fybn qifi jt jmutisbufe jo )7/8+x1ifsf wp ipn fpn psqi jd n bojgprat



i bwt ejfifsfoutjhobuvsft; ui f v A/jt ofju fs qptjuywf ops of hbuywf efflojuf- x i jrfi i f
sh £/t aptjuwf.efflojuf /

c  psiforbiipo
- sfwfstbnpg E3 3 3 )7 B+

e
Meo
-~

Meo
IIFS

rolll
ol

M) 22,23+ & M) 33,5, 5+

Y ju pvurfin n b 2- jujt of dftthsz wp floe gps fhdi joefflojuf n bojgpra bi pn fpn psqi jd
effloju’ n bojepra w efufsn jof u f dpowfshfodf pgi pn piphjdbnemd t/ Jo u f bepwf
fybn qift gps jotubodf- uf sAi A/ jt qptjywf.efflojuf- tp u f i pn piphjdbmerpd t pg
M) 2:%,%,%+va1@ dpowfshf outside v f vojuejtd/ Cz W f fmn b ipxfwls uf
epn bjo pg dpowfshfodf dbo cf jnn fejbufm sfbe pfi gpn M2 pgu f 1 £/ )boe pg
dpvstf- u fz dpowfshf gps \g\> 24/ Jujt bitp fbtz wp tff i px 4e Ljscz n pwft gsftfswf
u f epn bjo pgdpowfshfodf- bt gspwjefe jo bqqfoejy B/

= multiple high-valency vertices. fim n b 2 tubuft ui bu )7 H5+epft opusfqspevd dpowfs.
hfou q.tfsjft xifo i fsf bqqfbst n vijqih i jhi .whifiodz wfsuydft xiptf M2 fowjft
i bwf ejfifsfoutjhot/ Ui jt jn qyft u bui pn prphjdbneipd t )7/34n vtuct dpn qvufe cz
pui fs n fbot ui bo u f sfhvibsj-buypo tdi fn f )75+ Y x jmsfuso wp u ftf fybn qrfit
jo gvwvsf xpsl /

6.2 Example: M(—1; %, %, %
Y f fistuefn potwsbuf u f n pevibsjw ejduypobsz boe u f tufqt pvujofe jo flhvsf 6 xju u f
tqfdjfld fybn qrh pgb Tfjgf sun bojepma M) 2:%, %, 2

6.2.1 @g-series invariants

Ui f Tfjgfsun bojgpma i bt UpsHa) M) 2%, %, 2.44? Z4 boe 1 f goupx joh qmn cjoh hsbqi ;

I

)TP+

Meo

polll

—

Up dpn gqvuf jut g.tfsjft jowbsjbout Z,)g+ xf flstux sjuf epxo jut belbdfodz n busjy;
22 2 2(

M2 2311‘
21 41
2 1 1
2 2 2

Bt jt xfmd opxo )tff f/h/2: i f dpl fsofnpg M jt jtpn psqi jd up UpsHa) M) 2=5, 7, =+

Dplfs)M+? Z°/MZ°? ))1,1,1,14)2,1, 2, 74)2,1, 3, 44
& UpsHy)M) 25,3, 247 Za. )7/ +



Uif Y fzmhspvq bdgpo n bqt b dpl fsof mffm fou wp jut tjho jowfstf/ Ui fsfepsf- u f flstu
frfin fow )1,1,1,1+ jt n bqqfe wp jutfrg xijih u f pu fst bsf dpokvhbuf wp fbdi pu fs- jf /
2,1, 2, 747 2,1, 3, 4+/7°/MZ. Ui vt-

Dplfs)M+/Z3 ? ))1,1,1,14)2,1, 2, 74 )7 214+
)3Dpl fs) M+, 64/Zs? ))2, 2, 2, 24)4, 2, 4, 244 )7 22+

xifsf 67 )2, 2, 2, 2+jt hjwfo cz d, 7 efh, 3-Dbtjo 77/ Uifo-uf ¢.tfsjft jowbsjbout

Zp) My+bst hjwfo cz )78+

Zyg—9-o-o9at? a, ¢® 4 ¢, ¢, L )7 23+

Zyy o4 -aapat? 2, ¢ & L+ )7 R4+

6.2.2 Weil representation: 18+9

Up i pn prphjdbnepd t pg My pof dbo bttpdjbuf b Y fjnsf gsftfoubujpo- rhe fufe cz ui f gbjs
m boe K/ Fyquydjun u fz bsf sfribufe wb )5/884/ Muvt flstuefufsn jof m wb n pevibsjw
ejdupobsz/ S fdbmaui buti f opo.qfsuvscbuwf gbsupgu f whottfsift )5 /81 -+gs QM K- pgu f
gpsn C e=3mik)r' £ /5m_ ¢ pvia dbquvsf u f dpowsjecvupot gpn opo.befigbo ffbu dpoof dupot/
Gps b THjgsun bojgpm M)b, }q;/pi(ice+ uf efopn jobups pg DT)a+gps a opo.befijbo jt b
nydn / pgbp;- xifst p; bsf u f psefst pgtjohvibs flefst jo u f Tfjgf'su jowbsjbou 74"/ Bt b
sftvie xf dibjn u bugps My 7 M)b, }qi/pi(icy+xf 1 bwf

5m 7 mdn .)S}pi@l@ N }Efopn jobupst pg DT)aH 1¢gacrpnisir/ze < )7 25+

Gps ui f dvssfou fybn qift xf dbo fbtjm dpn qvuf DT)a+gps befigbo fibu dpoof dujpot
gpn u f dpl fsofnfrfn fout dpn qvufe jo 7/21;

1 npe Z s a? )1,1,1,1+
DT)a+? )a, M 2a+? P P )
% npe Z gs a? )2,1, 2, T+

Dpn cjojoh )7 25+boe u f DT)a+dpn qvufe- xf dpodmef;
5m ? mdn .)9,23,47,4+7 83 & m 7 29.

Dpssftqpoejohmr u f gpttjcrh K hjwjoh sjtf wp jssfevdjerh sfqsftfoubuypot bsf K 7 }2,3(
boe K 7 }2,:(/ B tjn qrfi dordvibgpo sfwfbrhui bu i f sfifivbou jssfe vdjeih sf gsf tfoubuyjpo
jt u burhcfufie cz m, K7 29, :/
Jo tvn n bsz- xf i bwf
o257 12,4,6,8(
Z-aa-adat? E0F ) )76+

—

Z)47—2,—47_24+)q-|—? q82/83Q§9_ N

Ofyw xf gspdffe w dpn qvuf uf dpn qptjuf n bwsjdft S)My+boe T)My+ efflofe
jo )53: 4



6.2.3 Computing S(M3s) and T(M3)

Muvt xsjuf epxo bmi f sfrfivboun bsjdft gps u f dvssfoufybn qifi/ Gjstw sf dbmi bu S)A+
jt 1 f ol joh gbjsjoh po UpsHa)Ma+jo )7T/A4 Gpos My ? M) 2=2,% 24

2 2

§)A+7 %) [ )TRT+
3 2

Ofyw gpn )5/38+boe )7/26+xf dbo fbtjm sfbe pfi;

Emb?>21 ! 1[. )7 28+

Uif T.n bwsjy pgu f Y fjnsfgsftfoubuypo jt fbtjm dpn qvufe gpn wp cf;

3i

)B+9
SI=T 1

C.ON> = ol

c(

2

Zf )7/29+
B

Q e

xifsf A,B,C'? tjo)as+tjo)SE+tjo) 5 +sftqf duywim/
Gjobma xf dpn cjof $)4%, Emb boe $)B+joup S) M4+

)72+

My+?
)Mt ) 1.54i 2.84 1.34i 1.77

134 1 1.77i 1.541'[

i fsf fwbmbufe ovn fsjdbim boe spvoefe wp ui f tfdpoe efdin bngrhdf /
Ofyw xf dpn qvuf u f 7' n bwsjdft/ T)A+ 5t i f ejbhpobmm bwsjy xju e3™EVt po g f

ejbhpobm

TA+7 fyq 3m'> !

: ! [ . )71+

2
1

Gspn )4 /49+ x f bitp i bwf

2
L1 1(
TP+ fyq 3mi | L 5 L1 )7/32+
1131
5y
1115
Dpn cjojoh bmui ftf frfm fout- xf pcubjo
%H)gﬁ)%#)%J
T)My+? . )7/33+
f) Z+f) B+) Z+) gg#



6.2.4 Non-abelian flat connections

Bt bewfsytfe- xf x jmopx fywbdugpn S)Ms+boe T)My+u f tfupgDi fso.Tjn pot jowbs;.
bout gps bmopo.be fijbo fibu dpoofdypot po My boe efufsn jof xijdi pgu fn bsf dpn qrifiy/
Gspn S)My+dpn qvufe bepwf- xf petfswf u by

YT) My \a, - tvdi i bu S)My+? 1( ? }f) 246) Byp) B4f) B/ )74

Gspn i f svifi )5 /41+ jugpnpx t ui buu fsf bsf )buhibtut-gpvs opo.befgbo TVM)3, C-Hibudpo.
of dypot- boe u f tfupgui fjs Di fso.Tjn pot jowbsjbout jt } 82—3, %, %, %( n pevip Z/
Up efufsn jof xijdi pgu fn dpssftqpoe wp dpn qifiy opo.befijbo ffbu dpoofduypot- i f
ofyutufq jt uwp dpn qvuf ¢, wib )543+ x1jdi jowpmft b tvn pwfs u f gbjst )a, r+gs x1i jdi
T)My4, ? f)ad/ Gps fybn qift xifo a ? %- Ja,7+7? )2,2+boe )3,5+4 Opx- xf dbo
dpn qvuf cg;
lc_1?1
72
Kc_ig 7 2.28i 785
c_40 7 1.87i )35+

72

c_s7 ! 2.144.
72

2 2

Tp xf dpodmef wbu My ? M) 2:3,1,,2+nvtu ben ju pof dpn qifiy opo.bcfrjbo ffbu

dpoofdypo xju DT ? %— boe u sff TV)3+4opo.bcfybo fibu dpoofdypot xju DT ?
36 5 68
83> 83> 83

6.2.5 Counting by A-polynomial

Mu vt dpn gbsf u f bepwf sftvmt xju u f dpn gvubypo cbtfe po b tvshfsz gsftfoubuypo
pg M,/ Bt fyqmhjofe jo ‘75" boe ‘G- tfdupo 6> xifo My ? S*)K+jt b tvshfsz po b 1opu
K «+S*xjui btvshfsz dpf” difour / Q- fibu TM)3, C+dpoofdijpot po My bsf dpoubjofe jo
u f tfupgjoufstfdypo qpjout;

filbu dpoofdypot <> ), y+? yx" 27 1 { YAg)x,y+? 1( )7/36+

jo )C* x C*4/Z3 qbsbn fisjfe cz )x,y+C )x 2,y 24 1 fsf- Ag)x, y+jt uf tp.donfe
B.qpmopn jbmpg ui f 1opu K/ Opuf- tpn f pgu f joufstfdypo gpjout )7/36+n bz opu g
w bo bduwbmsfgsftfoubypo w2 +» TM3,C+4/ Tjn jibst pof n jhi u xpssz u bu bddjefoubm
dbodf mhjpot jo ui f tuf qt pvugofe jo flhvsf 6 dpva dbvtf pof up voefsftun buf u f ovn cfs
pg fibu dpoof dypot po My/ Ui fsfepst- jo qsbdudf- jujt b hppe jefb wp dpn gbsf u f sftvmt
gspevdfe cz u ftf wpn fu pet- xifo cpu bsf bwbjiheifi/

Jo pvs gsftfoufybn qifh pg My 7 M) 2:§, %, %—Ftvdi bo brmfsobuyw n fu pe jt joeffe
bwbjibeife i bolt wp b tvshfsz qsftfoubgpo My ? S*,)8"+ xifsf K ? 3" jt uf sjhiu
i boefe wfgpjml opw/ Ui f dpssftqpoejoh B.qpmopn jbnboe u f dvswf s)x,y+7? 1 bsf;

Az, y+? )y 2dhyx’, 24 s)z,y+? yz Tt 2.

Ejtdbsejoh u f qpjou)x,y+? ) 2, 2+u buepft opuggiw b fibudpoofdypo po My 6™~ xf
pcubjo Ui f gpipx joh joufstfdujpo qpjout )7/86-+n pevip ui f tzn n fwz )z, y+C )z =2,y 24

Yo, y+ 7 )2, 24 )63“2'/4,2+,)e’”'/4, 21, )ewiéyewi/él_h) e”’%,em/‘l—h)e”%,e”/‘l—i—.



DT bdypo  tubcjjifs wqf whottfsjft
1 TV)3+ dfowsbm e&ﬂbl)fgﬁk*M3, Gns —6/3 | )83
2 P)2+ be f1jbo e3mk%)§ 1k—2/3 ??Zk—4ﬂ3"p)k—@ﬁ+<
36 ®2 opo.be f1jbo- sfbm fr%%%e%ﬂi%)Qmﬁg 3tjo & {
& B2 opo.bcfijbo- sfbm e*“’“%@%} ﬁ)?)dpt;ﬂ . tjo 2?;(
& 2 opo.be f1jbo- sfbm e—%w%£%§Z
& 2 opo.be f1jbo- dpn qrfiy 1

Table 4/ Ushbottfsjft boe dibttjfldbypo pgffbu dpoofdypot po M) 3:%, %, é#/

Bmmbc fijbo ffbu dpoofdupot i bwf y 7 2- boe u fsf bsf wp tvdi qpjout jo pvs fgiw jo
bhsffn fou xju u f becpwf bobmtjt/ Uif sfn bjojoh govs qpjouwt bsf dboejebuft gps opo.
be fjbo fibu dpoof dypot- fju fs sfbnps dpn qifiy/ Tjodf u f n pevibsjw bobmtjt ibet up u f
px f's cpvoe po ui f ovn ¢fs pgopo.befibo fibudpoofdypot brip frvbmp 5 jo u jt fybn qrfr
dpn cjojoh u f vqqfs boe mpxfs cpvoet gspevdfe cz u ftf wp n fu pet xf rhibso u buu f
upubnovn cfs pgopo.befigbo fibudpoof dypot joeffe nvtuct 5/

6.2.6 Asymptotic expansions

Y f dpodmief i f bobmtjt pgu jt fybn qrficz x sjyoh ui f btzn qupyd fygbotjpo pg Zrv) M+
Dpn cjojoh u f sfrbgpo cfuxffo ui f ¢.tfsjft jowbsjbout boe )48+xju u f whottfsjft fy.

gsfttjpo gps ui f ghrtif u fub grodupot )5/431+ xf peubjo ul f whbottfsjft fyqsfttjpot buthshf &

s Zrpy) M+ Ui f sftvit gps whsjpvt theetfi qpjout )ffbu d%ooqujpot po My+bst ubcvibufe

jo wberh 5- xi fsf xf pn jufe i f pwfsbmgbdups i¢5%/83/3" 3/

6.3 Example: M (—2; %, %, %

Muvt mppl bupof n psf fybn qifi jo efubjmu f Tfjgfsun bojgpra My 7 M) 3:§, %,% /Uijt

fybn qrh x jmbrtip qrbz b sprh jo tfdypo 8- xi fsf u f fyufotjpo pgq.tfsjft jowbsjbouw Z,)q+
w u f px fs.i bigqrbof jt ejtdvttfe /

Bopu fs ofx gbuvsf pgu jt fybn qifi jt b ] dfoufs tzn n fisz-#b lipcbmZs.tzn n fisz
ejtyodu gpn u f gn jigbs Y fzmhspvq bdypo/ Y dbmmju | dfoufs tzn n fwsz#cfdbvtf ju
bdut po sfgsftfoubypot p ; ma) Myt TM)3, C+cz n vigqmjoh tpn f pgu f dpssftqpoejoh
i prpopn jft ¢z u f dfowsbofifm fout &1 pgG ? TV)3+4ps jut dpn qrfiyjfldbupo Ge 7 TM)3, C+H
Ui f sprh pgui jt dfoufs tzn n fsz x jmef ejtdvttfe jo efubjihupx bse u f foe pgu jt fybn qifi/

6.3.1 @-series invariants

Uif n bojegpma pgjoufsftuibt UpsHo) My, Z+?7 Zg boe pof pgjut qmmn cjoh gsftfoubuypot
1ippl ¢ gl f;

— e

)T BT+

Meo
Meo

colll



Bhbjo- xf xsjuf epxo uf belbdfodz n bwsjy boe dpnqvu a / Dplfs)M+boe b /
3Dplfs)M+ d;

32 2 2f
vo |2 311
2 1 41
2 1 1 3
a /Dplfs)M+/Z3? ))1,1,1,14)2, 2,1, 24 )7/38+

), 2,1,14)1,1, 2,14)1,1,1, 24
b /)3Dplfs)M+ 64/Z3? ))4, 2, 6, 4+)4, 4, 6, 2+
)2, 2, 2, 24)4, 4, 2, 4+4)2, 4, 2, 24,
Vtjoh u jt jogvuboe u f hfof sbmpprheftdsjcfe fbsyfs- xf dbo opx dpn qvuf u sff 1joet pg
upq prphjdbngowbsjbout pg My 7 M) :%, %, %—E 2+ f Di fso.Tjn p/oijo“bsjbout pg be fijbo
fibu dpoof dypot- 3+t S)4+n bisjy- boe 4t ¢.tfsjft jowbsjbout Z,) My

DT)a+? )a, M 2a+?

winy ©loco

L1 npe Z @s a?)1,1,1,14)2, 2,1, 2+

e e Z o 0 I, 2,0, 14)L 1,1, 2+ )TA9+
22 2 2 2
22 2 2 2

npe Z gs a? )11, 2,1+
A2 8~ 331 1 3 )7/8: +
33 3 3 3
331 1 3

Zy4,—2,—6,—4q+! q 2"

)
Z/)Z—4,—6,—2+>Q+? q )
Zypn o adit? V02, ¢ ¢, ¢ &, *, 4 )71+
Zyyaoadat? V) 2, 0 &, ¢ &, 7,

Zyga o 29a¥? 36¥°)2 ¢, & &, B 5L+
Qmihhjoh u ftf jow )725+ x{ pcubjo;

5m ? mln.)9,23,2,3,947 35 & m? 7. )7 A2+
Todf Fy; 7 }2,3,4,7(- K dbo cf fju fs }2(- }2,3( ps }2,4(- xju u f rthufs uwp dpssf.
tqpoejoh w jssfevdjcih sfgsftfoubypot/ Y ju m, K7 7, 3-xf hfu
o™ 37 12,3,5(

—

. 9 )
Zyp—9,—6,-4)0+! Zya,—4,—6,—29)9+" 34 6/23Q7 *)r+
2)2—2,—2,—24341” q %/%3)3¢/% QF P+ )7A3+

Zy4—4,—2,—4)q+! q—6/23Q;_ Nt
2y, —a,—2,-29)q+" q_6/23Qg- 3t



6.3.2 Computing S(M3s) and T(M3)

Ofyuw xf gspdffe w dpn qvuf u f | dpn gptjuf #n pevibs n bsjdft S)My+boe T)My+/ Ui £

n bisjy $)4+i bt bistbez cffo dpn qvufe jo )73: 4/ Uif fncfeejoh n bisjy dbo cf sfbe pfi
gpn )7/A34

1

1

Emb 7 2

2

(

SN

1
1
1 14 )7 Ad+
1 1
1 1 2
Ui f n bwjy $)8+dbo cf dpn gvife gpn u f gspKdypo n bwsjy w cf

12 2(

§)B+7 % 32 24. )7 A5+
3 22
boe- xifo dpn cjofe xju Emb boe S)4E hjwft

12 1 (

121
S)My+? §= |31 1 §. )7 A6+

S 111 3

31 1

Ofyw xf dpn qvuf u f 7' n bwsjdft/ Gspn )7/39+x{ pcubjo

Lf
1

11
11
T2 fyq 3mi |11
11
11

)7 AT+

— = Ol = =
— Wi = =
©Oloo =

2
Po i f pu fsiboe- TVB+? 3 ams, v gpsr /o™ 37 }2,3,5(;

21l
DB fyq 3mi |1 351 [ )7 A8+

112
35

Dpn cjojoh ul ftf wp 7T'.n bwsjdft xjui I)? 4% 6 n buwsjy xju bmfowjft frvbmp 2+ xf hfwu

f) Z+f) Z+f) %Jr{
f) Z+f) Z4f) 21
T)MaA? |f) 2+f) £+6) % )79+
f) 24f) Z4f) =
f) 2+f) S+4f) 24




DT bdypo tubcjipfs wqf whottfsjft

. 3mik-1\ _mi_ 7.—4/3 8r2 7.—6/3 —8/3

1 TV)3+ df ousbm e )mk L BTSSPk
Q.. i Y 2 e Qe

1 TV)3+ dfowsbm S ) LS ST g0/ P/
g )2+ be frjbo e?ﬂ"‘k%) Sgkan, SVl j=4/3 PO/
% D)2+ be f1jbo egm‘k;g) § 35—2/3 3@’”%_4/3 ’ P)k‘G/S

. 3mik L 3, i 7 — _
2 )2+ be frjbo kL) BB 2mgeas p)po/s
% o2 opo.befbo- sfbm 673ﬂik%6%3§ 3

Table 5/ Usbottfsjft gos M) 3=, 1, 14/

6.3.3 Non-abelian flat connections

Gspn u f S)My~+dpn qvife jo u f gsfwpvt tvetfdypo- xf petfswf u by
Y)Y My \a, r tvdi dbuS)My+2 1( 7 M) 2. )T /A +

Ui fsfegpsf- vtjoh ui f svih )5 A1+ xf gsfejdu)burfibtutpof opo.befijbo SL)3, C-+Hbudpoofd.
uypo x ju Di fso.Tjn pot jowbsjbou %/ Up efufsn jof xifu fs judpssftqpoet up b dpn qrfy
opo.befrjbo fibudpoofdypo- xf dpn qvuf c1 wib )5 A3+

§ _
c_17?73i 301 )7 /514
6

Tp xf gsfejdupof TV)3+opo.befgbo fibudpoofdypo xju DT? %— boe op dpn qrfiy ffbu
dpoofdipot po My ? M) 32,3 2
6.3.4 Asymptotic expansions

Bt vtvbmxf dbo bttfn cth Z, joup Zgv)Mi+wp pebio  f whottfift eps M) 32,224
tvn n bsjfe jo wberh 6 )xifsf xf pn jubo pwfsbmgbdups ig=%/23 /3" 34/

6.3.5 Center symmetry

Opu u buu fsf jt b efhfofsbdz jo )7/89-+)7/Al4+evf wp bo fywb tzn n fwsz- f h/u f wbft
DT)a+bsf frvbmeps a 7 )1,1,1,1+boe a 7 )2, 2,1, 2+ boe u f dpssftqpoejoh spxt pg
S)A% brtp folpz 1 f thn f tznn fisz/ Gspn )589+xf tff u bu f btzn qupd fygbotipot
bspvoe u ftf up befigbo fibudpoofduypot bst- jo ghdir jefoudbmi Joeffe- ubcih 6 fyquydjun
ti px t tfwisbnje foudbmsbottfsjft/

Todf opupom u f wbmft DT)a+cvubitp u f qfsuwscbyw fygbotjpot bspvoe i f fibu
dpoofdupot bsf jefoydbmxf dibjn u buu f dfoufs tzn n fwsz jt b tzn n fwz pgu f n pevip
tqbdf / Jo psefs wp voefstuboe u jt psjhjo pgu jt tzn n fwsz boe wp sfn pwf u f efhfofsbdz
wpn 94t xf fstu twez jub bdypo po uf ipmopnz sfgsftfoubupot boe u fo n bud
u f gortf ui fub grodupot xju u f | gorafe#wistjpo pgu f ebub )7/39497 Al+pcubjofe cz
n peejoh pvuu f dfoufs tzn n fisz/



DT jowbsjbou wqf A, A2, Ag, Adg+ dfoufs tzn n fsz
1 be f1jbo )L, L1 1+ L1, 1, 14% )1, 2,1, 2+
1 be f1jbo L2124+ 1,21, 24% )1, 1,1, 1+
3 befbo )3, 2,32+ )3.23.5. 2% )3 250 2
P wetbo )R838+ RE3Ee)REE0
P et ORRRE+ ORBREeeRREs
o owebefibo )33 3E+ 322w )Riiis

Table 6/ I pmopnz whsjberfit boe Difso.Tjn pot jowbsjbout pg TV)3+ fibu dpoofduypot po
M) 3:%,%,%4- brpoh x ju u f bdypo pgdfoufs tznn fwz po u fn /

Ui f gvoebn foubnhspvg pgb THjgfsun bojgra My 7 M)b, }qi/pi{lco+it hjwfo cz
o) My+? Yo, w3, x4, h \ h dfowbm 2t 7 h™%, zowsry ? Y.

