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Abstract

We study local-time well-posedness and breakdown for solutions of regularized
Saint-Venant equations (regularized classical shallow water equations)
recently introduced by Clamond and Dutykh. The system is linearly non-
dispersive, and smooth solutions conserve an H'-equivalent energy. No shock
discontinuities can occur, but the system is known to admit weakly singular
shock-profile solutions that dissipate energy. We identify a class of small-
energy smooth solutions that develop singularities in the first derivatives in
finite time.
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solutions, nonlocal hyperbolic system, long waves, breakdown

Mathematics Subject Classification numbers: 35B44, 35B60, 35Q35, 76B15,
35L67
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1. Introduction

The main aim of this paper is to demonstrate singularity formation for classical solutions
of a system of regularized Saint-Venant (shallow-water) equations that was introduced by
Clamond and Dutykh in [5]. In conservation form in one space dimension, these regularized
Saint-Venant (rSV) equations may be written
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hy + (hu), = 0, (1.1)
1

(hu); + (h® + Sgh? + £8), = 0, (1.2)

S = 1 (—uy — uny, + 1) — gh® (hhxx + %hf) . (1.3)

Here h(x, t) represents the depth of the fluid, u(x, t) represents the average horizontal velocity
of the fluid column, g is the gravitational constant, and ¢ is a dimensionless regularization
parameter. This system admits weakly singular shock layer solutions that were described in
[25].

TherSV equations above were derived in [5] as a non-dispersive variant of the Green—Naghdi
equations [9, 8] with zero surface tension (also called Serre equations [26]). Equations (1.1)—
(1.3) follow from a least action principle for the Lagrangian with density given by

L 1 1 1 1

o= Shu? = Sgh® + ¢ (5”3“3 - Eghzhi) + (b + (hu)) e, (1.4)
with a Lagrange multiplier field ¢ to enforce (1.1). The Green—Naghdi equations with surface
tension take the same dimensional form as in (1.1)-(1.2), but with €S above replaced by the
quantity

1 1
Son = §h3(_ulx — Ullyy + ’4;%) -7 (hhxx - 5@%) ’ (1.5)
where +y is the ratio of surface tension to density. The Green—Naghdi equations derive analo-
gously from the Lagrangian with density

Low 1., 1 , 1
ot A T
, T sty

The Green—Naghdi equations hold an important place among dispersive approximations
to the full water wave equations, insofar as the small-slope assumptions they are based on
are minimal and they are capable of correctly approximating large-amplitude waves. Many
other dispersive water-wave models, such as the Korteweg—de Vries, Camassa—Holm, and
various Boussinesq systems, can be derived from the Green—Naghdi equations by imposing
further restrictions on amplitude or structure; see the treatment by Lannes [20]. Local-time
well-posedness for the Green—Naghdi equations was studied in [1, 16, 21], and in [21] Li
proved that they constitute an approximation to the water wave equations that is better than
the classical shallow water equations (which correspond to € = 0 above). And recently, the
Green—Naghdi system has been found to have weakly singular peakon-like traveling-wave
solutions, when the Bond number Bo = ghf>O /7 takes the critical value 3 [7, 23]. Yet, as far
as we know, the analytical question of whether smooth solutions for the Green—Naghdi equa-
tions always exist globally in time, or whether instead singularities may develop, remains
open.

Smooth solutions of the rSV equations also satisfy a conservation law for energy, in the
form

hu; — %vhf + (b + (hu)y) . (1.6)

E+9:=0, (1.7)
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where

car b 19 Lso, 1 9,
E—zhu —|—2gh +e€ 2hux—&—zghhx, (1.8)

or | 1 1
o = Ehu3 +gh*u +¢ ((2h3u§ + Eghzhi + S) u+ gh3hxux) . (1.9)

For € > 0 and provided the fluid depth / remains larger than a positive constant, this energy
controls the L? norms of the derivatives of both / and u, precluding shock formation. By com-
parison, the Green—Naghdi energy, given by

def

1 1 1
Eon = 5huz + —gh® + —h*u? + Efyhfc, (1.10)

2 6
fails to control A, for v = 0, so one might guess the Green—Naghdi equations without surface
tension are ‘less regularizing’ than the rSV equations.

When linearized about any constant state (., i), the opposite seems to be the case, how-
ever. For the linearized rSV equations, the phase velocity of linear waves is independent of
frequency. Thus the rSV equations are linearly dispersionless—they appear to lack a linear
dispersive regularization mechanism.

This dispersionless nature of the rSV equations and the tendency of numerically com-
puted solutions not to generate oscillations and discontinuities were primary reasons given by
Clamond and Dutykh [5] for interest in studying these equations. These authors pointed out,
in fact, that the rSV equations are less accurate than the Green—Naghdi equations for approxi-
mating the exact water-wave dispersion relation (with zero surface tension) in the long-wave
regime, and only as accurate as the classical shallow-water system. We note, however, that
actually there is a physical regime where the rSV equations do approximate the linear disper-
sion of water waves as accurately as Green—Naghdi equations. From (1.1)—(1.5) above, clearly
both systems yield the same linearization at depth i, when both € and the inverse Bond num-
ber Bo™! = v/gh? take the value % (It is well-known that linear dispersion vanishes in the
Korteweg—de Vries approximation at this critical value of Bond number, and the same is clear
from the dispersion relation for Green—Naghdi equations with surface tension in [8, equa-
tion (6.10)].) Even in this case, though, the nonlinear factor gh? in (1.3) makes the rSV system
formally less accurate than Green—Naghdi as a weakly nonlinear water-wave approximation,
unless the amplitude variation is so small that the differences with (1.5) are of the same order
as the terms neglected there.

What is more interesting for present purposes is the fact that the rSV equations admit a
new kind of traveling wave, which is a weakly singular analog of classical shallow-water
shock waves: it is shown in [25] that for every such classical shock, the rSV equations admit a
corresponding non-oscillatory traveling wave solution which is continuous but only piecewise
smooth, having a weak singularity at a single point where the energy is dissipated as it is for
the classical shock. Numerical evidence provided in [25] suggests that a weak singularity can
develop from a smooth solution and start to dissipate energy after some positive time.

It is the purpose of this paper to partly address the question of well-posedness and whether
singularity formation occurs for smooth solutions of the rSV equations. Our goals are: (i) to
provide a basic theory of local-time well-posedness and lifespan for classical solutions with
sufficient Sobolev regularity; (ii) to prove that depth & remains strictly positive for small-
energy perturbations of a constant state; and (iii) to identify initial data for which no classical
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solution can exist globally in time. From our continuation criteria for solutions we infer that
the sup norms of both £, and u, blow up as ¢ approaches the maximal time of existence.

Our local-time well-posedness theorem (theorem 3.1 in section 3) deals with (possibly
large) initial perturbations of a constant state in H*(R) for some real s > %, such that the depth
h is initially uniformly positive. The depth remains uniformly positive for small-energy per-
turbations—this follows from energy conservation and proposition 2.1 in section 2, which is
essentially a Sobolev-type inequality. In section 4 we establish criteria for finite-time blow-up
based on the sup norm of the derivatives /4, and u, and/or the vanishing of 4. Our main blow-
up argument (the proof of theorem 5.2 in section 5) identifies a class of small-energy initial
data, defined by a few explicit inequalities (all listed in lemma 5.6), for which %, and u, must
both blow up in sup norm. The nature of the blow up is that the derivative of one of the clas-
sical shallow-water Riemann invariants R+ = u & 21/gh blows up to —oco while remaining
bounded above, while the derivative of the other Riemann invariant remains bounded.

