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Spectral State Compression of Markov Processes

Anru Zhang

Abstract—Model reduction of Markov processes is a basic
problem in modeling state-transition systems. Motivated by the
state aggregation approach rooted in control theory, we study
the statistical state compression of a discrete-state Markov chain
from empirical trajectories. Through the lens of spectral decom-
position, we study the rank and features of Markov processes,
as well as properties like representability, aggregability, and
lumpability. We develop spectral methods for estimating the
transition matrix of a low-rank Markov model, estimating the
leading subspace spanned by Markov features, and recovering
latent structures like state aggregation and lumpable partition
of the state space. We prove statistical upper bounds for the
estimation errors and nearly matching minimax lower bounds.
Numerical studies are performed on synthetic data and a dataset
of New York City taxi trips.

Index Terms— Computational complexity, maximum likelihood
estimation, minimax techniques, signal denoising, tensor SVD.

I. INTRODUCTION

ODEL reduction is a central problem in scientific

studies, system engineering, and data science. In many
situations one needs to learn about a complex system from
trajectories of noisy observations. When data is limited,
the unknown system becomes difficult to model, analyze, infer
and let alone optimize.

In this paper, we study the dimension reduction of a Markov
chain {Xo, X1, ..., X,} where the state space is discrete and
finite but very large. There are two goals: The first goal is data
compression and recovery of a reduced-order Markov model.
The second goal is to extract features for state representation,
which can be further used to find state aggregation or lumpable
clusters. These two goals are closely tied to each other -
achieving either one would trivialize the other one. We refer
to the combination of these two goals as the problem of srate
compression.

State compression of discrete Markov chains finds wide
applications. For an example of network analysis, records of
taxi trips can be viewed as a fragmented sample path realized
from a city-wide Markov chain [1], [2], and experiments sug-
gest that one can estimate latent traffic network from sample
paths [3]. Similar needs for analyzing Markov transition data
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also arise from ranking problems in e-commerce [4], [5],
where clickstreams can be viewed as a random walk on the
space of all possible clicks.

Our work is inspired by the state aggregation approach that
is commonly used to reduce the complexity of reinforcement
learning and control systems. State aggregation means to
aggregate “similar” states into a small number of “meta states,”
which are typically handpicked based on domain-specific
knowledge [6], [7] or based on given similarity metrics or fea-
ture functions [8]. In the context of discrete-state Markov
chains, the goal of state aggregation is to find a partition
mapping E such that P(X,41 | X;) ~ P(X;41 | E(X})). In
fact, the state aggregation structure corresponds to a particular
low-rank decomposition of the system’s transition kernel (see
Proposition 3). Another inspiring example is the use of mem-
bership models for modeling large Markov decision processes,
where each observed state is mapped into a mixture over meta
states [7], [9]. This membership model, also known as soft
state aggregation, corresponds to a low-rank decomposition
structure of the transition kernel (see Proposition 2). These
existing approaches for dimension reduction of control and
reinforcement learning mainly rely on priorly known meta-
states or membership models. In contrast, we aim to learn
the state aggregation structure from trajectorial data in an
unsupervised manner.

Let us investigate the spectral decomposition of the Markov
chain, of the form

-
P(Xiq1 | X))~ D filX)ge(Xig1),
k=1

where fi1,..., fr,8&1,...,&r are some feature functions and
r is the rank. The spectral decomposition of the transition
kernel provides a natural venue towards state compression,
where f1,..., fr,&1,...,&r can be used as basis functions
to represent the state space using a small set of parameters.
There are many open fundamental questions: How to estimate
the feature functions and the leading feature space? How to
estimate the Markov model under a low-rank assumption?
What are the statistical limits for state compression? In this
paper, we plan to take a substantial step towards answering
these questions.

We propose a class of spectral state compression methods
for finite-state nonreversible Markov process with provably
sharp statistical guarantees. Our main results are summarized
as follows.

1) Spectral properties of Markov chains, aggregability,
and lumpability. We study the spectral decomposi-
tion of Markov chains, and we show it is closely
related to aggregability and lumpability of the process.
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Aggregability means that the states can be aggregated
into blocks while preserving the transition probability
distributions, while lumpability means that states can be
clustered while preserving the strong Markov property.

2) Sharp statistical guarantees for estimating low-rank
Markov models. For Markov chains with a known small
rank, we provide a spectral method for estimating the
transition matrices and establish upper bounds on the
finite-sample total variation error. We also establish a
nearly matching minimax lower bound. These results
also extend to the estimation of general low-rank sto-
chastic matrices that are not necessarily square.

3) Sharp statistical guarantees for state space compression
of general Markov chains. For general Markov chains
that is not low-rank, we show that the spectral method
recovers the leading Markov feature space with high
accuracy. Upper bounds and minimax lower bounds for
the subspace recovery errors are established. In special
cases of aggregable or lumpable processes, we show that
one can further recover the state aggregation or lumpable
partition with statistical guarantees.

In numerical experiments, we apply state compression to
analyze the New York City Yellow Cab data. By modeling taxi
trips as sample transitions realized from a citywide random
walk, our spectral state aggregation method indeed reveals
latent traffic patterns and meaningful partition of NYC.

A. Outline

Section II surveys related literature. Section III studies the
spectral decomposition of the Markov chains and properties
such as the representability, aggregability and lumpability.
Section IV proposes a spectral method for estimating low-
rank Markov models and provides theoretical guarantees.
Section V proposes state compression methods for estimating
the leading feature space and recovery of the state aggregation
structure or lumpable partition. Section VI gives numerical
experiments. Proofs are given in the supplement.

B. Notations

We use lowercase letters such as x, y, z to denote scalars
and vectors, and use boldface uppercase letters like X, F, P to
represent matrices. For x, y € R, we denote x Ay = max{x, y},
x Vy = min{x, y} and (x); = max{x, 0}. For a vector v €
R?, we denote |ull; = ( f:l |v,-|‘7)l/q for all ¢ > 0 and
lulloo = maxi<ij<p |u;|. For a matrix X € RP1*P2 we denote
by o (X) its k-th largest singular value, and denote || X||F =

5\ 172
> X3) L IXI = X2 = supy <1 [Xull2, and X |11 =
i |X;j|. For two sequences {a,}, {b,}, we say a, < b, if
there exists ¢ > ¢ > 0 such that ¢» b, < a, < ¢ b, for all
n sufficiently large.

II. RELATED LITERATURE

This work relates to a broad range of model reduction meth-
ods from dynamical systems, control theory, and reinforcement
learning. For instance in studies of fluid dynamics and mole-
cular dynamics, various spectral methods were developed for
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approximating the transfer operators, their eigenvalues, eigen-
functions and eigenmodes, including time-lagged independent
component analysis (e.g., [10], [11]) and dynamic mode
decomposition (e.g. [12], [13]). See [14] for a review of data-
driven dimension reduction methods for dynamical systems. In
control theory and reinforcement learning, state aggregation is
a long known approach for reducing the complexity of the
state space and thus reducing computational costs for approx-
imating the optimal value function or policy; see e.g., [7]-[9],
[15], [16]. Beyond the state aggregation approach, a related
direction of research, known as representation learning, is to
construct basis functions for representing high-dimensional
value functions. Methods have been developed based on diag-
onalization or dilation of some Laplacian operator that is used
as a surrogate of the exact transition operator; see for examples
[17]-[20]. Reference [21] gave a comprehensive review of
representation learning for Markov decision problems and an
extension to continuous-state control problems. The afore-
mentioned methods typically require prior knowledge about
structures of the problem or transition function of the system,
lacking statistical guarantees.

Our methods and analyses developed in this paper use ideas
and proof techniques that can be traced back to discrete dis-
tribution estimation, matrix completion, principal component
analysis and spectral clustering. In what follows, we review
related results in these areas.

Our first main results are the minimax upper and lower
bounds for estimating low-rank Markov models (Section IV).
These results are related to the problem of discrete dis-
tribution estimation, which is a basic problem that has
been considered in both the classic and recent literature
[22]-[26]. These works established minimax-optimal estima-
tion results or various losses (e.g., total variation distance and
Kullback-Leibler divergence) and specific discrete distribu-
tions when the observations are generated independently from
the target distribution.

Another related topic is matrix completion, where the goal
is to recover a low-rank matrix from a limited number of
randomly observable entries. Various methods, such as nuclear
norm minimization [27], [28], projected gradient descent [29],
[30], singular value thresholding [31], [32], max norm min-
imization [33], [34], etc, were introduced and extensively
studied in the past decade. Similar to [31], [32], our pro-
posed estimators involve a singular value thresholding step.
In contrast to matrix completion, the input data considered
in this paper are transitions from a sample path of a random
walk - they never reveal any exact entry of the unseen tran-
sition matrix and the data are highly dependent. In addition,
the transition matrix to be estimated is known to be a stochastic
matrix, making the problem distinct from matrix completion.

Recovery of a low-rank probability transition matrix has
been considered by [35]-[37].! Reference [35] studied a
spectral method for estimating hidden Markov models and
proved sample complexity for the Kullback-Leibler divergence
that depends on spectral properties of the model. A subroutine

11371 was completed after the initial arxiv version of the current paper was
released, therefore [37] is not a prior work.
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of the method conducts spectral decomposition of a multi-step
empirical transition matrix for identifying the hidden states.
Reference [36] recently studied the estimation of a rank-two
probabilistic matrix from observations of independent samples
and provided error upper bounds. Reference [37] studied a
rank-constrained likelihood estimator for Markov chains and
provide upper and lower bounds for the Kullback-Leibler
divergence. In comparison to these works, we focus on the
Markov processes, and we provide explicit upper bounds and
minimax lower bounds for the total variation distance and the
subspace angle.

Our results for spectral state aggregation and spectral
lumpable partition can be viewed as variants of spectral
clustering. Spectral clustering is a powerful tool in unsu-
pervised machine learning for analyzing high-dimensional
data [38], [39]. It is widely used in community detection
[40]-[42], high-dimensional feature clustering [43], [44],
imaging segmentation [45], [46], matrix completion [31], [47].
In most of these works, the input data are independent and
clusters are computed based on some similarity metric or sym-
metric covariance matrices. In comparison, the proposed
methods of spectral state aggregation and spectral lumpable
partition are not based on any similarity metric or sym-
metric matrix. The two methods are developed to exploit
linear algebraic structures that are particular to aggregata-
bility and lumpability, respectively. In particular, the spec-
tral state aggregation method aims to cluster states while
maximally preserving the outgoing distributions, while the
spectral lumpable partition method focuses on preserving the
strong Markov property of the random walk. More specifically,
state aggregation is based on the left Markov features, while
lumpable partition relates to both the left and right features. A
related work by [48] studied the lumpable network partition
problem by analyzing the eigen-structures when the network is
exactly given. Our spectral method for estimating the lumpable
partition is based on singular value decomposition rather than
eigendecomposition. Following this work, the paper [49] later
studied nonnegative factorization for estimating the soft state
aggregation model and the paper [50] developed a kernelized
state compression method for representation learning of mul-
tivariate time series data.

III. MARKOV RANK, AGGREGABILITY, AND LUMPABILITY

Let {Xo, ..., X} be a Markov chain on the space Q2. When
Q is a finite set Q = {1, ..., p}, let the transition matrix be
P € RP*P where P;; = P(Xyx = j|Xi—1 =i, Xk—2,..., Xo)
forall k > 1,1 <i, j < p. Throughout this paper, we assume
{Xo, ..., X} is ergodic so there exists an invariant distribution
T e RPie., i =lim,_ oo % > -1 lix,=i). Furthermore, 7 is
an invariant distribution if and only if 7' P=x",7; >0,and
P i =1 Let wmin = minj<i<p Ti, Tmax = MaX|<j<p .
Let F € RP*?P be the long-run frequency matrix F;; =
limy—oo = >0y Lixs=iXss =)}, S0 that F = diag(z)P. For
any ¢ > 0, the e-mixing time of the Markov chain is defined
as

1
7(¢) = min [k : max —

1<i=p 2 ‘(Pk)["’:] B ﬂTHl = g] ' =
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We call 7, = 7(1/4) the mixing time for short. Please refer
to [51], [52] for comprehensive discussions on the theory of
Markov chain and mixing times.

Let us consider Markov chains with a small rank. This
notion was introduced for Markov processes with a general
state space by [53] as an example of “dependence that is close
to independence”. For more examples and properties of the
finite-rank Markov chain, please refer to [54] and [55].

Definition 1 (Markov Rank, Kernel and Features). The rank
of a Markov chain Xy, ..., X, is the smallest integer r such
that its transition kernel can be written in the form of

P(Xop1 | X0) = D filX0)gk(Xep1),
k=1

)

where f1, ..., fr are real-valued functions and g1, . .., g, are
probability mass functions. The non-degenerate r X r matrix
C such that Cjj = f jT gi is referred to as the Markov kernel.
We refer to f1, ..., fr as left Markov features and g1, ..., gr
as right Markov features. If the Markov process has p discrete
states, fi,..., fr, &1,...,8&r are p-dimensional vectors and

Cij = 20, [i(k)gi(k).

A low-rank Markov chain admits infinitely many decom-
positions of the form (2), therefore the kernel C and feature
functions f1, ..., fr,&1,-..,&r are not uniquely identifiable.
In this paper, we will mainly focus what are identifiable,
i.e., the transition kernel P and the feature spaces spanned
by fi,..., fr and g1, ..., g respectively.

Proposition 1 shows that Markov features are sufficient to
represent the multi-step Markov transition and the stationary
distribution.

Proposition 1 (Representability of Markov Features; [54]).
Suppose that the Markov chain Xy, . .., X, has a rank r taking
the form of (2), then
1) If the state space is finite, the transition matrix P satisfies
rank(P) = r.
2) P(Xiqn | Xo) = 2?21 2;21 f,'(X,)(C”_l),-jgj(X,_,_n).
3) There exists y € R" such that w(-) = > ;_; 7k&k() and
yTCc=yT.