Y f dbo dibttjgz TV)3+fibu dpoof dypot cz u f TV)3+sfqsftfoubypot pgu f groebn foubm
hspvq jowp TV)3+
p; m)My+ < TV)3—+</dpok/

n pevip hbvhf wbotgpsn bupot/ Dpodsfuf e x f dbo di bsbduf sjf tvdi sfqsftfoubupot cz u f
jn bhft pgme) My+hfofsbupst/ Jo pvs gsftfoufybn qifr u fz bsf hjwfo cz )cfegpsf n peejoh
pvucz hbvhf wsbotgpsn buypot-

)\ — .
p)xl+? g’b) )1\ +f)_l/\i+<gi 27 IL? 27374

A+ 1
p)h+? ) )1 f)—/\+<

xifsf g; sfgsftfou bscjwbsz hbvhf wbotgpsn bupot u bu bsf dpn gbujcrh xju u f hspvq
twvdwst pgme)My+/ Ui f Y fznhspvq bdut po fbdi p)x;+wjb dpokvhbupo cz % _12 <— ifodf
Ai = A/ Jo xibugpnpx t xf x jmjefougz i prpopn z wbsjbeifit \; sfrbufe cz u f bdypo pg
u f Y fzmhspvg- bt u fz dpssftqpoe wp u f thn f ffbudpoofdypo/ Ubcrh 7 ti px t i prpopn z
wbsjbetfit )\, A2, Az, Ag+x1jdi dibttjgz v f hspvq i pn pn psqi jtn t p boe u fjs Di fso.Tjn pot
jowbsjbout dpn qvufe bt jo 747/

Bgbsugpn u f Y fznhspvg- xf dpolkfduvst u buu fsf jt bo pvufs bvupn psqi jtn bduyoh
po u f n pevijitgbdf- xijdi qfsn vuft ejfifsfoudpn qpofout pgu f n pevijitgbdf / Jo ufsn t
pgu f i prpopn z bohifit A\;- jubdut cz

)7 /52+

))\a A2, A3, Ag+7? ))‘7 Az, %) A3, A1, %—i_ )7/53+
Gps jotubodf- 1 jt n bqt pof befgbo fibudpoofduypo up bopu fs bt

55500 LeLi(C 553550 )74+



xifsf xf ibwf wblfo uf bdypo pgu f Y fzmhspvq joup bddpvow/ Uif pscjut pg dfoufs
tzn n fwsz bsf ti pxo jo ubcth 7/

Y f dihjn i buu f pvufs bvupn psqi jtn jt opupom b tzn n fwsz pgftbudpoofdupot cvu
brtp pgu f n pevijitqbdf pg brmdpoofdypot/ Gjstuopuf u buu f dfoufs tzn n fisz jt bitp
n bojgftujo u f ebub pgui f be fybo fibudpoof dupot )7/39-+57/4A14/ Joeffe-u f dpssftqpoejoh
wbmft DT)a+bsf frvbmfhft gpsa? )1,1,1,14boe a? )2, 2,1, 2+boe u jt tznn fwz jt
brtp n bojgftujo 1 f dpssftqpoejoh spxt pgui f S.n bisjy )41/ Bt b sftvie gpn )5 /89+4x f
tff ui buu f btzn qupyd fygbotjpot bspvoe u ftf w p befijbo flbudpoof dupot bsf jefoujdbm
Ui f gsfejdupo jt dpotjtufoux ju u f wbottfsjft jo ubcth 6/ Tjodf opupom u f wbmaft DT)a+
cvubrtp ui f qfsuvscbuywt fygbotjpot bspvoe u f fibudpoofduypot bsf jefoudbmx f dpodmie f
u buu f dfoufs tzn n fwz jt joeffe b tznn fisz pgu f n peviptgbdf/

Ofyw tfiu vt tff xibui bqqfot xifo xf jefoug ftbudpoofdypot sfimfe cz u f dfoufs
tznn fwsz/ Ui f ebub pgu f befigbo fibudpoofdypot cfdpn ft;

1 npe Z gs a?)L,1,1,14C)2, 2,1, 2+

DT)a+? Kg npe Z gs a? )1, 2,1,1+C)1,1,1, 2+
%g npe Z gs a? )11, 2,1+
5 |33 2 (
A+ §§ 51 3 )7 55+
3 3 27{

—

Z0)q+? Z)Z—z,—a,—MqJn Zyp,—4,—6,—299+! g BT )+

Zo)q+? Z)Z—2,—2,—2+)Q+, Zy:—47—2,—49q4r7 37922 QF )rr

Z3)q+? 2/)2\,—4,—2,—24-)(1+? ¢ BT )
Pof dbo fbtjm tff opx u bu S)4Tjt opx opo.efhfofsbuf boe- gysu fsn psf- ghtf i fub
gvoduypot n budi qfsgfdun u f | gorafe#i pn piphjdberpd t x ju pvu efhofsbdz/ Ui fsf gpsf-
xf n bz dpodmef u buu f n pevibsjw ejdypobsz ti pvia cf vtfe bgifs n peejoh pvucz u f
tzn n fwjft pgu f n peviptgbdf /

6.4 Example: M (—1; %, %, 1—10)
Y f gsftfoubopu fs fybn qifi xju u f dfoufs tzn n fsz/ Ui jt uyn - jujt necessary uwp n pe
pvucz dfoufs tzn n fsz jo psefs up floe bo bqgspgsjbuf Y fjnsfgsftfoubypo m, K/

Bt cfgpsf- xf di bsbduf sj— ffbudpoofdupot cz i prpopn z bohifit A/ Ui f bohifit boe i fjs

Di fso.Tjn pot jowbsjbout bsf tvn n bsjfe jo ubcifi 8/ Ui f dfoufs tzn n fusz bdut cz
))\a >\27 >\3a )\4+ ¥ ))\7 >\2 ) %7 )\37 >\4 ) %_I_
6.4.1 @g-series invariants

Ui f n bojgpra pgjoufsftui bt UpsHo)My+? Zs boe u f gponpx joh qmn cjoh hsbqi ;

RS

)7 56+

Mo
S
—

rolll



i pmopn z bohifit

dfoufs tzn n fwsz

DT jowbsjbou wqf
1 be fgbo
1 be fyjbo
% be fjbo
% opo.bcfijbo
% opo.bcfijbo
% opo.bcfijbo

)11 114+

~—
—_

~—
win

~—

oUWl

~—

~—

—_

=N Wl

ENICEEEEN (1)

Gl oo oo @l

o
+ o+

+ o+

2 2
)1737173
)2 2 22
3573’5
)2 2 22
3’5775

)Z 2 2 4
37527731
)2 2 2 8
37577731

)1,1,1,14% )1, 2,1, 2+

FIEEA

W Wi Wi Wi
(S SRS SRS | RG] )
B SN ([ IR [ SR

[
—_
—_

- =z . o
%o T

I

+ o+

+ +

Table 7/

M) 2:%,%,%04— brpoh x ju u f bdypo pgdfous tzn n fusz/

Gspn jut belkbdfodz n bwsjy- xf dbo dpn gvuf;

a /dplfsM/Z3 7 V)1,1,1,14)2,

b /)3dplEsM , §4HZ3? V)2, 2, 2

DT)a+? )a, M 2a+?

§)A+e 2

2,1, 6+)2,1,
) 2_’;)47 4’ 27
1 npe 7Z s
% npe Z gs )21,
22 2 (
22 2
33 37{

a?)1,1,1,14)2,

224 )4,

2,

Zyg a9 29a+? ¢¥)2, ¢ ¢, ¢, st
Zyy 4 92900+ ) 2 ¢, ¢, ¢ ¢, 0ot

p—

Zyg—9,—4,—264)q+"

Gspn x1ijdi jugonpxt u bu

q*%)2

4
7, ¢

q

22

)

7%

q

8+

43

2, 84

2

q

5m 7 nmdn .)9,23,51,2,547 231 < m? 41.

6.4.2 Folding with the center symmetry

Vogl f xibui bqqfot jo u f gsfwjpvt fybn quf i fsf u f i pn piphjdbnepd t )7 /59437 61+ep
opudpssftqpoe wp boz fwf mt1 ghrtif ui fub grodypo )bmi pvhi u fz ep dpssftqpoe wp df subjo
fiwfni71 ghrtf i fub gvoduypot+/ Jo xibugpnpxt xf tipx ipx ujt gsperm jt sftpmfe cz
gomjoh xju u f dfoufs tzn n fusz/
Gistu opuf u bu ui f dfoufs tzn n fuwsz jt brtp n bojgtujo u f ebub pgu f befrybo ffbu
dpoofdupot )7/57457 614/ Joeffe- u f wbmft DT)a+bsf frvbmeps a 7 )1,1,1,1+boe a ?
)2, 2,1, 64/ Npsfpwfs- uif dpssftqpoejoh spxt pg S)4* folpz 1 jt tznn fwsz bt xfmh
Bt b sftvir gpn )5/89+xf tff u buu f btzn qupyd fygbotjpot bspvoe u ftf uxp befibo

Y

63

4,

)

264

2,1

) )

XK=

6+

I pmopn z bohifit boe Difso.Tn pot jowbsjbout pg TV)3+ fibu dpoofdupot po

)7 57+

)7 58+

)7 /59+
)7/5: +
)7 61+

)7 62+



fibu dpoof dujpot bsf jefoudbys Todf opu porn DT)a+cvubip u f qf suscbuywf fygbotjpot
bspvoe u f fibudpoofduypot bsf jefoudbmu jt joejdouft ui buu f dfoufs tzn n fwsz jt joeffe
b tznn fwsz pgu f n pevijitqbdf /

Ofyw rhu vt tff xibuibqqfot xifo xf jefoug fibudpoofduypot sfibife cz u f dfoufs
tznn fwsz/ Ui f ebub pgu f befigbo fibudpoofdypot cfdpn ft;

—— 1 npe Z gs a? ),1,1,14C)2, 2,1, 6+
a+'
% npe Z gs a? )2,1, 2, 8+
2 2
g1+ )2 2[ )73+

Z1)q+! Zya a2 200+ Zyg—4,—2.—22)q+! #P2 @, q" ¢, T, ok
Zo)q+? Zyy o4 06)qt?  d*)2 ¢, @ 2. & ¢ ¢, ook

Bt fygfdife- opx S)4Fjt opo.efhfofshif boe- gvsu fsn psf- ghrtf i fub gvodujpot qfsgf dun
nbud uf | gmafe#q.tfsjft jowbsjbout Z,)My+ Uijt tvqqpswt pvs gspgptbmeps bqqmjoh
u f n pevibsjw ejdypobsz after n peejoh pvucz u f tzn n fwsjft pgu f n peviptgbdf / Ui f

sftvigoh Y fjnsf gsftfoubypo jt m, K 7 26, 6;
0?5672 12,3,56,8,21( )jssfq- hfovt 14
Z/Jq+? q48/41(2%6— 6)7_+ )7 o4+
22\)q+? q48/419§6— 6)T+

6.4.3 S(Ms3), T(Ms), and the asymptotic expansions

Bt cfgpsf- xf dbo gspdffe wp dpn qvuf u f )ovn fsjd wbmft pg u f+dpn qptjuf n busjdft

S)My+boe T)My+

Emb ? 211111
S J11 2111

1.31 162 1.31 1.43 1.62 143(¢(
1.62 1.31 1.62 1.43 1.31 1.43

\11
, 4% fyq 3m>1 2

()
gt ;| 131 162 131 143 162 143§ )7/65+
174 174 1.74 143 1.74 143 4
162 131 162 143 131 143§
1.74 174 1.74 143  1.74 143
7B fyq 3misejbh &, 2, & 36 & 2l
Ju gprpx t vl bu
41 . .
sz i) A 1 174213 1
1 21314 1 1 1.74
. )7 66+
£) 24f) 24f) Z4f) 3045) yr) Al
T)M4—|-? | >

£) ST4f) Si4f) Z+f) Z4f) B4f) By



DT bdypo  tubcjjifs wqf whottfsjft
1 TV)3+ df ousbm e3ﬂi’€~1)mk*4/3 , %kf% , P83
2 3)2+ he f1jbo esm‘ki) B=2/3  Bmip-4/3 P)k—6/3+<
36 ®2 opo.be f1jbo- sfbm e =3k o T v
& ®2 opo.be f1jbo- sfbm e 3mik s o x?/—g’) dpt %, tjo gg<
% @2 opo.bc fijbo- dpn qifiy 1

Table 8/ Usbottfsjft boe dibttjfldbypo pg ffbu dpoofduypot po M) 2:%, %7 %—i— after n peejoh pvu
u f dfoufs tzn n fwsz/

gpn xijdi xf dpodmef u buu f Di fso.Tjn pot jowbsjbout pgopo.befibo fibu dpoofdupot
bsf %, %, % Bt pom c_1 whojti ft- xf gsfejduu buu fsf bsf ux p sfbnopo.befijbo
fibu dpoof dupot x ju DT? ?—?, % boe pof )ps wp- cvusfrbnfe cz u f dfoufs tzn n fwsz+
dpn qrfiy ffbu dpoofduypot xju DT ? %/ Ui f btzn qupyd fygbotjpot bsf d%n qvufe boe
tvn n bsjfe jo wberh 9- xi fsf xf i bwf pn jufe u f pwfsbmgbdups g~ *8/41/3” 3/

Opuf u buubeth 9 jt pcubjofe after n peejoh pvucz u f dfouf's tzn n fwsz/ Jo gbsujdvibs-
u f wbottfsjft pgu f | df owsbtbudpoof dypo tuboet gps ui f tvn pgux p jefoydbmsbottfsjft
bspvoe a ? )1,1,1,14boe a ? )2, 2,1, 64/ Bt nfoupofe cfgpsf- xf n vtun vigqm u f
bepwf botxfs cz b ghdups pg% jo psefs wp sfdpwfs u f dpowsjcvupo gpn fbdi pgu f wp
df owsbffbu dpoof dujpot/

Ml fx jtf-jo ubecrh 7 x f tff ui buu fsf bsf w p sfbnopo.befyybo fibudpoofdypot u buhfu
jefouflfe cz u f dfoufs tznn fwsz/ Bt b di fd - xf dpn qvuf u f Di fso.Tjn pot jowbsjbout
gpn u f i ppopn z whsjberfit vtjoh ui f gpsn vib

4
2
DTN, Xi=M)b, bai/pilice+? )HPiTM? iSing

3
1C2 3
\ 2 s ) Ao, Ag, Ag+? )%,%,;—l—kboe )2,2 8.4
i )7/67+
56 g Ao, Ag, Aat? )2, 2, B4

Jo ui f flstu gof- r; boe s; bsf boz joufhfst tbuytgzjoh p;s; ¢y 7 2/ Ju gupxt u bu
efhfofsbuf opo.bcfijbo fibu dpoofduypot i bwf DT ? %/ Bt b sftvir xf gsfejduu bupvs
n bojgpma i bt

—_— . . . 2
= pof dpn qifiy filbudpoofduypo xju DT? =

= w p sfbiopo.befgbo fibu dpoofduypot xju DT? %

o . . .. 36
= pof sftbnopo.befyybo ffbudpoofdypo xju DT? 5.
6.4.4 Comparison with A-polynomial

Opuf u bu xf ibwf opusvifie pvu ui f qpttjcjinz u bu u fsf dbo cf fywb dpn qifiy ffbu
dpoofduypot sfribfe cz u f dfoufs tznn fwz/ Up jowf tuhbuf u jt- sfdbmmui bu tjodf My ?



DT bdypo tubcjuds wqf wbottfsjft
1 TV)3+ & owsbm e3ﬂk'1)%‘k—4/3 34 —6/3  p)}=8/3
1 V)3+ dforsbm i) 2if4/3 | IR p=6/3 | P/
2 )2+ be f1jbo eSm’ki) Sp2/8  Bimip—4/3 p)k6/3+<
36 ®2 opo.be fijbo- sfhm e=3mik s o I x\/%
5 ®2 opo.be f1jbo- sfbm e~ 3k o5 x%) dpt =, tjo 3z
& ®2 opo.be fjbo- sfbm e~ 37k o x?%) dpt &, tjo 3T
% D2 opo.be fijbo- dpn qrfiy 1
Table 9/ Ushottfsjft boe dibttjldbypo pgffbu dpoofdypot po M) 2:%, %, %047/

M) 2:%,%,%+jt b 5/2 tvshfsz bipoh ui f sjhi uiboefe wfgpjm xf dbo dpn qvuf u f
upubnovn ¢ fs pg sfbifidpn qifiy opo.befijbo fibu dpoofdypot ¢z tuezjoh jut B.qpmopn jbrj
Dpvouoh u f joufstfduypo qpjout pgbrhfcsbjd dvswit efflofe ¢z frvbupot

Az, y+? )y 24yz", 2+ boe
xf floe b upubnpg four opo.befiybo fibu dpoofdupot- xi jdi bhsfft xju u f ovn cfs gvoe
jo u f gsfwipvt tfdypo/ Ui fsfgpst- u f dpn qrfiy fibu dpoofdypot bsf opo.efhfofsbuf x ju
sftqfduwp u f bdypo pgdfoufs tzn n fisz- boe xf dbo flobirf u f whottfsjft bt jo ubcih: /
)Bhbjo- 1i f pwfsbmgbdups  ig~**/*1/3” 3 jt pn jufe

6.5 Example: M (— 1,2,3,;;

-5

s)x,y+! yx 2

Y

6.5.1 @-series invariants

Ui f n bojepra pgjoufsftui bt UpsHs)My+? Zs boe i f gonpx joh qmn cjoh hsbqi ;

4
| )7/68+
3 __ 23
= 5 =
Gspn jut bekbdfodz n bwsjy- xf dbo dpn qvuf;
a /dplfsM/Zs? V1,1,1,14)2, 2,1, 54
b /)3dplfsM , 64Z37 V)2, 2, 2, 24)4, 4, 2, 4 )7 69+
1 e 7 S ?791,1,1, 1+
DT)a+?  )a, M 2a+? np wsoat) )7/6: +
% npe Z s )2,1, 2, 5+
2122
S+ 2 7/71
3 /)22 )71+
Zyy o 9 a9a+t?  q"%) 2, ¢* ¢, @ ¢, ¢, ot )7/12+
Zyg a9 9a+? %) 2, & 4", ¢ ¢, % ¢, ek )T/13+



Gspn x1ijdi jugonpxt u bu
5m ? miln .)9,23,43,2,3+7 :7 < m 7?7 35. )7 14+

Pof pctfswit u bu g.tfsjft jowbsjbout ZSMZL—dessftqpoe obuwsbimm wp u f jssfevdjerh Y fjm
sfgsftfoubypo m, K 7 35, 9;

0397 12,3,6,8,9,24(
Z);,—Q,—Q,—%)ﬁ‘? ¢T3 )+ )7/75+

6.5.2 Computing S(M3s), T(M3) and the asymptotic expansions
Bt cfgpsf- pof dbo gspdffe wp dpn qvuf u f )ovn fsjd wbmft pgu f+dpn qptjuf n busjdf't

S)M4—i,—T)M4—|7/ Ui f sftvimt bsf
2111 11 11
Emb ? ) TA+7 fyq)?nri)l 2”
3
1.2:  1.82 157 1.2: 1.6 1.57(

111 211
146 1 146 146 1 1.46

Bty ;| 157 182 120 157 16 12§ )7/76+
1.2: 182 157 12 16 1574
16 1 1.6 16 1 16
157 1.82 120 157 1.6 12
TIP*7 fyq 3misejbh %, 5 %0, 5 13, 20 (
Gspn xijdi jugpnpx t u bu
1.65 1 2.42 1.65 1 2.42
S)My+7 i
1.65 1 2.42 1.65 1 2.42
)T /7 +

