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1 Introduction and summary

Ui jt x psl sfmjf t po ui f jouf sqmbz c fux f f o ejfif sf ou flfmet pg sf tf bsdi - jodmvejoh upqpmphz-

qi ztjdt boe ovn c f s ui f psz/ Bt ti px o jo flhvsf 2- f bdi pg ui f ui sf f flfmet btl t e jfif sf ou

rvf tujpot- csjoht jo ejfif sf ou sf tvmut- boe fn qmpzt ejfif sf ou ufdi ojrvf t- x i jdi bmmuvso pvu

up c f sfmbuf e boe jo gbdudsvdjbmgps pof boe pui f s/ Ui f df ousbmpc kfdu jt b df subjo gbn jmz pg

joflojuf q.tf sjf t ] Ẑb)q+#- x i jdi qmbzt ui f spmf pgtvqf stzn n fusjd joejdf t- upqpmphjdbmjowbsj.

bout- boe rvbouvn n pevmbs gpsn t jo qi ztjdt- upqpmphz- boe ovn c f s ui f psz sf tqfdujwfmz/

Y f i pqf ui f sf tvmut dbo c f pgjouf sf tuup ui f dpssf tqpoejoh dpn n vojujf t/ Up gbdjmjubuf ui jt-

ui f jouspevdujpo jt x sjuuf o gspn ui sf f qpjout pgwjf x / Ui butbje- ui f sf bef st bsf f odpvsbhf e

up sfbe bmmpgui f n up hfu b dpn qmfuf qjduvsf /

—2 —
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Topology

PhysicsNumber
Theory

Why are quantum modular forms 
natural? 

What are the properties of 
3d N=2 theories? 

What are the quantum 
invariants of 3-manifolds? 

resurgence

3d-3dWRT inv, 
Ohtsuki series

Figure 1/ Ui f e jfif sf ou upqjdt jowpmwfe jo ui jt qbqf s/

1.1 . . . for physicists

Jo ui f qbtu ux p efdbef t- usf n f oepvt qsphsf tt i bt c f f o n bef jo voef stuboejoh tuspohmz

dpvqmfe tvqf stzn n fusjd )TVTZ+rvbouvn flfme ui f psjf t- fwf o up ui f f yuf ou ui bu jotjhi ut

dpn joh gspn TVTZ ui fpsjf t n pujwbuf qsphsf tt jo opo.tvqf stzn n fusjd ui f psjf t/ Jo qbsu-

ui jt qsphsf tt jt cbtf e po sbqje efwfmpqn fou pgmpdbmj–bujpo ufdi ojrvf t jo tvqf stzn n fusjd

ui f psjf t “2 -̂ x i jdi dbo c f vtf e up dpn qvuf wbsjpvt qbsujujpo gvodujpot boe joejdf t ˜

jodmvejoh ui f pof t pg jouf sf tu jo ui jt qbqf s ˜ f ybdumz/

Gspn ui f qi ztjdt qpjou pg wjf x - ui jt qbqf s jt bcpvu b df subjo 4e bobmphvf pg ui f

gbn pvt fmmjqujd hf ovt “3 /̂ Npsf qsf djtfmz- x f tuvez ui f dpn cjof e joef y pg b 4e O ? 3

tvqf stzn n fusjd ui f psz x jui b i bmg.CQT cpvoebsz dpoejujpo- psjhjobmmz jouspevdf e jo “4 /̂

Y i jmf ui f fmmjqujd hf ovt pg3e O ? )1, 3+ui fpsjf t jt l opx o up c f sfmbuf e up ui f usbejujpobm

ui fpsz pgn pevmbs gpsn t- ui f dpn cjof e 4e .3e joef y )tpn fujn f t dbmmfe i bmg.joef y ps D3∗ qS
2

qbsujujpo gvodujpo+x jmmc f ti px o up fyi jc ju n psf tvcumf boe jouf sf tujoh uzqf t pgn pevmbs

c f i bwjps/ Tqfdjfldbmmz- jo tf dujpo 3 x f x jmmejtdvtt ui sf f uzqf t pgn pevmbs.mjl f c f i bwjps ui bu

dbo c f e jtqmbzf e cz ui f i bmg.joejdf t- x jui bo jodsfbtjoh efhsf f pg tvcumfuz bt ui f cvml 4e

ui f psz c fdpn f t n psf boe n psf opo.usjwjbm/

Jo ui f qspdf tt- x f bmtp floe b ofx boe vofyqfduf e x bz jo x i jdi 3e mphbsjui n jd dpo.

gpsn bmflfme ui f psjf t )mph.DGUt+dbo bsjtf gspn tvqf stzn n fusjd rvbouvn flfme ui f psjf t- jo

gbdu- gspn ui sf f .e jn f otjpobmui fpsjf t”

1.2 . . . for topologists

Gspn ui f qpjoupgwjf x pgupqpmphz- ui f qsf tf ouqbqf s bjn t up n bl f qsphsf tt po ui f gpmmpx .

joh mpoh.tuboejoh qspcmfn ; i px dbo pof f yuf oe Gk rvbouvn hspvq )Y juuf o.S f ti f ujl i jo.

Uvsfbw- ps Y SU jo ti psu+jowbsjbout pg4.n bojgpmet bx bz gspn spput pgvojuz- up ui f jouf sjps

pgui f voju ejtl \q\< 2A

—3 —
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Tvsqsjtjohmz- sf df ouqi ztjdt e fwfmpqn fout “5- 6 -̂ cspvhi ubcpvucz tuvezjoh N6 csbof t

x sbqqf e po 4.n bojgpmet- qsf e jdu ui bu b tpmvujpo up ui jt qspcmfn jowpmwf t opu kvtu pof

gvodujpo Z)q+- cvu sbui f s b dpmmfdujpo pggvodujpot mbc fmf e cz fmfn f out pgui f flojuf tf u

π1N bc
¯bu)M4,TM)3,C++ ⊂? UpsH2)M4,Z+/Z3 , )2/2+

x sjuuf o i f sf gps G ? TV)3+/ Tqfdjfldbmmz- ju x bt dpokfduvsf e jo “7ˆ ui bu ui f sf f yjtu of x

4.n bojgpme jowbsjbout Ẑb)q+� qfl bZ““qˆ̂- x i jdi jo qsbdujdf dbo c f dpn qvuf e gps b mbshf dmbtt

pg4.n bojgpmet- tvdi ui bu

Y SU)M4, k+?
∏
a

e3πikEV)a+

)
mjn

q→ e2πi/k

∏
b

S
)A+
ab Ẑb)q+

[
, )2/3+

x i f sf ui f tvn svot pwf s ui f dpoofduf e dpn qpof out pg ui f n pevmj tqbdf pg ffibu dpoofd.

ujpot )2/2+/ Bopui f s gpsn pg ui jt sfmbujpo- x jui b gf x f yusb efubjmt- x jmmbqqfbs c fmpx - jo

tf dujpo 4- x i f sf ui f spmf pg ui f S.n busjy S)A+x jmmbmtp c f dmbsjflf e/ Ju i bt ui f gpmmpx joh

fyqmjdju gpsn

S
)A+
ab ?

∏
a′∈{Z20pscku pga} f )3λ)a

′, b++√
\UpsH2)M4,Z+\

, )2/4+

boe pomz ef qf oet po cbtjd upqpmphjdbmjowbsjbout pgui f 4.n bojgpme- tvdi bt H2)M4,Z+x jui

jut joof s joof s qspevduλ- po x i jdi ui f Y f zmhspvq Z3 bdut cz a ∀↔ a/

Pof pgpvs n bjo sf tvmut jo ui jt qbqf s jt ui bu q.tf sjf t jowbsjbout Ẑa)M4+i bwf b ] i jee f o

tusvduvsf -#obn fmz ui f tusvduvsf pgb qspkfdujwf TM)3,Z+sfqsf tf oubujpo- e jtujodu gspn ui f

spmf )t+n pevmbs hspvq qmbzf e jo ui jt dpoufyu tp gbs “5- 7 /̂ Ui jt of x tusvduvsf mfbet up

qpx f sgvmqsf e jdujpot;

≡Ui f i jee f o n pevmbs tusvduvsf i fmqt up efuf sn jof Ẑa)M4+x i f o Ẑa) M4+jt l opx o

)tf dujpo 8+/ Gps fybn qmf - jumfbet up ui f gpmmpx joh ofx qsf e jdujpo;

Ẑ2

)
M

)
3=
2

3
,
2

4
,
2

3

[ [
? 3q

5
12 q

9
24 , q

9
24

∏
n≥2

) 2+nqn

) q=q+n

? 3q
5
12 q

9
24 2 , q 3q3 , 4q4 , . . .

〈
)2/5+

x i jdi tp gbs x bt opu bddf ttjcmf cz boz pui f s n fui pet/

≡ Jubmtp qspwjef t b dmfbs qjduvsf pgx i bui bqqf ot ˜ buui f mfwfmpgq.tf sjf t Ẑa)q+boe bu

ui f mfwfmpgui f voef smzjoh sf qsf tf oubujpo ui f psz ˜ x i f o q bqqspbdi f t b sppupgvojuz-

dg/flhvsf 5/ Jo qbsujdvmbs- ju dmbsjflf t x i f o boe x i z pof ti pvme fyqfdu ] dpssf dujpot#

buui f spput pgvojuz )tf dujpo 4/3 boe tf dujpo 8+/

≡ Jutvhhf tut x i z boe f yqmbjot jo x i bux bzt ui f voef smzjoh bmhf csbjd tusvduvsf jt n psf

e fmjdbuf boe jouf sf tujoh jo ui f dbtf pg i zqf scpmjdM4 )tf dujpo 6+/

≡Gjobmmz- ju qspwjef t b wf sz tjn qmf ] opo.upqpmphjdbm#xbz up efuf sn jof qsf uuz n vdi

fwf szui joh pof x bout up l opx bcpvuffibudpoofdujpot po b 4.n bojgpme M4 )tf dujpo 5/4

boe tf dujpo 7+; ui f dpn qmfuf ubypopn z- jodmvejoh ui f uzqf - tubcjmj–f s hspvq- wbmvf t

pg ui f Di f so.Tjn pot jowbsjbou- usbottf sjf t dpf ´ djf out- f yqmjdju dpn qvubujpot pg ui f

Pi utvl j tf sjf t boe btzn qupujd f yqbotjpot bspvoe opo.usjwjbmffibudpoofdujpot- f ud/

—4 —
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Ui f uf yu dpoubjot wbsjpvt pui f s bewbodf t- e fwfmpqf e joef qf oef oumz pg n pevmbsjuz/ Gps

fybn qmf - dpn qvubujpo pg Ẑa)M4+gps b mbshf dmbtt pg joefflojuf qmvn cjoht jt e fwfmpqf e jo

tf dujpo 7/2/

Bmmwbmvf t pgui f Di f so.Tjn pot gvodujpobmjo ui jt qbqf s bsf e f flof e n pevmp 2/

1.3 . . . for number theorists

Up ovn c f s ui f psjtut- ui f qspcmfn t ejtdvttf e jo ui jt qbqf s dpvme tf swf bt b ] gbdupsz#ui bu

qspevdf t joflojufmz n boz q.tf sjf t pgjodsfbtjoh dpn qmfyjuz boe qpuf oujbmmz jouf sf tujoh tvcumf

n pevmbsjuz qspqf sujf t )tf f tf dujpo 3+/ Jo qbsujdvmbs- pof sjdi gbn jmz pgfybn qmf t x i jdi dbo

c f i boemf e f yqmjdjumz jt mbc fmf e cz efdpsbuf e hsbqi t )hsbqi t x i ptf wf sujdf t bsf e f dpsbuf e

cz joufhf s ovn c f st+/ Uvsojoh jubspvoe- ui f sf tvmut gspn ovn c f s ui f psz floe ui f gpmmpx joh

jn qpsubou bqqmjdbujpot jo upqpmphz boe qi ztjdt;

≡ n bl joh qsf e jdujpot po qf suvscbujwf boe opo.qf suvscbujwf ui sf f .n bojgpme upqpmphjdbm

jowbsjbout )tf dujpo 5+=

≡ ti f ee joh mjhi u po ui f sf tvshf odf qspqf suz pg i bmg.joejdf t )tf dujpo 5+=

≡ i fmqjoh up efuf sn jof ui f vol opx o Ẑb)q+x i ptf dpn qvubujpo jt opubddf ttjcmf cz pui f s

n fui pet bu qsf tf ou )tf dujpo 8+/

Y i f o dpn qmfyjuz jt n pef sbuf - ui f sf tvmujoh q.tf sjf t f yqsf ttjpot qspevdf e cz pvs qi zt.

jdbm0upqpmphjdbm] gbdupsz#uvso pvu up c f gbmtf ui f ub gvodujpot- boe ui f js sfmfwbodf up pvs

qspcmfn t mjf t jo ui f js r vbouvn n pevmbs tusvduvsf / Jo ui jt qbqf s x f n bjomz gpdvt po ui jt

tjuvbujpo/ Cz tdsvujoj–joh ui f tf qspqf sujf t- x f bewpdbuf ui f jn qpsubou spmf qmbzf e cz ui f

] gbmtf .n pdl #qbjs jo ui f Ẑb)q+tupsz/ Qi ztjdbmmz boe upqpmphjdbmmz- ui f dsvdjbmsf rvjsf n f out

gps ui f sfmfwbodf pg tvdi b qbjs jt

2/ ui f z bsf sfmbuf e cz b q ⇒ q−2 usbotgpsn bujpo jo ui f bqqspqsjbuf tf otf=

3/ ui f z i bwf ui f tbn f usbottf sjf t f yqsf ttjpo ofbs q ↔ 2 )ps τ ↔ 1+- jo psef s up c f

dpotjtuf oux jui sf r vjsf n f out dpn joh gspn Pi utvl j tf sjf t0qf suvscbujwf Di f so.Tjn pot/

Jouf sf tujohmz- jo i jt gbn pvt mbtumfuuf s up I bsez jo x i jdi i f jouspevdf e ui f opujpo pg

n pdl ui f ub gvodujpot- S bn bovkbo x spuf “8ˆ

“I discovered very interesting functions recently which I call “Mock” theta func-

tions. Unlike the “False” theta functions they enter into mathematics as beau-

tifully as ordinary theta functions.”-

boe x f ou po up jowf tujhbuf ui f js c f i bwjpvs x i f o q bqqspbdi f t spput pg vojuz- b qspqf suz

ui bu jt qf sujof ouup ui f 3oe sf r vjsf n f oubcpwf/ Buui f tbn f ujn f - ju jt qsf djtfmz ui f tf ux p

tqfdjfldqspqf sujf t pgui f n pdl ui f ub gvodujpot ui bui f jowf tujhbuf e ˜ ui f q.i zqf shfpn fusjd

tf sjf t f yqsf ttjpot )tf dujpo 8/3+boe ui f sbejbmmjn jut- ui bumfe vt up qspqptf ui bu gbmtf boe

n pdl ui f ub gvodujpot jo gbdu gpsn b qbjs qmbzjoh b tubssjoh spmf jo ui f qspcmfn t pvumjof e

jo flhvsf 2/ Up dpoofdu n pdl x jui gbmtf - cbtf e po fbsmjf s x psl t “9—21ˆ x f e f n potusbuf

—5 —
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ui bu n pdl n pevmbs gpsn t boe ui f dpssf tqpoejoh Fjdi mf s joufhsbmhjwf sjtf up ui f tbn f

btzn qupujd tf sjf t of bs b dvtq )mfn n b 6+- boe ti px ui bu b S befn bdi f s tvn efflof t b

gvodujpo x fmm.efflof e jo cpui ui f vqqf s boe mpx f s i bmg pg ui f qmbof boe f rvbmup ui f ux p

pc kfdut jo rvf tujpo sf tqfdujwfmz )ui f psf n 7+/ Ui f sfmbujpo bn poh ejfif sf oun pevmbs pc kfdut

x f e jtdvtt jo ui jt qbqf s jt tvn n bsjtf e jo flhvsf : /

Ui f upqpmphjdbm0qi ztjdbm] gbdupsz#bmtp qspevdf t pc kfdut x jui i jhi f s dpn qmfyjuz/ Bu

qsf tf ou x f ep opu i bwf b dpn qmfuf qjduvsf pg f ybdumz x i jdi uzqf t pg n pevmbs c f i bwjpvs

ui f z e jtqmbz/ I px fwf s x f c fmjfwf ju ti pvme c f b gsvjugvmfoefbwps x i jdi dpvme ti f e of x

mjhi u po ui f opwfmn pevmbs pc kfdut ps fwfo mfbe up ui f e jtdpwf sz pg ofx obuvsbmn pevmbs.

mjl f tusvduvsf t/

Ui spvhi pvu ui f qbqf s x f vtf ui f tuboebse opubujpot;

H ;? }τ � C\Jn τ > 1〈

gps ui f vqqf s.i bmgqmbof - boe

H− ;? }τ � C\Jn τ < 1〈

gps ui f mpx f s.i bmgqmbof - bt ti px o jo flhvsf 9/ Dvtqt sf gf s up ui f obuvsbmcpvoebsz Q∩}i∈ 〈
pgH boe tjn jmbsmz gps H−/ Cz n pdl n pevmbs gpsn t x f i bwf jo n joe ui f n pef so efflojujpo
x i jdi e f flof t ui f n jo uf sn t pg ui f js opo.i pmpn psqi jd n pevmbs dpssf dujpot )e f flojujpo 4+-

boe cz n pdl ui f ub gvodujpot x f n fbo ui f q.tf sjf t ui bubsf n pdl n pevmbs gpsn t x jui ui f ub

gvodujpo ti bepx t vq up ui f n vmujqmjdbujpo cz tpn f sbujpobmqpx f s pg q “22 /̂

2 From mock to modular, via 3d N = 2 theories

Upqpmphjdbmqi btf t pgn buuf s i bwf c f f o bdujwfmz tuvejf e jo sf df ou zfbst- f tqfdjbmmz jo 3, 2

ejn f otjpot x i f sf n boz jouf sf tujoh fybn qmf t i bwf c f f o f yqmpsf e )rvbouvn I bmmffifdu-

upqpmphjdbmjotvmbupst boe tvqf sdpoevdupst- kvtu up obn f b gfx +/ B qspupuzqjdbmfybn qmf

pg tvdi b qi btf jo 3, 2 ejn f otjpot jt b 4e tztufn x jui b n btt hbq x i jdi jt ofwf sui fmf tt

opo.usjwjbmboe mfbet up hbqmf tt 3e f ydjubujpot jo ui f qsf tf odf pgcpvoebsjf t/

B rvbouvn flfme ui f psz ef tdsjqujpo pgtvdi upqpmphjdbmqi btf t pguf o dbo c f qi sbtf e jo

uf sn t pgbopn bmjf t- x i jdi sf r vjsf 3e efhsf f t pggsf f epn up c f qsf tf ou po ui f cpvoebsz jo

psef s up dpn qf otbuf ui f bopn bmz pg b 4e cvml ui f psz/ Jo uvso- ui f bopn bmjf t bt x fmmbt

ui f wbdvvn tusvduvsf pgb 4e hbqqf e qi btf dbo c f dpowfojf oumz ef tdsjc f e cz b upqpmphjdbm

rvbouvn flfme ui f psz )URGU+ui bu f odpef t ui f f fifdut pg ui f upqpmphjdbmpsef s boe mpoh.

sbohf f oubohmfn f ou/

B gbn jmjbs f ybn qmf jt ui f Di f so.Tjn pot hbvhf ui f psz- x i jdi i bt op qi ztjdbmefhsf f t

pg gsf f epn boe dbo bsjtf bt b mpx .f of shz URGU jo b 3, 2 ejn f otjpobmqi ztjdbmtztufn

x jui b n btt hbq/ Jo ui f qsf tf odf pgb cpvoebsz- ui pvhi - ju sf r vjsf t 3e n bttmf tt e f hsf f t pg

gsf f epn di bshf e voef s ui f hbvhf hspvq ˜ ui f tp.dbmmfe ] f ehf n pef t#˜ jo psef s up n bl f

ui f dpn cjof e 3e .4e tztufn opo.bopn bmpvt/

Jo ui f qsf tf ou qbqf s x f x jmmc f jouf sf tuf e jo b tvqf stzn n fusjd wf stjpo pg ui jt qi f .

opn f opo- x i f sf 4e ui f psz x jui b n btt hbq i bt O ? 3 tvqf stzn n fusz boe 3e ] f ehf

—6 —
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Figure 2/ B 4e O ? 3 ui f psz x jui b 3e O ? )1, 3+cpvoebsz dpoejujpo Da/

n pef t#po ui f cpvoebsz qsf tf swf 3e O ? )1, 3+tvqf stzn n fusz/ Ui f bewboubhf pg tvqf s.

tzn n fusz jt ui bu ju bmmpx t up tuvez ui f ezobn jdt pg tvdi dpn cjof e 3e .4e tztufn ui spvhi

ui f r vboujujf t qspufduf e cz tvqf stzn n fusz/ Jo ui f dbtf pg 3e O ? )1, 3+tztufn - ui f fm.

mjqujd hf ovt jt b gbn pvt f ybn qmf pg tvdi b TVTZ.qspufduf e rvboujuz boe x jmmc f pvs n bjo

uppm“3 /̂ Jo pvs qspcmfn - jmmvtusbuf e jo flhvsf 3- ui f 3e fmmjqujd hf ovt i bt b obuvsbmfyuf o.

tjpo “4ˆ up ui f tvqf stzn n fusjd joef y pg ui f f oujsf 4e ui f psz x jui b 3e tvqf stzn n fusjd

cpvoebsz dpoejujpo Da joe f yf e cz b mbc fma-

Ẑa)q+? Z)D3 ∗ q S
2=Da+. )3/2+

B sboepn di pjdf pgui f 3e O ? )1, 3+cpvoebsz dpoejujpo Da epf t opumfbe up b q.tf sjf t )3/2+

x jui joufhf s qpx f st pg q boe joufhf s dpf ´ djf out/ Cvu gps b qbsujdvmbs di pjdf pg cpvoebsz

dpoejujpot ˜ x i jdi dpssf tqpoe up efhf of sbuf dsjujdbmqpjout pgui f ux jtuf e tvqf sqpuf oujbm

X̃ x i f o ui f ui f psz jt qvu po b djsdmf ˜ ui f i bmg.joef y )3/2+epf t f yi jc ju opo.usjwjbm

joufhsbmjuz qspqf sujf t;

Ẑa)q+? qfl a
∏
n

anq
n , an � Z )3/3+

Jo ui f dpoufyu pg 4e.4e dpssf tqpoef odf - ui bu jt gps 4e O ? 3 ui f psjf t bttpdjbuf e x jui

4.n bojgpmet- tvdi f yqsf ttjpot bsf tpn fujn f t dbmmfe homological blocks tjodf ui f joufhf s

dpf ´ djf out an bsf hsbef e Fvmf s di bsbduf sjtujdt pg df subjo i pn pmphz hspvqt/ Pof pg pvs

hpbmt jo ui jt qbqf s jt up tuvez ui f n pevmbs qspqf sujf t pg )3/3+/

Opupomz tvqf stzn n fusz bmmpx t up efflof b qspufduf e rvboujuz- jubmtp i fmqt up dpn qvuf

ju- wjb mpdbmj–bujpo ufdi ojrvf t jo ui f sf hjn f pgx fbl dpvqmjoh/ Ui jt mfbet up bo fyqsf ttjpo

gps ui f i bmg.joef y jo uf sn t pg ui f dpoupvs joufhsbm)jo ui f dpn qmfyjflf e Dbsubo pg ui f

hbvhf hspvq+;

Ẑa ?

̂
dx

3πix
F4d)x+Σ

)a+
3d )x+ )3/4+

x i f sf ui f ux p gbdupst jo ui f joufhsboe- F4d)x+boe Σ
)a+
3d )x+- dpssf tqpoe up ui f dpousjcvujpot

pg4e ui f psz boe 3e cpvoebsz efhsf f t pggsf f epn - sf tqfdujwfmz/

2.1 The half-index and three-manifolds

Opx mfu vt ubl f b dmptf s mppl bu ui f e f flojujpo boe ui f tusvduvsf pg ui f wpsufy qbsujujpo

gvodujpo 0 i bmg.joef y )3/2+- f tqfdjbmmz gps ui ptf cpvoebsz dpoejujpot Da x i jdi mfbe up b
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Figure 3/ B i pn pmphjdbmcmpdl )b/l /b/ i bmg.joef y+dpvout CQT tubuf t pg 4e O ? 3 ui f psz po

)ujn f+∗ )djhbs+/

qpx f s tf sjf t jo q x jui joufhf s qpx f st boe joufhf s dpf ´ djf out/ Tvdi tqfdjbmcpvoebsz dpo.

e jujpot x f sf dmbttjflf e jo “7ˆboe ui f dpssf tqpoejoh i bmg.joef y pgui f dpn cjof e 3e .4e tztufn

jo tvdi dbtf t jt l opx o bt ui f i pn pmphjdbmcmpdl )gps jut sfmbujpo up i pn pmphjdbmjowbsjbout+/

Joef f e - x i f o Ẑa)q+i bt b q.tf sjf t f yqbotjpo )3/3+x f dbo jouf sqsf u ju bt b usbdf pwf s

ui f I jmc f su tqbdf I a pg ui f dpn cjof e 3e .4e tztufn po R3 ⊂? )djhbs+)ujn f t ui f ] ujn f

djsdmf#+x jui cpvoebsz dpoejujpo Da- bt jmmvtusbuf e jo flhvsf 4/ Opuf - ui f joufhsbmjuz pgui f

dpf ´ djf out jo )3/3+jt dsvdjbmgps ui jt jouf sqsf ubujpo/

Ui jt jouf sqsf ubujpo pgui f tvqf stzn n fusjd qbsujujpo gvodujpo Ẑa)q+jt dpn qmfufmz bobm.

phpvt up b tjn jmbs jouf sqsf ubujpo pgui f 4e O ? 3 tvqf sdpogpsn bmjoef y x i jdi - mjl f x jtf - dbo

c f gpsn vmbuf e bt b tvqf stzn n fusjd qbsujujpo gvodujpo à la )3/2+x i f sf ui f 4e tqbdf .ujn f

D3 ∗ q S
2 jt sf qmbdf e cz S2 ∗ S3;

M)q+ ;? usHS2 ) 2+F qR/3- J3 ? Z)S3 ∗ q S
2+ )3/5+

Jo gbdu- ui f tf ux p tvqf stzn n fusjd joejdf t0qbsujujpo gvodujpot bsf dmptfmz sfmbuf e/

Dpokfduvsbmmz-

M)q+?
∏
a

\X a\Ẑa)q+̂Za)q
−2+ � Z““qˆ̂ )3/6+

x i f sf \X a\ bsf df subjo tzn n fusz gbdupst “7ˆ boe Ẑa)q
−2+jt bo bqqspqsjbuf f yuf otjpo pg

Ẑa)q+up ui f sf hjpo \q\> 2 )ps- f r vjwbmfoumz- up Jn )τ+< 1+/Nbui f n bujdbmmz- ui f f yjtuf odf pg

tvdi f yuf otjpo bdsptt ui f cpsef s Jn )τ+? 1 jt dpn qmfufmz opo.pcwjpvt- cvugspn ui f qi ztjdt

qf stqfdujwf dbo c f voef stuppe bt b sf tvmu pg psjf oubujpo sfwf stbm)qbsjuz+usbotgpsn bujpo

po pof pgui f i f n jtqi f sf t D3 ui bu vqpo hmvjoh qspevdf b 3.tqi f sf S3;

M)q+? A − twistA − twist
_

)3/7+

Bt x f ti bmmtf f jo ui jt qbqf s- ui f r vf tujpo bcpvu fyuf oejoh Ẑa)q+bdsptt ui f cpsef s

Jn )τ+? 1 boe ui f tf bsdi gps Ẑa)q
−2+jt ef f qmz jouf s.sfmbuf e up ui f )rvbouvn +n pev.

mbs qspqf sujf t pg ui f psjhjobmq.tf sjf t )3/3+/ Ui f mbuuf s- jo uvso- bsf e f uf sn jof e cz ui f

qi ztjdbmqspqf sujf t pg ui f dpn cjof e 3e .4e tztufn / Ui f sf bsf spvhi mz ui sf f r vbmjubujwfmz

ejtujodudbtf t pof n jhi udpotje f s- x i jdi dpssf tqpoe up qsphsf ttjwfmz n psf e fmjdbuf n pevmbs

qspqf sujf t;

≡ 4e ] cvml #ui fpsz jt dpn qmfufmz hbqqf e boe jut dpousjcvujpo up ui f i bmg.joef y )3/2+

jt usjwjbm- F4d)x+? 2/ Jo ui jt dbtf - )3/4+cbtjdbmmz dpn qvuf t ui f fmmjqujd hf ovt pg
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ui f 3e O ? )1, 3+cpvoebsz ui f psz Da boe i bt ui f tuboebse n pevmbs qspqf sujf t pg

b 3e fmmjqujd hf ovt/ Jo qbsujdvmbs- ju jowpmwf t ui f pse jobsz n pevmbs gpsn t gbn jmjbs

gspn ufyucppl t/ Fybn qmf t pg ui jt uzqf bcpvoe=boz )opo.sfmbujwf+3e O ? )1, 3+ps

O ? )3, 3+ui fpsz- uphfui f s x jui ui f usjwjbm4e ui f psz- jt bo f ybn qmf/

≡Ui f of yudbtf jt x i f o 4e O ? 3 ui f psz jt hbqqf e cvuofwf sui fmf tt jt jo b opo.usjwjbm

upqpmphjdbmqi btf - bt e f tdsjc f e jo ui f jouspevdujpo/ Jo ui jt dbtf - ui f ] epn jobou#

dpousjcvujpo up ui f i bmg.joef y )3/2+tujmmdpn f t gspn 3e n bttmf tt e f hsf f t pggsf f epn -

cvuui f ojdf n pevmbs c f i bwjps pgui f 3e fmmjqujd hf ovt jt ] tqpjmf e#cz ui f opo.usjwjbm

dpousjcvujpo F4d)x+�? 2 pgui f 4e O ? 3 ui f psz/ Ui jt dbtf pgjouf sn f e jbuf dpn qmfyjuz

jo jut n pevmbs qspqf sujf t jt ui f n bjo tvc kfdu pg ui f qsf tf ou qbqf s=jo ui jt dbtf - ui f

sfmfwboun pevmbs pc kfdut bsf gbmtf ui f ub gvodujpot boe n pdl n pevmbs gpsn t- bt x fmmbt

ui f js dmptf hf of sbmjtbujpot/ Bmmfybn qmf t jo ui jt qbqf s bqbsu gspn ui ptf qsf tf ouf e jo

tf dujpo 9 bsf pgui jt uzqf / Jo qbsujdvmbs- jo tf dujpo 7 boe tf dujpo 8/6 x f qsf tf oun boz

f yqmjdju f ybn qmf t pg i bmg.joejdf t Ẑa gps 4e O ? 3 ui f psjf t T“M4ˆui bu dpssf tqpoe up

tjn qmf 4.n bojgpmet/

≡Gjobmmz- ui f n ptu hf of sbmdbtf ui bu pof dbo dpotje f s jt x i f o cpui 3e cpvoebsz

dpoejujpo Da boe 4e O ? 3 ui f psz i bwf n bttmf tt e f hsf f t pg gsf f epn )j/f / op n btt

hbq+/ Jo ui jt dbtf - ui f tuboebse n pevmbs qspqf sujf t pg ui f 3e fmmjqujd hf ovt pg Da

bsf dpotje f sbcmz ejtupsuf e cz opo.n pevmbs c f i bwjps pgui f 4e cvml ui f psz/ Bmui pvhi

x f f yqfdu ui f pc kfdut up c f tjhojfldboumz n psf dpn qmjdbuf e jo ui jt dbtf - qsf tvn bcmz

ui f z tujmmfyi jc juui f tusvduvsf pgrvbouvn n pevmbs gpsn t/ Dmfbsmz- ui f ux p qsfwjpvt

dbtf t bsf tqfdjbmjotubodf t pg ui jt n psf hf of sbmc f i bwjps/ B uzqjdbmfybn qmf pg ui jt

c f i bwjps jt 4e O ? 3 ui f psz T“S2 ∗ Υg -̂ b/l /b/ 4e O ? 3 bekpjou TRDE x i ptf

i bmg.joef y jt hjwfo cz )3/4+x jui ui f joufhsboe )3/21+gps hf of sbmg > 2/ B tmjhi u

n pejfldbujpo hjwf t b 4e O ? 3 ui f psz

TV)3+i bwi f S .di bshf cpvoebsz dpoejujpo

di jsbm bek 3 Ofvn boo

Nf di jsbmt � 1 Ofvn boo

Nf di jsbmt � 1 Ejsjdi mfu

)3/8+

x i ptf i bmg.joef y jt bmn ptu je f oujdbm- dg/“7 -̂

Ẑ)q+?
2

3)q=q+∞

̂
dz

3πiz

)2 z3+)2 z−3+
)2 z+Nf )2 z−2+Nf

∏
n∈Z

qn
2
z3n )3/9+

cvux i jdi epf t opubsjtf - up ui f c f tupgpvs l opxmfehf - gspn boz 4.n bojgpme wjb 4e.4e

dpssf tqpoef odf /2

Ui jt dmbttjfldbujpo- pg dpvstf - jt pomz rvbmjubujwf=jut n bjo qvsqptf jt up qspwjef bo jouv.

jujwf f yqmbobujpo pg ui f e fwjbujpo gspn usbejujpobmuzqf t pg n pevmbsjuz/ Jo qbsujdvmbs- ui f

cpsef smjof t c f ux f f o ejfif sf ou uzqf t pgc f i bwjps bsf opu ti bsq boe tpn f f ybn qmf t n bz gbmm

sjhi u jo ui f n jeemf - ps pof n jhi u floe tvc .dmbttf t jo f bdi uzqf pgc f i bwjps/

1For various other examples and applications of half-indices see e.g. [3, 4, 6, 12–18].
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Bmui pvhi pvs dpotje f sbujpot bqqmz up bscjusbsz 4e O ? 3 ui f psjf t- b qbsujdvmbsmz

mbshf dmbtt pg fybn qmf t dpn f t gspn 4.n bojgpmet wjb ui f tp.dbmmfe 4e.4e dpssf tqpoef odf

ps- f r vjwbmfoumz- dpn qbdujfldbujpo pg 7e )1, 3+flwf csbof ui f psz po b 4.n bojgpme M4/ Ui f

sf tvmujoh 4e O ? 3 ui f psz- vtvbmmz ef opuf e T“M4 -̂ dbo ui f sf gpsf c f b qspyz gps b n psf

hf of sbm4e O ? 3 ui f psz/

Gps 4e O ? 3 ui f psjf t T“M4 -̂ ui f CQTI jmc f sutqbdf I a“M4ˆjt b i pn pmphjdbmjowbsjbou

pg4.n bojgpmet- boe

a � π1N bc
¯bu)M4, GC+ )3/: +

mbc fmt ui f dpoofduf e dpn qpof out pg ui f n pevmj tqbdf pg abelian ffibu dpoofdujpot po M4

)dg/- )2/2++/ I f sf - ui f sf r vjsf n f ou gps ui f cpvoebsz dpoejujpo Da up sf qsf tf ou bc fmjbo ffibu

dpoofdujpot jt joujn bufmz sfmbuf e up ui f joufhsbmjuz pg ui f sf tvmujoh q.tf sjf t )3/3+/ Bt fy.

qmbjof e jo “6 -̂ ui f jogpsn bujpo bcpvuopo.bc fmjbo ffibudpoofdujpot jt opumptu- cvusf qbdl bhf e

jo ui f q.tf sjf t Ẑa)q+boe jo jut dbufhpsjfldbujpo I a“M4 /̂

Btje f gspn jut bqqmjdbujpot jo mpx .e jn f otjpobmupqpmphz- ui f bewboubhf pgx psl joh x jui

ui jt dmbtt pg4e O ? 3 ui f psjf t T“M4ˆjt ui buui f i pn pmphjdbmcmpdl t )3/2+dbo c f f yqmjdjumz

dpn qvuf e gps n boz opo.usjwjbmfybn qmf t/ Ui f botx f s jt pguf o f yqsf ttf e bt b dpoupvs

joufhsbm)3/4+- x i f sf )vq up bo pwf sbmmqpx f s pg q+;

F4d)x+? )x x−2+3−3g , gps efhsf f .p S2 flcsbujpo pwf s Υg )3/21+

F4d)x+?
∫

v ∈ [ f sukdf t) +

)xv 2/xv+
3−ef i )v+, gps qmvn cjoh )3/22+

Opuf - ui buF4d)x+epf t opu ef qf oe po ui f di pjdf pg3e O ? )1, 3+cpvoebsz dpoejujpo Da=

ui jt e f qf oef odf dpn f t ui spvhi ui f gbdups Σ
)a+
3d )x+x i jdi jt cbtjdbmmz ui f fmmjqujd hf ovt pg

Da/ Gps jotubodf - jo ui f bcpwf f ybn qmf t )3/22+;

Σ
)a+
3d )x+?

∏
�∈3MZL- a

q−
(�,M−1�)

4

∫
v∈[ f sukdf t) +

x�vv )3/23+

jt ui f ui f ub gvodujpo gps ui f mbuujdf e f uf sn jof e cz ui f mjol joh gpsn M pg - tvdi ui bu

H2)M4,Z+ ⊂? ZL/MZL “2: /̂ Gps b efhsf f .p S2 flcsbujpo pwf s Υg- x f tjn qmz i bwf

Σ
)a+
3d )x+?

∏
n∈pZ- a q

n2/p x3n/

3 Three encounters of modularity

Jo pvs kpvsof z x f f odpvouf s ui sf f e jfif sf ouS.n busjdf t boe ui sf f dpssf tqpoejoh ] TM)3,Z+

sfqsf tf oubujpot#;

≡ Pof tf u pg n pevmbs S boe T n busjdf t f odpef t ui f jogpsn bujpo bcpvu bmmtwisted

indices pg 4e O ? 3 ui f psjf t po “5 /̂ Jo gbdu- ui jt ovn f sjdbmebub jt b qbsu pg n vdi

sjdi f s tusvduvsf - obn fmz ui f n pevmbs uf otps dbufhpsz x i ptf Hspui f oejf dl hspvq jt

ui f tqbdf pgtvqf stzn n fusjd tubuf t pgb 4e O ? 3 ui f psz po R∗ T 3/ Y i f o dpn cjof e

x jui 4e .4e dpssf tqpoef odf - jubttpdjbuf t b n pevmbs uf otps dbufhpsz )NUD gps ti psu+-

NUD“M4 -̂ up fwf sz dmptf e 4.n bojgpme M4/
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≡ B ejfif sf ou- n vdi tjn qmf s S.n busjy S)A+bmsfbez bqqfbsf e jo )2/4+/ Ju jt uszjoh up

n bl f bo ] TM)3,Z+sfqsf tf oubujpo#pvupgui f tf u )2/2+pgabelian ffibudpoofdujpot po

M4 boe- jo ui f cbtjd dbtf H2)M4,Z+? Zp- ubl f t b tjn qmf gpsn

Sab ?
dpt 3π ab

p

2 , δa,1
)4/2+

Ui jt qfdvmjbs ] dpt#sfqsf tf oubujpo pgTM)3,Z+jt tvhhf tujwf pgb opo.tf n jtjn qmf NUD

dpn n po jo mphbsjui n jd dpogpsn bmflfme ui f psz/ Ju bqqfbst up c f sfmbuf e up bopui f s

dpoofdujpo x jui mphbsjui n jd DGUt x i jdi f ouf st pvs tupsz bhbjo jo tf dujpo 6/

≡Ui f mbtu cvu opumfbtu ˜ jo gbdu- ui f n ptu jn qpsubou up vt i f sf ˜ jt ui f qspkfdujwf

TM)3,Z+sfqsf tf oubujpo ui bu ef tdsjc f t n pevmbs qspqf sujf t pgui f q.tf sjf t Ẑa)q+/

Ui f n bjo hpbmpgui jt tf dujpo jt up ef tdsjc f f bdi pgui f tf )dmptf dpvtjot pg+TM)3,Z+sfqsf .

tf oubujpot- boe x f e fwpuf f bdi pof b tvctf dujpo/

3.1 Twisted indices of 3d N = 2 theories

Ui sf f .e jn f otjpobmO ? 3 ui f psjf t- x jui ps x jui pvu b Mbhsbohjbo ef tdsjqujpo- ep opu

i bwf tv´ djf outvqf stzn n fusz up ben jub gvmmupqpmphjdbmux jtupo bo bscjusbsz 4.n bojgpme/

I px fwf s- x i f o Φ)2+R S .tzn n fusz jt vocspl f o- ui f z dbo c f ux jtuf e po S2 ∗ Υg ps- n psf

hf of sbmmz- po b efhsf f .p djsdmf cvoemf pwf s b hf ovt.g tvsgbdf Υg/ Tvdi qbsujujpo gvodujpot

bsf tpn fujn f t dbmmfe twisted indices pg 4e O ? 3 ui f psjf t boe- gps hf of sbmg boe p- ui f js

f oujsf tusvduvsf jt dbquvsf e cz b n pevmbs uf otps dbufhpsz )NUD+ui bu dbo c f bttjhof e up

b 4e O ? 3 ui f psz “5 /̂

Bn poh pui f s ui joht- ui jt sjdi tusvduvsf jowpmwf t n pevmbs S boe T n busjdf t- x i ptf

wbmvf t S1α boe Tαα bmmpx up x sjuf b hf of sbmgpsn vmb gps ux jtuf e joejdf t jo b tvddjodugpsn ;

Zux ktuf e ?
∏
α

)S1α+
3−3g)Tαα+

p. )4/3+

Y i f o 4e O ? 3 ui f psz jo rvf tujpo ben jut b Mbhsbohjbo ef tdsjqujpo- ui f tvn pwf s α dbo

c f jouf sqsf uf e bt b tvn pwf s tpmvujpot up ui f Cfui f botbu– f rvbujpot vtjoh ui f tuboebse

mpdbmj–bujpo ufdi ojrvf - x i f sf bt S1α boe Tαα dbo c f je f oujflf e x jui x i bu tpn fujn f t bsf

dbmmfe i boemf .hmvjoh boe ux jtu0flc f sjoh pqf sbupst;

S1α ? ] i boemf .hmvjoh pqf sbups#

Tαα ? ] ux jtu0flc f sjoh pqf sbups#.
)4/4+

Jo ui f dpoufyupg4e.4e dpssf tqpoef odf - j/f /gps 4e O ? 3 ui f psjf t T“M4 -̂ ui jt n pevmbs

uf otps dbufhpsz jt f fifdujwfmz bttjhof e up b 4.n bojgpme M4 )qmvt b di pjdf pgui f spputztufn +

boe x bt evcc f e NUD“M4ˆ jo “5 /̂ Dpssf tqpoejohmz- ui f S boe T n busjdf t ui f o ben ju

jouf sqsf ubujpo jo uf sn t pgui f upqpmphjdbmebub pgui f 4.n bojgpme M4/ Gps jotubodf -

Tαβ ? δαβ e
3πiEV)α+ )4/5+

x i f sf DT)α+jt ui f Di f so.Tjn pot jowbsjbout pgb ffibudpoofdujpo α ; π2)M4+↔ GC- e f flof e

n pevmp 2/ Tjn jmbsmz- S1α jt sfmbuf e up ui f S f je f n f jtuf s upstjpo pgM4 ux jtuf e cz α=ui jt
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Figure 4/ Ui f mjn ju q ↔ e2πi/k- x jui k � Z- f ouf st n boz btqfdut pg pvs tupsz; ui f Lb–i ebo.

