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Abstract
In this work, a theory for the scattering of two-dimensional plane-waves from a periodic, quasi-
one-dimensional array of nonmagnetic, localized scatterers in the presence of Rashba spin–orbit
coupling is presented. Formulas for the spin-subband resolved transmission and reflection
coefficients along with the transmitted and reflected wave functions are derived. In the presence
of spin–orbit coupling, the Talbot effect, where periodic modulations in the transmitted
probability density arise along a direction orthogonal to the periodic direction of the scattering
potential, is shown to occur. However, it is demonstrated that Rashba spin–orbit coupling
increases the complexity of the observed interference patterns where different types of Talbot
lengths due to both interspin and intraspin subband scattering are predicted. Numerical
calculations are provided to support the theoretical calculations presented in this work.

Keywords: spin–orbit coupling, Talbot effect, scattering theory

(Some figures may appear in colour only in the online journal)

1. Introduction

It has long been appreciated [1] that making connections to
classical optical phenomena can help in understanding coherent
transport and related interference phenomena in delocalized
electronic systems, such as found for a two-dimensional elec-
tron gas (2DEG) in semiconductor heterostructures. For
example, optical analogs for coherent scattering and/or trans-
port in electronic systems provide a simple framework for
understanding the observed interference patterns in scanning
tunneling microscopic (STM) images of quantum corrals on
metal surfaces [2, 3] and in conductance imaging measurements
in 2DEGs [4, 5]. One important optical phenomenon where
fruitful analogies to electron dynamics could exist is the Talbot
effect [6–8]. In the Talbot effect, a monochromatic wave with
wavelength λ that is normally incident to a periodic diffraction
grating with lattice constant d? λ will result in a transmitted
wave that is periodically refocused away from the diffraction

grating at integer multiples of the Talbot length, =
l

z d
T

2 2

. The
interference patterns observed in the Talbot effect are a result of
coherent transport through the diffraction grating that is inti-
mately connected to the theory of quantum revivals [9]. While
normally viewed as an optical phenomenon, the Talbot effect

can manifest itself whenever there is coherent scattering of
waves from a periodic potential, such as in the scattering of
electrons [10], atoms [11], and molecules [12] from a periodic
diffraction grating. In two-dimensional systems, the plasmon
Talbot effect [13, 14] has been observed along with proposals
for an electron spin Talbot effect in 2DEGs [15] and a Talbot
effect for massless Dirac fermions found in single layer gra-
phene [16]. When d?λ, all of the aforementioned theoretical
and experimental studies of the Talbot effect predict that the
refocusing of the transmitted waves from a periodic diffraction
grating can be described by a single Talbot length, zT.

While previous work [13–16] has explored the Talbot
effect in a variety of two-dimensional systems as mentioned
above, the effects of spin–orbit coupling on the Talbot effect
have remain unexplored. In particular, Rashba spin–orbit
coupling [17], where both spin and linear momentum are
coupled due to the asymmetry of the confining potential along
the third dimension, has been predicted to modify the
observed interference patterns for STM images of quantum
corrals on the Au(III) surface [18] and for conductance ima-
ging measurements in 2DEGs [19], all of which suggests that
Rashba spin–orbit coupling may also alter the observed Tal-
bot effect in such systems. Theoretical studies on the effects
of periodic, two-dimensional electrostatic potentials on band

Physica Scripta

Phys. Scr. 95 (2020) 025005 (15pp) https://doi.org/10.1088/1402-4896/ab4208

0031-8949/20/025005+15$33.00 © 2020 IOP Publishing Ltd Printed in the UK1

https://orcid.org/0000-0003-4813-852X
https://orcid.org/0000-0003-4813-852X
mailto:jwalls@miami.edu
https://doi.org/10.1088/1402-4896/ab4208
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ab4208&domain=pdf&date_stamp=2020-01-03
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ab4208&domain=pdf&date_stamp=2020-01-03


structure and spin texture in systems with Rashba spin–orbit
coupling have also been extensively studied [20–23] along
with the effects of periodically modulating the Rashba cou-
pling strength [24]; however, none of these studies have
focused on a periodic, quasi-one-dimensional scattering
potential like the one illustrated in figure 1(B) that would be
relevant to studying the Talbot effect.