£) 2+ B B46) %h) Bap) 2
T)My+? ’ ’ ; ; ;
D B4 B T F4D) D) B

gpn xijd xf dpodmef u buu f Di fso.Tjn pot jowbsjbout pgopo.bcfijbo fibu dpoof dupot
bsf %— %— - boe ZL/ Tjodf ¢, whojti ft gps « ? 27, 5 - xf gsfejduu buu fsf
bsf wp sfbm)po bchbo ﬂ’oudpoofdtypot xju DT? 3?, % boe w p dpn qrhy ffbu dpo.
ofdypot xju DT? %, 7/Ulf btzn qupud fyqbotjpo§3t dpn qvufe boe tvn n bsj-fe jo
theth 21/ Y £ i buf pn jufe v f pwfsbmgbdps ig52/37/3° 3/

Opuf u f efhfofsbdz jo uberh 21- x1 jdi bsjtft evf up ui f efhfofsbdz jo S /U1 fsf gpsf-
xf wisjg u f gsftfodf pgdfoufs tznn fwsz cz twezjoh u f i prpopn z bohrﬁt pg TV)3+fbu
dpoofdypot/ Ui f bohifit boe u fjs Di fso.Tjn pot jowbsjbowt bsf tvn n bsjfe jo ubcrh 22/
Ui f dfoufs tzn n fisz bdut cz bo beejupo pg)l, 2 & ,%—i/ Cvuu jt yn f- u f Difso.Tjn pot
jowbsjbout bsf ti jgfe cz 2/3 evf wp dfoufs tzn n fusz/ Ui fsfgpsf- ubcerh 21 ti px t wsbottfsjft

x ju pvubn cjhvjuz/



DT bdypo tubcjipfs wqf whottfsjft
1 TV)3+ dfowsbm e3ﬂk~1)gjk4/3, 2617 ~6/3 P)k8/3+[
2 TV)3+ dforsbm e3ﬂik%>7§;k—4/3, 2652 =6/3 P)k‘8/3+[
% 2 opo.be fijbo- sfbm 3Tk e oI w2 2 dpt 7 dpt 5
Q%L ®2 opo.be fjbo- sfbm o X\/ dpt 7 dpt §
% @2 opo.bcfijbo- dpn qifiy 1
;547 o2 opo.befjbo- dpn qrfiy 1
Table 10/ Usbottfsjft boe dibttjfldoupo pg fibudpoofdupot po M) 2=, % §47/
DT jowbsjbou wqf i prpopn z bohifit dfoufs tzn n fisz
. 2 ¢ 2
1 be f1jbo )1,1,1,1+ L1114 )1, 2,1, 24
2 be f1jbo )1, 2,1, 2+ )1, 2,1, 24% )1,1,1, 1+
36 : 2 22 4 2 22 4 222 6
7 opo.befgbo )5, 5%, 95+ )55 5t )55 5ot
27, ; 22 2 6 222 6 2 2 2 4
-7 opo.bcfijbo )3> 5 %97+ )3, 5 797t )35, 5o ar T

Table 11/ I pmpopnz bolifit boe Difso.Tjn pot jowbsjbow pg TV)3+ fibu dpoofdypot po

M) 2=, %, £+ boe i f dfoufs tzn n fuwz bn poh v fn /

6.6 Infinite families

Jo u jt tfdupo- xf ejtdvtt ux p tfut pgjoflojuf gon juft pgTfjgfsun bojgprat x ju u sff tjohvihs
flefst gps xijdi u f tufqt pvugofe jo flhvsf 6 dbo cf dbssjfe pvugps bm.n bojgpmat jo u f
¢hn jm bupodf/ Ui ftf fybn qifit bsf u f Csjftl pso i pn piphz tqi fsft boe n bojgprat x i ptf
qmin cjoh ejbhsbn jt b E.wqf Ezol jo ejbhsbn xju | 3#bubmopeft/

6.6.1 Brieskorn spheres

B tjn qifi dibtt pgTfjgfsun bojgpmat x ju u sff tjohvibs flcfst bsf u f Csjftl pso tqi fsft
T)p27p3»P4+§? S6{ })ZE,y, Z+/ (C4 \l‘p1 ) yp2 ) 2P 7 1< )7/78+

the fifie ¢z b wjqrfi pgsfibngwim gsjn f jouf hist )po, ps, pa+/ Bt ejtdvttfe jo ‘73~ u f Csjftl pso
tqi fsf Y)po, ps, pat+dbo cf bttpdibufe x ju u f Tjgsuebb M 2= 2 L (_ thytgjoh’!

p1’ p2’ p3
2 93 Q 2
L . )7 /19+
b2 P3  P4 p2p3p4
20This holds for all ot T —3 < 1, which is satlsﬁed for all Brieskorn spheres except the Poincare
homology sphere (2, 3 5) Wthh has Seifert data M (—2; 2, g, g)



Ui f tuboebse di pjdf pgpsjfoubypo jt u buCsjftl pso tqi fsft bsf c¢pvoebsjft pgof hbuwf
efflojuf qmn cjoht/ Ui f dpoofdupo cfuxffo ghtif ui fub grodypot boe u f Y SU jowbsjbout
gps ul jt dibtt pgfybn qifit x bt ejtdvttfe jo efubjihjo ‘76~ cvjmjoh po 197/ Ui ftf sftvit dbo
cf voefstuppe jo ufsnt pgu f ¢.tfsjft jowbsjbout Z,TM4+rhufs jowpevdfe jo ‘7°/ Jo xibu
gppx t xf gsftfouu fn vtjoh u f thohvbhf pgjssfevdjcrh Y fjnsf gsftfoubuyjpot ejtdvttfe jo
tfduypo 4/4- boe ejtdvtt u f sftvshfodf bobmtjt gps u ftf n bojgpmat/

BmCsjftl pso tqi fsft bsf joufhsbmi pn piphz tqi fsft- j£/ibwf Ho)My+7 1/ Jo gbs.
vjdvihs- 1 jt n fbot u bu i fsf jt pom pof g¢.tfsjft jowbsjbou Zg)g+xjui a ? 1/ Gvsi fs.
n psf- u fsf jt b tjn qyfife n pevibsjwz ejduypobsz gps ui jt dibtt pg fybn qifit cfdbvtf u f
M3, Z+stgsftfoubypo bdyoh po befybo fibu dpoofduypot jt ui f wjwibmsf gsftfoubuypo/
Uijt jt tvnn bsjfe jo ubcth 23/ Gjstu pg bmm u f i pn prphjdbme mpdl ZF)q—i—jt hjwfo cz
u f ghitf i fub gvodujpo Q7 K)r+)vq wp bo pwfsbmqpx fs pg g+xifsf m ? popsps boe
K7 }2,pops, pspa, p2pa(-boe 7 m  pops psps paps/ Jo i f opubujpo gpn tfdupo 5/4-
xf ibwf ubuS$AT? TIAT? Ih o 1if 2.cz.2 jefouw n bisjy/ Ui fsfepsf- u f dpn qptjuf
n bwsjy S)My+jt tjin qm u f 2% d n bsjy- x1 fsf

9
d? \g" F\? 2 29ps 249pa 2+

jtu f ejn fotjpo pgu f Y fjusfgsftfoubypo m , K/ Vtjoh b obuwsbim bq gpn }2,. .., d(
w o™ K-boe xsjuf u f jn bhf pgk bt rp- 1 f n bisjy S)My+jt hjwfo cz

S)Mite 7 )T™ 52 T/r: +

xifsf r? m pops p3ps  pops jt flyfe boe k svot gpn 2,...d/
Ui f n bwsjy T') My+jt 2 % d hjwfo cz

om

Gspn frvbuypo )5A41+4+ xf tff u bu My xjmi bwf b opo.befgbo fibu dpoofdypo « xju
DT)a+? £k bt mpoh bt )7™ K52 7 1. Gysui fsn psf- xi fo v jt jt v f dbtf- spn )5/44+
u f dpoofduypo x jmef sfbnbt mpoh bt ¢, ¥ 1-x1i fsf ¢, jt bt efflofe jo frvbuypo )5/324/ Opuf
Ui bugps Q- K7 a2y s @3y s ooy Q- 7 1l ag)m rot az)m r3h

.y ag)m 14?7 1/ Uivt xf dbo sfbe pfi ejsfdun gspn u f dpn qpofout pgui f jssfevdjcrh
Y fjnsfgsftfoubypo m , K uf ovncfs pgsfbmboe dpn qifiy opo.bcfijbo fibu dpoof duypot
gps ui f dpssftqpoejoh Csjftl pso tqi fsf/ Jo u f gonpx joh xf jrmtwsbuf u jt fyquydjum x ju
b tjn qifi fybn qify/

T) My ? f) T’%[ )7 B1+

Example: sftvshfodf gps ui f Csjftl pso tqi fsft Y)3,4,6+boe T1)3,4,8+xbt ejtdvttfe jo
efubjmjo ‘6" boe gps Y)3,6,8+jo 777/ Y xjmtff u f sfbqqfbsbodf pgu ftf fybn qift jo
tfdypo 8/6- xifo xf ejtdvtt hpjoh wp u f pxfs i bigqrbof/ Gps opx- xf csjfffe ejtdvtt
sftvshfodf gps b ofx fybn qrfh wp fyqydjun jrutwsbuf u f gspdfevsf xf i bwf pvujofe bepwf/

Mu My cf u f Csjftl pso tqi fsf 1)4,5,6+ xijdi dbo cf sfgsftfoufe cz u f gonpx joh
qmin cjoh hsbqi ;

)7/82+



Y fjnsf gsftfoubupo m, K m ? pipaps boe K 7 }2,pip2, paps, p1ps(

q.tfsjft jowbsjbou Z(Sq—i— QnAE_xifst r? m  pipo peps  pips
Ovn cfs pg)stbuboe dpn qriiy+
opo.bcfygbo fibu dpoof dupot
DT jowbsjbout pg)sfbnps dpn qrfiy+
opo.bcfigbo fibu dpoof dujpot
DTjovxl?sjbout pgdpnq@y DT? £ st [[I5) PR Lan
opo.befijbo fibu dpoof dujpot am m

o HEN? Dp1 o 29pe 24ps 2+

DT? L Rr /o™HK

Table 12/ Ui f n pevibsjw ejdupobsz gps Csjftl pso tqi fstt Y)py, pa, 3+

Gspn frvbupo )78+ pof dbo fbtjm dpn qvuf u f tjohrfii pn prphjdbnempd dpssftqpoejoh
up ul f wjwjbmitbu dpoof dujpo bt

Zygt? )2 ¢ & ¢, L+ )7/83+
Jo ufsn t pgghrtif u fub groduypot- u jt jt hjwfo cz-
Z0)q+? ¢ BN BRI g O Qrias Qriss QrieadTh 784+

Uif jssfevdjcth TM3, Z+stgsftfoubypo jt hjwfo cz m, K 7 71, 23,26,31/ Uijt ibt
ejn fotjpo d ? \¢71- 2631\? 2)4 245 246 247 7-boe dpobjot fifin fout ¢TI 23,2631 7
12,3,8,22,24,25(. Ui f dpssftqpoejoh tfupggbtif i fub groduypot jt hjwfo cz-

QI 282681 1o

T+!

Qrio Qg Qrpse Qs H1+
Qr13, Qri33, Qriag, QrieohH7+
Qng, Qros, Qe QrissHr+
Qri02, Q72 Qs Qrie H7+
Qrioa Qs Qrisa Qe+
Qrios, Qrigr, Qrigs, QrsrH+

le— 23,26,31

71- 23,26,31
Q8

71- 23,26,31
Q24

)T+ )
)T+ )
)T+ )
Qgé— 23,26, 31) )
)T+ )
)T+ )

Qgé 23,26,31
Gspn i jt xf floe W buu f fn cfeejoh n bwsjy jt tjn qm
Emb ? )111121(, )7 /85+
xijdi thbet wp b n bsjy S)My+hjwfo cz
S)M,+? Emb.)771 232631 2 )7 R6+
Gusu fsn psf- u f n bwsjy T') My+jt hjwfo cz-
TYMyt? Lowr U7l 23:2631 2

2 2 5 5; 232 2.7 JTRT+
')f wr(f s (f #(f B (! §Eﬁ<(



Bt fbdi fowz pgS)My+jt opo—fsp- jugpnpx t u bu u jt n bojgra i bt tjy opo.befygbo ffbu
dpoofduypot xju DT jowbsjbout hjwfo cz u f fowjft pgT)My4/ Gvsu fsn psf- xf tff u bu
gpvs pgui fn bsf sfbnboe wp pgu fn bsf dpn qrfiy- bt
)71 24+ )71 42+ )71 524+ )71 5: 4
?)71 24+ )71 48+ )71 544 )71 64+
7 1.

Ui f dpn qifiy fibudpoofdyjpot i bwf DT? 2 boe DT? 2%

6.6.2 D-type manifolds

Jo i jt tfdypo xf x jmudpotjefs of hbuywf.efflojuf qmn cjoh ejbhsbn t x i ptf hsbqi wbl ft u f
ti bqf pgb Dy 4- k ~ 2 Ezol jo ejbhsbn / Ui f tjn qifitu qmn cjoh gps tvdi b hsbqi bttjhot
b xfjhiupg| 3#uw bmopeft- bt qjdwsfe cfipx;

— lleo

)7 88+

Meo
Meo
Meo

colll

- N
k opeft

Uijt eftdsjcft b Tfjgfsu n bojepma xju u sff tjohvihs flcfst boe Tfjgfsu jowbsjbout
M 3:§, %, %< Ui jt n bojgpra dbo bitp cf sfgsftfoufe bt bo joufstfduypo pgb Di. 4
tjohvibsjz xju b vojutqi fsf jo C*;

M) 3:; %, k,k:2[ 2 SO { Va,y, 24/ CH\2F . 227 1. )7 89+
Ui f dpoofduypo cfuxffo Y SU jowbsjbout boe ghrtif i fub grodupot gps ui ftf n bojgprat
xbt dpotjefsfe jo 65°=ifsf xf bobm uifn gpn uf qpjou pgwifx pgsftvshfod boe

)jssfevdjeth+Y fjnsf gsftfoubupot/ Y ifo k jt pee- Ho)My+? Zs ® Zs boe xifo k jt fwfo-
Ho)My+? Zs/ Jo cpu dbtft- ui f sfrfiwbou TM)3, Z+sfgsftfoubypo jt m, K 7 k, 2-xju

m? k, 2boe K7 }2( uf wjwbmhspvq/ Uijt jt bo jssfq xifofwls m jt b qsjn f wp
tpn f qpxfs=jf/m ? p~/ Bt xf xjmitff jo tfdupo 8/6- u jt jodmeft pqujn bmfybn qifit
gpsm ? 3,4,5,6,7,8,9,:,21,23,24,27,29,36. Jouf sftyohie xf x jmtff u f qi fopn fopo pg
dfoufs tzn n fwsz xijdi qribzfe b sprhjo tpn f pgpvs qsfwpvt fybn qifit bitp sfbqqfbst i fsf/

Y f dpotjefs u f dbtf pgfwfo boe pee k tfqbsbufm;

—

=k odd: u fsf bsf govs Zp)q+ opof pgxijdi bsf sfrhufe cz Y fzntzn n fusz/ Y ju tpn f
di pjdf pgebtjt gps Ho)My+ xf i buf

m2 —_
qufl 71)q+? 3q2/5m Q5 )T+

m2 —_—
¢ D)t Qm )T+
)78 +
m2+1 — m
q e Z3)q+? Q o)T+

—

m241 m
q i Zy)g+? Qy )T+



Dpssftqpoejoh wp u f bepwf bsf uf gmpxjoh )k, 4+ejn fotjpobmwfdupst jo
3Dpl fs)M+, 6- vq up n vimjqujdbujpo ¢z )3M+2;

)%,xxx,%—i—

, 1, ,1,><><><,5,1+

)

2. )71+

Hw\

1,

._. o.mo wlINo

2 2
§§><><><,§+

2 2
15,1, % 5, 1+

)

2
L3,

w\m

)

Wl

x1ifsf ] ... #tjhojfift b sfqfyupo pg% jo ui f flstuboe u jse goft- boe b sfqfuyupo pg
)%,1+j0 u f tfdpoe boe govsu goft/
Ui f dfoufs tzn n fisz bdut po u f bepwf wfdupst cz beejoh;
513,006 1, 3+
5 ’ )7/92+
)1, 2, 2,1, 0ol +
Gspn i jt bdypo xf dbo jods lllbUJUJt qptthrﬁ up gpm u f ipn pIpthbH]CIpdlt cz
wbl joh ui f jofbs dpn cjobupot Z’) +7 Zl) + Z4)q+boe Z2) +7 ZQ) + Zg)q—I-boe
u buu f dfoufs tzn n fwz hspvq jt Zs ® Zs3/

Ui f Di fso.Tjn pot jowbsjbout pgu f befijbo dpoofdupot bsf

, 3 , 3
R ( )75+

Opu u bugps m/3 pee u jt jt kvtu DT)a+7? }1,1,1,1( )n pe Z+boe gps m/3 fwfo
u jt jt DT)a+? }1,2,2,1( )npe Z+

Bttpdjbufe wp ui ftf befgbo dpoofduypot bsf b tfupgk , 4.ejn fotjpobnwf dupst a /
Dpl fs)M+xijdi xf dbo wblf wp cf )vq up n vmjqujdbupo cz M2+

)1, xxx, 1+

)1, 2 0, 1, g—i—
)7 94+

)1,1,5,3,1, 5,000 1, 54
xifsf opx |...#tjhojflft b sfqfuyupo pgl jo u f flstuboe u jse goft- boe b sfqfyuypo
pg)l,%—kjo u f tfdpoe boe govsu goft/ Uif dfoufs tzn n fusz bdut po ui ftf wfdupst
cz beejoh;

)1,1,2,21

2
)49 3930 737><><><717§+

)7 95+
)1, 2,2 1, 500+

Gspn Xijdi xf dbo jog's u buu f dpssftqpoejoh DT)a+ti pvia cf hspvqfe bt }1,2(
boe }mz3 m-3(/
5



Ui f n bisjy $)4Fjt
2222/

2 12222

SA+e 2 706

312222 )76+
292929

boe u f n bwjy 704t jt
21 1 1f(

1¢2 1 1

A7 7P7
1 1 @2 1? JTRT+
11 1 2

xifsf uwf |, #jt gos m/3 pee boe uf | #jt gps m/3 fwfo/ Baif's gomjoh cz u f

dfoufs tzn n fwsz u ftf n bwsjdft cfdpn f

§NA+e )3;[ )78+
boe
2 1
T4+ >]@2 )7 P9+

Vapo sfwfstf.fohjoffsjoh- xf petfswf op dpn qrfiy ffbu dpoofdypo cvum/3 sfbnopo.
be fbo fibudpoofdupot x ju Di fso.Tjn pot jowbsjbout 5% gs pee r /)1, m+/ Ui fz
bsf rvjuf efhfofsbuf- n ptum evf up u f gbduu buDi fso.Tjn pot jowbsjbout bsf efflofe
n pevip pof/ Ui fsfgpsf- judbo cf efygdbuf wp ejtyohvijti u f dpowsjecvupot pguxp
opo.befibo fibu dpoofdupot xju u f thn f Di fso.Tjn pot jowbsjbout wp ui f btzn q.
wud fygbotjpo pg Zry) My Of wfsu fifitt- x f dbo sfwfstf.fohjoffs u f qf suvscbuyjumf
fygbotjpo xju pvubn cjhvjuz;

Ty —4/3 ym® 34’ 63 s

3 ' 9m ’
x1ijd jt jefoudbmeps bmepvs befybo fibu dpoofduypot evf w ui f dfoufs tzn n fwsz/

—

=k even: ui fsf bsf govs Zp)g+ wp pgxijdi bsf sfibufe cz Y fzntzn n fwz/ Y ju tpn f
di pjdf pgcbtjt- bafs n peejoh pvucz u f Y fzubdypo- xf i bwf
m21 2/5m m
q ™ Z1)q+? 3q Q5")7+
'm2 =
¢ Zo)gt? QYT+ )7P:+

m

2., "
q i Z3)q+? 3 )T

Dpssftqpoejoh wp u f bepwt ipn pmphjdbmcipdl t bsf u f goupx joh frfm fouws b /
3Dpl fs) M+, d- vq wp n vijqujdbupo cz )3M+2;

)2, %, 24
)2,1,1, 2, %0, 24 )T/ 14
2 4 2 2
)1,gaga§717 >0<><,§,].+



xifsf].. . #dpssftqpoet wp sfqfyupo pg% jo ul f flstuux p foft- boe sfqf yupo pg)%7 1+
jo u f ui jse gof / Ui f dfoufs tzn n fusz bdut po u ftf wfdupst ui spvhi u f beejuypo pg

)1, 2, 2,1, %00, 14

Gspn i jt bdypo xf efevdf ui buu f dfoufs tzn n fusz hspvq jt Zs L3 s u ftf dbtft boe
pof dbo bo gom u f 1 pn pphjdbnepd t ¢z u jt Zz cz u f hspvqjoh Zl)q—|—7 Zl)q—|— Zg)
boe ZQ) +? Z3)g/

Ui f Di fso.Tjn pot jowbsjbout pgu f befijbo dpoofdupot bsf

m, 3 .
DT)a+? } 2 —¢ ( )7/ 2+

Opud Wbugps m ? 2 npe 5 ujtjt kvtuDT)a+? }1,1 ,5( )n pe Z+boe gps m 7 4
npe 51 jt jt DT)a+? }1,1,2( )npe Z+

Dpssftqpoejoh wp u ftf befigbo dpoofdujpot bsf b tfupgk, 4.ejn fotjpobmmf dupst
a / Dplfs)M+xijd xf dbo wblf wp cf )vq wp n vmjqrjdbujpo cz M 24

)1, xxx, 1+
)1,2, 2,1, xxx, 14 )7/ 3+
)$:8 51,3, 01,3+

xifsf opx |...#dpssftqpoet wp sfqfuyupo pgl jo u f flstu w p goft- boe sfqfuyupo
pg)l,%+jo u f ujse gof/ Uif dfoufs tzn n fsz bdwt po u ftf widupst u spvhi u f
beejupo pgu f wfdups

)1,2, 2,1, xxx, 14
boe xf efevdf u buvqpo npeejoh pvucz uf dfoufs tzn n fwz hspvg- DT)a+bsf
hspvqfe bt }1,2( boe }7=3(/

Ui f n bsjy $4tjt

5122 2 (
S+ Z 1292 2 )74+
33 37{
boe u f n bwjy T)4Fjt
21 1
A% |12 1 )7/ 5+
11 f)m3y 7{

Baifs n peejoh pvuu f dfoufs tzn n fsz xf pcubjo u f n bwsjdft

1A+, 2 2 .