Mvt–ujh dpssf tqpoef odf - ui f sfmbujpo c fux f f o Ẑa)M3+boe Y SU jowbsjbout- ui f sfmbujpo c fux f f o

n pdl n pevmbs gpsn t boe gbmtf ui f ubt- f ud/

sfmbujpo fbtjmz gpmmpx t gspn f /h/“6 -̂ x i f sf ju bmtp bqqfbst bt ui f dpotubou )�.joe f qf oef ou+

dpf´ djf ou pgui f usbottf sjf t Z
)α+
r f su/

Jg NUD“M4ˆ jt b sf qsf tf oubujpo dbufhpsz pg tpn f dpogpsn bmflfme ui f psz )ps- f r vjw.

bmfoumz- wf suf y bmhf csb+x jui e jbhpobmj–bcmf T .n busjy- x f dbo vtf ui f tuboebse sfmbujpo

jo dpogpsn bmflfme ui f psz- Tαα ? e3πi)fl α− c
24
+- up x sjuf )4/5+jo uf sn t pg ui f dpogpsn bm

ejn f otjpot Θα;

DT)α+? Θα
c

35
)4/6+

Ui jt sfmbujpo qmbzt bo jn qpsubou spmf jo wbsjpvt hmvjoh gpsn vmbf pg 5.n bojgpme jowbsj.

bout “26 /̂

Opuf - ui f S boe T n busjdf t pgNUD“M4ˆef tdsjc f e i f sf i bwf fmfn f out- Sαβ boe Tαβ-

mbc fmf e cz α boe β x i jdi svo pwf s all ffibu dpoofdujpot po M4- bc fmjbo boe opo.bc fmjbo-

sf evdjcmf boe jssf evdjcmf ;

α, β � π1N ¯bu)GC,M4+ )4/7+

Ui jt jt jo tubsl dpousbtux jui ] n pevmbs#n busjdf t ui bu f ouf s ui f sfmbujpo )2/3+c fux f f o Ẑa

boe Y juuf o.S f ti f ujl i jo.Uvsbfw jowbsjbout pgM4;

Y SU)M4, k+?
qfl

3c )
§
k+2−b1)M3+

∏
a,b

f )kλ)a, a++S
)A+
ab Ẑb)q+\q→f ) 1

k
+ )4/8+

Ui f qfdvmjbs S.n busjy S)A+ui bubqqfbst i f sf x jmmc f ui f tvc kfdupgui f of yu tvctf dujpo=c

boe Θ bsf df subjo sbujpobmovn c f st- boe ui f tvn svot pwf s dpoofduf e dpn qpof out pgui f

n pevmj tqbdf pgffibudpoofdujpot )2/2+f rvjqqf e x jui b cjmjofbs gpsn λ hjwfo cz ui f mjol joh

qbjsjoh po ui f upstjpo qbsu pgH2)M4,Z+/

3.2 Ẑa and non-semisimple MTCs

Nboz fybn qmf t pg n pevmbs uf otps dbufhpsjf t bsjtf bt sf qsf tf oubujpo dbufhpsjf t pg wf suf y

pqf sbups bmhf csbt )WPBt+/ Jo qbsujdvmbs- sbujpobmWPBt hjwf sjtf up tfn jtjn qmf sf qsf tf o.
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ubujpo dbufhpsjf t- x i f sf bt n psf f tpuf sjd mphbsjui n jdWPBt mfbe up opo.tf n jtjn qmf NUDt-

jo ui f tf otf pgMzvcbti f ol p “31—33 /̂

Bt ui f obn f tvhhf tut- b l f z gfbuvsf pgmphbsjui n jdDGUt )f rvjwbmfoumz- ui f dpssf tqpoe.

joh WPBt+jt ui bu tpn f dpssfmbujpo gvodujpot f yi jc jumphbsjui n jd c f i bwjps/ Ui jt i bqqf ot

x i f o ui f I bn jmupojbo L1 jt opo.e jbhpobmj–bcmf )i bt opo.usjwjbmKpsebo cmpdl t+boe- ui f sf .

gpsf - of df ttbsjmz sf rvjsf t sf qsf tf oubujpot x i jdi bsf reducible- cvu opu decomposable/3 Ui f

dpowf stf bmtp bqqfbst up c f usvf - boe bopui f s l f z gfbuvsf pgmphbsjui n jd DGUt jt ui f qsf t.

f odf pg jssf evdjcmf sf qsf tf oubujpot x i jdi i bwf opo.usjwjbmfyuf otjpot bn poh ui f n tfmwf t/

Qf si bqt ui f tjn qmf tu boe n ptu x fmm.l opx o fybn qmf t pgmphbsjui n jd DGUt x jui tvdi

qspqf sujf t bsf ui f tp.dbmmfe )2, p+usjqmfu n pefmt/ Ui f z i bwf df ousbmdi bshf 4

c ? 2 7
)2 p+3

p
? 2 4α31 )4/: +

x i f sf x f vtf ui f tuboebse DGU opubujpot

α1 ? α- , α− , α- ?
√
3p , α− ?

︷
3

p
)4/21+

Ui f obn f ] usjqmfu#dpn f t gspn ui f gbdu ui bu ui f dpssf tqpoejoh wf suf y bmhf csb- vtvbmmz

ef opuf e f jui f s X p ps X )3, )3p 2+⊗4+- jt bo f yuf otjpo pgui f Wjsbtpsp bmhf csb cz ui f sl)3+
usjqmfu pgui f Wjsbtpsp qsjn bsz flfmet W±,1)z+pgdpogpsn bmejn f otjpo 3p 2 “34 ;̂

W−)z+? e−α+ϕ)z+, W 1)z+? “S- ,W
−)z+̂, W - )z+? “S- ,W

1)z+̂

I f sf - S- jt ui f ] mpoh#tdsf f ojoh pqf sbups )6/4+ui bu x jmmc f vtf gvmup vt mbuf s/

Ui f usjqmfu bmhf csb X p i bt 3p jssf evdjcmf sf qsf tf oubujpot ∪ ±
s - s ? 2, . . . , p- x jui dpo.

gpsn bmejn f otjpot

Θ)∪ -
s +?

)p s+3

5p
,

c 2

35
)4/22+

Θ)∪ −
s +?

)3p s+3

5p
,

c 2

35
)4/23+

2Indecomposable means that a representation can not be written as a direct sum of other non-trivial

representations. A good example to keep in mind is that of a finite-dimensional non-semisimple algebra A
with finitely many irreducible (simple) modules Mi:

A =
n⊕

i=1

(dimMi)Pi (3.8)

where Pi denotes the indecomposable projective cover of Mi, such that dimHom(Pi,Mj) = δij .
3In the special case p = 2, we have

W2
∼= SF+

1

where SF+
d denotes the even part of the symplectic fermions SFd, another popular family of logarithmic

vertex superalgebras, with the central charge c = −2d.
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Vomjl f ui f gbn jmjbs dbtf pg b sbujpobmDGU- ui f di bsbduf st pg ui f jssf evdjcmf sf qsf tf oub.

ujpot ∪ ±
s -

χ-s )q+ ;? UsX+
s
qL0− c

24 ?
q−2/35∑∞

nC2)2 qn+

∏
n∈Z

)3n , 2+q
p)n- p−s

2p
+2

?
2

η)q+

)
s

p
θp−s)q+, 3θ′p−s)q+

[
)4/24+

χ−
s )q+ ;? UsX−

s
qL0− c

24 ?
q−2/35∑∞

nC2)2 qn+

∏
n∈Z

3nq
p)−n- s

2p
+2

?
2

η)q+

)
s

p
θs)q+ 3θ′s)q+

[
)4/25+

ep opu dmptf voef s ui f bdujpo pg ui f n pevmbs hspvq TM)3,Z+/ Ui jt jt b hf of sbmgfbuvsf

pgmphbsjui n jd DGUt/ Joef f e - kvtumjl f dpssfmbujpo gvodujpot- )n pevmbs usbotgpsn bujpot pg+

di bsbduf st jo mphbsjui n jd ui f psjf t jowpmwf mphbsjui n t boe objwfmz ubl f wbmvf t jo Z““qˆ̂“mphq /̂

Ui f o- gpsn bmn bojqvmbujpot ui bu sf .f yqsf tt mph q uf sn t bt qpx f s tf sjf t jo q pguf o mfbe up

fyqsf ttjpot x i jdi bsf opun pevmbs jo ui f usbejujpobmtf otf )f /h/ui f z dbo c f n pdl n pevmbs+

boe bmtp dpoubjo cpui qptjujwf boe ofhbujwf dpf ´ djf out jo ui f q.f yqbotjpo/ Ui jt gpsn bm

xbz pg sf x sjujoh mphq uf sn t wjb q.tf sjf t jt qsf djtfmz x i bu pof f odpvouf st jo ui f bobmzujd

dpoujovbujpo pg Y SU jowbsjbout bx bz gspn spput pg vojuz “7- 35 /̂ Ui jt qbsbmmfmc fux f f o

Ẑa)q+boe )qtf vep.+di bsbduf st pgmph.DGUt x jmmc f efwfmpqf e gvsui f s jo tf dujpo 6/

Ui f n pevmbs qspqf sujf t pgui f di bsbduf st dbo c f sf tupsf e cz bvhn f oujoh ui f n x jui b

tf upg] f yuf oef e#di bsbduf st )ps- ] qtf vep.di bsbduf st#+/ Jo ui f dbtf pgui f mphbsjui n jd )2, p+

usjqmfu n pefm- ui jt n fbot ui bu- jo beejujpo up ui f 3p di bsbduf st χ±
s )q+- pof of f et up jousp.

evdf p 2 qtf vep.di bsbduf st- x i jdi ui f o bmuphfui f s gpsn b )4p 2+.ejn f otjpobmqspkfdujwf

sf qsf tf oubujpo Z pgTM)3,Z+/Ui jt sf qsf tf oubujpo dbo c f je f oujflf e x jui ui f f oepn psqi jtn t

pgui f je f oujuz gvodups jo ui f dbufhpsz pgWPB n pevmf t boe i bt ui f tusvduvsf “36 ;̂

Z ? S p- 2 ⊗ C3 ◦ S p−2 )4/26+

x i f sf S p−2 jt ui f )p 2+.ejn f otjpobm] tjo πrs
p #sfqsf tf oubujpo pgTM)3,Z+po ui f vojubsz

s̃l)3+p−3 di bsbduf st- boe C3 jt ui f e f flojoh ux p.e jn f otjpobmsfqsf tf oubujpo pgTM)3,Z+/ Pg

n ptujouf sf tuup vt i f sf jt b opo.vojubsz )p , 2+.ejn f otjpobm] dpt πrs
p #sfqsf tf oubujpo S p- 2

pg TM)3,Z+ui bu epf t opu dpn f gspn boz gbn jmjbs sbujpobmDGU/ Jo qbsujdvmbs- ju i bt b

opo.e jbhpobmj–bcmf T .n busjy/

Nvdi mjl f C“N )GC,M4+̂ jt jtpn psqi jd )bt b tfu+up ui f Hspui f oejf dl sjoh pgNUD“M4ˆ

ef tdsjc f e jo ui f qsfwjpvt tvctf dujpo- Z jo )4/26+jt sfmbuf e up ui f Hspui f oejf dl sjoh pg b

opo.tf n jtjn qmf NUD/5 Jut tusvduvsf jt n ptu fbtjmz voef stuppe wjb ui f Lb–i ebo.Mvt–ujh

dpssf tqpoef odf x i jdi x f e f tdsjc f of yu/ Jo qbsujdvmbs- ui f Lb–i ebo.Mvt–ujh dpssf tqpoef odf

i fmqt up tf f ui f tusvduvsf pg joefdpn qptbcmf n pevmf t x i jdi - bt bewf sujtf e f bsmjf s- bsf

4Here we find a connection to non-semisimple MTCs based on non-perturbative arguments and modular

properties of the partition functions. These arguments are consistent with braiding properties of Wilson

lines in complex Chern-Simons theory and quantization of the moduli space of flat GC-connections [27].
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sf tqpotjcmf gps ui f mphbsjui n jd obuvsf pg ui f DGU-6 boe x i jdi dbo c f dpotusvduf e bt

)juf sbujwf+fyuf otjpot pg jssf evdjcmf )tjn qmf+n pevmf t/ Jo qbsujdvmbs- jo ui f f oe pg ui jt

qspdf tt pof floet qspkfdujwf n pevmf t x jui ui f gpmmpx joh tusvduvsf )2 ≥ s ≥ p 2+;

∪ ±
s

�� ��

R±
s ; ∪ ∓

p−s

��

∪ ∓
p−s

��

∪ ±
s

)4/27+

x i f sf - gpmmpx joh “36- 37 -̂ x f e f opuf f yuf otjpot cz

∪ ±
s≡ ↔

∪ ∓
p−s≡ )4/28+

tp ui bubsspx bmxbzt qpjout gspn ui f jssf evdjcmf tvc rvpujf ouup ui f jssf evdjcmf tvcn pevmf/

B sfffifdujpo pgui f e jbn poe ejbhsbn )4/27+jt b tjn qmf f ybn qmf pgbo f oepn psqi jtn pgui f

qspkfdujwf n pevmf R±
s /

3.2.1 Kazhdan-Lusztig correspondence

Ju jt b sfmbujwfmz x fmml opx o boe x je fmz vtf e gbdu ui bu gvtjpo svmf t pg b Y [ Y n pefmbsf

sfmbuf e up sf qsf tf oubujpo ui f psz pgb rvbouvn hspvq bub qsjn jujwf sppupgvojuz/ Nvdi mf tt

bqqsfdjbuf e- i px fwf s- jt ui f l f z btqfdu pg ui jt sfmbujpo x i jdi jowpmwf t semisimplification/

Obn fmz- ui f tf n jtjn qmf NUD x i jdi e f tdsjc f t ui f tf n jtjn qmf gvtjpo jo sbujpobmDGU jt pomz

b rvpujf oupgui f sf qsf tf oubujpo dbufhpsz pgb rvbouvn hspvq cz ui f je f bmpgjoefdpn qptbcmf

ujmujoh n pevmf t/

Dvsjpvtmz- ui jt dpssf tqpoef odf ˜ dbmmfe ui f Lb–i ebo.Mvt–ujh dpssf tqpoef odf “39—

42ˆ ˜ c fux f f o gvtjpo bmhf csb pg b DGU boe ui f Hspui f oejf dl sjoh pg ui f dpssf tqpoejoh

rvbouvn hspvq jt bduvbmmz n psf e jsf du jo ui f dbtf pgmphbsjui n jd DGUt/ Y i jmf tvsqsjtjoh

bu flstu- ui f sf jt b tjn qmf sfbtpo gps ju; ui f NUD bttpdjbuf e up b mphbsjui n jd WPB jt opu

tfn jtjn qmf boe- ui f sf gpsf - ui f dpssf tqpoejoh dbufhpsz po ui f r vbouvn .hspvq tje f sf r vjsf t

op tfn jtjn qmjfldbujpo/

Ui f tf n jtjn qmjfldbujpo jt pomz ofdf ttbsz jg x f x jti up n bl f bo beejujpobmtufq boe

sfmbuf rvbouvn hspvqt bu spput pgvojuz )ps mphbsjui n jd DGUt+up sbujpobmY [ Y n pefmt/

Jut jn qmjdbujpo gps 4.n bojgpmet jt ui bu q.tf sjf t jowbsjbout Ẑa)M4+˜ x i jdi - bt x f f yqmbjo

c fmpx - bsf obuvsbmmz sfmbuf e up )di bsbduf st pg+mphbsjui n jd DGUt ˜ n bz sf rvjsf df subjo

dpssf dujpot bu spput pgvojuz- x i f o dpn qbsjoh up Y SU jowbsjbout pgM4- dg/ubcmf 2/

5They are also responsible for the additional mysterious pseudo-characters, which can be viewed as

modified traces χ̃V (q) = TrV g qL0− c
24 , twisted by g ∈ End(V ).
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3-manifolds Logarithmic CFTs

ffibudpoofdujpot n pevmf t

jowbsjbout Ẑa)q+ di bsbduf st χ)q+

] n pdl tje f# LM] qptjujwf –pof#

] gbmtf tje f# LM] ofhbujwf –pof#

] dpssf dujpot#bu spput pgvojuz tf n jtjn qmjfldbujpo

Table 1/ N ztuf sjpvt evbmjuz c fux f f o 4.n bojgpmet boe mphbsjui n jd DGUt/

Ui f sf tusjduf e )b/l /b/ ] cbcz#+rvbouvn hspvq V q)sl3+bu ui f qsjn jujwf 3p.ui sppu pg

vojuz q ? e
iπ
p jt e f flof e cz tvqqmfn f oujoh ui f vtvbmsfmbujpot7

“E,Fˆ ?
K K−2

q q−2
, KEK−2 ? q3E , KFK−2 ? q−3F )4/29+

x jui

Ep ? 1 ? F p , K3p ? 1 )4/2: +

Ui f sf tvmujoh rvpujf ou pg ui f )qf si bqt+n psf gbn jmjbs rvbouvn hspvq Vq)sl3+jt- jo gbdu-

flojuf .e jn f otjpobm- obn fmz 3p4.e jn f otjpobm/8 Ju i bt 3p jssf evdjcmf sf qsf tf oubujpot ∪ ±
s -

s ? 2, . . . , p- x jui ui f i jhi f tu x f jhi u⊕qs−2;

e jn ∪ ±
s ? s , i /x / ∪ ±

s

〈
? ⊕qs−2 )4/31+

boe b )4p 2+.ejn f otjpobmdfouf s- x i jdi dbssjf t b qspkfdujwf TM)3,Z+sfqsf tf oubujpo “36- 37 ;̂

e jn Z ? 4p 2 )4/32+

Voef s ui f Lb–i ebo.Mvt–ujh dpssf tqpoef odf - ∪ ±
s boe Z bsf je f oujflf e- sf tqfdujwfmz- x jui ui f

jssf evdjcmf sf qsf tf oubujpot boe ui f tqbdf )4/26+pgqtf vep.di bsbduf st pgui f usjqmfubmhf csb

X p- e f opuf e cz ui f tbn f mfuuf st/

Bddpsejoh up ui f Lb–i ebo.Mvt–ujh dpssf tqpoef odf - opu pomz ui f qspkfdujwf TM)3,Z+

sfqsf tf oubujpot bsf tvqqptf e up n budi - cvuui f f oujsf sf qsf tf oubujpo dbufhpsjf t pgX p boe

V q)sl3+ti pvme c f f r vjwbmfou bt csbje f e uf otps dbufhpsjf t/ Jo qbsujdvmbs- bqbsu gspn 3p

jssf evdjcmf n pevmf t ∪ ±
s ui f sf bsf bmtp 3p Wfsn b n pevmf t W±

s - 2 ≥ s ≥ p- boe 3p qspkfdujwf

n pevmf t R±
s - 2 ≥ s ≥ p- pg ejn f otjpo

ejn R±
s ? 3p , r e jn R±

s ? 1 )2 ≥ s ≥ p 2+ )4/33+

6See [32] for a friedly introduction and a physical realization of the Lusztig quantum groups in the setup

of [4, 6] that leads to Ẑa(M3). In a two-dimensional description of this setup, E and F generators of the

quantum group correspond to half-BPS interfaces of a 2d N = (2, 2) CFT (Kazama-Suzuki model), so that

the quantum group emerges as an algebra of interfaces.
7Its regular representation has the structure (3.8):

Reg =

p−1⊕
s=1

sP+
s ⊕

p−1⊕
s=1

sP−
s ⊕ pX+

p ⊕ pX−
p

Dimensions of various pieces, then, add up as follows: 2p ·∑p−1
s=1 s+ 2p ·∑p−1

s=1 s+ p · p+ p · p = 2p3, where

we used (3.20), (3.22) and (3.25).
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3d topology and 3d BPS states Modularity

opo.bc fmjbo TM)3,C+ffibudpoofdujpot S.n busjy dpoejujpo )5/41+

dpn qmfy ffibudpoofdujpot S.n busjy dpoejujpo )5/44+

qpmf dpousjcvujpot jo ui f Cpsfm Y f jmsfqsf tf oubujpo

sf tvn n bujpo pg Ẑa)M3+ S.n busjy T (B)

Di f so.Tjn pot jowbsjbout T .n busjy U (B) )5/41+

i pn pmphjdbmcmpdl t gbmtf ui f ub gvodujpot

Ẑa)M3+boe Ẑa) M3+ boe n pdl ui f ub gvodujpot

Table 2/ Ui f dpssf tqpoef odf c f ux f f o n pevmbsjuz boe upqpmphz0CQT tubuf t/

Gps hf of sjd s �? p- ui f z bsf hjwfo cz f yuf otjpot

1↔ ∪ ∓
p−s ↔W±

s ↔ ∪ ±
s ↔ 1 )4/34+

boe

1↔W∓
p−s ↔ R±

s ↔W±
s ↔ 1 )4/35+

sf tqfdujwfmz/ Ui jt jt qsf djtfmz ui f tusvduvsf e f qjduf e jo )4/27+/ Jo ui f tqfdjbmdbtf s ? p-

ui f ux p n pevmf t

∪ ±
p ? W±

p ? R±
p )4/36+

bsf jssf evdjcmf - Wf sn b- boe qspkfdujwf tjn vmubofpvtmz/ Ui f z bsf dbmmfe Steinberg modules

cz bobmphz x jui x i bu i bqqf ot jo ui f r vbouvn hspvq pwf s Fp/

Bt x f bmsfbez n f oujpof e f bsmjf s- bopui f s tubufn f oupgui f Lb–i ebo.Mvt–ujh dpssf tqpo.

e f odf jt ui bugvtjpo bmhf csb pgui f mphbsjui n jdDGU jt tvqqptf e up n budi ui f Hspui f oejf dl

sjoh pgV q)sl3+/ Ui f mbuuf s jt hf of sbuf e pwf s Z cz x ? ∪ -
3 “36 ;̂

Hs ? Z“x 0̂ )x 3+)x , 3+

p−2∫
jC2

)
x 3 dpt

πj

p

[ 3
)4/37+

Opuf - jo ui f Hspui f oejf dl sjoh ui f sf jt op ejfif sf odf c f ux f f o ejsf du tvn t boe opo.usjwjbm

fyuf otjpot- tp ui bu “R±
s ˆ? 3“∪ ±

s ˆ, 3“∪ ∓
p−s -̂ f ud/

3.3 The Weil representations

Bt n foujpof e jo tf dujpo 2- wjb Di f so.Tjn pot ui f psz b sf qsf tf oubujpo gps )ui f n fubqmfdujd

epvcmf dpwf s pg+TM)3,Z+jt buubdi f e up ui f 4.n bojgpme M4- boe ui jt sf qsf tf oubujpo qmbzt bo

jn qpsubou spmf jo ui f dbufhpsjfldbujpo pg4.n bojgpme jowbsjbout/ Jut T.n busjy S)B+dbquvsf t

ui f qf suvscbujwf bt x fmmbt opo.qf suvscbujwf ebub pg ui f i pn pmphjdbmcmpdl t Ẑa)M4+/ Cz

sfmbujoh ui f i pn pmphjdbmcmpdl t up ui f Di f so.Tjn pot qbsujujpo gvodujpot )ps Y SU jowbsj.

bout+- x f tf f ui bu jut T . boe S.n busjdf t hjwf ti bsq qsf e jdujpot gps ui f ebub pgopo.bc fmjbo

TM)3,C+ffibudpoofdujpot- jodmvejoh ui f js ovn c f st- Di f so.Tjn pot jowbsjbout- boe x i f ui f s
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ui f z bsf sf bmps dpn qmfy ffibu dpoofdujpot/9 Ui f tf sfmbujpot bsf tvn n bsjtf e jo ubcmf 3/ Jo

ui jt tvctf dujpo x f hjwf f yqmjdju efubjmt pgui f tf sf qsf tf oubujpot/

Jo ui f n bjo dmbttf t pg f ybn qmf t- x i jdi bsf wbsjpvt Tf jgf su n bojgpmet x jui ui sf f ps

gpvs tjohvmbs flc f st- ui f sfmfwbou sf qsf tf oubujpot bsf )cbtf e po+ui f tp.dbmmfe Y f jmsfq.

sf tf oubujpot/ Hjwfo b qptjujwf .e f flojuf mbuujdf - pof dbo bttpdjbuf b Y f jmsfqsf tf oubujpo-

x i jdi jt b sf qsf tf oubujpo gps TM)3,Z+x i f o ui f sbol jt fwf o boe b sf qsf tf oubujpo gps

ui f n fubqmfdujd epvcmf dpwf s ˜TM)3,Z+pg TM)3,Z+x i f o ui f sbol jt pee/ S fdbmmui bu
˜TM)3,Z+dpotjtut pg fmfn f out x i jdi bsf ui f qbjst )γ, υ+- x i f sf γ ? a b

c d

〈
� TM)3,Z+-

boe υ ; H↔ C jt b i pmpn psqi jd gvodujpo tbujtgzjoh υ)τ+3 ? )cτ , d+/ Ui f n vmujqmjdbujpo jt

)γ, υ+)γ′, υ′+? )γγ′, )υ • γ′+υ′+/ Ui f fmfn f out T̃ ;? )) 2 21 2+, 2+boe S̃ ;? 1 −2
2 1

〈
,
§
τ
〈
gpsn

b hf of sbujoh tfu/

Jo ui jt bsujdmf x f gpdvt po Y f jmsfqsf tf oubujpot bttpdjbuf e up sbol pof mbuujdf t- mbc fmmfe

cz b qptjujwf joufhf s m “44 /̂ Mbuf s ui jt joufhf s x jmmc f efuf sn jof e cz ui f upqpmphjdbm

ebub )7/25+/ Dpodsfufmz- dpotje f s ui f Y f jmsfqsf tf oubujpo 
m dpssf tqpoejoh up ui f flojuf

bc fmjbo hspvq Z/3m f r vjqqf e x jui b rvbesbujd gpsn Z/3m ↔ Q/Z hjwfo cz x ∀↔ x2

5m/

Ui f vojubsz sf qsf tf oubujpo ˜TM)3,Z+↔ HM3m)C+hfof sbuf e cz ui f bttjhon f out S̃ ∀↔ T boe
T̃ ∀↔ U - x i f sf

Trr′ ;?
2§
3m

f

)
rr′

3m

[
,

Urr′ ;? f

)
r3

5m

[
δr,r′ . )4/38+

Ui spvhi pvu ui f qbqf s x f tf u f )x+;? e3πix- boe q ;? f )τ+- y ;? f )z+/

Ui f Y f jmsfqsf tf oubujpo 
m jt sf bmj–f e cz ui f gbn jmjbs ui f ub gvodujpot;

θm,r)τ, z+;?
∏

�Cr n pe 3m

q�
2/5my�, )4/39+

gps τ � H boe z � C/ Y i f o sf hbsejoh θm ;? )θm,r+r n pe 3m bt b dpmvn o wfdups- ju

usbotgpsn t bt

θm

)
2

τ
,
z

τ

[
2§
τ
f

)
mz3

τ

[
? Tθm)τ, z+,

θm)τ , 2, z+? U θm)τ, z+ )4/3: +

voef s ˜TM)3,Z+- x i f sf T boe U bsf bt jo )4/38+/ Bt b sf tvmu- Y f jmsfqsf tf oubujpot qmbz bo

jn qpsubou spmf jo ui f tuvez pgKbdpcj gpsn t )tf f 6 pg“45 +̂/

Ui f bcpwf ti px t ui bu θm tqbot b 3m.e jn f otjpobmsfqsf tf oubujpo pg ˜TM)3,Z+- x i jdi

x f e f opuf cz Σm/ Ui jt sf qsf tf oubujpo jt sf evdjcmf gps bmmm > 2/ Up tf f ui jt- opuf ui bu

ui f psui phpobmhspvq Om ;? }a � Z/3m \a3 ? 2 n pe )5m+〈 i bt ui f obuvsbmbdujpo

θm,r ×a ;? θm,ra )4/41+

8We say that an SL(2,C) flat connection is real if it is conjugate to an SU(2) flat connection and complex

otherwise.
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ui budpn n vuf t x jui ˜TM)3,Z+/ Bt b sf tvmu- pof pcubjot b tvc.sf qsf tf oubujpo cz dpotje f sjoh

f jhf otqbdf t pga � Om/ Jo gbdu- gps n ptu fybn qmf t x f f odpvouf s jo ui jt qbqf s- ui f sfmfwbou

sf qsf tf oubujpot bsf jssf evdjcmf”

Up mbc fmui f tvc .sf qsf tf oubujpot x f bsf jouf sf tuf e jo- ju x jmmc f dpowfojf ou up fn qmpz

ui f jtpn psqi jtn c fux f f o Om boe Fym- ui f hspvq pgui f f ybdu ejwjtpst pgm/ S fdbmmui bu

b ejwjtps n pgm jt tbje up c f f ybdu jg )n, mn+? 2- boe ui f hspvqt pqf sbujpo jt hjwfo cz

n±n′ ? nn′
)n,n+′2 / Gps n � Fym x sjuf a)n+gps ui f vojrvf a � Om tvdi ui bu

a)n+? 2 n pe 3n, boe a)n+? 2 n pe 3m/n. )4/42+

Ui f bttjhon f ou n ∀↔ a)n+efflof t bo jtpn psqi jtn pg hspvqt Fym
	↔ Om/ Fyqmjdjumz- ui f

jtpn psqi jtn jt jn qmfn f ouf e cz ui f Omega matrix- e f flof e bt

ffm)n+r,r′ ;?

}
2 jg r ? r′ n pe 3n boe r ? r′ n pe 3m/n-

1 pui f sx jtf , r, r′ � Z/3m,
)4/43+

x i jdi jt gbn jmjbs gspn ui f dmbttjfldbujpo pg n pevmbs jowbsjbou dpn cjobujpot pg di jsbmboe

bouj.di jsbmdi bsbduf st pgui f TV)3+dvssf ou bmhf csb “46 /̂

Jo ui f n bjo f ybn qmf t jo ui jt bsujdmf )dpssf tqpoejoh up Tf jgf sun bojgpmet x jui 4 tjohvmbs

flc f st boe jowpmwjoh x f jhi u203 rvbouvn n pevmbs gpsn t+- x f bmxbzt f odpvouf s sf qsf tf oub.

ujpot x i jdi bsf ui f 2 f jhf otqbdf t pgui f pqf sbujpo )4/41+gps a)m+? 2/ Bt b sf tvmu- x f

bsf jouf sf tuf e jo tvcsf qsf tf oubujpot pgΣm- mbc fmmfe cz K ←Fym x jui m �� K )ui f tp.dbmmfe

] opo.Gsjdl f#qspqf suz+- x i jdi jt e f flof e bt ui f tjn vmubofpvt f jhf otqbdf pga)n+, n � K x jui

f jhf owbmvf 2- boe pg 2 ? a)m+x jui f jhf owbmvf 2/ Pomz jo tf dujpo 9 x f x jmmfodpvouf s

ui f ] Gsjdl f#dbtf t x i f sf m � K/

Jo uf sn t pgopubujpot- gpmmpx joh b usbejujpo jojujbuf e jo “47 -̂ x f e f opuf ui f qbjs )m,K+

cz m , K ? m , n, n′, . . . gps K ? }2, n, n′, . . . 〈/ Tvctf rvf oumz- x f e f opuf cz Σm- K

ui f dpssf tqpoejoh tvc.sf qsf tf oubujpo efflof e bcpwf/ Ftqfdjbmmz jouf sf tujoh di pjdf t pg K

bsf ui ptf tvdi ui bu ui f bcpwf qsf tdsjqujpo sf oef st b tjn vmubofpvt f jhf otqbdf pg bmmOm/

Dpodsfufmz- ui jt i bqqf ot x i f o K jt mbshf f opvhi tvdi ui bu Fym ? K ∩ )m ±K+/ Gps

tvdi b di pjdf pgK- boe x i f o m jt opu ejwjtjcmf cz boz trvbsf ovn c f s-; ui f sf tvmujoh

sf qsf tf oubujpo jt irreducible/ Ui jt x jmmc f ui f dbtf jo n ptu pgpvs f ybn qmf t/

Dpodsfufmz- up jn qmfn f ou ui f qspkfdujpo poup f jhf otqbdf t x f jouspevdf ui f qspkfdujpo

pqf sbupst- hjwfo cz ui f n busjdf t

P±
m)n+? )I⊕ ffm)n++/3, )4/44+

boe

Pm- K ?

) ∫
n∈K

P -
m)n+

[
P−
m)m+ )4/45+

9When m is not square-free, the irreducible representation is given by taking the orthogonal complement

of the images of operators Ud : Θm → Θmd2 given by Ud(φ(τ, z)) = φ(τ, dz) with respect to the so-called

Petersson metric in the space {φ ∈ Θ | φ · a = α(a)φ} [37].
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x i f o m jt trvbsf .gsf f / Fyusb dbsf of f et up c f ubl f o x i f o m jt e jwjtjcmf cz b trvbsf / Gps

jotubodf - x i f o m ? p3m′ x i f sf m′ jt trvbsf .gsf f boe p jt qsjn f - x f i bwf

Pm- K ?

) ∫
n∈K

P -
m)n+

[
P−
m)m+)I ffm)p+/p+. )4/46+

Vtjoh ui f bcpwf qspkfdujpo pqf sbups- x f e f flof gps r � Z/3m

θm- K
r ? 3|K| ∏

�∈Z/3m
Pm- K
r� θm,�. )4/47+

Efopuf cz r � σm- K ui f tf u pg vof rvbm)vq up b tjho+wfdupst θm- K
r / B tqfdjfld cbtjt gps

Σm- K jt ui f o hjwfo cz }θm- K
r , r � σm- K〈/

Fyqmjdjumz- ui f T.n busjy pgui f tvc .sf qsf tf oubujpo Σm- K jt hjwf o cz

Tm- K
rr′ ?

∏
�∈Z/3m

Tr�Pm- K
�r′

Pm- K
r′r′

, r, r′ � σm- K , )4/48+

x i jdi dbo c f voef stuppe gspn ui f gbdu ui bu- hjwfo bo fmfn f ou r jo σm- K- ui f ovn c f s pg

� � Z/3m tvdi ui bu θm- K
� ? ⊕θm- K

r jt qsf djtfmz 2/Pm- K
rr / Ju jt f btz up di f dl ui bu joef f e

)Tm- K+3 ? Je . Bt dbo c f f btjmz ef evdf e gspn )4/38+- ui f dpssf tqpoejoh T n busjy jt

tjn qmz hjwfo cz ui f e jbhpobmn busjy

Um- K
rr′ ? f

)
r3

5m

[
δr,r′ . )4/49+

Bt bo fybn qmf - mfuvt ubl f m ? 7 boe K ? }2, 4〈/ Tjodf Fy7 ? }2, 3, 4, 7〈 ? K∩7±K-

tf f ui buui f sf tvmujoh sf qsf tf oubujpo Σ7- 4 jt jssf evdjcmf/ Gpmmpx joh ui f bcpwf ejtdvttjpo- b

tjn qmf dbmdvmbujpo mfbet up σ7- 4 ? }2, 4〈 boe ui f dpssf tqpoejoh cbtjt wfdupst bsf

θ7- 42 ? θ7,2 , θ7,6 θ7,−2 θ7,−6
θ7- 44 ? 3 )θ7,4 θ7,−4+,

)4/4: +

boe ui f T.n busjy jt

T 7- 4 ? i§
4

)
2 2

3 2

[
. )4/51+

4 Resurgence and modularity

Y f x jmmtf f jo ui jt tf dujpo i px ui f ui jse uzqf pg n pevmbs sf qsf tf oubujpot ejtdvttf e jo

ui f qsfwjpvt tf dujpo ˜ ui f Y f jmsfqsf tf oubujpot ˜ bsf n buf sjbmj–f e jo ui f gpsn pg gbmtf

ui f ub gvodujpot jo pvs qspcmfn / Up tf f ui f dpoofdujpo up upqpmphz boe qi ztjdt- x f e jtdvtt

ui f js psjhjo bt Fjdi mf s joufhsbmt- boe bobmz–f ui f js btzn qupujd f yqbotjpot ofbs ui f dvtqt-

gpmmpx joh “49 /̂ Tvctf rvf oumz jo tf dujpo 5/3 x f e f n potusbuf ui f sfmbujpo c fux f f o Fjdi mf s

joufhsbmt boe sf tvshf odf bobmztjt- boe i jhi mjhi uui f gbduui buui f usbottf sjf t dpf ´ djf out bsf

hjwfo cz ui f T.n busjy f ousjf t pgui f Y f jmsfqsf tf oubujpo/ Gjobmmz jo tf dujpo 5/4 x f vtf ui f tf

qspqf sujf t pgui f gbmtf ui f ub gvodujpot up ef evdf qsf e jdujpot gps upqpmphjdbmjogpsn bujpo po

ui f TM)3,C+ffibudpoofdujpot pgui f sfmfwbou ui sf f .n bojgpmet/
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4.1 False theta functions and the asymptotic expansions

Bttpdjbuf e up ui f Y f jmsfqsf tf oubujpot ejtdvttf e f bsmjf s bsf bmtp ui f x f jhi u4/3 vobsz ui f ub

gvodujpot- e f flof e gps τ � H jo ui f vqqf s.i bmgqmbof ;

θ2m,r)τ+?
∏
�∈Z

�Cr n pe 3m

� q�
2/5m, )5/2+

sfmbuf e up ui f ui f ub gvodujpo cz ui f pqf sbups

θ2m,r)τ+;?
2

3πi

∂

∂z
θm,r)τ, z+\zC1.

Jo ui f dpoufyu pgTf jgf su ui sf f .n bojgpme pof pguf o f odpvouf st jut Fjdi mf s joufhsbm/ Ui f

Fjdi mf s joufhsbmpgb dvtq gpsn g ?
∏

n>1 ag)n+q
n pgx f jhi uw- x i jdi dbo c f f jui f s joufhf s

ps i bmg.joufhf s- jt e f flof e bt

g̃)τ+;?
∏
n>1

n2−wag)n+q
n. )5/3+

Opuf ui bu ui jt jt f r vbmup ui f gpmmpx joh joufhsbmgps joufhsbmw-21

g̃)τ+? C

̂ i∞

τ
g)z′+)z′ τ+−3- wdz′, )5/4+

x i f sf C ? )3πi+w−1

)w−2+/ Jo pvs dbtf pg )5/2+x f i bwf w ? 4/3 boe ui f Fjdi mf s joufhsbmi bt ui f

gpmmpx joh Gpvsjf s f yqbotjpo )dg/tfdujpo 4/4+;

Ωm,r)τ+;? [θ2m,r)τ+? 3
∏
n>1

)P−
m)m++r,n q

n2/5m, )5/5+

boe jt pguf o sf gf ssf e up bt b false theta function/ Jo ui f bcpwf x f i bwf x sjuuf o )P−
m)m++r,n

bt ui f f ousz pgui f n busjy )4/44+dpssf tqpoejoh up ui f r boe n n pe 3m/ Fyqmjdjumz- x f i bwf

3)P−
m)m++r,n ?

}
⊕2 n ? ⊕r n pe 3m
1 pui f sx jtf

. )5/6+

Opuf ui bu θ2m,r ? θ2m,−r boe dpotf rvf oumz Ωm,r ? Ωm,−r- boe ui jt jt ui f sf btpo x i z

jo tf dujpo 4/4 x f gpdvt po tvc.sf qsf tf oubujpot dpoubjof e jo ui f 2 f jhf otqbdf voef s ui f

bdujpo )4/41+x jui 2 ? a)m+)ui f ] opo.Gsjdl f#uzqf+/ Dmfbsmz- cpui θ2m,r)τ+boe Ωm,r)τ+

i bwf Gpvsjf s f yqbotjpot ui bu dpowf shf jo ui f voju ejtl \q\< 2/ Ui f gbmtf ui f ub gvodujpo jt

opub n pevmbs gpsn - cvuobuvsbmmz mfbet up b rvbouvn n pevmbs gpsn bt x f x jmmsfwjf x mbuf s/

Up fyqmbjo ui f opn fdmbuvsf - opuf ui bu ui f gvodujpot efflof e jo )5/5+dbo bmtp c f f y.

qsf ttf e bt

Ωm,r)τ+?
∏
�∈Z

�Cr n pe 3m

tho)�+q�
2/5m. )5/7+

Jo “4: ˆBoesf x t e f flof e b gbmtf ui f ub gvodujpo up c f b gvodujpo pgui f gpsn∏
n∈Z

)⊕2+nqkn2- �n.

10We choose the branch to be the principal branch −π < arg x ≤ π.
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Tjodf x jui pvu ui f tjho gbdupst ui f tf bsf kvtu ui f vtvbmui fub gvodujpot θm,r)τ, 1+- ui f z bsf

bmtp pguf o sf gf ssf e up bt gbmtf ui f ub gvodujpot/22

Jo x i bugpmmpx t x f x jmmc f jouf sf tuf e jo ui f Fjdi mf s joufhsbmpgui f cbtjt wfdupst ejtdvttf e

jo tf dujpo 4/4- hjwfo cz

Ωm- K
r ;? θ̃m- K,2

r ? 3|K|∏
n≥1

Pm- K
r,n qn

2/5m. )5/8+

x i f sf tjn jmbsmz up θ2m,r- x f i bwf efflof e θm- K,2
r )τ+;? 2

3πi
∂
∂z θ

m- K
r )τ, z+\zC1. Mbuf s x f x jmm

tf f i px ui f tf gbmtf ui f ubt dpn f up mjgf bt q.tf sjf t jowbsjbout Ẑa)M4+buubdi f e up df subjo

ui sf f .n bojgpmet M4 boe i px ui f js usbottf sjf t hjwf opo.usjwjbmqsf e jdujpot bcpvu TM)3,C+

ffibudpoofdujpot po M4/

Ui f sfmbujpo c fux f f o ui f tf gbmtf ui f ub gvodujpot boe Y SU jowbsjbout x bt flstuqpjouf e

pvu jo “49ˆboe gvsui f s e fwfmpqf e jo “54—56ˆbt tufn n joh gspn ui f gpmmpx joh ux p gbdut;

≡Ui f gbmtf ui f ub gvodujpot hjwf flojuf wbmvf t jo ui f sbejbmmjn ju τ ↔ c
d � Q gspn ui f

vqqf s.i bmgqmbof - boe x i f o τ ↔ 2/k ui f z sf qspevdf ui f Y SU jowbsjbout bumfwfmk/

≡Ui f btzn qupujd f yqbotjpo pgui f gbmtf ui f ub gvodujpot ofbs τ ? 1 dbquvsf t ui f qf suvs.

cbujwf f yqbotjpo )Pi utvl j tf sjf t- ps 2/k f yqbotjpo+bspvoe ui f usjwjbmffibudpoofdujpo

jo Di f so.Tjn pot URGU/

Ofyux f csjfffiz ejtdvtt ui f sfmfwbouovn c f s ui f psf ujd qspqf sujf t pgui f cvjmejoh cmpdl gbmtf

ui f ub Ωm,r x i jdi bsf sf tqpotjcmf gps ui f bcpwf n budi joh/ Opuf ui bu ui f gbmtf ui f ub gvod.

ujpot efflof e jo )5/5+boe )5/7+i bwf Gpvsjf s dpf ´ djf out x jui df subjo qf sjpejdjuz qspqf suz

)tf f )5/6++x i jdi n psfpwf s i bwf wbojti joh n fbo wbmvf/ Gps tvdi b gvodujpo C ; Z ↔ C- ju

x bt ti px o “49ˆui buui f dpssf tqpoejoh L.tf sjf t L)s, C+?
∏

n≥2 n
−sC)n+- A)s+> 2- dbo c f

i pmpn psqi jdbmmz fyuf oef e up bmms � C boe ui f gpmmpx joh ux p gvodujpot i bwf ui f btzn qupujd

f yqbotjpot hjwfo cz ∏
n≥2

C)n+e−nt ⊂
∏
�≥1

L) �, C+
) t+�

�”
,

∏
n≥2

C)n+e−n2t ⊂
∏
�≥1

L) 3�, C+
) t+�

�”
)5/9+

gps t > 1/Gspn ui f bcpwf - cpui ui f sbejbmmjn juwbmvf t buτ ↔ 2/k boe ui f btzn qupujdtf sjf t

of bs 1- x i f o bqqspbdi joh gspn ui f vqqf s.i bmgqmbof - dbo c f dpn qvuf e boe dpn qbsf e up ui f

l opx o sf tvmu po ui f Y SU jowbsjbout pg ui f dpssf tqpoejoh ui sf f .n bojgpme/ Jo ui f gpsn f s

dbtf - x f ubl f )P−
m)m++r,n f )

−r2

5mk+up c f C)n+boe x f tf u ju up c f Cm,r)n+;? )P−
m)m++r,n jo

ui f mbuuf s dbtf / Ui f sf tvmupgui f dbmdvmbujpo zjfmet ui f btzn qupujd tf sjf t

Ωm- K
r

)
it

3π

[
⊂
∏
�≥1

L) 3�, Cm- K
� +

�”

)
t

5m

[ �

. )5/: +

x i f sf x f i bwf ubl f o Cm- K
r )n+;? Pm- K

r,n /

11As is clear from (4.4), the functions Ψm,r also have the property that they are just like (linear combi-

nations of) ordinary theta functions except for that the sum is performed only over part of the lattice. As

a result, they are sometimes also referred to as partial theta functions [40–42].
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Npsfpwf s- ui f sfmfwbou L.wbmvf t bsf dpowfojf oumz dbquvsf e cz ui f sbujpt pg ui f tjoi

gvodujpot;
tjoi ))m r+z+

tjoi )mz+
?
∏
�≥1

L) 3�, Cm,r+

)3�+”
z3�, )5/21+

pcubjof e gspn bqqmzjoh ui f btzn qupujd f yqbotjpo jo )5/9+up ui f je f oujuz

)xm−r x−m- r+

)xm x−m+
?
∏
n>1

)P−
m)m++r,n x

n. )5/22+

Y f x jmmtf f ui bu ui f bcpwf sfmbujpot up tjoi gvodujpot qmbz bo jouf sf tujoh spmf jo ui f

sf tvshf odf jouf sqsf ubujpo pgui f q.tf sjf t jowbsjbout Ẑa)q+/

4.2 Resurgence and Eichler integrals

Boujdjqbujoh ui f spmf pg ui f gbmtf ui f ub gvodujpot Ωm- K
r bt i pn pmphjdbmcmpdl t- jo ui jt

tf dujpo x f tuvez ui f usbottf sjf t f yqsf ttjpo pgui f gbmtf ui f ub gvodujpo )5/5+- x i jdi ben jut

b tjn qmf qi ztjdbmjouf sqsf ubujpo jo ui f dpoufyu pg sf tvshf odf - bt qpjouf e pvu jo “6 /̂ Bqbsu

gspn ui f btzn qupujd tf sjf t )5/: +dpn qvuf e jo ui f qsfwjpvt tvctf dujpo- pof dbo n psfpwf s

dpn qvuf ui f opo.qf suvscbujwf qbsu pg Ωm,r)τ ? 2/k+boe pcubjo ui f x i pmf usbottf sjf t/

Ui f mbuuf s dbquvsf t ui f jn qpsubou jogpsn bujpo sfhbsejoh ffibuTM)3,C+dpoofdujpot po ui f

4.n bojgpme M4/ Ui jt x bt flstu epof jo “49 -̂ x i f sf ju x bt efn potusbuf e ui bu ui f gbmtf

ui f ub gvodujpo jt n pevmbs ofbs sbujpobmqpjout vq up b tn ppui gvodujpo/ Ui f usbottf sjf t

dbmdvmbujpo jt dmptfmz sfmbuf e up ui f r vbouvn n pevmbs tusvduvsf pg gbmtf ui f ub gvodujpot-

x i jdi x f x jmmejtdvtt jo efubjmt jo tf dujpo 8/ Jo ui jt tvctf dujpo x f gpdvt po ui f sf tvshf odf

qpjoupgwjf x pg“6 /̂ Npsfpwf s- x f tusf tt ui buui f sf tvshf odf ti f et mjhi upo ui f psjhjo pgui f

bqqfbsbodf pgui f Fjdi mf s joufhsbmt jo pvs qspcmfn - bt ui f tusvduvsf pgui f Fjdi mf s joufhsbmt

bsjtf t gspn ui f sf tvshf odf dbmdvmbujpo rvjuf obuvsbmmz )5/37+/

S f tvshf odf jt b n fui pe up tvn vq ui f joflojuf qf suvscbujwf tf sjf t bsjtjoh gspn qf s.

uvscbujwf rvbouvn flfme ui f psjf t- x i jdi bsf pguf o btzn qupujd jotufbe pgdpowf shf ou tf sjf t-

joup b dpn qmfuf gvodujpo cz jodpsqpsbujoh ui f opo.qf suvscbujwf dpousjcvujpot/ Ju sfmjf t

po ui f ufdi ojrvf t pg Borel resummation- x i jdi x f opx ef tdsjc f csjfffiz/ Hjwfo b opo.

dpowf shf ou tf sjf t

Zr f su)k+?
∏
n

an
kn

)5/23+

x f dpotje f s jut Cpsfmusbotgpsn

BZr f su)z+?
∏
n

an
)n+

zn−2 )5/24+

x i jdi uzqjdbmmz efflof t b gvodujpo ui bu jt bobmzujd jo b of jhi cpvsi ppe ofbs ui f psjhjo/ Y f

bsf ui f o jouf sf tuf e jo ui f Cpsfmtvn pgZr f su- hjwfo cẑ
e−τzBZr f su)z+dz, )5/25+

x i f sf x f i bwf po qvsqptf mfgu ui f dpoupvs pg joufhsbujpo votqfdjflf e bu ui jt tubhf /
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Evf up ui f spmf pg gbmtf ui f ub gvodujpot bt ui f i bmg.joejdf t Ẑb- x f bsf jouf sf tuf e jo

bqqmzjoh ui f sf tvshf odf bobmztjt up ui f cvjmejoh cmpdl t Ωm,r “6 /̂ Ui f sf jt i px fwf s bo

jn qpsuboutvcumfuz; opuf ui buui f sf jt beejujpobmpwf sbmmk ef qf oef odf jo ui f Di f so.Tjn pot

qbsujujpo gvodujpo opu dbquvsf e cz ui f i pn pmphjdbmcmpdl t )4/8+/ Bt x f i bwf b2)M+? 1

gps pvs ui sf f .n bojgpmet M - ui f sf jt bo pwf sbmmgbdups pg 2/
§
k n vmujqmzjoh ui f gbmtf ui f ub

gvodujpot fwbmvbuf e buτ ↔ 2/k/ Gspn ui f n pevmbs qpjoupgwjf x - ui jt 2/
§
k gbdups tufn t

gspn ui f gbdu ui buΩm,r jt b x f jhi u 2/3 rvbouvn n pevmbs gpsn )tf f tf dujpo 8/4+/

Dpn qbsjoh )5/: +boe )5/21+- x f dpodmvef ui bu ui f dpssf tqpoejoh Cpsfmusbotgpsn jt

B

)
2§
k
Ωm,r)

2
k+

[
)z+?