To give some insight into how our analysis will proceed, observe that in the momentum
equation (1.2), there are two terms involving time derivatives. It is natural to combine them
and transform the momentum equation (1.2) into a standard evolution equation for u. For a
smooth function w : R — R, define

Th(w) = hw — e(RPw,),
or, in terms of composition of operators,
Ty =h—ed oh’od,. (1.11)

Formally acting Z,” ! on both sides of the momentum equation (1.2), one obtains
1
u + ghy + uuy + €I, ' 0, <2h3u§ - zghzh};) =0. (1.12)

This is the standard evolution equation for horizontal velocity in the classical shallow-water
system plus a nonlocal term. Because we expect the operator Z,” ! gains two derivatives, the
nonlocal term is formally of order zero and represents a lower-order perturbation to the clas-
sical shallow-water system.

This is an important difference with the Green—Naghdi system as treated by Israwi in [16]
without surface tension. The system with constant surface tension > 0 appears no better,
even though the Green—Naghdi energy in (1.10) controls the H' norm of / in that case. For,
instead of (1.12), the momentum equation takes the form

2 1 1
u; + ghy + uu, + Ihlax(3h3u§ + (gth — y)hhy + 2fyh)2c> =0.

The trouble is that the nonlocal term is stronger here than in (1.12), remaining formally of
order one in &, except when linearized at the constant depth 4, where v = % gh?, corresponding
to Bond number Bo = 3.

For the rSV system, then, equations (1.1) and (1.12) constitute a nonlocal hyperbolic
system for which we are able to use a standard shallow-water symmetrizer to study well-
posedness, and study blowup using (coupled) Ricatti-type equations for the derivatives of
classical Riemann invariants. It turns out that, in addition to coupling the pair of Ricatti-type
equations, the nonlocal terms contain a local part that alters the main quadratic terms. This
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important contribution to the Ricatti-type equations appears to change the nature of blowup
profiles as compared with the classical shallow-water case. We discuss this difference heuristi-
cally in section 6 below.

The rSV equations that we study in this paper also loosely resemble a number of 2-component
systems that generalize the Camassa—Holm equation; see [4, 13, 15, 17, 19] for studies of such
systems. One of the more extensively studied systems of this kind, appearing in [4, 17, 19], is
an integrable 2-component Camassa—Holm system that can be written in the form

hy + (hu), = 0, (1.13)

Uy + 3usty — Uy — 2Upllyy — Ullyyy + ghhy, = 0. (1.14)

In the context of shallow-water theory, this system has been derived by Constantin and Ivanov
[6] (see also [14]). For this system, derivative blow-up does not occur—smooth solutions
exist globally in time for all smooth initial data for which # is initially strictly positive, see
[6, 10-12].

An interesting question that remains open is whether the rSV equations admit globally
defined weak solutions for arbitrary initial perturbations small in H'(R). The rSV system does
admit energy-conserving small-energy traveling waves with cusp singularities, as described in
[25]. The scalar Camassa—Holm equation, which famously admits weak solutions that include
peakon traveling waves, has global existence for weak solutions that may conserve the H'
energy [2] or dissipate it [3]. An expected difference between the scalar Camassa—Holm equa-
tion and the rSV system, however, is that in general we do not expect weak rSV solutions to
conserve energy globally in time, due to the presence of energy-dissipating weakly singular
traveling waves.

2. An energy criterion for uniform positivity of depth

We begin the analysis of solutions of the rSV equations (1.1)—(1.3) by establishing an explicit
energy criterion that ensures the uniform positivity of the depth & for small H'(R) perturba-
tions of any given constant state (%, uy) with i, > 0, u, € R. The proof resembles the proof
of the Sobolev inequality for the H' norm, and exploits the simple idea that for the surface to
reach the bottom, relative energy has to be sufficiently large. Our criterion has no apparent
analog for the Green—Naghdi system with v = 0 or the two-component Camassa—Holm sys-
tem mentioned above, because the energies for those systems do not control the integral of 42,

Formally, a smooth solution (4, u) of the rSV equations defined for all x € R, with the
property that (h — hy,u — u,) € H'(R) for all ¢, conserves the relative energy

1 1 1
E, = / S — ) + 280 —ho)* + Se (W + gh’I) d. @1
R

By fixing r and discarding the terms involving u, we infer the following.
Proposition 2.1. Let h, > 0, u, € R and suppose (h — hy,u — u,) € H'(R). Then

(a) For all x € R we have

&>§§W@—mﬂM@+m) (2.2)

(b) IfE, < %gﬁhi, then we have h(x) = hg > 0 for all x € R, where hg is the unique solu-
tion in (0, hy) of
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G

E, = g3 (he — h)?(2he + ). 2.3)

Proof. Because 1 (a® + b%) > +ab, for any x € R we have

a>gﬁ(/xm—mmmm—[ww—mmmm)

€
= &) — 22h0) + ).
This proves (a). To deduce (b), note that the map w +— (w — h,)?(2w + h,) is strictly decreas-
ing for w € (0, 1,.). L
Remark 2.2.

(i) The lower bound %(x) > hg in part (b) is sharp, as one can see by choosing %(x) to be an
even function, determined on [0, c0) as the solution of

Vehh, = h, —h, h(0) = hg.

(i1) For periodic functions on R having finite period L, the same estimates hold with E,
obtained by integrating over a single period and with A, replaced by the average value of
h over one period. One alters the proof by replacing the endpoints —oco and oo by points
a and a + L where h(a) = h,.

(ii1) Using the upper bound in case (a), the lower bound in case (b) implies that
(h(x) — hy)? < (hg — hy)?, whence h(x) < 2h, — hg for all x.

(iv) The part of the relative energy that we are using to bound the depth from below cor-
responds in principle to potential energy of the fluid. In an exact physical fluid model
with zero surface tension, however, it is possible to perturb a flat fluid surface to reach the
bottom with a small change in potential energy, by creating a downward cusp on a tiny
horizontal length scale.

3. Local well-posedness, and scaling of lifespan

In this section, we will establish finite-time existence and uniqueness for solutions of the ini-
tial-value problem for the rSV system that have finite energy relative to a constant state (k. 0)
with i, > 0. (We take u, = 0 without loss due to Galilean invariance of the system.) We will
pay particular attention to how the existence time (lifespan of the solution) varies according
to the value of the nonlinearity parameter o = a/h,, where the parameter a indicates the
amplitude of the perturbation. For example, in the inviscid Burgers equation u, + uu, = 0, a
Ricatti-type calculation for u, shows that the existence time for smooth solutions is propor-
tional to 1 /.
For this reason, we make the following change of variables, writing

h = hy+ an, andreplacing u by au. 3.
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Here and below we retain the notation s = h, + an for brevity, however. The scaled pair
(1, u) now satisfies the following system:

N+ (hu), = 0, (3.2)

h(u; + gy + ) + eaS, = 0, (3.3)
5 1

a8 = 1 (—uy — auity, + au’) — gh? (hnxx + 20477%) . (3.4)

In terms of Z;, = h — €0, o h® o O,, we observe that we can reformulate the momentum equa-
tion (3.3) as

1
U + g0y + oty + e, 'O, (2h3u)2c — zgh2n§> =0. (3.5)
Equations (3.2), (3.5) form a (nonlocal) hyperbolic system that takes the form

W, + B(W)W, + F(W) =0, 3.6)

with W = (n,u)T and where
au h 0
B(W) = , F(W)= , .
= 0 FW= () D
with
1
f(W) =eaZ; "o, (2h3u§ - zghzn,%). (3.8)

For this system, we shall use a standard iteration scheme for symmetrizable hyperbolic sys-
tems to prove the main theorem of this section. We remark that both of the parameters o and
€ are dimensionless, and there is some interest in understanding how solutions behave in the
regime when one or both parameters become small.