ST )2 2[ )7/ 6+
2 1

T/)AJr? :



boe gprafe i pn prphjdbneipd t

m241 71N m2i1\ 7N 2/5m m
q " Zy)g+? q )Zl)q+, Z2)q+<? 3¢ 305" )T+
2 2 )7/ 8+
m“+1 = me4+1 —— m
q i Zy)g+l q i Zg)g+? 3Qp )T+
Vapo stwfstf.fohjoffsjoh- xf pctfswf op dpn qrfiy fibudpoofdypo cvu)m  2+4/3 sfbm
opo.befrbo fibu dpoofdypot xju Di fso.Tjn pot jowbsjbout 5’"—; s pee r /)1, m+/
Y f brtip pcubjo ui f gpnpx joh qfsuvscbuywf fygbotjpot xijdi bsf gbjsx jtf jefoudbm

i )M 34 6

3 om o

T —a/3 ym* 347 6/3 o

. - )74 9+
B DM 3 am

m ' 7m3 ’

3 -2 ’ iym? 34 —a3 o
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7 Going to the other side

—

Jo u jt tfdypo xf fyqmpsf xibuibgqfot wp u f ¢.tfsjft jowbsjbout Z,)My+xifo u f psjfo.
wbuypo pgu f u sff.n bojgpra M, jt sfwfstfe/ Bt xjmcf fyqrbjofe ti psum u jt pqfsbupo
jt fyqfdufe wp i bwf i f ffifdupg)gpsn bma+sfqihdjoh ¢ = ¢~2 boe 1i fo sf.fyqboejoh i f
sftvin bhbjo bt b ¢.tfsjft/ Mvd jm gsfdjtfm u jt rvftygpo xbt joefqfoefoun btlfe cz
Sbefn bdi fs 213" boe i jt goupx fst jo u f dpouf yupg)n pd +n pevibs pcKdut boe u fjs fy.
ufotjpo gpn u f vqqfsi bigqibof )ps- \g\ < 2+wp ui f px fs i bigqrbof )sftqf dywfm \g\ > 2+
boe i bt hbjofe n psf bufoupo tjodf u f jowspevdupo pgu f opuypo pgrvbouwn n pevrhs
gpsn t cz [ bhjfs 827/

Jo gbsudvibs- xf n ptum gpdvt po u f ghn jyft pg4.n bojegpmat xi ptf ¢.tfsjft jowbsjbout
Z/(17M4+bsf hjwfo cz gortif ui fub groduypot ejtdvttfe jo tfduypo 4 boe jrmtusbufe cz fybn qifit
jo tfdypo 7/ Jo ui ftf dbtft- xf gspgptf u buu f ¢.tfsjft jowbsjbout Z/J My+pgb n bojgpra

My bst hjwfo cz npd npevibs gpsnt xju tibepxt )tff tfdypo 8/ gps efflojypot+
bttpdjbufe wp u f ghortf ui fub gvodypot/ Y f tvn n bsjf u f sfibgpo jo flhvst : /

Pvs gspgptbngt tvqqpsufe cz u f gppx joh ul sff ghdut;

= Jo tpn f dbtft u f gortf ui fub gvoduypot ben jufyqgsfttjpot bt q.i zqfshf pn fsjd tfsjft-

x1jdi dpowfshf opupom jotjef cvubitp pvutjef i f vojudjsdify/ Jo u ptf dbtft pof dbo
ftubcti u buu f fygsfttjpo pvutjef u f vojudjsdihjt hjwfo cz bn pd u fub gvodupo/

=Uif npd ufub grodypo boe u f dpssftqpoejoh gotif u fub gvodypo i bwf u f thn f
btzn qupyd fygbotjpot wbottfsjft twvduwsf ofbs = / Q )dg/ )54+ )8 A8+ vq wp
x = - gsfdjtfm bt ZSMZH—boe Za) My+ti pvia/

=Yifouf npd npevibs gosn dbo cf fygsfttfe bt b tp.domfie Sbefn bdi fs tvn - pof
dbo gspwf jo hfofsbmmui buui f tbn f Sbefn bdi fs tvn - opx qfsgpsn fe jo u f mpxfs
sbui fs u bo vqqfs i bigqibof- zjfrat gsfdjtfm u f dpssftqpoejoh Fjdi ifis jouf hsbij Jo



pu fs xpset-u f Shefn bdi fs tvn zjfrmat b grodypo efflofe po cpu H boe H™-x1 fsf
u fz dpjodjef xju u f n pd sftqfdgwim ghtf u fub groduypo/

Baif's fyqibjojoh ui f qi ztjdt boe upgprphz n pujwbuypo up hp cfuxffo u f vqqfs. boe mpxfs.
i brg qiboft- xf fyqihjo ui f bepwf u sff gpjout jo tfdypo 8/3- tfdypo 8/4 boe tfduypo 8/
sftqf dywi m/

7.1 The physics of the other side
Bt xf bmfbez n foupofe fbsifs- bspvoe )36+ jujt obusbmp dpn gbsf u f bqgspgsjbuf

fyuotjpo- ps | bl bhf # pg Z/Jq—kup Jn)r+ < 1 xju uf ibmgjoefy )32+ pcubjofe cz
psjfoubujpo sf wfstbm)qbsjz +sbotgpsn bujpo bqqijfe wp 1 f psjhjobnBe.4e tztufn po D? x q
S?/ Ui f wp bsf fyqfdufe wp cf diptfm sfrinfe- jgoputin qm frvbo

Jo pui fs xpset- xf xjti up dpn gbsf ZJq_2+ voefstuppe bt b g.tfsjft fyqbotjpo- x jui
u f ibigjoefy pg3e.de tztufn xifsf bmmDi fso.Tin pot dpf ~ djfout pgu f 4e u fpsz i bwf
pagptjuf tjhot boe xifsf W f 3e O ? )1,3+cpvoebsz dpoejuypo D, jt sfqibdfe cz 75;;

qbsjw; D, ¥ D, )82+

Ui f sftvmgoh ¢.tfsjft = xi jdi - bevtjoh opubypot- xf efopuf 25(]‘245 uphfu fs x ju
u f psjhjobmi pn prphjdbme ipdl t Za\)q—kbsf fyqfdue wp dpn cjof jow bopu fs ¢.tfsjft )36+
x1jdi epft opuefqfoe po uf di pjdf pgcpvoebsz dpoejuypot/ Obn fr )3 /,6-+hjwft u f
tvgfsdpogpsn bmjoefy Mg+pgu f 4e O 7 3 u fpsz xijdi- n psfpufs- dbo cf dpn qvufe
joefqfoefoum cz pu fs n fbot/ Jo u f dpoufyupgde.de dpssftqpoefodf- wp xijdi xf wso
n pn foubsjm jujt cfyfwie u buu f joufhfs dpf * difowt pgu f ¢.tfsjft Mg+dpvou opsn bm
tvsghdft jo u f 4.n bojepra 787/

Y ifo bqqyfe upde O 7 3 fpsjft T M4~ jt gqbsju sfwfstbnjt frvjwbriiouup di bohjoh
u f psjfoubypo pgu f 4.n bojgpra- jA /sfqibdjoh My ¢z M,/ Ui fsfgpsf- gpsn b x f fyqfdu

— _ f —_—
Zy) Muy,q 2+ "7 Z)My, g+ )83+

Y ijfijo xibugpnpx t xf gsftfougysu fs qi ztjdt bshvn fout gps ui jt sfrbupo- ui f di brfiohf
jt wp wso u fn joup b dpodsfuf dpn qvubuypobmbihpsjui n / Opuf- cbtfe po pvs fyqfsjfodf
jo tfdypo 7- xf ep opufyqfduu jt bihpsjun wp cf tjn qify/ Gps fybn qift ui f psjfoubypo
sfwfsbmwsot of hbuywf.efflojuf qman cjoht )gps x1i jdi Zl\)q—l-dbo cf tztufn byjdbnm dpn qvufe
jo gvmhfof sbjiz +Howp qptjuywt.efflojuf poft )gps xijdi op hfofsbnbrhpsju n t x fsf bwbjrhe rh
vouynopx

Gspn ul f wifx qpjoupgY SU jowbsjbout ps rvbouvn Di fso.Tjn pot u fpsz- u f cfi bw.
jps )83+t sbui fs difibs- boe u fsfgpsf pof n jhi utbz u bug.tfsjft jowbsjbout Z/JMAL—I-tjn qm
joi fsjujuu spvhi u f sfrimgpo )28+ Joeffe- u f Di fso.Tjn pot gbsujupo gvodupo pg My jt
efflofe bt b )gpsn brjoflojuf.ejn fotjpobnjouf hsbm

Zg) My, k+7 e *EVATEA )8 A+

pufs u f tqbdf pghbvhf dpoofdypot A/ Bufibtu gpsn bum gpn i jt fygsfttjpo ju goupx t
u bu bo psjfoubupo sfwstbmMy <+ My jt frvjwbrfiouw di bohjoh ui f tjho k <» &/ Jgxf



opx sfdbmi f tuboebse sfihypo cfuxffo k- h- boe ¢- dg/ )23+
q? eﬁ 2 e3mT 9 e3m’/k )8/5+

Ui fo xf dpodmef v bu My +» My ti pvm cf frvjwbrfouwp ¢ <+ ¢=2/

Y ijih ui jt bshvn fow cbtfe po Gfzon bo gbui joufhsbmn bz tpvoe b rurh gpsn bm ju
jt fbtz wp tff u bujuti pvia i pra uwp bmpsefst jo qfsuscbypo u fpsz cz fygboejoh )8/4+
jowp (Fzon bo ejbhsbn t bspvoe b hjwfo fibu dpoofduypo o / N -p)Ge, My4/ Jo Di fso.
Tjn pot u fpsz xju dpn qrfiy hbvhf hspvq G¢ tvdi qfswscbuyw fygbotjpo jt dbssjfe pvu
fyqgdjum f/h/jo ‘79~ boe u f dpf * difou pg fbdi usn jo u f A.fygbotjpo jt hjwfo cz b
flojuf .ejn fotjpobnjou hsbni Ui f sftvim jt bo btzn qupud fygbotjpo- dg/ )5 23+

2 M k7 T anh® )86+

x1jdi hfofsbgift u f Piuwvlj tfsjft pg My )u f bufs dpssftqpoet wp o 7 14 Fwfo jo
dpn qrfiy Di fso.Tjn pot u fpsz- xifsf g boe A bsf dpn qrfiy wbsjbcrfit- ui f qfsuvsc buyjwf
fygbotjpo i bt b tznn fwz Z)5My, h+? 255 My, i+ dg/ 79 tfdypo 34~ tp v bu

25 My J[) 24fank™ )8/7+

Todf u f g.tfsjft jowbsjbow Z,)My+boe Z,) M,+bsf pcubjofe cz Cpsfmsftvn n bupo
pg )8/6+boe )8/7+gps befifbo a7 a- ui fz wp bsf fyqfdufe w fokpz u f gspafsw )8/34/

Fwfo u pvhi )8/6+boe )8/7+mpl wlsz tjn jibs boe bqqfbs po u f thn f gpuyoh- jo
gsbduydf- tp ghs juxbt nvdi fbtjfs up dpn qvuf pom pof pgu f ¢.tfsjft jowbsjbout- Zl\)Mﬁ—
ps ZS My+xijihu f pu fs sfn bjofe fmtjwf / Ui jt btzn n fwz cfuw ffo My boe My n bz
tffn tvsgsjtjoh gpn u f wpqpphz wifx qpjow/ I pxfwis- gpn u f wifx qpjou pg sftvshfou
bobmtjt- jujt sfrjwfm x fml opx o ui bubn poh w p btzn qupud fyqbotjpot- )8 +boe )8/7+
vtvbrm pof n bz i bwf b sfibywfm tjn qrfi Cpsfosftvn n buypo- xi fsfbt u f pu fs pof dbo
cf nvdi npsf dpn qgdbufe ‘7: "/ Tn jibsm gpn u f wifx gqpjoupgu fjs n pevibs cfi bwjps-
xijd xjmpddvqz u f sftupgu jt tfdypo- u f wp tjeft brtp vtvbim qibz sbu fs ejfifsfou
btzn n fisjd sprfy/

Jo gbsujdvibs- jo ui f sftupgu jt tfduypo xf vtf b whsjfw pgn fu pet boe sfdfouefwm
pan fout jo ovn cfs u fpsz up botxfs b rvftuypo jo upqprphz; hjwfo ZJM4+boe— qpttjcm
tpn f ¢btjd upgpmphjdbnjowbsjbout pg My- dbo pof efufsn jof Z/b)\ My4A

7.2 Examples: g-hypergeometric series

Jo u jt tvetfdupo- xf hjwf fybn qifit jrmtisbyjoh i px dfsubjo ghitif i fub gvodupot- xi jdi
qibz ui f sprhipgi pn piphjdbne mdl t gps df subjo ui sff.n bojgprat )dg/tf duypo 7+ dbo cf efflofe
jou f pu fs tjef pgu f qihof vtjoh ui fjs fygsfttjpot bt ¢.i zqfshfpn fwsjd tfsjft/ Tvsgsjt.
johm po ui f pui fs tjef pgu f qibof u fz wso pvuwp dpjodjef xju tpn f pgSbn bovkbo(t
¢n pvt n pd u fub grodypot/ Ui jt ftubeyti ft jo b wisz ejsfdux bz u f dpoofduypo cfuxffo
n pd n pevribs gpsn t- gortf u fub grodupot- boe u sff.n bojgpmat- bu hbtu gps u ftf fybn .
qifit/ Barf's sfwjfxjoh u f fybn qifit- xf x jmbrtip eftdsjef u f bn cjhvjuft xifo fyufoejoh
b gvodupo w u f mpx fs.i bigqrbof wib ¢.i zqfshfpn fusjd tfsjft/



7.2.1 Example: M (—2; %, %, %) and the order three mock theta function f
Jo )7TA3+xf ibwf tffo vibuuf ghtf i fub grodypo QF *)7+ dpjodieft- vq w beej.
uyw boe n vimjqudbuywf tjn qrfi ¢ gbdupst- xju i f i pn prphjdbmemd t Zyy o 5 _5)g+boe
Zyg—a,—2,-4)q+ s u f v sff.n bojgpra M) 3=5,2 24/

Up xsjuf epxo u f sfrfwbou ¢.i zqfshfpn fsjd tfsjft- xf vtf u f ¢-Pochhammer symbol

n—2
Ja=x4, ;7 EZ)2 ax"+ )88+
1
thutgzjoh
_ n onp _n=1)
Jazg 4 7 ) 24a"q 7 )a =g )89+

Opuf u buu jt goitf v fub gvodypo ben jut u f fyqgsfttjpo 53"

1 n(n—1) {
. . g 24'q" >
QT )42 oI gt T g L |2 ) , 8+
2 ") Yy ")at Yy 7)g 3 H ) q=g-h I )8/

n>2
os \¢\ < 2 00 7 / H/ Npsfpwfs- i f tfsjft 5 3 dpowfshft cpu gps \g\ > 2 boe \g\ < 2/
Vtjoh )8/94pof pcubjot

L (
: _ q 21 Q-ﬁlq"
T =2 ] ) 2t

3 nSy) 7R

Juwsot pvuu buu jt jt bn pd n pevibs gpsn - sfibufe up u f dfrhesbufe psefs u sff n pd
u fub grodupo f)g+bt
321y] )24 flat? 2, ¢ 3¢%, 4¢', 0)’+ )8 22+

Bt xf xjmtff jo tfdypo 8/6- jucfipoht up b ghn jm pgtqfdjbnwf dups. wbmfe n pd n pevibs
gpsn t A™ K 2 YA K=o 1 f opubujpo pgtfdupo 8/6 u f sfrbuypo jt tjn qm

2
s )8/23+

Gspn i f bshvn foujo tfdupo 8/2- xf i fodf gqspqptf u buu f n pd u fub grodypo f)g+
qibzt bsprh bt u f i pn piphjdbnepd gps ui f ui sff.n bojgpra ui bujt sfrbufe uwp M) 3:%, %, %—i—
wib bo psjfoubypo sfwfstbid Bt xf x jmmejtdvtt ti psum u jt fybn qifi bitp jrmtwsbuft u f
jowjotjd bn cjhvjw pgu f ¢.i zqfshfpn fwsjd bqgspbdi )tff )8 B7+H/

7.2.2 Example: M (—2; %, %, g) and the order ten mock theta function X
Bt xf xjmtff jo tfdypo 8/6- u f gt u fub groduypo

QT4 Qup)r+ Qo )42 N2 ¢ b 0, 0)@T )34+

qibzt u f sprh pgi pn prphjdbneipd t gps My 7 M) 3:%, %,%



Opdf u buu jt gt ui fub grodgpo ben jut u f fyqsfttjpo

) Q_pqn)n— 2+

1
5231_ 3); 7 ¢§1_ 3)q7 ¢§1_ 3)(] 7 q40 | | ) q
= |3n

n>1

)8/25+

as \g\ < 2/ Tn jibs wp 3 3= wi f tfsift o2 3 dpowfshft cpu gs \g\ > 2 boe \g\ < 2 boe
i bt u f gonpx joh sfrbypo wp ui f pquin bonm pd Kbdpej gpsn )tfduypo 8 6+boe psefs 21 n pd
u fub gvodupo X;

w1 ) e )8/26+
P HX)gH? B 2 q, ¢, 0)g’A
7.2.3 Example: 3(2,3,5) and the order five mock theta function o
Bt xf ibwf ejtdvttfe jo tfdupo 7/72- u f ghrtif ui fub grodupo
Q5 Y12 V10, Quioe, Qaio s Quis A4 N2, g, ¢ @8, 0)¢"+H)8LT+

qibzt u f sprh pgi pn prphjdbnempd t gps ui f 1 pn prphz tqi fsf )3, 4, 64/
Opuf u buu jt goitif ui fub gvodypo ben jut ui f fyqsfttjpo

n(3n—1)
41- 7 41- 7 41- 7 55 2q 2
QUi T2120) 4y i1 T2y TR0 q”°>3 [ | o
n>1 q =4

s \¢\ < 2/ Bt cfepsf- u f tfsjft w;u- 12126 qhowfshft cpu s \¢\ > 2 boe \g\ < 2 boe ibt
u f gpnpx joh sfibuyjpo wp ui f pgquin bom pdl Kbdpej gpsn boe psefs 6 n pd i fub grodupo;

n

q 41- 7,21,26
11 T [ 7 hy )T+

1/)2 21, )q 1 q 120) 3
n>1

)8/29+
g3 x)gH? ™ 2, q, ¢, 3¢, 0)«

Jujt gps ui jt dbtf u buu f sfrbypo cfuxffo gotif u fub grodypot boe Y SU jowbsjbout
xbt flstuejtdvttfe cz Mbxsfodf boe [ bhjfs jo 419~ xi fsf u fz bitip opufe u f sfrngpo wp
uf npd ufub grodypo x1/

7.2.4 Example: ¥(2,3,7) and the order seven mock theta function Fy
Bt xf i bwf ejtdvttfe jo tfdupo 7/72- u f ghrtif ui fub groduypo

Q07 PP Q530 Qszon Dszs . Vssse T2 ¢FN2 g ¢°, 0)gP )8 +
qibzt u f sprh pgi pn prphjdbneipd t gps ui f i pn prphz tqi fsf )3, 4, 8+

Opudf u buu jt gortf v fub gvodypo ben jut u f fyqsfttjpo

n(n+1)

53- 7,25,32 53- 7,25,32 53- 7,25,32 1 2#%] 2
A A VA ) S q168H)T )8/31+
n 4T =



gs \g\< 2/ Bt cfgpsf- ui f tfsjft 1/133' 72532 qpowfshft cpu gos \g\> 2 boe \g\ < 2 boe i bt
u f gpnpx joh sfibuyjpo wp ui f pgun bom pdl Kbdpej gpsn boe psefs 8 n pd i fub grodujpo;

n2

53- 7,25,32\ — _L q 53- 7,25,32
| L
a1/ T )8/32+

__1 — L
? q 168 Fl)q+? qg T 2, q, q47 q5> O)q6_|<

Gspn ui f bshvn foujo tfdypo 8/2- xf ifodf gspqptf uibuuf npd u fub grodypo jt u f
i pn prphjdbneipd pgui £ u sff.n bojepra pecubjofe gpn Y)3,4, 8-+wjb ui f psjfoubuyjpo sf wistbiph

7.2.5 The ambiguity

Ui f bepwf fybn qifit jrmtwsbuf bo fyqudjusfibypo cfux ffo ghitf boe n pd u fub groduypot
x1fo hpjoh cfu ffo u f vqqfs. boe u f mpx fs.i bigqihof / Pof ti pvia i px fwfs c¢f dbvuypvt
bepvuu f baqyidbe jyiw boe i f bn cjhvjw pgu f wfbun fou/

Gistw ui jt wfbun fou efqfoet po u f fyjtufodf pgbo fyqgsfttjpo pg ghrtf On pd i fub
gvodujpo bt b ¢.i zqfshfpn fwjd tfsjft/ Jo n boz dbtft joufsftyoh gps vit- tvdi bo fyqsfttjpo
jt opubwbjibhctfi/ N psfpwfs- tpn fun £t n psf u bo pof tvdi fygsfttjpot fyjtuboe u fz n jhiu
i bwf ejfifsfoufyuotjpo pvitjef u f vojuejtl / Tvdi fybn qifit bepvoe / Tff gps jotubodf ‘817
xifsf uf Sphfst.Gjof ghrtif 1 fub grodupot bsf fyufoefe wp u f pu fs tjef jo b tqfdjfid
xbz xijdi thbet up n pd gpsn t u butpn fun ft ejfifs gspn xibupu fs n fu pet ejtdvttfe
jo tfdypo 848/ hjwf/ Y xjmopx fyqihjo pof fyqudju fybn qrfi jo efubjih wp jrmtusbuf
u f bn cjhvjuft/