2§
πz

tjo
)
)m r+

√
3πz
m

(
tjo
)
m
√

3πz
m

( . )5/26+

Po ui f pui f s i boe- cz qf sgpsn joh b Hbvttjbo joufhsbmpo cpui tje f t pg)5/22+x f pcubjo

ui f gpmmpx joh je f oujuz

2§
k
Ωm,r)

2
k+?

§
i

3

)̂
eiδR+

,

̂
e−iδR+

[
dz§
πz

tjo
)
)m r+

√
3πz
m

(
tjo
)
m
√

3πz
m

( e−ikz, )5/27+

x i jdi jo mjhi u pg )5/26+dbo c f jouf sqsf uf e bt bo f ybdu Cpsfmsf tvn n bujpo “6 /̂ Opuf ui bu

ui f joufhsbmi bt qpmf t bu z ? 3π n2

5m - boe ui f sf tjevf jt hjwfo cz

S f t
zC3π n2

4m

⎞⎟⎠§ i

3

2§
πz

tjo
)
)m r+

√
3πz
m

(
tjo
)
m
√

3πz
m

( e−ikz

⎧∮⎜ ?

§
i

π
§
3m

tjo

)
rπn

m

[
f

)
k
n3

5m

[
)5/28+

gps n � Z>1/ Opuf ui buui f sjhi u.i boe tje f jt- vq up bo pwf sbmmdpotubou- ui f T.n busjy )4/48+

dpssf tqpoejoh up ui f tvc .sf qsf tf oubujpo pgui f Y f jmsfqsf tf oubujpo Σm tqfdjflf e cz f jhf o.

wbmvf 2 pgui f bdujpo )4/41+pg 2 ? a)m+)f rvjwbmfoumz- ui jt jt ui f T.n busjy pgui f vobsz

ui f ub gvodujpo θ2m,r jo )5/2+- dpssf tqpoejoh up K ? }2〈 jo ui f opubujpo pg )4/48++;

Tm
r,n ? )TP−

m)m++r,n ?
i§
3m

tjo
)rnπ

m

(
)5/29+

Up tvn vq ui f dpousjcvujpo gspn ui f joflojufmz n boz qpmf t mzjoh po ui f vqqf s i bmgpgui f

jn bhjobsz byjt- x f vtf ui f sf hvmbsj–bujpo jo )5/9+boe )5/21+∏
n≥1

)P−
m)m++r,n ? mjn

t→1+

∏
n≥1

)P−
m)m++r,ne

−nt ? mjn
t→1+

tjoi ))m r+t+

tjoi )mt+
? 2

r

m
. )5/2: +

Bqqmzjoh ui f bcpwf up Ωm- K
r cz ubl joh ui f mjofbs dpn cjobujpo- x f tf f ui bu ui f dpssf .

tqpoejoh joufhsbmi bt hspvqt pg qpmf t mbc fmmfe cz ui f tf u σm- K- boe ui f js dpssf tqpoejoh

dpousjcvujpo up ui f joufhsbmjt hjwfo cz

2§
k
Ωm- K

r

)
2

k

[
? 3

§
i
∏

r′∈σm+K

Tm- K
rr′ cr′ e

−3πik r′2
4m , qf suvscbujwf qbsu, )5/31+
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x i f sf

cr ;? 3|K|
m−2∏
�C2

Pm- K
�r

)
2

�

m

[
. )5/32+

Ui f flstu uf sn jo ui f gpsn bmusbottf sjf t f yqsf ttjpo )5/31+fodpef t ui f dpousjcvujpot gspn

ui f qpmf t pg ui f Cpsfmusbotgpsn boe dbquvsf t ui f opo.qf suvscbujwf dpousjcvujpo up ui f

qbui joufhsbm/ Ui f tf dpoe uf sn jt hjwfo cz )5/: +jo ui f mjn ju k ↔ ∈ - boe dbquvsf t ui f

btzn qupujd f yqbotjpot- dpssf tqpoejoh up ui f Pi utvl j tf sjf t po ui f upqpmphz0Di f so.Tjn pot

tje f / Jo ui f of yu tvctf dujpo x f x jmmfyqboe po ui f qi ztjdbmboe upqpmphjdbmjouf sqsf ubujpo

pg ui f bcpwf usbottf sjf t- boe ef evdf opo.usjwjbmqsf e jdujpot bcpvu ui f ffibu dpoofdujpot po

ui sf f .n bojgpmet/

Opuf ui bu ui f tbn f sf hvmbsj–bujpo qspdf evsf hjwf t ui f sbejbmmjn ju

Ωm- K
r ) k+? f

)
k
r3

5m

[
cr , )5/33+

boe x f dbo x sjuf

2§
k
Ωm- K

r ) 2k+?
3§
i

∏
r′∈σm+K

Tm- K
r,r′ Ωm- K

r′ ) k+, qf suvscbujwf qbsu. )5/34+

Ui f bcpwf tubuf t ui bu Ωm- K
r i bt n pevmbs qspqf suz vq up b tn ppui gvodujpo- x i jdi jt

qsf djtfmz ui f tubufn f ou ui bu Ωm- K
r hjwf t sjtf up b rvbouvn n pevmbs gpsn / Ui f bcpwf

sfmbujpo x jmmc f ef sjwf e boe f yqmbjof e jo bopui f s dpoufyu jo tf dujpo 8/

Gjobmmz x f sf n bsl po ui f sfmbujpo c fux f f o ui f sf tvshf odf joufhsbm)5/26+boe ui f Fjdi mf s

joufhsbm)5/4+- esbx joh po sf tvmut jo “57 /̂ Opuf ui bu- bmui pvhi ui f ux p fyqsf ttjpot gps ui f

gbmtf ui f ub gvodujpo Ωm,r- fwbmvbuf e buui f dvtq τ ↔ 2
k - mppl wf sz ejfif sf ou- ui f z bsf jo gbdu

fyusfn fmz dmptfmz sfmbuf e/ Up tf f ui jt- opuf ui bu vqpo bo pcwjpvt di bohf pgwbsjbcmf t ui f

sf tvshf odf joufhsbmt )5/27+dbo c f sf x sjuuf o bt bo joufhsbmpg

e−y2/τ

§
τ

tjoi ))m r+πy+

tjoi )mπy+
? Cm

e−y2/τ

§
τ

mjn
n∗→∞

n∗∏
nC−n∗

tjo)rπ n
m+

y i nm
)5/35+

x i f sf Cm jt b vojn qpsuboudpotubouui bu ef qf oet pomz po m/ Vtjoh ui f f r vbmjuz c fux f f o

ux p joufhsbmt ̂ ∞

−∞
e−πty2

y ir
dy ? πir

̂ ∞

1

e−πr2u

§
u , t

du )5/36+

boe fydi bohjoh ui f tvn boe ui f joufhsbm- bt x bt epof jo ui f qsppg gps mfn n b 4/4 pg “57 -̂

pof jn n f e jbufmz tf f ui bû ∞

1
dy

e−y2/τ

§
τ

tjoi ))m r+πy+

tjoi )mπy+
? c

̂ ∞

1
du

θ2m,r)u+§
u , τ

)5/37+

x jui tpn f vojn qpsubou gbdups c � C/ Dmfbsmz- ui f bcpwf dbmdvmbujpo bmtp fyuf oet f btjmz

x i f o Ωm,r jt sf qmbdf e x jui ui f gpmef e gbmtf ui f ub Ω
m- K
r / Bt x f x jmmtf f - ui jt jt qsf djtfmz

ui f qf sjpe joufhsbm)8/43+boe x i ptf bqqfbsbodf jo ui f sf tvshf odf dpn qvubujpo gps ui f gbmtf

ui f ub gvodujpo dbo c f voef stuppe ui spvhi ui f je f oujuz )8/41+c fux f f o ui f Fjdi mf s joufhsbm

boe ui f opo.i pmpn psqi jd Fjdi mf s joufhsbmbt gbs bt ui f btzn qupujd tf sjf t bsf dpodf sof e/
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4.3 Flat connections from modularity

Jo ui jt tvctf dujpo x f x jmmfyqmbjo i px up fyusbdu jogpsn bujpo bcpvu ffibu dpoofdujpot po

ui sf f .n bojgpmet gspn ui f n pevmbs.mjl f qspqf sujf t pg ui f gbmtf ui f ub gvodujpot ejtdvttf e jo

tf dujpo 5/3/ Bt n f oujpof e f bsmjf s- pvs n bjo dmbtt pg fybn qmf t jt Tf jgf su n bojgpmet x jui

ui sf f tjohvmbs flcsf t- bmui pvhi tjn jmbs je f bt boe n fui pet bsf bmtp bqqmjdbcmf up n psf hf o.

f sbmfybn qmf t/

Ui f tubsujoh qpjou jt ui f pctf swbujpo )x i jdi x jmmc f qspgvtfmz efn potusbuf e jo tf d.

ujpo 7+ui bu ui f q.tf sjf t jowbsjbout Ẑb)M4+dbo pguf o c f f yqsf ttf e bt

Ẑb)M4+? c
)
qδΩm- K

r , d
(
, c � C, δ � Q , d � Z“qˆ )5/38+

x i f sf b ef opuf t b cpvoebsz dpoejujpo- bt jo flhvsf 3- boe d jt b qpmzopn jbmjo q )uzqjdbmmz-

kvtub tjohmf n popn jbm+/23 Opuf ui bu- gps b hjwfo ui sf f .n bojgpme M4- di bohjoh ui f cpvoebsz

dpoejujpo b di bohf t ui f dpssf tqpoejoh r � σm- K cvu ui f Y f jmsfqsf tf oubujpo mbc fmmfe cz

m , K sf n bjot ui f tbn f / Jo pui f s x pset- hjwfo ui f tbn f ui sf f .n bojgpme M4 )ps cvml 4e

O ? 3 ui f psz+x f x jmmi bwf ui f bobmphpvt sfmbujpo c fux f f o Ẑb′)M4+boe Ω
m- K
r′ / Gps ui jt

sf btpo- jo ui f sf tupgui jt tvctf dujpo jux jmmc f dpowfojf ouup pn juui f mbc fmm , K jo psef s

up bwpje dmvuuf s/

Ui f sf tvmujoh i pn pmphjdbmcmpdl t )5/38+bsf dpn cjof e joup Za- mbc fmmfe cz bc fmjbo ffibu

dpoofdujpot )2/2+

Za)k+? f )kλ)a, a++
∏
b

S
)A+
ab Ẑb\q→f ) 1

k
+. )5/39+

Ui f tf gvodujpot Za i bwf ui f jouf sqsf ubujpo bt ui f Cpsfmsf tvn n f e qf suvscbujwf f yqbotjpot

ofbs ui f dpssf tqpoejoh bc fmjbo ffibu dpoofdujpot- boe bsf gvsui f s bttf n cmf e joup TV)3+

Di f so.Tjn pot qbsujujpo gvodujpo )4/8+vqpo tqfdjbmj–bujpo q ↔ f ) 2k+boe b tvn pwf s ui f

bc fmjbo ffibudpoofdujpot ] a#/

Bt x f i bwf tf f o jo ui f qsfwjpvt tvctf dujpo- b hjwfo r � σ mbc fmt b hspvq pgqpmf t jo ui f

joufhsbmfyqsf ttjpo gps )5/27+gps
§
τΩm,s)τ+- fbdi dpousjcvujoh b sf tjevf hjwfo cz Trs )vq

up bo vojn qpsuboupwf sbmmgbdups+/ Gspn )5/38+x f tf f ui buui f z usbotmbuf joup qpmf t hjwjoh

dpousjcvujpo up ui f i pn pmphjdbmcmpdl t- boe i f odf ti pvme dpssf tqpoe up df subjo tbeemf

qpjou dpoflhvsbujpo pg ui f qbui joufhsbmgpsn vmbujpo pg ui f i bmg.joef y/ Y i f o dpn cjof e

joup ui f qi ztjdbmrvboujujf t Za boe ZEV)M4+ui bubsjtf gspn Di f so.Tjn pot ui f psz- dg/)2/2+

boe )5/39+- ui f gpmmpx joh ui joht dbo i bqqf o up ui f tf qpmf t;24

12The origin of d may seem somewhat unclear, especially when compared to (2.2). At a technical level, it

originates from a regularization of an infinite sum, which we expect to be cured by introducing t-dependence

or, equivalently, working at the categorified level, with the space of BPS states. One could also think

of (4.27) as a sum of two blocks Ẑb(M3), which happen to have the same value of CS(b) and such that one

of them is d.
13The Chern-Simons partition function ZCS(M3) coincides with WRT(M3, k) when the gauge group is

SU(2) and the level is k. It is normalized such that:

ZCS(S
2 × S1) = 1, and ZCS(S

3) =

√
2

k
sin

(π
k

)
.
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2/ B qpmf dpousjcvuf t up ui f usbottf sjf t pgẐb- cvuui jt dpousjcvujpo wbojti f t vqpo gvsui f s

sf .bttf n cmz joup Za/

3/ B qpmf dpousjcvuf t up ui f usbottf sjf t pgẐb boe ui f dpousjcvujpo epf t opuwbojti x i f o

sf .dpn cjof e joup Za/

)j+Npsfpwf s- ui f dpousjcvujpo up Za ep opu wbojti x i f o dpn cjof e gvsui f s joup

ZEV)M4+cz tvn n joh pwf s a boe pwf s bmmui f )joflojufmz n boz+qpmf t jo ui f

hspvq/

)jj+Ui f dpousjcvujpot up Za tvn vq up –f sp bguf s qf sgpsn joh ui f ux p beejujpobm

tvn t ui bu hjwf t ZEV)M4+/

Gspn ui f qi ztjdbmjouf sqsf ubujpo pg Ẑb- Za boe ZEV)M4+jo ui f 4e .4e dpssf tqpoef odf - x f

dbo hjwf ui f gpmmpx joh qi ztjdbmjouf sqsf ubujpo up ui f bcpwf uzqf t pgqpmf t;

2/ Ui f z dpssf tqpoe up ] qi boupn #tbeemf t pgui f qbui joufhsbmgps Ẑb ui bun bz opufwfo

dpssf tqpoe up ffibuTM)3,C+dpoofdujpot po M4/ )Gps f ybn qmf - ] sf opsn bmpo#tbeemf t

bsf gbn jmjbs f ybn qmf t pgui jt c f i bwjps jo sf tvshf ou bobmztjt pgRGU/+

3/ Ui f z dpssf tqpoe up tbeemf qpjout pg ui f qbui joufhsbmgps Ẑb ui bu bsjtf gspn opo.

bc fmjbo TM)3,C+ffibu dpoofdujpot po M4/ )Opuf ui bu bddpsejoh up b Ui fpsf n jo “6 -̂

pomz opo.bc fmjbo ffibu dpoofdujpot dbo bqqfbs jo usbottf sjf t dpousjcvujpot up b Cpsfm

sf tvn n bujpo pgb qf suvscbujwf f yqbotjpo bspvoe bo bc fmjbo ffibudpoofdujpo/+

)j+Npsfpwf s- ui f z dpssf tqpoe up ] sf bm#opo.bc fmjbo ffibu dpoofdujpot ui bu dbo c f

dpokvhbuf e jotje f G ? TV)3+/

)jj+Ui f z dpssf tqpoe up ] dpn qmfy#opo.bc fmjbo ffibu dpoofdujpot ui bu dbo not c f

dpokvhbuf e joup G ? TV)3+/

Bt b sf tvmu- gspn ui f n pevmbsjuz pgui f gbmtf ui f ub gvodujpot x f dbo sfbe pfi ui f c f i bwjpvs

pgui f e jfif sf ouqpmf t pgui f joufhsbmfyqsf ttjpo gps i pn pmphjdbmcmpdl t- boe ui f sf cz e f evdf

qsf e jdujpot po opo.bc fmjbo ffibudpoofdujpot bt bcpwf/

Up uvso x pset joup f rvbujpot- x f e f flof ui f gpmmpx joh rvboujujf t/ Mfu nB ? \σ\c f tj–f
pgui f Y f jmsfqsf tf oubujpo ef tdsjc f e jo tf dujpo 4/4- boe ef opuf cz nA ui f ovn c f s pgbc fmjbo

TM)3,C+ffibudpoofdujpot po M4- j/f /ui f tj–f pgui f n pevmbs S.n busjy )2/4+/ Dpotje f s ui f

ux p n busjdf t

S)M4+? S)A+.Emb.)S)B++−2

T )M4+? T )A+.I.)T )B++−2
)5/3: +

x i f sf Emb boe I bsf nA ∗ nB n busjdf t/ Ui f flstu jt ui f f n c f ee joh n busjy efflof e cz

Embar ? c jfi )5/38+i pmet/ Jo qbsujdvmbs- Embar ? 1 x i f o ui f q.tf sjf t Ẑa epf t opujowpmwf

ui f gbmtf ui f ub gvodujpo Ωm,r/ Ui f tf dpoe n busjy I jt ui f n busjy x jui bmmfousjf t f r vbmup

pof / Ui f qsf e jdujpo- sfffifdujoh ui f jouf sqsf ubujpo 3.)j+- jt ui f o

} f )DT)a++\a jt b opo.bc fmjbo TM)3,C+ffibudpoofdujpo po M4 〈
? } T )M4+ar \a, r tvdi ui buS)M4+ar �? 1 〈

)5/41+

—37 —



J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

Dpn qvuf Ẑb

Jef oujgz Y f jmsfq.

sf tf oubujpo )m,K+

x jui Ẑb ? cqδ)Ωm- K
r , d+

Dpn qvuf ui f n pevmbs n busjdf t

S)M4+boe T )M4+)5/3: +

Gjoe opo.bc fmjbo ffibu

dpoofdujpot )5/41+

Dpn qvuf f ) α+boe cα )5/43+

Gjoe dpn qmfy ffibu

dpoofdujpot )5/44+

Figure 5/ Gspn qmvn cjoh ebub up ffibudpoofdujpot/

Mfut ef opuf ui f fmfn f out pgui f tf u po ui f sjhi u.i boe tje f cz f )α+- boe x sjuf∏
a,r

T )M4+a,rS)M4+a,rcr ?
∏
α

f )α+cα. )5/42+

Jo pui f s x pset- x f i bwf

cα ?
∏
)a,r+

S)M4+a,rcr )5/43+

x i f sf ui f tvn po ui f sjhi u.i boe tje f jt pwf s ui f qbjst )a, r+tbujtgzjoh T )M4+ar ? f )α+/ Jo

uf sn t pg ui f tf r vboujujf t- ui f jouf sqsf ubujpo 3.)jj+usbotmbuf t joup ui f gpmmpx joh qsf e jdujpo

po dpn qmfy opo.bc fmjbo ffibudpoofdujpot;

} f )DT)a++\a jt b opo.bc fmjbo TV)3+ffibudpoofdujpo po M4 〈
? } f )α+\cα �? 1 〈

)5/44+

Jo pqf sbujpobmuf sn t- ui f tuf qt pg sfusjfwjoh ui f jogpsn bujpo bcpvu opo.bc fmjbo ffibu

dpoofdujpot gspn ui f qmvn cjoh ebub pg b ui sf f .n bojgpme bsf tvn n bsj–f e jo flhvsf 6/ Y f

opuf ui bu ui f bcpwf svmf t pomz hjwf ui f tf u pg ui f dpssf tqpoejoh Di f so.Tjn pot jowbsjbout

)n pe Z+boe b qsjpsj dboopu ejtujohvjti e jfif sf ou ffibu dpoofdujpot x jui ui f tbn f Di f so.

Tjn pot jowbsjbout/
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5 Logarithmic CFTs from three dimensions

Vovtvbmn pevmbs usbotgpsn bujpot pg ui f dpn cjof e 4e .3e joejdf t )3/2+boe 4.n bojgpme jo.

wbsjbout Ẑa)M4+tuvejf e jo ui jt qbqf s bmtp bqqfbs bt pof pgui f l f z gfbuvsf t jo mphbsjui n jd

dpogpsn bmflfme ui f psjf t )mph.DGUt- gps ti psu+/ Ui f hpbmpgui jt tf dujpo jt up fyqmbjo- rvbm.

jubujwfmz bt x fmmbt rvboujubujwfmz- ui bu ui jt jt opu bo bddjef ou boe ui f sf bsf hppe sfbtpot

x i z i bmg.joejdf t pg4e.3e dpn cjof e tztufn t boe q.tf sjf t jowbsjbout Ẑa)M4+jo n boz dbtf t

bsf f yqfduf e up c f sfmbuf e up mph.DGUt/

Bn poh pui f s ui joht- ui jt pfif st b of x x bz pgmppl joh bumphbsjui n jd DGUt- dpoofdujoh

ui f n up tvqf stzn n fusjd 4e O ? 3 ui f psjf t- jodmvejoh ui f psjf t T“M4ˆ dpn joh gspn 4.

n bojgpmet/ Y f i pqf ui bu- jo ui f gvuvsf - ui jt of x qf stqfdujwf x jmmi fmq up ti f e mjhi upo tujmm

sbui f s n ztuf sjpvt obuvsf pgmph.DGUt/

5.1 Ẑa(M3) as characters of log-VOAs

Ui f flstu rvbmjubujwf - zf u dpodfquvbmjoejdbujpo ui bu pvs tf uvq jmmvtusbuf e jo flhvsf 3 i bt

tpn fui joh up ep x jui mphbsjui n jdDGUt dpn f t gspn ui f gbduui bu- jo n boz dbtf t- mph.DGUt

dbo c f ui pvhi u pg bt ] e f gpsn bujpot#pg n psf gbn jmjbs psejobsz dpogpsn bmflfme ui f psjf t-

tvdi bt gsf f ui f psjf t boe mbuujdf WPBt/ Gps fybn qmf - bt x f sfwjf x ti psumz- ui jt qf stqfdujwf

i bt c f f o wf sz tvddf ttgvmjo dpotusvdujoh wbsjpvt mph.WPBt bt l f sofmt pg tdsf f ojoh pqf sb.

upst “36- 37 -̂ x i jdi bsf mbshf s dpn qbsf e up dpi pn pmphjf t pgui f tbn f tdsf f ojoht vtf e jo ui f

dpotusvdujpo pgn jojn bmn pefmt “58- 59 /̂

Ui jt jt tjn jmbs up i px - bt f yqmbjof e jo tf dujpo 3- ui f jouf sbdujpo x jui 4e efhsf f t pg

gsf f epn dbo ] e f gpsn #ui f tuboebse n pevmbs qspqf sujf t pgΣ
)a+
3d )x+boe hjwf sjtf up pc kfdut

tvdi bt gbmtf ui f ub gvodujpot- n pdl n pevmbs gpsn t- ps n psf hf of sbmrvbouvn n pevmbs

gpsn t/ S fdbmm“4 -̂ ui bu Σ
)a+
3d )x+jt ui f fmmjqujd hf ovt pg 3e O ? )1, 3+cpvoebsz ui f psz Da/

Y i f o dpvqmfe up 4e O ? 3 ui f psz- jut fmmjqujd hf ovt jt op mpohf s n pevmbs jo ui f usbejujpobm

tf otf boe- bt b sf tvmu- ui f dpn cjof e joef y )3/2+dbo c fdpn f b qtf vepdi bsbduf s pgui f uzqf

x f bmsfbez f odpvouf sf e jo tf dujpo 4/3/

Gps fybn qmf - gps mphbsjui n jd WPBt dpotusvduf e gspn gsf f flfmet boe tdsf f ojoh pq.

f sbupst- ju jt obuvsbmup fyqfdu ui bu gsf f flfmet ef tdsjc f Da- x i f sf bt tdsf f ojoh pqf sbupst

dpssf tqpoe up dpvqmjoh x jui 4e O ? 3 ui f psz/ S fmfhbujoh b n psf tztufn bujd tuvez pgui jt

jouf sqsf ubujpo up gvuvsf x psl - i f sf x f opuf ui bu dpodsfuf f yqsf ttjpot gps Σ
)a+
3d )x+jo pvs

f ybn qmf t joef f e jowpmwf di bsbduf st pgmbuujdf WPBt- dg/)3/23+boe )6/9+c fmpx /

Tjn qmf f ybn qmf t pgmphbsjui n jdWPBt dpotusvduf e gspn gsf f flfmet boe tdsf f ojoh pqf s.

bupst bsf ui f tjohmfu boe usjqmfu )2, p+n pefmt- psjhjobmmz jouspevdf e jo “5: /̂ Jo cpui dbtf t-

ui f tubsujoh qpjou jt b gsf f tdbmbs flfme ϕ x jui ui f PQF

∂ϕ)z+∂ϕ)w+⊂ 2

)z w+3
)6/2+

boe ui f tusf tt.uf otps- dg/)4/21+-

T )z+?
2

3
∂ϕ)z+∂ϕ)z+,

α1
3
∂3ϕ)z+. )6/3+
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Ui f n pef t pg∂ϕ)z+hfof sbuf ui f I f jtf oc f sh bmhf csb “am, anˆ? mδm- n,11- x i jmf ui f n pef t

pgT )z+hfof sbuf ui f Wjsbtpsp bmhf csb x jui ui f df ousbmdi bshf )4/: +/Ui f sf bsf ux p tdsf f ojoh

pqf sbupst- pguf o dbmmfe ] mpoh#boe ] ti psu#tdsf f ojoh pqf sbupst- sf tqfdujwfmz;

S- ?

∑
eα+ϕ , S− ?

∑
eα−ϕ )6/4+

ui bu dpn n vuf x jui ui f tusf tt.uf otps- j/f /“S±, T )z+̂ ? 1/

Ui f o- ui f tjohmfuboe usjqmfu)2, p+wf sufy bmhf csbt bsf sf bmj–f e bt l f sofmt pgui f ] ti psu#

tdsf f ojoh pqf sbups “34- 36- 37- 61- 62 ;̂

N p ? L f sF0 S− )6/5+

X p ? L f sVL
S− )6/6+

po ui f I f jtf oc f sh bmhf csb G 1 )? ui f Gpdl tqbdf pg x f jhi u 1+boe po ui f mbuujdf WPB WL
gps L ? α- Z ?

§
3pZ- sf tqfdujwfmz/ Jo pui f s x pset- X p jt b n byjn bmmpdbmtvcbmhf csb

pgWL jo ui f l f sofmpg ui f ] ti psu#tdsf f ojoh pqf sbups S−- boe N p ? G 1 { X p jt ui f

bobmphpvt tvcbmhf csb pgG 1/ Ui jt hjwf t bo bmuf sobujwf ef tdsjqujpo pgui f usjqmf e bmhf csb X p

ui bu x f bmsfbez ejtdvttf e jo tf dujpo 4/3- boe cpui bmhf csbt N p boe X p i bwf ui f df ousbm

di bshf )4/: +/

Ui f tjohmfu )2, p+bmhf csb i bt Gpdl n pevmf t Gλ pg i jhi f tu x f jhi u λ � C )bmtp dbmmfe

Gf jhjo.Gvdi t n pevmf t x i f o voef stuppe bt Wjsbtpsp n pevmf t+- boe n pevmf t M2,s x jui 2 ≥
s ≥ p/ Ui f js di bsbduf st ubl f ui f gpsn “63- 64 ;̂

χ)Gλ=τ+?
q

1
2
)λ−α0

2
+2

η)q+
)6/7+

χ)M2,s=τ+?
2

η)q+

∏
n≥1

)
q

1
4p
)3pn- p−s+2

q
1
4p
)3pn- p- s+2

(
?

Ωp,p−s)τ+

η)τ+
)6/8+

Cfgpsf x f je f oujgz ui f tf di bsbduf st x jui 4e .3e joejdf t )3/2+boe q.tf sjf t jowbsjbout pg

4.n bojgpmet- x f ti pvme qpjoupvuui bu- gpmmpx joh “5- 7 -̂ ui spvhi pvuui f qbqf s x f tvqqsf tt25

ui f gbdups pg )q=q+∞ )dg/)8/8++jo ui f qi ztjdbmjoef y26

Ẑ)wosf e+
a )q+?

Ẑa)q+

)q=q+∞
)6/9+

boe jotufbe vtf Ẑa)q+- x i jdi pguf o ubl f t b n psf dpn qbdugpsn / Ui jt qi ztjdbmwf stjpo )6/9+

pgui f joe f y Ẑa)q+jt tpn fujn f t dbmmfe unreduced ps un-normalized/

Ubl joh joup bddpvouui jt opsn bmj–bujpo- x f dbo sf qi sbtf pvs ejtdvttjpo jo tf dujpo 5- jo

qbsujdvmbs )5/38+- cz tbzjoh ui bu jo ui f psjf t x i f sf ui f opsn bmj–f e joef y

Ẑa)q+? Ωp,s1)τ+, Ωp,s2)τ+, . . . )6/: +

jt hjwfo cz b mjofbs dpn cjobujpo pggbmtf ui f ub gvodujpot )5/7+- x f i bwf - dg/ubcmf 2;

Ẑ)wosf e+
a )q+? χ )M2,p−s1 ⊗M2,p−s2 ⊗ . . .=τ+ )6/21+

14Cf. (2.8) where this factor is, in fact, present.
15For more general gauge groups, this relation involves a factor of η(q)rank(G) in the denominator [4].
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3-manifold m , K module of a singlet log-VOA

Υ)3, 4, 6+ 41 , 7, 21, 26 M1,1 ⊗M1,11 ⊗M1,19 ⊗M1,29

Υ)3, 4, 8+ 53 , 7, 25, 32 M1,1 ⊗M1,13 ⊗M1,29 ⊗M1,41

Table 3/ Y f jmsfqsf tf oubujpot boe ui f dpssf tqpoejoh n pevmf t pgui f mphbsjui n jd )2, p+tjohmfuDGU

gps tjn qmf i pn pmphz tqi f sf t/ Ui f tvn pwf s n pevmf t jt qsf djtfmz ui f tvn pwf s fmfn f out pg ui f

psui phpobmhspvq Om jouspevdf e bcpwf )4/41+/

Jo pui f s x pset- ui f qspqf smz opsn bmj–f e qi ztjdbmjoef y )6/9+jt f rvbmup ui f di bsbduf s pgb

)2, p+tjohmfuWPB n pevmf

M2,p−s1 ⊗M2,p−s2 ⊗ . . . )6/22+

Opuf - bmui pvhi ui jt n pevmf mppl t sf evdjcmf - qf si bqt ju joejdbuf t f yjtuf odf pgbo fyuf otjpo

up b mbshf s mph.WPB- x i f sf Ẑ
)wosf e+
a )q+dbo c f je f oujflf e x jui b di bsbduf s pgb mf tt sf evdjcmf

n pevmf/ B qptjujwf joejdbujpo gps ui jt dpn f t gspn ui f gbduui bu- jo n boz pgpvs f ybn qmf t-

fwf sz uf sn M2,s jt bmxbzt bddpn qbojf e cz M2,p−s jo )6/22+/

Jo qbsujdvmbs- x i f o dpn qptf e x jui 4e .4e dpssf tqpoef odf - ui jt jousjhvjoh evbmjuz c f .

ux f f o mphbsjui n jd DGUt boe 4e O ? 3 ui f psjf t x jui i bmg.CQT cpvoebsz dpoejujpot jn .

qmjf t ui bubmmTf jgf sun bojgpmet x jui 4 tjohvmbs flc f st dpssf tqpoe up n pevmf t pg)2, p+tjohmfu

n pefm/ Ui f n pevmf t bsf e f uf sn jof e cz ui f ebub pgui f Y f jmsfqsf tf oubujpo dpssf tqpoejoh

up M4- x i jdi - jo uvso- dbo c f pcubjof e vtjoh ui f hf of sbmufdi ojrvf pvumjof e jo tf dujpo 5/

Ju x jmmc f jmmvtusbuf e jo n boz f ybn qmf t jo tf dujpo 7/

Ju x pvme c f jouf sf tujoh up tuvez b sfmbujpo c fux f f o mphbsjui n jd WPBt bttjhof e up 4.

n bojgpmet i f sf - boe wf suf y bmhf csbt WPB“M5ˆ bttjhof e up 5.n bojgpmet cpvoef e cz tvdi

4.n bojgpmet wjb ui f evbmjuz “23- 26- 65 /̂ Bopui f s obuvsbmrvf tujpo jt; gps x i jdi dmbtt pg

4e O ? 3 ui f psjf t )boe cpvoebsz dpoejujpot Da+ui f dpn cjof e 4e .3e i bmg.joejdf t )3/2+

qspevdf di bsbduf st pgmphbsjui n jd DGUtA Boe- dpowf stfmz- x i jdi mphbsjui n jd DGUt bsjtf

jo ui jt dpssf tqpoef odfAY f i pqf up fyqmpsf ui f tf r vf tujpot jo ui f gvuvsf x psl /

I f sf boe jo tf dujpo 4/3- x f gpvoe tfwf sbmdpoofdujpot sfmbujoh 4.n bojgpme jowbsjbout

Ẑa)q+x jui mphbsjui n jd DGUt boe opo.tf n jtjn qmf NUDt/ Po ui f pui f s i boe- jo b qbsbmmfm

mjof pg efwfmpqn fou- ] mphbsjui n jd#4.n bojgpme jowbsjbout cbtf e po opo.tf n jtjn qmf NUDt

x f sf tuvejf e jo “66—68ˆ x i jdi - ui f sf gpsf - x f f yqfdu up c f sfmbuf e up Ẑa)q+/ Y f qmbo up

qvstvf ui jt e jsf dujpo jo ui f gvuvsf x psl /

5.2 Hyperbolic M3 and non-C2-cofinite log-VOAs

Bmsfbez bu ui jt f bsmz tubhf - ui f dpoofdujpot c fux f f o 4.n bojgpmet boe mphbsjui n jd DGUt

dbo ufbdi vt b wbmvbcmf mf ttpo/ Obn fmz- ui f z dbo i fmq vt voef stuboe ui f botx f s up ui f

gpmmpx joh jn qpsubou rvf tujpo; x i bu jt ju bcpvu 4.n bojgpmet x i ptf jowbsjbout Ẑa)q+dbo c f

f yqsf ttf e jo uf sn t pg gbmtf ui f ub gvodujpot boe n pdl n pevmbs gpsn t- bt pqqptf e up n psf

dpn qmjdbuf e n pevmbs pc kfdutA

Jgx f dpn cjof tfwf sbmdmvf t gspn ui f bcpwf - ui f botx f s tf f n t up c f usjhhf sf e cz x i f ui f s

ui f dpssf tqpoejoh mph.WPB jt C3.dpflojuf ps opu- boe x i f ui f s b 4.n bojgpme M4 ben jut pomz
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GC ffibudpoofdujpot x jui sbujpobmwbmvf t pgDT)α+-

DT)α+ � Q gps bmmα � N ¯bu)GC,M4+. )6/23+

Joef f e - boujdjqbujoh b dmptf sfmbujpo c fux f f o NUD“M4ˆ ef tdsjc f e jo tf dujpo 4 boe ui f

uf otps dbufhpsz pgb mph.WPB bttpdjbuf e up M4 wjb ui f e jdujpobsz tvn n bsj–f e jo ubcmf 2-

x f f yqfdu ui bu n pevmf t pg ui f mbuuf s i bwf dpogpsn bmejn f otjpot Θα sfmbuf e up wbmvf t pg

DT)α+bt jo )4/6+/

Ui f o- jgdpoejujpo )6/23+gbjmt gps tpn f α- jun fbot ui buui f dpssf tqpoejoh mphbsjui n jd

DGU n vtu i bwf bu mfbtu tpn f sf qsf tf oubujpot x jui jssbujpobmdpogpsn bmejn f otjpot Θα-

boe tvdi wf suf y bmhf csbt dbo opu c f C3.dpflojuf /
27 Joef f e - N jzbn pup qspwf e “69ˆ)tf f “6: ˆ

gps b mvdje sfwjf x +ui bu wbmvf t pg dpogpsn bmejn f otjpot boe ui f df ousbmdi bshf jo b C3.

dpflojuf WPB n vtubmmc f sbujpobm/ Dvsjpvtmz- ui f dpoejujpo )6/23+i pmet gps bmmfybn qmf t pg

4.n bojgpmet dpotje f sf e jo ui jt qbqf s- x i jdi jt qspcbcmz x i z jo bmmdbtf t x f floe b sfmbujpo

up C3.dpflojuf mph.WPBt/

Po ui f pui f s i boe- i zqf scpmjd 4.n bojgpmet i bwf bumfbtu pof TM)3,C+ffibu dpoofdujpo

αi f pn ˜ tpn fujn f t dbmmfe ] hfpn fusjd#ps ] i zqf scpmjd#˜ boe jut dpn qmfy dpokvhbuf - tvdi

ui bu Jn DT)αi f pn +�? 1/ Ui jt ofdf ttbsjmz wjpmbuf t ui f dpoejujpo )6/23+boe- cbtf e po ui f

bcpwf dpotje f sbujpot- x f f yqfdu i zqf scpmjd 4.n bojgpmet up c f sfmbuf e up mphbsjui n jd wf suf y

bmhf csbt x i jdi bsf not C3.dpflojuf / Jo qbsujdvmbs- ui jt tvhhf tut x i bu pof ti pvme fyqfdu pg

ui f q.tf sjf t jowbsjbout Ẑa)M4+gps i zqf scpmjdM4- bttvn joh ui f sfmbujpo c fux f f o 4.n bojgpme

jowbsjbout Ẑa)M4+boe di bsbduf st pgmphbsjui n jdWPBt dpoujovf t up i pme jo ui f i zqf scpmjd

dbtf bt x fmm/28

6 Examples

Jo ui f flstuqbsupgui jt tf dujpo- x f bobmz–f ui f e f flojujpo pgui f i pn pmphjdbmcmpdl t qspwjef e

jo “7ˆgps qmvn c f e 4.n bojgpmet boe ti px ui bu ui f js dpowf shf odf pomz efqf oet po ui f tjho

pgui f e jbhpobmfousjf t pgM−2 dpssf tqpoejoh up i jhi .wbmfodz wf sujdf t )wf sujdf t x jui n psf
ui bo ux p f ehf t jodje f ou up ui f n - e f hv > 3+/

Ui jt f obcmf t vt up fyuf oe ui f e f flojujpo pg ui f q.tf sjf t jowbsjbout Ẑb)q+up b x jef s

sbohf pg qmvn c f e 4.n bojgpmet- jodmvejoh ui ptf x jui joe f flojuf qmvn cjoht sfmbuf e up ui f

of hbujwf .e f flojuf pof t wjb L jscz n pwf t/ Gps qptjujwf .e f flojuf qmvn cjoht boe ui f js L jscz.

f r vjwbmfout- b of x qspdf evsf jt qspqptf e jo tf dujpo 8 up efflof ui f dpssf tqpoejoh q.tf sjf t

jowbsjbout Ẑb)q+/

Jo ui f tf dpoe qbsu pgui jt tf dujpo- x f f yqmjdjumz dpn qvuf ui f of x jowbsjbout Ẑb)q+gps

tpn f f ybn qmf t pg Tf jgf su n bojgpmet x jui ui sf f tjohvmbs flc f st/ Jo beejujpo- x f f ybn jof

ui f qspqf sujf t pg ui f tf n bojgpmet ui spvhi ui f n pevmbs qf stqfdujwf pvumjof e jo tf dujpo 5/

Jo qbsujdvmbs- x f qspwjef btzn qupujd f yqbotjpot pg Y SU jowbsjbout )ps f rvjwbmfoumz- ui f

16Among other things, the C2-cofiniteness means that VOA has finitely many inequivalent irreducible

modules [60]. See also [61] for a nice exposition and various ways to understand this condition.
17If it indeed passes further tests, the condition (5.12) perhaps deserves the name “C2-cofiniteness for

3-manifolds.”
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usbottf sjf t f yqbotjpot pg Di f so.Tjn pot qbsujujpo gvodujpot bt jo tf dujpo 5+gps tfmfduf e

f ybn qmf t;

ZEV)M4+⊂
∏
α

e3πikEV)α+Z
)α+
r f su)k+

x i f sf α svot pwf s all ffibudpoofdujpot po M4/ Jo ui f bcpwf gpsn vmb- Z
)α+
r f su x jmmc f sf gf ssf e

up bt ui f transseries pgui f tbeemf qpjouα )j/f /ffibudpoofdujpo α+/

6.1 Definite and indefinite plumbings

Hjwfo b qmvn cjoh hsbqi x jui gsbn joh dpf ´ djf out ai � Z- ui f sf jt bo bttpdjbuf e tvshf sz

mjol - tf f flhvsf 7/ Qf sgpsn joh tvshf sz bmpoh ui f mjol - x f pcubjo b ] qmvn c f e#n bojgpme

M4 “73 /̂ Jo qbsujdvmbs- bmmTf jgf su n bojgpmet M4 ? M)b=}qi/pi〈 i+bsf qmvn c f e n bojgpmet-
c f dbvtf ui f sbujpobmtvshf sz dpf ´ djf out dbo c f sf bmj–f e cz b tf sjf t pg4e L jscz n pwf t boe

dpoujovf e gsbdujpo;29

p/q
≡ ?

a2≡ a3≡ a4≡ ×××x i f sf
q

p
?