Theorem 3.1. Fix i, > 0. Let s > % be real, and let e, v € (0, 1} Assume the initial data
WO = (n°,u%)" € H*(R) and satisfies

0 g 0
henin = 10f (2 + 017" (x)) > 0. (3.9)
Then there exists Ty = To(s, |W°||us, h%;.,) > O independent of € and o, such that the regular-

ized shallow-water system (3.6) admits a unique solution
W = (n,u)" € C((0,To/al: H(R)) N C'([0.To/a; "' (R)),
having the initial condition W’ and preserving the positive depth condition

inf h(x,7) > 0.
xeR

Moreover, the following conservation of energy property holds: E, =const, where

E,

1
3 / hu* + gn* + e (WPu? + gh*n?) dx. (3.10)
R
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Remark 3.2.

(i) In theorem 3.1, the dependence on 4% can be dropped if the initial relative energy
E, = o2E, is so small that proposition 2.1(b) applies.

(ii) Although continuous dependence on the initial data is not mentioned in the theorem, we
do have it in the following sense: for all initial data WO satisfying HWOJ o < 2w
with uniformly positive depth i > h,, > 0, the corresponding solution W satisfies

Hs

HW - W||L°°([O,T];HA*1) < Cls P, ||"V||L~’><>([0,T];Hs))||V~VO - WO|

o @3.11)

on any common time interval of existence where iz, h 2 hy, > 0. The proof follows in a
standard way analogous to the convergence proof of the iteration scheme for existence;
see [22, 24] for details.

(iii) When s > 2, the relative energy satisfies the following conservation law in a strong L?
sense:

E+ Q5 =0, (3.12)
with
1

5o aer 1 1
g def g 2 )
£° = Shi + S +e<2

1
5 P+ zghznf) , (3.13)

~ a1 1 1 ~
or = Eahzf + gnhu+¢ (<2h3uf + Eghznf + S> au + gh317xux) , (3.14)
where we find using (3.5) that S from (3.4) satisfies
. 1
S = (I +eh’d,Z,'0,) <2h3u§ — 2gh2n§>. (3.15)

(For s > 2 this expression will belong to H!(R).)

The proof of theorem 3.1 is structured as follows: section 3.1 contains preliminary esti-
mates, including technical analysis of the operator Z,. Section 3.2 analyzes the iteration step
in the iteration scheme and establishes the needed a priori energy estimates. The main proof
of theorem 3.1 is presented in section 3.3.

3.1. Preliminary results

The elliptic operator 7, plays an important role in the energy estimate and well-posedness of
the regularized shallow-water system. In this subsection, we shall introduce the main technical
tools to handle Z, and the nonlocal term in (3.5).

Let D=0, and let A = (I —9?)'/? be the operator associated with Fourier symbol
(1+&2)12, s0 that Au = (1 + £2)!/24 for all tempered distributions 1. We will make use of
two well-known harmonic analysis results which we cite here without proofs. The first one is
a Kato—Ponce commutator estimate [18],

A%, @1l < C(s) (1Pl o |4 9] 2 + A% 21l ) (3.16)

valid for all ¢ € H*(R), D¢ € L°(R) and v € H*~!(R) N L>°(R), for all real s > 0. The
second one is a classical ‘tame’ product estimate (also proved in [18]),
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1A (@)l 2 < C() Bl oo 1A 2 + Al 1] o ) (.17

valid for all ¢, € H*(R) N L*°(R) and all real s > 0.

The following lemma establishes the invertibility of Z, and bounds 7, 19,. It improves the
bounds on 7, : Oy claimed in lemma 2 of [16] in two ways, bounding one derivative more and
providing a tame estimate that is needed for the blow-up analysis in section 5.

Lemma 3.3. Let hyy, > 0and e € (0,1] and suppose h € W>°(R) satisfies
h(x) > hy, forallx € R. (3.18)

Then:

(1) The operator T, = h — €0, o b3 o 0, from H*(R) to L*(R) is an isomorphism.
(2) Let s > 0 and h — hy € H*(R). Then for any 1 € H*(R), the function

w= eIh_laxw
belongs to H'™*(R) and satisfies the estimate
Il < Co ([l + 1= ol 2wl e + il (3.19)

where C, = C(8, B || — hyc|| 1.0 ) independent of 1, € and o.
(3) If furthermore s > % then

Wil < Ca ll9]

where Cy = C(s, Myxs

pe (1 (= Ry

i) (3.20)

h — hy||yie0 ) independent of 1, € and a.

Remark 3.4. The estimate (3.19) will be improved below in lemma 4.5, to provide bounds
on ||w||ze and ||wy]|; - in terms of 1 that will be used to prove a blow-up criterion.
Proof.

1. The idea is that Zj, is in essence a very well-behaved elliptic operator such that the basic
Lax—Milgram approach works on it.

We define the bilinear mapping a : H'(R) x H!(R) — R such that
a(u,v) = (hu,v)2 + e(BPuy, v, Yu,v € H(R). (3.21)
Next, we will show that a is not only bounded but also coercive. We have

3
la(u, V)| < [IAl oo l[ll 2 V1] 2 + €l oo ([l g [V ]
< C()[|ul[ g [V -
and by (3.18)

ja(ut,u)] = P72 + £(hen)llitel|7> = €Cl) |1 (3.22)
So by Lax—Milgram, there is a bounded bijective linear operator I : H' (R) — H (R)

such that

a(u,v) = (Iu,v) Yu,v € H' (R). (3.23)

H-!xH!
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Therefore, given any f € L*(R) < H™'(R), u := I"'f satisfies

(foV)e = V) iy = a(u,v) Vv e H(R). (3.24)
It follows that the distributional derivative (eh’u,), =f — hu € L*(R), whence
hu, € H'(R). Hence u € H*(R) and Zu = f. It follows Z, is an isomorphism.

2. Let ||||;; be the norm on H'(R) (equivalent to |-, but not uniformly in €) determined
by

2 2 2
el = lluell 72 4 elloax |2 (3.25)
Consider ¢, € C2°(R) and u € H*(R) such that
Tyt = & + /et (3.26)

Invoking the coercivity estimate from above, we obtain

Clh)llullfy < au,u) = (T u)e = (6, u)2 — (W, V)2

< Il + M1l )l 327
hence
Vel < lully < Clh) (18]l + 1¥]1.2)- (3.28)
Choosing ¢ = 0, w = +/eu, this proves the case s = 0 for (3.19).
Next, assume ¢ = 0 and note
hu — ehug, = e(h)u, + /2y
Test this against —u,, and integrate by parts. We obtain
ality, ) = (i, hatt) — (Veue, (1) xv/eux + 1)
< el 3 Va4 2 ol
o+l [ = Al o) -
By (3.28) we can then infer that
Vel < lallg < Clhtss 1B = el o) 1, (3.29)
By interpolation, it follows that for every s € [0, 1],
[[Veul[ e + Nl e < Clhses 18— hallygro) 19 - (3.30)
3. Next, for any s > 0, noting A*Z,u = /€d,A*y, we compute
Th(Nu) = [h, NJu — €0, [h3, A*Ju, + /€D, AP, (3.31)
so using (3.28) with ¢ and ) replaced by
¢ =[hNu, =Ny — Ve, Nuy (3.32)
we find, after using the Kato—Ponce commutator estimate (3.16), that
1Al < Cla) (1 ATl + [ A% — VETR, A )
< C(s, h**)(l\hxl\m llgor + 11 = Bl o lltl] oo+ 119
0 VRl 1 = B2 V] ) (333)
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After Taylor-expanding 4* — h2 in powers of h — h, and using the tame product estimate
(3.17), we infer

1Al < Cr (1A L+ 18l + W= Pl e+ [VE )

s

where C) is a generic constant depending upon s, ., and || — A, || 1., independent
of 1, €, . Note that for s < 1, As_luHHl < ||ul| ;. Hence by induction starting from
(3.28), we deduce that for all s > 0, '

1Al < Cr (Il e + [ VR ) ) (3.34)

With w = /eu as before, since [|w/| 11 < [[A’ul|f we deduce that (3.19) holds.
4. Finally, if s > %then due to the embedding H® — L*°, from (3.30) we infer

s

ull oo + || VEU| oo < C(8 P 17 = Bl o) [0
Using this together with (3.34) proves (3.20), and concludes the proof. O