In addition, Markov features can be used as basis func-
tions in the context of control and reinforcement learning
for representing value functions. For example consider the
reward process h(Xy),...,h(X,), where h : Q — R is a
reward functio. In control and reinforcement learning, a central
quantity for evaluating the current state of the system is the
discounted cumulative value function v : Q +— R, given by
v(x) = E[X02ga" h(X,) | Xo = x], where a € (0,1) is a
discount factor. Now if the Markov chain admits a decompo-
sition of the form (2), we have v(-) = r(-)+ > ;_; wk fx () for
some scalars wi, ..., w,. In other words, the value function
can be represented as a linear combination of left Markov
features.

Next we introduce a notion of Markov non-negative rank,
which is slightly more restrictive than the Markov rank.

Definition 2 (Markov Non-negative Rank). The non-negative
rank of a Markov chain is the smallest r such that its transition
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P~UPVT

Fig. 1. Soft state aggregation of Markov chain with a small nonnegative rank.
Raw states can be mapped to “meta-states” through a factorization model of
the transition matrix.

kernel can be written in the form of

P(Xe1 | X0) = D fil(X)ge(Xep1)
k=1

for some nonnegative functions fi, ..

~afr7g17-~-»gr-

This definition of nonnegative rank remains the same even
if we restrict g1, ..., g» are probability mass functions and
for each x € Q, i — fi(x) is a probability mass function.
Denote by rank, (P) the nonnegative rank of P. It is easy to
verify that rank (P) = r if and only if there exist nonnegative
matrices U,V € Rfrxr and P € R" such that P = UPVT,
where Ul =1,V'1 = 1,P1 = 1. This decomposition means
that one can map the states into meta-states while preserving
most of the system dynamics (see Figure 1). In the context
of control and dynamic programming, rows of U are referred
to as aggregation distributions and columns of V are referred
to as disaggregation distributions (see [56] Secion 6.3.7). It
always holds that rank(P) < rank (P).

Low-rank decomposition of the Markov chain is related to
several reduced-order models. For example, the Markov chain
with a small nonnegative rank is equivalent to a membership
model.

Proposition 2 (Nonnegative Markov Rank and Membership
Model). The Markov chain with transition probability matrix
P has a nonnegative rank ranky(P) < r if and only if there
exists a stochastic process {Z;} C {1,...,r} such that

IP(ZI | Xl‘) == P(Zt I X], ceey Xt),
P(Xi41 1 Ze) = P(Xe41 | X1, .05 Xo, Z0). (3)
Next we consider an important special case of low-rank
Markov processes that is amenable to state aggregation. State
aggregation is a basic approach for describing complicated
systems [7], [56] and is particularly useful for approximating
value functions in optimization, control theory, and reinforce-
ment learning [57]. The idea is to partition the state space into
disjoint blocks and treat each block as a single new state.

Definition 3 (Aggregability of Markov Chains). A Markov
chain is r-state aggregatable if there exists a partition
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Q1,...,Q of Q such that

]P(Xt+1 | X; = i) = P(XI+1 | Xy = j)
foranyi,jeQy, ke{l,...,r}L

It is easy to show that aggregability corresponds to a
particular non-negative decomposition.

Proposition 3 (Decomposition of Aggregatable Markov
Chains). If a Markov chain is state-aggregatable with respect
to a partition Qy, ..., <Q,, its nonnegative rank is at most r
and

,
P(Xig1 | X0) =D 1oy (X)ge(Xi41)
k=1

for nonnegative functions gi,...,g : Q +— Ry, where lg
denotes the indicator function of a set S.

Proposition 3 implies, the Markov chain with transition
matrix P is r-state aggregatable if and only if ranky (P) = r
and there exist U,V € RP”*" such that P = UV, where
V is nonnegative and U = [lq,,...,1q,] indicates the
membership.

A Markov process is called lumpable if the state space can
be partitioned into blocks while still preserving the strong
Markov property [58], [59].

Definition 4 (Lumpability of Markov Chains [58]). A Markov
process X1, ..., Xy is lumpable with respect to a partition
Qi,...,Q,, ifforany k,t € {1,...,r}, x,x" € Q,

P(Xi41 € Q| Xy =x) =P(X141 € Q¢ | Xy =x/). 4)

If the Markov chain is lumpable, it has eigenvectors that are
block structured and equal to indicators functions of the sub-
sets [48]. However, a lumpable Markov chain is not necessarily
low-rank. There may exist other eigenvectors corresponding to
local dynamics within a subset. See Figure 2 for an example
of Markov chain that is lumpable but not exactly low-rank.
We show that the lumpable Markov chain has the following
decomposition.

Proposition 4 (Decomposition of Lumpable Markov Chains).
Let the Markov chain with transition matrix P € RP*P be
lumpable with respect to a partition Q1 ..., Q.. Then there
exist P, Py such that P = Py + Py and Png— =0, where Py
can be written as

Py =7 P -diag(|™",.... 19127,

where Z = [1q,, ..., 1g,] € RPX" P e R™™" js the stochastic
matrix such that Py = P(X, 41 € Q; | X; € Q). Let the SVD
of Py be P = Uplzplv—;l. Then (Up))pi,.1 = (UPl)[i/,:] and

(Ve )i = (Vp)pir for any i,i" € Qi and k € {1, ..., r}.

Lumpability is a more general concept and it contains aggre-
gability as a special case. According to Prop. 3, aggregability
is closely related to blockwise structures of the left Markov
features, while according to Prop. 4, lumpability is related to
structures of the Markov features of P; instead of the full
transition matrix.

Authorized licensed use limited to: University of Wisconsin. Downloaded on June 30,2020 at 05:16:32 UTC from IEEE Xplore. Restrictions apply.
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P,
Ty
Yt

Fig. 2. Illustration of a lumpable Markov chain that is not exactly low-rank.
The lumpable partition corresponds to a block-structured transition matrix
after permutation. Here P, is the transition matrix after permutation and P
is the law of transition on the lumpable blocks.

Part of the results stated in Props. 1-4 are known in various
works cited above. For completeness, we provide their proofs
in Section VIII of the supplementary materials. In summary,
the spectral decomposition of Markov processes plays a central
role in many reduced-order models. Therefore the estimation
of low-rank Markov models provides a natural venue towards
state compression.

IV. MINIMAX ESTIMATION OF LOW-RANK
MARKOV MODELS

In this section we focus on the p-state Markov chain
{Xo,...,X,} which has a priorly known rank r. Under
the low-rank assumption, we aim to estimate the transition
probability matrix P based on a sample path of n empirical
state transitions. To this end, we propose a spectral estimation
method and analyze the total variance distance between the
estimator and the truth. A nearly matching minimax lower
bound is also provided.

A. A Spectral Method for Markov Chain Estimation

Consider a Markov chain with transition matrix P € R?*?
and frequency matrix F € RP*P. Suppose that rank(P) =
rank(F) = r and we are given a (n + 1)-long trajectory
{Xo, ..., X,} starting at an arbitrary initial state. It is natural
to estimate P and F via the empirical frequency matrix and
empirical transition matrix, given by

N . 1 «
F = (Fij)lgi,jSp’ F;; = p ; Lixy =i, x,=j)s (5)

o (f)
1<i,j<p
Yol == . n
- k= kT Ak )T lf _ 1 _n > 1;
P = 1 S — Zk_l {(Xk—1=i} =
. n
R if Zk:l lix, =iy = 0.

(6)

Here, 1y, is the indicator function and 1, is the p-dimensional
vector with all ones. Note that F, P are in fact the maximum

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 5, MAY 2020

Algorithm 1 Spectral Estimation of Low-Rank Markov Mod-
els
Input: Xi,..., X, 1

1) Construct F and P using (5)-(6).

2) Let the singular value decomposition (SVD) of F be
F = INJFfJFV;, where ﬁp, \71: are p-by-p orthogonal
matrices and X 5 is a p-by-p diagonal matrix.

3) Denoting (x)4 = max{x, 0}, let the frequency estimator
F be

F = (Fo)1 /I (Fo)1 |1,
where Fo = Ur 1 Zr it (Ve (7)

4) Let the transition matrix estimator P e RP*P be

Boon ﬁ[i,:]/Zleﬁij, if Zleli‘"ij >0,
[i,:] if Z§=1 Fl] — O,
i=1,...,p.

Output: IA’, F.

@)

1
bl

likelihood estimators and strongly consistent [60]. However,
they do not account for the knowledge of a small Markov rank.
Consider the special case of r = 1, where the Markov chain
reduces to a sequence of i.i.d. random variables. Knowledge of
r = 1 reduces the matrix estimation problem into estimation
of a p-state discrete distribution. In contrast, the empirical
estimators essentially look for a p2-state distributions and will
incur larger estimation errors.

We propose the following spectral method for estimating
low-rank Markov chains.

Note that f‘,f’ are not necessarily low-rank, due to the
nonnegativity-preserving step (-); in (7). However, Algo-
rithm 1 still enables data compression, because ﬁ', P can be
easily constructed based on the low-rank matrix Fo. As an
alternative to F, we can also apply the algorithm by [61] to
project Fo onto the probability simplex to obtain an estimation
of F, and obtain

F!' = arg min ||f‘1 — ﬁ'0||% subject to f‘llj >0, Zf’llj =1.
F! ij

The proposed estimators F, P are related to the hard singular
value thresholding estimators (HSVT), which were previously
studied in matrix denoising [62], [63] and matrix comple-
tion [32]. Our method and its subsequent analysis differ from
that of HSVT in two aspects. First, our estimation problem
requires P,F to be stochastic matrices that belong to particular
simplexes (see Lemma 1 in the supplement). This is achieved
by normalizing rows of the matrices and truncating negative
values, which complicates the analysis of the estimation errors.
Second, the analysis needs to account for the Markov depen-
dency of the data, while the data are typically independent in
matrix denoising and matrix completion.

Algorithm 1 requires r be selected in advance, which is
needed by many other spectral-based methods. In practice, this
value can be chosen empirically, for example one can (1) draw
a scree plot for the SVD of F, i.e., the cumulative ratio of total
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variance as explained by the leading principal components,
then select r as the location of the ‘“elbow” in the scree
plot; (2) evaluate the smallest r such that the first r principal
components explain a certain level of total variation criterion,
and (3) test by cross-validation. The readers are referred to [64]
for a comprehensive discussion for rank selection.

B. Total Variation Upper Bound

Our first main result establishes the total variation distance
upper bound between the proposed estimator and the truth.

Theorem 1 (Upper Bound). Suppose {Xo, ..., X,} is gener-
ated by an ergodic Markov chain with transition probability
matrix P € RP*P invariant distribution ©# € RP, and
mixing time ty. Let f‘ P be the estimators given by (7)-(8).
If rank(P) = r, we have

” Cr
mm—mh5/7§

A C
MW—Fms/Jf
n

©)

- Tmax P - Tx logz(n) A2,

*Tmax P * Tx Ing(n) N2,

| R Cr «
E— Z Py — Pl < [— - =5 -t log?(n) A 2.
p i=1 min
(10)
Let 7 = ||[F||% /07 (F), x = p* max;; Fij. Then
Cr K3
E max Py — Pyl < \/— S Tk log?(n) A2,
l=i=p n PT in

(1)

where o, (F) is the r-th singular value of ¥, C is a universal
constant.

The proof of (9) and (1) relies on novel matrix Markov
chain concentration inequalities with mixing time (Lemma 7),
which characterizes the 2-norm distance between F and F.
Then based on the low-rank assumption of F and P, a careful
spectral analysis (Lemma 3) is performed to obtain the average
error bound for F and P. The proof of (11) is more involved.
By using similar arguments, we can prove that F! also achieves
the ¢> risk upper bound in (9). Particularly, we derived concen-
tration inequalities for projected Markov chains (Lemma 8),
performed a more careful algebraic analysis, and obtained the
uniform upper bound of total deviation for P. In what follows
we make a few technical remarks.

Remark 1 (Spectral estimators P, F vs. Empirical estimators
P, F). Theorem 1 shows that E|F — F||; = El IP —P|; =<
V/ pr/n, assuming all other parameters are ﬁxed In compari-
son, we can show that E||F — F||; = E%Hf’ —P|y < p?/n,
based on minimax error bounds for discrete distribution esti-
mation [25], [26]. Therefore the spectral estimators are much
more efficient because they utilize the low-rank structure.
Numerical comparisons between the spectral and empirical
estimators are given in Section VI.

Remark 2 (Dependence on the stationary distribution). The
error bounds of Theorem 1 rely on zym,x and 7pin, and they
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take smaller values if 7 does not deviate much from the
uniform distribution. When i, is small, one has to pay a
higher price for those states appearing the least frequently
in the sample path. The dependence on 7., is due to a
technical argument used in the proof to establish spectral norm
concentration inequalities for asymmetric matrices (Lemma 7),
which may be improvable under additional assumptions like
reversibility.

Remark 3 (Dependence on the mixing time). The error
bounds of F,P involve a key quantity of Markov mixing
time 74, whose actual value could be difficult to evaluate
in practice [65]. We further show that similar error bounds
like those in Theorem 1 hold if the mixing time is replaced
with some eigengap. Please see Section IX-B Corollary for
a generalization of Theorem 1 using an eigengap condition.
Further improvement of the error bounds will require novel
Markov concentration inequalities that have been developed
in recent literature (see [66], [67]).

Remark 4 (About the row-wise uniform bounds). We intro-
duce the entry-wise upper bound condition of « for establish-
ing the row-wise uniform upper bound (11). The dependence
on x suggests that estimating “overly-spiky” matrices is typi-
cally more difficult. Similar conditions were also used in the
literature of low-rank matrix estimation (e.g. [27], [28]).