For an energy E>0, there are two different wavelengths
or ‘colors’ due to spin–orbit coupling that are associated with
the ‘±’-spin subbands, λ+ and λ−, respectively. A wave of a
given wavelength/color, λ±, that is incident to a nonmagnetic
diffraction grating generates a transmitted wave consisting of
up to two colors due to interspin subband scattering from the
potential, λ+ and λ−. As a result, the interference patterns in
the transmitted probability density become more complex due
to spin–orbit coupling and may contain two different types of
Talbot lengths: those due to intraspin subband interference in
the ‘±’-spin subbands and those due to interspin subband
interference. This type of ‘multicolor’ Talbot effect, which is
the result of spin–orbit coupling, is unique from previous
systems where the ‘monochromatic’ Talbot effect has been
investigated. Furthermore, results from this work could be
useful to experimentalists studying coherent transport in a
wide range of effective two-dimensional systems, e.g., noble
metal surfaces, 2DEGs, photonic lattices, etc., where the

dynamics can be ‘engineered’ in such a way that the system
evolves under an ‘effective’ Rashba spin–orbit interaction.

This paper is organized as follows: the basic theory for
two-dimensional multiple scattering of an incident wave from
a periodic, quasi-one-dimensional array of localized, non-
magnetic scatterers in the presence of Rashba spin–orbit
coupling is presented in section 2. Formulas for both the spin-
subband resolved transmission and reflection coefficients
along with numerical simulations are given in section 2.1,
which is followed by a discussion of the transmitted prob-
ability density in section 2.2. The theory for the Talbot effect
in the presence of Rashba spin–orbit coupling is given in
section 3 where it is shown through both numerical and
theoretical calculations that different Talbot lengths due to
intraspin and interspin subband interference should be
observable. Conclusions are presented in section 4 followed
by additional derivations and details of the multiple scattering
calculations presented in the appendices.

2. Theory

The Hamiltonian for a particle in two-dimensions (e.g. a
2DEG) in the presence of the Rashba spin–orbit interaction
and a two-dimensional electrostatic potential, V r( ) , is given
by

a
s s= + - - +

= +


H
p

m

p

m
p p V r

H V r

2 2

, 1

X Y
Y X X Y

2 2

0

* *
( ) ( )

( ) ( )




 

 
  







where sj are the Pauli spin matrices, m* is the effective mass,
and α is the Rashba spin–orbit coupling constant (taken in
this work to be a positive quantity). For a free particle

=V r 0[ ( ) ], the dispersion relation for =H H0
  in

equation (1) consists of two, spin–split parabolic bands with
wave vector magnitudes, º+k k1 and º-k k2 (the red and
blue curves shown in figure 1(A), respectively), which are
given by:

= 

=  -

a

a
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where = + a
 

k m E m2 2
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* *( ) and =a
a


k m

2

* . It has been

reported [25] that for Au(111) surface states, =m m0.26 ,e*
a = ´ -4.4 10 eVm11 , and kα=5.774× 108 m−1 whereas in
InSb nanowires [26], a» » ´ -m m0.014 , 7.5 10 eVme

11* ,
and » ´a

-k 1.378 10 m7 1. For any E>0, there exists a
constant difference in the corresponding wave vector magni-
tudes of the ‘±’-spin subbands that is independent of E,

- = ak k k21 2 .
The corresponding eigenstates of H0

 at energy E can be
written as plane-wave spinors in the ‘±’-spin subbands, f


r

k
( ) ,

where the±superscript of f± indicates the corresponding spin
subband of the plane-wave state with corresponding wave vectors