He*

3.2. Linear analysis

The local-time existence of solutions to the system (3.6) is proved by a standard approach for
symmetrizable hyperbolic systems, based on proving convergence of the following iteration
scheme: set Wy (x,1) = W°(x) and inductively determine W = W, | from W = W, forn > 0
by solving the (linear) initial value problem with coefficients and source term frozen at the
(now given) reference state W € C([0, T/a]; H®):

{Wt +B(W)W, + F(W) =0,

3.35
W|t:0 == WO. ( )

This subsection is devoted to the proof of energy estimates for this linear initial value prob-
lem. A symmetrizer for B(W) is given by

A(W) = <(g) 2) (3.36)

(Here h = h, + an where W = (1, u)T.) A natural energy for the IVP (3.35) is

E(W) £ (AW, AW)AW) = g|nll3 + (A’u,h A*u) (3.37)

which is equivalent to HW||§A provided that 0 < h,, < || < A, < co.
The following theorem establishes that the iteration scheme is well-defined, and provides
an energy estimate that controls the norms of all the solutions in the scheme.

Theorem 3.5 (Energy estimate). Fix i, > 0. Let s > 3, h,, € (0,h,) and R > 0. Then
there exists constants T, K > 0 depending upon s, hy, and R but independent of €, € (0,1],
with the following property. Assuming that Wy = (no, up) € H° satisfies

R
ho > 2. and  E'(Wo) < 7, (3.38)

and that W = (n,u) € C([0,T/a); H) N C'([0,T/a); H ™) satisfies

4356



Nonlinearity 32 (2019) 4346 J-G Liu et al

h>he, EW)<R, |[W], <K forallrel0,T/al, (3.39)

there exists a unique solution W = (n,u)” € C([0,T/a]; H®) to (3.35) satisfying

h>he, EW)<SR, |Wlgo <K forallre|0,T/al, (3.40)
and furthermore
ES(W(-1)) < eCYE (W) + e —1 <R (3.41)

forallt € [0,T/al, for some C = C(s, hys,R) > 0.

Proof. Since all coefficients of the initial value problem (3.35) are independent of un-

knowns, by a standard Friedrichs mollification approach we have the well-posedness of the

symmetrizable hyperbolic system. We will focus on the proof of the (a priori) energy estimate.
For simplicity, we use underlines to denote the dependence on W:

We compute that
OE (W) = 0,(N°W,ANW)

= (h,ANu, A°u) + 2(A°W;, AN°W). (3.42)
Using equation (3.35) and integrating by parts, we obtain
QE' (W) = (B, N'u, A'u) — 2(ABA°W,, A°W)
(3.43)

+ 2([B. '] Wy, ANW) — 2(A°F, AN W).

Now we turn to bound each of the four terms on the right-hand side of (3.43) in turn. In the
estimates below, various constants denoted by C may change from line to line without chang-
ing the notation.

(1) Since [|]| 0 = @7l < aC(s)K due to the embedding H°~' — L,

| (A u, Aw)| < 1 | oo [l < @C (s k) KES (W), (3.44)
(2) For the second term, note that
agu  gh
AB =
AB ( gh ahu> (3.45)

is symmetric, so we can take advantage of this symmetry and move the derivative from W
terms to the AB term. We use

|| < aC(s)||]

o < aC(s, b )E (W) < aC(s, b, R) (3.46)
together with the analogous bound |u,| < C(s, i, R) and obtain
2|/(ABA*W,, A°W)| = |((AB) AW, A°W))|
< [(ogu A, An)| + [2(gh A, Au)| + [(o(hu) o Nou, Nu)
< aC(s, hys, R)E (W). (3.47)
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(3) For the third term, it is crucial to use the Kato—Ponce commutator estimate (3.16) together
with the embedding H*~! — L*:

[([B. AIW, ANW)| = |(afu, N + o[, A'ur, gA D) + (o[, Ay, hA u) |

< aC(s)(Hm HH) 7]
aC(s)||u

He Nyl -1 T ||ﬂ| S Uy| He

HS Uy Hs—1 ”hHLoo ”u”Hr

+
2 2
< aCls. s R (1l + 19l 1)

< aC(s, hes, R)E (W). (3.48)

(4) For the fourth term (the nonlocal term), we exploit part 3) of lemma 3.3 (replacing 1 + s
by s and using the bound ||z — A, || 1. < CR) to get

HJjHH.; =

1
< al(s, h**,R)Hzﬁi - Eghzgi

1
6(3(1,;16)((2&37,% - Eghzﬂi)

H

< ac(sa N R)a
" (3.49)
where the last inequality is obtained by expanding i = h, + an and using the fact that
H*~'(R) is a Banach algebra. Then we deduce
(AEANW)| = |(AFhA%) | < (18]~ ],

< aC(s, hux, R) (1 + E*(W)).

|”|Hs

(3.50)
(5) Before proceeding further, we bound W, using (3.35), obtaining
[Willgemr = 1BOW)Wx + F || o
< C(s, My, R) (E°(W) + 1).
(3.51)

We fix the choice of K = K(s, h, R) at this point, requiring that
C(s,her. R)(R + 1) < K.

(6) Now, substituting all estimates back into (3.43), we find the Gronwall-type differential
inequality

OE' (W) < aC(s, hux, R)(E* (W) + 1). (3.52)
This in turn gives the energy inequality
ES(W) < eCYES(Wp) + e — 1. (3.53)
We choose T = T(s, hi.s, R) > 0 small enough so that
eTES(Wy) +e“T — 1 <R.
(7) Now pointwise, we have the bound
|| = alm| = aluhy + huy| < aC(s, b ) (E' (W) + E*(W))

hence from the hypotheses on the initial data,

h(x, 1) = ho(x) + / ho(x, 7) A7 > 2y — A1C(s, he) (R + ES(W)).  (3.54)
0
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Making 7 smaller if necessary, we can ensure that

ey > C(s, h.y )2RT. (3.55)

Now, considering (3.53), (3.51) and (3.54) in turn, we conclude that the inequalities in
(3.40) and (3.41) all hold as desired. O

3.83. Proof of theorem 3.1

The rSV system has a structure highly resembling that of the classical shallow-water system.
With the energy estimate, proofs of existence and uniqueness are standard, so we omit details.

The proof that the relative energy E, is conserved relies on a few basic facts: provided
s > 2, we have

n,u € C([0,T],H*(R)) N C'([0, T), H'(R)).
Also, for any v,w € H'(R), [ vwx = — [ vow and Z, ' (v,) € H*(R), with

JACEEGER A

Using these facts, the details of checking that 9,E, = 0 from (3.6) are rather tedious but
straightforward, so we omit them. For general initial data Wy € H*(R) with s > 2, we can
approximate by initial data Wy € H*(R) and infer from (3.11) that relative energy E, is con-
stant in time for the H® solution W.

4. Blow-up criteria
In this section, our aim is to establish the following criteria for finite-time breakdown of regu-
lar solutions.

Theorem 4.1. Let [0, Timax) be the maximal interval of existence of the solution from theo-
rem 3.1. Then if Tyax < 00 we have either

limsup [0 W (-, #) || .« = 00,

t—Trax “.1)
or
lim inf inf h(x,1) = 0. “2)

From the uniform positivity criterion in proposition 2.1 and the change of variables in (3.1)
(which implies o’E, = E,), we deduce that for small-energy perturbations of constant states,
a finite maximal existence time implies derivative blow-up.

Corollary 4.2. Ifo’E, < %g\/ghi and the maximal time of existence Tyax < 00, then

limsup [|0:W (-, 1) = 0.

1= Tmax

(4.3)
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This result follows from the fact that under the given hypothesis,
;gﬂgh(x, t) = hg>0 (4.4)

for all t € [0, Tyyax ), with iz given by proposition 2.1, so (4.2) cannot occur.