C. Minimax Lower Bound for Estimating Low-Rank Markov
Chains

Now we investigate the information-theoretic limits of
recovering low-rank Markov models. Consider the following
class of low-rank transition matrices

Pp.r ={P € Pp,rank(P) <r}, (12)

where P, is the class of all p-by-p transition matrices (see
its definition in Eq. (54) in the supplementary material).
Furthermore, we consider a more restricted class of low-
rank Markov models with bounded mixing time and uniform
ergodic distributions, given by

P r= {P S Pp,r (T = 1, Tmax = Tmin = 1/P}- (13)

We provide error lower bounds for recovering transition matri-
ces within the aforementioned classes from finite trajectories.

Theorem 2 (Lower Bound). Suppose we observe (n + 1)
consecutive transition states {Xo, ..., Xn}, where the starting
point X is randomly generated from the invariant distribution.
Then

inf sup E— HP — P H
of ZEZ )
rp
>inf sup E— HP — P H > c( RN 1),
P PeP;, Z h n
inf sup E HIA?[',-] - F[',;] H
F F=diag(7)P; ; l l 1
PeP,,
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p
A r
>inf  sup EZ Fii,g —Fpiy H > c( LN 1) ,
F F=diag(n)P; i, ! n
PeP; .

where ¢ > 0 is a universal constant, infy and infy are taken
infimum over arbitrary estimators P and F, respectively.

The proof is by constructing a series of instances of low-
rank Markov chains with uniform stationary distributions and
constant mixing times. We show that these instances are not
distinguishable based on (n + 1) sample transitions, by using
the generalized Fano’s lemma. See Section IX-C for the full
proof.

Let us compare Theorems 1 and 2. The error upper bounds
achieved by the spectral estimators F,P are nearly minimax-
optimal in their dependence on r, p,n (up to polylogarithmic
terms), as long as parameters of the ergodic distribution
Tmax/Tmin and the mixing time 7, are bounded by constants.
This suggests that our spectral estimators are statistically
efficient for fast mixing Markov processes as long as the
ergodic distribution is balanced. It is not yet known whether
the dependence on 7yax/7min and 7, is optimal.

D. Extension to Rectangular Probability Matrix

The proposed spectral method can be extended to esti-
mating a broader class of probability matrices - not limited
to transition matrices of Markov chains. An example of
such an estimation problem arises from policy imitation in
reinforcement learning, where one observes a sequence of
state-action pairs generated by an expert policy that is applied
in a Markov decision process. In this case, the expert policy
can be represented using a transition probability matrix where
each entry assigns the probability of choosing an action at a
given state. The policy matrix is typically low-rank, as long
as the Markov decision process admits state aggregation
structures or can be represented using membership models.

Specifically, suppose we are given a stochastic process
{(Xo0, Y0), (X1, Y1), ..., (Xn, Yu)}. We assume that
{Xo, X1,...,X,} is an ergodic Markov process on p
states with invariant distribution 7 and Markov mixing time
7. We are interested in estimating the transition matrix
Q € RP*4 such that

Qij =P, =j| Xk =i),

for all k,i, j. Analogous to Section IV-A, we propose a
spectral estimator for Q assuming that it has a priorly known
rank r.

Theorem 3. Let {(Xo, Yo), (X1, Y1), ..., (X,, Yn)} be a sto-
chastic process as described previously, r = rank(Q). Let
7,7« be the stationary distribution and mixing time of
{Xo, ..., Xn} respectively. Let G = diag(r)Q and k =
pq max;; G;j. Then

1< 4
E > Qi — Qialh
i=1

SC\/(pvc])r K

-7y log?(n) A 2. (15)

n . (Pn'min)2
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Algorithm 2 Spectral Estimation of Rectangular Probability
Matrix
Input: {(Xo, Yo), (X1, Y1), ..., Xy, Yn)}, r.
1) Let G be the empirical estimate of the frequency matrix
G = diag(7)Q such that

- - 1 <
G R, Gij == Lt vo=G.)))
" k=1
2) Calculate the SVD G = ﬁgigvg and let f}o =
UG,[:,I:r]zG,[l:r,l:r]Vg,[:,lzr]-
3) Let the frequency estimator G be

G = (Go)+/1(Go)+ 1,

where Go = Ug, .11 Z6, 1111 Vo 1) |- (14)
4) Let the estimator Q € RP*4 be
Qi = Gria/ X, Gij, if X1, Gij > 0;
i:] = 1 . 7 A
7’ if Zj:l Gij = 0.
Output: Q, G.
Let 7 = ||Gl|%/2(G). Then,
E max [|Qp,1 — Qi
I<i<p
\Vi ol 3
gc\/(p D« s ndogZm) A2, (16)
n (P min)

Note that estimating a square probability matrix is a special
case of estimating rectangular matrices. So our lower bound
result given by Theorem 2 is also relevant in the setting of
general transition matrices. It suggests that the total variation
bounds given in Theorem 3 are sharp in their dependence on
p,r and n, provided that other parameters are bounded by
constant factors.

V. SPECTRAL STATE COMPRESSION OF NEARLY
Low-RANK MARKOV CHAINS

In this section we consider general Markov processes with
full rank. Our aim is to recover the principal subspace asso-
ciated with P that is spanned by the leading Markov features.
We also provide two state clustering methods that are able to
partition the state space into disjoint blocks in accordance with
the aggregability or lumpability.

A. Estimating the Leading Markov Feature Subspace

As noted in Section III, spectral decomposition of Markov
chains provides feature functions that can be used to represent
operators and functions on the state space. The Markov
features also correspond to the block-partition membership
when aggregability holds. Now we aim to estimate the space
spanned by leading Markov features.
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Let the singular value decomposition of P and F be

p1 O V)
P = [UPUPL]|: }[ Pi|,
0 Zp2 |Vp,
X 0 '
F = [Up UFL]I: i| |: } , (17)
XF2 V—PEJ_

where Up, Vp, UF, VF S @p’r, Upl, Vpl, Upl, VFL S
Op,p—r, Zp1, Xp2, XF1, X are diagonal matrices with non-
increasing order of diagonal entries. It is noteworthy that Vp
and V¢ represent the same subspace when P or F is of exactly
rank-r, since F = diag(z) - P. We use the following estimators
for the leading singular vectors of F and P,

Ur =SVD, ( ) leading r left singular vectors of F;
Vr =SVD,

(¥
Up =SVD, ( )
v, (B

) = leading r right singular vectors of F;
leading r left singular vectors of P;

= leading r right singular vectors of P,

(18)

r

\_/

where F and P are given by (5) and (6), respectively. By using
matrix norm concentration inequalities for F, # and singular
value perturbation analysis, we prove the following angular
error bounds for the subspace estimators.

Theorem 4 (Feature Space Recovery Bounds) Let the
assumptions of Theorem 1 hold, let n > Cr, plog?(n). Then
the estimators UF, VF, Up, Vp given by (18) satisfy

B (
<C\/l/n  Tmax © Tx logz(n)
or(F) — 0,41 (F)
B (

|sin®(Up, Up)| V || sin @(Vp,vp>||)
CIPIN/1/n - Tman /2 - 7 log (n)

<
- or(P) —or11(P)

|sin ®(Ur, Up)| V| sin@(VF,vF)n)

AT, (19)

Al (20)

where C is a universal constant.

In parallel, we study the theoretical error lower bounds for
estimating the leading Markov feature spaces. Let the class of
approximately low-rank stochastic matrices be

fpr(;:{Fe}'p'ar(F)—ar+1(F)>5}
pr(;_{FEfpro T*—lﬂ'max—ﬂ'mm—l/P}
Pp.ro=1{P €Pp: (0,(P) = a,11(P)/|P|| = 5},
pr(;—{PEPpr(S e =1, ﬂ:max—ﬂ:mll’l_l/p}

Here, P, and F, represent the p-by-p transition and fre-
quency matrix classes respectively, whose rigorous definitions
are given in (54) and (55) in the supplementary materials.

Theorem 5 (Lower Bound for estimating the leading sub-
space). Suppose that 2 < r < p/2, 6 < 1/(4p~/2) and
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Algorithm 3 Spectral State Aggregation
Input: Xq,..., X,, r
1) Construct the empirical frequency matrix F using (5).

2) Estimate the left Markov features U p using (18).
3) Solve the optimization problem

Q1 Qr_arg m}n mm Z Z”(UP)[I 55||%.
""" o s=1ieQ,
Output: Blocks Q... Q

8 < 1/(4v2). Then for sufficiently large p we have

nfsup E(IIsin®(0r, Up)l A llsin@(Vr, Vi)l
Ur,Vp FE}—;’US

ze(%ﬂmAl),

inf sup E(|Isin@(0p, Up)l A llsin@(Vp, Vp)l))

Up,Vp PeP*
P10

().

where Up,Vp,Up, VF are arbitrary estimators, ¢ is a uni-
versal constant. The same relations also hold for F ;s and
Pp.r.o-

The proofs of Theorems 4, 5 traced back to the analysis
of classic PCA in multivariate analysis [68]. Our method is
similar to PCA in the sense that they are both based on
the factorization of some matrix that is estimated from data.
It differs from PCA and aims to exact the Markov features
that capture the mean transition kernel of dependent data.

B. Spectral State Compression for Aggregable Markov Chain

Next we develop an unsupervised state compression method
based on the state aggregation model. According to Defin-
ition 3, a Markov chain is aggregable if the states can be
partitioned into a few groups such that the states from the
same group possess the identical transition distribution. In this
case, P is low-rank and the leading left singular subspace of
Up exhibits piecewise constant structure in accordance with
the group partition (Prop. 3). To estimate the group partition
from empirical transitions, we propose the following method.
In Step 2, the optimization problem is a combinatorial one.
In practice, we can use discrete optimization solvers like
k-means to find an approximate solution.

We evaluate the state aggregation method using the follow-
ing misclassification rate

- minz’: i i eQj, buti¢Qyill
’ o 1)1 ’

21

M(fl],...,flr

where p is any permutation among the r group. We prove
the following misclassification rate upper bound. The proof is
given in the supplementary materials.

Authorized licensed use limited to: University of Wisconsin. Downloaded on June 30,2020 at 05:16:32 UTC from IEEE Xplore. Restrictions apply.



3210

Theorem 6 (Misclassification Rate of Spectral State Aggre-
gation). Suppose the assumptions in Theorem 1 hold and
the Markov chain is aggregable with respect to groups
{Qq,... Q} Assume n > Cr*plog (n). The estimated
partition Qi,....Q given by Alg. 3 satisfies

C|P|1?>pr - v, log?(n) - nmax/(nmmp)

EM(Q,...,Q)< S

We remark that the state aggregation structure can only be
uncovered from the left Markov features. As suggested by
Prop. 3, the left Markov features of a state-aggregable Markov
process exhibit a block structure that corresponds to the latent
partition. The right features do not carry such information.

The proposed method of spectral state aggregation can
be viewed as a special variant of clustering. It provides
an unsupervised approach to identify partition/patterns from
random walk data. Similar to many known clustering methods,
spectral state aggregation is based on spectral decomposition
of some kernel matrix, and it is related to latent-variable
models. Yet there is a critical distinction. While standard
clustering methods are typically based on some similarity
metric, spectral state aggregation is based on the notion of
preserving the state-to-state transition dynamics of the time
series. One may view that spectral state clustering yields
a partition mapping E from the state space into a smaller
alphabet such that P(X;41 | X;) = P(X;+1 | E(X;)). It can
be interpreted as a form of state compression while preserving
the predictability of the state variables.

C. Spectral State Compression for Lumpable Markov Chain

Finally we develop the state compression method for
lumpable Markov process. Recall the discussion in Section III,
the Markov chain is lumpable with respect to partition
Qr,...,Q < {1,...,p}, if the original p states can be
compressed into r groups, where the law of walkers on
{Q1, ..., Q,} remains a Markov chain. Our goal is to identify
the partition according to lumpability. Recall from Proposi-
tion 4 and additional discussions in its proof (see Section VIII),
the transition matrix P and frequency matrix F do not have to
be low-rank. Instead, they admit the decompositions of the
form P = Py + P, and F = F; + F», where Py and F;
are rank-r, and Up,, Vp, and Vg, have piece-wise constant
columns that correspond to the block partition structure. Thus
we propose the following spectral method for recovering the
lumpable partition.

We remark that the spectral lumpable partition method
is based on analyzing the right Markov features, i.e., the
matrix of leading singular vectors \A7F1. This is because that
empirically we find that the right Markov features can be
typically estimated more accurately.

Theorem 7 (Misclassification Rate of Spectral Lumpable
Partition). Under the setting of Theorem 1, assume the Markov
process is lumpable with respect to Qi,...,Q,, and n >

Ctyplog®(n). Suppose the partitions Q1, ..., Q, are obtained

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 5, MAY 2020

Algorithm 4 Spectral Lumpable Partition

Input: Xq,..., X,, r.

1. Evaluate the leading r right singular vectors for the empir-
ical frequency matrix F,

¥V = SVD, (FT) ,

- 1
F: = — 1 1.
)13.,].9’ ij n {(Xp—1=0i, Xk =j}

where F = (Fij

2. Solve the optimization problem

p
Qi,...,0Q = argmln min Z Z VA — 5S||%.
ST i€y
(22)
Output: Block partition Qi ..., Q0

by (22). Then

EM(Q, ..., <€)
Cnmaxrr* log?(n)/n + (r|[F2]1*) A |F2|%
o (F)

Note that if the singular vectors of F; are not the leading
ones for the full matrix R, it means o,(F;) < ||F2|, and
the error bound above becomes large. Therefore one can only
recover the lumpable partition accurately if the random walk
on the groups correspond to leading dynamics of the process.