Figure 1. (A) The E versus k± dispersion relationships for the
‘±’-spin subbands of a two-dimensional particle with effective mass
m* in the presence of Rashba spin–orbit interaction (H0 in
equation (1)). For E>0, spin–orbit coupling results in a constant
difference in wave vector magnitudes between the ‘+’-spin subband
(k+, red dispersion curve) and the ‘−’-spin subband (k−, blue
dispersion curve) of - = =a

a
+ - 
k k k2 m2 2

2
* . (B) Scattering of an

incident wave in the ‘±’-spin subband, f

r

k
( ) , from a periodic,

quasi-one-dimensional potential with lattice constant d V r, ( ) in
equation (4). For the scattering array illustrated in (B), the unit cell
consists of four scatterers (Ns=4) with the position of the mth
scatterer in the nth unit cell given by = +r r ndym

n
m

( )  .
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q q= + º +     
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where f

r

k
( ) is flux-normalized along the n-direction. In

equation (3), f fº+ +
+
r r

k k1
( ) ( ) 

  is associated with the ‘+’-spin

subband (red dispersion curve in figure 1(A)) while
f fº- -

-
r r

k k2
( ) ( ) 

  is associated with the ‘−’-spin subband (blue

dispersion curve in figure 1(A)).

2.1. Multiple scattering formalism for a periodic, quasi-one-
dimensional scattering array

Consider a V r( ) for a quasi-one-dimensional scattering array
that is periodic along the y-dimension with lattice constant d
and with a unit cell consisting of Ns, localized, nonmagnetic,
cylindrically symmetric scatterers:

å å= Q -
=-¥

¥

=

V r V r r , 4
n m

N

m a m
n

1

s

m( ) ( ) ( )( )  

where = +r r ndym
n

m
( )   denotes the position of the mth scat-

terer in the nth unit cell, and am and Vm denote the effective
radius and strength of the scattering step potential for scatterer
m in a unit cell with:
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>
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r
r a
r a

0 if
1 if
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In the following, the position of the mth scatterer in the n=0
unit cell is denoted simply by ºr rm m

0( ) 
.

Consider a plane-wave state in the ‘±’-spin subband
with E>0, f


r

k
( ) in equation (3), that is flux-normalized

along the +x-direction and is incident from the left of the
scattering potential, V r( ) in equation (4), i.e. f =+
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q- < <p p

2 0 2
. The total wave function, Y r( ) , which

satisfies Y = Y H r E r( ) ( )  , will consist of the incident
plane-wave plus reflected (x<0) and transmitted (x>0)
plane-wave states from each spin subband (as illustrated in
figure 2(A)). Since the quasi-one-dimensional potential in
equation (4) satisfies the relation + =V r pdy V r( ) ( )   for
integer p, the total wave function must also satisfy
Y + = Y r pdy r( ) ( )  as a consequence of Bloch’s theorem
[27]. As a result, the transmitted plane-wave states (x?d)
in each spin subband, f+

k
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wave states (x=− d), f+
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with {z}+ corresponding to the smallest integer greater than z,
and {z}− corresponding to the largest integer less than z. The
corresponding purely real wave vectors for the transmitted and
reflected plane-wave states are given by:

Figure 2. (A) Scattering of an incident plane-wave state,f

r

k
( ) , from a

quasi-one-dimensional potential. As depicted in (A), Ns=1, and the
open channels were given by = - 12,N { } and = - 0, 1,1,N {
-2}. The spin subband-resolved total transmission and reflection
probabilities were given by = å = Î  

,n
n

1, 1,
2

2,1,
T T TN ∣ ∣( )

å Î q
q
2,

2
2,

TN ∣ ∣( ) , = å Î n
n

1, 1,
2

1,
R RN ∣ ∣( ) , and = å Î q

q
2, 2,

2
2,

R RN ∣ ∣( ) .