We will use a Gronwall-type inequality to derive the blow-up criterion of theorem 4.1.
For this argument, it is necessary to improve the estimate on the nonlocal operator Z, ! from
(3.19) by controlling the L*> norms that appear explicitly on the right-hand side. Toward this
aim, the following classical Landau—Kolmogorov interpolation inequality is crucial.

Lemma 4.3. Let ¢ € C*(R;R) be such that
1Pl <00, 16"l < 00.

Then

2
1911 < 2|1l 16" [l - 4.5)

Proof. Without loss we may assume ||¢”||,« = 1and ¢/(0) = a > 0. Then

o) =00+ [ '

¢'(x) dr = 6(0) + /0 ' (¢’<0) + Ox &) dy) dx
. v

4.6)
> ¢(0 —1)dy ) dx = #(0) + =
00+ [+ [[C@)ar=00)+ 30
Similarly, ¢(—a) < ¢(0) — 1a?. So
2|gll > bla) — $(—a) > a* = |¢/ (0)[". @.7)
O

The nonlocal operator Z, ! will be bounded using the following lemma. Below, the Banach
space of continuous functions ¢: R — R having finite limits ¢(£00) at +o0 is denoted by
Ciim(R), or just Cim. We let Cy denote the subspace of continuous functions on R that vanish
at 400, having limits ¢(+o00) = 0.

Lemma 4.4. Let s > % and let h — h, € H*(R) with 0 < hpyin < h < hpax < 00. Then
7, " is well-defined on Cyim. If ¢ € Ciim then hép € Ciim, and with v = I, ' (h¢), it holds that
v € Ciim and vy, vy, € Co, with

20

max
Tl 8)

Vlloe < MMl and [yl e <

Proof.

1. We first show that the L estimates hold for ¢ € L2(R) N Cy. In this case, v € H*(R),
since Z, ' : L>(R) — H*(R) is well-defined by lemma 3.3. Moreover, v is C? since  is
C'and hv — e(h*v,), = ho.

We introduce a new variable z on R such that
d

Rl A
dz

d
-
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Then in terms of the new variable we have
v—ceh ™. = ¢. 4.9)
By the maximum principle it follows ||v]| ;o < ||@||; . Therefore

elvallpe = 11*0 = 0)|| e < 2tnascllOll e (4.10)

hence the Landau—Kolmogorov interpolation inequality (4.5) implies

2h12nax
(honin)* [Vl < vell oo < IV Vel ) < 7”¢”LN'
Since L*(R) N Cy is dense in Cy, it follows Z, !is well-defined on Cy, and the estimates
(4.8) hold for all ¢ € Cy.
2. Now consider an arbitrary ¢ € Ciin, and define wy € C*(R) by
P(=00) | d(+00) — p(=00) ¢

wo(x) = no T h, 1+e

“.11)

This function has the property that all its derivatives vanish at +c0, and
hwg(—00) = p(—00),  hwg(+00) = ¢(+00). 4.12)
Then ¢ — Z,wy € Cp. Due to step 1, we may then define

def

u=7 "0 = ws + I, (¢ — Twy). (4.13)
Note that u is C and
Tou = . (4.14)
The estimates (4.8) on v = Z, ' (h¢) follow similarly as in step 1. O

Next, we observe that 0,7, lax o K3 is a nonlocal operator of order zero. We can extract the
local part of this operator, as follows. Since Z, = h — €0, o h’ 0 0,

0L, 0,0 h* 08, =0, — T, ' oh. (4.15)
This motivates us to write, for any nice enough function ¢,
X
0L, 0 (WP g) = ¢ — 0T, (h / qs). (4.16)

In light of this, we have the following L°° estimates, which in particular improve the estimate
(3.19) in part (2) of lemma 3.3.

Lemma4.5. Lets > %and suppose h — hy, € H* with O < hypin < h < hypax < 00.
1) If w = €Z, ' 9ap with 1 € L' N Cyim, then

Wllee + Well e < Cles i, hmas) ([l e + [[9]]0)- “.17)
2) If furthermore vp € H*™1, then

e < G ([0l gomr + (1 — |
where C3 = C(s, €, hmin, ||h — 1.0 )-

[[wl

a1 (19l + 10110)) (4.18)
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Proof. From (4.16), we have

—0, L, 0b = h 3y — 8., <h / ) h3¢>. (4.19)

— 00

Due to lemma 4.4,
oI, <h / h*%/;)

Then it follows

Walloo = [|e0:Z5 ' 0| e < C(Es hrmins Frma) (19l e + 19M10)- (4.21)

< C(E, hmin’ hmax)
LDO

fr
L

C(é, hmin’ hmax) ||1/)HL‘ . (420)

N

From definition of Z,” ! we also have

€T, 0,00, =1d—T, ' oh (4.22)
whence, again due to lemma 4.4,

Wl = €2y 0] o =

€Z, ' 0 o h* 0 0, (/ h*%p)

< C(E, hmin’ hmaX) ||/¢)HL1 .

L()O
(4.23)

This proves part (1). To deduce part (2), simply use the result of part (1) together with part (2)
of lemma 3.3. O

Next we apply these results to provide a tame estimate on the nonlocal term in the system
(3.6).

Corollary 4.6. Let s> % let W= (n,u) € H, and suppose h = hy, + an satisfies
0 < hmin < h < hyax. Let E = E, be the energy given by (3.10). Then with f(W) given by
(3.8), we have

IF W)l < CIIW| s where  C = C(s, €, hrnin, E, | W] y1.00)- 4.24)

Proof. Letv = 2i3u? — 1gh®n? sow = €I, '0,) = f(W). Then clearly
¢l < C(IWllyre)  and 9]l < Clhmin, hmax)E- (4.25)

Combined with (4.18), this implies

LW < (I8l + Il (4.26)

where C = C(s, €, hnin, E, | W|| 1. ). By applying the tame product estimate (3.17) several
times to the terms of ¢ (expanding 4 in powers of h — h,), we deduce

[9ll st < Cs, [IW o0 ) W] -

4362



Nonlinearity 32 (2019) 4346 J-G Liu et al

Combining this with (4.26), we obtain (4.24). O
Now we are ready to present the proof of the blow-up criterion.

Proof of theorem 4.1. Suppose W € C([0, Trmax); H®) is the solution of (3.6) from theo-
rem 3.1 on a maximal time interval with Ty, < 0o. We claim that it is impossible that

sup ||Wx("t)||Loo <oo and  hpmin = ZG[Oi,I;f,ax)i%fh(.’t) > 0. 4.27)

1€10,Tmax

Suppose on the contrary that (4.27) holds. Then because the energy E, is conserved, we have

WD)l < CIWE D < Clhnin, €)W 51, (4.28)

hence ||W(-, )|y remains bounded on [0, Trax). We claim that ||W(-, 1), also remains
bounded. By part (i) of theorem 3.1 it then follows we can continue the solution to a larger
time interval, contradicting maximality of Ty ax.