AT

VI. NUMERICAL STUDIES

A. Simulation Analysis

We simulate random walk trajectories to test the state
compression procedures against naive empirical estimators.
Let Py = UoV(—)r , where Ug and V( are two p X r matrices
with i.i.d. standard normal entries in absolute values. Then we
normalize each row to obtain a rank-r stochastic matrix P,
ie, P = (PO)[, 1/ 251 (Po)ij. Let p =200, =3,n =
round(kpr log?(p)), where k is a tuning integer. For each
parameter setting, we conduct experiment for 100 independent
trials and plot the mean estimation errors in Figure 3. We
also conduct the experiments where both n, p vary. The
results are plotted in Figure 4, where we let r =3,n =
round(kprlog®(p)), p € [100,1000] and k € (2, 12].
Figures 3-4 suggests that the spectral estimators F,P sig-
nificantly outperform the empirical estimators F,P in all
parameter settings. They also show that the subspaces spanned
by leading Markov features can be estimated efficiently.
We observe that Vp tends to have smaller estimation error
than Up, although they enjoy the same error bounds (The-
orems 4 and 5). This is because the theoretical results are
mainly focused the errors’ dependence on p,r, n. It remains
open how do the estimation errors of || sin @(Vp, Up)| and
|| sin G)(ﬁ p, Up)| depend on the stationary distribution 7. Our
observations suggest that Up is more sensitive to the stationary
distribution, especially when 7, is small.
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Fig. 3. Spectral estimators obtained by state compression based on sample paths of length n = round(kpr log2 (p)). Plots (a) and (b) suggest that the spectral
low-rank estimators are substantially more accurate than the empirical estimators, validating the bounds given by Theorem 1. Plots (c) and (d) suggest that
one can estimate the principal subspace spanned by the leading Markov features efficiently, validating the bounds given by Theorem 4. In particular, Up is
noisier than the other three subspace estimators because it is the most sensitive to states that are rarely visited, validating the error bound (20).

Next, we investigate the scenario that the invariant distri-
bution # is “imbalanced”, in the sense that mpi, is small
and some states appear much less frequently than the others.
We generate the random walk data as follows. Let Py = UOVJ s
where Up, Vo are generated similarly as the previous settings.
Then we randomly generate / as a subset of {1, ..., p} with
cardinality (p/2) and rescale transition probabilities from /¢
to I by 1/6. In this way, those states in [ are visited less
frequently in the long run when o gets larger, corresponding
to decreasing values of 7,,;,. The numerical results in Figure 5
show that the estimation errors of F stays roughly steady as
& varies. However the estimation errors of P increases as the
invariant distribution becomes more imbalanced. The reason
is that those rows of P corresponding to infrequent states in
I become harder to estimate. This does not affect F much,
because the corresponding rows have smaller absolute values
so they play a smaller role in the overall £ error.

Lastly we test the spectral lumpable partition method for
recovering the latent partition of a lumpable and full-rank
Markov process. Let P = Py +P; and let P; = ZPZ'. Here,
Z € RP*" is a randomly generated membership matrix where
each row has one entry equality 1 and all other entries equaling
0s; P is a randomly generated stochastic matrix given by

s natrix:
(P)ii) = (I, +B)piy/Il(L,+B)pi 11, where B Unif[0, 1/2].

Let P, be randomly generated as a low-rank matrix in a way
to ensure the lumpability of the overall Markov chain. It can
be verified that the Markov chain with transition matrix P
generated from above is lumpable with respect to a partition
of r groups. For various values of r, p, k, we test the spectral
lumpable partition method (Algorithm 4) on sample paths of
length n = round(kpr log?(n)). For each parameter setting,
we repeat the experiment for 1000 independent trials and
compute the averaged misclassification rates. The results are
plotted in Figure 6, and they are consistent with the theoretical
results in Section V-C.

B. Analysis of Manhattan Taxi Trips

We apply the state compression method to study the
New York City Yellow Cab data.” The dataset contains 1.1 x
107 taxi trip records from 2016. Each record contains the
information of one trip, including coordinates of pick-up/drop-
off locations, starting/ending times of the trip, distance, length
of trip, payment type and itemized fares. We view each trip as
a transition from the pickup location to the dropoff location,
so that the data is a collection of fragmented sample paths of a

2Data source: https://s3.amazonaws.com/nyc-tlc/trip+data/yellow_tripdata_
2016-01.csv
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city-wide Markov process. For more analysis on such taxi-trip
data, see for examples [1], [2].

We apply state compression to analyze the NYC taxi-trip
dynamics. The first step is to preprocess the data by discretiz-
ing the map of Manhattan into a fine grid and treat each taxi
trip as a single transition between the two cells that contain the
pick-up and drop-off locations respectively. We remove those
states (aka cells) with less than 200 total visits in a year (i.e.,
total number of pick-ups anddrop-offs), yielding approximate
5000 states. Then we compute the empirical transition matrix

P from the taxi trips. See Figure 7 for the singular values
of P.

In order to estimate the left Markov features and the
citywide state aggregation structure, we apply the spectral state
aggregation methods given by Eq. (18) and Alg. 3. Figure 8
plots the top four estimated Markov features, in comparison
with the empirical frequency of visits. Figure 9 plots the
citywide partition identified using Algorithm 3 with various
values of r. In the case where r = 5, we obtain five
clusters as shown in the first panel of Figure 9. The five
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Singular values of the empirical transition matrix P from the NYC

clusters roughly correspond to: (1) Upper west side: residential
areas (red); (2) Upper east side: residential areas (yellow);
(3) Middleton: central business area (blue); (4) Lower west
Manhattan (pink); (5) lower east Manhattan (green). When r
is further increased to 9 and 12, the state aggregation method
uncovers a finer citywide partition according to transition
patterns of the taxi trips. For comparison, we implement the
k-means clustering method directly on rows of F and P and
plot the results in Figure 9 (b), which yield less interpretable
results.

It is worth noting that our state compression method
does not use any information about the geospatial proximity
between locations. The partition is obtained to maximally
preserve the transition dynamics of taxi trips. The experiment
reveals an informative partition of the Manhattan city, which
suggest that passengers who depart from the same zone share
similar distributions of their destinations.

Finally we analyze the taxi trips by taking into consideration
the time of the trips. We consider three time segments:
morning 6:00-11:59am, afternoon 12:00-17:59pm and evening
18:00-23:59pm. We stratify the data according to these seg-
ments and apply the state compression methods to analyze
trips within each segment separately. The results are presented
in Figure 10. Indeed, the traffic pattern varies throughout the
day. In particular, the morning-time state aggregation result
differs significantly from the partition structure learned from
trips in the afternoons and evenings.
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VII. SUMMARY

Markov process is the most basic stochastic systems. There-
fore we believe that state compression of the Markov process is
naturally the first topic to investigate before moving on to more
complicated problems. In this article, we studied the spectral
decomposition of Markov processes and its connections to
latent-variable process, aggregability and lumpability. We pro-
posed a class of spectral state compression methods for analyz-
ing Markov state trajectories, and established minimax upper
and lower bounds for the estimation errors. For special cases
where the Markov process is state-aggregatable or lumpable,
we show that one can recover the underlying partition structure
with theoretical guarantees. The numerical studies on both
synthetic and real datasets illustrate the merits of the proposed
methods. We hope that establishing the spectral state com-
pression theory for Markov process would shed light on the
estimation and system identification of higher-order processes
that are not necessarily Markovian.

VIII. PROOFS FOR PROPERTIES OF LOW-RANK
MARKOV CHAINS

A. Proof of Proposition 1

Let F,G € RP, Fr.ig = fi, G = &1 <k = r.
By definition, C = G'F is non-degenerate. This implies F
and G are both non-singular, and rank(P) = rank(FG ") = r.

Next,

n

P"=FG'FG'---FG' =FGTF)"'GT =FC"~'G .

If 7 is the invariant distribution, 7 satisfies 7 TP = 7 | . Let
y =FTx. Then, y satisfies

p
Gy=GF'z=Pr=z1, = z2(x)= Z)’kgk(x),
k=1
y CGT=7"FCG ' =x"PP=2"P=72"FG" =) TGT.
Since G' is non-singular, the previous equality implies
yTC=yT. O
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(a) Top Markov features estimated via state compression (quantile heat map)

Fig. 8.
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(b) Distribution 7

The leading Markov features yielded by spectral state compression reveal transition patterns across the city of Manhattan. Comparing (a) and (b),

the transition patterns appearing in the leading Markov features cannot be learned from the empirical stationary distribution.

o g
(a) Spectral state aggregation (r = 5,9, 12)

Fig. 9.

(b) Clustering based on rows of F, P

Spectral state aggregation applied to NYC taxi trips finds a citywide partition. In (a), each colored zone corresponds to an area from which taxi

passengers share similar distributions over their destinations. In (b), clustering the row distributions does not yield a meaningful partition.

B. Proof of Proposition 2

If there exists a latent process {Z;} C [r] that satisfies (3),
we have

P =P(Xi1=j|X =1

.
=D PXip=j | Xi=i,Z=DP(Z =1|X,=i)
=1

;
=D PXp1=j | Z =P (Z =1]|X, =)
=1

=" fil)gi()

=1

where f1,..., f; and g1, ..., g are set as

i)y =PZ =11X,=0), g())=PXip1=j1Z =0

for any i, j, 1 <[ <r. Then both f; and g; are non-negative
and g; is a probability mass function

Dal=>PXi=jlzZ=h=1
J J

On the other hand, if the Markov process has non-negative
rank r, based on Definition 2, we have

P(Xp1 = j | Xe =) =D fil)a())

=1
We introduce another process Z; C [r] based on Xy, X1, ...
as follows: fork =1,...,r,

Jie@)gr ()
o1 fid)gi())
Based on the Markovian property of {X;} and the definition
of Z,, we have

P(ZI|XZ):]P(ZI|X1»~-~;XI)

P(Zi=k| Xip1 =], Xi =i) =

since Z; only relies on X; and X,.
PXip1=jl1Zi =k X, =)
]P(Zt:k|Xt+1 :jth:i)']P(Xt+l :j|Xt:i)
ZJ/IP(ZI =k | Xl‘+1 =j/,Xt :i)P(Xt+] =j/ | Xt :l)

S - Sl fiDg1G)

Zj, (Z{:l(lf)/%)(ézzj’) ' erzl fl(i)gl(j/))
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(a) Top four Markov features estimated via spectral state compression (b)
Aggregation

Fig. 10.

S-cluster-

Per-time-segment results from applying spectral state compression to NYC taxi-trip data: mornings (upper row), afternoons (middle row) and

evenings (lower row). One can see the leading Markov features vary throughout the day. The day-time state aggregation results differ significantly from that

of the evening time.
Je@)gr(j)
(=) A@ain)
:fk(i)gfc(j) — o)),
S (@)

Here, we used the fact that g; is a probability mass func-
tion so that Zj, 2i(j') = 1. Based on the previous cal-
culation, we can see P(X;y1=j|Z, =1, X, =1i) is free
of i, which means P(X,y1|Z;) = P(Xi41|Zi, X)) =
P(Xi4+1 | Zs, Xo,...,X1). O

C. Proof of Proposition 3

We construct G = [gy, ..., g-] € RP*" ag
Vi<j<pl=<k=r,

ifieQ, Gi=g()=PX1=jlX=1).

Then, G is non-negative and well-defined since P is state-
aggretagable. Next, for any states 1 < i,j < p, if i € Q,
we have

Pij ZP(XI+] =J | Xt = l) = ij
r r
=> " 10,)Gji =D 1o,
=1 =1

O

D. Proof of Proposition 4
Let P € R™" Py € RP*P and P, € RP*P be constructed
as follows
Py= > Py VieQ;Vklelr]
beQy

Py = ZPdiag(1Q|™',...,|1Q,|THZT, P,=P-P,
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where Z = [1q,,...,1q,] € R?*". Here P is well-defined
because of the lumpability, it is transition matrix of the random
walk on the blocks Q, ..., Q,.

For any k,[ € [r],i € Qk, we have

1Pyl =1/ (P - P))lg,
1
DL S VRS ST St S
jeq jeq jeq ieqy " peq

Since i, [ can be arbitrary, we have P>1q, = 0 therefore P,Z =
0. It follows that PiP) = 0.

Finally, let P = Up, X p, V;l be the economic-size SVD.
Then for any k = 1,...,r, i,i’ € Q, i.e., i,i’ belonging to
the same block, by definition of P; and Z,

(P))ji.g =Zyi . Pdiag(1Q|7L, ..., 1Q,7HZT
=Zy Pdiag(1Q11 71, ..., 1Q,17HZT = Py

Then,
Up)ig = PDEaVe Zp = P Ve Es = Up)p.

By the same argument, we can also show (Vp)p.g =
(Ve)ii,-

In fact, the frequency matrix F also has the similar decom-
position since F = diag(z )P,

F =F; +F,, where F| = diag(z )Py, Fr = diag(z)P>.

For this decomposition, we also have
F|F) = diag(z)FF, diag(z) = 0.

Although F is not necessarily symmetric and the columns of
F; may not have piece-wise constant structure, the rows of F
is still piece-wise constant according to partition, i.e., Fy ;; =
Fy i if j, j’ belong to the same group. By the similar argu-
ment as the one for P, we can show the right singular vectors
Vp, is also piece-wise constant, i.e., (Vp)i,;] = (VF )i, if
i,i’ belong to the same group.

IX. PROOFS FOR RESULTS OF SECTION IV
A. Proof of Theorem 1
(a) First we prove (9). Since I<A’,F > 0 and Zi,j f‘,-j =
>.i; Fij = 1, the trivial bound

IF—F|; <2 (23)

holds, we only need focus on the case with additional
assumption that
n>Cpr- (Tmaxp) * T« logz(n). 24)

Given the previous assumption, Lemma 7 implies that
there exists constants C > 0 and ¢ > 1 such that

PA)>1-n A= {max{HF—F 7 —n||oo}
EC/M], 25)
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Assume that the probabilistic event A holds. Recall Fo is
the leading r principal components of F (Algorithm 1),
Lemma 3 implies

)ﬁo—w1fz«zwﬁ_Fuchzééiiéii,
£ n

Since I = (Fo)+/l|(Fo)+ 1 > 0 and [[F][; = 1, we have

) F F
P FH1 _ | _Fo)+
Lemma

~IFI
2 A
< 2|(Fo)+ —Flh

1 Fo)-+ I
pop pop
=2>"> " |(Foij)+ — Fyjl <2 > [Foij — Fyj

i=1 j=1 i=1 j=1

1/2
<2p [ DD ko — Fy? =12p HI‘AY) - FHF
i=1 j=1

) | 7 7T max Tx log2 (n)
- n

<C
-
=C\/7p © PTmax * T logz(n).