(B) Total spin subband-resolved transmission 1,T[ and 2,T ] and
reflection 1,R[ and 2,R ] probabilities for a plane-wave incident to a
periodic, quasi-one-dimensional scattering array (d=300 nm) as a
function of θ0 and l. The scattering array consisted of a single scatterer
with a1=40 nm and = -V 0.2 eV1 . In all simulations, =m m0.014 e*
and a = ´ -5 10 eVm11 with = ´a

-k 9.186 10 m6 1.
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The total wave function Y r( ) can be determined self-
consistently using multiple scattering theory (details are given in
appendix A). Without going into the details of the multiple
scattering calculations, however, qualitative information about
Y r( ) can be obtained by simply determining the nature and
existence of the ‘open channels’ that an incident wave can
scatter into. For any incident wave in the ‘−’-spin subband, both

¹ Æ-2,N { } and ¹ Æ-1,N { } since k1>k2 for α>0 mean-
ing that there can always be interspin subband scattering for an
incident wave in the ‘−’-spin subband. While ¹ Æ+1,N { } for
any incident wave in the ‘+’-spin subband, it is possible to
have = Æ+2,N { } for incident waves with £
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in which case interspin subband scattering cannot occur.
For x?d, the total transmitted wave function, Y rT( ) ,
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where t l a1; , m
and t l a2; , m

are scattering coefficients for the mth
scatterer, Tl is a scattering operator defined in appendix A,
lmax is the largest harmonic used in the multiple scattering

calculations, and δij is the Kronecker delta: δij=0 for ¹i j
and δij=1 for i=j.

Similarly, for x=−d, the total wave function can be
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In figure 2(B), the calculated total spin subband resolved
transmission ( 1,T and 2,T ) and reflection ( 1,R and 2,R )

probabilities are shown as a function of =
l p
d kd

2
and angle of

incidence, θ0, for a plane-wave in the ‘±’-spin subband
(equation (3)) that is scattered by a quasi-one-dimensional
scattering array [d=300 nm]. In the calculations, the scat-
tering array’s unit cell consisted of a single scatterer with
a1= 40 nm and V1=−0.2 eV. Generally, as

l
d increased,

transmission for normally incident waves (θ0≈0) increased,
independent of spin subband. In figure 2(B), 1 2 ,T ( ) and

1 2 ,R ( ) were either enhanced or depressed along curves
representing threshold conditions [28] where additional open
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for + +1, 1,T R and + +2, 2,T R , respectively, and
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for - -1, 1,T R and - -2, 2,T R , respectively. Note again that
since  k 0X1 ,

0( ) for l la , there is always at least one open
channel in the ‘+’-spin subband for an arbitrary incident
wave. In figure 2(B), there are regions of +

l l la a
 d d d 1

2
and θ0 bounded by the curves given in equation (8) (with
Q = p

inter 8.456
for the parameters used in figure 2(B)) where

= =+ + 02, 2,T R due to the fact that = Æ-2,N { }.

2.2. The probability density for the transmitted wave function

The corresponding (dimensionless) probability and polariza-
tion density for x?d can be written as:

srY Y = + s
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r r r P r1 , 19,*

^
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s
P r z, ZT ( )  are the probability and spin vector polarization

densities for the transmitted wave function, respectively, 1̂ is a
2×2 identity matrix, and s s s s= , ,X Y Z( )    is a vector of

Paul spin matrices. Expressions for s


P r,T ( )
  , the reflected

probability density, r r
R

( ) , and the reflected spin vector

polarization densities, s


P r,R ( )
  , are given in appendix C.

Using equation (10) and writing the transmission coef-
ficient for the nth open channel as = 

n n
1, 1,T T∣ ∣( ) ( )

q -
q



exp i
2

n
k
n

1,

1,

T

⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟

( )

( )

for Î n 1,N and = 
m m
2, 2,T T∣ ∣( ) ( )

q -
q



exp i
2

m
k
m

2,

2,

T

⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟

( )

( )

for rÎ 
m r,2,N
T

( ) can be written

as:

r r r r

r r

= + +

= +

   

 

r r r r

r r 20

,11 ,22 ,12

,intra ,12

T T T T

T T

( ) ( ) ( ) ( )

( ) ( ) ( )

   

 

with

å år
f

q

=

´ - + D



Î Î

  

 

 