To bound ||W(-,t)|| ;- we modify the previous energy estimates as follows. We define a new
energy by

ES(W) £ (MW AW)NW) = gl + (Mu, hAw), (4.29)

replacing W in (3.37) by W. Due to the positive depth condition in (4.27) we have

ES(W) = C(5, hin) | W][2.. (4.30)

Similarly to (3.42) but with W = W we compute
(N W, ANW) = (B AW, A*W) + ((AB) AW, A°W)

b 2([B AW ANW) — 2(NF, ANW), (4.31)
We now revise the previous estimates of the four terms as follows.
(1) For the first term, || = a|(hu),| < C(a, [|W]| 1.0 ), SO
|(hNu, Au)| < Cl[W|7,. (4.32)

(2) For the second term,
[((AB),A°W,, A*W)|
< [(agueNn, An)| + [2(ghe A0, Au)| + [(a(hu) o Nu, Au)| (4.33)

2
< CGs W lyroo ) W[ -

(3) For the third term, using the Kato—Ponce commutator estimate (3.16) and the tame
product estimate (3.17), we get

|([B, A']W,,AN°W)]
< [(efu, Al gAn)| + [(afn, Aux, gA'n)| + [(afu, Aluy, hA'u)| - (4.34)
< C5, || W) || W[ 7

(4) For the fourth term, the estimate in corollary 4.6 yields

FW)ll e < C(s, € hrnin, E, [[W ][y ) W]

H2 (4.35)
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where E = E, (W?) is the constant energy of the solution. Hence

(AFANW)| = [NF AN u| < Cls W) [ W7 (4.36)
Collecting everything yields

OE (W) < C|[W|j. < CE*(W), 4.37)

due to (4.30). By Gronwall’s inequality it follows E*(W(-,¢)) remains bounded on
[0, Timax), hence the same is true for ||W(-, )]

He

This completes the proof of theorem 4.1. O

5. Derivative blow-up in finite time

In this section, the main goal is to show that solutions to (1.1), (1.12) with certain initial con-
ditions do exhibit derivative blow-up. The general strategy is to show that derivatives of the
classical Riemann invariants satisfy coupled Ricatti-type equations that must exhibit blow-up.

5.1 Ricatti-type equations for derivatives of Riemann invariants

Write the Riemann invariants R4 of the classical shallow water system and the two corre-
sponding characteristic speeds At as

R+:M+2\/g7]’l, )\+:M+\/g7h’
R —u-2gh A —u—/gh 5.1)

These quantities satisfy

1 1
A= Z0R +R). A= Z(Ry 3R, (5.2)

Next, note that the function inside the nonlocal term in (1.12) takes the form
1 1
2hu? — Eghzhi =21 (u? — Zgh_lhi) =21 (A ) (A, (5.3)

From this one finds that the evolution equations for R+ along characteristic curves take the
form

d* _

3 B+ = R+ ARy ) = 26T, 0 (P (A1)e(A-)a),s 6.4

d g = (R_), + A (R_)y = =22, ' 0. (R (A\4)x(A_)x) (5.5)

dr - — )t — —)x — € h x + )x\"N—)x)- .
Here %, % indicate the derivatives along ‘+’ and ‘—’ characteristic curves, respectively.

Next, we derive evolution equations for the derivatives of these classical Riemann invari-
ants, writing

P+ = (RJr)x = Uy + %hm P_ = (Rf)x = Uy — zhx (5.6)
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Clearly

1 1
()\+)X = Z(3P+ J'_P*)’ ()\7)): = Z(PJr + 3P—)- (5~7)

Differentiating (5.4)—(5.5), one obtains that P, and P_ satisfy a system of Riccati-type equa-
tions containing a nonlocal term:

+
%tm = f%(sm +P_)P. —2e0.Z; 0. (P (A4 )c(A2)s), (5.8)
d- 1 145 (13
0= —Z‘(P+ +3P_)P_ — 20T, 0, (P (A4)x(A2)x). (5.9)

In this system, the nonlocal operator 0,Z, 19, o k3 has a local part which we extract as in
the previous section, using the formula (4.16). This motivates us to introduce a primitive for
the product (A4 ) (A_),, writing

y
G0 = [ OO (5.10)
— o0
In terms of this quantity we can write
=220, 0 (P (A4 )x (A )x) = 2004): (A2 )e — ©, (5.11)
where
0 = 20,7, ' (hG). (5.12)
Using (5.7) we find that the Ricatti-type evolution equations for P4 take the form
dr 3 3
—P,=—--P> +P,P_+=-P> — 5.13
dl‘ —+ 8 + + =+ + 8 — Q, ( )
d- 3, 3,
—P_= -PP4+P.P_ —-P2 Q. 14
dr g+ T gt ¢ 19

These two equations are of central importance because the nonlocal term Q that appears here
is essentially a constant, and after that (5.13)—(5.14) is a system whose behaviors are governed
by the quadratic terms in P, and P_.

To see that the integral in (5.10) is well-defined, note that

1
16

1
<SP +PL)<2 (uﬁ v %hf) .

It then follows from conservation of the relative energy E, in (2.1) thataslongash > hy;, > 0
we have the estimate

DAl = — (3P + PL)(Py +3P_)]

(5.15)

2 4F
1G(-,1)]| e < / |Ap)eA)aldr < —— [ (Bl + gh?hl) dx < —5=
R hmin R E:hmin
(5.16)

To handle the nonlocal term Q in the Ricatti-type system (5.13)—(5.14), we exploit lemma
4.4 to address the L> bound on the solution of the elliptic operator Z,. Lemma 4.4 together
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with the estimate in (5.16) immediately yields the following uniform bound for the nonlocal
term Q given by (5.12).

Proposition5.1.  Foranyclassical solutionW of (3.6) satisfying 0 < hpin < h < hypax < 00
on a time interval [0, Ty ), we have

4 h%nax 16 h%nax
06 llw < =Gl < e (517

Now we are ready to state our main theorem.

Theorem 5.2. Fix ¢, > 0. Then there exists compactly supported smooth initial data
WO = (n°,u®) of the IVP (3.6), having arbitrarily small relative energy E., for which the
derivatives of the solution will blow up in finite time. The precise meaning of this is that there
exists T € (0, 00) such that the solution exists and stays smooth for all (x,t) € R x [0,T), and

sup Py(x,t) + |P_(x,1)| < oo,

el (5.18)
but

;2£P+(x, t) = —oco asttT. (5.19)
Remark 5.3.

(i) The blow-up behavior described in this theorem implies that

inf u,(x,t) - —oco and inf h(x, 1) = —oc0 ast 1T,
x€R x€ER

see (5.36) and (5.25) below.

(i) We will show that blow-up as described in the theorem occurs for any initial data that
satisfy certain explicit upper bounds on relative energy FE,, IP_I, and Py, such that
inf P, (-,0) is sufficiently negative; see lemma 5.6 below.

5.2. Proof of derivative blow-up

Next, we will sketch some of the fundamental ideas of the main proof. Our goal is to con-
struct initial data such that P blows up while P_ stays bounded. If indeed P_ stays bounded
then it is rather easy to infer from (5.13) P blows up quickly if P is initially large on some
individual characteristic. However, to show P_ stays bounded everywhere while P blows up
somewhere, (5.14) requires us to show that the integral of Pﬁ_ along all the ‘—’ characteristics
has to remain bounded. A principal difficulty is that the characteristic speeds depend (nonlo-
cally) on the solution itself. Moreover, due to (5.7) we expect both (), and (A_), to blow up
to —oo, as P does. This indicates that characteristics curves are concentrating in the vicinity
of the singularity.

Let us introduce the flow maps X,X_ : R x [0,00) — R along the ‘+’ and ‘—’ charac-
teristic curves, defined through
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8X+ T 1) = A (X (6,1),0) 8X_ o GO =A-X G0 g0

> ’

X+(£ 0)=¢ Xf(<,0)=4
where &, ¢ are Lagrangian variables. Differentiating the first set of equations in &, one obtains

(m>:( 0K 0

o€ o€ a—g(&o) = 1. (5.21)

So, if some constant L > (A ), everywhere along a certain ‘4’ characteristic curve for time

in[0, 7], it follows that 5’@% < el everywhere on the curve in this time interval. The same holds
true for the ‘—’ characteristic curves. When it happens that L < 0, nearby characteristics
curves focus towards each other and concentrate as time increases.

The key to the proof of blow-up will be to establish two things:

(@) 5 6X+ P? - is close to constant along the ‘+’ characteristic curves; i.e. the concentrating

effect of the ‘4’ characteristic curves and the blow-up effect of Pi offset and exactly
balance each other.