1

p

(26)

with probability at least 1 — n~¢, because of (25).
We finally have

B[], =e[[f—x], 1] +E[[F ], 1]

26)(23
(i)C rp

0 PTmax = Tx Ing(n) +2-P (.AC)

§C\/Q - PTmax - Ty log?(n) + 2n¢.
n

27)

When ¢ > 1, we obtain the error bound for F.
In addition, if the probabilistic event A holds, we have

IF! — F||r < |F' = Follr + Iy — F|| £

(*) A A rm .. log? (n
2\ Follr + o — Fll# sc,/%g().

Here, (*) is due to the definition of F! and the fact
F belongs to the probability simplex. Applying the
previous argument again, we can show the same error
bound holds for F.

(b) Next, we consider the average total variation error bound

for P. Since IA’[,-,:] = H;U’:JH Pl HFF[l;JJHl and
[i,:1111 LB
IFi,qll1 = i > Zmin, We have
A p A
i HP - PHI =D ElPi —Ppiylh
i=1
» .
Lemma 2 2lFy; 1 — Fy; -
2 ZEM
- Tmin
i=1
ro
SC\/— . % - 7, log?(n).
T in
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(c) Then, we consider the uniform row-wise bound (11).
Recall F = UpXpVL, F = UpEpV], Fyp =
ﬁF,[;,l;r]iF,[l_r,l_r]V Fil1r] . Without ambiguity, we sim-
ply note Up, VFp, fJF, Vp, etcas U, V, fJ, \7, etc. Then

F =FIly, Fo=Folly (28)

[0’
A A p A
Py = Foi)+/ D Foij)+- (29)
j=I
Here, Tly = VV' and H~[ = Vi ]V[ 1 are
the projection matrices on to the column space of
V and V 1, respectively. Since the trivial bound

max; ||P[l,‘] — Ppi qll1 <2 always hold, we can assume
3
nzCpr——= -1 logz(n) (30)
(PTmin)

in the rest of the proof without loss of generality.

Let 6 = /p/r max; [VTe jll2 be the incoherence con-
stant. We aim to develop a bound for J. Since F =
UZVT, we have ||F: jjll2 = [UZ(Vj.) |2 for any
1 < j < p. On one hand,

ZFU = :#;

IFL jill2 =

on the other hand,

UV T = 12V Tl = o (E)IVi 1
_IZNFIVEallz _ IEHFIVEallz 1Vl
JF JF - pF
Vil

_pﬁ’

which means

ovr/p _ max; [Vijqlla _ x
pF pF - pr

Additionally,

= F> 52 V/Kz.

P
= (x"P)j=n"Pe;= 1;diag(7r)Pe,- :ZFU <k/p
j=1
= Tmax < K/P.

Therefore, we can apply Lemma 8 and obtain

Tmax02r 74 log? (n) 172
max [|(Fy;,q — [i,:])V||2§C( max? 1% 08 )
1<i<p pn

1/2
2r Ty
<c (kizgﬁ) 31)
p*n
with probability at least 1 —n~°.
By Lemma 7,
i loo? 172
IF-F|<cC (M) (32)
n

3217

with probability at least 1 — n~¢. Given (31) and (32)
hold, we have
IFo.1i:1 — Fiilla
<IIFo,ii,:1 v — Fi 112 + 1Ko 1i,.) — Fo, i, Hvll2
= (Fo,ii.1 — Fri.)vll2
+ ||FO (HV[ . — IIy)l2
<|l(Fo i1 — Fi.pVll2
+ (||FO,[i,:] —Fi gl +11Fp, ||2) 2| sin © (Vi 157, V)|
<I(Fo,i;q — Fri)) V2
C|F —F||

+ (II 0,0i,:] G1ll2 + 1F gl o (F)

~ 1/2
<c (VK3‘L'* logz(n)) /

np?
€ (o0 = Fuuarll2 + IFiia )
i o7 (F)
8 (nmaxr* logz(n)) 172
n
c (Fx3r* 102g2(n))”2
np
€ (o0 = Fuuarll2 + IFiia )
i ¥l
o (Pl T o

Here, the second line is due to (28); the third line is due
to the property of sin ® distance (see Lemma 1 in [44]);
the fourth line is due to V and \7[;,1;,] are the leading
singular vectors of F and F and Wedin’s perturbation
theorem; the fifth line is due to (31) and (32); the sixth
line is due to 7 = ||F||%/a,2(F) by definition. Thus,

IFo,(i,1 — Fliqll2

c (Fmlogm ) /2  CIFlb (mpie, log(n) 172
np2 ¥l 7 n

1 — C (ﬂmaxf'f* logz(n)) 12
¥l n
+

<

(34)
In addition, by the Cauchy-Schwarz inequality,
P 172
IFle= (> F) =
i,j=1 i,j=1

We also have

Tmax < K/ P,

il JZJ i J(mﬂ)z] |
IFlr — 1/p 1/p
< V/KTmax-
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Thus, the denominator of (34) satisfies
1/2

C (nmaxfr* 1og2(n)) /
¥l F n
~ ) 1/2
al_c (Kprr* log (n)) - 1
- n -2
provided (30) holds with a large constant C > 0 on the

right hand side of (30). Combining these inequalities
with (34), one has for any 1 <i < p,

- 3 ) 1/2
. 7K’ 14 log=(n)
P(”FO,[i,:] —Fialz < C (T) )

>1—-Cn°. (35)

Finally, by Lemma 2 and the definition of P,

P (Fo,1i,0)+ Fii g
P — Pl = | —— - .
| Fo,iiD+l ¥l
<2||(F0,[i,:])+ = Fiqlh - 2|Fi — Friglh
¥, 11 T
_ CJPIFi: —Fp gl
< -

for any 1 <i < p. By (35) and the previous inequality,
we have the following high-probability upper bound

]P’( max [|Pyi.) — Ppigl

1<i<p

IC3 1/2
<C —  1.log?
( n (P77v'm1n)2 o8 (n)) )

Zl—Cpn ¢>1—Ccn

since n > C pr )2 - 7, log?(n). We can additionally
develop the expectatlon upper bound similarly as the
argument of (27). [

B. Eigen-gap Condition
Eigengap Condition: When P satisfies the detailed bal-

ance condition, i.e., m;P;j = n;jP;; for any 1 < i,j <
p, or equivalently F is symmetric, the corresponding Markov
process is referred to as being reversible. The reversibility is
an important and widely considered condition in stochastic
process literature. When the Markov process is reversible,
it is well-known that all eigenvalues of P must be real and
between —1 and 1; the largest eigenvalue of a reversible
Markov transition matrix is always 1 [52, Chapter 12]. Sup-
pose the second largest eigenvalue of P is Ay < 1, then
1 — 2 plays an important role in regulating the connectivity
of the Markov chain: the more close A, is to 1, the more
likely the Markov chain is congested. Moreover, the eigengap
of reversible Markov processes can be estimated from the
observable states via a plug-in estimator [65].

The following results hold as an extension of Theorem 1
based on eigengap assumption.

Corollary 1. Under the assumption of Theorem 1, if P
is reversible and with second largest eigenvalue Ay < 1,
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then (9), (1), and (11) hold if one replace 7, log2 (n) by
log(n/@min) log(n)/(1 — 12).
Proof of Corollary 1. If the Markov process is reversible and

1 — A, is the eigengap (see Section IX-B), by Lemma 7, one
has

P(max{nﬁ —F, 17 — 7lloo)

Tmax 10g(n /T min) log(n) —c
zc/ )=

By replacing 4 log?(n) by log(n/mmin)/(1 — 1), the proof
for Corollary 1 immediately follows from the arguments in
Theorem 1. [J

C. Proof of Theorem 2

First, we study the Kullback-Leibler divergence between
two Markov processes with same the same state space
{1, ..., p} but different transition matrices P and Q. Suppose
7 is the 1nvar1ant dlstrlbutlon of both P and Q, XV =
{x(l) .. x,, } and X@ = {x ,x,?} are two Markov
chains generated from P and Q and x() ~ x, ie. the
starting point of X1 is from its invariant dlstrlbutlon Then,
clearly x(gl),..., ,5 identically satisfy the distribution of
7 (though they are dependent). Recall the KL divergence
between two discrete random distributions p and ¢ is defined

as Dkr(pllg) = 2. p(x)log(p(x)/q(x)). Thus,

Px(X)
Dkl (Xm”X(z)) Z Py (X)log (piTj(X))

Xe[ppt!
| P (XD =i, ..., in))
; ln)) 10g(]p (XD =, ..., in))

3 igPig,ir - Pi 1
= niOPiO,il e Pin—l:in log ( Q i
In—15ln

02 i€l plTH! i Qio.iy

= E E 71'10 Qi1 "

i05--sin—1 E[pI" in €l p]

[log ( TioPigsi Py i ) + log (
niOQiO i 'Qin 2,ip—1

> IP(X“):(iO,...

ln 1»in

Pinfl »in ) ]
Qin—l,in

1 1 2 2
=Dxr (x5 D, 52
P
Z 77:1” 1 Z Pln Lyin log (an 1sin )
in—1€[p] in€lpl in—1,in
1 1 2 2
Y (SRS NP TaRY
+ Z 7Dk (Pri1Qyi,) -
i€[p]

Then it is easy to use induction to show that

Dkr (X(l)llx(z))

=Dkr ({x(l) S eI oS S :52)1})
+ > 7 Dxr (PriallQri)
i€[p]
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—...=Dgy (x(()l)Hx(()z)) +n Z 7iDgr (Prigl1Qyi,) -

i€lp]
(36)

Next, we prove the lower bound for estimating F. Let pp =
Lp/2], lo = Lpo/{2(r — 1)}]. We construct a sequence of
instances of rank-r Markov chains, with transition matrices
PO, . P™ (m to be specified later)

Here {R(k)}z;1 are i.i.d. Bernoulli po-by-(r — 1) random
matrices, 0,xp is the a-by-b zero matrix, and 0 < < 1/2
is some constant to be determined later. Then clearly, P®
is a transition matrix, and 11 p 1s the invariant distribution,

then the corresponding frequency matrix is F® = 1P(k) and

Tmax = Tmin = 1/p. Since rank(R(k)) <r-—1, we also have
rank(P®)) < r. Additionally, it is easy to see that each entry
of P® is between (1/p — n/2p) and (1/p + n/(2p)). Thus
forany 1 <i < p,

k
HeiTP(k)_ H ZIP()—ﬂjlfp'n/(Zp)fl/ﬁl,

which means 7, := 7(1/4) < 1. By definitions of P, , and

Py, »» we have for any k that
PO e Pt Py (38)
Now for any k # [,
nﬁ“—ﬁ%h=1W®—P@m=3¥MND—R”m
21017 ZZ ‘R(k) Rlgjz_) _
i=1 j=1

It is easy to see that Rfj].() - } are i.i.d. uniformly
distributed on {0, 2}. These random variables also satisfy

)=+

0

®
E[RY )

(l)‘ =1, Var (’R(k)

‘ ‘R(k)

—1‘=1.

By Bernstein’s inequality, for any & > 0 we have

3219

Set & = po(r — 1)/2, m = /|exp(po(r — 1)/28)], then we
further have

P(V1§k<l§m,

lonpo(r —1) _ HF(k) _F0 H _ 3lonpolr — 1))
—po(r — 1)
>1 — —1 B
=1 —m(m )eXp( o8 )
— -1
>1 —mzexp M > 0.
28
By such an argument, we can see there exists
{RD, .. RM} C {—1, 1}P0x=D such that
Vi<k<l<m,
lonpo(r — 1) - HF(k) 0 H1 < 3lonpo(r — 1). (39)

p? p?

We thus assume (39) is satisfied.

Next, we construct m Markov chains of length (n + 1):
(XM, ..., XM} For each k € {1,...,m}, x ~ 12 and
the rest of the states are generated according to P®) and F®).
Based on the calculation in (36),

ZD ‘L (P(k) HP(I) )

oo (<417) -

Based on Lemma 4 and 1/(2p) < P(k) <3/(2p), we further
have Dk (P(k)]HP(f):]) < 3p|P®, — P, |3, Thus, for any

1<k<l<m,

D1, (XW|[x0) < 3n z ip® — PO 13

® _ p
=3n Z (Pz‘j - Pij)

i,j=1 i,j=1
181’1 lo o\ — 1
<6ny- [FO — O], < 227 ﬁ( ).