 



r
k

k k

k k r

cos

2

exp i 21

bb
n m

b b
n

b
m

b b
n m

bX
n

bX
m

b
n

b
m

,
, , , ,

,

, ,

, ,

b b

b b
n m

, ,

, ,
,

T T
T

N N

T

( )
∣ ∣ ( )

( [( ) · ]) ( )

( ) ( ) ( )

( ) ( )

( ) ( )
( )



  

å år
f

q

=

´ - + D



Î Î

  

 

 

 



r
k k

k k

k k r

sin

sin ,

22

n m

n m n m

X
n

X
m

n m

,12

1 2 1, 2, 1,2,
,

1 , 2 ,

1, 2, n m

1, 2,

1,2,
,

T T
T

N N

T

( )
∣ ∣ ( )

(( ) · )
( )

( ) ( ) ( )

( ) ( )

( ) ( )
( )



  

where the phase shifts q q qD = -
  a b

m n
a
m

b
n

, ,
,

, ,T T T
( ) ( ) ( ) are a result

of the Talbot–Beeby effect [29], and the f cos b b
m n
, ,
,( )( ) and

f sin m n
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,( )( ) amplitude factors in equations (21) and (22) with
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q q
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are the result of the spinor nature of plane-
wave states in equation (3). The above phase shifts and
amplitude factors are due to the spinor nature of the plane-
wave eigenstates of H0

 in equation (3) and are similar to prior
theoretical predictions for quasiparticle scattering in mono-
layer graphene [16].

The contributions to r r
T

( ) in equation (20) arising from
interference between open channels within the same spin
subband, r r,11T

( ) and r r,22T
( ) , are given in equation (21).
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Defining the wavelengths l = p
k1
2

1
and l = p

k2
2

2
, the condi-

tions for there to be intraspin subband interference are that
1,N and/or 2,N contain at least two open channels. For an

incident wave in the ‘+’-spin subband, +1,N will contain at
least two elements when:
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For an incident wave in the ‘−’-spin subband, -2,N will
contain at least two elements when:
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Equations (23)–(26) summarize the conditions for the
occurrence of intraspin subband interference.

The other contribution to r r r r, ,12T T
( ) ( ) 

in equation (22),
arises from interspin subband interference. For an incident wave
in the ‘−’-spin subband with = =-k k kinc. 2∣ ∣ ∣ ∣


, interference

between open channels in different spin subbands exists for all θ0
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, a necessary condition for interspin subband inter-

ference is that q>
l l

sind d
0

2 1
∣ ( )∣ for all θ0. As will be discussed

below, interspin subband interference generates an additional
Talbot length that is inversely proportional to the spin–orbit
coupling constant, α.

3. The Talbot effect

In equation (20), r r
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( ) is periodic along the y-direction with
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In this case, r y k, X,intraT
( ) represents a ‘power spectrum’ with

peaks occurring at values of kX that are inversely proportional
to one of the intraspin subband Talbot lengths, z m n

Talbot,11,
,( ) and

z m n
Talbot,22,

,( ) , while r y k, XT
( ) is a ‘power spectrum’ with addi-

tional peaks that are inversely proportional to the interspin
subband Talbot lengths, z m n

Talbot,12,
,( ) .

For > m n 0∣ ∣ ∣ ∣ with Î m n, 1,N or Î m n, 2,N , the
intraspin subband Talbot lengths are given by:
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where either b=1 (for z m n
Talbot,11,

,( ) ) or b=2 (for z m n
Talbot,22,

,( ) ), and
l l=+ 1 and l l=- 2. For a normally incident wave (q = 00 ),
the Talbot lengths are independent of the spin subband of the
incident wave. Furthermore, when either l d1  and/or
l d2  , the paraxial approximation can be made such
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lengths, z1T and z2T, from an incident wave is a unique feature
that arises due to spin–orbit coupling. The relative difference in
these Talbot lengths, χ, can be written as:

c
a l

l
=

-
+

=
+

=
a a

 

z z

z z

m
30

m E m

1T 2T

1T 2T 2 2 2

2 2

*

* *( )
( )

which decreases as -E
1
2 .