(b) The integrals of Pi_ along the ‘—’ characteristic curves are bounded.

We shall use (a) to derive (b). The exact meaning of (a) rests on the fact that, temporarily fix-
ing £ and abusing notation to write Py = P (X4 (&,1),1),

N A R S
dt( o€ P+> = (61‘ o€ )P + g g (P

— OGP + (;m)x(sp_ P Q)
e
= gg P (3P_(Ay)x — 20). (522)

Here the important point is that the highest order terms (cubic in P, ) match exactly and
g0 away.

Proof of theorem 5.2. We are now ready to begin the main argument, proceeding in sev-
eral steps.

Step zero. We will work with smooth initial data with relative energy sufficiently small so that
we can apply proposition 2.1(b) and corollary 4.2. We introduce several explicit constants in
this proof chosen as follows: the initial depth at infinity 4, > 0 is arbitrary. We define positive
constants Cy(¢), Cz(¢, hy), C3(&, h,) explicitly by

. 6 . 72C . 16C
Ci(e) & \%’ Colehy) £ \/ghl, Cs(e,hy) & \/27;‘ (5.23)
* *

We let Tinax denote the maximal time of existence of the smooth solution, and establish
some preliminary bounds for solutions whose relative energy from (2.1) satisfies

1
E, < cgVeh,. (5.24)

Using this bound in proposition 2.1(b) we get g > %h*, and from this and remark 2.2(iii) it
follows that up to the maximal time of existence the depth satisfies the bounds
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1 3
hmin <h< hmaxa with hmin = Eh*, hmax = Eh* (525)

Next, we can bound the fluid velocity by a Sobolev-like inequality, writing

dx 2E
e < [ 2hunfas < [ e+ ehfud) s < 2 < e 526

Hence the characteristic speeds from (5.1) are bounded by

||/\i||L°° <2 ghmax~ (527)

Next, as in (5.15) and (5.16), we find that

4B
eh’

min

IP( )7 < <G (5.28)

Finally, applying proposition 5.1, we deduce that

4n2 72C,
-t o g max C, = <C 5.9
06l < = HL < G, 529
Step one. The key to the proof will involve obtaining bounds on the quantity
M(1) £ sup Py (x,s)+ sup |P_(x,s)
xER,5€[0] xER,5€[0,] (5.30)

that are valid on a fixed time interval independent of any lower bounds on P .

Lemma 5.4. There exists T, = Ty (€, h.) > 0 independent of the initial data, such that if
(5.24) holds and also

M(0) < -G, (5.31)

then
M(t) < C; forallt € [0, Trax A Tx)-

Taking this result for granted for the moment, let us complete the proof of theorem 5.2. We
study solutions with smooth initial data that satisfy the relative energy bound (5.24) and the
(one-sided) sup bound (5.31).

We first claim that under a further condition on initial data, necessarily Ti,ax < Ty. We
argue as follows. From (5.6) we infer that if Tyax > T, then on the time interval [0, T, ] the
norm ||W(-,7)|| 2 is bounded and hence s0 is || P+ ||, -

From (5.13), however, using the inequality PLP_ < %Pi + 2P% we find that along any
‘+ characteristic x = X4 (€, 1),

d* 3

3 1 1
P+ < fgpi +P.P_+ gPZ_ +G < —Zpi +3C3+ G < fgpi,
(5.32)
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provided %P+ (€,1)? = 3C5 + Cy at t = 0 (for then P _is increasing). Choose o < 0 so large
that

1 8
gng >3C5+C, and kg < —7 (5.33)
*
and set £() = ro(1 + grot) . Since &’ = —1x?, it follows that if P (£,0) < ko then
Po(&1) < h(t) > —co as t1—8ky' < T, (5.34)

This proves the following.

Lemma 5.5. Necessarily Tyax < Ty, if initially (5.24) and (5.31) hold, and
inf P .
Inf +(£,0) < Ko (5.35)
Now, the essential point is that it is straightforward to construct smooth initial data that
satisfy the required bounds to this point. We omit the proof of the following.

Lemma 5.6. There exist smooth initial data WO of compact support in R such that E, is
arbitrarily small, M(0) satisfies (5.31), and P (-,0) satisfies (5.35).

With any such initial data, it then follows further from corollary 4.2, the formulas

1 h
u, = E(PJr +P), h= \/;(PJr —-P_), (5.36)
and lemma 5.4, that P cannot remain bounded below and must satisfy
hg;gf;gf Pi(x,t) = —o0. (5.37)

We claim that actually (5.19) holds, meaning that the ‘liminf’ here can be replaced by
‘lim’. The reason for this is that from (5.13) we have that along any ‘+’ characteristic,

3 3 1 1
i SPi +P,P_+ SPE G > —EPi -3C -G > —5 (P + Cy)%, (5.38)

where %Cﬁ = 3C§ + C,. By consequence, if we suppose that (5.19) is false, and instead
inf, P(x fx) = k1 > —oo for some sequence f — Tinax 10 [0, Tinax ), then for k so large that
1+ 351 (Tmax — t) > 1. we find by solving the Ricatti inequality above that

K1
1+ 2kt — 1)
This contradicts (5.37) and proves (5.19).
Step two. It remains to prove lemma 5.4, using a continuation argument. Set

inf P (1) + Cy > > 2k forallf € [t Tmax).  (539)

T3 = sup{r € [0, Tnax) : M(1) < C3}. (5.40)

Then for ¢ € [0, T3) we have the following estimates. First, as in (5.32) we have

CAP 3P2—|—PP 2P o< 3G3+C
TR * 8 2 S >
whence
1
SupP+(x 1) < 4C3 +1(3C5 + Cy). (5.41)
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Similarly, we find that along ‘—’ characteristics,

d- 3 3

—P_>ZP. 4P P_—-P —C>-3C;—C,,

dr gl + Tt g - 7 3T
whence

1

inf P_(x,1) > 36— t(3C3 + C)). (5.42)
Finally, in a similar way we find

b <3p2 +C

d[ -3 + 27
whence

1 t
Sl;p P_(x,1) < ZC3 +1tCy +3 ?EIE/O PL(X_(¢,5),5)ds. (5.43)

The following estimate on this last integral is the key to the proof.
Lemma 5.7. There exists Ty = Tis(€, hy) > 0 independent of the initial data, such that if
T3 < Tax A Ty then

t
1
sup/ Pi(X_(C,s),s) ds < =C; forallr € [0, T3]
¢er Jo 8

Taking this result for granted for the moment, we complete the proof of lemma 5.4.

Proof of lemma 5.4 We choose T, > 0 such that

1
T, < Ty, and 2T,(3C+C)) < 3G (5.44)

We claim that then T3 > Tyax A Ty Indeed, if not, then by combining the result of lemma 5.7
with the estimates in (5.41)—(5.43), we infer that

7
M(1) < 5Cs + 26(3C3 + C2) < C3 forallt € [0, T3). (5.45)

But then by continuity, M(f) < C3 on a larger time interval, contradicting the definition of T3
in (5.40). U

Step three. Now it remains only to prove lemma 5.7.

Proof of lemma 5.7. 'We first note that due to (5.25) the difference between characteristic
speeds at the same point satisfies

Ay — A =2\/gh €[\/2gh,,\/6gh,]. (5.46)

Now, suppose T3 < Tax, and fix any (o € R. For each ¢ € [0, T3], due to (5.46) there is a
unique & = &(#) < (p such that the ‘+” characteristic starting from £ and the ‘—’ characteris-
tic starting from (j intersect at time ¢, i.e.

X (&o(1),1) = X (o, 1) (5.47)
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§o(t) o

Figure 1. Pullback from — characteristics along + characteristics. ‘e’ marks the point
(x, 1) where x = X4 (& (1), 1) = X— (o, 7).