Ui f sfibuypo cfuxffo u f psefs u sff npd u fub grodypo f)g+boe pu fs n pd u fub
gvodujpo- jotjef boe pvutjef ui f vojuejtd ibt cffo tuejfe jo efubjhjo 63~ xijdi xf
gpnpx i fsf/ Gistuxf i bwf tffo jo )8/ +)8/22-i buti f i zqfshfpn fusjd tfsjft ¢5 ° thujtfft

1

. . _ - q_24
U5 )at? QF Patboe vF Tg T fgt )8/33+

@s \¢\< 2/
Opx - efflof pui fs wp izqfshfpn fwsjd tfsjft

/ 2/ 7
et T3 )2’ H) q:ﬁ%[

n>2
= )8/34+
gt @B —L
R ) P
n>1

Pof dbo fbtjm di fd u buu fz wpp bsf efflofe cpu jotjef boe pvutjef u f vojuejtl / Ju
wsot pvu u bu u fz bsf sfrhufe wp ¢§' $Yg+jo b wisz joufsftujoh xbz/ Up eftdsjcf i f
sfribngpo- xf offe wp jowspevdf uwp n psf grodypot/ Ui f flstujt b n pevibs gosn hjwfo cz

7]8)3T—|—

T)7r+? ————— 835
T e St
boe u f tfdpoe jt u f sbujp pgb dortif u fub groduyjpo boe b n pevihs gpsn
2
S)T+;? 793,2)7'—}.— )8/36—|—

n3) T+



Ui ftf grodupot bsf sfibufe wjb

2
3 2)at? et $8)TH7 ¢+
)8 37+

2
OF a7 WP g ST, 2/3+

s \¢\< 2007 /H/ Jo pu fs xpset- u f wp ¢.izqfshfpn fwsjd tfsjft xijdi bsf u f thn f
jo ui f vqqfs.i bigqrbof n jhi ufyufoe up ejfifsfougvodupot jo u f mpx fs.i bigqrhof- boe wjdf
wistb/ Jo ul f goupx joh w p tvetfdypot xf x jmtff b n psf tztufn buyd x bz pgeftdsjcjoh boe
voefstuboejoh u f sfibuyjpo cfuxffo n pd boe ghtif u fub gvodupot- bt x fmmbt rvbouvn
n pevibs gpsn t/

7.3 False, mock, and quantum

Jo tfduypo 4 boe tfdypo 7 xf i bwf tffo u f sprh pgghrtf u fub grodypot jo eftdsjcjoh u f
i pn piphjdbepdl t bttpdibufe wp df subjo u sff.n bojeprat/ Jo u f qsfwjpvt tvetfdypot x £
ibwf tffo ijout u bu xifo dpotjefsjoh u f tvqfsdpogpsn bmjoejdft ¢z wfouvsjoh up u f
px fs.1 big qrbof- n pd u fub groduypot bsf 1l fm up qrbz bo jn qpsubou sprh gps ui f sfrufe
u sff.n bojgprat/ Jo ghdw eftqjuf u fjs wisz ejfifsfou bqqfbsbodft boe n pevibs cfi bwjpst-
ghitif boe n pdl u fub gvodupot cpu ti bsf u f twsvduwsf pgu f tp.dbirfie rvbouwn n pevibs
gpsn t 82"/ Tif brtp ui f Di 32 pg 83" gps b sfdf ou bddpvou/

Y f gspgptf u buu f )twpoh- vbouwn n pevibsjw pgu f ghortif boe n pdl u fub groduypot
jt jo ghduxibun bl ft u fn sfrimbougps u sff.n bojgprat boe i pn prphjdbnemd t/ N psf pwfs-
xf gspqptf u bu hpjoh wp u f pu fs tjef pgu f qibof jo ui f dvssfou dpoufyu wsot b gortif
u fub joup bnpd u fub- tvdi u buu f gotf.n pdl gbjs dpssftqpoet wp u f thn f rvboun
n pevibs gosn /

Up fyqrbjo ul ftf jefbt- x f x jmtubsucz sfdbmjoh u f efflojypot pgn pdl n pevibs gosn t
boe rvbown n pevibs gpsn t/ Uif efflojypo gps rvbown n pevibs gpsn t jt qvsqptfm b
gurh wbhvf jo psefs up fodpn gbtt ui f ejfifsfou wqft pgfybn qifit xju tghi un ejfifsfou
gspafsuyft 827/ Jutunf't;

Definition 2. 82°B quantum modular gpsn pgx fjhi uk boe n vigqufs xy po  jt b grodujpo
Q po Q tvdi ui bugps fwfsz v / uf groduypo p- ; Q\/}’y‘QE ( <> C- efflofe cz

py)rH? Qe+ Q)T+ )8/38+

Ju f ] qfsjpe groduypo#A-i bt tpn f gspqfsw pg dpoyovjw ps bobmuydjw gs fwisz v /  /
N psfpwfs- xf thz u bu@ jt strong quantum modular jgjui bt gpsn bngpx fs tfsjft bubdi fe
w fbdi sbuypobnovn cfs tp u bu)8/38-+ prat bt bo jefoyw cfuxffo dpvoubeihi dpahupot pg
gosn by px fs tfsjft/

Jo u f bepwt xf ibwf vtfe u f slash operator gps xfjhi uk boe n vigqufs x po - bdyoh
po u f tqbdf pgi prpn psqi jd grodupot po u f vqqfs.i bigqrbof boe efflofe bt

T dexy ? f)“ b[x)wécm d* )8/39+

T7
ct, d

xifsf xf xspdf v? 25(/ /
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Figure 8/ Uif vqqfs. boe mpxfs.i bigqrboft boe rvbouwn n pevibs gosn t/

Jo ghdw ui f Fjdi ifis joufhsbrh x f fodpvoufsfe jo tfduypo 52 bsf fybn qifit pgrvboun
n pevibs gosn t/ Up fyqibjo u jt- efflof u f opo.i prpn psqi jd Fjdi ifs joufhsbng* ; H™ «» C
i)z C )7 73 )8/3: +
k
pgb xfjhiuw dvtq gpsn ¢ xju nvigqufs x- xifsf uf dpotubou C' jt uf tbnf bt jo
u f efflojypo pgu f Fjdi ifis jouhsbm)5 A4/ Gps ui f qvsqptf pgu f gsftfou bsydifr x f dbo
sftwjduwp u f dvtq gosnt g xju sfbidpf * difout- obn fm g) ++? ¢)74 Opuf 1 bu §*)z+
i bt ojdf wbotgpsn bujpo gspqfsw xi jifi )7+ bt ojdf Gpvsjfs fygbotjpot/ Jo “19- 84" jux bt
tipxo u bug* boe u f Fjdi ifis joufhsbm)5/3+§ bhsff wp joflojuf psefs buboz = / Q- jo ui f
tfotf u bu
g, it+C [ ant™ boe g9z it+C [] an) ¢+ )8 A1+
n>1 n>1
gps t > 1/ Ttf flhvsf 9 gps bo jrmtwsbypo /
Gvsu fsn psf- jujt fbtz up tff u bu §* jt ofbsm n pevibs pgxfjhiu3d w jo H™- boe
u f ejtdsfqbodz jt hjwfo qsfdjtfm cz u f qfsjpe grodupo;
G )2+ G s—wy)2+! C , 9)Z D2 2 3dw. )8 A2+
v~ 1)ico+
Dpn cjojoh u f bepwt ux p godut x f bsf jn n fejbufma rhe up u f dpodmtjpo u bug is a quantum
modular form of weight 3w boe n vigqufs tztun x/ Jo u f opubypo pgefflojuypo 3- u f
qfsjpe grodupo dpssftqpoejoh wp § jt hjwfo cz
py)x+? C 9)Z 2 a4 dw )8/A3+
v~ 1)ico+
boe jt b tn ppu grodypo po R fydfqugps o ? v ~2)i€ +boe i bt bo bobmud fyufotjpo up
tu, iw\u>1psv>1()dgdmnb4/Ajo 94 Jo qbsydvihs- u f ghrtf ui fub grodypot 2y, -
bsjtjoh gpn bl joh ui f dvtq gpsn ¢ wp ¢f hjwfo cz u f xfjhi u403 vobsz u fub grodupot
072, .- bsf rvbown n pevihs gosn t pgx fjhi u203/
Tppo xf xjmtff ui bun pd n pevrbs gpsn t gspevdf fybn qifit pgrvbown n pevrhs
gpsn t/ Jo i jt thturfuufs up I bsez jo 2: 31- Sbn bovkbo dpotwsvdufe 28 fybn qifit pgxi bui f



dbrrfie n pdl ui fub groduypot boe dibjn fe u buu fz i bwf b gfx twjl joh gspqfsuft sfhbsejoh
ul fjs c¢fi bwjps ofbs ul f spput pgvojw/ Sbn bovko eje opuhjwf b efflojuypo gps n pd u fub
gvoduypot- cvu tubufe u buu fz ti pvm cf b ¢.tfsjft u budpowfshft gps \¢\ < 2 u bui bwf
u f gprpx joh gspqfsuft

2/ Joflojuma n boz spput pgvojw bsf fyqpofoubntjohvibsjuft-

3/ Gps fwfsz sppupgvojw £ u fsf jt bn pevibs gosn fe)g+tvd u buu f ejfifsfodf f  fe
jt cpvoefe bt g <> & sbejbim

4/ f jt opuu f tvn pgwp grodypot- pof pgxijdi jt b n pevibs gosn boe u f pu fs b
gvoduypo x1ijdi jt cpvoefe sbejbmm upx bse bmspput pgvojuwz/

Ui f mpoh tfbsdi gps b efflojuyjpo pgn pd n pevihs gpsn t- xi jdi x pvia qihdf n pd u fub
gvodypot jo u f dpoufyu pgn pevibs gosn t- foefe xju uf Qi E u ftjt pg[ xfhfst ‘|85~
xifsf if hbwf npd n pevibs gpsn t b efflojuypo- xijdi cbtjdbmm tubuft u buu fz dbo cf
wifxfe bt u f i prpn psqi jd gbsu pg dfsubjo i bsn pojd Nbbtt gpsn t/ Npsfpwfs- u f pu fs-
opo.i pipn psqi jd gbsupgu f i bsn pojd N bbtt gpsn jt hjwfo ¢z b n pevibs gpsn - dbufie u f
shadow pgu f npd n pevibs gpsn / Tjodf xf ibwf b tqfdjfld bqqygdbypo jo n joe boe jo
psefs wp tjn qgez u f ejtdvttjpo- jo ui f gonpx joh efflojuypo xf sftwsjdu up n pd n pevibs
gpsn t x1iptf ti bepxt bsf dvtq gpsn t/ Ui f hf of sbgrbujpo jt tuboebse boe tusbjhi ugpsx bse /

Definition 3. Y thz u bub i pmpn psqi jd gvoduypo f po H jt b mock modular form pg
x fjhi uk boe n vimjqufs xy po - jgboe pom jgjufyjtut bxfjhiu3d £k dvtqgpsn g po tvd
u buu f opo.i prpn psqi jd completion pg f- efflofe bt

P+ fir+ g+

tbutflft A7 Ay eps fwfsz v / /Jo uf bepwf- xf efflofe u f opo.i prpn psqi jd Fjdi ifis
jouf hsbm ~
gV ¢ )7 mFg) Fadr )8 A4+
—t

gs 7 /H/

Opuf u buu fsf jt op dbopojdbnopsn brjrbujpo pgui f ti bepx boe xf di pptf pvst up tjn .
quz u f dpn gbsjtpo cfuxffo n pd n pevibs gpsn t boe Fjdi ifis jouf hsbity/ Gps dpowfojf odf-
xf x jmefopuf cz My, ) —I-M,gx) + Sky) + Qry) +uf tgbdft pgn pd n pevibs- xfbl m
i prpon psqi jdn pevibs- dvtq boe rvbouvn n pevibs gpsn t sftqf duywfm- pgx fjhi uk / %Z boe
n vigqufs x gps u f hspvqg < TM3,R4/ Jo u f gsftfou bsydh x f x jmm bjom fodpvouf's
uf dbtft 7 TM3,Z+boe 7 )N+ uf dpohsvfodf tvchspvq pg TM3, Z+xju u f
dpohsvfodf dpoejupo N/ Y f xjmbitp efflof u f shadow map & ; My ) +¢ Sz_py) +
cz thugoh &) f+? g jo u f opubypo pgefflojuypo 4/

Jo xibugmpxt xf xjmtff b sfrbypo cfuxffo u f bepwf n pefso efflojuypo pgn pd
n pevibs gpsn t boe u f di bsbdufsj-buypot Sbn bovkbo hbwf jo ijt rufs- boe ipx n pd
n pevibs gpsn t thbe up rvbouwn n pevibs gpsn t jo b xbz u bujt diptfm sfrbufe up u f dbtf



pg Fjdi ifs joufhsbih ejtdvttfe bepwf/ Y xjmgpnpx u f xpsl cz Dipj.Mn .Sipbeft ‘9
rvjuf diptfm jo u jt gbsupgu f ejtdvttjpo/

Up tipx u bun pd u fub grodypot ep i bwf u f bepwf.n fouypofe gspqfsuyft u buSb.
n bovkbo drhjn fe- u f gonpx joh x bt gspwfo sfdf oun/

Theorem 4. [8, 75] If f / Myy) 1)N-+H-such that it has non-vanishing shadow, and
1)N+has t inequivalent cusps, }qa,...,q{ <QnN }ie (. Then
1. The function f)T+has exponential singularities at infinitely many rational numbers,
2. for every G / M,g X) 1)N+; f G has exponential singularities at infinitely many
rational numbers,

3. there is a collection }Gj<§'(32 of weakly holomorphic modular forms such that f G;
is bounded towards all cusps equivalent to q;.

B ghn pvt fybn qifi pgui f bepwf jt ui f ui jse psefs n pd u fub gvodypo pgS bn bovkbo
u buxf ibwf fodpvousfe jo )822+)8/234/ Sbn bovkbo(t pctfswbypo- x sjufo jo ufsn t pg
uf npd n pevibs gpsn h;’ 37+ tubuft 1 bu
Ijnc he 347 0)2+ )8 A5+

T—

gps bmspput pgvojw f){+pgpee psefs )tvdi bt g <+ 2+ boe

ggc)hg- 5.) 2&b)r+? 0)2+ )8 A6+
gps bmmpsefs 3k spput pg vojw f)(+ xju uf npevibs gpsn tvewbdypo hjwfo cz
mT+? éggiM
N psfpwfs- baifs ui f n pevibs tvewsbdypo u f btzn qupud fygbotjpo pgu f n pd n pe.
vibs gpsn ofbs b tqfdifild dvtq jt ui f tbnf )vq wp b n jovt tjho+bt u bu pgu f n pevibs
dpssf dujpo;

Lemma 5. In the notation of theorem /j, we have the following equality among asymp-
totic series:

)f Geba, it+C [] Bat" boe gz, it+C [] But™ )8 AT+

n>1 n>1
Proof. Uif frvbgiz bn poh u f yjn juyoh wbmft jt ti pxo jo W f fmn b 42 pg ‘9" vtjoh u f
gbduui bu p# G, jt bibsn pojd Nbbtt gosn boe fygboe juofbs u f dvtq 7 <» 2/ Uif tbn f
n fu pe hjwft u f bepwf frvbgiz bn poh u f btzn qupuyd tfsjft/ O

Hjwfo b di pjdf pg}Gj<§Cz— pof efflof Qf; Q <+ C cz tfujoh
Qp)z+? un )f  Gadz, it
t—1t

xifsf xf xsjuf G, 7 Gj xifo x jt frvjwbiflouw ¢; voefs u f bdgpo pg 7 )N+ Uif
fm n b 6- u f bobmuydjw qspqfsw pgu f qfsjpe gvoduypo )8/A43+bttpdibufe wp §* boe u f
gduu bu g*)7+7? §*) 7+)jo u f dbtft xf dbsf bepvuxifst g) ¥+7 g¢)r+Hjnn fejbum
tipxt u buu f npd npevibs gosn hjwft sjtf up b )twspoh+rvbouwn n pevibs gosn @/




Opuf u buu f di pjdf pgu f modular subtraction }Gj<§‘(32 xju xijd up dbswf pvuu f
tjohvibsjuft pgu f n pdl n pevibs gpsn t jt opuvojrvf/ Bugsftfow b thutgbdupsz tztufn buyd
twez pgu f gqpttjcjguft boe u fjs gspqfsuyft jt opu zfu bwbjtherfi/ Gps b gn jm pgn pd
n pevibs gpsn t- obn fm u ptf xju lopxo fygsfttjpot jo ufsnt pgu f tp.dbuhe vojwfstbm
n pd n pevibs gpsn t g3 boe g4- tqfdjfld di pjdft bsf hjwfo fyquydjun jo ‘®7- 83"/ Hjwfo u jt
thdl pgvojrvfoftt pgu f n pevibs tvewsbduypot- jujt jn gpsubou up opuf u buu f fn juyoh
wbmf boe ui f btzn qupyd fygbotjpo )8 A7+jt joefqfoefoupgu f di pjdft pgu f n pevribs
gosn G bt mpoh bt u fz ep tvewbdu i f tjohvibsjuw/

Up tvn vg- hjwfo bdvtq gosn g / S3_y) +jgfjt bnpd npevibs gsn f /My,) +
xju tibepx &£)f+? g boe g jt ju Fjdi tfis joufhsbmu fo f boe g ibwf uf thn f yn jyoh
wbruf bux / Q jo u f tfotf u bu

g ) f  Gyhz, it+? yn §*) x, it+ )8 A8+
t—1+ t—1+

N psfpwfs-ui fz brtip i bwf 1 f thn f btzn qupyd tfsjft=o ufsn t pgu f btzn qupyd tfsjft )8 A1+

boe )8AT+xf ibwf ay)n+? ) 246_,)n+boe xf i bwf

)f Gad) x, it+C [ aw)nd) tF boe §z, it+C [] aw)n". )8 A9+

n>1 n>1

Jo gbsuydvibs- budvtq 1 xf i bwf u f | thn f#btzn qupuyd tfsjft- bqgspbdi joh gpn u f vqqfs.
boe 1px fs.i bigqrhof- jo ui f tfotf u by

)f  Gidit+C [[ ar)nd 4 boe glit+C [ an)n#". )8 /A: +

n>1 n>1

Opuf u buu f sfribgpot )8/4A7+bn poh u f btzn qupud fygbotjpo sfrbypot bsf gsfdjtfm
xibuxf offe wp nblf dpoubdu xju u f ipn prphjdbmcipd t pgui f u sff.n bojgpm; u f
gpsn fs tubuft i buu f gn jyoh wbmf bu 7 % sftqf dywfm % dpjodjef xijdi jt xibuxf
offe wp pcubjo ui f fyqfdufe sfrbypot bn pohui f Y SU jowbsjbout pg M4 boe  My- boe u f
thur's hjwit u f fyqfdufe sfibypo bn poh Piuwvlj tfsjft/

Y f tvnn bsjf u f sfrhjpo cfuxffo u ftf pckfdut jo flhvsf : / Opuf i bu f ¢ = ¢ 2
jof cfuxffo n pd boe Fjdi ifis joufhsbnpg jut ti bepx jt jo ebti fe fof- tjodf W f g = g2
gspdfevsf jt opo.vojrvf jo cpu ejsfdypot/ Ui jt jt difibs gspn i f ghduui buu f btzn qupyd
fygbotjpo pom efqfoet po u f ti bepx pgui f n pd n pevibs gpsn - boe i fodf u f n bq gpn
n pd up rvbown n pevibs gpsn t jt jo ghdub fgofbs jok dywf n bq

105 Miy) #MEL) + Qry) + )8 /51+

hjwfo cz p)f+7? Qf/ Sfibdfem jujt jotfotjuywf w u f di pjdf pgu f n pevibs tvewsbd
wpo }Gj(fca/

Gjobmm gspn i f ejtdvttjpot jo tfdujpo 45 jujt fbtz up tff u bujo pvs dpoufyuxf offe b
wf dups. whruf e wistjpo pgui f be pwf ejtdvttjpo- gps ui f gymm pevibs hspvg TM 3, Z4/ Juti pvia
cf twbjhi ygpsx bse wp hf of shipf ui f fyjtujoh ejtdvttjpo up u f wfdups.wbmfe tjuvbupo boe
xf hbwf u f efubjih gps gvuvsf xpsl /



Quantum Modular Forms

N pevibs Dpssfdupo

S/ H
z?7 T
Npd Npevibs Gpsn |shadow map Ti bepx Opo.i pipt Fjdi 1fis Jouw/
[/ Mgy 9/ Ss—kx §")z%z / H”

S~ same asymp.
2 Te-l (7.30)

Fjdi 1fis Jow/ )Cortf 6+
g1 / H

Figure 9/ Uif sfibypo cfuxffo uf ejfifsfoun pevibs pcKdut jowpmfe/ Uif ebtife gof jt wp
efopuf u buu f sfibhygpo jt opo.vojrvf jo cpu ejsfdupot/

7.4 Rademacher sums

Bgbsugpn u f ¢.i zqfshfpn fisjd sfibgpo ejtdvttfe jo tfdupo 8/3- bopu fs x bz wp fyqydjun
tff ipx n pd u fub grodypot cfdpn f gortif ui fub gvodujpot xifo hpjoh cfuxffo vqqfs. boe
mpx £s.1 brgqrhoft- jt wjib ui f n fui pe pgSbefn bdi fs tvn t/ Gps u f ghn jiyft pgfybn qifit x f
bsf joufsftufe jo jo u jt gbqfs- u jt bqgspbdi jt bshvbcia n psf tztufn buyd ui bo u bupgu f
g.izqfshfpn fwsjd tfsjft/ Y { x jmfyqihjo u jt gvsu fs jo tfdypo 86/

Bt Qpjodbst gpjoufe pvw b tjn qifi x bz up dpotisvdun pevibs gpsn t jt tjn qm cz bwfs.
bhjoh b rvbouw pwfs jut jn bhft voefs u f n pevibs hspvg ‘897°/ Ubl joh ui jt r vboyw w cf
b n popn jbuyg#- boe gps b hjwfo )dpn gbycrfn vigquyfs tztun y pgxfjhiuk gs b hspvq