2

a2
2

a3
2

a4 ×××

. )7/2+

Boz Tf jgf su n bojgpme M4 ? M)b=}qi/pi〈 i+i bt b qmvn cjoh qsf tf oubujpo jmmvtusbuf e jo flh.
vsf 8/ Tvdi b qmvn cjoh hsbqi i bt pomz pof i jhi .wbmfodz wf suf y boe ui f sbujpobmtvshf sjf t

bmpoh flc f st bsf sf bmj–f e cz dpoujovf e gsbdujpot- bt jo )7/2+/

B usf f .ti bqf e hsbqi x jui L wf sujdf t i bt b L ∗ L bekbdf odz n busjy;

Mij ?

⎩⎝⎝⎪⎝⎝⎨
ai jg i ? j

2 jg )i, j+� Fehf t
1 pui f sx jtf -

x i jdi jt qsf djtfmz ui f mjol joh gpsn jo )3/23+/ Uphfui f s x jui )3/22+- boe )3/23+- x f dbo

dpn qvuf ui f i bmg.joef y )3/4+jo ui f gpmmpx joh gpsn ;2;

Ẑb)q+? q−
3L+

∑
v av

4 ×w.q.
̂
|zv |C2

∫
v∈[ f sukdf t

dzv
3πizv

)zv 2/zv+
3−ef i v

∗
∏

�∈3MZL- b

q−
(�,M−1�)

4

∫
v∈[ f sukdf t

z�vv . )7/3+

I f sf - w.q. joe jdbuf t ui bux f bsf qf sgpsn joh b qsjodjqbmwbmvf joufhsbm- boe b � 3Dpl f s)M+, δ

n pevmp Y fzmhspvq bdujpo b ⇒ b/ Bmui pvhi x f i bwf di ptf o δ � ZL tvdi ui bu δv ≤
efhv n pe 3- e jfif sf ou di pjdf t pg δ x pvme pomz qf sn vuf ui f i pn pmphjdbmcmpdl t pg b hjwfo

qmvn c f e n bojgpme/

18The orientation convention is such that Poincare homology sphere is represented by a −E8 plumbing

graph, i.e., M(−2; 1
2
, 2
3
, 4
5
).

19For convenience, we have chosen M to be negative-definite. The condition can be relaxed, which is an

interesting topic from the viewpoint of “going to the other side.” We will come back to this in section 7.

Also, to avoid clutter, we write (6.2) for g = 0 Seifert manifolds; a more general expression for arbitrary

genus g involves the combination of (2.10) and (2.11) as the integrand.

—43 —



J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

a3 a4

a5

a6

a1
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a6

Figure 6/ B qmvn cjoh hsbqi )mfgu+boe ui f bttpdjbuf e tvshf sz mjol )sjhi u+/

b

[g]
· · ·

a
(1)
1 a

(1)
2

· · ·
a
(1)
k1

a
(n)
1 a

(n)
2

· · ·
a
(n)
kn

Figure 7/ Qmvn cjoh hsbqi gps b Tf jgf su n bojgpme M b, g=} qi
pi
〈ni=1

〈
/

Bddpsejoh up “7 -̂ b qbsujdvmbs dpn cjobujpo pgui f i pn pmphjdbmcmpdl t hjwf t TV)3+Di f so.

Tjn pot qbsujujpo gvodujpo po M4 jo ui f sbejbmmjn ju \q\ ↔ 2- dg/ )4/8+/ Tqfdjfldbmmz- gps

qmvn c f e n bojgpmet x f i bwf

ZEV)M4+?
2

3i
§
3k

∏
a

e3πikEV)a+
∏
b

S
)A+
ab Ẑb)q+,

a � Dpl f s)M+/Z3
tfux ktf
? UpsH2)M4+/Z3,

b � )3Dpl f s)M+, δ+/Z3, DT)a+? )a,M−2a+ n pe Z,

boe S
)A+
ab ?

∏
a′∈{Z20pscku pga} e

3πi)a′,M−1b+√
\UpsH2)M4+\

)7/4+

x i f sf ui f Z3 bdut bt ui f Y f zmhspvq po H2)M4+cz a⇒ a/

Y i f o ui f qmvn cjoh hsbqi jt dpn qptf e pgb tjohmf i jhi .wbmfodz wf suf y- j/f /- x i f o M4

jt b Tf jgf su flc f sf e n bojgpme- ui f gpmmpx joh ui f psf n efuf sn jof t x i f ui f s ui f i pn pmphjdbm

cmpdl t pgM4 efflof e wjb f rvbujpo )7/3+qspwjef dpowf shf ouq.tf sjf t jotje f ui f vojuejtl boe

x i f o ui f z dpowf shf pvutje f ui f voju ejtl /

Lemma 1. Take M4 to be a plumbed 3-manifold, whose plumbing graph H is a tree. Denote

by M the adjacency matrix of H and by M−2 its inverse. Assume there is only one high-

valency vertex and let v1 denote the entry associated to this vertex in the adjacency matrix.

Then, if )M−2+v0v0 < 1 the homological blocks associated to M4 are well-defined q-series,

convergent for \q\ < 2. On the other hand, if )M−2+v0v0 > 1, the homological blocks

converge for \q\> 2.

More generally, when there are multiple high-valency vertices, let }vi〈 be the set of

high-valency vertices in the plumbing graph of M4. The homological blocks converge for

\q\< 2 (respectively \q\> 2) when all )M−2+vivi < 1 (respectively > 1) for all vi’s.
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Proof. Upqspwf ui f bcpwf ui f psf n x f i bwf up bobmz–f ui f btzn qupujdhspx ui pgui f gpsn vmb

gps ui f i pn pmphjdbmcmpdl t/ Gspn f rvbujpo )7/3+x f i bwf “7ˆ

Ẑb)q+? 3−Lqfl
∏

�∈3MZL- b

F �
2 q

− (�,M−1�)
4 , b � )3Dpl f sM , δ+/Z3 )7/5+

x i f sf ui f joufhf s dpf ´ djf out F �
2 bsf hf of sbuf e bt gpmmpx t )opuf 3MZL , b←3ZL , δ+;∏

�∈3ZL- δ

F �
2

∫
v

x�vv ?
∫
v

}
L r botkpo
bu xv→1

2

)xv 2/xv+ef i v−3
, L r botkpo

bu xv→∞
2

)xv 2/xv+ef i v−3

(
.

)7/6+

Y i f o efhv ≥ 3- ui f xv.f yqbotjpo po ui f s/i /t/ uf sn jobuf t bu b flojuf psef s/ Ui vt- F �
2

wbojti f t x i f o \�v\ jt mbshf f opvhi gps bmmcvu pof dppsejobuf t �v pgL.e jn f otjpobmwfdupst
� � 3ZL , δ/

Ui f pomz fydfqujpo jt �v0 x i jdi dpssf tqpoet up ui f vojrvf i jhi .wbmfodz wf suf y v1
)e f hv1 > 3/+Fyqmjdjumz-

F �
2 �? 1 ∞ �v ?

⎩⎝⎝⎪⎝⎝⎨
�v0 jgv ? v1, �v0 � Z

1 jg efhv ? 3

2 jg efhv ? 2.

Efhsf f .–f sp wf sujdf t bsf jssfmfwboubt x f pomz dpotje f s dpoofduf e hsbqi t/ Ui jt jn qmjf t ui bu

ui f q.f yqpof out jo ui f s/i /t/pg )7/5+i bwf ui f gpmmpx joh c f i bwjps;

q−
(�,M−1�)

4 ? q−
(M−1)v0v0 (�v0 )2

4
- O)2+ )7/7+

bt \�\↔ ∈ boe jgF �
2 �? 1/ Ui jt dpn qmfuf t ui f qsppggps ui f flstu qbsu/ Ui f qsppgqspdf f et

jo bo je f oujdbmxbz up ui f qmvn cjoh hsbqi t x jui n vmujqmf i jhi .wbmfodz wf sujdf t/

Ui f bcpwf sf tvmuti px t ui buui f wbmjejuz pg)7/3+efqf oet tpmfmz po ui f M−2 f ousjf t bu
i jhi .wbmfodz wf sujdf t/ Mfu vt n bl f b gf x sf n bsl t;

≡ orientation reversal. Ju jt jn qpsubouup opuf ui bu ui f i pn pmphjdbmcmpdl t jo mfn n b 2

bsf dpn qvuf e gspn )7/5+- x i jdi jt b sf tvmupgb qbsujdvmbs sfhvmbsj–bujpo )tf f bqqf oejy

B pg “7 +̂/ Ui f sf gpsf - x i f o ui f gpsn vmb epf t opu efflof b dpowf shf ou q.tf sjf t jotje f

ui f voju ejtd- bo bmuf sobujwf dpn qvubujpobmtdi f n f jt sf r vjsf e/ Jo qbsujdvmbs- hjwfo

b 4.n bojgpme M4)H+- ui f pqqptjufmz psjf ouf e n bojgpme M4)H+qspwjef t ui f obuvsbm
dpn qbojpo pgM4)H+po ui f pui f s tje f pgui f q.qmbof / Jgui f gpsn f s i bt )M−2+v0v0 < 1-

ui f mbuuf s i bt )M−2+v0v0 > 1 boe )7/5+dboopu c f jn qmfn f ouf e up sf qspevdf ui f

bttpdjbuf e i pn pmphjdbmcmpdl t x i jdi bsf dpowf shf ou gps \q\ < 2/ Ui f sf gpsf - x i f o

)M−2+v0v0 > 1 x f of f e up fyuf oe ui f e f flojujpo pg i pn pmphjdbmcmpdl t pvutje f ui f

voju ejtd/ Ui jt x jmmc f ui f df ousbmupqjd pg tfdujpo 8- x i f sf x f dpokfduvsf b of x

qspdf evsf up ef sjwf ui f i pn pmphjdbmcmpdl t pgui sf f n bojgpmet x jui )M−2+v0v0 > 1/

≡Kirby moves. Ui f tjhobuvsf pg ui f qmvn cjoh ebub n bz opu c f jowbsjbou voef s 4e

L jscz n pwf t/ Bo fybn qmf jt jmmvtusbuf e jo )7/8+x i f sf ux p i pn fpn psqi jd n bojgpmet
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i bwf ejfif sf ou tjhobuvsf t; ui f m/i /t/jt of jui f s qptjujwf ops ofhbujwf efflojuf - x i jmf ui f

s/i /t/jt qptjujwf .e f flojuf /

3≡

3≡ ≡
2

4≡
⊂? psjf oubujpo

sfwf stbmpg

⎞⎟⎟⎟⎠
3≡

3≡ ≡
3

3≡ 3≡

⎧∮∮∮⎜
M) 2=23 ,

2
3 ,

2
4+

⊂? M) 3=23 ,
2
3 ,

3
4+

)7/8+

Y jui pvumfn n b 2- jujt ofdf ttbsz up floe gps fbdi joe f flojuf n bojgpme b i pn fpn psqi jd-

e f flojuf n bojgpme up efuf sn jof ui f dpowf shf odf pg i pn pmphjdbmcmpdl t/ Jo ui f bcpwf

f ybn qmf - gps jotubodf - ui f s/i /t/ jt qptjujwf .e f flojuf - tp ui f i pn pmphjdbmcmpdl t pg

M) 2=23 ,
2
3 ,

2
4+xpvme dpowf shf outside ui f voju ejtd/ Cz ui f mfn n b- i px fwf s- ui f

epn bjo pg dpowf shf odf dbo c f jn n f e jbufmz sfbe pfi gspn M−2 pg ui f m/i /t/ )boe pg

dpvstf - ui f z dpowf shf gps \q\> 2+/ Ju jt bmtp fbtz up tf f i px 4e L jscz n pwf t qsf tf swf

ui f epn bjo pgdpowf shf odf - bt qspwjef e jo bqqf oejy B/

≡multiple high-valency vertices. mfn n b 2 tubuf t ui bu )7/5+epf t opu sf qspevdf dpowf s.

hf ou q.tf sjf t x i f o ui f sf bqqfbst n vmujqmf i jhi .wbmfodz wf sujdf t x i ptf M−2 f ousjf t
i bwf ejfif sf outjhot/ Ui jt jn qmjf t ui bui pn pmphjdbmcmpdl t )7/3+n vtuc f dpn qvuf e cz

pui f s n fbot ui bo ui f sf hvmbsj–bujpo tdi f n f )7/5+/ Y f x jmmsfuvso up ui f tf f ybn qmf t

jo gvuvsf x psl /

6.2 Example: M(−1; 1
2
, 1
3
, 1
9
)

Y f flstu efn potusbuf ui f n pevmbsjuz ejdujpobsz boe ui f tuf qt pvumjof e jo flhvsf 6 x jui ui f

tqfdjfld fybn qmf pgb Tf jgf su n bojgpme M) 2=23 ,
2
4 ,

2
; +/

6.2.1 q-series invariants

Ui f Tf jgf su n bojgpme i bt UpsH2)M) 2=23 ,
2
4 ,

2
; ++? Z4 boe ui f gpmmpx joh qmvn cjoh hsbqi ;

4≡

3≡ ≡
2

:≡
)7/9+

Up dpn qvuf jut q.tf sjf t jowbsjbout Ẑa)q+- x f flstu x sjuf epx o jut bekbdf odz n busjy;

M ?

⎞⎟⎟⎟⎠
2 2 2 2

2 3 1 1

2 1 4 1

2 1 1 :

⎧∮∮∮⎜ .

Bt jt x fmml opx o )tf f f /h/“2: +̂- ui f dpl f sofmpgM jt jtpn psqi jd up UpsH2)M) 2=23 ,
2
4 ,

2
; ++;

Dpl f s)M+? Z5/MZ5 ?
〉
)1, 1, 1, 1+, )2, 1, 2, 7+, )2, 1, 3, 4+

∣
⊂? UpsH2)M) 2=23 ,

2
4 ,

2
; ++? Z4. )7/: +
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Ui f Y f zmhspvq bdujpo n bqt b dpl f sofmfmfn f ou up jut tjho jowf stf / Ui f sf gpsf - ui f flstu

fmfn f ou- )1, 1, 1, 1+- jt n bqqf e up jutfmg- x i jmf ui f pui f st bsf dpokvhbuf up fbdi pui f s- j/f /-

)2, 1, 2, 7+? )2, 1, 3, 4+� Z5/MZ5. Ui vt-

Dpl f s)M+/Z3 ?
〉
)1, 1, 1, 1+, )2, 1, 2, 7+

∣
)7/21+

)3Dpl f s)M+, δ+/Z3 ?
〉
)2, 2, 2, 2+, )4, 2, 4, 24+

∣
)7/22+

x i f sf δ ? )2, 2, 2, 2+jt hjwfo cz δv ? efhv 3- bt jo “7 /̂ Ui f o- ui f q.tf sjf t jowbsjbout

Ẑb)M4+bsf hjwfo cz )7/3+;

Ẑ)2,−2,−2,−2+)q+? q , q6 q7 q29 , q31 , . . . )7/23+

Ẑ)4,−2,−4,−24+)q+? q5/4)2 , q3 q8 q24 , q34 , . . .+. )7/24+

6.2.2 Weil representation: 18+9

Up i pn pmphjdbmcmpdl t pgM4 pof dbo bttpdjbuf b Y f jmsfqsf tf oubujpo- mbc fmmfe cz ui f qbjs

m boe K/ Fyqmjdjumz- ui f z bsf sfmbuf e wjb )5/38+/ Mfu vt flstu efuf sn jof m wjb n pevmbsjuz

ejdujpobsz/ S fdbmm- ui buui f opo.qf suvscbujwf qbsupgui f usbottf sjf t )5/31+gps Ωm- K
r - pgui f

gpsn ⊂ e−3πik)r′+2/5m- ti pvme dbquvsf ui f dpousjcvujpot gspn opo.bc fmjbo ffibudpoofdujpot/

Gps b Tf jgf su n bojgpme M)b, }qi/pi〈niC2+- ui f e f opn jobups pg DT)a+gps a opo.bc fmjbo jt b

m/d/n / pg 5pi- x i f sf pi bsf ui f pse f st pg tjohvmbs flc f st jo ui f Tf jgf su jowbsjbou “74 /̂ Bt b

sf tvmu- x f dmbjn ui bu gps M4 ? M)b, }qi/pi〈niC2+x f i bwf

5m ? m.d.n .
)
5}pi〈niC2 ∩ }Efopn jobupst pgDT)a+〈1 
Ca∈Epmf sM/Z2

(
. )7/25+

Gps ui f dvssf ou fybn qmf - x f dbo fbtjmz dpn qvuf DT)a+gps bc fmjbo ffibu dpoofdujpot

gspn ui f dpl f sofmfmfn f out dpn qvuf e jo 7/21;

DT)a+? )a,M−2a+?

}
1 n pe Z gps a ? )1, 1, 1, 1+
2
4 n pe Z gps a ? )2, 1, 2, 7+.

Dpn cjojoh )7/25+boe ui f DT)a+dpn qvuf e- x f dpodmvef ;

5m ? m.d.n .)9, 23, 47, 4+? 83 ⇔ m ? 29.

Dpssf tqpoejohmz- ui f qpttjcmf K hjwjoh sjtf up jssf evdjcmf sf qsf tf oubujpot bsf K ? }2, 3〈
boe K ? }2, : 〈/ B tjn qmf dbmdvmbujpo sfwfbmt ui bu ui f sfmfwbou jssf evdjcmf sf qsf tf oubujpo

jt ui bumbc fmmfe cz m , K ? 29 , : /

Jo tvn n bsz- x f i bwf

σ29- ; ? }2, 4, 6, 8〈
Ẑ)2,−2,−2,−2+)q+? q82/83Ω29- ;

2 )τ+

Ẑ)4,−2,−4,−24+)q+? q82/83Ω29- ;
6 )τ+.

)7/26+

Ofyu- x f qspdf f e up dpn qvuf ui f dpn qptjuf n busjdf t S)M4+boe T )M4+- efflof e

jo )5/3: +/
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6.2.3 Computing S(M3) and T (M3)

Mfuvt x sjuf epx o bmmui f sfmfwboun busjdf t gps ui f dvssf ou fybn qmf/ Gjstu- sf dbmmui buS)A+

jt ui f mjol joh qbjsjoh po UpsH2)M4+jo )7/4+/ Gps M4 ? M) 2=23 ,
2
4 ,

2
; +-

S)A+?
2§
4

)
2 2

3 2

[
. )7/27+

Ofyu- gspn )5/38+boe )7/26+x f dbo fbtjmz sfbe pfi;

Emb ?

)
2 1 1 1

1 1 2 1

[
. )7/28+

Ui f T.n busjy pgui f Y f jmsfqsf tf oubujpo jt f btjmz dpn qvuf e gspn up c f ;

S)B+?
3i

4

⎞⎟⎟⎟⎠
A 4

3 B C
2
3 1 2

3
2
3

B 4
3 C A

C 4
3 A B

⎧∮∮∮⎜ )7/29+

x i f sf A,B,C ? tjo) π
29+, tjo)

6π
29+, tjo)

8π
29+sf tqfdujwfmz/

Gjobmmz x f dpn cjof S)A+,Emb boe S)B+joup S)M4+;

S)M4+?

)
1.34i 1 1.77i 1.54i

1.54i 2.84i 1.34i 1.77i

[
, )7/2: +

i f sf fwbmvbuf e ovn f sjdbmmz boe spvoef e up ui f tf dpoe efdjn bmqmbdf/

Ofyu- x f dpn qvuf ui f T n busjdf t/ T )A+ jt ui f e jbhpobmn busjy x jui e3πiEV)a+po ui f

e jbhpobm;

T )A+? f yq 3πi

)
1 1

1 2
4

[
. )7/31+

Gspn )4/49+- x f bmtp i bwf

T )B+? f yq 3πi

⎞⎟⎟⎟⎠
2
83 1 1 1

1 ;
83 1 1

1 1 36
83 1

1 1 1 5;
83

⎧∮∮∮⎜ )7/32+

Dpn cjojoh bmmui f tf fmfn f out- x f pcubjo

T )M4+?

⎞⎟⎠f ) 2
83+f)

;
83+f)

36
83+f)

5;
83+

f) 5;
83+f)

68
83+f)

2
83+f)

36
83+

⎧∮⎜ . )7/33+
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6.2.4 Non-abelian flat connections

Bt bewf sujtf e - x f x jmmopx fyusbdugspn S)M4+boe T )M4+ui f tf upgDi f so.Tjn pot jowbsj.

bout gps bmmopo.bc fmjbo ffibudpoofdujpot po M4 boe efuf sn jof x i jdi pgui f n bsf dpn qmfy/

Gspn S)M4+dpn qvuf e bcpwf - x f pctf swf ui bu;

}T )M4+ar\a, r tvdi ui buS)M4+�? 1〈 ?
}
f ) 2

83+, f )
36
83+, f )

5;
83+, f )

68
83+
√
. )7/34+

Gspn ui f svmf )5/41+- jugpmmpx t ui buui f sf bsf )bumfbtu+gpvs opo.bc fmjbo TM)3,C+ffibudpo.

ofdujpot- boe ui f tf u pgui f js Di f so.Tjn pot jowbsjbout jt } 2
83 ,

36
83 ,

5;
83 ,

68
83〈 n pevmp Z/

Up efuf sn jof x i jdi pg ui f n dpssf tqpoe up dpn qmfy opo.bc fmjbo ffibu dpoofdujpot- ui f

of yu tufq jt up dpn qvuf cα wjb )5/43+- x i jdi jowpmwf t b tvn pwf s ui f qbjst )a, r+gps x i jdi

T )M4+a,r ? f )α+/ Gps fybn qmf - x i f o α ? 2
83 - )a, r+? )2, 2+boe )3, 5+/ Opx - x f dbo

dpn qvuf cα; ⎩⎝⎝⎝⎝⎪⎝⎝⎝⎝⎨
c− 1

72
? 1

c− 25
72
? 2.28i

c− 49
72
? 1.87i

c− 57
72
? 2.14i.

)7/35+

Tp x f dpodmvef ui bu M4 ? M) 2=23 ,
2
4 ,

2
; +n vtu ben ju pof dpn qmfy opo.bc fmjbo ffibu

dpoofdujpo x jui DT ? 2
83 - boe ui sf f TV)3+opo.bc fmjbo ffibu dpoofdujpot x jui DT ?

36
83 ,

5;
83 ,

68
83 .

6.2.5 Counting by A-polynomial

Mfu vt dpn qbsf ui f bcpwf sf tvmut x jui ui f dpn qvubujpo cbtf e po b tvshf sz qsf tf oubujpo

pgM4/ Bt fyqmbjof e jo “75ˆboe “6- tf dujpo 6 -̂ x i f o M4 ? S4r )K+jt b tvshf sz po b l opu

K ←S4 x jui b tvshf sz dpf ´ djf ou r � Q- ffibuTM)3,C+dpoofdujpot po M4 bsf dpoubjof e jo

ui f tf u pg jouf stf dujpo qpjout;

ffibudpoofdujpot ↪↔ }s)x, y+;? yxr 2 ? 1〈 { }AK)x, y+? 1〈 )7/36+

jo )C∗ ∗ C∗+/Z3 qbsbn fusj–f e cz )x, y+⊂ )x−2, y−2+/ I f sf - AK)x, y+jt ui f tp.dbmmfe

B.qpmzopn jbmpg ui f l opu K/ Opuf - tpn f pg ui f jouf stf dujpo qpjout )7/36+n bz opu mjgu

up bo bduvbmsfqsf tf oubujpo π2 ↔ TM)3,C+/ Tjn jmbsmz- pof n jhi u x pssz ui bu bddjef oubm

dbodfmmbujpot jo ui f tuf qt pvumjof e jo flhvsf 6 dpvme dbvtf pof up voef sf tujn buf ui f ovn c f s

pgffibu dpoofdujpot po M4/ Ui f sf gpsf - jo qsbdujdf - ju jt b hppe je f b up dpn qbsf ui f sf tvmut

qspevdf e cz ui f tf ux p n fui pet- x i f o cpui bsf bwbjmbcmf/

Jo pvs qsf tf ou f ybn qmf pgM4 ? M) 2=23 ,
2
4 ,

2
; +tvdi bo bmuf sobujwf n fui pe jt joe f f e

bwbjmbcmf - ui bol t up b tvshf sz qsf tf oubujpo M4 ? S4−4)3r+- x i f sf K ? 3r jt ui f sjhi u.

i boef e usf gpjml opu/ Ui f dpssf tqpoejoh B.qpmzopn jbmboe ui f dvswf s)x, y+? 1 bsf ;

A)x, y+? )y 2+)yx7 , 2+, s)x, y+? yx−4 2.

Ejtdbsejoh ui f qpjou )x, y+? ) 2, 2+ui buepf t opumjguup b ffibudpoofdujpo po M4 “6 -̂ x f

pcubjo ui f gpmmpx joh jouf stf dujpo qpjout )7/36+- n pevmp ui f tzn n fusz )x, y+⊂ )x−2, y−2+;

)x, y+? )2, 2+, )e3πi/4, 2+, )eπi/4, 2+, )eπi
1
9 , eπi/4+, ) eπi

4
9 , eπi/4+, )eπi

7
9 , eπi/4+.
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0

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
5πi
4
√
4
k−4/3 , 314π2

38
√
4
k−6/3 , P )k−8/3+

(
2
4 Φ)2+ bc fmjbo e3πik

1
3

)§
4k−2/3 22πi

5
√
4
k−4/3 , P )k−6/3+

(
36
83 ⊕2 opo.bc fmjbo- sf bm e−3πik

25
72 e

3πi
4

]
5

4
√
4

)
dpt 3π; , 3 tjo π

29

({
5;
83 ⊕2 opo.bc fmjbo- sf bm e−3πik

49
72 e

3πi
4

]
5

4
√
4

)
3 dpt π

; , tjo π
29

({
68
83 ⊕2 opo.bc fmjbo- sf bm e−3πik

57
72 e

3πi
4

3√
4

2
83 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 4/ Usbottf sjf t boe dmbttjfldbujpo pgffibudpoofdujpot po M) 3=12 ,
1
3 ,

1
9+/

Bmmbc fmjbo ffibu dpoofdujpot i bwf y ? 2- boe ui f sf bsf ux p tvdi qpjout jo pvs mjtu- jo

bhsf f n f ou x jui ui f bcpwf bobmztjt/ Ui f sf n bjojoh gpvs qpjout bsf dboejebuf t gps opo.

bc fmjbo ffibudpoofdujpot- f jui f s sf bmps dpn qmfy/ Tjodf ui f n pevmbsjuz bobmztjt mfbet up ui f

mpx f s cpvoe po ui f ovn c f s pgopo.bc fmjbo ffibudpoofdujpot bmtp f rvbmup 5 jo ui jt f ybn qmf -

dpn cjojoh ui f vqqf s boe mpx f s cpvoet qspevdf e cz ui f tf ux p n fui pet x f mfbso ui bu ui f

upubmovn c f s pgopo.bc fmjbo ffibudpoofdujpot joef f e n vtu c f 5/

6.2.6 Asymptotic expansions

Y f dpodmvef ui f bobmztjt pgui jt f ybn qmf cz x sjujoh ui f btzn qupujd f yqbotjpo pgZEV)M4+/

Dpn cjojoh ui f sfmbujpo c fux f f o ui f q.tf sjf t jowbsjbout boe )4/8+x jui ui f usbottf sjf t f y.

qsf ttjpo gps ui f gbmtf ui f ub gvodujpot )5/31+- x f pcubjo ui f usbottf sjf t f yqsf ttjpot bumbshf k

gps ZEV)M4+/ Ui f sf tvmut gps wbsjpvt tbeemf qpjout )ffibudpoofdujpot po M4+bsf ubcvmbuf e

jo ubcmf 5- x i f sf x f pn juuf e ui f pwf sbmmgbdups iq82/83/3
§
3/

6.3 Example: M(−2; 1
2
, 1
3
, 1
2
)

Mfuvt mppl bupof n psf f ybn qmf jo efubjm- ui f Tf jgf sun bojgpme M4 ? M) 3=23 ,
2
4 ,

2
3+/ Ui jt

f ybn qmf x jmmbmtp qmbz b spmf jo tf dujpo 8- x i f sf ui f f yuf otjpo pg q.tf sjf t jowbsjbout Ẑa)q+

up ui f mpx f s.i bmgqmbof jt e jtdvttf e/

Bopui f s of x gfbuvsf pg ui jt f ybn qmf jt b ] df ouf s tzn n fusz-#b hmpcbmZ3.tzn n fusz

ejtujodu gspn ui f gbn jmjbs Y f zmhspvq bdujpo/ Y f dbmmju ] df ouf s tzn n fusz#c fdbvtf ju

bdut po sf qsf tf oubujpot ρ ; π2)M4+↔ TM)3,C+cz n vmujqmzjoh tpn f pg ui f dpssf tqpoejoh

i pmpopn jf t cz ui f df ousbmfmfn f out ⊕1 pgG ? TV)3+ps jut dpn qmfyjfldbujpo GC ? TM)3,C+/

Ui f spmf pgui jt df ouf s tzn n fusz x jmmc f ejtdvttf e jo ef ubjmt upx bse ui f f oe pgui jt f ybn qmf/

6.3.1 q-series invariants

Ui f n bojgpme pg jouf sf tu i bt UpsH2)M4,Z+? Z9 boe pof pg jut qmvn cjoh qsf tf oubujpot

mppl t mjl f ;
4≡

3≡ ≡
3

3≡
)7/37+
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Bhbjo- x f x sjuf epx o ui f bekbdf odz n busjy boe dpn qvuf a � Dpl f s)M+boe b �
3Dpl f s)M+, δ;

M ?

⎞⎟⎟⎟⎠
3 2 2 2

2 3 1 1

2 1 4 1

2 1 1 3

⎧∮∮∮⎜
a � Dpl f s)M+/Z3 ?

〉
)1, 1, 1, 1+, )2, 2, 1, 2+, )7/38+

)1, 2, 1, 1+, )1, 1, 2, 1+, )1, 1, 1, 2+
∣

b � )3Dpl f s)M+, δ+/Z3 ?
〉
)4, 2, 6, 4+, )4, 4, 6, 2+,

)2, 2, 2, 2+, )4, 4, 2, 4+, )2, 4, 2, 2+
∣
.

Vtjoh ui jt joqvuboe ui f hf of sbmuppmt ef tdsjc f e f bsmjf s- x f dbo opx dpn qvuf ui sf f l joet pg

upqpmphjdbmjowbsjbout pgM4 ? M) 3=23 ,
2
4 ,

2
3+; 2+ui f Di f so.Tjn pot jowbsjbout pg bc fmjbo

ffibudpoofdujpot- 3+jut S)A+n busjy- boe 4+jut q.tf sjf t jowbsjbout Ẑa)M4+;

DT)a+? )a,M−2a+?

⎩⎝⎝⎪⎝⎝⎨
1 n pe Z gps a ? )1, 1, 1, 1+, )2, 2, 1, 2+
8
9 n pe Z gps a ? )1, 2, 1, 1+, )1, 1, 1, 2+
2
3 n pe Z gps a ? )1, 1, 2, 1+

. )7/39+

S)A+?
2§
9

⎞⎟⎟⎟⎟⎟⎠
2 2 2 2 2

2 2 2 2 2

3 3 1 1 3

3 3 3 3 3

3 3 1 1 3

⎧∮∮∮∮∮⎜ )7/3: +

Ẑ)4,−2,−6,−4+)q+? q−2/5) 2 , q5 q9 , q31 q39 , q59 , . . .+

Ẑ)4,−4,−6,−2+)q+? q−2/5) 2 , q5 q9 , q31 q39 , q59 , . . .+

Ẑ)2,−2,−2,−2+)q+? q−4/9)2 , q q3 , q6 q8 , q23 , . . .+ )7/41+

Ẑ)4,−4,−2,−4+)q+? q−4/9) 2 , q q3 , q6 q8 , q23 , . . .+

Ẑ)2,−4,−2,−2+)q+? 3q2/5)2 q3 , q21 q27 , q43 q53 , . . .+

Qmvhhjoh ui f tf joup )7/25+- x f pcubjo;

5m ? m.d.n .)9, 23, 2, 3, 9+? 35 ⇔ m ? 7. )7/42+

Tjodf Fy7 ? }2, 3, 4, 7〈 - K dbo c f f jui f s }2〈 - }2, 3〈 ps }2, 4〈 - x jui ui f mbuuf s ux p dpssf .

tqpoejoh up jssf evdjcmf sf qsf tf oubujpot/ Y jui m , K ? 7 , 3- x f hfu;

σ7- 3 ? }2, 3, 5〈

Ẑ)4,−2,−6,−4+)q+? Ẑ)4,−4,−6,−2+)q+?
2

3
q−6/23Ω7- 3

3 )τ+

Ẑ)2,−2,−2,−2+)q+? q−6/23)3q2/35 Ω7- 3
2 )τ++

Ẑ)4,−4,−2,−4+)q+? q−6/23Ω7- 3
2 )τ+

Ẑ)2,−4,−2,−2+)q+? q−6/23Ω7- 3
5 )τ+

)7/43+
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6.3.2 Computing S(M3) and T (M3)

Ofyu- x f qspdf f e up dpn qvuf ui f ] dpn qptjuf#n pevmbs n busjdf t S)M4+boe T )M4+/ Ui f

n busjy S)A+ i bt bmsfbez c f f o dpn qvuf e jo )7/3: +/ Ui f f n c f ee joh n busjy dbo c f sf be pfi

gspn )7/43+;

Emb ?

⎞⎟⎟⎟⎟⎟⎠
1 2

3 1

1 2
3 1

2 1 1

2 1 1

1 1 2

⎧∮∮∮∮∮⎜ . )7/44+

Ui f n busjy S)B+dbo c f dpn qvuf e gspn ui f qspkfdujpo n busjy up c f

S)B+?
i

3

⎞⎟⎟⎟⎠
1 2 2

3 2 2

3 2 2

⎧∮∮∮⎜ . )7/45+

boe- x i f o dpn cjof e x jui Emb boe S)A+- hjwf t

S)M4+?
i§
3

⎞⎟⎟⎟⎟⎟⎠
1 2 1

1 2 1

3 1 1

1 1 3

3 1 1

⎧∮∮∮∮∮⎜ . )7/46+

Ofyu- x f dpn qvuf ui f T n busjdf t/ Gspn )7/39+x f pcubjo

T )A+? f yq 3πi

⎞⎟⎟⎟⎟⎟⎠
1 1 1 1 1

1 1 1 1 1

1 1 8
9 1 1

1 1 1 2
3 1

1 1 1 1 8
9

⎧∮∮∮∮∮⎜ . )7/47+

Po ui f pui f s i boe- T )B+? e3πi
r2

4m δr,r′ gps r � σ7- 3 ? }2, 3, 5〈 ;

T )B+? f yq 3πi

⎞⎟⎠22

35 1 1

1 32

35 1

1 1 52

35

⎧∮⎜ . )7/48+

Dpn cjojoh ui f tf ux p T .n busjdf t x jui I )? 4∗ 6 n busjy x jui bmmfousjf t f r vbmup 2+- x f hfu;

T )M4+?

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

f ) 2
35+f)

5
35+f)

27
35+

f) 2
35+f)

5
35+f)

27
35+

f) 5
35+f)

8
35+f)

2;
35+

f) 24
35+f)

5
35+f)

5
35+

f) 5
35+f)

8
35+f)

2;
35+

⎧∮∮∮∮∮∮∮∮∮∮∮⎜
. )7/49+
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DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)

πi
5
√
3
k−4/3 , 8π2

; 7
√
3
k−6/3 , P )k−8/3+

(
1 TV)3+ dfousbm e3πik·1

)
πi
5
√
3
k−4/3 , 8π2

; 7
√
3
k−6/3 , P )k−8/3+

(
8
9 Φ)2+ bc fmjbo e3πik

7
8

) §
3k−2/3 , 3

√
3πi
4 k−4/3 , P )k−6/3+

(
8
9 Φ)2+ bc fmjbo e3πik

7
8

) §
3k−2/3 , 3

√
3πi
4 k−4/3 , P )k−6/3+

(
2
3 Φ)2+ bc fmjbo e3πik

1
2

)
3
√
3

4 k−2/3 22πi
65

√
3
k−4/3 , P )k−6/3+

(
5
35 ⊕2 opo.bc fmjbo- sf bm e−3πik

4
24 e

3πi
4 3
§
3

Table 5/ Usbottf sjf t gps M) 3=12 ,
1
3 ,

1
2+/

6.3.3 Non-abelian flat connections

Gspn ui f S)M4+dpn qvuf e jo ui f qsfwjpvt tvctf dujpo- x f pctf swf ui bu;

}T )M4+ar\a, r tvdi ui buS)M4+�? 1〈 ? }f ) 2
7+〈 . )7/4: +

Ui f sf gpsf - vtjoh ui f svmf )5/41+- x f qsf e jdu)bumfbtu+pof opo.bc fmjbo SL)3,C+ffibudpoofd.

ujpo x jui Di f so.Tjn pot jowbsjbou 5
35/ Up efuf sn jof x i f ui f s judpssf tqpoet up b dpn qmfy

opo.bc fmjbo ffibudpoofdujpo- x f dpn qvuf c− 1
6
wjb )5/43+;

c− 1
6
? 3i

§
3 �? 1 )7/51+

Tp x f qsf e jdu pof TV)3+opo.bc fmjbo ffibu dpoofdujpo x jui DT? 5
35 - boe op dpn qmfy ffibu

dpoofdujpot po M4 ? M) 3=23 ,
2
4 ,

2
3+/

6.3.4 Asymptotic expansions

Bt vtvbm- x f dbo bttf n cmf Ẑb joup ZEV)M4+up pcubjo ui f usbottf sjf t gps M) 3=23 ,
2
4 ,

2
3+-

tvn n bsj–f e jo ubcmf 6 )x i f sf x f pn ju bo pwf sbmmgbdups iq−6/23/3
§
3+/

6.3.5 Center symmetry

Opuf ui buui f sf jt b efhf of sbdz jo )7/39+—)7/41+evf up bo fyusb tzn n fusz- f /h/ui f wbmvf t

DT)a+bsf f r vbmgps a ? )1, 1, 1, 1+boe a ? )2, 2, 1, 2+- boe ui f dpssf tqpoejoh spx t pg

S)A+bmtp fokpz ui f tbn f tzn n fusz/ Gspn )5/39+x f tf f ui bu ui f btzn qupujd f yqbotjpot

bspvoe ui f tf ux p bc fmjbo ffibu dpoofdujpot bsf - jo gbdu- je f oujdbm/ Joef f e - ubcmf 6 f yqmjdjumz

ti px t tfwf sbmjef oujdbmusbottf sjf t/

Tjodf opu pomz ui f wbmvf t DT)a+cvu bmtp ui f qf suvscbujwf f yqbotjpot bspvoe ui f ffibu

dpoofdujpot bsf je f oujdbm- x f dmbjn ui buui f df ouf s tzn n fusz jt b tzn n fusz pgui f n pevmj

tqbdf / Jo psef s up voef stuboe ui jt psjhjo pgui jt tzn n fusz boe up sfn pwf ui f e f hf of sbdz

gspn S)A+- x f flstu tuvez jut bdujpo po ui f i pmpopn z sf qsf tf oubujpot boe ui f o n budi

ui f gbmtf ui f ub gvodujpot x jui ui f ] gpmef e#wf stjpo pg ui f ebub )7/39+—)7/41+pcubjof e cz

n peejoh pvu ui f df ouf s tzn n fusz/
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DT jowbsjbou uzqf )λ, λ2, λ3, λ4+ dfouf s tzn n fusz

1 bc fmjbo )1, 1, 1, 1+ )1, 1, 1, 1+∀↔ )1, 23 , 1,
2
3+

1 bc fmjbo )1, 23 , 1,
2
3+ )1, 23 , 1,

2
3+∀↔ )1, 1, 1, 1+

2
3 bc fmjbo )23 ,

2
5 ,

2
3 ,

2
5+ )23 ,

2
5 ,

2
3 ,

2
5+∀↔ )23 ,

2
5 ,

2
3 ,

2
5+

8
9 bc fmjbo )25 ,

6
9 ,

2
5 ,

2
9+ )25 ,

6
9 ,

2
5 ,

2
9+∀↔ )25 ,

2
9 ,

2
5 ,

6
9+

8
9 bc fmjbo )25 ,

2
9 ,

2
5 ,

6
9+ )25 ,

2
9 ,

2
5 ,

6
9+∀↔ )25 ,

6
9 ,

2
5 ,

2
9+

5
35 opo.bc fmjbo )23 ,

2
5 ,

2
7 ,

2
5+ )23 ,

2
5 ,

2
7 ,

2
5+∀↔ )23 ,

2
5 ,

2
7 ,

2
5+

Table 6/ I pmpopn z wbsjbcmf t boe Di f so.Tjn pot jowbsjbout pg TV)3+ ffibu dpoofdujpot po

M) 3=12 ,
1
3 ,

1
2+- bmpoh x jui ui f bdujpo pgdf ouf s tzn n fusz po ui f n /

Ui f gvoebn f oubmhspvq pgb Tf jgf su n bojgpme M4 ? M)b, }qi/pi〈niC2+jt hjwfo cz

π2)M4+? 〉x2, x3, x4, h \h dfousbm, xpii ? h−qi , x2x3x4 ? hb| .

Y f dbo dmbttjgz TV)3+ffibu dpoofdujpot cz ui f TV)3+sfqsf tf oubujpot pg ui f gvoebn f oubm

hspvq joup TV)3+;

ρ ; π2)M4+ ↔ TV)3+
〈
/dpok/

n pevmp hbvhf usbotgpsn bujpot/ Dpodsfufmz- x f dbo di bsbduf sj–f tvdi sf qsf tf oubujpot cz ui f

jn bhf t pgπ2)M4+hfof sbupst/ Jo pvs qsf tf ou f ybn qmf - ui f z bsf hjwfo cz )c f gpsf n peejoh

pvu cz hbvhf usbotgpsn bujpot+;

ρ)xi+? gi

)
f )λi+ 1
1 f )−λi+

(
g−2i , i ? 2, 3, 4

ρ)h+?
)
f )λ+ 1
1 f )−λ+

( )7/52+

x i f sf gi sf qsf tf ou bscjusbsz hbvhf usbotgpsn bujpot ui bu bsf dpn qbujcmf x jui ui f hspvq

tusvduvsf pgπ2)M4+/ Ui f Y f zmhspvq bdut po fbdi ρ)xi+wjb dpokvhbujpo cz
1 −2
2 1

〈
- i f odf

λi ⇒ λi/ Jo x i bu gpmmpx t x f x jmmjef oujgz i pmpopn z wbsjbcmf t λi sfmbuf e cz ui f bdujpo pg

ui f Y f zmhspvq- bt ui f z dpssf tqpoe up ui f tbn f ffibu dpoofdujpo/ Ubcmf 7 ti px t i pmpopn z

wbsjbcmf t )λ, λ2, λ3, λ4+x i jdi dmbttjgz ui f hspvq i pn pn psqi jtn t ρ boe ui f js Di f so.Tjn pot

jowbsjbout dpn qvuf e bt jo “74 /̂

Bqbsugspn ui f Y f zmhspvq- x f dpokfduvsf ui buui f sf jt bo pvuf s bvupn psqi jtn bdujoh

po ui f n pevmj tqbdf - x i jdi qf sn vuf t e jfif sf ou dpn qpof out pgui f n pevmj tqbdf / Jo uf sn t

pgui f i pmpopn z bohmf t λi- ju bdut cz

)λ, λ2, λ3, λ4+? )λ, λ2 ,
2
3 , λ3, λ4 ,

2
3+. )7/53+

Gps jotubodf - ui jt n bqt pof bc fmjbo ffibudpoofdujpo up bopui f s bt

2
5 ,

2
9 ,

2
5 ,

6
9

〈
, 1, 23 , 1,

2
3

〈
⊂ 2

5 ,
6
9 ,

2
5 ,

2
9

〈
, )7/54+
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x i f sf x f i bwf ubl f o ui f bdujpo pg ui f Y f zmhspvq joup bddpvou/ Ui f pscjut pg df ouf s

tzn n fusz bsf ti px o jo ubcmf 7/

Y f dmbjn ui buui f pvuf s bvupn psqi jtn jt opupomz b tzn n fusz pgffibudpoofdujpot cvu

bmtp pg ui f n pevmj tqbdf pg bmmdpoofdujpot/ Gjstu opuf ui bu ui f df ouf s tzn n fusz jt bmtp

n bojgf tujo ui f ebub pgui f bc fmjbo ffibudpoofdujpot )7/39+—)7/41+/ Joef f e - ui f dpssf tqpoejoh

wbmvf t DT)a+bsf f r vbm- f /h/- gps a ? )1, 1, 1, 1+boe a ? )2, 2, 1, 2+boe ui jt tzn n fusz jt

bmtp n bojgf tu jo ui f dpssf tqpoejoh spx t pgui f S.n busjy S)A+/ Bt b sf tvmu- gspn )5/39+x f

tf f ui buui f btzn qupujd f yqbotjpot bspvoe ui f tf ux p bc fmjbo ffibudpoofdujpot bsf je f oujdbm/

Ui f qsf e jdujpo jt dpotjtuf oux jui ui f usbottf sjf t jo ubcmf 6/ Tjodf opupomz ui f wbmvf t DT)a+

cvubmtp ui f qf suvscbujwf f yqbotjpot bspvoe ui f ffibudpoofdujpot bsf je f oujdbm- x f dpodmvef

ui bu ui f df ouf s tzn n fusz jt joe f f e b tzn n fusz pgui f n pevmj tqbdf /

Ofyu- mfu vt tf f x i bu i bqqf ot x i f o x f je f oujgz ffibudpoofdujpot sfmbuf e cz ui f df ouf s

tzn n fusz/ Ui f ebub pgui f bc fmjbo ffibudpoofdujpot c fdpn f t;

DT)a+?