Now, by the generalized Fano’s lemma (see, e.g., [69], [70]),

we have

P HF(k)_F(l)H _210’71’07(2’"_1) . 21_02’78 inf  sup EHI:“—FHI

1 p p F Fe(F0),. Fom)
e —2/2 lonpotr = 1) 18np’lopo(r — 1)/p? + log?2
=P po(r —1)+¢/3)" - p? logm ’

lp lo
k k k k
po = Lyim g 1 R? Rt _R? _R? Orox(p=2r—1) (37)
P 2p | —R® -R® RO RO 0 (p-219(r—1)

0(p—2p0)x(lo(r—1))

0(p—2p0)x(to(r—1)) 0(p—2p0)x (p—210(r—1)
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. 2
Finally, we set 72 = {W ( log(m) — 10g(2))} ALJ2
and apply (38),

inf sup E[F-F| zinf sup E[F-F|
F  PeP,, 1 P PeP,, 1
F=diag(z )P F=diag(7 )P
>inf sup IEHF—FHI

F Fe{FO), .. Fim)y

_ polo(r — 1) .\/pz - (3 log(m) —l0g(2)) o P

>c,/— AL
2p? 18npolo(r — 1) n

Finally, since P®) = pF® based on the set-up,

inf sup

1. 1 .
E— HP—PH >inf sup —E HP—PH
P pep,, P 1 1

P PPy, P

1
>inf sup —E
P pep) . pm) P

1 A r
—EHF—FH >c [Pl AT
F Fe(r),. Fm) P 1 n

b7,

=pinf sup

X. PROOFS FOR RESULTS OF SECTION V

A. Proof of Theorem 3

Let G = diag(7)Q be the frequency matrix of transition
x to y. Suppose G = ngng is the SVD, where Ug €
0p.r, Vg € Oy,. Define gmax = max; >1_ Gjj. Recall
x/pq = max;; Gij. Then gmax < >9_x/(pq) = x/p,
Tmax < Zle x/(pq) < k/q. Similar to Lemma 7, one can
show that

1/2
(ﬂ'max \% gmax)T* 10g2('1)) /
n

IG - G| <C (

<C ((p V @)K Ty logz(n)) 2 (40)

npq

with probability at least 1 — Cn~¢. Based on the above
concentration inequality, the rest of the proof of (15) is similar
to the average upper bound result in Theorem 1.

Note that the trivial bound

Emiax Qi1 — Qpiyylhh <2

always holds. In order to prove (16), we only need to
show under the assumption that n > Cozylog?(n)(p Vv

i3

5])(’7' 2

prinal B Similarly as the proof of Lemma 8 and
Theorem 1r,mr\|Jve have

Fic3t, logz(n))l/z. @1

(Gl — G Va2 < C(
npq

for any 1 <i < p with probability at least 1 — Cn~—¢. Then
the rest of the proof is essentially the same as the one in the
uniform upper bound of P in Theorem 1. [
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B. Proof of Theorem 4

By Lemma 7, one has

P (”F —F|| > C\/ﬂ:maxf* logz(n)/n) <n .

Wedin’s lemma [71] implies

P(max {Isin@@F, U, 1 5in OV, Vi)

2
< C/ Tmax T« log (n)/n) >1—n—%,

or(F) — 0,41 (F)
Let O be the event that the above inequality holds. Since the
trivial bound

max{| sin ®(Ur, Up)|, || sin ®(Vp, Vp)Il} < 1
holds, we must have

Emax {]/sin © (U, Up)ll, I sin @V, Vi)l
<Emax {|sin ©(Ur, Up)|l, Isin 0V £, Vi)l | 10

+Emax {||sin ©(Ur, Up)l, | sin @V, Vel 1o
cy log?
< Tmax T« log=(n)/n +1-P(Q°)
o, (F) — 0,41 (F)

- C/ T max T logz(n)/n n 1

o (F) —orp1(F)  no0

Since Zi’j F;; =1and 0 < F;; <1, we must have

1/2
0 <0, (F) — 0,41 (F) < (Z cr?(F))

I
1/2

=|Fllr = | D F}
i

1/2
<IFI\? <1, Zma > 1/p.

C A/ Tmax T« log2 (n)/n
T o) —0,11(F)

Emax ] sin © (U, Up)ll, I sin ©(V e, Vi) ]

<C\/7rmaxr* logz(n)/n
= 6 (F) — o1 (F)
which implies (20).

Next we consider Up, and Vp. Note that IP||/(o,(P) —
or1(P)) > 1. If n < Cpamax/(x2; p)tslog?(n), the triv-
jal bound IE(|| sin®(Up, Up)|| V| sin@(VP,V)n) < 1
has already provided sharp enough result for proving
(20). Thus for the rest of proof, we assume n >
Cpmmax/ (nr%lin p)zs log?(n) for large enough constant C. Let
7 be the empirical distribution of 7,

Thus, if ¢o > 1, one has 1/n < and

Al,

3 S R
7T € RP, ni=;k§1{xk_1=i}~

2
Provided that n > CZmu=lo2 (™) o Jaree enough constant
min

C > 0, we have

| log? 1
T —7lloo <C 77Tmaxf*n0g (n) =< En'min-
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Then invariant distribution 7 = %1 p and the SVD of P® can be
_ ~ 1 written as
minz; > minz; — |7 — 7 llooc > = Zmin, (42)
i i 2 1 1 T
(k) — k), (k) o, (k)\NT
d P —(—l)(—l) +ocWu™ ") ", (45)
an NG p NG p

L~ 2
|mi/mi — 1] = M < 27Tm_i11 .C Mlog(n). (43) where
T n
Since P = 7 ~'F, we have o® \/54“ /%2(1_*_(2)2(,

Hf) - PH - Hdiag(ﬁ)*‘i - diag(n)*‘FH

Lp/a

.1 PINE TN 1 ~1 171
< Hﬂ' L(F - F)H + H (dlag(ﬂ) ' — diag(7) 1) FH L p/4 o — [ p/2 :|
< = ky |- = -1 :

o . ' } ' - [2(1 4 ¢2) p JP p/2
< |7 1) - 1F =PI+ 11— diag(e/7)] - diag(r) T F : ~cp®

R k k k
< (m_in ﬁi) F — Bl + max [z1/7 — 1] - |P| Thus, [PO) = 1 and (02(P®) — o3(®@©))/[P|| = op.
t i Namely, P®) e P;,r,(sp’ k=1,...,m. Since dp < 1/(4/2),

k
@683 | Tmaxte log?(n) 3/4 < pP{}) <5/4. Thus,
S Vi<i<p, lle/P® —zly<1/4,
—1 [ Tmax T« log (n)
- Crph | T O . o ©
n which implies 7, := 7(1/4) = 1. In summary, P**) Pp rop-

Note that (8%)T D is a sum of (p/4) ii.d. Rademacher
random variables, by Bernstein’s inequality

2 L oNT ) ) (_ p/4-(1/2)? )
H‘;‘PHSC%L\/M”P“- P(p/ét’(ﬁ 80| = 172) <200 200+ 1/3-1/2))

Since ||P| > ||ﬁl;P||2 = 1, the inequality above further
yields

Finally, by Wedin’s perturbation bound, we have then
max {|1sin © (U, Up)I, Il sin OV p, V)1l } P (Elk L1, st % 89750 = %)
p
Pl - . 2 V. 7. log2 -1
n or(P) — 0,41 (P)
with probability at least 1 —n~<. By similar argument as the 1f We setm = [exp(—p/56)], the probability in the right hand
one in Theorem 1, one can finally show (20). [J side of (46) is strictly less than 1, which means there must

exists fixed {#®};"_ such that

C. Proof of Theorem 5

We focus on the proof for Up and Ufr and r = 2, as the
proof for Vp and Vi or r > 3 essentially follows. Without  For the rest of the proof we assume (47) always hold. Now,
loss of generality we also assume p is a multiple of 4. for any k # [,
First, we construct a series of rank-2 Markov chain transition

[(BYTBD| < p/8, V1 <k <I<m. (47)

matrices, which are all in P 5 . To be specific, let H sin © (Ug‘), Ug)) H — Isin@@®, u®y|
1 2 2
p = Ly gy 20, B 5 [ (prr2cp0)Tpo
o PP D =1 = (@®)To®)" = 1 - 5
o o p/2+p/2
2+ 2p/4\? 1+ 272\
Lya o dpa —lyg o —1lya 2\/1_(19/ +CZP/) :\/1_( +Cé)
~lpa o —lpu Lpa - s ) p/2+¢%p/2 1+¢
Cﬁ(k) . Cﬁ(k) _Cﬁ(k) cee — C,B(k) 5 5 5
Lop g gk L p® :\/1§+/22 . (1 + %) > % _ %
(44) ¢ ¢
Here {0} | are m copies of i.i.d. Rademacher (p/4)- Now foreach 1 <k <m, suppose x® = {X(()k), xYis a

dimensional random vectors, 0 < ¢ < 1 and m are fixed Markov chain generated from transition matrix P® and initial
values to be determined later. It is not hard to check that the distribution x, )~ %lp- Then based on the calculation in
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Theorem 2, the KL-divergence between X ®) and X satisfies
ZDKL (P(k) HP(I) )
Lemma 420n (k (

< S Z 1P, — P13

i=1
(49)20n 20%

DkL (X(k)HX(I))

(2?) = 80n03”

=9 p2 9
. _ 2log(m)—log?2 : s
Finally we set ¢ = Rondl9 - By generalized Fano’s
P

lemma,

inf sup

E Hsin oUp, UP)H
Up Pe(p), .., ) JUDN

< 1_80n5129§2/9+10g2 ¢ CA/—p/n
-2 logm 4 op

for large p. We can finally finish the proof for the theorem
by noting that (P, ... P} < P* < P,,;,. Note
that the frequency matrix corresponding to P% is F®) =
diag(z)P® = P®/p for k = 1,...,m, the proof for
the lower bound of Up exactly follows from the previous
arguments. [

D. Proof of Theorem 6

Let P=UpX pV; be the singular value decomposition of
P, where Up, Vp € O, , and X p has non-negative diagonal
entries in descending order. Let Z € RP*" be the group
membership indicator

1, ie€Qj;

Zi=lo, i¢Q,

By Proposition 3, each column of P is piece-wise constant
with respect to partitions Qp,...,Q, and P can be written
as P = ZG. Since Up and P share the same column space,
we can write

Up =7ZX,

where X € R satisfies Xz; = (Up);;, Vi € [pl,jelr],i €
Q. Denote ny = |Qk|,k =1, ..., r. Since the columns of Up
are orthonormal, we have X' ZTZX = U;U p =1, and

r r
Z L =D ZiZig = D jico, andicy) = 1l - Ly=y.
i=1 i=1

Thus, Z'Z = diag(ni,...,n,) and X'diag(ny,...,n,)X =
XTZT7ZX = 1I,. This 1mp11es dlag(n}/z,... 2 )X is an
orthogonal matrix and
X, 1 X, = XXy
1 2 2 2 2
= — (d1ag(n1/ . 1/ )XXleag(nl/ , ni/ ))kl
= (nkn])_l/2 Ap=py, YI=<kl<r

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 5, MAY 2020

Therefore, for any two states i, j, if i € Qi, j € €;, we have

1P — (Up)jal3 = 1EZX)pi — (ZX)5.4113
=[1Xk: — Xpzall3 = Xk 3 + 1X09103 + 2X ] X

1 _
+— = 2| - 1) 2

=1y

Il
0, i and j belong to the same group, i.e., k = [;
o Tt
otherwise.

Next, the k-means misclassification rate can be bounded by
the sin ® distance between Up and Up [42, Lemma 5.3]:

MEQ1,...,Q) < (c min |Up —UP0||%) AT
0e0,

< (o (or.vn)) o

where C is a uniform constant and O, is the class of all r-by-r
orthogonal matrices. Since P is state-aggregatable with respect
to r groups, by Proposition 3, rank(P) < r and o, (P) = 0.
Based on the proof of Theorem 4, we have

(48)

PA) >1—-n"°, = [ Hsin @(IAJP,UP)H2

C”P” pr- T*IOg (n) - ”max/(ﬂmlnp) ]
no2(P)

for some ¢ > 1. Combining (48), (49), and the trivial bound
M(Qq,...,Q,) <r, we have

(49)

EM(Q, ..., <)
=EMQ,...,0) 14 +EMQ1, ..., Q)1 4

2 2
- C||P||2pr - T log”(n) - Tmax /(T 55, P) Y ar
no?2(P)

Slnce ||P||/ar(P) > 21 and ¢ >
CIIP|pr-z. 10g (n)- ”max/(”mmp)
2o 2(P) . Then,

1, one has r/n® <

o )< C||P||2Pr T IOg (n) - ﬂmax/(”mmp)
) r nO'Z(P) 9

which has finished the proof for Theorem 6. [

EM(Ql,...

E. Proof of Theorem 7

Denote E = F —F. Recall from Prop. 4 and the discussions
in its proof, F can be decomposed as F = F; +F,, where F; is
a rank-r matrix and the right singular vectors V, has piece-
wise constant structure, i.e., (V)i = (VF )i, whenever
i,i’ belong to the same group. Based on the problem set-up,
we can assume that the SVDs of F; and F are

F, = UFIZFIV;';I’ F = ﬁpf:[?v—l,[ —i—ﬁF’liFjL{]—ll:—J_.

Here UFI,VFI,UF,VF S @pr, UFL,VFL S @ p.p—T. are
the orthogonal complement of UF, VF XF, ZF, and ¥ F.L
are diagonal matrlces w1th non-negative and non-increasing
diagonal entries; U F):FV correspond to the leading r prin-
cipal components of F while UF LZF lV Fl correspond to
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the remainders. Since F —F; = (F —F) +F —F; = E + Fy,
Wedin’s perturbation lemma [71] implies

Hsin @(\A]F, V)

.
_max{|(E + Fo)Vrllp, [Ur B+ Fo)|r}
B O'min(f:F) -0

Vr

Note that for any matrix M,
1/2

< y/rank(M)a; (M)

rank(M)

Z o7 (M)

i=1
—/rank(M) | M]].

Provided that Uz and V5 are p-by-r matrices with orthogonal
columns, we have

IM|[F =

max {rank(sz F)s rank(EV F), rank(ﬁ;Fz), rank(ﬁ;E)} <r
and

max {|(E + F2) Vel r, [0F(E + B2 ¢}
<max {|EVE|r, 107 El £

+ max {[F2V ¢, | OF Fal £

<max [\/rank(EVF)HE\A’F I, /rank(U L E) |ULE|| ]

+ (VTlIF2ll) A B2
<VTrIE| + (VrIF2l) A IF2]| .
Since F1F2T =0, Lemma 2 in [44] implies o, (F) = o, (F; +
Fy) > o, (Fl ); by Weyl’s perturbation bound [72], |o,(F) —
or(F)| < |[F — F| = ||[E|. These two inequalities together
imply

omin(XF) = 0,(F) > 6,(F) — |E|| > 0,(F}) — |E|.
Therefore,

VTIEI 4+ (VrIF20) A IIF2 |l F
or(F1) — [IE]

Hsin@)(w,vﬂ) AT

‘ <
R
Note that for any real values z > 0,y > x >0,

x/y=1=0-x)/y<1-(—-x)/(y+2)=x+2)/(y+2).