The other Talbot length due to interspin subband inter-
ference, z m n

Talbot,12,
,( ) , is given:

6

Phys. Scr. 95 (2020) 025005 J D Walls and Z Gong



where in general, ¹ z zm n n m
Talbot,12,

,
Talbot,12,

,( ) ( ) . For a normally

incident beam, z m n
Talbot,12,

,( ) is again independent of the spin
subband of the incident wave. In the paraxial approximation,
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When ld 1 and ld 2 , an analogous Talbot distance for
interference between different spin subbands can be written as
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1,N and 2,N can occur at normal incidence.
An illustration of the contributions from intraspin and

interspin subband interference to r  rT ( ) are shown in figure 3

Figure 3. Plots of r r,intraT ( ) (equation (21)) and r rT( ) (equation (20)) for a plane-wave in either (A) the ‘−’-spin subband or (C) the ‘+’-spin

subband with =
p

1.7kd

2
that is normally incident (θ0=0) to a periodic scattering array with d=300 nm and with a unit cell consisting of

Ns=2 identical scatterers with a1=a2=60 nm, V1 = V2 = 0.1 eV, =r 01


, and = +x y120 150r

nm
2  


. In (B) and (D), the corresponding

‘power spectra’, r y k, XT( ) and r y k, X,intraT ( ) from equation (28) at (magenta) y=0 and (red dashed) y=0.25d, are shown with the relevant

Talbot lengths labeled. The open channels were given by = =  + - 0, 1, 21, 1,N N { } and = = + - 0, 12, 2,N N { }. For an incident wave
in the ‘−’-spin subband (figure 3(A)), =- 0.02721,T and =- 0.15382,T while for an incident wave in the ‘+’-spin subband (figure 3(C)),

=+ 0.23351,T and =+ 0.16382,T . It can be seen by comparing r r,intraT ( ) to r rT( ) that interspin subband interference results in significant

changes to the shape and intensities of the interference patterns in r  rT ( ) , which is also reflected in the changes in the ‘power spectra’ shown
in (B) and (D).
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by plotting the calculated contributions from intraspin subband
interfence, r r,intraT

( ) , and the calculated contributions from

both intraspin and interspin subband interference, r r
T

( ) , for an
incident wave in either the (figure 3(A)) ‘−’-spin subband or in
the (figure 3(C)) ‘+’-spin subband. In all cases, Y rT( )

(equation (10)) was calculated using only ‘open’ channels,
which for the parameters used in figure 3 =

l
1.7d[ and

=
la

0.438 619d ], resulted in = =  + - 0, 1, 21, 1,N N { }
and = = + - 0, 12, 2,N N { }. In addition, the corresponding
r y k, XT

( ) in equation (28) were also numerically evaluated
at (magenta line) = 0y

d
and (red dashed line) = 0.25y

d
,

with a resolution in kX being D =k 1 12000 nmX
−1. In

figure 3(A), one dominant intraspin Talbot length was observed,
=-z 609.06 nmTalbot,22,

1,0( ) (which is also shown in figure 3(A)),
with another Talbot length, =-z 264.78 nmTalbot,11,

2,1( ) also visible
in r- k0, X,intraT

( ) in figure 3(B). The intraspin Talbot lengths

=-z 217.20 nmTalbot,11,
2,0( ) and = ´-z 1.208 7 10 nmTalbot,11,

1,0 3( )

were not observed since =- 01,
0T( ) . Note that at =y

r-d r0.25 , ,intraT
( ) is constant and hence the absence of any

peaks in r d k0.25 , X,intraT
( ) in figure 3(B). When considering the

contributions from interspin subband interference, four interspin
Talbot lengths were also observed, =-z 595.29 nmTalbot,12,