⎩⎝⎝⎪⎝⎝⎨
1 n pe Z gps a ? )1, 1, 1, 1+⊂ )2, 2, 1, 2+
8
9 n pe Z gps a ? )1, 2, 1, 1+⊂ )1, 1, 1, 2+
2
3 n pe Z gps a ? )1, 1, 2, 1+

S)A+?
2§
3

⎞⎟⎠3 3 2

5 1 3

3 3 2

⎧∮⎜
Ẑ1)q+? Ẑ)4,−2,−6,−4+)q+, Ẑ)4,−4,−6,−2+)q+? q−6/23Ω7- 3

3 )τ+

Ẑ2)q+? Ẑ)2,−2,−2,−2+)q+, Ẑ)4,−4,−2,−4+)q+? 3q−6/23)2 Ω7- 3
2 )τ++

Ẑ3)q+? Ẑ)2,−4,−2,−2+)q+? q−6/23Ω7- 3
5 )τ+.

)7/55+

Pof dbo fbtjmz tf f opx ui bu S)A+ jt opx opo.e f hf of sbuf boe- gvsui f sn psf - gbmtf ui f ub

gvodujpot n budi qf sgfdumz ui f ] gpmef e#i pn pmphjdbmcmpdl t x jui pvu efhof sbdz/ Ui f sf gpsf -

x f n bz dpodmvef ui buui f n pevmbsjuz ejdujpobsz ti pvme c f vtf e bguf s n peejoh pvu cz ui f

tzn n fusjf t pgui f n pevmj tqbdf /

6.4 Example: M(−1; 1
2
, 1
3
, 1
10

)

Y f qsf tf ou bopui f s f ybn qmf x jui ui f df ouf s tzn n fusz/ Ui jt ujn f - ju jt necessary up n pe

pvu cz df ouf s tzn n fusz jo psef s up floe bo bqqspqsjbuf Y f jmsfqsf tf oubujpo m , K/

Bt c f gpsf - x f di bsbduf sj–f ffibudpoofdujpot cz i pmpopn z bohmf t λ/ Ui f bohmf t boe ui f js

Di f so.Tjn pot jowbsjbout bsf tvn n bsj–f e jo ubcmf 8/ Ui f df ouf s tzn n fusz bdut cz

)λ, λ2, λ3, λ4+ ∀↔ )λ, λ2 ,
2
3 , λ3, λ4 ,

2
3+.

6.4.1 q-series invariants

Ui f n bojgpme pg jouf sf tu i bt UpsH2)M4+? Z5 boe ui f gpmmpx joh qmvn cjoh hsbqi ;

4≡

3≡ ≡
2

21≡
)7/56+
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J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

DT jowbsjbou uzqf i pmpopn z bohmf t df ouf s tzn n fusz

1 bc fmjbo )1, 1, 1, 1+ )1, 1, 1, 1+∀↔ )1, 23 , 1,
2
3+

1 bc fmjbo )1, 23 , 1,
2
3+ )1, 23 , 1,

2
3+∀↔ )1, 1, 1, 1+

2
5 bc fmjbo )23 ,

2
5 ,

2
3 ,

2
5+ )23 ,

2
5 ,

2
3 ,

2
5+∀↔ )23 ,

2
5 ,

2
3 ,

2
5+

36
71 opo.bc fmjbo )23 ,

2
5 ,

2
7 ,

2
5+ )23 ,

2
5 ,

2
7 ,

2
5+∀↔ )23 ,

2
5 ,

2
7 ,

2
5+

5;
71 opo.bc fmjbo )23 ,

2
5 ,

2
7 ,

4
31+ )23 ,

2
5 ,

2
7 ,

4
31+∀↔ )23 ,

2
5 ,

2
7 ,

8
31+

5;
71 opo.bc fmjbo )23 ,

2
5 ,

2
7 ,

8
31+ )23 ,

2
5 ,

2
7 ,

8
31+∀↔ )23 ,

2
5 ,

2
7 ,

4
31+

Table 7/ I pmpopn z bohmf t boe Di f so.Tjn pot jowbsjbout pg TV)3+ ffibu dpoofdujpot po

M) 2=12 ,
1
3 ,

1
10+- bmpoh x jui ui f bdujpo pgdf ouf s tzn n fusz/

Gspn jut bekbdf odz n busjy- x f dbo dpn qvuf ;

a � dpl f sM/Z3 ? 〉)1, 1, 1, 1+, )2, 2, 1, 6+, )2, 1, 2, 8+|

b � )3dpl f sM , δ+/Z3 ? 〉)2, 2, 2, 2+, )4, 4, 2, 22+, )4, 2, 4, 26+|

DT)a+? )a,M−2a+?

}
1 n pe Z gps a ? )1, 1, 1, 1+, )2, 2, 1, 6+
2
5 n pe Z gps )2, 1, 2, 8+

)7/57+

S)A+?
2

3

⎞⎟⎠2 2 2

2 2 2

3 3 3

⎧∮⎜ )7/58+

Ẑ)2,−2,−2,−2+)q+? q6/5)2 , q7 q39 , q73 , ×××+ )7/59+

Ẑ)4,−4,−2,−22+)q+? q24/5) 2 q23 , q25 , q49 q93 , ×××+ )7/5: +

Ẑ)4,−2,−4,−26+)q+? q4/3)2 q4 , q5 q22 , q2; q43 q63 , ×××+ )7/61+

Gspn x i jdi ju gpmmpx t ui bu;

5m ? m.d.n .)9, 23, 51, 2, 5+? 231 ⇔ m ? 41. )7/62+

6.4.2 Folding with the center symmetry

Vomjl f x i bui bqqf ot jo ui f qsfwjpvt f ybn qmf - i f sf ui f i pn pmphjdbmcmpdl t )7/59+—)7/61+ep

opudpssf tqpoe up boz mfwfm41 gbmtf ui f ub gvodujpo )bmui pvhi ui f z ep dpssf tqpoe up df subjo

mfwfm71 gbmtf ui f ub gvodujpot+/ Jo x i bu gpmmpx t x f ti px i px ui jt qspcmfn jt sf tpmwfe cz

gpmejoh x jui ui f df ouf s tzn n fusz/

Gjstu opuf ui bu ui f df ouf s tzn n fusz jt bmtp n bojgf tu jo ui f ebub pg ui f bc fmjbo ffibu

dpoofdujpot )7/57+—)7/61+/ Joef f e - ui f wbmvf t DT)a+bsf f r vbmgps a ? )1, 1, 1, 1+boe a ?

)2, 2, 1, 6+/ Npsfpwf s- ui f dpssf tqpoejoh spx t pg S)A+ f okpz ui jt tzn n fusz bt x fmm/

Bt b sf tvmu- gspn )5/39+x f tf f ui bu ui f btzn qupujd f yqbotjpot bspvoe ui f tf ux p bc fmjbo
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J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

ffibu dpoofdujpot bsf je f oujdbm/ Tjodf opu pomz DT)a+cvu bmtp ui f qf suvscbujwf f yqbotjpot

bspvoe ui f ffibudpoofdujpot bsf je f oujdbm- ui jt joe jdbuf t ui buui f df ouf s tzn n fusz jt joe f f e

b tzn n fusz pgui f n pevmj tqbdf /

Ofyu- mfu vt tf f x i bu i bqqf ot x i f o x f je f oujgz ffibudpoofdujpot sfmbuf e cz ui f df ouf s

tzn n fusz/ Ui f ebub pgui f bc fmjbo ffibudpoofdujpot c fdpn f t;

DT)a+?

}
1 n pe Z gps a ? )1, 1, 1, 1+⊂ )2, 2, 1, 6+
2
5 n pe Z gps a ? )2, 1, 2, 8+

S)A+?

)
2 2

2 2

[

Ẑ1)q+? Ẑ)2,−2,−2,−2+)q+, Ẑ)4,−4,−2,−22+)q+? q6/5)2 q3 , q7 q25 , q27 , ×××+
Ẑ2)q+? Ẑ)4,−2,−4,−26+)q+? q4/3)2 q4 , q5 q22 , q2; q43 q63 , ×××+.

)7/63+

Bt fyqfduf e- opx S)A+jt opo.e f hf of sbuf boe- gvsui f sn psf - gbmtf ui f ub gvodujpot qf sgfdumz

n budi ui f ] gpmef e#q.tf sjf t jowbsjbout Ẑa)M4+/ Ui jt tvqqpsut pvs qspqptbmgps bqqmzjoh

ui f n pevmbsjuz ejdujpobsz after n peejoh pvu cz ui f tzn n fusjf t pgui f n pevmj tqbdf / Ui f

sf tvmujoh Y f jmsfqsf tf oubujpo jt m , K ? 26 , 6;

σ26- 6 ? }2, 3, 5, 6, 8, 21〈 )jssf q- hf ovt 1+

Ẑ1)q+? q48/41Ω26- 6
2 )τ+

Ẑ2)q+? q48/41Ω26- 6
5 )τ+.

)7/64+

6.4.3 S(M3), T (M3), and the asymptotic expansions

Bt c f gpsf - x f dbo qspdf f e up dpn qvuf ui f )ovn f sjd wbmvf t pg ui f+dpn qptjuf n busjdf t

S)M4+boe T )M4+;

Emb ?

)
2 1 1 1 1 1

1 1 2 1 1 1

[
, T )A+? f yq 3πi

)
1 1

1 2
5

[

S)B+? i

⎞⎟⎟⎟⎟⎟⎟⎟⎠

1.31 1.62 1.31 1.43 1.62 1.43

1.62 1.31 1.62 1.43 1.31 1.43

1.31 1.62 1.31 1.43 1.62 1.43

1.74 1.74 1.74 1.43 1.74 1.43

1.62 1.31 1.62 1.43 1.31 1.43

1.74 1.74 1.74 1.43 1.74 1.43

⎧∮∮∮∮∮∮∮⎜
T )B+? f yq 3πi×ejbh 2

71 ,
5
71 ,

27
71 ,

36
71 ,

5;
71 ,

211
71

〈

)7/65+

Ju gpmmpx t ui bu

S)M4+? i

)
1.4: 1 1 1.74 2.13 1

1 2.13 1.4: 1 1 1.74

[

T )M4+?

⎞⎠f ) 2
71+f)

5
71+f)

27
71+f)

36
71+f)

5;
71+f)

211
71 +

f) 57
71+f)

5;
71+f)

2
71+f)

21
71+f)

45
71+ f) 36

71+

⎧⎜ ,

)7/66+
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J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
πik−4/3 , 394π2

71 k−6/3 , P )k−8/3+
(

2
5 Φ)2+ bc fmjbo e3πik

1
4

)
5
4k

−2/3 5; πi
246 k

−4/3 , P )k−6/3+
(

36
71 ⊕2 opo.bc fmjbo- sf bm e−3πik

25
60 e

3πi
4 × 2√

21

5;
71 ⊕2 opo.bc fmjbo- sf bm e−3πik

49
60 e

3πi
4 ×5

√
3√
26

)
dpt π

41 , tjo 3π
26

(
2
71 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 8/ Usbottf sjf t boe dmbttjfldbujpo pgffibu dpoofdujpot po M) 2=12 ,
1
3 ,

1
10+- after n peejoh pvu

ui f df ouf s tzn n fusz/

gspn x i jdi x f dpodmvef ui bu ui f Di f so.Tjn pot jowbsjbout pg opo.bc fmjbo ffibu dpoofdujpot

bsf 2
71 ,

36
71 ,

5;
71 . Bt pomz c− 1

60
wbojti f t- x f qsf e jdu ui bu ui f sf bsf ux p sfbmopo.bc fmjbo

ffibudpoofdujpot x jui DT? 36
71 ,

5;
71 boe pof )ps ux p- cvusfmbuf e cz ui f df ouf s tzn n fusz+

dpn qmfy ffibu dpoofdujpot x jui DT ? 2
71/ Ui f btzn qupujd f yqbotjpot bsf dpn qvuf e boe

tvn n bsj–f e jo ubcmf 9- x i f sf x f i bwf pn juuf e ui f pwf sbmmgbdups iq−48/41/3
§
3/

Opuf ui buubcmf 9 jt pcubjof e after n peejoh pvucz ui f df ouf s tzn n fusz/ Jo qbsujdvmbs-

ui f usbottf sjf t pgui f ] df ousbm#ffibudpoofdujpo tuboet gps ui f tvn pgux p je f oujdbmusbottf sjf t

bspvoe a ? )1, 1, 1, 1+boe a ? )2, 2, 1, 6+/ Bt n f oujpof e c f gpsf - x f n vtu n vmujqmz ui f

bcpwf botx f s cz b gbdups pg 2
3 jo psef s up sfdpwf s ui f dpousjcvujpo gspn fbdi pg ui f ux p

df ousbmffibudpoofdujpot/

Mjl f x jtf - jo ubcmf 7 x f tf f ui buui f sf bsf ux p sfbmopo.bc fmjbo ffibudpoofdujpot ui buhfu

je f oujflf e cz ui f df ouf s tzn n fusz/ Bt b di f dl - x f dpn qvuf ui f Di f so.Tjn pot jowbsjbout

gspn ui f i pmpopn z wbsjbcmf t vtjoh ui f gpsn vmb

DT“)λ, λi+=M)b, }qi/pi〈niC2+̂ ?

)
4∏

iC2

piriλ
3
i qisi

2

33

[

?

⎩⎪⎨
5;
71 gps )λ2, λ3, λ4+? )25 ,

2
7 ,

4
31+boe )

2
5 ,

2
7 ,

8
31+

36
71 gps )λ2, λ3, λ4+? )25 ,

2
7 ,

6
31+.

)7/67+

Jo ui f flstu mjof - ri boe si bsf boz joufhf st tbujtgzjoh pisi qiri ? 2/ Ju gpmmpx t ui bu

efhf of sbuf opo.bc fmjbo ffibu dpoofdujpot i bwf DT? 5;
71/ Bt b sf tvmu- x f qsf e jdu ui bu pvs

n bojgpme i bt

≡ pof dpn qmfy ffibudpoofdujpo x jui DT? 2
71

≡ ux p sfbmopo.bc fmjbo ffibudpoofdujpot x jui DT? 5;
71

≡ pof sf bmopo.bc fmjbo ffibudpoofdujpo x jui DT? 36
71 .

6.4.4 Comparison with A-polynomial

Opuf ui bu x f i bwf opu svmfe pvu ui f qpttjc jmjuz ui bu ui f sf dbo c f f yusb dpn qmfy ffibu

dpoofdujpot sfmbuf e cz ui f df ouf s tzn n fusz/ Up jowf tujhbuf ui jt- sf dbmmui bu tjodf M4 ?
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J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
πi
3 k

−4/3 , 394π2

231 k−6/3 , P )k−8/3+
(

1 TV)3+ dfousbm e3πik·1
)
πi
3 k

−4/3 , 394π2

231 k−6/3 , P )k−8/3+
(

2
5 Φ)2+ bc fmjbo e3πik

1
4

)
5
4k

−2/3 5; πi
246 k

−4/3 , P )k−6/3+
(

36
71 ⊕2 opo.bc fmjbo- sf bm e−3πik

25
60 e

3πi
4 × 2√

21

5;
71 ⊕2 opo.bc fmjbo- sf bm e−3πik

49
60 e

3πi
4 ×3

√
3√
26

)
dpt π

41 , tjo 3π
26

(
5;
71 ⊕2 opo.bc fmjbo- sf bm e−3πik

49
60 e

3πi
4 ×3

√
3√
26

)
dpt π

41 , tjo 3π
26

(
2
71 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 9/ Usbottf sjf t boe dmbttjfldbujpo pgffibudpoofdujpot po M) 2=12 ,
1
3 ,

1
10+/

M) 2=23 ,
2
4 ,

2
21+jt b 5/2 tvshf sz bmpoh ui f sjhi u.i boef e usf gpjm- x f dbo dpn qvuf ui f

upubmovn c f s pg sfbm0dpn qmfy opo.bc fmjbo ffibu dpoofdujpot cz tuvezjoh jut B.qpmzopn jbm/

Dpvoujoh ui f jouf stf dujpo qpjout pgbmhf csbjd dvswf t e f flof e cz f rvbujpot

A)x, y+? )y 2+)yx7 , 2+ boe s)x, y+? yx−5 2,

x f floe b upubmpg four opo.bc fmjbo ffibu dpoofdujpot- x i jdi bhsf f t x jui ui f ovn c f s gpvoe

jo ui f qsfwjpvt tf dujpo/ Ui f sf gpsf - ui f dpn qmfy ffibu dpoofdujpot bsf opo.e f hf of sbuf x jui

sf tqfdu up ui f bdujpo pgdf ouf s tzn n fusz- boe x f dbo flobmj–f ui f usbottf sjf t bt jo ubcmf : /

)Bhbjo- ui f pwf sbmmgbdups iq−48/41/3
§
3 jt pn juuf e/+

6.5 Example: M(−1; 1
2
, 1
3
, 1
8
)

6.5.1 q-series invariants

Ui f n bojgpme pg jouf sf tu i bt UpsH2)M4+? Z3 boe ui f gpmmpx joh qmvn cjoh hsbqi ;

4≡

3≡ ≡
2

9≡
)7/68+

Gspn jut bekbdf odz n busjy- x f dbo dpn qvuf ;

a � dpl f sM/Z3 ? 〉)1, 1, 1, 1+, )2, 2, 1, 5+|
b � )3dpl f sM , δ+/Z3 ? 〉)2, 2, 2, 2+, )4, 4, 2, : +| )7/69+

DT)a+? )a,M−2a+?

}
1 n pe Z gps a ? )1, 1, 1, 1+
2
3 n pe Z gps )2, 1, 2, 5+

)7/6: +

S)A+?
2

3

)
2 2

2 2

[
)7/71+

Ẑ)2,−2,−2,−2+)q+? q4/5) 2 , q4 q21 , q34 q36 , q55 , ×××+ )7/72+

Ẑ)4,−4,−2,−; +)q+? q6/5) 2 , q6 q7 , q28 q42 , q63 q66 , ×××+ )7/73+
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J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

Gspn x i jdi ju gpmmpx t ui bu;

5m ? m.d.n .)9, 23, 43, 2, 3+? : 7 ⇔ m ? 35. )7/74+

Pof pctf swf t ui bu q.tf sjf t jowbsjbout Ẑb)M4+dpssf tqpoe obuvsbmmz up ui f jssf evdjcmf Y f jm

sfqsf tf oubujpo m , K ? 35 , 9;

σ35- 9 ? }2, 3, 6, 8, 9, 24〈
Ẑ)2,−2,−2,−2+)q+? q82/; 7Ω35- 9

2 )τ+

Ẑ)4,−4,−2,−; +)q+? q82/; 7Ω35- 9
8 )τ+.

)7/75+

6.5.2 Computing S(M3), T (M3) and the asymptotic expansions

Bt c f gpsf - pof dbo qspdf f e up dpn qvuf ui f )ovn f sjd wbmvf t pg ui f+dpn qptjuf n busjdf t

S)M4+, T )M4+/ Ui f sf tvmut bsf

Emb ?

)
2 1 1 1 1 1

1 1 1 2 1 1

[
, T )A+? f yq

)
3πi

)
1 1

1 2
3

[ [

S)B+? i

⎞⎟⎟⎟⎟⎟⎟⎟⎠

1.2: 1.82 1.57 1.2: 1.6 1.57

1.46 1 1.46 1.46 1 1.46

1.57 1.82 1.2: 1.57 1.6 1.2:

1.2: 1.82 1.57 1.2: 1.6 1.57

1.6 1 1.6 1.6 1 1.6

1.57 1.82 1.2: 1.57 1.6 1.2:

⎧∮∮∮∮∮∮∮⎜
T )B+? f yq 3πi×ejbh 2

; 7 ,
5
; 7 ,

36
; 7 ,

5;
; 7 ,

75
; 7 ,

27;
; 7

〈

)7/76+

Gspn x i jdi ju gpmmpx t ui bu

S)M4+? i

)
1.65 1 2.42 1.65 1 2.42

1.65 1 2.42 1.65 1 2.42

[

T )M4+?

⎞⎠f ) 2
; 7+f)

5
; 7+ f) 36

; 7+ f) 5;
; 7+f)

75
; 7+f)

27;
; 7 +

f) 5;
; 7+f)

63
; 7+f)

27;
; 7 +f)

2
; 7+f)

75
; 7+ f) 36

; 7+

⎧⎜ ,

)7/77+

gspn x i jdi x f dpodmvef ui bu ui f Di f so.Tjn pot jowbsjbout pg opo.bc fmjbo ffibu dpoofdujpot

bsf 2
; 7 -

36
; 7 -

5;
; 7 - boe

27;
; 7 / Tjodf cα wbojti f t gps α ? 2

; 7 ,
5;
; 7 - x f qsf e jdu ui bu ui f sf

bsf ux p sfbmopo.bc fmjbo ffibu dpoofdujpot x jui DT? 36
; 7 ,

27;
; 7 boe ux p dpn qmfy ffibu dpo.

ofdujpot x jui DT? 2
; 7 ,

5;
; 7/ Ui f btzn qupujd f yqbotjpo jt dpn qvuf e boe tvn n bsj–f e jo

ubcmf 21/ Y f i bwf pn juuf e ui f pwf sbmmgbdups iq−82/; 7/3
§
3/

Opuf ui f e f hf of sbdz jo ubcmf 21- x i jdi bsjtf t evf up ui f e f hf of sbdz jo S
)A+
ab / Ui f sf gpsf -

x f wf sjgz ui f qsf tf odf pgdf ouf s tzn n fusz cz tuvezjoh ui f i pmpopn z bohmf t pgTV)3+ffibu

dpoofdujpot/ Ui f bohmf t boe ui f js Di f so.Tjn pot jowbsjbout bsf tvn n bsj–f e jo ubcmf 22/

Ui f df ouf s tzn n fusz bdut cz bo beejujpo pg )1, 23 , 1,
2
3+/ Cvu ui jt ujn f - ui f Di f so.Tjn pot

jowbsjbout bsf ti jguf e cz 2/3 evf up df ouf s tzn n fusz/ Ui f sf gpsf - ubcmf 21 ti px t usbottf sjf t

x jui pvu bn cjhvjuz/
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J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)

πi
3 k

−4/3 , 46; π2

; 7 k−6/3 , P )k−8/3+
[

2
3 TV)3+ dfousbm e3πik

1
2

)
πi
3 k

−4/3 , 46; π2

; 7 k−6/3 , P )k−8/3+
[

36
; 7 ⊕2 opo.bc fmjbo- sf bm e−3πik

25
96 e

3πi
4 × 2√

4
dpt π

7 dpt
π
9

27;
; 7 ⊕2 opo.bc fmjbo- sf bm e−3πik

169
96 e

3πi
4 × 2√

4
dpt π

7 dpt
π
9

2
; 7 ⊕2 opo.bc fmjbo- dpn qmfy 1

5;
; 7 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 10/ Usbottf sjf t boe dmbttjfldbujpo pgffibudpoofdujpot po M) 2=12 ,
1
3 ,

1
8+/

DT jowbsjbou uzqf i pmpopn z bohmf t df ouf s tzn n fusz

1 bc fmjbo )1, 1, 1, 1+ )1, 1, 1, 1+∀↔ )1, 23 , 1,
2
3+

2
3 bc fmjbo )1, 23 , 1,

2
3+ )1, 23 , 1,

2
3+∀↔ )1, 1, 1, 1+

36
; 7 opo.bc fmjbo )23 ,

2
5 ,

2
7 ,

4
27+ )23 ,

2
5 ,

2
7 ,

4
27+∀↔ )23 ,

2
5 ,

2
7 ,

6
27+

27;
; 7 opo.bc fmjbo )23 ,

2
5 ,

2
7 ,

6
27+ )23 ,

2
5 ,

2
7 ,

6
27+∀↔ )23 ,

2
5 ,

2
7 ,

4
27+

Table 11/ I pmpopn z bohmf t boe Di f so.Tjn pot jowbsjbout pg TV)3+ ffibu dpoofdujpot po

M) 2=12 ,
1
3 ,

1
8+- boe ui f df ouf s tzn n fusz bn poh ui f n /

6.6 Infinite families

Jo ui jt tf dujpo- x f e jtdvtt ux p tfut pgjoflojuf gbn jmjf t pgTf jgf sun bojgpmet x jui ui sf f tjohvmbs

flc f st gps x i jdi ui f tuf qt pvumjof e jo flhvsf 6 dbo c f dbssjf e pvu gps bmm4.n bojgpmet jo ui f

gbn jmz bu podf / Ui f tf f ybn qmf t bsf ui f Csjf tl pso i pn pmphz tqi f sf t boe n bojgpmet x i ptf

qmvn cjoh ejbhsbn jt b E.uzqf Ezol jo e jbhsbn x jui ] 3#bubmmopef t/

6.6.1 Brieskorn spheres

B tjn qmf dmbtt pgTf jgf su n bojgpmet x jui ui sf f tjohvmbs flc f st bsf ui f Csjf tl pso tqi f sf t

Υ)p2, p3, p4+;? S6 { })x, y, z+� C4 \xp1 , yp2 , zp3 ? 1〈 )7/78+

mbc fmf e cz b usjqmf pgsfmbujwfmz qsjn f joufhf st )p2, p3, p4+/Bt ejtdvttf e jo “73 -̂ ui f Csjf tl pso

tqi f sf Υ)p2, p3, p4+dbo c f bttpdjbuf e x jui ui f Tf jgf su ebubM 2=q1p1 ,
q2
p2
, q3p3

〈
- tbujtgzjoh31

q2
p2

,
q3
p3

,
q4
p4

? 2
2

p2p3p4
. )7/79+

20This holds for all 1
p1

+ 1
p2

+ 1
p3

< 1, which is satisfied for all Brieskorn spheres except the Poincare

homology sphere Σ(2, 3, 5) which has Seifert data M(−2; 1
2
, 2
3
, 4
5
).
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Ui f tuboebse di pjdf pgpsjf oubujpo jt ui buCsjf tl pso tqi f sf t bsf cpvoebsjf t pgofhbujwf

efflojuf qmvn cjoht/ Ui f dpoofdujpo c fux f f o gbmtf ui f ub gvodujpot boe ui f Y SU jowbsjbout

gps ui jt dmbtt pgfybn qmf t x bt ejtdvttf e jo ef ubjmt jo “76 -̂ cvjmejoh po “49 /̂ Ui f tf sf tvmut dbo

c f voef stuppe jo uf sn t pg ui f q.tf sjf t jowbsjbout Ẑb)M4+mbuf s jouspevdf e jo “7 /̂ Jo x i bu

gpmmpx t x f qsf tf ouui f n vtjoh ui f mbohvbhf pgjssf evdjcmf Y f jmsfqsf tf oubujpot ejtdvttf e jo

tf dujpo 4/4- boe ejtdvtt ui f sf tvshf odf bobmztjt gps ui f tf n bojgpmet/

BmmCsjf tl pso tqi f sf t bsf joufhsbmi pn pmphz tqi f sf t- j/f / i bwf H2)M4+? 1/ Jo qbs.

ujdvmbs- ui jt n fbot ui bu ui f sf jt pomz pof q.tf sjf t jowbsjbou Ẑa)q+x jui a ? 1/ Gvsui f s.

n psf - ui f sf jt b tjn qmjflf e n pevmbsjuz ejdujpobsz gps ui jt dmbtt pg fybn qmf t c fdbvtf ui f

TM)3,Z+sfqsf tf oubujpo bdujoh po bc fmjbo ffibu dpoofdujpot jt ui f usjwjbmsfqsf tf oubujpo/

Ui jt jt tvn n bsj–f e jo ubcmf 23/ Gjstu pg bmm- ui f i pn pmphjdbmcmpdl Ẑ1)q+jt hjwfo cz

ui f gbmtf ui f ub gvodujpo Ωm- K
r )τ+)vq up bo pwf sbmmqpx f s pg q+x i f sf m ? p2p3p4 boe

K ? }2, p2p3, p3p4, p2p4〈 - boe r ? m p2p3 p3p4 p2p4/ Jo ui f opubujpo gspn tfdujpo 5/4-

x f i bwf ui bu S)A+? T )A+? I2×2- ui f 2.cz.2 je f oujuz n busjy/ Ui f sf gpsf - ui f dpn qptjuf
n busjy S)M4+jt tjn qmz ui f 2 ∗ d n busjy- x i f sf

d ? \σm- K\? 2

5
)p2 2+)p3 2+)p4 2+

jt ui f e jn f otjpo pg ui f Y f jmsfqsf tf oubujpo m , K/ Vtjoh b obuvsbmn bq gspn }2, . . . , d〈
up σm- K- boe x sjuf ui f jn bhf pgk bt rk- ui f n busjy S)M4+jt hjwfo cz

S)M4+2k ? )Tm- K+−2rrk
)7/7: +

x i f sf r ? m p2p3 p3p4 p2p4 jt flyf e boe k svot gspn 2, . . . d/

Ui f n busjy T )M4+jt 2 ∗ d hjwfo cz

T )M4+2k ? f

)
r3k
5m

[
. )7/81+

Gspn f rvbujpo )5/41+- x f tf f ui bu M4 x jmmi bwf b opo.bc fmjbo ffibu dpoofdujpo α x jui

DT)α+?
r2k
5m bt mpoh bt )Tm- K+−2rk �? 1. Gvsui f sn psf - x i f o ui jt jt ui f dbtf - gspn )5/44+

ui f dpoofdujpo x jmmc f sf bmbt mpoh bt cr �? 1- x i f sf cr jt bt e f flof e jo f rvbujpo )5/32+/ Opuf

ui bu gps Ωm- K
r ? a2Ωm,r1 , a3Ωm,r2 , . . . , anΩm,rn- cr ? 1 jfi a2)m r2+, a3)m r3+,

. . . , an)m rn+? 1/ Ui vt x f dbo sfbe pfi ejsf dumz gspn ui f dpn qpof out pgui f jssf evdjcmf

Y f jmsfqsf tf oubujpo m , K ui f ovn c f s pg sfbmboe dpn qmfy opo.bc fmjbo ffibu dpoofdujpot

gps ui f dpssf tqpoejoh Csjf tl pso tqi f sf / Jo ui f gpmmpx joh x f jmmvtusbuf ui jt f yqmjdjumz x jui

b tjn qmf f ybn qmf/

Example: sf tvshf odf gps ui f Csjf tl pso tqi f sf t Υ)3, 4, 6+boe Υ)3, 4, 8+xbt ejtdvttf e jo

ef ubjmjo “6ˆ boe gps Υ)3, 6, 8+jo “77 /̂ Y f x jmmtf f ui f sf bqqfbsbodf pg ui f tf f ybn qmf t jo

tf dujpo 8/6- x i f o x f e jtdvtt hpjoh up ui f mpx f s i bmg.qmbof/ Gps opx - x f csjfffiz ejtdvtt

sf tvshf odf gps b ofx f ybn qmf up fyqmjdjumz jmmvtusbuf ui f qspdf evsf x f i bwf pvumjof e bcpwf/

MfuM4 c f ui f Csjf tl pso tqi f sf Υ)4, 5, 6+- x i jdi dbo c f sf qsf tf ouf e cz ui f gpmmpx joh

qmvn cjoh hsbqi ;
5≡

4≡ ≡
2

4≡ 3≡
)7/82+
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Y f jmsfqsf tf oubujpo m , K m ? p1p2p3 boe K ? }2, p1p2, p2p3, p1p3〈

q.tf sjf t jowbsjbou Ẑ0)q+ Ωm+K
r - x i f sf r ? m p1p2 p2p3 p1p3

Ovn c f s pg )sf bmboe dpn qmfy+
\σm+K\? 1

4 )p1 2+)p2 2+)p3 2+
opo.bc fmjbo ffibudpoofdujpot

DT jowbsjbout pg )sf bmps dpn qmfy+
DT? r2

4m � r � σm+K

opo.bc fmjbo ffibudpoofdujpot

DT jowbsjbout pgdpn qmfy
DT? r2

4m s.t.
∏m−1

�=1 Pm+K
�r )2 �

m+? 1
opo.bc fmjbo ffibudpoofdujpot

Table 12/ Ui f n pevmbsjuz ejdujpobsz gps Csjf tl pso tqi f sf t Υ)p1, p2, p3+/

Gspn f rvbujpo )7/3+- pof dbo fbtjmz dpn qvuf ui f tjohmf i pn pmphjdbmcmpdl dpssf tqpoejoh

up ui f usjwjbmffibudpoofdujpo bt

Ẑ1)q+? q2/3 )2 q6 q8 q22 , q29 , . . .+. )7/83+

Jo uf sn t pggbmtf ui f ub gvodujpot- ui jt jt hjwfo cz-

Ẑ1)q+? q−5; /351Ω71- 23,26,31
24 )τ+? q−5; /351)Ω71,24 Ω71,48 Ω71,54 Ω71,64+)τ+. )7/84+

Ui f jssf evdjcmf TM)3,Z+sfqsf tf oubujpo jt hjwfo cz m , K ? 71 , 23, 26, 31/ Ui jt i bt

e jn f otjpo d ? \σ71- 23,26,31\? 2
5)4 2+)5 2+)6 2+? 7- boe dpoubjot fmfn f out σ71- 23,26,31 ?

}2, 3, 8, 22, 24, 25〈 . Ui f dpssf tqpoejoh tfu pggbmtf ui f ub gvodujpot jt hjwf o cz-

Ω71- 23,26,31
2 )τ+? )Ω71,2 Ω71,42 Ω71,52 Ω71,5;+)τ+

Ω71- 23,26,31
3 )τ+? )Ω71,3 , Ω71,33 , Ω71,49 , Ω71,69+)τ+

Ω71- 23,26,31
8 )τ+? )Ω71,8 , Ω71,28 , Ω71,34 Ω71,58+)τ+

Ω71- 23,26,31
22 )τ+? )Ω71,22 , Ω71,2; , Ω71,3; Ω71,6;+)τ+

Ω71- 23,26,31
24 )τ+? )Ω71,24 Ω71,48 Ω71,54 Ω71,64+)τ+

Ω71- 23,26,31
25 )τ+? )Ω71,25 , Ω71,37 , Ω71,45 , Ω71,57+)τ+.

Gspn ui jt x f floe ui bu ui f f n c f ee joh n busjy jt tjn qmz

Emb ?
)
1 1 1 1 2 1

(
, )7/85+

x i jdi mfbet up b n busjy S)M4+hjwfo cz

S)M4+? Emb.)T 71- 23,26,31+−2 )7/86+

Gvsui f sn psf - ui f n busjy T )M4+jt hjwfo cz-

T )M4+? 12×7.)U 71- 23,26,31+−2

?
)
f 2

351

〈
f 5

351

〈
f 5;

351

〈
f 232

351

〈
f 27;

351

〈
f 2; 7

351

〈(
.

)7/87+
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Bt fbdi f ousz pg S)M4+jt opo–f sp- ju gpmmpx t ui bu ui jt n bojgpme i bt tjy opo.bc fmjbo ffibu

dpoofdujpot x jui DT jowbsjbout hjwfo cz ui f f ousjf t pg T )M4+/ Gvsui f sn psf - x f tf f ui bu

gpvs pgui f n bsf sf bmboe ux p pgui f n bsf dpn qmfy- bt

)71 2+ )71 42+ )71 52+ )71 5: +

? )71 24+ )71 48+ )71 54+ )71 64+

? 1.

Ui f dpn qmfy ffibudpoofdujpot i bwf DT? 2
351 boe DT?

27;
351/

6.6.2 D-type manifolds

Jo ui jt tf dujpo x f x jmmdpotje f s ofhbujwf .e f flojuf qmvn cjoh ejbhsbn t x i ptf hsbqi ubl f t ui f

ti bqf pgb Dk- 4- k ∼ 2 Ezol jo e jbhsbn / Ui f tjn qmf tu qmvn cjoh gps tvdi b hsbqi bttjhot

b x f jhi u pg ] 3#up bmmopef t- bt qjduvsf e c fmpx ;

3≡

3≡ ≡
3

3≡ . . .
3≡︸ ︸︷

k opef t

)7/88+

Ui jt e f tdsjc f t b Tf jgf su n bojgpme x jui ui sf f tjohvmbs flc f st boe Tf jgf su jowbsjbout

M 3=23 ,
2
3 ,

k
k- 2

〈
. Ui jt n bojgpme dbo bmtp c f sf qsf tf ouf e bt bo jouf stf dujpo pg b Dk- 4

tjohvmbsjuz x jui b voju tqi f sf jo C4;

M

)
3=
2

3
,
2

3
,

k

k , 2

[
;? S6 { })x, y, z+� C4 \xk , xy3 , z3 ? 1〈 . )7/89+

Ui f dpoofdujpo c fux f f o Y SU jowbsjbout boe gbmtf ui f ub gvodujpot gps ui f tf n bojgpmet

x bt dpotje f sf e jo “55 =̂i f sf x f bobmz–f ui f n gspn ui f qpjou pg wjf x pg sf tvshf odf boe

)jssf evdjcmf+Y f jmsfqsf tf oubujpot/ Y i f o k jt pee- H2)M4+? Z3⊗Z3 boe x i f o k jt fwf o-

H2)M4+? Z5/ Jo cpui dbtf t- ui f sfmfwbouTM)3,Z+sfqsf tf oubujpo jt m , K ? k , 2- x jui

m ? k , 2 boe K ? }2〈 ui f usjwjbmhspvq/ Ui jt jt bo jssf q x i f ofwf s m jt b qsjn f up

tpn f qpx f s=j/f /m ? pN/ Bt x f x jmmtf f jo tf dujpo 8/6- ui jt jodmvef t pqujn bmfybn qmf t

gps m ? 3, 4, 5, 6, 7, 8, 9, : , 21, 23, 24, 27, 29, 36. Jouf sf tujohmz- x f x jmmtf f ui f qi f opn f opo pg

df ouf s tzn n fusz x i jdi qmbzf e b spmf jo tpn f pgpvs qsfwjpvt f ybn qmf t bmtp sfbqqfbst i f sf /

Y f dpotje f s ui f dbtf pg fwfo boe pee k tf qbsbufmz;

≡ k odd: ui f sf bsf gpvs Ẑb)q+- opof pgx i jdi bsf sfmbuf e cz Y f zmtzn n fusz/ Y jui tpn f

di pjdf pgcbtjt gps H2)M4+- x f i bwf

q
m2+1
4m Ẑ1)q+? 3q2/5m Ωm

2 )τ+

q
m2+1
4m Ẑ2)q+? Ωm

m−2)τ+

q
m2+1
4m Ẑ3)q+? Ωm

m−2)τ+

q
m2+1
4m Ẑ4)q+? Ωm

2 )τ+.

)7/8: +
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Dpssf tqpoejoh up ui f bcpwf bsf ui f gpmmpx joh )k , 4+.ejn f otjpobmwfdupst jo

3Dpl f s)M+, δ- vq up n vmujqmjdbujpo cz )3M+−2;

)23 ,×××,
2
3+

)23 , 1,
2
3 , 1,×××,

2
3 , 1+

)23 , 1, 1,
2
3 ,

2
3 ,×××,

2
3+

)23 ,
2
3 , 1, 1,

2
3 , 1,

2
3 , 1,×××,

2
3 , 1+

)7/91+

x i f sf ] . . .#tjhojflf t b sf qfujujpo pg 23 jo ui f flstu boe ui jse mjof t- boe b sf qfujujpo pg

)23 , 1+jo ui f tf dpoe boe gpvsui mjof t/

Ui f df ouf s tzn n fusz bdut po ui f bcpwf wfdupst cz beejoh;

)1, 1, 23 ,
2
3 , 1,

2
3 , 1,

2
3 ,×××, 1,

2
3+

)1, 23 ,
2
3 , 1,×××1+

)7/92+

Gspn ui jt bdujpo x f dbo jogf s ui bu ju jt qpttjcmf up gpme ui f i pn pmphjdbmcmpdl t cz

ubl joh ui f mjofbs dpn cjobujpot Ẑ ′
1)q+? Ẑ1)q+, Ẑ4)q+boe Ẑ ′

2)q+? Ẑ2)q+, Ẑ3)q+- boe

ui bu ui f df ouf s tzn n fusz hspvq jt Z3 ⊗ Z3/

Ui f Di f so.Tjn pot jowbsjbout pgui f bc fmjbo dpoofdujpot bsf

DT)a+?

}
1,

m , 3

5
,
m , 3

5
, 2

(
. )7/93+

Opuf ui bu gps m/3 pee ui jt jt kvtu DT)a+? }1, 1, 1, 1〈 )n pe Z+boe gps m/3 fwfo

ui jt jt DT)a+? }1, 23 ,
2
3 , 1〈 )n pe Z+/

Bttpdjbuf e up ui f tf bc fmjbo dpoofdujpot bsf b tf u pg k , 4.e jn f otjpobmwfdupst a �
Dpl f s)M+x i jdi x f dbo ubl f up c f )vq up n vmujqmjdbujpo cz M−2+;

)1,×××, 1+

)1, 23 ,×××, 1,
2
3+

)1, 23 ,
2
3 , 1,×××, 1+

)1, 1, 23 ,
2
3 , 1,

2
3 ,×××, 1,

2
3+

)7/94+

x i f sf opx ] . . .#tjhojflf t b sf qfujujpo pg1 jo ui f flstuboe ui jse mjof t- boe b sf qfujujpo

pg )1, 23+jo ui f tf dpoe boe gpvsui mjof t/ Ui f df ouf s tzn n fusz bdut po ui f tf wfdupst

cz beejoh;

)1, 1, 23 ,
2
3 , 1,

2
3 ,×××, 1,

2
3+

)1, 23 ,
2
3 , 1,×××1+

)7/95+

Gspn x i jdi x f dbo jogf s ui bu ui f dpssf tqpoejoh DT)a+ti pvme c f hspvqf e bt }1, 2〈
boe }m- 35 , m- 35 〈/
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Ui f n busjy S)A+jt

S)A+?
2

3

⎞⎟⎟⎟⎠
2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

⎧∮∮∮⎜ )7/96+

boe ui f n busjy T )A+jt

T )A+?

⎞⎟⎟⎟⎠
2 1 1 1

1 ⊕2 1 1

1 1 ⊕2 1
1 1 1 2

⎧∮∮∮⎜ )7/97+

x i f sf ui f ] , #jt gps m/3 pee boe ui f ] #jt gps m/3 fwfo/ Bguf s gpmejoh cz ui f

df ouf s tzn n fusz ui f tf n busjdf t c f dpn f

S′)A+?

)
2 2

2 2

[
)7/98+

boe

T ′)A+?

)
2 1

1 ⊕2

[
)7/99+

Vqpo sfwf stf .f ohjof f sjoh- x f pctf swf op dpn qmfy ffibu dpoofdujpo cvum/3 sfbmopo.

bc fmjbo ffibudpoofdujpot x jui Di f so.Tjn pot jowbsjbout r2

5m gps pee r � )1,m+/ Ui f z
bsf rvjuf e f hf of sbuf - n ptumz evf up ui f gbduui buDi f so.Tjn pot jowbsjbout bsf e f flof e

n pevmp pof / Ui f sf gpsf - ju dbo c f e fmjdbuf up ejtujohvjti ui f dpousjcvujpot pg ux p

opo.bc fmjbo ffibu dpoofdujpot x jui ui f tbn f Di f so.Tjn pot jowbsjbout up ui f btzn q.

upujd f yqbotjpo pgZEV)M4+/ Ofwf sui fmf tt- x f dbo sfwf stf .f ohjof f s ui f qf suvscbujuwf

f yqbotjpo x jui pvu bn cjhvjuz;

πi

3
k−4/3 ,

)m3 3+π3

9m
k−6/3 , ×××

x i jdi jt je f oujdbmgps bmmgpvs bc fmjbo ffibudpoofdujpot evf up ui f df ouf s tzn n fusz/

≡ k even: ui f sf bsf gpvs Ẑb)q+- ux p pgx i jdi bsf sfmbuf e cz Y f zmtzn n fusz/ Y jui tpn f

di pjdf pgcbtjt- bguf s n peejoh pvu cz ui f Y f zmbdujpo- x f i bwf

q
m2+1
4m Ẑ1)q+? 3q2/5m Ωm

2 )τ+

q
m2+1
4m Ẑ2)q+? Ωm

2 )τ+

q
m2+1
4m Ẑ3)q+? 3Ωm

m−2)τ+.