Thus, if [|[E|l + [F2ll A (IF2llr/v/7) < o (F1) — |E],

1 ~
G Hsin@(VF,VFI)HF
_ IE[l + [IF21l A (IF2llF/+/T) Al

or(F1) — |IE]|
_IEI+ [IF201 A (IF2llr/+/7) + IE]
or(F1) — [IE[ + [IE]|
_2|[E[l + [IF2ll A (IF2]lF/4/T) A
B O'r(Fl)

Al

I;

3223

if |E|l + IF2ll A (IF2llp/+/T) > or(F1) — |E],

1. A
ﬁ Hsm@(VF,VFl) ‘F
_IEl+ [E2l A (IF2llF/ /1) Al
or(F1) — |IE|
1= 2||E|| + [IF2l A (IF2lF//T) Al
or(F1) ‘

Therefore, we always have

2Jr|E| + (VrIF2l) A IF2llp NV
or(F1) .

Hsin@(Vp,Vpl)HF <

By Lemma 7, there exists constants C > 0 such that

2
P (1E) = [F-F| < [Tt 0@ ) Ly
n

for some ¢ > 1. This implies the following upper bound for
the sin ® loss of Vg,

P(A) > 1 _n*C,

where A = { HSin O(Vr, VE) ‘F

< C\/ﬂmaxrf* Ing(n)/n + (\/’THFZH) A F2 | F N \/’7]
O'r(Fl)
(50

Next, we prove the upper bound for the misclassification
rate of r-means based on (50). By Proposition 4, each col-
umn of Vp, is piece-wise constant with respect to partitions
Qp,...,Q, and we can write Vp, = ZX, where Z € RP*" is
the membership indicator,

1,
ZijZ{ 0

and X € R’X’,ij = (VFl)ij, Vi € [pl,j € [r],i € .
Since the columns of Vp, are orthonormal, XTZ2T7ZX =
Vi Vi =1, Denote ny = [Q],k=1,...,r. Note that

i-th state € Q;;
i-th state ¢ Q;,

r r
Z L =D ZiZig = D Ljico, andicy) = %! - Lp=p.

i=1 i=l

Thus, Z'Z = diag(ni,...,n,) and X'diag(ny,...,n,)X =
XTZTZX = I,. This implies diag(n}/z,...,ni/z)X is an
orthogonal matrix and

XX = XX Dy

1/2 1/2

:nk_1/2 (dlag(}’l1 I (™ )XXleag(n}ﬂ, . n}/z))kl

—-1/2
an/

=g -n)" " gy, VI<kl<r (51)
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Therefore, for any two states i, j, if i € Q, j € Qy, then
I(VED . — (VED 13
=(ZX)iy — @ZX)5,113 = X1 — Xy, 13
=Xk 13 + 1Xp13 + 2X (o X,

20 1) 1y
1Ql 1]
0, i and j belong to the same group, i.e., k =
N BN ST O
=1 @t @

otherwise.
(52)

Next, the error bound of k-means approximation [42,
Lemma 5.3] yields

MQ1,...,Q,)<Cmin Vi — Vg5 O|% AT
0c0,

N 2
<C Hsin@ (VF,VFl)HF AT, (53)

where C is a uniform constant and O, is the class of all r-by-r
orthogonal matrices. Combining (50) and (53) and the trivial

bound M(fll, e Qr) <r, we have
EM(Q, ..., Q)
=EM(Q,...,Q)14+EMQQ, ..., Q)1 4

) (c (Tmaxr 2 1og>(n)/n + (rIB21) A [F2113)
o7 (F1)

+ r/nc) AT.

By the proof of Theorem 4, one has o, (F) < 1. Thus, if ¢ > 1,

CTrmax s 10g2 (n)/n

one has r/n¢ < and

o (F)
EM(Q,...,Q)
_C (mmaxr . log?(n)/n + (r|[F2]1%) A IF2|3:) .
- a?(F1) ’

which has finished the proof for Theorem 7.

XI. TECHNICAL LEMMAS
We collect the technical lemmas for the main results in
this section. The first Lemma 1 demonstrates a sufficient
and necessary condition for being transition and frequency
matrices of some ergodic Markov chain.

Lemma 1 (Properties of transition and frequency matrices
for ergodic Markov process). P, F € R”*? are the transition
matrix and frequency matrix of some ergodic finite-state-space
Markov process if and only if
Pesz[P: 0<P;<LiVl<i<p X} Pj=1 ]
VI C{l,..., p},P[I,IC] #0
(54

and
F1,=F'1 1TF1, =1
FeF,={FeR’*P: P P Tp P ’].
P [ vIC{l,...,p},Fie #0
(55)
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Proof of Lemma 1. The proof for the transition matrix (54) is
by definition. Then we consider the condition for F. When F €
RP*P is the frequency matrix of some ergodic Markov chain,
we have F = diag(7 )P, where 7 and P are the corresponding
invariant distribution and stochastic matrix. Then

F1, = diag(z)P1, = diag(7)1, ==,
F'1, =P'diag(z)l, =P'zx =7 =F1,,
T T
1,Fl, =17 =1

Here we used the fact that 7 'P = 7 | and P1, =1,. Next,
since the finite-state-space Markov process is ergodic, z; > 0
for any i. Thus for any / C {1,..., p}, Fj1.1c] = diag(z;) -
P(; 1) # 0. This implies F € F).

On the other hand when F € F),, we define 7 = F1,,
P = diag(z ~")F. Since Fyj;j ;jc] # 0, we have z; # 0 for
any 1 <i < p. Then P is well-defined. In addition, # and P
satisfies the following properties

Lyr=1)Fl,=1, P; >0,

Pl, = diag(z ""HF1, = diag(z "z = 1,,
7'P=nr'diagix)'F=1F=(F"1,)" =(Fl," =,
VI C{l,..., p}, Py ey = diag(z; ") - Fiz 1) # 0. (56)

By comparing above properties with the definition of ergodic
transition matrix (54), we can see F is indeed a frequency
matrix of some ergodic Markov process. Thus, we have
finished the proof of this lemma. [

The next Lemma 2 characterizes the ¢ distance between
two vectors after 1 normalization, which will be used in the
upper bound argument in the main context of the paper.

Lemma 2. Suppose u,v # 0 are two vectors of the same
dimension, then

u v 2Mlu — ol
— < . 57
lulli  llolly 1 — max{llul, o]}
Proof of Lemma 2.
‘ u ) u—o ) )
leells Mol iy = 0 felln N1y flully ol 4
M=ol Ml = ol _ 20l — olly
[luelly [l [l
C u_ v < 2lu—vlly . . .
Similarly, Tali — ol Hl =T which implies (57). [

The following Lemma 3 demonstrate the error for truncated
singular value decomposition.

Lemma 3. For any matrix M with singular value decomposi-
tion M = Zk310k”k01;r and r > 1, we define Mmax() =
St okt and Momax(y = Dyopyy okukyy, = M —
Minax(r) as the leading and non-leading parts of M. Suppose
A and A are any two matrices of the same dimension. Then,

A - 4],
<2V2r (A - AH + 2V27 1A x| + 1A maxe 1 -

(58)
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Particularly, if rank(A) < r, we also have

[Ames) — A =208 - Allr. (59)

Proof of Lemma 3. Note that Amax(r) and Apax(r) are both
of~ rank-r, thus Amax(,) — Ama,&(r) is of rank at most 2r, and
”Amax(r) - Amax(r)”F Nf @”Amax(r) - Amax(rl”- By Weyl’s
inequality [72], o,4+1(A) < o,41(A) + |A — AJ for any r.
Therefore,

”Amax(r) —AllF
SHAmax(r) - Amax(r)”F + A= max(r)”F
<V2r | Amax(r) = Amax(r) Il + 1A~ max(r) I F

<V2r (1A = All+ 1A maxir) |+ 1A maxir )
+ ”A— max(r)”F

=2 (1A = All+ 071 A) + 0,41(A)) + 1A manir 1

(@) ~ -
=V2r (1A = All+20,41(A) + 1A = All) + A~ maxir 1

=2V2r||A — Al + 2v2r | A~ max(r) | + A~ max(n Il 7

which yields (58). Here, (a) is due to the Weyl’s inequality.
Additionally, if rank(A) < r, we have

HAmax(r) - AHF = ”Amax(r) - A”F + ”A —AllF

= min |A-M|r+|A-Alr

rank(M)<r

<[IA—Allr+ 1A —Allr =2|A - Allf.

which yields (59). O

Our next lemma characterizes the relation between KL
divergence and ¢, distance between two discrete distribution
vectors.

Lemma 4. For any two distributions u,v € RP, such that
Zf;l up =1, Zle v; = 1. If there exists 0 < a < 1/p <
b such that a < uj,v; < b for 1 < i < p, then the KL-
divergence and €y norm distance are equivalent, in the sense
that,

a

252 (60)

b
2 2
llu —vlly = Dgr(ullv) < 22— vl

Here Dk (ullv) =
between u and v.

le u;i log(u;/v;) is the KL-divergence

Proof of Lemma 4. By Taylor’s expansion, there exists &;
between u; and v;, such that

—ui (0 —ui)?
U; 2@2

log(vi /u;) =log(v;) — log(u;) = =

>

3225

Thus,

P
Dir(ullo) = >~ —u;log(vi /u;)

i=1

p 2
ui(vi — ui)
ZZ —(vi —ui) + 2 }
i—l{ %
p 2
b(u; —v;) b
SZ# = ﬁ”u - U”%;

1

p
Dir(ullo) = >~ —uilog(vi /u;)

i=1

ui (v — u;)?
- [_(Ui —u;)+ 27512]

a(u; —Ui)2 a 2
YV ﬁ”u —vll3,

M-

-

i=1

which has finished the proof for this lemma. [l

The following Lemma 5 establishes a Markov mixing
time comparison inequality between 7(¢) and 7(d) for any
values ¢ and J. This result is slightly more general than
Theorem 4.9 in [52].

Lemma 5 (Markov Mixing Rate). Let t(¢) be the mixing time
defined in (1) where ¢ < 6 < 1/2, then

1 0

(61)
Proof of Lemma 5 We denote {e(")}f:l as the canonical basis
for R”, namely ¢ is equal to 1 in its i-th entry and equal to
0 elsewhere. For any vector § € R”, we also use 01,0_ € R?
to denote the positive and negative parts of 4, respectively, i.e.
(6+)] = mln{ej 5 0},

(0-); = —max{0;,0}, 1=<j=<p.

(62)
Clearly 6+ > 0,60_ >0, and § = 6, —6_. Suppose k = 7(9),

then for any distribution § € R? with >, 6; = 1,6; > 0, and
any integer k' > k, we must have

% |70 = H1 — % ' g(PT)"’eie"" —x

1

P 1 L P
=Dl 5 |@DFeO 2| <> wo=s  ©3
i=1 i=1

When 6 and 7 are both distributions, Zle(PT)ké’j =
> =1 then 30_ (PT)"0 —x); =0, and

R )

s,

1
(64)
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Next, we consider any integer k' > 2k, then kX’ — k. One can

calculate that
1 )
oo -
2 H( ) d 1

1 ,
= | @D [@T 0 —m)e = (@D —m)-]|
1 e (PO —7),
2Tk _
—Jh T T
NPT — 7yl

]

1

1 e (PO —7)_

Ll pTyr—+ B
+2W Ve —oon ",
@Y O - 7)1l

(oo +[@io-o |)
fwwﬁw—nusgwﬂ

By induction, one can show for any integers /, we must have

1 / 1
VK Z 1k, S @0 —xlh < S(20).
Note that § < 1/2, & < 6, we set [ = [log(s/‘;)] + 1. Then for

log(20)
any k' > ki,

2 H P10 — = ” %(25)1 < =(20) Toethy +!

Z%w.@m)=& (65)

which implies 7(¢) < kl = 7(9) - ([log(e/d)/log(20)] + 1),
and complete the proof for (61). Thus we have finished the
proof for Lemma 5. [

The next Lemma 6 relates the Markov mixing time to the
eigengap condition.

Lemma 6 (Markov Mixing Time and Eigengap Condition
([52). , Theorem 12.3)] Suppose P € RP*P s the transition
matrix of an ergodic and reversible Markov chain with invari-
ant distribution 7. Suppose A3 is its second largest eigenvalue,
then Ay € R, |A2| <1, and

1 1
< 1 .
w(@) = 1— 1> 08 (enmin)

Lemma 7 (Markov Chain Concentration Inequality). Suppose
P € RP*P js an ergodic Markov chain transition matrix on p
states {1, ..., p}. P is with invariant distribution © and the
Markov mixing time t(¢) defined as (1). Recall the frequency
matrix is F = diag(z)P. Given a Markov trajectory with (n +
1) observable states X = {xo,x1,...,Xn} from any initial
state, we denote the empirical invariant distribution @ and
empirical frequency matrix as

(66)

I
T =— E ex,, Where ey, is the indicator such that,
k=1
> Xk =15
e = . 67
( Xk)l [ 0’ Xk 7& l; ( )

Ei, where E; € RP*P,

=SH
Il

S |-
M-
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(68)

L Gk x) =3 )
(Ei)ij = { 0, otherwise.

Lett > 0,0 = 7 ((t/2) A Tmax) + 1. Recall || - | is defined as
the matrix 2-norm, || - |leo is defined as the vector {~, norm.