< TM)3, R+ bujt dpn n fotvsberfi x ju TM3, Z+ xf efflof u f Poincaré sum:

Pyt TI ¢ )8/52+
VE o\

xifsf o jtuf tvehspvq pg u bugsftfswit u f dvtq }i€ (- boe jt jo hfofsbihfofsbufe
bt o ? )T" 1|/ Uif vojrvf tvd qptjuywf joufhfs h jt donfie 1 f xjeu pguf dvtq
ic pguf hspvq / B dipjdf pgp jt dpn gbucrh jgboe pom jg)dg/ )862+H-¢"\e v 7 ¢
gs bmry / o/ Yf bsf nbjom jousftufe jo u f tqfdjbmdbtf 7 TM3,Z4/ Jo ui jt dbtf
o )T, 1] boe u f di pjdf pgp jt dpotjtufoujgboe pom jgx)TH)u+? 2/ Gos k>3 u f
tvn )8 /52+dpowfshft betpmuf m boe Phjlj,x jt joeffe bi prpn psqi jd grodupo po H xi jdi jt
n psfpwfs b n pevibs gosn pgx fjhi uk boe n vimgqyfs x cz dpotwsvdypo/
Gps £k > 3- xijdi jt uf sbohf pgjoufsftu gps vt- W f tvn jt op mohfs betpmufm
dpowfshfou boe pof offet wp sfhvibsjtf u f Qpjodbst tvn - xijdi hbet up xibujt pgfo



lopxo bt u f Rademacher sums/ Tff 8: " gps b sfwjfx / Gjstw u f tvn dbo op mpohfs cf

ubl fo pwfs ui f gymdptfu o boe xf dpotjefs jotufbe u f gonpx joh tvetfu

ke ! })ZZ[ / éé\< K, \d\< K3/. )8/53+

Tvdi bo bekvtun foupgu f sbohf pgtvn t jt tv” difougps k7 3- cvugps k < 3 xf bitp offe
up jowspevdf bo beejupobnsfhvibsjtbujpo ghdups

Y2 w,3min)yr € H

Iz 2
A, Ny, T4 2wt

xifsf 4 efopuft u f 1pxfs jodpn qfwf hbn n b grodupo

N)s, x+47? t5=2e 7L, )8 64+
1
Vtjoh u f bepwf- xf efflof u f Shefn bdi fs tvn - bttpdibufe wp u f ebub ) |k, x, p+efufs.
n jojoh u f hspvg- u f xfjhi w u f n vigqufs boe u f tffe )ps qpibs gbsuxifo pu < 14pg
uf tvn - up cf3?
S N | B S PR TR )85+

V€ o\ K K2

Ojfcvs gspwfe u bujo u f dbtf pgofhbywt xfjhiuu f bepwf dpotwsvdgpo hjwft sjtf wp b
dpoejupobmm dpowfshf ou tfsjft- xijdi if sfgfssfe wp bt bvupn psqi jd jouf hsbm'94 "/ Drfibsim-
baif's sfhvibsj-bupo u fsf jt op hvbsbouff ui buu f tvn x jmtymef bn pevribs gpsn / Juuwsot
pvuu bujo hfofsbmi f Sbhefn bdi fstvn )855+t bn pd n pevibs gpsn xju b ti bepx hjwfo
cz b dvtq gpsn / N psfpwfs-u f ti bepx pgu f Sbefn bdi fs tvn jt jufigb Sbefn bdi fs tvn ;

€ R™ (7)) wBPRM, )8/56+

opx xju uf evbnxfjhi uboe u f dpokvhbuf n vigqufs tztufn )dg/efflojuypo 4+

Uijt ufdiojrvf xbt fyuoefe wp ejfifsfofu xfjhi ut- n vmjqujfs tztufn t boe n pevrhs
hspvat cz 91-95" boe 1hufs wp xfjhiu2/3 npd npevibs gpsnt jo “- 96- 977/ Gysu fs
efwimpgn fout jo ui f dpoufyu pgi bsn pojd Nbbtt gpsn t bsf sfqpsufe jo 98- 997/ Bt tvdi -
Sbefn bdi fs tvn dpotwsvdypo dbo c¢f wifxfe bt b vtfgmuppmp dpotwsvdun pd n pevrhs
gpsn t/ Judbo brtp cf hfofsbitfe wp u f wfdups.wbmfe dbtft- xijdi bsf sfrfivbou gps u f
baqudbuypo ejtdvttfe jo u f gsftfougbqfs- bt xbt epof jo 9: 7/

Bgif's n bttbhjoh u f tvn jo )8/55+ pof dbo sfdbtuu f Shefn bdi fs tvn bt b g.tfsjft

T I [ I VR )8/57+

h)v—pAeZ
v>1

*'Tn the special case of x(T') = 1, which we do not encounter in the present work, an additional constant
should be added to this sum. The same comment also applies to (7.46). See [79] for details. In what follows
we will not consider such cases.
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w bt u f Shefn bdi fs tfsjft/
Up xsjuf epxo u jt fygsfttjpo- xf efflof u f tvetfu
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& kX ,U,, V+ h, anoo H K’%X)/’L7 V—iB’y,k)M7 V+ )8/61+
YE oo\ §/ o0
efflofe gps
2 2 Y
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ot/ 320 22 V5| s+
xifsf x)Th+? )b+ Cps s vtf xf di pptf ui f csbod 1 < b <2/
Gps u f dotf 7 TM)3,Z+boe p < 1 xf ibwf
3 EN 5
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C k)l V! H S ) Vs c+—> [ Lo k) }U/|: )8/63+
c>1 ¢ H
xifsf s ,)u,v,cHt u f Lipptufsn bo tvn
S ), v, cH? H f ug ug X)v+ )8 64+
X C7 C

Y€ oo\ /

xifsf uf tvn jt pwfs uf v 7 )%5i+boe xf xsjuf uf epverh dptfu sfgsftfoubywl bt
v ? )eby/ Pof dbo fbtjm difd ubuf dpn gbuycjje dpoejypo hvbsboufft u bu u f
tvn n boe jt joefqfoefoupgu f di pjdf pgsfqsftfoubywf / N psf fyqudjum pof dbo x sjuf u f
be pwf bt

a d
s omvert T[T 6)ud. v yehs )85+
1<d<c
)e,d4E2

xifsf jo fbdi ufsn jo uf tvn xf dipptf boz )a,b+tvd ubu)?f+/ TM3,Z+ boe u f
tvn n boe jt bhbjo joefqfoefoupgu f di pjdf/



Uif flstu xbz wp tff uf sfrbypo cfuxffo Fjdi ifis joufhsbmpg ui f ti bepx boe u f
Sbefn bdi fs tvn qfsgpsn fe jo u f mxfs.i big qihof- jt cz opuyoh u f gpnpx joh sfrbupot
bn poh ui f Shefn bdi fs tfsjft ¢ °/ Uif tp.dbute Fichler duality tubuft

C k) Mo VR ? e g vt R )8/66-+
Uphfu fs xju u f tp.donfe Zagier duality sfrbyjoh ui f Sbefn bdi fs tvn t pgevbnx fjhi
C 3-kk) Vi HET € xk)HVE )87+

xf ibwf uf gpnpxjoh fyqgsfttjpo gps ui f Gpvsjfs dpf ~ difout pgu f npd n pevibs gpsn
F7ORM -t tibepx g7 €R' +)8/56+ boe uif Fiditfs jouf hsbmj;

Hr+2 ¢ I Owmve )8/68+
h)v—p4eZ
v>1
9T+ ) /H?"“>q"“”, II o vt )8/69+
h)V'- puHeZ
v>1
ot g, I On viae” )8/6: +
h)v'- ul%EZ
v>

jo ufsn t pgui f Sbefn bdi fs tfsjft C)u, v+7 ¢ x)p, v+8: "/ Dpn gbsf )8/68+boe )8/6: +
boe gpdvt po ui f dbtf xifsf W f npd npevibs gosn )tvdi bt n pd u fub grodypot+i bwf
stbodpf * difowt C)p, v+? C)p, v+ xf tff W bu f boe § dbo cf wifxfe bt cfjoh sfrbnfe cz
q = q 2- bt efqgjdife jo flhvsf : /

Ui f bepwf sfrbypo cfuxffo v f npd npevibs gosn f boe u f Fjdi tfis jouf hsbmg wjb
q = q 2 dbo cf tffo fwfo n psf fyqudjum cz n bojqvihuyjoh i f Sbefn bdi fs tvn jutfig/ Ui f
rvftupo pgi px up fyufoe ui f Sbhefn bdi fs tfsjft up u f mpx fs.i brgqibhof x bt fistuejtdvttfe
cz Sbefn bdi fs jo “ 17/ Ui jt bobmtjt xbt hnfs sfwjifxfe boe fyufoefe uwp u f dpouf yu pg
i bsn pojd Nbbtt gpsnt boe npd npevibs gosnt cz Sipbeft 21~ jo u f tqfdjbmdbtf pg
xfjhiuk ? 2/3/ Jo xibugnupx t xf x jmppnpx ijt wfbwm fouboe ti px u bupof dbo efflof
b groduypo dpowfshfoucpu jo ui f vqqfs boe u f mpxfs i bigqibof xijdi dpjodjeft xju u f
npd n pevribs gpsn jo u f vqqfs i bigqihof boe u f Fjdi rfis jouf hsbnpg jut ti bepx jo ui f
ipx fs 1 bigqibof / Hjwfo ul f dpowfshfodf pgu f x fjhi u203 Sbefn bdi fs tvn t gspwfo jo ¢ 2™
xf ibwf u f gonpx joh u fpsfn - hf ofsbijtjoh ui f sftvm pg 217/

Theorem 6. Let f)T+be a mock modular form of weight 1/2 defined by the Rademacher
sum R]“;/g X)T—I; for 7 1)N+with some positive integer N. Then there exists a function

F)r+on H and H~, satisfying

)8/71+

F)ri? ™+ xifor /H
' g) ™ xifor /H™.

in the notation of (7.57)-(7.59).



Proof. Up dpotwsvdu F- thu vt tubsu xju uf Shefn bdi fs tvn xijdi effloft uif n pd
n pevibs gosn f/ Gps dpowfojfodf x f x jmegpdvt po ui f dbtf 7 TM3, Z+/ Ui f hf of sbijprbujpo
w7 )N+4xju N > 2 jt twsbjhi upsxbse/ Vtjoh )8/63+boe uf goupx joh jouf hsbm
fygsfttjpo gos ui f Cfttfnpgvodypo )dg/tfm n b 42 pg 21+

1

58 )ompgm- 3 9
t_2/5I o est k —_— 8/72
2/3 k < ‘ |Ce 371'1 H ) —{—Sm_ 2’ ) /7 +
m>1
xifsf e nbz cf wlfo wp cf bscjwsbsjmm tn bm xf pecubjo u f gpnpx joh fygsfttjpo gps
f'? R}Ma L
’ V8)3,Z475,x’

+2/3 v d a
pyra g, LA S— I IT 1T « f)u, u[x))‘;%
I/—u%Z c>1 1<d<c ¢ ¢
v> ‘ )8 /73+
Z ﬁe—spu H )5%—#7”- % 2

* ~ 1 om- 2
|s|Ce 3T ym ., 5Hs™"

m>1

Ui f gsppgpgu f dpowfshfodf pgu f bepwf tvn jt ui f thn f bt jo “ 27/ Tjodf u f tvn pws
m jt betpmaufma dpowfshfow x f dbo tx judi i f psefs pgu f joufhsbnboe u f tvn boe pcubjo
u f tvddjodu fyqgsfttjpo

P g, > H I fea=)m s46ca)s+ )8/T4+
|s ‘CE c>1 1<d<c
x1ifsf s
) pFs a )3T pm- 5 9
G I e | ab e 8/75

jt b 7.joefqfoefou ghdups boe

d
fea=)T547 ] ¢ f)u [e—sw )8/76+
V—UEZ ¢
v>1

dbquvsft u f tvn n bypo pwfs v/ Opuf u bu f. 4= jt b hf pn fwsjd tfsjft/ Dpotfr viour jgx f

efflof
g’ f v{esm

T )87+
qr (¢

fc,d)7-7 s+7
xi fst b jt bt jo )862+ xf i buf

foa)mst \ge s \< 2
L)y s+ 878+
Je,d)T: s { RS )8/7

x1ifsf p
fqu)T, S+7 H q—y’ f> l/lf |: €Suw' )8/79+
V- ueZ ¢
v'>1



Vtjoh u f be pwf- pof flobmm ti pxt u bu

F)T'H? qu y Z ﬁ H H fc,d)Tv S—|Gc,d)3+ )8/7 +

37
|s|Ce e>11<d<c

dpowfshft cpu gos 7 / H boe 7 / H™ )dg/u fpsfn 22 pg 214/ N psfpwfs- qmahhjoh jo
fed)T,s+7 fea=)T,s+jo u f mpxfs.i bigqihof boe bhbjo vtjoh u f joufhsbmfyqsfttjpo gps
u f Cfttfmgyodypo )8/72+ xf pcubjo u f 1fz tubufn foupgu fpsfn 7/ O

Ui f dpoufoupgu f be pwf n bojqvihypo jt ufdi ojdbmm frvjwbriouwp u f sfrbgpot )8 66+
boe )8/67-+bn poh 1 £ Sbefn bdi s tfsjft- cvugysu fs i jhi i ut v £ ghdu v buSbefn bdi s
tvn t hbe wp b obusbmefflojypo pg groduypot efflofe cpu po u f vqqfs. boe mxfs.
i bggrhof /

Y f flojti i jt tvetfdypo xju tpn f sfn bslt/

=Hjwfo b gt u fub groduypo- u f Sbefn bdi fs tvn gpsn bijtn epft opuefufsn jof b
vojrvf npd n pevibs gosn bt jut dpn gbojpo jo u f pu fs tjef pgu f qihof/ Ui jt
jt cfdbvtf u f ti bepx n bq i bt b thshf 1fsofm u f beejuypo pgb n pevihs gpsn wp b
npd npevibs gpsn epft opud bohf jut ti bepx / Todf ui f Fjdi ifs jouf hsbm bsjtjoh
bt Sbefn bdi fs tvn t qfsgpsn fe po u f pu fs tjef pgu f qihof- pom efqfoet po u f
tibepx pguf npd npevibs gosn- Shefnbdi fs tvnt xju uf thnf ti bepx bsf
fyufoefe wp u f thn f gvodypo po ui f pu fs tjef pgu f qrbof/ Jo pui fs xpset- u fsf
dbo c¢f nboz ejfifsfou xbzt up xsjuf b gortf u fub groduypo bt Sbefn bdi fs tvn t-
dpssftqpoejoh wp ejtyodu n pd n pevibs gpsnt xju uf tbnf tibepx/ B diptfm
sfrbufe ghdujt u buu fz brtip hjwt sjtf up ui f thn f rvbouvn n pevrbs gpsn - bt xf 1 bwf
ejtdvttfe jo )85H14

= Gps ui f n bjo gbsupgu f gqbqfs- jodmejoh bimi f fybn qifit xf ejtdvtt jo tfdypo 7- x f
bsf joufsftufe jo ul f tqfdjbndbtft xi fsf u f x fjhi upgu f n pd n pevibs gpsn jt k£ 7 %
boe ui f hspvq jt 7 TM3,Z4/ Npsfpws- u f n vigqrfs jt u bu pcubjofe gpn Y fjm
sfgsftfoubuypot ejtdvttfe jo tfduypo 4/4/ Jo u jt ghn jm pgdbtft- i f n pd n pevibs
gpsn t dbo ¢f dpowfojfoun eftdsjcfe jo ufsnt pgn pd Kbdpcj gpsn t boe ui f sftvit
pg 48" jn qm u buu ftf wdups.wbmfe n pd n pevibs gpsn t fokpz u f gspqfsw u bu
u fz bsf vojrvfm efufsn jofe cz u fjs qpibs gbsw jf£/u fjs c¢fi bwjpvs ofbs u f dvtq
T <> i€ )dg/ “ 34/ Npsfpwfs- hfofsjdbimm u f Shefn bdi fs tvn t jo u jt dpouf yu hjwf
sjtf wp ¢.tfsjft x ju wbotdf oefoubndpf * difout x1i jdi dboopuct sfifmbou bt rvbouwn
jowbsjbout tjodf i f dpf” djifout bsf tvqqptfe w dpvou CQT tubuft/ Uijt ti pxt u bu
eftqjuf bn cjhvjw pof ti pvma cf berhiup vitf qi ztjdbnboe upqgpmhjdbndsjufsjb up tf bsdi
gps u f sfrfmboun pd n pevihs gpsn t/

=Uif Shefn bdi fs tvn t ejtdvttfe ifsf i bwf b obuvsbmjoufsqsfubuypo jo u f qi ztjdbm
tfwq )32+ jmtwbue jo flhvsf 3/ Joeffe- sfdbmmi bu ? %rphq jt u f dpn qrfiy
twvduvsf pgu f cpvoebsz wpsvt T3 € 0 D3 x q SQ</ I pxfwfs- voglf pu fs qi ztjdbm
tztun t xifsf uf gymmn pevibs hspvq 7 TM3,Z+bdut po 7- jo pvs tfuvq 3e
O 7?7 )1,34cpvoebsz u fpsz fokpzt TM)3, Z+tzn n fwsz- xifsfbt 4¢ O 7 3 ui fpsz jt



pom jowbsjbou voefs i f tvehspvg o cfdbvtf pof pgu f 2.dzdift pg T3 & 9 D3 q
S2< jt dpowsbduycth jo u f dpn cjofe 4e.3e tztufn t/ Uijt fyqrhjot u f psjhjo pgu f
dptfu ~ ,/

Vv

N psfpwfs- ui f fibejoh ufsn jo ui f tvn )xju ¢ ? 1+4u budpssftqpoet up u f dpos;.
cvypo pgu f dvtq i€ dbo cf joufsqsfufe bt u f gbsyupo groduypo pgb 2e ffif duwl
rvbouwn n fdi bojdt pcubjofe gpn pvs 4e.3e tztun jo u f gn jur < i€ - jo x1ijdi
T3 it ffifdgwfm twfudi fe up b gspevdupgb | poh#djsdifi boe b ] ti psuftdisdre x jui
sbujp pgsbejb Jn 7/ Uif dpowjevypo pgu f pu fs ufsnt- xju ¢ ? 1- ufo dbo cf
voefstuppe bt u f tvn pwfs LL n peft bipoh u f | ti psu#djsdify/

= Gps 4: pgtvd dbtft ui fsf bsf | pqun brtobuvsbndi pjdft gps ui fjs qprhs gbsut “ 3" boe
u fz bqqfbs gspn jofoun bitip jo u f dpouf yupg4.n bojepra/ Bt b sftvir u fz tfswf bt
fybn qifit pgi px Sbefn bdi fs tvn t hjwf sjtf wp ojdf ¢.tfsjft cpu jo u f vqqfs. boe
px fs.1 bigqiboft boe x jmrf ejtdvttfe tfqbsbum jo tfdupo 8,6/

7.5 The “optimal” examples

Jo u f gsfwjpvt tvetfdgpot xf i bwf ejtdvttfe i px npd n pevibs gosn t boe Fjdi ifs jo.
uhsbrh bsf sfimfe wib ¢ = ¢7% gpn u f qpjou pg wifx pg ¢.i zqfshfpn fisjd grodupot-
rvbown n pevibs gpsn t- boe Sbhefn bdi fs tvn t- sftqfdywim/ Jo i jt tvetfdypo xf xjm
hjwf fyqgdju fybn qifit pgtvdi n pdl .ghitif gbjst xju u f gpupx joh eftjsberh qspqfsuft- bt
brmuefe wp buu f foe pgu f qsfwjpvt tvetfdypo;

=Uifz dbo cf pcubjofe bt Shefn bdi fs tvnt jo b gbsydvibsma tjn qrfi xbz- n bl joh
u fn b qfsg dujmutwbypo pgu f gsjodjqrh fyqrbjofe jo tfdypo 85/

= Ui fz bqqfbs jo u f ui sff.n bojgpma dpoufyw bt juutisbufe jo ubcrh 24-25/

=Bt xf nfoypofe cfgpsf- u f n pevibs tvewbdypot pghfofsjd n pd n pevibs gpsn t
bsf opu vojrvf boe b upubmm tztufn byd wfbun fou jt opu zfu bwbjiherhi/ Gspn i f
sfrbuypo wp ui f qfswscbuyw Di fso.Tjn pot- ps u f Piwtvlj tfsjft- xf bsf gbsyjdvihsm
jousftufe jo n pdl n pevibs gpsn t xijdi bsf flojuf bug <> 2 )dg/ )8/4: H Evf wp ui f
tjn qrh twsvduvst pgu f qpifit pgu f grodupot jo pvs fybn qift jujt gpttjcrh up ti px
u butpn f pgu fn bsf flojuf jo ui f yn jug <> 2 boe ifodf i bwf u f thn f btzn qupud
fygbotjpot buu f dvtq 7 <+ 1 po u f optf/ Bt b sftvir u ftf n pd n pevibs gpsn t
bsf sfbejm dboejebuft gps ui f rvbown jowbsjbout pg My/