)7/9: +

Dpssf tqpoejoh up ui f bcpwf i pn pmphjdbmcmpdl t bsf ui f gpmmpx joh fmfn f out b �
3Dpl f s)M+, δ- vq up n vmujqmjdbujpo cz )3M+−2;

)23 ,×××,
2
3+

)23 , 1, 1,
2
3 ,×××,

2
3+

)1, 25 ,
4
5 ,

2
3 , 1,×××,

2
3 , 1+

)7/: 1+
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x i f sf ] . . .#dpssf tqpoet up sf qfujujpo pg 23 jo ui f flstuux pmjof t- boe sf qfujujpo pg)
2
3 , 1+

jo ui f ui jse mjof / Ui f df ouf s tzn n fusz bdut po ui f tf wfdupst ui spvhi ui f beejujpo pg

)1, 23 ,
2
3 , 1,×××, 1+.

Gspn ui jt bdujpo x f e f evdf ui buui f df ouf s tzn n fusz hspvq jt Z3 gps ui f tf dbtf t boe

pof dbo gpme ui f i pn pmphjdbmcmpdl t cz ui jt Z3 cz ui f hspvqjoh Ẑ ′
1)q+? Ẑ1)q+, Ẑ2)q+

boe Ẑ ′
2)q+? Ẑ3)q+/

Ui f Di f so.Tjn pot jowbsjbout pgui f bc fmjbo dpoofdujpot bsf

DT)a+?

}
1, 2,

m , 3

5

(
. )7/: 2+

Opuf ui bu gps m ? 2 n pe 5 ui jt jt kvtu DT)a+? }1, 1, 45〈 )n pe Z+boe gps m ? 4

n pe 5 ui jt jt DT)a+? }1, 1, 25〈 )n pe Z+/

Dpssf tqpoejoh up ui f tf bc fmjbo dpoofdujpot bsf b tf u pg k , 4.e jn f otjpobmwfdupst

a � Dpl f s)M+x i jdi x f dbo ubl f up c f )vq up n vmujqmjdbujpo cz M−2+;

)1,×××, 1+

)1, 23 ,
2
3 , 1,×××, 1+

)23 ,
2
5 ,

4
5 , 1,

2
3 ,×××, 1,

2
3+

)7/: 3+

x i f sf opx ] . . .#dpssf tqpoet up sf qfujujpo pg 1 jo ui f flstu ux p mjof t- boe sf qfujujpo

pg )1, 23+jo ui f ui jse mjof / Ui f df ouf s tzn n fusz bdut po ui f tf wfdupst ui spvhi ui f

beejujpo pgui f wfdups

)1, 23 ,
2
3 , 1,×××, 1+,

boe x f e f evdf ui bu vqpo n peejoh pvu cz ui f df ouf s tzn n fusz hspvq- DT)a+bsf

hspvqf e bt }1, 2〈 boe }m- 35 〈/
Ui f n busjy S)A+jt

S)A+?
2

3

⎞⎟⎠2 2 2

2 2 2

3 3 3

⎧∮⎜ )7/: 4+

boe ui f n busjy T )A+jt

T )A+?

⎞⎟⎠2 1 1

1 2 1

1 1 f )m- 35 +

⎧∮⎜ )7/: 5+

Bguf s n peejoh pvu ui f df ouf s tzn n fusz x f pcubjo ui f n busjdf t

S′)A+?

)
2 2

2 2

[
)7/: 6+

T ′)A+?

)
2 1

1 f )m- 35 +

[
)7/: 7+
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boe gpmef e i pn pmphjdbmcmpdl t

q
m2+1
4m Ẑ ′

1)q+? q
m2+1
4m

)
Ẑ1)q+, Ẑ2)q+

(
? 3q2/5m 3Ωm

2 )τ+

q
m2+1
4m Ẑ ′

2)q+? q
m2+1
4m Ẑ3)q+? 3Ωm

m−2)τ+.
)7/: 8+

Vqpo sfwf stf .f ohjof f sjoh- x f pctf swf op dpn qmfy ffibudpoofdujpo cvu )m 2+/3 sfbm

opo.bc fmjbo ffibu dpoofdujpot x jui Di f so.Tjn pot jowbsjbout r2

5m gps pee r � )1,m+/

Y f bmtp pcubjo ui f gpmmpx joh qf suvscbujwf f yqbotjpot x i jdi bsf qbjsx jtf je f oujdbm;

πi

3
k−4/3 ,

)m3 3+π3

9m
k−6/3 , ×××

πi

3
k−4/3 ,

)m3 3+π3

9m
k−6/3 , ×××

3

m
k−2/3 ,

i)m3 , 3+π

7m3
k−4/3 , ×××

3

m
k−2/3 ,

i)m3 , 3+π

7m3
k−4/3 , ×××

)7/: 9+

7 Going to the other side

Jo ui jt tf dujpo x f f yqmpsf x i bu i bqqf ot up ui f q.tf sjf t jowbsjbout Ẑa)M4+x i f o ui f psjf o.

ubujpo pg ui f ui sf f .n bojgpme M4 jt sfwf stf e/ Bt x jmmc f f yqmbjof e ti psumz- ui jt pqf sbujpo

jt f yqfduf e up i bwf ui f f fifdu pg )gpsn bmmz+sfqmbdjoh q ⇒ q−2 boe ui f o sf .f yqboejoh ui f
sf tvmu bhbjo bt b q.tf sjf t/ Mvdl jmz- qsf djtfmz ui jt rvf tujpo x bt joef qf oef oumz btl f e cz

S befn bdi f s “213ˆboe i jt gpmmpx f st jo ui f dpoufyupg)n pdl +n pevmbs pc kfdut boe ui f js f y.

uf otjpo gspn ui f vqqf s i bmg.qmbof )ps- \q\< 2+up ui f mpx f s i bmg.qmbof )sf tqf dujwfmz \q\> 2+-

boe i bt hbjof e n psf buuf oujpo tjodf ui f jouspevdujpo pg ui f opujpo pg rvbouvn n pevmbs

gpsn t cz [ bhjf s “82 /̂

Jo qbsujdvmbs- x f n ptumz gpdvt po ui f gbn jmjf t pg4.n bojgpmet x i ptf q.tf sjf t jowbsjbout

Ẑa)M4+bsf hjwfo cz gbmtf ui f ub gvodujpot ejtdvttf e jo tf dujpo 4 boe jmmvtusbuf e cz f ybn qmf t

jo tf dujpo 7/ Jo ui f tf dbtf t- x f qspqptf ui buui f q.tf sjf t jowbsjbout Ẑa) M4+pgb n bojgpme

M4 bsf hjwfo cz n pdl n pevmbs gpsn t x jui ti bepx t )tf f tf dujpo 8/4 gps efflojujpot+

bttpdjbuf e up ui f gbmtf ui f ub gvodujpot/ Y f tvn n bsj–f ui f sfmbujpo jo flhvsf : /

Pvs qspqptbmjt tvqqpsuf e cz ui f gpmmpx joh ui sf f gbdut;

≡ Jo tpn f dbtf t ui f gbmtf ui f ub gvodujpot ben ju f yqsf ttjpot bt q.i zqf shfpn fusjd tf sjf t-

x i jdi dpowf shf opupomz jotje f cvubmtp pvutje f ui f vojudjsdmf/ Jo ui ptf dbtf t pof dbo

f tubcmjti ui buui f f yqsf ttjpo pvutje f ui f vojudjsdmf jt hjwfo cz b n pdl ui f ub gvodujpo/

≡Ui f n pdl ui f ub gvodujpo boe ui f dpssf tqpoejoh gbmtf ui f ub gvodujpo i bwf ui f tbn f

btzn qupujd f yqbotjpot usbottf sjf t tusvduvsf ofbs x � Q )dg/ )5/34+- )8/48++- vq up

x⇒ x- qsf djtfmz bt Ẑa)M4+boe Ẑa) M4+ti pvme/

≡Y i f o ui f n pdl n pevmbs gpsn dbo c f f yqsf ttf e bt b tp.dbmmfe S befn bdi f s tvn - pof

dbo qspwf jo hf of sbmui bu ui f tbn f S befn bdi f s tvn - opx qf sgpsn f e jo ui f mpx f s

sbui f s ui bo vqqf s i bmg.qmbof - zjfmet qsfdjtfmz ui f dpssf tqpoejoh Fjdi mf s joufhsbm/ Jo
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pui f s x pset- ui f S befn bdi f s tvn zjfmet b gvodujpo efflof e po cpui H boe H−- x i f sf
ui f z dpjodje f x jui ui f n pdl sf tqfdujwfmz gbmtf ui f ub gvodujpo/

Bguf s f yqmbjojoh ui f qi ztjdt boe upqpmphz n pujwbujpo up hp c fux f f o ui f vqqf s. boe mpx f s.

i bmg qmbof t- x f f yqmbjo ui f bcpwf ui sf f qpjout jo tf dujpo 8/3- tf dujpo 8/4 boe tf dujpo 8/5

sf tqfdujwfmz/

7.1 The physics of the other side

Bt x f bmsfbez n f oujpof e f bsmjf s- bspvoe )3/6+- ju jt obuvsbmup dpn qbsf ui f bqqspqsjbuf

f yuf otjpo- ps ] mfbl bhf#- pg Ẑa)q+up Jn )τ+< 1 x jui ui f i bmg.joef y )3/2+pcubjof e cz

psjf oubujpo sfwf stbm)qbsjuz+usbotgpsn bujpo bqqmjf e up ui f psjhjobm3e.4e tztufn po D3 ∗ q

S2/ Ui f ux p bsf f yqfduf e up c f dmptfmz sfmbuf e- jgopu tjn qmz f rvbm/

Jo pui f s x pset- x f x jti up dpn qbsf Ẑa)q
−2+- voef stuppe bt b q.tf sjf t f yqbotjpo- x jui

ui f i bmg.joef y pg 3e.4e tztufn x i f sf bmmDi f so.Tjn pot dpf ´ djf out pg ui f 4e ui f psz i bwf

pqqptjuf tjhot boe x i f sf ui f 3e O ? )1, 3+cpvoebsz dpoejujpo Da jt sf qmbdf e cz D̃a;

qbsjuz ; Da ∀↔ D̃a )8/2+

Ui f sf tvmujoh q.tf sjf t ˜ x i jdi - bcvtjoh opubujpot- x f e f opuf Ẑa)q
−2+˜ uphfui f s x jui

ui f psjhjobmi pn pmphjdbmcmpdl t Ẑa)q+bsf f yqfduf e up dpn cjof joup bopui f s q.tf sjf t )3/6+

x i jdi epf t opu ef qf oe po ui f di pjdf pg cpvoebsz dpoejujpot/ Obn fmz- )3/6+hjwf t ui f

tvqf sdpogpsn bmjoef y M)q+pg ui f 4e O ? 3 ui f psz x i jdi - n psfpwf s- dbo c f dpn qvuf e

joef qf oef oumz- cz pui f s n fbot/ Jo ui f dpoufyu pg4e.4e dpssf tqpoef odf - up x i jdi x f uvso

n pn f oubsjmz- ju jt c fmjfwf e ui bu ui f joufhf s dpf ´ djf out pg ui f q.tf sjf t M)q+dpvou opsn bm
tvsgbdf t jo ui f 4.n bojgpme “78 /̂

Y i f o bqqmjf e up 4e O ? 3 ui f psjf t T“M4 -̂ ui jt qbsjuz sfwf stbmjt f rvjwbmfouup di bohjoh

ui f psjf oubujpo pgui f 4.n bojgpme- j/f /sf qmbdjohM4 cz M4/ Ui f sf gpsf - gpsn bmmz- x f f yqfdu

Ẑa) M4, q
−2+ sf 0f r boe

??? Ẑa)M4, q+ )8/3+

Y i jmf jo x i bugpmmpx t x f qsf tf ougvsui f s qi ztjdt bshvn f out gps ui jt sfmbujpo- ui f di bmmfohf

jt up uvso ui f n joup b dpodsfuf dpn qvubujpobmbmhpsjui n / Opuf - cbtf e po pvs f yqf sjf odf

jo tf dujpo 7- x f ep opu fyqfdu ui jt bmhpsjui n up c f tjn qmf/ Gps fybn qmf - ui f psjf oubujpo

sfwf sbmuvsot ofhbujwf .e f flojuf qmvn cjoht )gps x i jdi Ẑa)q+dbo c f tztufn bujdbmmz dpn qvuf e

jo gvmmhfof sbmjuz+joup qptjujwf .e f flojuf pof t )gps x i jdi op hf of sbmbmhpsjui n t x f sf bwbjmbcmf

voujmopx+/

Gspn ui f wjf x qpjou pgY SU jowbsjbout ps rvbouvn Di f so.Tjn pot ui f psz- ui f c f i bw.

jps )8/3+jt sbui f s dmfbs- boe ui f sf gpsf pof n jhi utbz ui bu q.tf sjf t jowbsjbout Ẑa)M4+tjn qmz

joi f sju juui spvhi ui f sfmbujpo )2/3+/ Joef f e - ui f Di f so.Tjn pot qbsujujpo gvodujpo pgM4 jt

e f flof e bt b )gpsn bm+joflojuf .e jn f otjpobmjoufhsbm

ZEV)M4, k+?

̂
eikEV)A+FA )8/4+

pwf s ui f tqbdf pg hbvhf dpoofdujpot A/ Bu mfbtu gpsn bmmz- gspn ui jt f yqsf ttjpo ju gpmmpx t

ui bu bo psjf oubujpo sfwf stbmM4 ↔ M4 jt f r vjwbmfou up di bohjoh ui f tjho k ↔ k/ Jgx f
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opx sfdbmmui f tuboebse sfmbujpo c fux f f o k- �- boe q- dg/)2/3+-

q ? e� ? e3πiτ ? e3πi/k )8/5+

ui f o x f dpodmvef ui buM4 ↔ M4 ti pvme c f f r vjwbmfou up q ↔ q−2/
Y i jmf ui jt bshvn f ou- cbtf e po Gf zon bo qbui joufhsbm- n bz tpvoe b mjuumf gpsn bm- ju

jt f btz up tf f ui bu ju ti pvme i pme up bmmpsef st jo qf suvscbujpo ui f psz cz f yqboejoh )8/4+

joup Gfzon bo ejbhsbn t bspvoe b hjwfo ffibu dpoofdujpo α � N ¯bu)GC,M4+/ Jo Di f so.

Tjn pot ui f psz x jui dpn qmfy hbvhf hspvq GC tvdi qf suvscbujwf f yqbotjpo jt dbssjf e pvu

fyqmjdjumz f/h/ jo “79 -̂ boe ui f dpf ´ djf ou pg fbdi uf sn jo ui f �.f yqbotjpo jt hjwfo cz b

flojuf .e jn f otjpobmjoufhsbm/ Ui f sf tvmu jt bo btzn qupujd f yqbotjpo- dg/)5/23+-

Z
)α+
r f su)M4, �+?

∏
n

an�
n )8/6+

x i jdi hf of sbmj–f t ui f Pi utvl j tf sjf t pgM4 )ui f mbuuf s dpssf tqpoet up α ? 1/+ Fwfo jo

dpn qmfy Di f so.Tjn pot ui f psz- x i f sf q boe � bsf dpn qmfy wbsjbcmf t- ui f qf suvscbujwf

f yqbotjpo i bt b tzn n fusz Z
)α+
r f su)M4, �+? Z

)α+
r f su) M4, �+- dg/“79- tf dujpo 3/4 -̂ tp ui bu

Z
)α+
r f su) M4, �+?

∏
n

) 2+nan�
n. )8/7+

Tjodf ui f q.tf sjf t jowbsjbout Za)M4+boe Za) M4+bsf pcubjof e cz Cpsfmsf tvn n bujpo

pg )8/6+boe )8/7+gps bc fmjbo α ? a- ui f z upp bsf f yqfduf e up f okpz ui f qspqf suz )8/3+/

Fwfo ui pvhi )8/6+boe )8/7+mppl wf sz tjn jmbs boe bqqfbs po ui f tbn f gppujoh- jo

qsbdujdf - tp gbs ju x bt n vdi f btjf s up dpn qvuf pomz pof pgui f q.tf sjf t jowbsjbout- Ẑa)M4+

ps Ẑa) M4+- x i jmf ui f pui f s sf n bjof e fmvtjwf/ Ui jt btzn n fusz c fux f f o M4 boe M4 n bz

tf f n tvsqsjtjoh gspn ui f upqpmphz wjf x qpjou/ I px fwf s- gspn ui f wjf x qpjou pg sf tvshf ou

bobmztjt- jujt sfmbujwfmz x fmml opx o ui bubn poh ux p btzn qupujd f yqbotjpot- )8/6+boe )8/7+-

vtvbmmz pof n bz i bwf b sfmbujwfmz tjn qmf Cpsfmsf tvn n bujpo- x i f sf bt ui f pui f s pof dbo

c f n vdi n psf dpn qmjdbuf e “7: /̂ Tjn jmbsmz- gspn ui f wjf x qpjou pgui f js n pevmbs c f i bwjps-

x i jdi x jmmpddvqz ui f sf tu pg ui jt tf dujpo- ui f ux p tje f t bmtp vtvbmmz qmbz sbui f s e jfif sf ou

btzn n fusjd spmf/

Jo qbsujdvmbs- jo ui f sf tu pgui jt tf dujpo x f vtf b wbsjf uz pgn fui pet boe sf df ou efwfm.

pqn f out jo ovn c f s ui f psz up botx f s b rvf tujpo jo upqpmphz; hjwfo Ẑb)M4+boe- qpttjcmz-

tpn f cbtjd upqpmphjdbmjowbsjbout pgM4- dbo pof e f uf sn jof Ẑb) M4+A

7.2 Examples: q-hypergeometric series

Jo ui jt tvctf dujpo- x f hjwf f ybn qmf t jmmvtusbujoh i px df subjo gbmtf ui f ub gvodujpot- x i jdi

qmbz ui f spmf pgi pn pmphjdbmcmpdl t gps df subjo ui sf f .n bojgpmet )dg/tfdujpo 7+- dbo c f e f flof e

jo ui f pui f s tje f pg ui f qmbof vtjoh ui f js f yqsf ttjpot bt q.i zqf shfpn fusjd tf sjf t/ Tvsqsjt.

johmz- po ui f pui f s tje f pg ui f qmbof ui f z uvso pvu up dpjodje f x jui tpn f pg S bn bovkbo(t

gbn pvt n pdl ui f ub gvodujpot/ Ui jt f tubcmjti f t jo b wf sz ejsf dux bz ui f dpoofdujpo c fux f f o

n pdl n pevmbs gpsn t- gbmtf ui f ub gvodujpot- boe ui sf f .n bojgpmet- bu mfbtu gps ui f tf f ybn .

qmf t/ Bguf s sfwjf x joh ui f f ybn qmf t- x f x jmmbmtp ef tdsjc f ui f bn cjhvjujf t x i f o f yuf oejoh

b gvodujpo up ui f mpx f s.i bmgqmbof wjb q.i zqf shfpn fusjd tf sjf t/
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7.2.1 Example: M(−2; 1
2
, 1
3
, 1
2
) and the order three mock theta function f

Jo )7/43+x f i bwf tf f o ui bu ui f gbmtf ui f ub gvodujpo Ω7- 3
2 )τ+dpjodje f t- vq up beej.

ujwf boe n vmujqmjdbujwf tjn qmf q gbdupst- x jui ui f i pn pmphjdbmcmpdl t Ẑ)2,−2,−2,−2+)q+boe
Ẑ)4,−4,−2,−4+)q+- gps ui f ui sf f .n bojgpme M) 3=23 ,

2
4 ,

2
3+/

Up x sjuf epx o ui f sfmfwbou q.i zqf shfpn fusjd tf sjf t- x f vtf ui f q-Pochhammer symbol

)a=x+n ;?

n−2∫
kC1

)2 axk+ )8/8+

tbujtgzjoh

)a=q−2+n ? ) 2+nanq−
n(n−1)

2 )a−2=q+n. )8/9+

Opuf ui bu ui jt gbmtf ui f ub gvodujpo ben jut ui f f yqsf ttjpo “53ˆ

Ω7- 3
2 )τ+? ψ7- 32 )q+, ψ7- 32 )q+?

q
1
24

3

⎞⎠2 ∏
n≥2

) 2+nq
n(n−1)

2

) q=q+n

⎧⎜ , )8/: +

gps \q\< 2 ∞ τ � H/ Npsfpwf s- ui f tf sjf t ψ7- 32 dpowf shf t cpui gps \q\> 2 boe \q\< 2/

Vtjoh )8/9+pof pcubjot

ψ7- 32 )q−2+?
q−

1
24

3

⎞⎠2 ∏
n≥2

) 2+nqn

) q=q+n

⎧⎜ . )8/21+

Ju uvsot pvu ui bu ui jt jt b n pdl n pevmbs gpsn - sfmbuf e up ui f dfmf csbuf e psef s ui sf f n pdl

ui f ub gvodujpo f)q+bt

3q
1
24ψ7- 32 )q−2+? f)q+? 2 , q 3q3 , 4q4 , O)q5+. )8/22+

Bt x f x jmmtf f jo tf dujpo 8/6- ju c fmpoht up b gbn jmz pgtqfdjbmwfdups.wbmvf e n pdl n pevmbs

gpsn t hm- K ? )hm- K
r +=jo ui f opubujpo pg tfdujpo 8/6 ui f sfmbujpo jt tjn qmz

ψ7- 32 )q−2+?
2

3
h7- 32 )τ+. )8/23+

Gspn ui f bshvn f oujo tf dujpo 8/2- x f i f odf qspqptf ui buui f n pdl ui f ub gvodujpo f)q+

qmbzt b spmf bt ui f i pn pmphjdbmcmpdl gps ui f ui sf f .n bojgpme ui bujt sfmbuf e upM) 3=23 ,
2
4 ,

2
3+

wjb bo psjf oubujpo sfwf stbm/ Bt x f x jmmejtdvtt ti psumz- ui jt f ybn qmf bmtp jmmvtusbuf t ui f

jousjotjd bn cjhvjuz pgui f q.i zqf shfpn fusjd bqqspbdi )tf f )8/37++/

7.2.2 Example: M(−2; 1
2
, 1
2
, 3
5
) and the order ten mock theta function X

Bt x f x jmmtf f jo tf dujpo 8/6- ui f gbmtf ui f ub gvodujpo

Ω21- 3
2 )τ+? Ω21,2)τ+ Ω21,; )τ+? q2/51)2 q3 , q4 q; , O)q21++ )8/24+

qmbzt ui f spmf pg i pn pmphjdbmcmpdl t gps M4 ? M) 3=23 ,
2
3 ,

4
6+/
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Opuf ui bu ui jt gbmtf ui f ub gvodujpo ben jut ui f f yqsf ttjpo

Ω21- 3
2 )τ+? ψ21- 32 )q+, ψ21- 32 )q+? q

1
40

∏
n≥1

) 2+nqn)n- 2+

) q=q+3n
)8/25+

gps \q\< 2/ Tjn jmbs up ψ7- 32 - ui f tf sjf t ψ21- 32 dpowf shf t cpui gps \q\> 2 boe \q\< 2 boe

i bt ui f gpmmpx joh sfmbujpo up ui f pqujn bmn pdl Kbdpcj gpsn )tf dujpo 8/6+boe psef s 21 n pdl

ui f ub gvodujpo X;

ψ21- 32 )q−2+? q−
1
40

∏
n≥1

) 2+nqn
2

) q=q+3n
? h21- 32 )τ+

? q−
1
40X)q+? q−

1
40 2 q , q3 , O)q5+

〈 )8/26+

7.2.3 Example: Σ(2, 3, 5) and the order five mock theta function χ0

Bt x f i bwf ejtdvttf e jo tf dujpo 7/7/2- ui f gbmtf ui f ub gvodujpo

Ω41- 7,21,26
2 )τ+? )Ω41,2 , Ω41,22 , Ω41,2; , Ω41,3;+)τ+? q2/231)2, q , q4 , q8 , O)q9++)8/27+

qmbzt ui f spmf pg i pn pmphjdbmcmpdl t gps ui f i pn pmphz tqi f sf Υ)3, 4, 6+/

Opuf ui bu ui jt gbmtf ui f ub gvodujpo ben jut ui f f yqsf ttjpo

Ω41- 7,21,26
2 )τ+? ψ41- 7,21,262 )q+, ψ41- 7,21,262 )q+? q

1
120

)
3
∏
n≥1

) 2+nq
n(3n−1)

2

)qn- 2=q+n

[
)8/28+

gps \q\< 2/ Bt c f gpsf - ui f tf sjf t ψ41- 7,21,262 dpowf shf t cpui gps \q\> 2 boe \q\< 2 boe i bt

ui f gpmmpx joh sfmbujpo up ui f pqujn bmn pdl Kbdpcj gpsn boe psef s 6 n pdl ui f ub gvodujpo;

ψ41- 7,21,262 )q−2+? q−
1

120

)
3
∏
n≥1

qn

)qn- 2=q+n

[
? h41- 7,21,262 )τ+

? q−
1

120 )3 χ1)q++? q−
1

120 2 , q , q3 , 3q4 , O)q5+
〈 )8/29+

Ju jt gps ui jt dbtf ui bu ui f sfmbujpo c fux f f o gbmtf ui f ub gvodujpot boe Y SU jowbsjbout

x bt flstu ejtdvttf e cz Mbx sf odf boe [ bhjf s jo “49 -̂ x i f sf ui f z bmtp opuf e ui f sfmbujpo up

ui f n pdl ui f ub gvodujpo χ1/

7.2.4 Example: Σ(2, 3, 7) and the order seven mock theta function F0

Bt x f i bwf ejtdvttf e jo tf dujpo 7/7/2- ui f gbmtf ui f ub gvodujpo

Ω53- 7,25,32
2 )τ+? )Ω53,2 Ω53,24 Ω53,3; , Ω53,52+)τ+? q2/279)2 q q6 , O)q21++)8/2: +

qmbzt ui f spmf pg i pn pmphjdbmcmpdl t gps ui f i pn pmphz tqi f sf Υ)3, 4, 8+/

Opuf ui bu ui jt gbmtf ui f ub gvodujpo ben jut ui f f yqsf ttjpo

Ω53- 7,25,32
2 )τ+? ψ53- 7,25,322 )q+, ψ53- 7,25,322 )q+? q

1
168

∏
n≥1

) 2+nq
n(n+1)

2

)qn- 2=q+n
)8/31+
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gps \q\< 2/ Bt c f gpsf - ui f tf sjf t ψ53- 7,25,322 dpowf shf t cpui gps \q\> 2 boe \q\< 2 boe i bt

ui f gpmmpx joh sfmbujpo up ui f pqujn bmn pdl Kbdpcj gpsn boe psef s 8 n pdl ui f ub gvodujpo;

ψ53- 7,25,322 )q−2+? q−
1

168

∏
n≥1

qn
2

)qn- 2=q+n
? H53- 7,25,32

2 )τ+

? q−
1

168 F1)q+? q−
1

168 2 , q , q4 , q5 , O)q6+
〈 )8/32+

Gspn ui f bshvn f ou jo tf dujpo 8/2- x f i f odf qspqptf ui bu ui f n pdl ui f ub gvodujpo jt ui f

i pn pmphjdbmcmpdl pgui f ui sf f .n bojgpme pcubjof e gspn Υ)3, 4, 8+wjb ui f psjf oubujpo sfwf stbm/

7.2.5 The ambiguity

Ui f bcpwf f ybn qmf t jmmvtusbuf bo fyqmjdju sfmbujpo c fux f f o gbmtf boe n pdl ui f ub gvodujpot

x i f o hpjoh c fux f f o ui f vqqf s. boe ui f mpx f s.i bmgqmbof/ Pof ti pvme i px fwf s c f dbvujpvt

bcpvu ui f bqqmjdbcjmjuz boe ui f bn cjhvjuz pgui f usf bun f ou/

Gjstu- ui jt usf bun f ou ef qf oet po ui f f yjtuf odf pg bo fyqsf ttjpo pg gbmtf 0n pdl ui f ub

gvodujpo bt b q.i zqf shfpn fusjd tf sjf t/ Jo n boz dbtf t jouf sf tujoh gps vt- tvdi bo f yqsf ttjpo

jt opubwbjmbcmf/ Npsfpwf s- tpn fujn f t n psf ui bo pof tvdi f yqsf ttjpot f yjtuboe ui f z n jhi u

i bwf ejfif sf ouf yuf otjpo pvutje f ui f vojuejtl / Tvdi f ybn qmf t bcpvoe/ Tf f gps jotubodf “81ˆ

x i f sf ui f S phf st.Gjof gbmtf ui f ub gvodujpot bsf f yuf oef e up ui f pui f s tje f jo b tqfdjfld

x bz x i jdi mfbet up n pdl gpsn t ui bu tpn fujn f t e jfif s gspn x i bu pui f s n fui pet e jtdvttf e

jo tf dujpo 8/4—8/5 hjwf/ Y f x jmmopx fyqmbjo pof f yqmjdju f ybn qmf jo efubjmt up jmmvtusbuf

ui f bn cjhvjujf t/

Ui f sfmbujpo c fux f f o ui f pse f s ui sf f n pdl ui f ub gvodujpo f)q+boe pui f s n pdl ui f ub

gvodujpo- jotje f boe pvutje f ui f voju ejtd- i bt c f f o tuvejf e jo e f ubjmt jo “53 -̂ x i jdi x f

gpmmpx i f sf / Gjstux f i bwf tf f o jo )8/: +.)8/22+ui buui f i zqf shfpn fusjd tf sjf t ψ7- 32 tbujtflf t

ψ7- 32 )q+? Ω7- 3
2 )q+boe ψ7- 32 )q−2+?

q−
1
24

3
f)q+ )8/33+

gps \q\< 2/

Opx - efflof pui f s ux p i zqf shfpn fusjd tf sjf t

ψ′)q+?
q2/35

3

)
2 ,
∏
n≥2

qn

) q=q+3n

[

ψ′′)q+? q2/35
∏
n≥1

qn

) q3=q3+n
.

)8/34+

Pof dbo fbtjmz di f dl ui bu ui f z upp bsf e f flof e cpui jotje f boe pvutje f ui f voju ejtl / Ju

uvsot pvu ui bu ui f z bsf sfmbuf e up ψ7- 32 )q+jo b wf sz jouf sf tujoh x bz/ Up ef tdsjc f ui f

sfmbujpo- x f of f e up jouspevdf ux p n psf gvodujpot/ Ui f flstu jt b n pevmbs gpsn hjwfo cz

T )τ+;?
η8)3τ+

η4)τ+η4)5τ+
, )8/35+

boe ui f tf dpoe jt ui f sbujp pgb gbmtf ui f ub gvodujpo boe b n pevmbs gpsn

S)τ+;?
2

η3)τ+
Ω3,2)τ+. )8/36+
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Ui f tf gvodujpot bsf sfmbuf e wjb

ψ7- 32 )q+? ψ′)q+,
2

3
S)τ+? ψ′′)q+

ψ7- 32 )q−2+? ψ′)q−2+? ψ′′)q−2+
2

3
T )τ , 2/3+

)8/37+

gps \q\< 2 ∞ τ � H/ Jo pui f s x pset- ui f ux p q.i zqf shfpn fusjd tf sjf t x i jdi bsf ui f tbn f

jo ui f vqqf s.i bmgqmbof n jhi uf yuf oe up ejfif sf ougvodujpot jo ui f mpx f s.i bmgqmbof - boe wjdf

wf stb/ Jo ui f gpmmpx joh ux p tvctf dujpot x f x jmmtf f b n psf tztufn bujd x bz pgef tdsjc joh boe

voef stuboejoh ui f sfmbujpo c fux f f o n pdl boe gbmtf ui f ub gvodujpot- bt x fmmbt rvbouvn

n pevmbs gpsn t/

7.3 False, mock, and quantum

Jo tfdujpo 4 boe tf dujpo 7 x f i bwf tf f o ui f spmf pg gbmtf ui f ub gvodujpot jo ef tdsjc joh ui f

i pn pmphjdbmcmpdl t bttpdjbuf e up df subjo ui sf f .n bojgpmet/ Jo ui f qsfwjpvt tvctf dujpot x f

i bwf tf f o i jout ui bu- x i f o dpotje f sjoh ui f tvqf sdpogpsn bmjoejdf t cz wfouvsjoh up ui f

mpx f s.i bmgqmbof - n pdl ui f ub gvodujpot bsf mjl fmz up qmbz bo jn qpsubou spmf gps ui f sfmbuf e

ui sf f .n bojgpmet/ Jo gbdu- ef tqjuf ui f js wf sz ejfif sf ou bqqfbsbodf t boe n pevmbs c f i bwjpst-

gbmtf boe n pdl ui f ub gvodujpot cpui ti bsf ui f tusvduvsf pgui f tp.dbmmfe rvbouvn n pevmbs

gpsn t “82 /̂ Tf f bmtp ui f Di 32 pg“83ˆgps b sfdf ou bddpvou/

Y f qspqptf ui buui f )tuspoh+rvbouvn n pevmbsjuz pgui f gbmtf boe n pdl ui f ub gvodujpot

jt jo gbdux i bun bl f t ui f n sfmfwbougps ui sf f .n bojgpmet boe i pn pmphjdbmcmpdl t/ Npsfpwf s-

x f qspqptf ui bu hpjoh up ui f pui f s tje f pg ui f qmbof jo ui f dvssf ou dpoufyu uvsot b gbmtf

ui f ub joup b n pdl ui f ub- tvdi ui bu ui f gbmtf .n pdl qbjs dpssf tqpoet up ui f tbn f rvbouvn

n pevmbs gpsn /

Up fyqmbjo ui f tf je f bt- x f x jmmtubsucz sf dbmmjoh ui f e f flojujpot pgn pdl n pevmbs gpsn t

boe rvbouvn n pevmbs gpsn t/ Ui f e f flojujpo gps rvbouvn n pevmbs gpsn t jt qvsqptfmz b

mjuumf wbhvf jo psef s up f odpn qbtt ui f e jfif sf ou uzqf t pg f ybn qmf t x jui tmjhi umz ejfif sf ou

qspqf sujf t “82 /̂ Ju tubuf t;

Definition 2. “82ˆB quantum modular gpsn pgx f jhi uk boe n vmujqmjf s χ po jt b gvodujpo

Q po Q tvdi ui bu gps fwf sz γ � ui f gvodujpo pγ ; Q√}γ−2∈ 〈 ↔ C- e f flof e cz

pγ)x+;? Q)x+ Q\k,χγ)x+ )8/38+

)ui f ] qf sjpe gvodujpo#+i bt tpn f qspqf suz pg dpoujovjuz ps bobmzujdjuz gps fwf sz γ � /

Npsfpwf s- x f tbz ui buQ jt strong quantum modular jg ju i bt gpsn bmqpx f s tf sjf t buubdi f e

up fbdi sbujpobmovn c f s tp ui bu )8/38+i pmet bt bo je f oujuz c fux f f o dpvoubcmf dpmmbujpot pg

gpsn bmqpx f s tf sjf t/

Jo ui f bcpwf x f i bwf vtf e ui f slash operator gps x f jhi uk boe n vmujqmjf s χ po - bdujoh

po ui f tqbdf pg i pmpn psqi jd gvodujpot po ui f vqqf s.i bmgqmbof boe efflof e bt

f)τ+\k,χγ ? f

)
aτ , b

cτ , d

[
χ)γ+)cτ , d+−k )8/39+

x i f sf x f x spuf γ ? a b
c d

〈
� /

—74 —



J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

H

H

g̈)x , it+

g̈∗)x it+

Q)x+

Figure 8/ Ui f vqqf s. boe mpx f s.i bmgqmbof t boe rvbouvn n pevmbs gpsn t/

Jo gbdu- ui f Fjdi mf s joufhsbmt x f f odpvouf sf e jo tf dujpo 5/2 bsf f ybn qmf t pg rvbouvn

n pevmbs gpsn t/ Up fyqmbjo ui jt- e f flof ui f opo.i pmpn psqi jd Fjdi mf s joufhsbm̈g∗ ; H− ↔ C

g̈∗)z+;? C

̂ i∞

!z
g)z′+)z′ z+w−3dz′ )8/3: +

pg b x f jhi u w dvtq gpsn g x jui n vmujqmjf s χ- x i f sf ui f dpotubou C jt ui f tbn f bt jo

ui f e f flojujpo pg ui f Fjdi mf s joufhsbm)5/4+/ Gps ui f qvsqptf pg ui f qsf tf ou bsujdmf - x f dbo

sf tusjdu up ui f dvtq gpsn t g x jui sf bmdpf´ djf out- obn fmz g) !τ+? g)τ+. Opuf ui bu g̈∗)z+
i bt ojdf usbotgpsn bujpo qspqf suz x i jmf g̈)τ+i bt ojdf Gpvsjf s f yqbotjpot/ Jo “49- 84ˆjux bt

ti px o ui bu g̈∗ boe ui f Fjdi mf s joufhsbm)5/3+g̈ bhsf f up joflojuf psef s bu boz x � Q- jo ui f

tf otf ui bu

g̈)x , it+⊂
∏
n≥1

αnt
n boe g̈∗)x it+⊂

∏
n≥1

αn) t+n )8/41+

gps t > 1/ Tf f flhvsf 9 gps bo jmmvtusbujpo/

Gvsui f sn psf - ju jt f btz up tf f ui bu g̈∗ jt of bsmz n pevmbs pg x f jhi u 3 w jo H−- boe
ui f e jtdsf qbodz jt hjwfo qsfdjtfmz cz ui f qf sjpe gvodujpo;

g̈∗)z+ g̈∗\3−w,χγ)z+? C

̂ i∞

γ−1)i∞+
g)z′+)z′ z+w−3dw. )8/42+

Dpn cjojoh ui f bcpwf ux p gbdut x f bsf jn n f e jbufmz mfe up ui f dpodmvtjpo ui bu g̈ is a quantum

modular form of weight 3 w boe n vmujqmjf s tztufn χ/ Jo ui f opubujpo pgefflojujpo 3- ui f

qf sjpe gvodujpo dpssf tqpoejoh up g̈ jt hjwfo cz

pγ)x+? C

̂ i∞

γ−1)i∞+
g)z′+)z′ x+w−3dw )8/43+

boe jt b tn ppui gvodujpo po R f ydf qu gps x ? γ−2)i∈ +boe i bt bo bobmzujd fyuf otjpo up

}u , iv\ u > 1 ps v > 1〈 )dg/mfn n b 4/4 jo “9 +̂/ Jo qbsujdvmbs- ui f gbmtf ui f ub gvodujpot Ωm,r-

bsjtjoh gspn ubl joh ui f dvtq gpsn g up c f hjwfo cz ui f x f jhi u 403 vobsz ui f ub gvodujpot

θ2m,r- bsf r vbouvn n pevmbs gpsn t pgx f jhi u 203/

Tppo x f x jmmtf f ui bu n pdl n pevmbs gpsn t qspevdf f ybn qmf t pg rvbouvn n pevmbs

gpsn t/ Jo i jt mbtumfuuf s up I bsez jo 2: 31- S bn bovkbo dpotusvduf e 28 f ybn qmf t pgx i bu i f
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dbmmfe n pdl ui f ub gvodujpot boe dmbjn f e ui buui f z i bwf b gfx tusjl joh qspqf sujf t sf hbsejoh

ui f js c f i bwjps ofbs ui f spput pgvojuz/ S bn bovkbo eje opuhjwf b efflojujpo gps n pdl ui f ub

gvodujpot- cvu tubuf e ui bu ui f z ti pvme c f b q.tf sjf t ui bu dpowf shf t gps \q\< 2 ui bu i bwf

ui f gpmmpx joh qspqf sujf t

2/ Joflojufmz n boz spput pgvojuz bsf f yqpof oujbmtjohvmbsjujf t-

3/ Gps fwf sz sppupgvojuz ξ ui f sf jt b n pevmbs gpsn fξ)q+tvdi ui buui f e jfif sf odf f fξ
jt cpvoef e bt q ↔ ξ sbejbmmz-

4/ f jt opu ui f tvn pg ux p gvodujpot- pof pg x i jdi jt b n pevmbs gpsn boe ui f pui f s b

gvodujpo x i jdi jt cpvoef e sbejbmmz upx bse bmmspput pgvojuz/

Ui f mpoh tfbsdi gps b efflojujpo pgn pdl n pevmbs gpsn t- x i jdi x pvme qmbdf n pdl ui f ub

gvodujpot jo ui f dpoufyu pg n pevmbs gpsn t- f oe f e x jui ui f Qi E ui f tjt pg [ x fhf st “85 -̂

x i f sf i f hbwf n pdl n pevmbs gpsn t b efflojujpo- x i jdi cbtjdbmmz tubuf t ui bu ui f z dbo c f

wjf x f e bt ui f i pmpn psqi jd qbsu pg df subjo i bsn pojd Nbbtt gpsn t/ Npsfpwf s- ui f pui f s-

opo.i pmpn psqi jd- qbsupgui f i bsn pojd Nbbtt gpsn jt hjwfo cz b n pevmbs gpsn - dbmmfe ui f

shadow pg ui f n pdl n pevmbs gpsn / Tjodf x f i bwf b tqfdjfld bqqmjdbujpo jo n joe boe jo

psef s up tjn qmjgz ui f e jtdvttjpo- jo ui f gpmmpx joh efflojujpo x f sf tusjdu up n pdl n pevmbs

gpsn t x i ptf ti bepx t bsf dvtq gpsn t/ Ui f hf of sbmj–bujpo jt tuboebse boe tusbjhi ugpsx bse/

Definition 3. Y f tbz ui bu b i pmpn psqi jd gvodujpo f po H jt b mock modular form pg

x f jhi uk boe n vmujqmjf s χ po - jgboe pomz jgju f yjtut b x f jhi u3 k dvtq gpsn g po tvdi

ui bu ui f opo.i pmpn psqi jd completion pgf - e f flof e bt

af)τ+? f)τ+ g∗)τ+

tbujtflf t af ? af\k,χγ gps fwf sz γ � / Jo ui f bcpwf - x f e f flof e ui f opo.i pmpn psqi jd Fjdi mf s

joufhsbm

g∗)τ+;? C

̂ i∞

−!τ
)τ ′ , τ+−kg) !τ ′+dτ ′ )8/44+

gps τ � H/

Opuf ui buui f sf jt op dbopojdbmopsn bmj–bujpo pgui f ti bepx boe x f di pptf pvst up tjn .

qmjgz ui f dpn qbsjtpo c fux f f o n pdl n pevmbs gpsn t boe Fjdi mf s joufhsbmt/ Gps dpowfojf odf -

x f x jmmefopuf cz Mk,χ) +-M (
k,χ) +- Sk,χ) +- Qk,χ) +ui f tqbdf t pgn pdl n pevmbs- x fbl mz

i pmpn psqi jdn pevmbs- dvtq boe rvbouvn n pevmbs gpsn t sf tqfdujwfmz- pgx f jhi uk � 2
3Z boe

n vmujqmjf s χ gps ui f hspvq < TM)3,R+/ Jo ui f qsf tf ou bsujdmf x f x jmmn bjomz fodpvouf s

ui f dbtf t ? TM)3,Z+boe ? 1)N+- ui f dpohsvf odf tvchspvq pg TM)3,Z+x jui ui f

dpohsvf odf dpoejujpo N\c/ Y f x jmmbmtp efflof ui f shadow map ξ ; Mk,χ) +↔ S3−k, !χ) +

cz mfuujoh ξ)f+? g jo ui f opubujpo pgefflojujpo 4/

Jo x i bu gpmmpx t x f x jmmtf f b sfmbujpo c fux f f o ui f bcpwf n pef so efflojujpo pg n pdl

n pevmbs gpsn t boe ui f di bsbduf sj–bujpot S bn bovkbo hbwf jo i jt mfuuf s- boe i px n pdl

n pevmbs gpsn t mfbe up rvbouvn n pevmbs gpsn t jo b x bz ui bu jt dmptfmz sfmbuf e up ui f dbtf
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pg Fjdi mf s joufhsbmt ejtdvttf e bcpwf/ Y f x jmmgpmmpx ui f x psl cz Di pj.Mjn .S i pbef t “9ˆ

rvjuf dmptfmz jo ui jt qbsu pgui f e jtdvttjpo/

Up ti px ui bu n pdl ui f ub gvodujpot ep i bwf ui f bcpwf .n f oujpof e qspqf sujf t ui bu S b.

n bovkbo dmbjn f e- ui f gpmmpx joh x bt qspwfo sfdf oumz/

Theorem 4. [8, 75] If f � Mk,χ) 1)N++such that it has non-vanishing shadow, and

1)N+has t inequivalent cusps, }q2, . . . , qt〈 ←Q ∩ }i∈ 〈 . Then

1. The function f)τ+has exponential singularities at infinitely many rational numbers,

2. for every G � M (
k,χ) 1)N++, f G has exponential singularities at infinitely many

rational numbers,

3. there is a collection }Gj〈 tjC2 of weakly holomorphic modular forms such that f Gj

is bounded towards all cusps equivalent to qj.