Then
. nt*/8
Vi > 0,P (HF — FH > z) < 2apexp (—m) ,
(69)
Vit > 0,P(|r —7l|loo = 1) <20pexp (—i)
2T max0 + ta /6
(70)

For any constant cy > 0, there exists constant C > 0 such

that if n > C (r(«/nmax/n) log(n)/Tmax V p), we have
HF_FH . C\/ﬂ'maxf(\/n'max/n) log(n) < p0

n
(1)
puﬁ_m&zC/%m“ T/ M 1080) ) o,
n
(72)

Additionally, let ., = t(1/4). For any constant ¢y > 0,
there exists constant C > 0 such that if n > Ctyplog®(n),

then
2
[F—F| = [ TmB 8 ) a3
n
1 2
P77 -7l >C ;M <n e, (74)
n

When P is reversible with second largest eigenvalue Ay < 1
and co > 0 is any constant, there exists constant C > 0 such
that if n > Cplog(n)log(n/mmin), then

P(HF B FH - C\/ﬂ:max 105?11/?;:)) 10g(n)) <n %,

(75)
5 Tmax 10g(n/Tmin) log(n) e
IP’(II?r—ftlloozC\/ n(—2) )fn 0,
(76)

Proof of Lemma 7. Let nyp = |n/a]. Without loss of
generality, assume 7 is a multiple of . We introduce the “thin”
sequences as

~(

ek) = exp — E (exka-H ’ex(k—l)aﬂ) >
I=1,...,0;k=1,...,n0; (77)

(1

E) = Eioss — E (Brass Bg—ya+1)
[=1,...,0;k=1,...,n9 (78)
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By Jensen’s inequality, forany [ = 1,...,a,k =1,...,ngp, Therefore,

”]E (eka ’ex(k l)a+l) ”2 < Ellex i ll2 = 1, 0<E (El(cl) (EJEZ))T‘EIEQI)
|E (Bxat1/Eg—1)at1) | < EllErgsll <1,

=E{ (ko1 — EErats X —1)a+1))
which implies

-
Hél(j) H <2, HEIEI) H <2 (79)  (Exati — EEkoti1Xk=1)a+1)) ‘x(kl)aJrl]
2
=E | Etar1E{, 1 | Y- 1ot
Now we develop the concentratlon inequalities of the partial ko+

sum sequences Z E D for any fixed /. Note that for any

- R I E—
given E,({lll and e , i.e. given the values of (Xkq-+/—1, Xko+1) koot | X (k=Da+l kot | X (k=Da+l

pair, the conditional distribution of Cxpop_y Satisfies <E {Eka+1E/j " }X(k l)a+l} < 27 max] (85)
— o - —_ .
T o—1
Xotl 11X (k=Datl ~ €xy_py,, B, k=1,...,m0. Similarly,
F i denote 7y = (el Pe1) e RP 0 <E (ED)TED |E
or convenience, we denote 7 k1) = (€, _, .., € RP. =< X 21

By the choice of o and the mixing time property,
T
=E[ (Exatt — EBrati|Xk=1)a+1))

I =l = [ef, oy P = < minte/2, )
(80) (Ekat1 — EBrot|Xg-1)a+1)) ‘x(knﬁl]
(80) will be crucial to our later analysis. Note that =E {E];ra+1Eka+1 ’x(kfl)aJrl}
R0 _
O = By —E (Eka+1’m—1)a+l> ) -E {EkTaH ’x(k—l)aH} E {Eka+l ’X(k—l)aH}
where Ero41 = €x,y 'e;«zw (81)

=<E {E];ra+1Eka+l ‘x(k—l)a+l} = 27l'maxIpa (86)

P (Eka+l = eie;—‘x(kfl)()H»l) )
which means for 1 <k <ng,1 <[l <a,

FONTRO |50
. 1 max{ HE ((Ek ) E; ’Ekfl)
o .
= (ex(k_,)a+,P )i -Pij = (@w,1)iPij, (82) HE (El(f) (Eg))T’ES) 1) H } < 2D, (87)

we can further calculate that

=P ((xka+lflaxka+l) = (, j)’x(k—l)a+l)

Next, the predictable quadratic variation process of the mar-

- FO1
E (Eka+lE]—¢ra+1‘x(k—l)a+l) tingale {Ek }k:1 satisfies
P p P no
=D > eie] @ua)iPy = D _eie] Fan)i SE (Eg) ED)T E}(Ql)
i=1 j=I i=1 .
=diag (7)) = diag(r) + diag (F@.1) — 7) S 5 (50 5O\ T|O
- = HE(Ek (Ek ) Ek—l) < 210 max,
STmaxIp + ||7T(k,l) -7 ||1 Iy X 2w maxp; (33) k=1
p P 20 - =
- DO\NTRO |70
" (El—craJrlEkaJrl’x(k—l)aH) =>" > eje] {Fuu)iPij} E ((Ek ) Ey Ekfl)
i=1 j=1 i
<> |E (&N TE[E,)

P P p P < - U] < 2007 s
ZZ ejej {miPy}+ D > ejef {(En)i — 7)iPyj) Py e "

i=1 j=1

» Now by matrix Freedman’s inequality (Corollary 1.3 in [73]),
Zefe 7+ Zelej |#wn ==, - maxP; we know

j=1 j=1 no 2

1 = () (tno)“/8
. T P — E >t/2)<2 -_— .
(since 7 ' P =) ( no ]; k| zt/2)=2pexp 2n0Tmax +tno/6
<Tmaxly + [y — 7|} - Tp < 2Tmax]p. (84) (88)
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Here, | - || represents the matrix 2-norm. Next, we shall note
that

E (Eka+l ‘x(k—l)aH) — diag(z )P

P P
- Z Z €i (e)—fl—(k—l)a+/Pa71)i Pije;-r — diag(z)P
i=1 j=1

l
=diag (eXT(k—l)aHPa_l) P — diag(7)P,
thus
HIE (Eka+l’x(k71)a+l) - diag(n')PH < |Gy — o)P|
= max udiag(@g —7)Pv
u,veR
lulla=lloll2=1
P
= e Z |ui (F )i — mi)Pijv; |
lull2=lloll2=1 i=1

p P
~ - (80)
<D D> N Gaa)i — 7P| < Fany — 7l < 1/2.

i=1 j=1
(89)
The last but one equality is due to >-7_ [P;;| = >7_ Py =1

for all i. Combining (78), (88), and (89), we have for any
l=1,...,a,

1 <
Py ||— E —F

Finally, we only need to combine these “thin” summation
sequences by using a union bound,
>t )

- 1L 1 &
P(F—F >t):]P -S = S'E.y —F
IE - F > (aznoz ka+l
=1 k=1
no 1
<P —E —F| >
< gllasxa Zno ka+1 >t
k=1
no 1
< P —E —F| >t

2
S (_ (tn0)/8 ) ,

2n0mmax + tno/6
which proves

(69).
C\/ﬂmaxT(\/ 7711;;'1)(/"

Vlog() g large constant C, one further
obtains (7). When 7, = 7(1/4), Lemma 5 implies

T(VTmax/n) < Crilog(v/n/mmax) < Crylog(y/np)
< Crlog(n),

= )<2 (tno)*/8
€X R S
=t )=cperp 2n0mmax+1n0/6
(90)

oD

Particularly by setting ¢ =

thus (73) immediately follows from (7).
When P is reversible and with second largest eigenvalue
A2 < 1, Lemma 6 implies

) = e ()

27 min

c
=1C n (log(n) + log(1/mmin)) = T, log(n/ Tmin).

Then (7) follows from (7).
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The proof for the upper bounds |7 — 7 || is similar. Recall
the definition of é,gl) in (77). Note that for any index j €
{1,...,p}

(glgl))j = (exkﬁl)j -E ((eXka+1)j

=lxgn=j) — E (1{xka+/=j} ’m—l)w) :

ex(k—l)a-H)

Clearly 0 < E(l{xka+l:j}‘x(k—l)a+l) < 1, which implies
’(é,(f)) j‘ < 1. Additionally,

2
~(l 2
E (ek))j = Var (1{Xka+/=j}}x(k—1)a+l) <E (1{Xka+1:j})
_ T o
- (ex(k—l)a+/P )j
T T
=mj+ (ex(k—l)aHPa -7 )

By Freedman’s inequality (e.g. Theorem 1.6 in [74] and
Theorem 1.1 in [73]), for any 1 < j < p,
Z(E;EZ))/'

—1%/8
P >1/2 ) <2exp (7/)
=1 2n0Tmax +1/6

On the other hand,

= 2T max-
J

no

. _ T a T
HE (exk'Hl ex(k_')a+[) T Hoo - ex(k—l)a+/P T Hoo
t

T o T -
= eX(k—l)aH T Hl =< 5 N Tmax -

Combining the two inequality above and the definition (77),
we have forany 1 < j < p,1 <l <a,

{

By a union bound, one can show

1 a 1 no
— 2D e T
“ 3 "D

)

which has developed the upper bound for |7 — 7 ||s (70).
Finally, the proofs of (7), (74), ang (7) are essentially follows
from the previous argument for |[F — F|. U

no

Z(eka+l)j —no7;

k=1

A P —12/8
€X u——
=)= P\ 2o e £1/6

92)
) )

93)

P(I7 - 7l zt)=1P’(

no

1
Z %(exka-#/)j -7

=1
—(tno)?/8 )

2n0Tmax + tno/6

I<l<a1<j<p

§IP( max max

<2op exp (

Lemma 8 (Rowwise Markov Concentration Inequality). Sup-
pose V. € O, , is a fixed orthogonal matrices satisfying
max; [|[V'eilla < 0r/p. Assume n > Cpr,log’(n) and

7« := 1(1/4). Under the same setting as Lemma 7, for any
co > 0 there exists C > 0,

Tmax0? r1x log?(n)
np

max [|[(FV);. — (FV);.|» < C\/
I<i<p

with probability at least 1 — Cn™0.
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Proof of Lemma 8. We first focus on the s-th row of
IFV;. — FV,.|,. Similarly as the proof of Lemma 7, let
o =1t (min{t/2, Tmax}) + 1, Ex = exkeka+I Jk=1,...,n.t1is
to be determined later. We similarly assume rn is a multiple of

o and define no = n/a. We further define
Ty e R, Ty=e/EV, k=1,...,n

and the “thin” matrix sequences for [ = 1,...
k=1,...,nop,

T =Tttt — E (Thass| T 1yas1)
=e, ExgV—E (eSTEk““LIV‘x(kfl)aH) .

Sa’

Then Tk, and ’i‘,((l) satisfy the following 2-norm upper bound

I Tka+11l =  fnax lleg eie] VIl = mmax lle] Vil < 87/ p.

By Jensen’s inequality, | E(Trq+1|Tx—1)a+1)|l < d4/7/p, thus
||T;({l)|| <28\/r/p almost surely.

T
Next, we define 7,y = (exT(kil)aHP“_l) € R”. By the
choice of a and the mixing time property,

IZwn —zlh = el . P = H] < min{?/2, Tmax)-
Then,
E (Tka+zT;;+1 ’x(kfl)oH»l)
14

T Tuvl, T (=
= e eje; VV ' eje; es(T,1)iPij

LJ

T T =~ T 2
e eie; es(w,)iPij IV ejl3

~
I
-

|
“:ME

< T
—= s

ej eie] es(@up))iPij - Or/p

:M“

i 1

<
I

el eie] es(@un)id® r/p

|
M~

1

p
<8*(r/p) max(Fq.p)i - e] D eie]l e
! i=1

<&*(r/p) ml,ax(ﬁ'(k,l))i < 8*(r/p) (Tmax + lr — Zge 1)
<27maxd*(r/ p),
By Jensen’s inequality,
HE (TkTaHTkaH ‘x(kfl)aJrl) H
<E (HTkTaHTkaJrz H ‘x(kfl)oH»l)
<E (Tka+lT1;+1’x(k71)a+l) < 2maxd*(r/ ).

Similarly as (85) and (86) in the proof of Lemma 7, we can
show

0 <E (T A1) < 2mmund®/p,

0<E ((T]((l))TT]({l) ’TI((I)) = 271'max52(’"/p)lr~

3229

Then the predictable quadratic variation process satisfies

no
> (0 )i

>

max {

no
(1l () |

} = 2"07Tmax52r/p~

By the Freedman’s inequality (Corollary 1.3 in [73]),

P( ZT,EI) zt/z)
(tno)?/8 )

k=1
< 1 —
=+ Dexp ( 210 max 021/ p + tnod/r/p/3

Next, similarly as (89), (90), and (91) in the proof of Lemma 7,
we can show

B (Tast |ran) — diago)P| <172,

1 & +
P(Hn_oZTk“” —eJFV| =1

k=1
(tno)?/8 )
20T max02r/ p + tnod/r/p/3)

<(r+1)exp (—

P

<a(r + l)exp (—

and

eJBV = eJFV| > 1)

(tno)*/8 )
210 max02r/ p + tnod/r/p/3
2
t“n/(8a) )
<a(r+ 1)exp|— .
v+h p( 20’/ p + 1057/ /3
By Lemma 5, a = 7 (min(z/2, 7max)) + 1 < Crlog(1/(t A
Tmax)). Next, for any c¢o > 0, we set

L C\/nmaxézrr* log?(n) N C&«/r/p - 7, log?(n)

np n

for large constant C > 0. By n > Cptylog*(n) > Cr and
Tmax > 1/p, we have

“(

Tmax02r s log? (n)

BV —[FV| = C\/

np
NG 10g2(n)) < g0l
n
and
max | (FV);. — (FV)i [ = max [e]FV — ] FV|
i I<s<p
_C\/ﬂmax52”* log?(n) N Cém. 74 log?(n)
np n
SC\/ﬂmaxézrr* log®(n)
np

with probability at least 1 —n~0"lp > 1 —p=%, O
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