Ui jt dibtt pg4: fybn qifit jt twejfe boe dihttjfife jo “ 3" bt u f pom optimal mock
Jacobi forms of weight one xju opo.wsbotdfoefoubmdpf * difout/ Up fyqrhjo xibu u fz
bsf- sfdbmi bu tp gos xf bmbzt fodpvoufs dortif u fub gvodujpot ui bu bsf Fjdi 1fis jouf hsbrt
pg x fjhi u 403 vobsz u fub gvoduypot wbotgpsn joh bddpsejoh wp Y fjmsfgsftfoubypot )dg/
tfdupo 4/4 boe tfdypo 7+ Gpupx joh u f rvbouwn n pevibs gosn bobmtjt jo tfdupo 8/4- po
u f pu fs tjef pgu f qrbof u fz dpssftqpoe up xfjhi u203 n pd n pevibs gpsn t xijdi bsf
wf dups. wbmafe boe wsbotgpsn joh bddpsejoh up ui f evbnlY fjnsfgsftfoubypot/ B tvddjodux bz
w thz ul jt jt ui fz bsf n pd Kbdpcj gosn t pgx fjhi upof/ )Fwfszxifsf jo u f gsftfouqbqfs



m, K o K My Ho) M+ r /o K
3 12( M) 3-2/3,2/3,2/3+ 73 ® 7 r? 2
4 12, 3¢ M) 3=2/3,2/3,3/4+ Zs r? 2,3
5 12,3, 4( M) 3=2/3,2/3,4/5+ Zs ® Zs r? 2,4
6 12,3,4,5( M) 3=2/3,2/3,5/6+ Zs r? 2,5
7 12,...,6( M) 3=2/3,2/3,6/7+ Z3 ® Zs r? 2,6
7, 4 12, 4( M) 3=2/3,3/4,3/4+ 74 r? 2,4
8 12,0, 7¢ M) 3=2/3,2/3,7/8+ Zs r? 2,7
9 12,8 M) 3=2/3,2/3,8/9+ 73 ® 73 r? 2,8
: 12,...,9( M) 3=2/3,2/3,9/: + Zs r? 2,9
21 12,0, M) 3=2/3,2/3,: /21+ 73 ® 73 r? 2,
21 6 12.4.6( M) 2-2/3,2/6,2/6+ Zy r? 2,6
M) 5=2/3,2/3,2/3+ Z3®7Z3® Zg r? 24,6
23 12,...,22( M) 3=2/3,2/3,22/23+  Z3®7Zs r? 2,22
23, 5 12,5,6( M) 2-2/3,3/4,4/5+ Z3 r? 2,6
24 12,...,23( M) 3=2/3,2/3,23/24+ Zs r? 2,23
2. 12.4.6.8( M) 6=2/3,2/3,2/3+ 732 73R Zg r? 2,4,6,8
M) 2-2/3,2/8,3/8+ Zg r? 4,8
27 12,...,26( M) 3-2/3,2/3,26/27+  Z3® 73 r? 2,26
29 12,...,28( M) 3-2/3,2/3,28/29+  Z3® 73 r? 2,28
M) 2-2/3,2/4,2/: + 7y r? 2,6
29, : 12,4,6,8( M) 3=2/3,2/4,3/4+ Z. r? 2,4,6,8
M) 7=2/3,2/3,2/3+ Z3RZ3®7Z. r? 2,4,6,8
36 12,...,35( M) 3=2/3,2/3,35/36+ Zs r? 2,35
53, 22 12.4,6.8.:,22 M) 8=2/3,2/3,2/3+ Z3®7Z3®Zy 17 2,4,6,8,:,22
M) 2-2/3,2/22,5/22+ Zo r? 8,22
41, 7-21-26 12, 8¢ )3, 4, 64 1 r? 2
i, 2 V2.4, 26 M) :=2/3,2/3,2/3+ Z3QZ3@Za 17 2,4,...,26
M) 2=2/3,3/6,2/26+ Zg r? 8,22
57, 34 12,4,...,34( M) 24=2/3,2/3,2/3+ Z3R@Z3®Z3s 17 2,4,...,34

Table 13/ Pqun bim pdl Kbdpej u fubt pgOjfn fjfs wqf boe fybn qifit pgu f sfrfisbou4.n bojeprat /

)n pdl +Kbdpej gpsn t sff's wp ui ptf wbotgpsn joh voefs u f xi prfin pevibhs hspvq TM)3, Z+
boe opukvtutpn f gspqfs tvehspvq pgjuA-Jo pu fs x pset- tvqqptf u f i pn prphjdbneipd t
pg b ui sff.n bojepra My bsf hjwfo jo usnt pg ghtf v fub gvodypot pgjoefy m )dg/ )55+
boe )58+ u fo gpn u f bobmtjt pgu f gsfwpvt tvetfdypot xf fyqfdub dfsubjo joefy m
n pd Kbdpcj gpsn wp cf sfifivbougps My/

Hjwfo b wfdups.wbmufe n pd n pevibs gpsn h? )h,+77 2,...,m 2-xju dpn qrfujpo
A7 )h,.+)de/ efflojupo 4+ xf tbz u buju dpn cjobuypo xju u f joefy m u fub groduypot

)dg/ )4/39+

V)T, 247

II

rC2,...,m—2

he)TH0myr O, —r DT, 2+ )8 81+



m, K o K My Ho) M+ r /o K
7,3 12,3, 5( M) 3-2/3,2/3,2/4+ Zo r? 2,35
21, 3 12.3,4,5,7,9( M) 3-2/3,2/3,4/6+ Zo r? 2,57
" 123467 M) 2-2/4,2/4,2/5+ Z4 r? 2,

M) 3-2/3,2/3,2/5+ Z3@Z3@Za 1?7 2,4,6,:

M) 2-2/3,2/4,2/21+ Zs r? 2,5
2, 6 12,3,5,6,8, 21 M) 2-2/4,2/6,3/6+ Ze r? 5,21

M) 4-2/3,2/3,2/4+ Zan r 7 2,3,5,6,21

29, 3 12,...,9,21,23,25,27( M) 3-2/3,2/3,8/: + Zo r72,9,21
31, 5 12,4,5,8,9,22( M) 2-2/3,2/5,2/6+ Zs r? 2,22
32,4 }2,....7,9,:,22,23,26,20( M) 3-2/3,2/3,5/8+ Zo r? 2,7,9,26
35, 9 12,3,6,8,9, 24( M) 2-2/3,2/4,2/9+ Zs r? 2,8
39, 8 12,3,4,6,7.8,:, M) 2-2/5,2/8,5/8+ Zs 7 24,32

21,24,25, 28, 32(
A1, 4626 12,4,6,8,: ,26(
"o 12,3,5,6,8,9, 21, M) 6-2/3,2/3,2/4+ Zss r 7 bm
92,24,27,2: ,33( M) 2-2/4,2/22,7/22+ o r? 27,33
s 12,4,5,6,8,9,22,
23,26,27,2: , 34(
53, 7-25-32 12,6,22( 1)3,4,8+ 1 r? 2
71, 232631 12,3,8,22, 24, 25( T)4,5, 6+ 1 r?7 24
81, 21-2546 12,4, :,22, 24, 34( 1)3,6,8+ 1 "7 22
89, 7-37-4: 12,6.,8,22, 28, 34( 1)3,4,24+ 1 r? 8

Table 14/ Pqun bmn pd Kbdpej ui fubt pg opo.Ojfn fjfs wqf boe fybn qifit pgu f sfrfmbou 4.
n bojgprat/

jt b mock Jacobi form pgjoefy m boe xfjhi upof jgjut opo.i prpn psqi jd dpn qrfugpo

#1247 [ m)TH0ms O DT 2+ )8 B2+
rC2,...,m—2

wbotgpsn t bt b vtvbnkbdpej gpsn )pgjoefy m boe x fjhi upof4/ Y f sfdf's up- gps jotubodf “15°
boe “3-:4- gps cbd hspvoe po Kbdpcj gosn t boe n pd Kbdpej gpsn t sfqtfduwfm/ Opuf
u buu f pgqptjuf tjho jo u f u fub groduypo ghdups sffffdut ui f bou.jowbsjbodf pg Kbdpc]
gpsn t pgpee xfjhiuwt voefs z = z/

Gspn b ovn cfs u fpsz qpjoupgwifx - x fjhi upof n pd Kbdpej gpsn t bsf sbui fs tqf djbuh
Gjstw jo b tfotf xf xjmm bl f gsfdjtf ti psum bm ptubmpgu fn i bwf wbotdfoefoubndpfg
fidifout “ 5" boe bsf u fsfegpst opusfrfe wp boz dpvoyoh gsperfm jo upgpiphz boe qi ztjdt/

Trdpoe- bt xf i bwf tffo jo ui f gsfwpvt tvetfdypot- bo jn qpsubougspqfsw pg)n pd +
n pevibs gpsn t jt u fjs cfi bwjps buu f dvtqt QN }ie (/ Buxfjhi upof n pd Kbdpcj gpsn
jt jo gduvojrvfm efufsn jofe cz ju qpifit “48-: 47/ Uif optimal di pjdf pgu f qprfit- gos b
hjwfo joefy m- jt hjwfo cz

giih, 7 0)2+ )83+



Jo “37juxbt tipxo u buuf tqbdf pgxfjhiupof npd Kbdpcj gpsn t- pgboz joefy
m / Z~1 boe ibwjoh 2/ u f pqun bngpifit )8 83+boe 3/ opo.wbotdfoefoubmdpf * djf out-
jt tvsgsjtjohm flojuf.ejn fotjpobm)45.ejn fotjpobmup cf qsfdjtf4/ N psfpwls- u fsf bsf 4:
tqf djbrwf dupst jo ui jt 45.ejn fotjpobntgbdf- ejtyohvijti fe cz u fjs tzn n fwsjft- xi jdi tqbo
u f tqbdf/ )Giwf pgu fn bsf opugofbsm joefqfoefoupgu f sftuA Ui fz bsf thefufe cz
uf thn f gbjs )m, K+u bu xf vtfe jo tfdypo 4/4 wp efflof tve.sfgsftfoubuypot pg Y fjm
sfgsftfoubuyjpot/ Mut efopuf u f dpssftqpoejoh n pd gosn t cz

U S [ R e T S )8 R4+
rC2,...,m—2

Ui fo u f hspvq K ejdibuft i f tzn n fisz pgQ™ & u bujujt jowbsjbouvoefs Omr ¥ O rayn+
s fwisz n / K )dg )4A1+—)4/A2+H/ Jo gbsydvibs- tjodf a)m+? 2 xf xjmofwfs i bwf
b opo.wbojti joh 1™ K vorftt m 1/ K/ Jo godw rvjuf sfn bslbcm 1 fz bsf jo pof.up.pof
dpssftqpoefodf xju uf 4: gbjst )m, K+xju m i/ K xijd efflof ejtdsfuf tvchspvqt

m- K peTM3, R4xju u f qspqfsz ui bu ™ & H jt b hfovt fsp Sjfn boo tvsghdf )n jovt
flojufa n boz qpjout+/ Y f sfgfs wp “ 3" boe ¢ 6A£; u f efubjih/

Gspn i f bepwf dibttifldbpo- xf peubjo 4: ejtyohviti fe npd Kbdpej gosn t ™ K-
ps frvjwbifoun 4: wfdups.wbmfe n pd n pevibs gosn t ™ K 2 YA K4 xju joefqfoefou
dpn gpofout hjwfo cz r / o™ & )de/tfdupo 4 /44 Ui fz i bwf u sff gysu fs twsjl joh ovn cfs
ul fpsfud gspqfsuft ¢ 3" pghsfbujn qpswbodf wp u f gsperfn t bui boe;

2/ Jouf hsbrdpf * djf out=
3/ Shefn bdi fs tvn t=
4/ Ui fub gvodypo ti bepxt/

Bmi pvhi xf pom efn boefe uf dpf” djifouwt wp cf opo.wbotdfoefoubm xju b tvjubcth
opsn brjrbupo u fz bsf jo ghdu bimjoufhsbift Ui f flstu ep-fot pg dpf * difout dbo cf govoe
jo “3"boe “7°/ Uif qspafsuft pgu f dpf” difowt gvsui fs ejwjef u f 4: dbtft jowp wp
hspvqt; u f gosn t jo ui f fistuhspvq- dbnfie u £ Niemeier type- i baf nonnegative dpf = djf out
pgh™ & gps bmopo.qprbs ufsn t jo u f ¢.fyqbotjpo- boe bsf jo pof.up.pof dpssftqpoefodf
xju u f 34 Ojfn fjfs rhugdft boe qrbz u f sprhpgu f hsbefe ejn fotjpot pgu f flojuf hspvq
n pevifit gps vin csbmn ppoti jof € 7- :87/ Uif tfdpoe hspvq dpoubjot ui f pu fs 27 dbtft
x1jdi ibwf cpu qptjuwf boe ofhbuywf Gpvsjfs dpf” djifout/ Uif dpssftqpoejoh m, K pg
u f ux p hspvqt bsf ubcvibhufe jo ubcrh 24 boe 25 sftqf dywim/ Opydf u bujo u f fistuhspvg-
opubmpgu fn dpssftqpoe w jssfevdjcrh Y fjnsf gsftfoubypot/

Ui f tfdpoe qspqfsw tubuft u buu fz dbo cf dpotwsvdufe bt wfdups.wbmife Sbef.n bdi fs
tvn t- x1ptf tjn qifis- tjohrfi wbmife wistjpo xf i bwf sfwjfxfe jo tfdypo 85 bt b xbz wp
joufsqprbuf cfux ffo vaqfs. boe mx fs.i brgqrbof / Ui jt n fbot u buu f ejtdvttjpo tfduypo 85
jt bgquyberh gps ui ftf grodujpot- boe ui fz bsf sfrbufe up ui f Fjdi 1fis jouf hsbnpgui fjs ti be px t-

22 Another noteworthy property, though not directly related to the present application, is the fact that
all Ramanujan’s mock theta functions (up to modular forms) can be expressed in terms of these 39 mock
Jacobi forms.



wib i f ¢ = ¢~2 whbotgpsn bujpo ejtdvttfe jo tfdupo 8/4 boe tfdupo 8/5/ Uif hppe ofxt
gps vt jt ui fo u bugps bimi ftf 4: n pd Kbdpcj gpsn t- ui f ti bepx t bsf hjwfo cz x fjhi u403
vobsz u fub groduypot pgu f gosn )52+ boe u fjs Fjdi ifis jouf hsbrh bsf gsfdjtfm i f ghrtif
u fub groduyipot Q™ X i buxf fodpvoufs/ Ui f gsfdjtf gpsn pgui f ti bepxt dbo cf govoe
jo “3"boe “7°/ Gspn i f epn jobousprh pgu f Fjdi ifis joufhsbrh Q™ X pgui fn )5/8+jo
u f i pn piphjdbnempd t gps TEjgf sun bojgprat x ju ul sff tjohvibs flesft- bt efn potwsbufe jo
tfdypo 7- xf fyqfduu ftf 4: fybn qifit up c¢f sfrfmbougps u f thn f n bojgpmat x ju sfwfstfe
psjfoubypo/ Joeffe- gps bm ptubmpgu fn xf dbo fbtjm floe u sff.n bojeprat gos x i jdi u f
i pn prphjdbnemd t bsf hjwfo cz 1 f dpssftqpoejoh Q7 K gps tpn f 7/ Y f ubcvibuf tpn f pg
u fn jo ubcrh 24-25/
Gjobime- xf dpn n fouu bu

i Ay Kyr42 0)2+ )8 B5+

T
gps u f gpupx joh )m, K+boe r;
=7,3-r72
=21,3-r7 2,4
=29, 3-r7 2,4,6,8

xijdi dbo fbtjm cf wisjfife gpn i f 1 opxo cfi bwjpvs )883+pgh™ K ofbs 7 <+ i€ boe cz

dpn qvijoh i f S.n bisjy )4 /484/ Gps jotubodf- hi *)r+? q_if)q—i—jt hjwfo cz u f psefs

u sff npd ufub grodypo pg Sbn bovkbo f)g+ xijdi bt xf ibwf dpn n foufe jo )8A5+—
)8/46+i bt b floju wbmf bu g < 2/ Bt nfouypofe jo uf cfhjoojoh pgu f tvetfdupo-

u jt gbdu hjwft u ftf n pd n pevibs gpsn t ui f ejtuyohvjti fe tubuvt u bu u fjs btzn qupud

fygbotjpo ofbs 7 <> 1 dpjodjeft xju u f dpssftqpoejoh Piutvlj tfsjft po u f optf/

8 Beyond false

Jo uijt tfdypo- xf twez Tfjgsun bojgprat xju gpvs tjohvibs flefst/ Ju wsot pvu u bu
twvdust pgu f i pn piphjdbmcipd t bsf wfsz bobmphpvt bt ui f dbtft xju u sff tjohvrhs
flesft/ Uif opwine jt W buu fz ibwf uf gnpxjoh | cvjmjoh cipd t# qibzjoh b tjn jrbs
spih bt i f gortf i fub gvodujpot Q™ K jo i f gsfwjpvt dbtft- bsf b njy cfuxffo Fjdi s
jouf hsbrh pg x fjhi u 203 boe x fjhi u403 u fub groduypot )dg/ )95+

2
B ) TH< ] Uy )T+ T'Qm’r)T{

— 3m
)92+
B Myr42 3122 T P25 KB+
r’ n pe 3m
Y f gspwjef b opo.tqi fsjdbnfybn qrh M) 3:%, %, %, %—i—boe dpn gvuf jut btzn qupud fyqgbo.
tjpo cz fyqmjuoh jut n pevibs.gl f gspqfsuft/



8.1 The building blocks

Y gspdffe cz bobiphz xju 4.flcfs fybn qifit wp jefouyg uf |cvjmjoh cipd t/# Gps
Csjftl pso i pn piphz tqi fsft Y)pa, ps, pa+ u fjs Y SU jowbsjbout efdpn qptf joup ghortf u fub
gvodupot H55- 567

4

q9/5 2
Zuv)Y)p2, p3, patt? %7 H ol Q) h H| o2, T 6%, )9+
rC2 jC2 by
xifsf m? ij— boe H jt u f ifbwjtjef tufq.grodypo/ Ui f 3m.qfsjpejd grodypo Xgm)T+
jt efflofe gpn n.ejn fotjpobmwt dupst [? o, 3¢, l,+boe P 7 )pa, Xxx, p,+ thujtgjoh
1< lj < Dpj;
e e
. € jgr< m) ,
Xém)r+? \ 1£2 ’ p

1 pui fsx jtf/

(npe 3m, xifsf €7 @2

Ui vt- X3222ﬁr+30 )93+t hjwfo cz n 7 4- [? )2,2,24 boe p' 7 )pa,ps,pat/ Pof dbo
petfswf 1 bu gbsybmu fub gvoduypot qibz i f sprh pg cbtjd cvjmjoh cipd t gps uf YSU
jowbsjbout pg Csjftl pso i pn pmhz tqi fsft- xju u f thufs efufsn jofe cz x3 25 +

Ju xbt tipxo jo “9- :: - gs gpvs.tjohvibsm flcfsfe Tfjgfsu ipn piphz tqi fsft
Y)p2, p3, pa, ps+u f rvbouyuw Zpy)My+dbo cf fygsfttfe jo ufsnt pg gqbsybmui fub grod.
uypot boe b xfjhiu2/3 Fjdi ifis jouhsbyp Ui fo- pof dbo tjn jibsm fywbdu cbtjd cvjmjoh

cipdl t ¢z qvigoh pvu X;, 1-2,2:2, 2*")7'—1-34

—¢/ _ 9
Zev)Y)p2, p3, P4, P+ %] H %mi 2’2’2’237“43771 U )T+ Q)T

9k rC2
2
) H) 2 ) H IT] |:Qm,)3m—zj m/ijTﬁ-{, )9/4—|—
J
xifsf Wy, ,)7+bsf u f xfjhi u2/3 Fjdi 1fis joufhsbrh )5 3+pgu £ xfjhi u203 u fub grodypot
)dg/ )5 2+ 2
H}n,r)’r—i_;? gm,r)'r, Z‘chl ? H qe /57”_

LEL
£Cr n pe 3m

Fyqudjum xf i bwf

\Ilm,r)T‘F-? H n¢g);4)n4qn2/5m’

n>1

, )9/5+
2 < 3
xi fsf wé);ﬁn—i—? } jg n<®dr npe am .

1 pu fsxjtf/

Tjn jibs wp )5/6+ jo ufsn t pgqspif dupst )4 A4+xf tjn qm i bwf 1y +)714—? 3) Py, )mtrn/

Z3Spherical Seifert manifolds are uniquely determined by the orders of their singular fibers. In our
convention, their Euler characteristic is —1/]]; p;: following [62].