B gbn pvt f ybn qmf pgui f bcpwf jt ui f ui jse psef s n pdl ui f ub gvodujpo pgS bn bovkbo

ui bu x f i bwf f odpvouf sf e jo )8/22+.)8/23+/ S bn bovkbo(t pctf swbujpo- x sjuuf o jo uf sn t pg

ui f n pdl n pevmbs gpsn h7- 32 )τ+- tubuf t ui bu

mjn
τ→ζ

h7- 32 )τ+? O)2+ )8/45+

gps bmmspput pgvojuz f )ζ+pgpee psef s )tvdi bt q ↔ 2+- boe

mjn
τ→ζ

)h7- 32 , ) 2+kb)τ++? O)2+ )8/46+

gps bmmpsef s 3k spput pg vojuz f )ζ+- x jui ui f n pevmbs gpsn tvcusbdujpo hjwfo cz

b)τ+? η3)τ+
η2)3τ+

/

Npsfpwf s- bguf s ui f n pevmbs tvcusbdujpo ui f btzn qupujd f yqbotjpo pgui f n pdl n pe.

vmbs gpsn ofbs b tqfdjfld dvtq jt ui f tbn f )vq up b n jovt tjho+bt ui bu pg ui f n pevmbs

dpssf dujpo;

Lemma 5. In the notation of theorem 4, we have the following equality among asymp-

totic series:

)f Gx+)x , it+⊂
∏
n≥1

βnt
n boe g∗)x , it+⊂

∏
n≥1

βnt
n. )8/47+

Proof. Ui f f r vbmjuz bn poh ui f mjn jujoh wbmvf t jt ti px o jo ui f mfn n b 4/2 pg “9ˆvtjoh ui f

gbduui bu af Gx jt b i bsn pojd Nbbtt gpsn boe f yqboe ju ofbs ui f dvtq τ ↔ x/ Ui f tbn f

n fui pe hjwf t ui f bcpwf f rvbmjuz bn poh ui f btzn qupujd tf sjf t/

Hjwfo b di pjdf pg}Gj〈 tjC2- pof e f flof Qf ; Q↔ C cz tf uujoh

Qf )x+;? mjn
t→1+

)f Gx+)x , it+,

x i f sf x f x sjuf Gx ? Gj x i f o x jt f r vjwbmfou up qj voef s ui f bdujpo pg ? 1)N+. Ui f

mfn n b 6- ui f bobmzujdjuz qspqf suz pg ui f qf sjpe gvodujpo )8/43+bttpdjbuf e up g̈∗ boe ui f

gbdu ui bu g∗)τ+? g̈∗) τ+)jo ui f dbtf t x f dbsf bcpvu x i f sf g) !τ+? g)τ++jn n f ejbufmz

ti px t ui bu ui f n pdl n pevmbs gpsn hjwf t sjtf up b )tuspoh+rvbouvn n pevmbs gpsn Qf/
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Opuf ui bu ui f di pjdf pgui f modular subtraction }Gj〈 tjC2 x jui x i jdi up dbswf pvu ui f
tjohvmbsjujf t pgui f n pdl n pevmbs gpsn t jt opuvojrvf / Buqsf tf ou- b tbujtgbdupsz tztufn bujd

tuvez pg ui f qpttjc jmjujf t boe ui f js qspqf sujf t jt opu zfu bwbjmbcmf/ Gps b gbn jmz pg n pdl

n pevmbs gpsn t- obn fmz ui ptf x jui l opx o fyqsf ttjpot jo uf sn t pg ui f tp.dbmmfe vojwf stbm

n pdl n pevmbs gpsn t g3 boe g4- tqfdjfld di pjdf t bsf hjwfo f yqmjdjumz jo “87- 88 /̂ Hjwfo ui jt

mbdl pg vojrvf of tt pg ui f n pevmbs tvcusbdujpot- ju jt jn qpsubou up opuf ui bu ui f mjn jujoh

wbmvf boe ui f btzn qupujd f yqbotjpo )8/47+jt joef qf oef ou pg ui f di pjdf t pg ui f n pevmbs

gpsn Gj bt mpoh bt ui f z ep tvcusbdu ui f tjohvmbsjuz/

Up tvn vq- hjwfo b dvtq gpsn g � S3−k, !χ) +- jgf jt b n pdl n pevmbs gpsn f � Mk,χ) +

x jui ti bepx ξ)f+? g boe g̈ jt jut Fjdi mf s joufhsbm- ui f o f boe g̈ i bwf ui f tbn f mjn jujoh

wbmvf bux � Q jo ui f tf otf ui bu

mjn
t→1+

)f Gx+)x , it+? mjn
t→1+

g̈∗) x , it+. )8/48+

Npsfpwf s- ui f z bmtp i bwf ui f tbn f btzn qupujdtf sjf t=jo uf sn t pgui f btzn qupujdtf sjf t )8/41+

boe )8/47+x f i bwf αx)n+? ) 2+nβ−x)n+boe x f i bwf

)f Gx+) x , it+⊂
∏
n≥1

αx)n+) t+n boe g̈)x , it+⊂
∏
n≥1

αx)n+t
n. )8/49+

Jo qbsujdvmbs- budvtq 1 x f i bwf ui f ] tbn f#btzn qupujd tf sjf t- bqqspbdi joh gspn ui f vqqf s.

boe mpx f s.i bmgqmbof - jo ui f tf otf ui bu;

)f G1+)it+⊂
∏
n≥1

α1)n+) t+n boe g̈)it+⊂
∏
n≥1

α1)n+t
n. )8/4: +

Opuf ui buui f sfmbujpot )8/47+bn poh ui f btzn qupujd f yqbotjpo sfmbujpot bsf qsf djtfmz

x i bu x f of f e up n bl f dpoubdu x jui ui f i pn pmphjdbmcmpdl t pg ui f ui sf f .n bojgpme; ui f

gpsn f s tubuf t ui bu ui f mjn jujoh wbmvf bu τ ↔ 2
k sf tqfdujwfmz 2

k dpjodje f x i jdi jt x i bu x f

of f e up pcubjo ui f f yqfduf e sfmbujpot bn poh ui f Y SU jowbsjbout pgM4 boe M4- boe ui f

mbuuf s hjwf t ui f f yqfduf e sfmbujpo bn poh Pi utvl j tf sjf t/

Y f tvn n bsj–f ui f sfmbujpo c fux f f o ui f tf pc kfdut jo flhvsf : / Opuf ui bu ui f q ⇒ q−2

mjof c f ux f f o n pdl boe Fjdi mf s joufhsbmpg jut ti bepx jt jo ebti f e mjof - tjodf ui f q ⇒ q−2

qspdf evsf jt opo.vojrvf jo cpui e jsf dujpot/ Ui jt jt dmfbs gspn ui f gbduui buui f btzn qupujd

f yqbotjpo pomz efqf oet po ui f ti bepx pgui f n pdl n pevmbs gpsn - boe i f odf ui f n bq gspn

n pdl up rvbouvn n pevmbs gpsn t jt jo gbdu b mjofbs jokfdujwf n bq

μ ;Mk,χ) +/M (
k,χ) +↔ Qk,χ) +, )8/51+

hjwfo cz μ)f+? Qf/ S fmbuf emz- ju jt jotf otjujwf up ui f di pjdf pg ui f n pevmbs tvcusbd.

ujpo }Gj〈 tjC2/
Gjobmmz- gspn ui f e jtdvttjpot jo tf dujpo 4—5 jujt f btz up tf f ui bujo pvs dpoufyux f of f e b

wfdups.wbmvf e wf stjpo pgui f bcpwf ejtdvttjpo- gps ui f gvmmn pevmbs hspvq TM)3,Z+/ Juti pvme

c f tusbjhi ugpsx bse up hf of sbmj–f ui f f yjtujoh ejtdvttjpo up ui f wfdups.wbmvf e tjuvbujpo boe

x f mfbwf ui f e f ubjmt gps gvuvsf x psl /
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Npdl Npevmbs Gpsn

f � Mk,χ

Ti bepx

g � S3−k, !χ

Opo.i pm/ Fjdi mf s Jou/

g̈∗)z+, z � H−

Fjdi mf s Jou/ )Gbmtf θ+

g̈)τ+, τ � H-

Npevmbs Dpssfdujpo

g∗)τ+, τ � H+

Quantum Modular Forms

shadow map

z ? τ

same asymp.

(7.30)q ⇒ q−2

Figure 9/ Ui f sfmbujpo c fux f f o ui f e jfif sf ou n pevmbs pc kfdut jowpmwfe/ Ui f ebti f e mjof jt up

ef opuf ui bu ui f sfmbujpo jt opo.vojrvf jo cpui e jsf dujpot/

7.4 Rademacher sums

Bqbsugspn ui f q.i zqf shfpn fusjd sfmbujpo ejtdvttf e jo tf dujpo 8/3- bopui f s x bz up fyqmjdjumz

tf f i px n pdl ui f ub gvodujpot c fdpn f gbmtf ui f ub gvodujpot x i f o hpjoh c fux f f o vqqf s. boe

mpx f s.i bmgqmbof t- jt wjb ui f n fui pe pgS befn bdi f s tvn t/ Gps ui f gbn jmjf t pg f ybn qmf t x f

bsf jouf sf tuf e jo jo ui jt qbqf s- ui jt bqqspbdi jt bshvbcmz n psf tztufn bujd ui bo ui bupgui f

q.i zqf shfpn fusjd tf sjf t/ Y f x jmmfyqmbjo ui jt gvsui f s jo tf dujpo 8/6/

Bt Qpjodbsf̄ qpjouf e pvu- b tjn qmf x bz up dpotusvdu n pevmbs gpsn t jt tjn qmz cz bwf s.

bhjoh b rvboujuz pwf s jut jn bhf t voef s ui f n pevmbs hspvq “89 /̂ Ubl joh ui jt rvboujuz up c f

b n popn jbmqμ- boe gps b hjwfo )dpn qbujcmf+n vmujqmjf s tztufn χ pg x f jhi u k gps b hspvq

< TM)3,R+ui bu jt dpn n f otvsbcmf x jui TM)3,Z+- x f e f flof ui f Poincaré sum:

P
]μa
,k,χ)τ+;?

∏
γ∈ ∞\

qμ\k,χγ, )8/52+

x i f sf ∞ jt ui f tvchspvq pg ui bu qsf tf swf t ui f dvtq }i∈ 〈 - boe jt jo hf of sbmhfof sbuf e
bt ∞ ? 〉T h, 1|/ Ui f vojrvf tvdi qptjujwf joufhf s h jt dbmmfe ui f x jeui pg ui f dvtq

i∈ pg ui f hspvq / B di pjdf pg μ jt dpn qbujcmf jg boe pomz jg )dg/ )8/62++qμ\k,χγ ? qμ

gps bmmγ � ∞/ Y f bsf n bjomz jouf sf tuf e jo ui f tqfdjbmdbtf ? TM)3,Z+/ Jo ui jt dbtf

∞ ? 〉T, 1| boe ui f di pjdf pgμ jt dpotjtuf ou jgboe pomz jgχ)T+f)μ+? 2/ Gps k > 3 ui f

tvn )8/52+dpowf shf t bctpmvufmz boe P
]μa
,k,χ jt joe f f e b i pmpn psqi jd gvodujpo po H x i jdi jt

n psfpwf s b n pevmbs gpsn pgx f jhi u k boe n vmujqmjf s χ cz dpotusvdujpo/

Gps k ≥ 3- x i jdi jt ui f sbohf pg jouf sf tu gps vt- ui f tvn jt op mpohf s bctpmvufmz

dpowf shf ou boe pof of f et up sfhvmbsjtf ui f Qpjodbsf̄ tvn - x i jdi mfbet up x i bu jt pguf o
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l opx o bt ui f Rademacher sums/ Tf f “8: ˆ gps b sfwjf x / Gjstu- ui f tvn dbo op mpohf s c f

ubl f o pwf s ui f gvmmdptfu ∞√ boe x f dpotje f s jotufbe ui f gpmmpx joh tvctf u

K,K2 ?

})
a b

c d

[
�
(((\c\< K, \d\< K3

⎛
. )8/53+

Tvdi bo bekvtun f oupgui f sbohf pgtvn t jt tv´ djf ou gps k ? 3- cvugps k < 3 x f bmtp of f e

up jouspevdf bo beejujpobmsfhvmbsjtbujpo gbdups

A]μak )γ, τ+;?
!γ)2 w, 3πin)γτ γ∈ ++

)2 w+

x i f sf !γ ef opuf t ui f mpx f s jodpn qmfuf hbn n b gvodujpo

!γ)s, x+?

̂ x

1
ts−2e−tdt. )8/54+

Vtjoh ui f bcpwf - x f e f flof ui f S befn bdi f s tvn - bttpdjbuf e up ui f ebub ) , k, χ, μ+efuf s.

n jojoh ui f hspvq- ui f x f jhi u- ui f n vmujqmjf s boe ui f tf f e )ps qpmbs qbsu x i f o μ < 1+pg

ui f tvn - up c f 32

R
]μa
,k,χ)τ+;? mjn

K→∞

∏
γ∈ ∞\ K,K2

A]μak )γ, τ+)qμ\k,χγ+. )8/55+

Ojf cvs qspwf e ui bu jo ui f dbtf pg ofhbujwf x f jhi u ui f bcpwf dpotusvdujpo hjwf t sjtf up b

dpoejujpobmmz dpowf shf ou tf sjf t- x i jdi i f sf gf ssf e up bt bvupn psqi jd joufhsbm“94 /̂ Dmfbsmz-

bguf s sf hvmbsj–bujpo ui f sf jt op hvbsbouf f ui buui f tvn x jmmtujmmc f b n pevmbs gpsn / Juuvsot

pvuui bujo hf of sbmui f S befn bdi f s tvn )8/55+jt b n pdl n pevmbs gpsn x jui b ti bepx hjwfo

cz b dvtq gpsn / Npsfpwf s- ui f ti bepx pgui f S befn bdi f s tvn jt jutfmgb S befn bdi f s tvn ;

ξ R
]μa
,k,χ

〈
? ) μ+2−kR

]μa
,3−k, !χ, )8/56+

opx x jui ui f evbmx f jhi u boe ui f dpokvhbuf n vmujqmjf s tztufn )dg/efflojujpo 4+/

Ui jt ufdi ojrvf x bt f yuf oef e up ejfif sf of u x f jhi ut- n vmujqmjf s tztufn t boe n pevmbs

hspvqt cz “91—95ˆ boe mbuf s up x f jhi u 2/3 n pdl n pevmbs gpsn t jo “: - 96- 97 /̂ Gvsui f s

e fwfmpqn fout jo ui f dpoufyu pg i bsn pojd Nbbtt gpsn t bsf sf qpsuf e jo “98- 99 /̂ Bt tvdi -

S befn bdi f s tvn dpotusvdujpo dbo c f wjf x f e bt b vtf gvmuppmup dpotusvdu n pdl n pevmbs

gpsn t/ Ju dbo bmtp c f hf of sbmjtf e up ui f wfdups.wbmvf e dbtf t- x i jdi bsf sfmfwbou gps ui f

bqqmjdbujpo ejtdvttf e jo ui f qsf tf ou qbqf s- bt x bt epof jo “9: /̂

Bguf s n bttbhjoh ui f tvn jo )8/55+- pof dbo sfdbtu ui f S befn bdi f s tvn bt b q.tf sjf t

R
]μa
,k,χ)τ+? qμ ,

∏
h)ν−μ+∈Z

ν>1

c ,k,χ)μ, ν+q
ν )8/57+

21In the special case of χ(T ) = 1, which we do not encounter in the present work, an additional constant

should be added to this sum. The same comment also applies to (7.46). See [79] for details. In what follows

we will not consider such cases.
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boe pcubjo bo fyqmjdju f yqsf ttjpo gps jut Gpvsjf s dpf ´ djf out c ,k,χ)μ, ν+- tpn fujn f t sf gf ssf e

up bt ui f S befn bdi f s tf sjf t/

Up x sjuf epx o ui jt f yqsf ttjpo- x f e f flof ui f tvctf u

×
K ?

})
a b

c d

[
� \1 < \c\< K

⎛
, )8/58+

boe ui f gvodujpot

Kγ,χ)μ, ν+? f

)
μ
a

c

[
f

)
ν
d

c

[
χ)γ+, )8/59+

Bγ,k)μ, ν+?

⎩⎝⎝⎝⎝⎪⎝⎝⎝⎝⎨
f

)
k

5

[ ∏
n≥1

)
3π

c

[ 3n- k ) μ+n

n”

νk- n−2

)k , n+
, k ∼ 2,

f

)
k

5

[ ∏
n≥1

)
3π

c

[ 3n- 3−k ) μ+n- 2−k

)n , 3 k+

νn

n”
, k ≥ 2.

)8/5: +

Jo uf sn t pgui f tf x f i bwf

c ,k,χ)μ, ν+?
2

h
mjn

K→∞

∏
γ∈ ∞\ ×

K/ ∞

Kγ,χ)μ, ν+Bγ,k)μ, ν+ )8/61+

efflof e gps

)μ, ν+� 2

h
Z ∗ 2

h
Z

)
!ν

h
,
!ν

h

[
)8/62+

x i f sf χ)T h+? f )!ν+/ Gps mbuf s vtf x f di pptf ui f csbodi 1 < !ν < 2/

Gps ui f dbtf ? TM)3,Z+boe μ < 1 x f i bwf

c ,k,χ)μ, ν+?
∏
c>1

s ,χ)μ, ν, c+
3π

c

)
ν

μ

[ k−1
2

I|2−k|

)
5π

c

§
μν

[
)8/63+

x i f sf s ,χ)μ, ν, c+jt ui f Lmpptuf sn bo tvn

s ,χ)μ, ν, c+?
∏

γ∈ ∞\ / ∞

f

)
μ
a

c
, ν

d

c

[
χ)γ+ )8/64+

x i f sf ui f tvn jt pwf s ui f γ ? ) ∗ ∗
c ∗+boe x f x sjuf ui f epvcmf dptfu sf qsf tf oubujwf bt

γ ? ) a b
c d+/ Pof dbo fbtjmz di f dl ui bu ui f dpn qbujcjmjuz dpoejujpo hvbsbouf f t ui bu ui f

tvn n boe jt joef qf oef oupgui f di pjdf pgsf qsf tf oubujwf/ Npsf f yqmjdjumz- pof dbo x sjuf ui f

bcpwf bt

s ,χ)μ, ν, c+?
∏
1≤d<c
)c,d+C2

f

)
μ
a

c
, ν

d

c

[
χ)) a b

c d++, )8/65+

x i f sf jo f bdi uf sn jo ui f tvn x f di pptf boz )a, b+tvdi ui bu ) a b
c d+� TM)3,Z+- boe ui f

tvn n boe jt bhbjo joef qf oef ou pgui f di pjdf /
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Ui f flstu x bz up tf f ui f sfmbujpo c fux f f o Fjdi mf s joufhsbmpg ui f ti bepx boe ui f

S befn bdi f s tvn qf sgpsn f e jo ui f mpx f s.i bmg qmbof - jt cz opujoh ui f gpmmpx joh sfmbujpot

bn poh ui f S befn bdi f s tf sjf t “: /̂ Ui f tp.dbmmfe Eichler duality tubuf t

c ,k,χ) μ, ν+μ2−k ? c ,3−k, !χ)μ, ν+ν
2−k. )8/66+

Uphfui f s x jui ui f tp.dbmmfe Zagier duality sfmbujoh ui f S befn bdi f s tvn t pgevbmx f jhi ut

c ,3−k, !χ) ν, μ+? c ,χ,k)μ, ν+, )8/67+

x f i bwf ui f gpmmpx joh fyqsf ttjpo gps ui f Gpvsjf s dpf ´ djf out pg ui f n pdl n pevmbs gpsn

f ? R
]μa
,k,χ- jut ti bepx g ? ξ)R

]μa
,k,χ+)8/56+- boe ui f Fjdi mf s joufhsbm̈g;

f)τ+? qμ ,
∏

h)ν−μ+∈Z
ν>1

C)μ, ν+qν )8/68+

g)τ+? ) μ+2−k

)
q−μ ,

∏
h)ν′- μ+∈Z

ν>1

C) ν ′, μ+qν
′
[

)8/69+

g̈)τ+? q−μ ,
∏

h)ν′- μ+∈Z
ν>1

C)μ, ν ′+qν
′

)8/6: +

jo uf sn t pgui f S befn bdi f s tf sjf t C)μ, ν+;? c ,χ,k)μ, ν+“8: /̂ Dpn qbsf )8/68+boe )8/6: +-

boe gpdvt po ui f dbtf x i f sf ui f n pdl n pevmbs gpsn )tvdi bt n pdl ui f ub gvodujpot+i bwf

sf bmdpf´ djf out C)μ, ν+? C)μ, ν+- x f tf f ui bu f boe g̈ dbo c f wjf x f e bt c f joh sfmbuf e cz

q ⇒ q−2- bt e f qjduf e jo flhvsf : /
Ui f bcpwf sfmbujpo c fux f f o ui f n pdl n pevmbs gpsn f boe ui f Fjdi mf s joufhsbm̈g wjb

q ⇒ q−2 dbo c f tf f o fwf o n psf f yqmjdjumz cz n bojqvmbujoh ui f S befn bdi f s tvn jutfmg/ Ui f

r vf tujpo pgi px up fyuf oe ui f S befn bdi f s tf sjf t up ui f mpx f s.i bmgqmbof x bt flstuejtdvttf e

cz S befn bdi f s jo “: 1 /̂ Ui jt bobmztjt x bt mbuf s sfwjf x f e boe f yuf oef e up ui f dpoufyu pg

i bsn pojd Nbbtt gpsn t boe n pdl n pevmbs gpsn t cz S i pbef t “21 -̂ jo ui f tqfdjbmdbtf pg

x f jhi uk ? 2/3/ Jo x i bugpmmpx t x f x jmmgpmmpx i jt usf bun f ouboe ti px ui bupof dbo efflof

b gvodujpo dpowf shf ou cpui jo ui f vqqf s boe ui f mpx f s i bmg.qmbof x i jdi dpjodje f t x jui ui f

n pdl n pevmbs gpsn jo ui f vqqf s i bmg.qmbof boe ui f Fjdi mf s joufhsbmpg jut ti bepx jo ui f

mpx f s i bmg.qmbof/ Hjwfo ui f dpowf shf odf pgui f x f jhi u203 S befn bdi f s tvn t qspwfo jo “: 2 -̂

x f i bwf ui f gpmmpx joh ui f psf n - hf of sbmjtjoh ui f sf tvmupg“21 /̂

Theorem 6. Let f)τ+be a mock modular form of weight 1/2 defined by the Rademacher

sum R
]μa
,2/3,χ)τ+, for ? 1)N+with some positive integer N . Then there exists a function

F )τ+on H and H−, satisfying

F )τ+?

}
f)τ+ x i f o τ � H

g̈) τ+ x i f o τ � H−.
)8/71+

in the notation of (7.57)–(7.59).
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Proof. Up dpotusvdu F - mfu vt tubsu x jui ui f S befn bdi f s tvn x i jdi e f flof t ui f n pdl

n pevmbs gpsn f/Gps dpowfojf odf x f x jmmgpdvt po ui f dbtf ? TM)3,Z+/Ui f hf of sbmj–bujpo

up ? 1)N+x jui N > 2 jt tusbjhi ugpsx bse/ Vtjoh )8/63+boe ui f gpmmpx joh joufhsbm

fyqsf ttjpo gps ui f Cf ttfmgvodujpo )dg/mfn n b 4/2 pg“21 +̂

t−2/5I2/3
5π

k

§
t
〈
?

∑
|s|Cε

ds

3πi
est
∏
m≥1

)5πk +
3m- 1

2

)m , 4
3+

2

sm- 2
, )8/72+

x i f sf ε n bz c f ubl f o up c f bscjusbsjmz tn bmm- x f pcubjo ui f gpmmpx joh fyqsf ttjpo gps

f ;? R
]μa

VS)3,Z+, 1
2
,χ
;

f)τ+? qμ ,
) μ+−2/3

3

∏
ν−μ∈Z
ν>1

∏
c>1

∏
1≤d<c

qν f

)
ν
d

c
, μ

a

c

[
χ)) a b

c d++

∗
∑
|s|Cε

ds

3πi
e−sμν

∏
m≥1

)5πc +
3m- 3

2

)m , 4
3+

2

sm- 2
.

)8/73+

Ui f qsppgpgui f dpowf shf odf pgui f bcpwf tvn jt ui f tbn f bt jo “: 2 /̂ Tjodf ui f tvn pwf s

m jt bctpmvufmz dpowf shf ou- x f dbo tx judi ui f pse f s pgui f joufhsbmboe ui f tvn boe pcubjo

ui f tvddjodu fyqsf ttjpo

f)τ+? qμ ,

∑
|s|Cε

ds

3πi

∏
c>1

∏
1≤d<c

fc,d=- )τ, s+Gc,d)s+ )8/74+

x i f sf

Gc,d)s+?
) μ+−2/3

3
f

)
μ
a

c

[
χ)) a b

c d++
∏
m≥1

)5πc +
3m- 3

2

)m , 4
3+

2

sm- 2
)8/75+

jt b τ .joe f qf oef ou gbdups boe

fc,d=- )τ, s+?
∏

ν−μ∈Z
ν>1

qν f

)
ν
d

c

[
e−sμν )8/76+

dbquvsf t ui f tvn n bujpo pwf s ν/ Opuf ui bu fc,d=- jt b hfpn fusjd tf sjf t/ Dpotf r vf oumz- jgx f

e f flof

fc,d)τ, s+?
q !ν f !ν d

c

〈
e−sμ!ν

2 q f !d
c

〈
e−sμ

)8/77+

x i f sf !ν jt bt jo )8/62+- x f i bwf

fc,d)τ, s+?

⎩⎪⎨fc,d=- )τ, s+, \qe−μs \< 2

fc,d=−)τ, s+, \qe−μs \> 2
)8/78+

x i f sf

fc,d=−)τ, s+?
∏

ν′- μ∈Z
ν′>1

q−ν′ f

)
ν ′
d

c

[
esμν

′
. )8/79+
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Vtjoh ui f bcpwf - pof flobmmz ti px t ui bu

F )τ+;? qμ ,

∑
|s|Cε

ds

3πi

∏
c>1

∏
1≤d<c

fc,d)τ, s+Gc,d)s+ )8/7: +

dpowf shf t cpui gps τ � H boe τ � H− )dg/ ui f psf n 2/2 pg “21 +̂/ Npsfpwf s- qmvhhjoh jo

fc,d)τ, s+? fc,d=−)τ, s+jo ui f mpx f s.i bmg qmbof boe bhbjo vtjoh ui f joufhsbmfyqsf ttjpo gps

ui f Cf ttfmgvodujpo )8/72+- x f pcubjo ui f l f z tubufn f ou pgui f psf n 7/

Ui f dpouf oupgui f bcpwf n bojqvmbujpo jt ufdi ojdbmmz f rvjwbmfouup ui f sfmbujpot )8/66+

boe )8/67+bn poh ui f S befn bdi f s tf sjf t- cvugvsui f s i jhi mjhi ut ui f gbduui buS befn bdi f s

tvn t mfbe up b obuvsbmefflojujpo pg gvodujpot efflof e cpui po ui f vqqf s. boe mpx f s.

i bmgqmbof/

Y f flojti ui jt tvctf dujpo x jui tpn f sf n bsl t/

≡Hjwfo b gbmtf ui f ub gvodujpo- ui f S befn bdi f s tvn gpsn bmjtn epf t opu efuf sn jof b

vojrvf n pdl n pevmbs gpsn bt jut dpn qbojpo jo ui f pui f s tje f pg ui f qmbof / Ui jt

jt c f dbvtf ui f ti bepx n bq i bt b mbshf l f sofm; ui f beejujpo pg b n pevmbs gpsn up b

n pdl n pevmbs gpsn epf t opu di bohf jut ti bepx / Tjodf ui f Fjdi mf s joufhsbm- bsjtjoh

bt S befn bdi f s tvn t qf sgpsn f e po ui f pui f s tje f pgui f qmbof - pomz efqf oet po ui f

ti bepx pg ui f n pdl n pevmbs gpsn - S befn bdi f s tvn t x jui ui f tbn f ti bepx bsf

f yuf oef e up ui f tbn f gvodujpo po ui f pui f s tje f pg ui f qmbof / Jo pui f s x pset- ui f sf

dbo c f n boz ejfif sf ou x bzt up x sjuf b gbmtf ui f ub gvodujpo bt S befn bdi f s tvn t-

dpssf tqpoejoh up ejtujodu n pdl n pevmbs gpsn t x jui ui f tbn f ti bepx / B dmptfmz

sfmbuf e gbdujt ui buui f z bmtp hjwf sjtf up ui f tbn f rvbouvn n pevmbs gpsn - bt x f i bwf

ejtdvttf e jo )8/51+/

≡Gps ui f n bjo qbsupgui f qbqf s- jodmvejoh bmmui f f ybn qmf t x f e jtdvtt jo tf dujpo 7- x f

bsf jouf sf tuf e jo ui f tqfdjbmdbtf t x i f sf ui f x f jhi upgui f n pdl n pevmbs gpsn jt k ? 2
3

boe ui f hspvq jt ? TM)3,Z+/ Npsfpwf s- ui f n vmujqmjf s jt ui bu pcubjof e gspn Y f jm

sfqsf tf oubujpot ejtdvttf e jo tf dujpo 4/4/ Jo ui jt gbn jmz pg dbtf t- ui f n pdl n pevmbs

gpsn t dbo c f dpowfojf oumz ef tdsjc f e jo uf sn t pg n pdl Kbdpcj gpsn t boe ui f sf tvmut

pg “48ˆ jn qmz ui bu ui f tf wfdups.wbmvf e n pdl n pevmbs gpsn t f okpz ui f qspqf suz ui bu

ui f z bsf vojr vfmz efuf sn jof e cz ui f js qpmbs qbsu- j/f /ui f js c f i bwjpvs ofbs ui f dvtq

τ ↔ i∈ )dg/“: 3 +̂/ Npsfpwf s- hf of sjdbmmz ui f S befn bdi f s tvn t jo ui jt dpoufyu hjwf

sjtf up q.tf sjf t x jui usbotdf oef oubmdpf´ djf out x i jdi dboopuc f sfmfwboubt rvbouvn

jowbsjbout tjodf ui f dpf ´ djf out bsf tvqqptf e up dpvou CQT tubuf t/ Ui jt ti px t ui bu

ef tqjuf bn cjhvjuz pof ti pvme c f bcmf up vtf qi ztjdbmboe upqpmphjdbmdsjuf sjb up tfbsdi

gps ui f sfmfwbou n pdl n pevmbs gpsn t/

≡Ui f S befn bdi f s tvn t ejtdvttf e i f sf i bwf b obuvsbmjouf sqsf ubujpo jo ui f qi ztjdbm

tfuvq )3/2+jmmvtusbuf e jo flhvsf 3/ Joef f e - sf dbmmui bu τ ? 2
3πi mphq jt ui f dpn qmfy

tusvduvsf pg ui f cpvoebsz upsvt T 3 ⊂? ∂ D3 ∗ q S
2
〈
/ I px fwf s- vomjl f pui f s qi ztjdbm

tztufn t x i f sf ui f gvmmn pevmbs hspvq ? TM)3,Z+bdut po τ - jo pvs tf uvq 3e

O ? )1, 3+cpvoebsz ui f psz f okpzt TM)3,Z+tzn n fusz- x i f sf bt 4e O ? 3 ui f psz jt
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pomz jowbsjbou voef s ui f tvchspvq ∞ c fdbvtf pof pgui f 2.dzdmf t pgT 3 ⊂? ∂ D3 ∗ q

S2
〈
jt dpousbdujcmf jo ui f dpn cjof e 4e .3e tztufn t/ Ui jt f yqmbjot ui f psjhjo pg ui f

dptfu ∞√ /

Npsfpwf s- ui f mfbejoh uf sn jo ui f tvn )x jui c ? 1+ui bu dpssf tqpoet up ui f dpousj.

cvujpo pg ui f dvtq i∈ dbo c f jouf sqsf uf e bt ui f qbsujujpo gvodujpo pg b 2e ffifdujwf

rvbouvn n fdi bojdt pcubjof e gspn pvs 4e .3e tztufn jo ui f mjn ju τ ↔ i∈ - jo x i jdi

T 3 jt f fifdujwfmz tusfudi f e up b qspevdu pg b ] mpoh#djsdmf boe b ] ti psu#djsdmf - x jui

sbujp pg sbejb Jn τ/ Ui f dpousjcvujpo pg ui f pui f s uf sn t- x jui c �? 1- ui f o dbo c f

voef stuppe bt ui f tvn pwf s LL n pef t bmpoh ui f ] ti psu#djsdmf/

≡Gps 4: pgtvdi dbtf t ui f sf bsf ] pqujn bm#obuvsbmdi pjdf t gps ui f js qpmbs qbsut “: 3ˆboe

ui f z bqqfbs qspn jof oumz bmtp jo ui f dpoufyupg4.n bojgpme/ Bt b sf tvmu- ui f z tf swf bt

f ybn qmf t pg i px S befn bdi f s tvn t hjwf sjtf up ojdf q.tf sjf t cpui jo ui f vqqf s. boe

mpx f s.i bmgqmbof t boe x jmmc f ejtdvttf e tf qbsbufmz jo tf dujpo 8/6/

7.5 The “optimal” examples

Jo ui f qsfwjpvt tvctf dujpot x f i bwf ejtdvttf e i px n pdl n pevmbs gpsn t boe Fjdi mf s jo.

ufhsbmt bsf sfmbuf e wjb q ⇒ q−2- gspn ui f qpjou pg wjf x pg q.i zqf shfpn fusjd gvodujpot-

rvbouvn n pevmbs gpsn t- boe S befn bdi f s tvn t- sf tqfdujwfmz/ Jo ui jt tvctf dujpo x f x jmm

hjwf f yqmjdju f ybn qmf t pg tvdi n pdl .gbmtf qbjst x jui ui f gpmmpx joh ef tjsbcmf qspqf sujf t- bt

bmmvef e up buui f f oe pgui f qsfwjpvt tvctf dujpo;

≡Ui f z dbo c f pcubjof e bt S befn bdi f s tvn t jo b qbsujdvmbsmz tjn qmf x bz- n bl joh

ui f n b qf sgfdu jmmvtusbujpo pgui f qsjodjqmf f yqmbjof e jo tf dujpo 8/5/

≡Ui f z bqqfbs jo ui f ui sf f .n bojgpme dpoufyu- bt jmmvtusbuf e jo ubcmf 24—25/

≡ Bt x f n f oujpof e c f gpsf - ui f n pevmbs tvcusbdujpot pg hf of sjd n pdl n pevmbs gpsn t

bsf opu vojrvf boe b upubmmz tztufn bujd usfbun f ou jt opu zfu bwbjmbcmf/ Gspn ui f

sfmbujpo up ui f qf suvscbujwf Di f so.Tjn pot- ps ui f Pi utvl j tf sjf t- x f bsf qbsujdvmbsmz

jouf sf tuf e jo n pdl n pevmbs gpsn t x i jdi bsf flojuf bu q ↔ 2 )dg/)8/4: ++/ Evf up ui f

tjn qmf tusvduvsf pg ui f qpmf t pg ui f gvodujpot jo pvs f ybn qmf - ju jt qpttjcmf up ti px

ui bu tpn f pgui f n bsf flojuf jo ui f mjn ju q ↔ 2 boe i f odf i bwf ui f tbn f btzn qupujd

f yqbotjpot bu ui f dvtq τ ↔ 1 po ui f optf / Bt b sf tvmu- ui f tf n pdl n pevmbs gpsn t

bsf sf bejmz dboejebuf t gps ui f r vbouvn jowbsjbout pg M4/

Ui jt dmbtt pg 4: f ybn qmf t jt tuvejf e boe dmbttjflf e jo “: 3ˆ bt ui f pomz optimal mock

Jacobi forms of weight one x jui opo.usbotdf oef oubmdpf´ djf out/ Up fyqmbjo x i bu ui f z

bsf - sf dbmmui bu tp gbs x f bmxbzt f odpvouf s gbmtf ui f ub gvodujpot ui bu bsf Fjdi mf s joufhsbmt

pg x f jhi u 403 vobsz ui f ub gvodujpot usbotgpsn joh bddpsejoh up Y f jmsfqsf tf oubujpot )dg/

tfdujpo 4/4 boe tf dujpo 7+/ Gpmmpx joh ui f r vbouvn n pevmbs gpsn bobmztjt jo tf dujpo 8/4- po

ui f pui f s tje f pg ui f qmbof ui f z dpssf tqpoe up x f jhi u 203 n pdl n pevmbs gpsn t x i jdi bsf

wfdups.wbmvf e boe usbotgpsn joh bddpsejoh up ui f evbmY f jmsfqsf tf oubujpot/ B tvddjodux bz

up tbz ui jt jt ui f z bsf n pdl Kbdpcj gpsn t pgx f jhi upof / )Fwf szx i f sf jo ui f qsf tf ouqbqf s
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m , K σm- K M4 H2)M4+ r � σm- K

3 }2〈 M) 3=2/3, 2/3, 2/3+ Z3 ⊗ Z3 r ? 2

4 }2, 3〈 M) 3=2/3, 2/3, 3/4+ Z5 r ? 2, 3

5 }2, 3, 4〈 M) 3=2/3, 2/3, 4/5+ Z3 ⊗ Z3 r ? 2, 4

6 }2, 3, 4, 5〈 M) 3=2/3, 2/3, 5/6+ Z5 r ? 2, 5

7 }2, . . . , 6〈 M) 3=2/3, 2/3, 6/7+ Z3 ⊗ Z3 r ? 2, 6

7, 4 }2, 4〈 M) 3=2/3, 3/4, 3/4+ Z4 r ? 2, 4

8 }2, . . . , 7〈 M) 3=2/3, 2/3, 7/8+ Z5 r ? 2, 7

9 }2, . . . , 8〈 M) 3=2/3, 2/3, 8/9+ Z3 ⊗ Z3 r ? 2, 8

: }2, . . . , 9〈 M) 3=2/3, 2/3, 9/: + Z5 r ? 2, 9

21 }2, . . . , : 〈 M) 3=2/3, 2/3, : /21+ Z3 ⊗ Z3 r ? 2, :

21, 6 }2, 4, 6〈
M) 2=2/3, 2/6, 2/6+ Z4 r ? 2, 6

M) 5=2/3, 2/3, 2/3+ Z3 ⊗ Z3 ⊗ Z6 r ? 2, 4, 6

23 }2, . . . , 22〈 M) 3=2/3, 2/3, 22/23+ Z3 ⊗ Z3 r ? 2, 22

23, 5 }2, 5, 6〈 M) 2=2/3, 3/4, 4/5+ Z3 r ? 2, 6

24 }2, . . . , 23〈 M) 3=2/3, 2/3, 23/24+ Z5 r ? 2, 23

25, 8 }2, 4, 6, 8〈
M) 6=2/3, 2/3, 2/3+ Z3 ⊗ Z3 ⊗ Z8 r ? 2, 4, 6, 8

M) 2=2/3, 2/8, 3/8+ Z8 r ? 4, 8

27 }2, . . . , 26〈 M) 3=2/3, 2/3, 26/27+ Z3 ⊗ Z3 r ? 2, 26

29 }2, . . . , 28〈 M) 3=2/3, 2/3, 28/29+ Z3 ⊗ Z3 r ? 2, 28

29, : }2, 4, 6, 8〈
M) 2=2/3, 2/4, 2/: + Z4 r ? 2, 6

M) 3=2/3, 2/4, 3/4+ Z; r ? 2, 4, 6, 8

M) 7=2/3, 2/3, 2/3+ Z3 ⊗ Z3 ⊗ Z; r ? 2, 4, 6, 8

36 }2, . . . , 35〈 M) 3=2/3, 2/3, 35/36+ Z5 r ? 2, 35

33, 22 }2, 4, 6, 8, : , 22〈
M) 8=2/3, 2/3, 2/3+ Z3 ⊗ Z3 ⊗ Z22 r ? 2, 4, 6, 8, : , 22

M) 2=2/3, 2/22, 5/22+ Z22 r ? 8, 22

41, 7-21-26 }2, 8〈 Υ)3, 4, 6+ 1 r ? 2

41, 26 }2, 4, . . . , 26〈
M) : =2/3, 2/3, 2/3+ Z3 ⊗ Z3 ⊗ Z26 r ? 2, 4, . . . , 26

M) 2=2/3, 3/6, 2/26+ Z6 r ? 8, 22

57, 34 }2, 4, . . . , 34〈 M) 24=2/3, 2/3, 2/3+ Z3 ⊗ Z3 ⊗ Z34 r ? 2, 4, . . . , 34

Table 13/ Pqujn bmn pdl Kbdpcj ui f ubt pgOjfn f jf s uzqf boe f ybn qmf t pgui f sfmfwbou4.n bojgpmet/

)n pdl +Kbdpcj gpsn t sf gf s up ui ptf usbotgpsn joh voef s ui f x i pmf n pevmbs hspvq TM)3,Z+-

boe opu kvtu tpn f qspqf s tvchspvq pg ju/+Jo pui f s x pset- tvqqptf ui f i pn pmphjdbmcmpdl t

pg b ui sf f .n bojgpme M4 bsf hjwfo jo uf sn t pg gbmtf ui f ub gvodujpot pg joef y m )dg/ )5/5+

boe )5/8++- ui f o gspn ui f bobmztjt pgui f qsfwjpvt tvctf dujpot x f f yqfdub df subjo joef y m

n pdl Kbdpcj gpsn up c f sfmfwbou gps M4/

Hjwfo b wfdups.wbmvf e n pdl n pevmbs gpsn h ? )hr+- r ? 2, . . . ,m 2- x jui dpn qmfujpo
ah ? )ahr+)dg/ efflojujpo 4+- x f tbz ui bu jut dpn cjobujpo x jui ui f joe f y m ui f ub gvodujpot

)dg/)4/39++

ψ)τ, z+?
∏

rC2,...,m−2
hr)τ+)θm,r θm,−r+)τ, z+ )8/81+
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m , K σm- K M4 H2)M4+ r � σm- K

7, 3 }2, 3, 5〈 M) 3=2/3, 2/3, 2/4+ Z9 r ? 2, 3, 5

21, 3 }2, 3, 4, 5, 7, 9〈 M) 3=2/3, 2/3, 4/6+ Z9 r ? 2, 5, 7

23, 4 }2, 3, 4, 6, 7, : 〈
M) 2=2/4, 2/4, 2/5+ Z4 r ? 2, :

M) 3=2/3, 2/3, 2/5+ Z3 ⊗ Z3 ⊗ Z4 r ? 2, 4, 6, :

26, 6 }2, 3, 5, 6, 8, 21〈
M) 2=2/3, 2/4, 2/21+ Z5 r ? 2, 5

M) 2=2/4, 2/6, 3/6+ Z6 r ? 5, 21

M) 4=2/3, 2/3, 2/4+ Z31 r ? 2, 3, 5, 6, 21

29, 3 }2, . . . , 9, 21, 23, 25, 27〈 M) 3=2/3, 2/3, 8/: + Z9 r ? 2, 9, 21

31, 5 }2, 4, 5, 8, 9, 22〈 M) 2=2/3, 2/5, 2/6+ Z3 r ? 2, 22

32, 4 }2, . . . , 7, 9, : , 22, 23, 26, 29〈 M) 3=2/3, 2/3, 5/8+ Z9 r ? 2, 7, 9, 26

35, 9 }2, 3, 6, 8, 9, 24〈 M) 2=2/3, 2/4, 2/9+ Z3 r ? 2, 8

39, 8
}2, 3, 4, 6, 7, 8, : ,

M) 2=2/5, 2/8, 5/8+ Z8 r ? 24, 32
21, 24, 25, 28, 32〈

41, 4-6-26 }2, 4, 6, 8, : , 26〈

44, 22
}2, 3, 5, 6, 8, 9, 21, M) 6=2/3, 2/3, 2/4+ Z55 r ? bmm

22, 24, 27, 2: , 33〈 M) 2=2/4, 2/22, 7/22+ Z22 r ? 27, 33

47, 5
}2, 4, 5, 6, 8, 9, 22,
23, 26, 27, 2: , 34〈

53, 7-25-32 }2, 6, 22〈 Υ)3, 4, 8+ 1 r ? 2

71, 23-26-31 }2, 3, 8, 22, 24, 25〈 Υ)4, 5, 6+ 1 r ? 24

81, 21-25-46 }2, 4, : , 22, 24, 34〈 Υ)3, 6, 8+ 1 r ? 22

89, 7-37-4: }2, 6, 8, 22, 28, 34〈 Υ)3, 4, 24+ 1 r ? 8

Table 14/ Pqujn bmn pdl Kbdpcj ui f ubt pg opo.Ojfn f jf s uzqf boe f ybn qmf t pg ui f sfmfwbou 4.