(See figure 1 for a sketch of the situation.) Note that due to (5.20) and the bound on character-
istic speeds in (5.27) we can say that

Go — &o(t) < [Co — X—(Co )] + [ X4 (0(2), 1) — &o(2)]

(5.48)
S At llzee + 1Al )t < 44/ ghmaxt.

Differentiating (5.47) in ¢, we find

ox d
e (€00 G2 4 A (0. 000) = A (X (G0
Due to (5.47) and (5.46) it follows
ox d
e 0.0 = A=A =2k

Now by changing variables s = so(£) using the inverse function so = &; ! we get, writing
(PP oXi)(&T) = Pr(X4(&7),7)%

/0 Pi (X_(o,5),8)ds

-/ " (57 ) o@D o)

NC e () de

00X+
ng*h*/&(,) (X6 50(O)sn(E) (€ s)
50(8) g ox
2 ( 5 .
\/2g7h/§0(, (P (&0)+ /0 d7.<P+OX+8£>(£,T)dT> d¢
2 ¢ X,
< EHPH-,O)HU-F \/287/50(;)/ dT( oXy— o€ )def
< i(j + ¥A
= 16 3 Zgh*

(5.49)
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where

o s0(§) X
AZ /{()/0 di(P’i oX+aag>(f,T) dr d¢. (5.50)
olt

To get the fourth line in (5.49) we use the fundamental theorem of calculus along the ‘+’
characteristic starting from (&,0), and to get the last line we use (5.28) and the definition of
C; from (5.23).

Now, by the crucial derivative computation (5.22), since (Ay), = %(3P+ +P_) and
|P_| < M(f) < C3, we can bound the the integrand of A by a quadratic polynomial in P,

times %’ in which the linear term can be bounded by the quadratic term and the constant

term:
d ox )¢
— (P2 ox =F tp P —2
i (7 ox G Jem < [Fgra o0 —20)
ox
<G (Gper-tips v p-+ 2|P+|cz)
X
< —(36;P% + G+ 43).

o€

Due to the bound (5.48), by using Fubini’s theorem we obtain

/M/ aX* >d¢d§:/0t<§o<f>—

< (CO - go(l‘))l‘ < 4 ghmaxt2 <5 gh*tz.
To bound the integral of 8 + P2, one uses the inequality

/f Yydr <f(0 /[f’ )ldr Vf € C'(R) (5.51)

to obtain

Co 0(§)
/ / 8Xﬂvz drd¢
&o

50(€) | ¢ X,
</§0 <s><i<§,0>+/0 ‘dT<PioX+a§)(§,r) dT>dg

([P (5 0) 72 + A) < H(Cr + A). (5.52)

Putting these bounds into (5.50), one obtains
A <3C5t(Cy + A) + (C3 + C3)5+/gh.t*.
We now choose T, > 0 to be so small that

1 1
3C3 T, < = and 5(C3+ CHT,, < 3 (5.53)

2
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Then if T3 < Ty, it follows that for all ¢ € [0, T3],

A < 6C3Ci 1+ gh.t.

Further restricting 7, to be so small that

1 1
6C C h*)T** < —C s
Tgh*( 3C1 + V8 T

we can conclude from (5.49) that for all ¢ € [0, T3],

< =Cs. (5.54)

This finishes the proof of lemma 5.7. O

With this, the proof of theorem 5.2 is complete.

6. Asymptotic blow-up profile

We recall that for the classical shallow water equations (¢ = 0), the system (5.4) and (5.5)
admits simple wave solutions with R_ = 0 and R, satisfying an inviscid Burgers equation.
Namely, (5.4) with € = 0 yields

3

(R+)t + )\+(R+)x =0, Ay = ZR+- 6.1)

As is well known (and briefly discussed below) smooth solutions of this equation with
(R4+)x < 0 somewhere must break down in finite time, and typically develop a profile with a
cube-root singularity at the blow-up point, with

Ry ~ ag — bo(x — x0)'/3. (6.2)

Then after blow-up, the singularity changes type as a shock discontinuity develops.

For the rSV system with € > 0, the coefficients of the quadratic terms in the Ricatti-type
system (5.13) and (5.14) differ from their values in the classical system (5.8) and (5.9) with
€ =0, due to an e-independent contribution of the local part of the nonlocal term. As we
discuss heuristically in this section, this difference appears to change the nature of the typical
solution profile at the time of blow-up. For the blowing-up solutions from section 5 above, we
will argue that one should expect that the profile near a blow-up point should typically have a

2-root singularity instead:
Ry ~a. —b.(x— x0)3/5. (6.3)

What happens after the blow-up time is not known, but we may conjecture that solutions
develop %—root singularities, like the weakly singular traveling waves described in [25].

6.1. Blow-up profile for the rSV equations

Let us describe heuristically why we may expect the blow-up profile in (6.3). Suppose we start
close to the blow-up time, taking Py(£) to be initial data for P, like that described in the proof
of theorem 5.2, with a large negative minimum at £ = 0, say. In the vicinity of £ = 0 we then
typically expect quadratic behavior near the minimum, with
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Po(€) = Po(0) + co€? . (6.4)
Since Q and P_ are bounded before P, blows up, we assume
Q] + [P—| < [P4], (6.5)
and neglect these terms, rewriting (5.13) and (5.21) as
dt d 3,
—P,=—(Py(X =P 6.6
Tt dt( + (X (&.1),1)) g+ (6.6)
0X 4 30X,y
=) =Zp,—*
( o€ )t PP TS (6.7)
With the initial data Py we solve (6.6) along the ‘+’ characteristic curves to get
Py(§)

PL(X1(61).1) = [EErNT

Following the ‘4’ characteristic curve emitting from the global minimum point 0 of Py we
expect blow-up to happen first at £ = 0 at the time T = (3|Po(0)|) ~' <« 1, and we find

ci o= |Po(0)]

(6.8)

P (X (,T),T)~ ——, = .

+(X+ (& T),T) & "= e (6.9)
Now, from (6.7) and (6.6) one can compute that

dt [9Xy ,

—_ [ Z=x=p2 ) =o.

dt<6£ +) 0 (6.10)

(This balancing effect agrees with the rigorous computation (5.22).) Integrating this equa-
tion along characteristics up to the blow-up time 7, we find for & close to O that

OX 103 B 3 AT
875(5’ T)= W = (1 + STPo(ﬁ)) = <8Tco) 54. (6.11)

Integrating in £ we get
X4 (6T) = X4(0,T) = 2.

Solving for £ and using this in (6.9) we find, for x near xo = X4 (0, T),
Pi(x,T) ~ —c3(x — xo) 2>,

Integrating in x now yields (6.3).

We remark that these heuristics lead us to expect that P (-, T) belongs to L?(R) for p < 3.
However, if we repeat the calculations with Py having a degenerate minimum ~ Py + co§ 22 for
arbitrary n € N we find that in general P (-, T) need not remain in L? for any p > 2.

6.2. Comparison with the inviscid Burgers equation

We briefly indicate how the calculations above differ with the situation when € = 0. In this
case, the characteristic speed ¥ = A4 in (6.1) satisfies the inviscid Burgers equation

u; + uu, = 0. (6.12)
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From Burgers equation v £ u, = %(R+)x satisfies v, + uv, = —v2, which implies that along
characteristic curves X (¢, -) with % (&, 1) = u(X (&, 1), t) we have, analogous to (6.7) and (6.6),
d 0X 0X
— (v(X(&,1),1)) = V7, — ) =v—(&0).
Sheen.n) =2 (FF) —vgeen

Then similar to (6.9) it follows that v(X (€, ),1) ~ —c/&? at the time of blow-up.
Differing from (6.10), however, we have instead

d(ox =0 6.13
&875‘}_’ (6.13)

where v appears here and not v2. Now instead of (6.11) one finds %}é ~c&and X — xg ~ c&3.
From this one deduces that at blow-up,

v(x, 1) ~ —c(x — x0) 23, (6.14)

whence (6.2) follows.
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