Uif fygsfttjpo )94+ dbo cf cftu voefstuppe jo dpn gbsjtpo xju u sff.tjohvibs
flcfs dbtft;

P VTV Lty P
2
N W)+ )T o Q)T+ )96+
2 2 2/231
H) 2 5 H ]7] |:Qm7)3mzj m/pj+)7"’—>H H) 2 , H pi] |: /
! J

Dpotfrvfoun xf gspgptf ui buY SU jowbsjbout pg Tfjgfsun bojgpmat xju gpvs tjohv.
ths flefst Jopuof df ttbsjm jouf hsbii pn piphz tqi fsft+efdpn qptf joup v f gpnpx joh cvjm.
joh cmpdl t;

2
B, p)TH< . Wy )T+ er,T)T4{.

Opuf u buxijh Q7 Qpy_p-xfibwf By, ? By, —p/ Bt bsftvmr xijthm i/ K gps ui f
gbjs m, K sfifiwbougps u f fybn qifit jo tfdypo 7- jo ui jt dbtf xf nvtuibw m / K/ Uif
n pevibs.ijl f qspqfsw pg By, epnpx t gpn 1 ptf pgQy,r boe Wy

2 e L
§ffﬂm,r 2//{,‘ H ti mﬂn/) k+
k oy M m
en\ mio[" 2
? =) —| k"3
H n >3m [ ’
n>1
r o2 tjoi)m 14 ., 1
Qpr) k4?2 )2 - [e—i’mk’” pmxitst A2 T TT o e, )97+
m tjol mz ver) 3n
2 | W ' ! ()2
§=, »)2/k+ §;_74 H ST ym-r +dpt e —swik ()
k LTGD) m m
o k 0 C,n m nk_n—% P 0 tJOl ? H 3n 9/8+
! — - ) — xifs .
mi e n’) 3m ’ Or  tjoi mz 3

Ui f bepwf gspqfsw dbo cf fn qmzfe wp dpn qvuf u f whottfsjft fyqgsfttjpo pg Zrv) M+

Opuf u buu f sfrbgpo cfux ffo di bsbdufst pgtjohifui )2, p+1phbsju n jd wfsufy brhfcsbt
boe i pn piphjdbne mpdl t pgTfjgfsun bojgprat x ju u sff tjohvrbs flcfst qf stjtut up ui f gsftfou
dbtf/ Pof pctfswit b diptf sfrbgpo cfuxffo di bsbdufst pg tjohrfm )p. , p_+wisufy bihf.
csbt 211-212"boe 1 f i pn piphjdbne mpdl t pg'Tfjgfsun bojgpmat x jui gpvs tjohvrhs flcfst tuve.
jfe jo u jt tfduypo- tusfohu fojoh u f petfswfe dpoofdypo cfuxffo iphbsju n jd bihfcsbt/

Jux pvia cf bitp joufsftyoh wp fyqudjun dpotwsvdu cvjmjoh cipdl t gps hfofsjd ovn cfs
pgflefst- boe xf thbwf jugps gvuvsf xpslt/

8.2 Example: M (— 2,2,g %,%)

Yf bqqm uf n pevibsjwz ejdypobsz up ipn pmphjdbmcipd t pg b opo.tqi fsjdbm gpvs.
tjohvibsm flc fsfe Tfjgfsun bojgpra/ Ui f Tfjef sun bojgpa M) 3—%, i, 59 6+1 bt u f gonpx joh



qmin cjoh hsbqi ;

3
3
3 _ 4 3
]
3
Bt cfgpsf- xf dpn qviuf i pn pphjdbnrmpd t boe )4+
, |2 2 2
A+ §% 3 —25\/6 —2-3x/6 7 )9/ +
3 =2 V6 —2-6
3 3

Z1)q+? q8/3)2 q22 q25 q2; q44 ’ q51 q56 7 3q64 , q85 . 004

Zz)q—i-? 1, )9/21+
Z/gjq—i—? 3(];4/21) 2’ q26’ q36 q61 3q76’ 3q231 3q276 4q2;17 SO

Cz u f gsftdsjqupo pgn pevibsjw ejdypobsz- xf dbo fbtjm tff wbum 7 41/ Uifo-
i pn piphjdbne mdl t dpssftqpoe wp u f Y fjnsfgsftfoubuypo o 7 41, 6,7,41-x1 ptf qspk dups
jt fyqydjum hjwfo cz

pA- 6TAL Y P Y64P; ) T4 )26+

xijdi rhbet uwp- vtjoh )92+

41- 6,7,41
Bg )7+? )Bmg Baioa, Baios Baiga b1

41- 41
B 6,7,

)9/22+
P )7+? )Bug Baiza b7+

Jo ufsn t pgu ftf- u f i pn prphjdbncpd t sfbe

21\)q+? g2 /231 )941734)T+ B;n- 6,7,41)T+<
Za)q+? 1 )9 23+
Z?jq—f—? 3q’215 /2313;511- 6,7,41)7_+

Cz 1 f n pevibs.gjl f gspafsuft pgui f cvjmjoh cipd tvx f peubjo ui f wbottfsjft tvn n bsj-fe

jo wbeth 26- xi fsf bo pufsbmghdwps pg ig>"/? /37 3 jt pn jufe bt vtvbif



DT bdypo  tubcjipfs wqf whottfsjft
1 TV)3+ dforsbm i) SEL4/3 | )6/
2 P)2+ be f1jbo e3ﬂ’ké) 6=V6j-2/3 P4/
i P)2+ be f1jbo eSm‘k%) 6 Vp-2/3  p)p-1/3
327 ®2 opo.befijbo- sfbm e 3k 10 266‘51"\‘//47) 36, 6§ 6, 35§ Zdpt 27T1<
o ®2 opo.be fjbo- sfbm =37k g #)2 , d 64
2L ©2 opo.be f1jbo- sfbm e~ 3mikiz €709 d 6+
% @2 opo.bc fijbo- sfbm 6_3”1—’“%% 2 %
% @2 opo.bc fjbo- sfbm e~ 3mik {55 oA /5
P B2 opo.be fijbo- sfbm e~ 3mik a5 Zij}/i)% 6 6, 35° Adpt 4z <
= 2 opo.be f1jbo- sfbm ¢—3miki5s 923}’/4 dpt 4
S ®2 opo.be f1jbo- sfbm e 3mik T €7 ) d 6+
2 ®2 opo.be f1jbo- sfbm =37k T3 %)2 d 6+
5'3% @2 opo.becfijbo- sfbm e 3k 135 % dpt 57
o ®2 opo.be fjbo- sfbm e—3mik 155 %
5T 2 opo.bc f1jbo- dpn qrfiy 1
= 2 opo.be f1jbo- dpn qifiy 1
=1 &2 opo.befijbo- dpn quifiy 1

Table 15/ Usbottfsjft boe dibttjldbupo pgffbudpoofdupot po M) 3:%,

Wl
SN
SN

9 Discussions and open questions

Jo u jt gbqfs xf ejtdvttfe u f gpnpx joh tvsgsjtjoh g buvsft pgi bigjoejdft pgdfsubjo O 7 3
de tvqfstzn n fwsjd rvbouwn fifma u fpsjft- xijdi bsf brtp u f i pn piphjdbmempd t 77 pg
b ¢n jm pgu sff.n bojgprat/ Jo u f flstu gbsu pgu f qbqfs xf ejtdvttfe u sff ejfifsfou
TV 3, Z+)qspK duywt +sf gsf tf oubuyjpot x f fodpvoufsfe jo ui f gsperfm boe n bl f vtf pgu fn
w dpn qvuf upgpiphjdbmm boe qi ztjdbmm joufsftyoh rvbouuft/ Tfdpoe xf qspqptf u f
sfriiwbodf pgu f dortif.n pdl gbjs gos pvs gspcrfn - n bl joh vtf pgu fjs sfrbypo up r vbouvn
n pevibs gosn t/
Y f xjmfoe uf nbjo gbsupguf gbqfs xju b gtu pg pafo rvftuypot boe gvuvsf
ejsf dupot;
= Ui pvhi u f sfriwbodf pgui f ghrtif . pdl gbjs jt n bojgf tw ui fsf bsf tymb gfx jn qpsubou
qv—ifit sfn bjojoh/ Kvtuqvsfm gpn u f ovn cfs u fpsz qpjoupgwifx u fsf bsf wp
bn cjhvjuft jo jefougzjoh ui f dpssfdu Za\po uf npd tjef;



2/ Bt tvn n bsjtfe jo flhvsf : - u f Fjdi tfs jouhsbubttpdjbufe wp b n pd grodypo
pom efqfoet po jut ti bepx boe jt u fsfepsf jotfotjuwl up u f beejuypo pgb qvsfm
n pevibs gpsn / S fibufem buu f foe pgtfdypo 83- xf i bwf tffo u bugpn u f
q.izqfshfpn fwsjd qf stqf duywf ui fsf bsf whsjpvt bn cjhvjuft xifo hpjoh cfux ffo
vqqfs. boe mpxfs.i bigqrboft; wp ¢.i zqfshfpn fwsjd tfsjft dbo efflof u f thn f
gvoduypo po pof tjef boe ejfifsfougrodypot po u f pu fs/ Ui jt jt sfrbufe wp ui f
tp.dbufie | fyqbotjpo pgfsp#eftdsjcfe cz Sbefn bdi fs 2137/ Jo pvs dpoufyu
pg x fjhi u pof Kbdpcj gpsn t- ui f bn cjhvjw jt frvjwbriou up u f bn cjhvjw pg
tqfdjgzjoh u f qprfit pgui f grodypo )tff “8 boe “ 3/

3/ Npsfpufs- podf b npd npevibs gpsn f jt di ptfo- pof tuymoffe wp di pptf
u f n pevibs tvewsbdypo G, buu f dvtq x )dg/ )8/A7+H/ Y ijifi gps dpn gbsjtpo
xju qfswscbuyw Di fso.Tjn pot pof pom offet u f tvecwbdypo gps u f dvtq
T > 1- jo psefs wp fufsbm dpn gbsf xju bmui f Y SU jowbsjbout pof xpvia
offe u f tvewbdypo bu bmepput pgvojw pgu f gsn 7 <> %/ )P g dpvstf- u jt
jt u f eftdsjqupo pgu f bncjhvjz xifo dpotjefsjoh Wif npd gsn f bt b
tjohrf.wbmife n pdl n pevibs gpsn gps b tvehspvq < TM)3,Z+/ Y ifo eftdsjcfe
jo ufsn t pg widups.wbmife n pd n pevibs gpsn t gps TM3, Z+ u f dpssftqpoejoh
bn cjhvjw jt u bupgtqfdjgjoh ui f n pevibs tvewsbdypot gps bimdpn gpofout pg
u f wfdups.wbmfe gyodujpo /4

S fdbmui bw xi jih pof epft opuofdfttbsjm offe up dbsf bepvuu ftf bn cjhvjuft gps
u f qvaptf pgsfgspevdjoh u f qfsuwscbywf Di fso.Tjn pot ebub- u f bduwbmyg.tfsjft
bsf qi ztjdbmm wfsz n fbojohgyiti Difibsta- jo psefs up n bl f hf of sbigsfejdupot gps ui f
i pn prphjdbneipdl t gps hf of sbmi sff.n bojgprat boe jo psefs up cfufs voefstuboe u f
hf of shim pevibsjw twsvduvsf pgde O 7 3 ui fpsjft- jujt dsvdjbiup cfufs voefstuboe
u f bepwt bn cjhvjuft- boe 1 pqfgvmm up floe tv ™ djif oun qpx fsgyndsjuf sjb gspn  qi ztjdt
boe wpqpiphz wp fyn jobuf u f bn cjhvjuft/ Bitp gpn u f dpoufyupgu jt xpsl- u f
sfrbpo w I bejsp sjoh 2147 baqfbst up cf bo jn qpsubou rfibe /

Juxpvm cf jousftyoh wp dpn qvuf- f/h/ wib sftvshfodf 6~ u f ¢.tfsjft jowbsjbout
Za)My+gps izqfscpgd 4.n bojgprat boe uftu ui f dpokfdusf jo tfdypo 6- obn fm

xifu fsjo tvd dbtft Z,)My+bst sfrbufe up di bsbduf st pgiphbsju n jd wisuf y bihf csbt
x1ijdi bsf opuCs.dpflojuf /

Jo u jt xpsl xf opuf u f jn qpsubousprh qibzfe cz u f Y fjnsfgsftf oubypot- the fufe

cz b qbjs m boe K < Fy,,- jo pvs gspctfm / Y ijih m dbo qi fopn fiphjdbim cf

efufsn jofe cz u f upqprphjdbmebub )7 25+ xf ep opulopx xibuu f fyqydju sfih.

ypo cfuwffo K boe 4.n bojgpma upqprphz jt/ Npsf dpodf quwbme ju xpvma cf hsfbu
up voefstuboe u f psjhjo pgu ftf Y fjmsfqsftfoubypot jo pvs upqprphjdbifiqi ztjdbm
gsperfm / Gvsu fsn psf- jo tfdypo 4 xf ejtdvttfe u sff ejfifsfouS.n bsjdft boe ui sff

ejfifsfou] TM3, Z+sf gsf tf oubypot#u bu qibz bo jn qpsubou sprh jo pvs tupsz/ Y f ep

fyqfduu ftf sfgsftfoubuypot wp cf joufs.sfrhufe boe pof pcwipvt pqfo gspcifn jt up

voefstuboe i px fybdum u fz bsf sfrbufe/



= Jo pvs tupsz- n pdl n pevibs gpsn t boe joufsftuyjoh n pevrbs tuisvduvsft fn fshf gpn u f
qi ztjdt pgde O 7 3 u fpsjft boe CQT tubuft/ Jo gbsuydvibs- pvs 1 fz qibzfst Z,)g+bst
| dpvoujoh#CQT tubuft/ Jux pvia cf joufsftyjoh wp floe sfibuypot )evbrgft+up pu fs

qi ztjdt gsperfn t x i fsf tjn jibs n pevibs twisvdwsft bqqfbsfe- f/h/ ¢ 4- 2152187/

=Jo u jt xpsl xf ibwf n bjom gpdvtfe po fybn qfit pgTfjgfsun bojegprat x ju £ tjohvihs
flefst-xifsf £ 7 4boe u fipn piphjdbnempd t bsf hjwfo cz ghrtif ui fubt/ Ui ftf wqf pg
gvodujpot brtip bqqfbs bt di bsbduf st pgn pe vifit pgtjohrfin)2, p-phbsjui n jd wisuf y brhf .
csbt/ Jo tfdypo 9 xf csjfffe ejtdvttfe ui f dbtf pgl ? 5-xifsf u f i pn prphjdbnempd t
bsf dpn gptfe pgcvjmjoh cipd t xijdi dpoubjo ghitif u fub grodupot dpssftqpoejoh
w b njy pgrvbown n pevibs gpsn t pgxfjhi u403 boe xfjhi u203/ N psfpwfs- u f
sfrbyjpo up mphbsju n jd wfsufy brhfcsbt gfstjtut boe u jt yn f u f cpd t bqqfbs up
cf sfribnfe wp di bsbdufst pg)p. , p—+tjohrfiu wisufy brhfcsbt/ I px fwfs- u fsf jt difibsmm
nvdi n psf wp fyqmpsf/ Pof joufsftyoh rvftypo jt wp jefoug u f cvjmjoh crpd t pg
i pn piphjdbnemd t gps TEjgf sun bojgprat x ju hfofsbn?- boe u f qpuf oujbnsf hypo up
mphbsjui n jd wfsufy bihfesbt/ Ofyw juxpvia cf jouftufsjoh wp fyqpsf u f n pevibs.
jw twvdwsf pgipn pphjdbomerpd t gps quun cfe 4.n bojeprat x1ijdi bsf opo.Tfjg su/
Ui jse- ju jt wfsz dpodfjwbcrh u bu u fsf fyjtut b ojdf sfrbuypo cfuxffo ijhifs sbol
jowbsjbout boe i jhi fs.efqu rvboun n pevihs gpsn t ‘211~ hfofsbipjoh u f TM)3, C+
tupsz xijdi jt uf gpdvt pgu f gsftfou gbqfs/ Gjobme pof n bz bitp jow tuhbuf
u f n pevibs.glf gspqfsuft pgu f i bigjoejdft bsjtjoh gpn 4e u fpsjft u bubsf opu
dpn joh gpn u sff.n bojegprat/

=Uif fybn qifit hjwfo jo tfduypo 86 tvhhftu u f sfrfivbodf pguf 4: pqun bmn pd
Kbdpej u fub gvodypot jo pvs upgprphjdbiboe qi ztjdbngsperfm t/ Buu f thn f yn f-
u ftf npd gvoduypot bitp qrbz u f sprhh pg ui f hsbefe ejn fotjpot pg flojuf hspvq
sfasftfoubuypot jo u f dpouf yupgui f tymm ztuf sjpvt vn csbim ppoti jof “ 7-: 87/ Pof
obwsbnr vitypo jt xifu fs u fsf jt b sfrbhuypo cfuxffo pvs tfuvq boe u f n ppoti jof
flojuf hspvqt/
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Figure 10/ 4e Ljscz n pwft gps qmn cfe n bojeprat/ Ui f sftvigoh qmm cfe n bojeprat M boe M’
bsf ipn fpn psqi jd/

A Invariance of convergence under 3d Kirby moves

Jo u jt tfdujpo- x f gspwf ui bude Ljscz n puft )flhvsf 214qsftfswf u f e pn bjo pgdpowt shf odf
pgi pn prphjdbneipdl t/

Dpotjefs u f cpupn 1hgi hsbqi pgflhvst 21/ Y n bz di pptf u f cbtjt jo xijd u f
bekbdf odz n busjy M i bt gbn joh dpf * difouasy, asjo uif )i, i+u dppsejobuf / Cz fm n b 2-
i pn prphjdbmempd t pgui f n bojgpra qmun cfe brpoh u f cpuwpn hgr hsbqi x pvia i bwf u f
gpnpx joh btzn qupuid ¢ fi bwjps gps ui f ¢.fyqpofout;

Ml T he?
1 ? 4

¢ T 7 g SOt W\ e )B 2+

gps u f sfrfivbouufsn t pgu f tvn / Ofyw xf dpotjefs u f bekbdfodz n buwjy M’ pgu f upq
thaihsbqi - xijdi ibt u f gonpxjoh % 2,4, 2°x 4 2,4, 27tvcen bwsjy;

a9 21 {

212 M.

12 a3%
B tjn qrh gofbs bihfcsb ti pxt u bujut jowfstf i bt u f gonpx joh 4 2,4, 27x 4 2,4, 2~
tven bisjy;

VMt oy, )Mﬁl-m'(

3 3
XXX XX XRX M2
)M~ i )M~ i
3 X T3

Ui fsfepsf- u f i pn piphjdbmerpdl t bttpdjbufe up u f upq 1hgr qmun cjoh hsbqi x pvia i bwf
u f g.fygpofou xju u f gonpx joh btzn qupud cfi bwjps;

—1 —1y..(p. . 2
_(i,(M;) 2) _(M )ii(Li—1 Z'L-‘—l) _ O)2+

q 7 q s , bt W\ € )B B3+
gps ui f sfrfivbou ufsn t pgu f tvn / Jo gbsydvibs- u f btzn qupuyd cfi bwjps efqfoet pom
po )i—o L o+ xijdi jt qibzjoh u f sprh pg ¢; jo )B/24/ Gusu fsn psf- u f btzn qupyd
cfi bwjpst pgepu )B2+boe )B/B+bsf gspqpsupobnup )M 24/ Uivt- xf n bz dpodmef
u buu f flstuLjscz n pwf gsftfswft u f epn bjo pgdpowfshfodf pgi pn piphjdbnepd t/ Y £
dbo bobrphpvtm xpsl pvu f ejbhpobmfrfn fout pg )M’+2 gps i f wp sfn bjojoh Ljscz
n pwft boe petfswf u f jowbsjbodf /



B Further examples

Jo ui jt tf dypo- xf gspwjef gvsu fs fybn qifit pgTfjefsun bojgpmat xi ptf i pn piphjdbnempd t
bsf hjwfo jo ufsnt pgu f ghrtf 1 fub grodupot Q7 X boe xi ptf ebub bepvu f fibu dpo.
of dypot dbo cf jogssfe gpn u f n pevibsjw ejdypobsz bt ejtdvttfe jo tfduypo 5/

DT bduypo tubcjygrfs wqf whottfsjft
. . 2
1 TV)3+ dfousbm emk-O)gj;gk?’/?, v LA O
3 )2+ befijbo k)T Ap1/2 Smge/2 Py
= ®2 jssfevdjcifr sfbm e~ 2mikar Tt ) 34

Table 16/ Usbottfsjft boe
pwfsbmehbdups pg  ig2%/24/3” 3/ Ui f dpssftqpoejoh Y fjnsfqsftfoubujpo jt m, K ? 7, 4/

ttjfldbuipo pg ffbu dpoof dujpot po M) 3=

AN

55 %, %—F? 533)3‘1+Vq wp bo

DT bdypo  tubcjurfs wqf whottfsjft

1 TV)3+ df ousbm e3mk'1>m': 343 %%"k-ﬁ/?’ , P83

2 TV)3+ dforsbm eSmk%)m B3, B0, 179)1f8/3

¢ ®2 opo.be f1jbo- sfbm e 3mikgs o ><)7'27.\/é !
. 1

5 @2 opo.be f1jbo- sfbm e I U ) T3

9% @2 opo.be fjbo- dpn qifly 1

% d2 opo.befijbo- dpn qrhy 1

Table 17/ Usbottfsjft boe dttjfldbypo pgffbudpoofdypot po M) 2=}, 1, 1+7 S3,)414+vq wp bo

pwfsbmghdips pg  i¢'?/8°/3” 3/ Ui f dpssftqpoejoh Y fjmsfqgsftfoungpo jt m, K ? 31, 5/

DT bdypo tubcjyrfs wqf whottfsjft

3mwik-1\ bmi 1.—4/3  214n%1.—6/3 —8/3

1 TV)3+ df owsbm 37 )ﬁk /3, STk /3. P8/
o Tl 2 — T — —

3 ®)2+ be f1jbo e 1’%)%1@ 23 g3 ) 6/3+(
5 ®2 opo.be f1jbo- sfbm ek T 3
% @2 opo.be f1jbo- sfbm eSS e T 2
% @2 opo.bc fyjbo- dpn qrfiy 1

Table 18/ Usbottfsjft boe dibttjfldbuypo pg fibu dpoofdypot po M) 2

:%, %, %+Vq up bo pwfsbim

ghdups pg  ig'/*¥/3” 3/ Uif dpssftqpoejoh Y fjmsfqsftfoubypo jt m, K ? 23, 4/



DT bduypo  tubcjurfs wqf whottfsjft
1 TV)3+ dfowsbm e3ﬂk-1) Saij/s, DmLp-6/3 p)gs/s
8 $)2+ be f1jbo e3m‘k§> 2-‘73\/6](2/3 )236%21\/5%](4/3 , P)k6/3
4 )2+ be F1ibo 83wikg)4»T¢6k—2/3 7 H%—S%Wk—m ’ P)k—6/3+<
H @2 opo.be f1jbo- sfbm e=3mik i g4mi/5 ><)2 , %(
% @2 opo.bc fjbo- sfbm 3k gdmi/5 X%
5—21 D2 opo.becfigbo- dpn qifiy 1

Table 19/ Usbottfsjft boe dihttjfldbypo pg fibu dpoofduypot po M) 2:%, %, %Jrvq up bo pwfsbm

ghdups pg  ig19/49/3” 3/ Ui f dpssftqpoejoh Y finsfqsftfoubypo jt m, K ? 21, 6/

DT bdypo  tubcjijrfs wqf wbottfsjft
1 V)3+ dtowbm Sk ) 3 | p)0/3
1 D)2+ be f1jbo eS‘n’ik‘l) k23 p)gi/3
8 ®)2+ be f1jbo 63’Tik%))%dpt? Z(k:Q/?’, P)k4/3
6 ®)24 he f1jbo e3“’<%) )%tjo%, 8 (k=23 P13
o )2+ be f1jbo STRE) )it ds, (K2R, P
& D2 opo.befijbo- sfbm e~ 3mik Ty 4mi/5 x) 3+

Table 20/ Usbottfsjft boe dibttjfldbupo pg ffbu dpoofdypot po M) 3:%, %, %—qu up bo pwfsbm

ghdups pg ig—*%/72/3” 3/ Ui f dpssftqpoejoh Y fjnsfqsftfoubypo jt m, K ? 29, :/

Open Access. Uijt bsuydh jt ejtisjcvife voefs u f ufsnt pgu f Dsfbywt Dpn n pot
Busjcvupo Mdfotf )DD.CZ 5/1+xijdi qfsn jut boz vtf- ejtwsjcvipo boe sfgspevdypo jo
boz n fejvn - gspwjefe u f psjhjobnbvu ps)t+boe tpvsdf bsf dsfejufe/
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