n bojgpmet/

jt b mock Jacobi form pg joef y m boe x f jhi u pof jg jut opo.i pmpn psqi jd dpn qmfujpo

aψ)τ, z+?
∏

rC2,...,m−2
ahr)τ+)θm,r θm,−r+)τ, z+ )8/82+

usbotgpsn t bt b vtvbmKbdpcj gpsn )pgjoef ym boe x f jhi upof+/Y f sf gf s up- gps jotubodf “45ˆ

boe “: 3- : 4 -̂ gps cbdl hspvoe po Kbdpcj gpsn t boe n pdl Kbdpcj gpsn t sf qtf dujwfmz/ Opuf

ui bu ui f pqqptjuf tjho jo ui f ui f ub gvodujpo gbdups sfffifdut ui f bouj.jowbsjbodf pg Kbdpcj

gpsn t pgpee x f jhi ut voef s z ⇒ z/

Gspn b ovn c f s ui f psz qpjoupgwjf x - x f jhi upof n pdl Kbdpcj gpsn t bsf sbui f s tqfdjbm/

Gjstu- jo b tf otf x f x jmmn bl f qsf djtf ti psumz- bmn ptubmmpgui f n i bwf usbotdf oef oubmdpfg.

fldjf out “: 5ˆboe bsf ui f sf gpsf opusfmbuf e up boz dpvoujoh qspcmfn jo upqpmphz boe qi ztjdt/

Tfdpoe- bt x f i bwf tf f o jo ui f qsfwjpvt tvctf dujpot- bo jn qpsubouqspqf suz pg)n pdl +

n pevmbs gpsn t jt ui f js c f i bwjps bu ui f dvtqt Q ∩ }i∈ 〈/ Bu x f jhi u pof n pdl Kbdpcj gpsn
jt jo gbdu vojrvfmz efuf sn jof e cz jut qpmf t “48- : 4 /̂ Ui f optimal di pjdf pgui f qpmf t- gps b

hjwfo joef y m- jt hjwfo cz

q
1

4mhr ? O)2+. )8/83+

—87 —



J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

Jo “: 3ˆ ju x bt ti px o ui bu ui f tqbdf pg x f jhi u pof n pdl Kbdpcj gpsn t- pg boz joef y

m � Z>1 boe i bwjoh 2/ ui f pqujn bmqpmf t )8/83+boe 3/ opo.usbotdf oef oubmdpf´ djf out-

jt tvsqsjtjohmz flojuf .e jn f otjpobm)45.e jn f otjpobmup c f qsf djtf+/ Npsfpwf s- ui f sf bsf 4:

tqfdjbmwfdupst jo ui jt 45.e jn f otjpobmtqbdf - e jtujohvjti f e cz ui f js tzn n fusjf t- x i jdi tqbo

ui f tqbdf / )Gjwf pg ui f n bsf opu mjofbsmz joef qf oef ou pg ui f sf tu/+Ui f z bsf mbc fmmfe cz

ui f tbn f qbjs )m,K+ui bu x f vtf e jo tf dujpo 4/4 up efflof tvc .sf qsf tf oubujpot pg Y f jm

sfqsf tf oubujpot/ Mfu(t e f opuf ui f dpssf tqpoejoh n pdl gpsn t cz

ψm- K ?
∏

rC2,...,m−2
hm- K
r )τ+)θm,r θm,−r+. )8/84+

Ui f o ui f hspvq K ejdubuf t ui f tzn n fusz pgΩm- K ui bujujt jowbsjbouvoef s θm,r ∀↔ θm,ra)n+

gps fwf sz n � K )dg/ )4/41+—)4/42++/ Jo qbsujdvmbs- tjodf a)m+? 2 x f x jmmofwf s i bwf

b opo.wbojti joh ψm- K vomf tt m �� K/ Jo gbdu- rvjuf sf n bsl bcmz ui f z bsf jo pof .up.pof

dpssf tqpoef odf x jui ui f 4: qbjst )m,K+x jui m �� K x i jdi e f flof e jtdsf uf tvchspvqt
m- K pgTM)3,R+x jui ui f qspqf suz ui bu m- K√H jt b hf ovt –f sp S jf n boo tvsgbdf )n jovt

flojufmz n boz qpjout+/ Y f sf gf s up “: 3ˆboe “: 6ˆgps ui f e f ubjmt/

Gspn ui f bcpwf dmbttjfldbujpo- x f pcubjo 4: e jtujohvjti f e n pdl Kbdpcj gpsn t ψm- K-

ps f rvjwbmfoumz 4: wfdups.wbmvf e n pdl n pevmbs gpsn t hm- K ? )hm- K
r +- x jui joe f qf oef ou

dpn qpof out hjwfo cz r � σm- K )dg/tfdujpo 4/4+/ Ui f z i bwf ui sf f gvsui f s tusjl joh ovn c f s

ui f psf ujd qspqf sujf t “: 3ˆpghsfbu jn qpsubodf up ui f qspcmfn t bu i boe;33

2/ Joufhsbmdpf´ djf out=

3/ S befn bdi f s tvn t=

4/ Ui fub gvodujpo ti bepx t/

Bmui pvhi x f pomz efn boef e ui f dpf ´ djf out up c f opo.usbotdf oef oubm- x jui b tvjubcmf

opsn bmj–bujpo ui f z bsf jo gbdu bmmjoufhsbm” Ui f flstu ep–f ot pg dpf ´ djf out dbo c f gpvoe

jo “: 3ˆ boe “: 7 /̂ Ui f qspqf sujf t pg ui f dpf ´ djf out gvsui f s e jwje f ui f 4: dbtf t joup ux p

hspvqt; ui f gpsn t jo ui f flstuhspvq- dbmmfe ui f Niemeier type- i bwf nonnegative dpf´ djf out

pghm- K
r gps bmmopo.qpmbs uf sn t jo ui f q.f yqbotjpo- boe bsf jo pof .up.pof dpssf tqpoef odf

x jui ui f 34 Ojfn f jf s mbuujdf t boe qmbz ui f spmf pgui f hsbef e e jn f otjpot pgui f flojuf hspvq

n pevmf t gps vn csbmn ppoti jof “: 7- : 8 /̂ Ui f tf dpoe hspvq dpoubjot ui f pui f s 27 dbtf t

x i jdi i bwf cpui qptjujwf boe ofhbujwf Gpvsjf s dpf ´ djf out/ Ui f dpssf tqpoejoh m , K pg

ui f ux p hspvqt bsf ubcvmbuf e jo ubcmf 24 boe 25 sf tqfdujwfmz/ Opujdf ui bujo ui f flstuhspvq-

opu bmmpgui f n dpssf tqpoe up jssf evdjcmf Y f jmsfqsf tf oubujpot/

Ui f tf dpoe qspqf suz tubuf t ui buui f z dbo c f dpotusvduf e bt wfdups.wbmvf e S bef .n bdi f s

tvn t- x i ptf tjn qmf s- tjohmf .wbmvf e wf stjpo x f i bwf sfwjf x f e jo tf dujpo 8/5 bt b x bz up

jouf sqpmbuf c fux f f o vqqf s. boe mpx f s.i bmgqmbof/ Ui jt n fbot ui buui f e jtdvttjpo tf dujpo 8/5

jt bqqmjbcmf gps ui f tf gvodujpot- boe ui f z bsf sfmbuf e up ui f Fjdi mf s joufhsbmpgui f js ti bepx t-

22Another noteworthy property, though not directly related to the present application, is the fact that

all Ramanujan’s mock theta functions (up to modular forms) can be expressed in terms of these 39 mock

Jacobi forms.
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wjb ui f q ⇒ q−2 usbotgpsn bujpo ejtdvttf e jo tf dujpo 8/4 boe tf dujpo 8/5/ Ui f hppe ofx t

gps vt jt ui f o ui bugps bmmui f tf 4: n pdl Kbdpcj gpsn t- ui f ti bepx t bsf hjwfo cz x f jhi u403

vobsz ui f ub gvodujpot pg ui f gpsn )5/2+- boe ui f js Fjdi mf s joufhsbmt bsf qsf djtfmz ui f gbmtf

ui f ub gvodujpot Ωm- K
r ui bu x f f odpvouf s/ Ui f qsf djtf gpsn pg ui f ti bepx t dbo c f gpvoe

jo “: 3ˆ boe “: 7 /̂ Gspn ui f epn jobou spmf pg ui f Fjdi mf s joufhsbmt Ωm- K
r pg ui f n )5/8+jo

ui f i pn pmphjdbmcmpdl t gps Tf jgf su n bojgpmet x jui ui sf f tjohvmbs flcsf t- bt e f n potusbuf e jo

tf dujpo 7- x f f yqfduui f tf 4: f ybn qmf t up c f sfmfwbougps ui f tbn f n bojgpmet x jui sfwf stf e

psjf oubujpo/ Joef f e - gps bmn ptubmmpgui f n x f dbo fbtjmz floe ui sf f .n bojgpmet gps x i jdi ui f

i pn pmphjdbmcmpdl t bsf hjwfo cz ui f dpssf tqpoejoh Ωm- K
r gps tpn f r/ Y f ubcvmbuf tpn f pg

ui f n jo ubcmf 24—25/

Gjobmmz- x f dpn n f ou ui bu

mjn
τ→1

hm- K
r )τ+? O)2+ )8/85+

gps ui f gpmmpx joh )m,K+boe r;

≡ 7, 3 - r ? 2

≡ 21, 3 - r ? 2, 4

≡ 29, 3 - r ? 2, 4, 6, 8-

x i jdi dbo fbtjmz c f wf sjflf e gspn ui f l opx o c f i bwjpvs )8/83+pghm- K
r ofbs τ ↔ i∈ boe cz

dpn qvujoh ui f S.n busjy )4/48+/ Gps jotubodf - h7- 32 )τ+? q−
1
24 f)q+jt hjwfo cz ui f pse f s

ui sf f n pdl ui f ub gvodujpo pg S bn bovkbo f)q+- x i jdi bt x f i bwf dpn n fouf e jo )8/45+—

)8/46+i bt b flojuf wbmvf bu q ↔ 2/ Bt n f oujpof e jo ui f c f hjoojoh pg ui f tvctf dujpo-

ui jt gbdu hjwf t ui f tf n pdl n pevmbs gpsn t ui f e jtujohvjti f e tubuvt ui bu ui f js btzn qupujd

f yqbotjpo ofbs τ ↔ 1 dpjodje f t x jui ui f dpssf tqpoejoh Pi utvl j tf sjf t po ui f optf /

8 Beyond false

Jo ui jt tf dujpo- x f tuvez Tf jgf su n bojgpmet x jui gpvs tjohvmbs flc f st/ Ju uvsot pvu ui bu

tusvduvsf pg ui f i pn pmphjdbmcmpdl t bsf wf sz bobmphpvt bt ui f dbtf t x jui ui sf f tjohvmbs

flcsf t/ Ui f opwfmuz jt ui bu ui f z i bwf ui f gpmmpx joh ] cvjmejoh cmpdl t#- qmbzjoh b tjn jmbs

spmf bt ui f gbmtf ui f ub gvodujpot Ωm- K
r jo ui f qsfwjpvt dbtf t- bsf b n jy c fux f f o Fjdi mf s

joufhsbmt pgx f jhi u 203 boe x f jhi u 403 ui f ub gvodujpot )dg/)9/5++

Bm,r)τ+≤
2

3m

]
Ψm,r)τ+ rΩm,r)τ+

{
Bm- K

r )τ+? 3|K|−2 ∏
r′ n pe 3m

Pm- K
rr′ Bm,r′)τ+.

)9/2+

Y f qspwjef b opo.tqi f sjdbmfybn qmf M) 3=23 ,
3
4 ,

3
6 ,

3
6+boe dpn qvuf jut btzn qupujd f yqbo.

tjpo cz f yqmpjujoh jut n pevmbs.mjl f qspqf sujf t/

—89 —



J
H
E
P
1
0
(
2
0
1
9
)
0
1
0

8.1 The building blocks

Y f qspdf f e cz bobmphz x jui 4.flc f s f ybn qmf t up je f oujgz ui f ] cvjmejoh cmpdl t/# Gps

Csjf tl pso i pn pmphz tqi f sf t Υ)p2, p3, p4+- ui f js Y SU jowbsjbout efdpn qptf joup gbmtf ui f ub

gvodujpot “55- 56 ;̂

ZEV)Υ)p2, p3, p4++?
q−φ/5

i
§
9k

]
m−2∏
rC2

χ
)2,2,2+
3m )r+Ωm,r)τ+, H

)
2 ,

4∏
jC2

2

pj

[
q2/231

{
, )9/3+

x i f sf m ?
∑

j pj- boe H jt ui f i f bwjtje f tuf q.gvodujpo/ Ui f 3m.qf sjpejd gvodujpo χ
�l
3m)r+

jt efflof e gspn n.e jn f otjpobmwfdupst �l ? )l2,×××, ln+boe �p ? )p2,×××, pn+tbujtgzjoh
1 < lj < pj ;

χ
�l
3m)r+?

⎩⎝⎝⎪⎝⎝⎨
n∫

jC2

εj jg r ≤ m
)
2 ,
∏

j
εj lj
pj

(
n pe 3m, x i f sf εj ? ⊕2

1 pui f sx jtf /

Ui vt- χ
)2,2,2+
3m )r+jo )9/3+jt hjwfo cz n ? 4- �l ? )2, 2, 2+- boe �p ? )p2, p3, p4+/ Pof dbo

pctf swf ui bu qbsujbmui fub gvodujpot qmbz ui f spmf pg cbtjd cvjmejoh cmpdl t gps ui f Y SU

jowbsjbout pgCsjf tl pso i pn pmphz tqi f sf t- x jui ui f mbuuf s e f uf sn jof e cz χ
)2,2,2+
3m )r+/

Ju x bt ti px o jo “: 9- : : -̂ gps gpvs.tjohvmbsmz flc f sf e Tf jgf su i pn pmphz tqi f sf t

Υ)p2, p3, p4, p5+ui f rvboujuz ZEV)M4+dbo c f f yqsf ttf e jo uf sn t pg qbsujbmui fub gvod.

ujpot boe b x f jhi u 2/3 Fjdi mf s joufhsbm/ Ui f o- pof dbo tjn jmbsmz fyusbdu cbtjd cvjmejoh

cmpdl t cz qvmmjoh pvuχ
)p1−2,2,2,2+
3m )r+-34

ZEV)Υ)p2, p3, p4, p5++?
q−φ/5

i
§
9k

]
m−2∏
rC2

χ
)p1−2,2,2,2+
3m )r+

2

3m
Ψm,r)τ+ rΩm,r)τ+

〈
, H

)
2 ,
∏
j

2

pj

[
Ωm,)3m−∑

j m/pj+)τ+

{
, )9/4+

x i f sf Ψm,r)τ+bsf ui f x f jhi u 2/3 Fjdi mf s joufhsbmt )5/3+pgui f x f jhi u 203 ui f ub gvodujpot

)dg/)5/2++

θ1m,r)τ+;? θm,r)τ, z+\zC1 ?
∏
�∈Z

�Cr n pe 3m

q�
2/5m.

Fyqmjdjumz- x f i bwf

Ψm,r)τ+?
∏
n≥1

nψ
′)r+
3m )n+qn

2/5m,

x i f sf ψ
′)r+
3m )n+?

}
2 jg n ≤ ⊕r n pe 3m

1 pui f sx jtf /
.

)9/5+

Tjn jmbs up )5/6+- jo uf sn t pgqspkfdupst )4/44+x f tjn qmz i bwf ψ
′)r+
3m )n+? 3)P -

m)m++r,n/

23Spherical Seifert manifolds are uniquely determined by the orders of their singular fibers. In our

convention, their Euler characteristic is −1/
∏

j pj : following [62].
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Ui f f yqsf ttjpo )9/4+ dbo c f c f tu voef stuppe jo dpn qbsjtpo x jui ui sf f .tjohvmbs

flc f s dbtf t;

χ
)p1−2,2,2,2+
3m )r+→↔ χ

)2,2,2+
3m )r+

2

3m

)
Ψm,r)τ+ rΩm,r)τ+

(
→↔ Ωm,r)τ+

H

)
2 ,
∏
j

2

pj

[
Ωm,)3m−∑

j m/pj+)τ+→↔ H

)
2 ,
∏
j

2

pj

[
q2/231

)9/6+

Dpotf rvf oumz- x f qspqptf ui bu Y SU jowbsjbout pg Tf jgf su n bojgpmet x jui gpvs tjohv.

mbs flc f st )opu ofdf ttbsjmz joufhsbmi pn pmphz tqi f sf t+efdpn qptf joup ui f gpmmpx joh cvjme.

joh cmpdl t;

Bm,r)τ+≤
2

3m

]
Ψm,r)τ+ rΩm,r)τ+

{
.

Opuf ui bux i jmf Ωm,r ? Ωm,−r- x f i bwf Bm,r ? Bm,−r/ Bt b sf tvmu- x i jmf m �� K gps ui f

qbjs m , K sfmfwbou gps ui f f ybn qmf t jo tf dujpo 7- jo ui jt dbtf x f n vtu i bwf m � K/ Ui f

n pevmbs.mjl f qspqf suz pgBm,r gpmmpx t gspn ui ptf pgΩm,r boe Ψm,r;

2§
k
Ωm,r)2/k+,

2§
i

m−2∏
r′C2

︷
3

m
tjo

rr′π
m

Ωm,r′) k+

?
∏
n≥1

cn
n”

)
πi

3m

[ n

k−n−2
3 ,

Ωm,r) k+?

)
2

r

m

[
e−3πikr

2/5m, x i f sf
tjoi )m r+z

tjoi mz
?

∞∏
nC1

cn
3n”

z3n. )9/7+

2§
k
Ψm,r)2/k+,

k§
i4

m−2∏
r′C2

︷
3

m

r′)m r′+
m

dpt
rr′π
m

e−3πik
(r′)2
4m

?
mk

πi

∞∏
nC1

c′n
n”

)
πi

3m

[ n

k−n−2
3 , x i f sf

∂

∂r

tjoi )m r+z

tjoi mz
?

∞∏
nC1

c′n
3n”

z3n. )9/8+

Ui f bcpwf qspqf suz dbo c f f n qmpzf e up dpn qvuf ui f usbottf sjf t f yqsf ttjpo pgZEV)M4+/

Opuf ui bu ui f sfmbujpo c fux f f o di bsbduf st pg tjohmfu )2, p+mphbsjui n jd wf suf y bmhf csbt

boe i pn pmphjdbmcmpdl t pgTf jgf sun bojgpmet x jui ui sf f tjohvmbs flc f st qf stjtut up ui f qsf tf ou

dbtf / Pof pctf swf t b dmptf sfmbujpo c fux f f o di bsbduf st pg tjohmfu )p- , p−+wf sufy bmhf .

csbt “211- 212ˆboe ui f i pn pmphjdbmcmpdl t pgTf jgf sun bojgpmet x jui gpvs tjohvmbs flc f st tuve.

jf e jo ui jt tf dujpo- tusf ohui f ojoh ui f pctf swf e dpoofdujpo c fux f f o mphbsjui n jd bmhf csbt/

Ju x pvme c f bmtp jouf sf tujoh up fyqmjdjumz dpotusvdu cvjmejoh cmpdl t gps hf of sjd ovn c f s

pgflc f st- boe x f mfbwf ju gps gvuvsf x psl t/

8.2 Example: M(−2; 1
2
, 2
3
, 2
5
, 2
5
)

Y f bqqmz ui f n pevmbsjuz ejdujpobsz up i pn pmphjdbmcmpdl t pg b opo.tqi f sjdbm- gpvs.

tjohvmbsmz flc f sf e Tf jgf sun bojgpme/ Ui f Tf jgf sun bojgpme M) 3=23 ,
3
4 ,

3
6 ,

3
6+i bt ui f gpmmpx joh
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qmvn cjoh hsbqi ;
3≡

3≡

3≡ ≡
3

4≡ 3≡

≡
4

≡
3

)9/9+

Bt c f gpsf - x f dpn qvuf i pn pmphjdbmcmpdl t boe S)A+;

DT)a+?
)
2 2

6
;
6

(
,

S)A+?
2§
6

⎞⎟⎠2 2 2

3 −2−√
6

3
−2- √

6
3

3 −2- √
6

3
−2−√

6
3

⎧∮⎜ , )9/: +

Ẑ1)q+? q8/3)2 q22 , q25 q2; q44 , q51 q56 , 3q64 , q85 , ×××+,
Ẑ2)q+? 1, )9/21+

Ẑ3)q+? 3q; 4/21) 2 , q26 , q36 q61 3q76 , 3q231 3q276 4q2; 1 , ×××+.

Cz ui f qsf tdsjqujpo pg n pevmbsjuz ejdujpobsz- x f dbo fbtjmz tf f ui bu m ? 41/ Ui f o-

i pn pmphjdbmcmpdl t dpssf tqpoe up ui f Y f jmsfqsf tf oubujpo σ ? 41, 6, 7, 41- x i ptf qspkfdups

jt f yqmjdjumz hjwfo cz

P 41- 6,7,41 ? P -
41)6+P

-
41)7+P

−
41)26+,

x i jdi mfbet up- vtjoh )9/2+-

B41- 6,7,41
8 )τ+? )B41,8 B41,24 , B41,28 B41,34+)τ+,

B41- 6,7,41
6 )τ+? )B41,6 B41,34+)τ+.

)9/22+

Jo uf sn t pgui f tf - ui f i pn pmphjdbmcmpdl t sf be

Ẑ1)q+? q−21; /231
)
Ω41,34)τ+ B41- 6,7,41

8 )τ+
(

Ẑ2)q+? 1

Ẑ3)q+? 3q−21; /231B41- 6,7,41
6 )τ+.

)9/23+

Cz ui f n pevmbs.mjl f qspqf sujf t pgui f cvjmejoh cmpdl t- x f pcubjo ui f usbottf sjf t tvn n bsj–f e

jo ubcmf 26- x i f sf bo pwf sbmmgbdups pg iq−21; /231/3
§
3 jt pn juuf e bt vtvbm/
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0
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0
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DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
5πi
6 k−4/3 , P )k−6/3+

(
2
6 Φ)2+ bc fmjbo e3πik

1
5

)
6−√

6
7 k−2/3 , P )k−4/3+

(
;
6 Φ)2+ bc fmjbo e3πik

9
5

)
6-

√
6

7 k−2/3 , P )k−4/3+
(

2
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

1
120

e3πi/4

261
√
26

)
36 , 6

§
6 , 35

§
4 dpt π

21

(
5
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

4
120

e3πi/4

5 )2 ,
§
6+

27
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

16
120

e3πi/4

5 )2
§
6+

36
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

25
120

5e3πi/4

6

√
2 3√

6

51
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

40
120 e4πi/5

5;
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

49
120

e3πi/4

41
√
26

)
36 , 6

§
6 , 35

§
4 dpt 4π21

(
84
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

73
120

9e3πi/4

6
√
6
dpt 4π21

87
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

76
120

e3πi/4

5 )2
§
6+

92
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

81
120

e3πi/4

4
√
4
)2

§
6+

; 8
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

97
120

9e3πi/4

6
√
6
dpt π

21

216
231 ⊕2 opo.bc fmjbo- sf bm e−3πik

105
120

5e3πi/4

4
√
4

;
231 ⊕2 opo.bc fmjbo- dpn qmfy 1

75
231 ⊕2 opo.bc fmjbo- dpn qmfy 1

211
231 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 15/ Usbottf sjf t boe dmbttjfldbujpo pgffibudpoofdujpot po M) 3=12 ,
2
3 ,

2
5 ,

2
5+/

9 Discussions and open questions

Jo ui jt qbqf s x f e jtdvttf e ui f gpmmpx joh tvsqsjtjoh gfbuvsf t pgi bmg.joejdf t pgdf subjo O ? 3

4e tvqf stzn n fusjd rvbouvn flfme ui f psjf t- x i jdi bsf bmtp ui f i pn pmphjdbmcmpdl t “7ˆ pg

b gbn jmz pg ui sf f .n bojgpmet/ Jo ui f flstu qbsu pg ui f qbqf s x f e jtdvttf e ui sf f e jfif sf ou

TM)3,Z+)qspkfdujwf+sfqsf tf oubujpot x f f odpvouf sf e jo ui f qspcmfn boe n bl f vtf pgui f n

up dpn qvuf upqpmphjdbmmz boe qi ztjdbmmz jouf sf tujoh rvboujujf t/ Tfdpoe x f qspqptf ui f

sfmfwbodf pgui f gbmtf .n pdl qbjs gps pvs qspcmfn - n bl joh vtf pgui f js sfmbujpo up rvbouvn

n pevmbs gpsn t/

Y f x jmmfoe ui f n bjo qbsu pg ui f qbqf s x jui b mjtu pg pqf o rvf tujpot boe gvuvsf

e jsf dujpot;

≡Ui pvhi ui f sfmfwbodf pgui f gbmtf .n pdl qbjs jt n bojgf tu- ui f sf bsf tujmmb gfx jn qpsubou

qv––mf t sf n bjojoh/ Kvtu qvsfmz gspn ui f ovn c f s ui f psz qpjou pgwjf x ui f sf bsf ux p

bn cjhvjujf t jo je f oujgzjoh ui f dpssf du Ẑa po ui f n pdl tje f ;
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2/ Bt tvn n bsjtf e jo flhvsf : - ui f Fjdi mf s joufhsbmbttpdjbuf e up b n pdl gvodujpo

pomz efqf oet po jut ti bepx boe jt ui f sf gpsf jotf otjujwf up ui f beejujpo pgb qvsfmz

n pevmbs gpsn / S fmbuf emz- bu ui f f oe pg tfdujpo 8/3- x f i bwf tf f o ui bu gspn ui f

q.i zqf shfpn fusjd qf stqfdujwf ui f sf bsf wbsjpvt bn cjhvjujf t x i f o hpjoh c fux f f o

vqqf s. boe mpx f s.i bmg qmbof t; ux p q.i zqf shfpn fusjd tf sjf t dbo efflof ui f tbn f

gvodujpo po pof tje f boe ejfif sf ou gvodujpot po ui f pui f s/ Ui jt jt sfmbuf e up ui f

tp.dbmmfe ] f yqbotjpo pg –f sp#ef tdsjc f e cz S befn bdi f s “213 /̂ Jo pvs dpoufyu

pg x f jhi u pof Kbdpcj gpsn t- ui f bn cjhvjuz jt f r vjwbmfou up ui f bn cjhvjuz pg

tqfdjgzjoh ui f qpmf t pgui f gvodujpo )tf f “48ˆboe “: 3 +̂/

3/ Npsfpwf s- podf b n pdl n pevmbs gpsn f jt di ptf o- pof tujmmof f e up di pptf

ui f n pevmbs tvcusbdujpo Gx bu ui f dvtq x )dg/ )8/47++/ Y i jmf gps dpn qbsjtpo

x jui qf suvscbujwf Di f so.Tjn pot pof pomz of f et ui f tvcusbdujpo gps ui f dvtq

τ ↔ 1- jo psef s up mjuf sbmmz dpn qbsf x jui bmmui f Y SU jowbsjbout pof x pvme

of f e ui f tvcusbdujpo bu bmmspput pg vojuz pg ui f gpsn τ ↔ 2
k/ )Pg dpvstf - ui jt

jt ui f e f tdsjqujpo pg ui f bn cjhvjuz x i f o dpotje f sjoh ui f n pdl gpsn f bt b

tjohmf .wbmvf e n pdl n pevmbs gpsn gps b tvchspvq < TM)3,Z+/ Y i f o ef tdsjc f e

jo uf sn t pgwfdups.wbmvf e n pdl n pevmbs gpsn t gps TM)3,Z+- ui f dpssf tqpoejoh

bn cjhvjuz jt ui bu pg tqfdjgzjoh ui f n pevmbs tvcusbdujpot gps bmmdpn qpof out pg

ui f wfdups.wbmvf e gvodujpo/+

S fdbmmui bu- x i jmf pof epf t opu ofdf ttbsjmz of f e up dbsf bcpvu ui f tf bn cjhvjujf t gps

ui f qvqptf pg sf qspevdjoh ui f qf suvscbujwf Di f so.Tjn pot ebub- ui f bduvbmq.tf sjf t

bsf qi ztjdbmmz wf sz n fbojohgvm” Dmfbsmz- jo psef s up n bl f hf of sbmqsf e jdujpot gps ui f

i pn pmphjdbmcmpdl t gps hf of sbmui sf f .n bojgpmet boe jo psef s up c fuuf s voef stuboe ui f

hf of sbmn pevmbsjuz tusvduvsf pg4e O ? 3 ui f psjf t- ju jt dsvdjbmup c fuuf s voef stuboe

ui f bcpwf bn cjhvjujf t- boe i pqf gvmmz up floe tv´ djf oumz qpx f sgvmdsjuf sjb gspn qi ztjdt

boe upqpmphz up fmjn jobuf ui f bn cjhvjujf t/ Bmtp gspn ui f dpoufyu pg ui jt x psl - ui f

sfmbujpo up I bcjsp sjoh “214ˆbqqfbst up c f bo jn qpsuboumfbe/

≡ Ju x pvme c f jouf sf tujoh up dpn qvuf - f /h/ wjb sf tvshf odf “6 -̂ ui f q.tf sjf t jowbsjbout

Ẑa)M4+gps i zqf scpmjd 4.n bojgpmet boe uf tu ui f dpokfduvsf jo tf dujpo 6- obn fmz

x i f ui f s jo tvdi dbtf t Ẑa)M4+bsf sfmbuf e up di bsbduf st pgmphbsjui n jdwf suf y bmhf csbt

x i jdi bsf opuC3.dpflojuf /

≡ Jo ui jt x psl x f opuf ui f jn qpsubou spmf qmbzf e cz ui f Y f jmsfqsf tf oubujpot- mbc fmmfe

cz b qbjs m boe K ← Fym- jo pvs qspcmfn / Y i jmf m dbo qi f opn fmphjdbmmz c f

e f uf sn jof e cz ui f upqpmphjdbmebub )7/25+- x f ep opu l opx x i bu ui f f yqmjdju sfmb.

ujpo c fux f f o K boe 4.n bojgpme upqpmphz jt/ Npsf dpodfquvbmmz- ju x pvme c f hsfbu

up voef stuboe ui f psjhjo pg ui f tf Y f jmsfqsf tf oubujpot jo pvs upqpmphjdbm0qi ztjdbm

qspcmfn / Gvsui f sn psf - jo tf dujpo 4 x f e jtdvttf e ui sf f e jfif sf ouS.n busjdf t boe ui sf f

e jfif sf ou ] TM)3,Z+sfqsf tf oubujpot#ui bu qmbz bo jn qpsubou spmf jo pvs tupsz/ Y f ep

fyqfdu ui f tf sf qsf tf oubujpot up c f jouf s.sfmbuf e boe pof pcwjpvt pqf o qspcmfn jt up

voef stuboe i px fybdumz ui f z bsf sfmbuf e/
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≡ Jo pvs tupsz- n pdl n pevmbs gpsn t boe jouf sf tujoh n pevmbs tusvduvsf t f n f shf gspn ui f

qi ztjdt pg4e O ? 3 ui f psjf t boe CQTtubuf t/ Jo qbsujdvmbs- pvs l f z qmbzf st Ẑa)q+bsf

] dpvoujoh#CQT tubuf t/ Ju x pvme c f jouf sf tujoh up floe sfmbujpot )evbmjujf t+up pui f s

qi ztjdt qspcmfn t x i f sf tjn jmbs n pevmbs tusvduvsf t bqqfbsf e- f /h/“: 4- 215—218 /̂

≡ Jo ui jt x psl x f i bwf n bjomz gpdvtf e po fybn qmf t pgTf jgf sun bojgpmet x jui � tjohvmbs

flc f st- x i f sf � ? 4 boe ui f i pn pmphjdbmcmpdl t bsf hjwf o cz gbmtf ui f ubt/ Ui f tf uzqf pg

gvodujpot bmtp bqqfbs bt di bsbduf st pgn pevmf t pgtjohmfu)2, p+mphbsjui n jdwf suf y bmhf .

csbt/ Jo tfdujpo 9 x f csjfffiz ejtdvttf e ui f dbtf pg� ? 5- x i f sf ui f i pn pmphjdbmcmpdl t

bsf dpn qptf e pg cvjmejoh cmpdl t x i jdi dpoubjo gbmtf ui f ub gvodujpot dpssf tqpoejoh

up b n jy pg rvbouvn n pevmbs gpsn t pg x f jhi u 403 boe x f jhi u 203/ Npsfpwf s- ui f

sfmbujpo up mphbsjui n jd wf suf y bmhf csbt qf stjtut boe ui jt ujn f ui f cmpdl t bqqfbs up

c f sfmbuf e up di bsbduf st pg)p- , p−+tjohmfuwf sufy bmhf csbt/ I px fwf s- ui f sf jt dmfbsmz
n vdi n psf up fyqmpsf / Pof jouf sf tujoh rvf tujpo jt up je f oujgz ui f cvjmejoh cmpdl t pg

i pn pmphjdbmcmpdl t gps Tf jgf sun bojgpmet x jui hf of sbm�- boe ui f qpuf oujbmsfmbujpo up

mphbsjui n jd wf suf y bmhf csbt/ Ofyu- ju x pvme c f jouf tuf sjoh up fyqmpsf ui f n pevmbs.

juz tusvduvsf pg i pn pmphjdbmcmpdl t gps qmvn c f e 4.n bojgpmet x i jdi bsf opo.Tf jgf su/

Ui jse- ju jt wf sz dpodf jwbcmf ui bu ui f sf f yjtut b ojdf sfmbujpo c fux f f o i jhi f s sbol

jowbsjbout boe i jhi f s.e f qui rvbouvn n pevmbs gpsn t “211 -̂ hf of sbmj–joh ui f TM)3,C+

tupsz x i jdi jt ui f gpdvt pg ui f qsf tf ou qbqf s/ Gjobmmz- pof n bz bmtp jowf tujhbuf

ui f n pevmbs.mjl f qspqf sujf t pg ui f i bmg.joejdf t bsjtjoh gspn 4e ui f psjf t ui bu bsf opu

dpn joh gspn ui sf f .n bojgpmet/

≡Ui f f ybn qmf t hjwfo jo tf dujpo 8/6 tvhhf tu ui f sfmfwbodf pg ui f 4: pqujn bmn pdl

Kbdpcj ui f ub gvodujpot jo pvs upqpmphjdbmboe qi ztjdbmqspcmfn t/ Bu ui f tbn f ujn f -

ui f tf n pdl gvodujpot bmtp qmbz ui f spmf pg ui f hsbef e e jn f otjpot pg flojuf hspvq

sf qsf tf oubujpot jo ui f dpoufyupgui f tujmmn ztuf sjpvt vn csbmn ppoti jof “: 7- : 8 /̂ Pof

obuvsbmrvf tujpo jt x i f ui f s ui f sf jt b sfmbujpo c fux f f o pvs tf uvq boe ui f n ppoti jof

flojuf hspvqt/
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a1 0 a2

∼=

a1 + a2

a1 ± 1 ±1 a2 ± 1

∼=

a1 a2

a1 ± 1 ±1

∼=

a1

Figure 10/ 4e L jscz n pwf t gps qmvn c f e n bojgpmet/ Ui f sf tvmujoh qmvn c f e n bojgpmet M boe M ′

bsf i pn fpn psqi jd/

A Invariance of convergence under 3d Kirby moves

Jo ui jt tf dujpo- x f qspwf ui bu4e L jscz n pwf t )flhvsf 21+qsf tf swf ui f epn bjo pgdpowf shf odf

pg i pn pmphjdbmcmpdl t/

Dpotje f s ui f cpuupn mfgu hsbqi pg flhvsf 21/ Y f n bz di pptf ui f cbtjt jo x i jdi ui f

bekbdf odz n busjyM i bt gsbn joh dpf ´ djf oua2 , a3 jo ui f )i, i+.ui dppsejobuf / Cz mfn n b 2-

i pn pmphjdbmcmpdl t pg ui f n bojgpme qmvn c f e bmpoh ui f cpuupn mfgu hsbqi x pvme i bwf ui f

gpmmpx joh btzn qupujd c f i bwjps gps ui f q.f yqpof out;

q−
(�,M−1�)

4 ? q−
(M−1)ii�

2
i

4
- O)2+, bt \�\↔ ∈ )B/2+

gps ui f sfmfwbou uf sn t pg ui f tvn / Ofyu- x f dpotje f s ui f bekbdf odz n busjy M ′ pg ui f upq
mfgu hsbqi - x i jdi i bt ui f gpmmpx joh “i 2, i , 2ˆ∗ “i 2, i , 2 .̂tvcn busjy;⎞⎟⎠a2 2 1

2 1 2

1 2 a3

⎧∮⎜←M ′.

B tjn qmf mjofbs bmhf csb ti px t ui bu jut jowf stf i bt ui f gpmmpx joh “i 2, i , 2ˆ∗ “i 2, i , 2 .̂

tvcn busjy; ⎞⎟⎠
)M−1+ii

3 ××× )M−1+ii
3

××× ××× ×××
)M−1+ii

3 ××× )M−1+ii
3

⎧∮⎜←)M ′+−2.

Ui f sf gpsf - ui f i pn pmphjdbmcmpdl t bttpdjbuf e up ui f upq mfgu qmvn cjoh hsbqi x pvme i bwf

ui f q.f yqpof out x jui ui f gpmmpx joh btzn qupujd c f i bwjps;

q−
(�,(M′)−1�)

4 ? q−
(M−1)ii(�i−1−�i+1)

2

8
- O)2+, bt \�\↔ ∈ )B/3+

gps ui f sfmfwbou uf sn t pg ui f tvn / Jo qbsujdvmbs- ui f btzn qupujd c f i bwjps ef qf oet pomz

po )�i−2 �i- 2+- x i jdi jt qmbzjoh ui f spmf pg �i jo )B/2+/ Gvsui f sn psf - ui f btzn qupujd

c f i bwjpst pg cpui )B/2+boe )B/3+bsf qspqpsujpobmup )M−2+ii/ Ui vt- x f n bz dpodmvef
ui bu ui f flstu L jscz n pwf qsf tf swf t ui f epn bjo pgdpowf shf odf pg i pn pmphjdbmcmpdl t/ Y f

dbo bobmphpvtmz x psl pvu ui f e jbhpobmfmfn f out pg )M ′+−2 gps ui f ux p sfn bjojoh L jscz
n pwf t boe pctf swf ui f jowbsjbodf /
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B Further examples

Jo ui jt tf dujpo- x f qspwjef gvsui f s f ybn qmf t pgTf jgf sun bojgpmet x i ptf i pn pmphjdbmcmpdl t

bsf hjwfo jo uf sn t pg ui f gbmtf ui f ub gvodujpot Ωm- K
r boe x i ptf ebub bcpvu ui f ffibu dpo.

ofdujpot dbo c f jogf ssf e gspn ui f n pevmbsjuz ejdujpobsz bt ejtdvttf e jo tf dujpo 5/

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e2πik·0
)

4πi
3
√
3
k−3/2 , 19π2

9
√
3
k−5/2 , P )k−7/2+

(
1
3 Φ)2+ bc fmjbo e2πik

1
3

)§
4k−1/2 , 5πi

12
√
3
k−3/2 , P )k−5/2+

(
1
24 ⊕2 jssf evdjcmf - sf bm e−2πik 1

24 e
3πi
4 ×) 3+

Table 16/ Usbottf sjf t boe dmbttjfldbujpo pgffibu dpoofdujpot po M) 3=12 ,
2
3 ,

2
3+? S3

−3)3
�
1+vq up bo

pwf sbmmgbdups pg iq−25/24/3
§
3/ Ui f dpssf tqpoejoh Y f jmsfqsf tf oubujpo jt m , K ? 7 , 4/

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
πi
§
3k−4/3 , 36; π2

31
√
3
k−6/3 , P )k−8/3+

(
2
3 TV)3+ dfousbm e3πik

1
2

)
πi
§
3k−4/3 , 36; π2

31
√
3
k−6/3 , P )k−8/3+

(
;
91 ⊕2 opo.bc fmjbo- sf bm e−3πik

9
80 e

3πi
4 ×
)
7- 3

√
6

6

(1
4

5;
91 ⊕2 opo.bc fmjbo- sf bm e−3πik

49
80 e

3πi
4 ×
)
7- 3

√
6

6

(1
4

2
91 ⊕2 opo.bc fmjbo- dpn qmfy 1

232
91 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 17/ Usbottf sjf t boe dmbttjfldbujpo pgffibudpoofdujpot po M) 2=12 ,
1
4 ,

1
5+? S3

+2)41+vq up bo

pwf sbmmgbdups pg iq19/80/3
§
3/ Ui f dpssf tqpoejoh Y f jmsfqsf tf oubujpo jt m , K ? 31 , 5/

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
5πi
4
√
4
k−4/3 , 214π2

29
√
4
k−6/3 , P )k−8/3+

(
3
4 Φ)2+ bc fmjbo e3πik

2
3

)√
4
3 k−2/3 8πi

59
√
4
k−4/3 , P )k−6/3+

(
5
59 ⊕2 opo.bc fmjbo- sf bm e−3πik

4
48 e

3πi
4 ×
§
3

36
59 ⊕2 opo.bc fmjbo- sf bm e−3πik

25
48 e

3πi
4 ×2

2
59 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 18/ Usbottf sjf t boe dmbttjfldbujpo pg ffibu dpoofdujpot po M) 2=13 ,
1
3 ,

1
4+vq up bo pwf sbmm

gbdups pg iq−1/48/3
§
3/ Ui f dpssf tqpoejoh Y f jmsfqsf tf oubujpo jt m , K ? 23 , 4/
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DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
5πi
6
√
6
k−4/3 , 78π2

36
√
6
k−6/3 , P )k−8/3+

(
3
6 Φ)2+ bc fmjbo e3πik

2
5

)
2-

√
6

3 k−2/3 )236- 72
√
6+πi

311 k−4/3 , P )k−6/3+
(

4
6 Φ)2+ bc fmjbo e3πik

3
5

)
−2- √

6
3 k−2/3 , )236−72√6+πi

311 k−4/3 , P )k−6/3+
(

;
51 ⊕2 opo.bc fmjbo- sf bm e−3πik

9
40 e4πi/5 ×

)
2 , 2√

6

(
36
51 ⊕2 opo.bc fmjbo- sf bm e−3πik

25
40 e4πi/5 × 5√

6

2
51 ⊕2 opo.bc fmjbo- dpn qmfy 1

Table 19/ Usbottf sjf t boe dmbttjfldbujpo pg ffibu dpoofdujpot po M) 2=12 ,
1
5 ,

1
5+vq up bo pwf sbmm

gbdups pg iq−19/40/3
§
3/ Ui f dpssf tqpoejoh Y f jmsfqsf tf oubujpo jt m , K ? 21 , 6/

DTbdujpo tubcjmj–f s uzqf usbottf sjf t

1 TV)3+ dfousbm e3πik·1
)
5πi
38 k

−4/3 , P )k−6/3+
(

1 Φ)2+ bc fmjbo e3πik·1
)

k−2/3 , P )k−4/3+
(

3
; Φ)2+ bc fmjbo e3πik

2
9

))
5
4 dpt

π
;

3
4

(
k−2/3 , P )k−4/3+

(
6
; Φ)2+ bc fmjbo e3πik

5
9

) )
5
4 tjo

π
29 ,

3
4

(
k−2/3 , P )k−4/3+

(
9
; Φ)2+ bc fmjbo e3πik

8
9

) )
5
4 dpt

3π
29 ,

3
4

(
k−2/3 , P )k−4/3+

(
;
83 ⊕2 opo.bc fmjbo- sf bm e−3πik

9
72 e4πi/5 ×) 3+

Table 20/ Usbottf sjf t boe dmbttjfldbujpo pg ffibu dpoofdujpot po M) 3=12 ,
1
3 ,

2
3+vq up bo pwf sbmm

gbdups pg iq−45/72/3
§
3/ Ui f dpssf tqpoejoh Y f jmsfqsf tf oubujpo jt m , K ? 29 , : /

Open Access. Ui jt bsujdmf jt e jtusjcvuf e voef s ui f uf sn t pg ui f Dsfbujwf Dpn n pot

Buusjcvujpo Mjdf otf )DD.CZ 5/1+- x i jdi qf sn jut boz vtf - e jtusjcvujpo boe sf qspevdujpo jo

boz n f e jvn - qspwjef e ui f psjhjobmbvui ps)t+boe tpvsdf bsf dsf e juf e/
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