2,0( ) ,

=-z 476.92 nmTalbot,12,
1,0( ) , = ´-z 2.632 82 10 nmTalbot,12,

2,1 4( ) ,

and =-z 267.47 nmTalbot,12,
1,1( ) . Note that while all interspin

Talbot lengths contributed to r- k0, XT
( ) , only -zTalbot,12,

2,0( ) and

-zTalbot,12
1,1( ) contributed to r- d k0.25 , XT

( ) . In figure 3(C), three
intraspin Talbot lengths =+z 264.78 nmTalbot,11,

2,1( ) , =+zTalbot,11,
2,0( )

217.20 nm, and = ´+z 1.208 7 10 nmTalbot,11,
1,0 3( ) were

observed while =+z 609.06 nmTalbot,22,
1,0( ) was not observed since

=+ 02,
0T( ) . Note also that only +zTalbot,11,

2,0( ) contributed to

r+ d k0.25 , X,intraT
( ) . Three interspin Talbot lengths =+zTalbot,12,

0,1( )

219.01 nm, =+z 267.47 nmTalbot,12,
1,1( ) , and =+zTalbot,12,

2,1( )

´2.632 82 10 nm4 were also observed, where only +zTalbot,12,
1,1( )

(along with +zTalbot,11,
2,0( ) ) contributed to r+ d k0.25 , XT

( ) in
figure 3(D). In both figures 3(A) and (C), interspin subband
interference noticably affected the shape of the interference
patterns in r  rT ( ) .

In figure 4, calculations of r r
T

( ) are shown for waves in

the ‘±’-spin subband with =
l

3.2d that were incident to the
same scattering array used in figure 3 but at incidence angles
of either (figure 4(A)) q = p

0 4
or (figure 4(B)) q = 00 . For

q = p
0 4

(figure 4(A)), a clearly defined ‘slant’ in r r
T

( ) was
observed, which is related to the fact the open channels
indices, n, are not symmetric about n= 0: =+1,N
- = - = -+ -6, ,1 , 4, ,0 , 5, ,12, 1,N N{ } { } { }   and

= -- 4, ,02,N { } . At normal incidence (figure 4(B)), peri-
odic modulations in r r

T
( ) were again symmetric about the

x-direction, similar to those shown in figure 3; however, the
complexity of the patterns was far greater since there were
more open channels available at higher incident energy
( = =   + - 0, 1, 2, 31, 1,N N { } and = =+ -2, 2,N N

 0, 1, 2{ } in figure 4(B)).

4. Conclusion

In this work, a theory for the two-dimensional scattering of
plane-waves from a periodic, quasi-one-dimensional potential
comprised of nonmagnetic, localized scatterers in the pre-
sence of Rashba spin–orbit coupling was presented. Formulas
for both the transmitted and reflected wave functions along
with the spin subband resolved transmission and reflection
coefficients were derived along with conditions for the
occurrence of interspin and/or intraspin subband interference
in the transmitted probability density. Finally, the effects of
spin–orbit coupling on the Talbot effect were investigated. It
was demonstrated that for an incident wave in either the
‘±’-spin subband, different Talbot lengths due to both
intraspin and interspin subband interference can be found in
the transmitted wave function. Numerical simulations were

Figure 4. Plots of r rT( ) (equation (20)) for a corresponding plane-

wave in the ‘±’-spin subband with =
p

3.2kd

2
that is incident to the

same scattering array used in figure 3 but at an angle of incidence of
either (A) q = p

0 4
or (B) θ0=0. (A) For an incident wave in the

‘+’-spin subband, = - = -+ +6, ,1 , 4, ,01, 2,N N{ } { }  with
=+T 0.29111, and =+T 0.15452, , while for an incident wave in the

‘−’-spin subband, = - = -- -5, ,1 , 4, ,01, 2,N N{ } { }  with
=+T 0.17651, and =-T 0.15632, . (B) For an incident waves in the

‘±’-spin subbands, = =   + - 0, 1, 2, 31, 1,N N { } and
= =  + - 0, 1, 22, 2,N N { }, but with =+T 0.20631, and

=+T 0.10142, and with =+T 0.07371, and =-T 0.07432, .
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presented that support many of the theoretical conclusions
presented in this work. Besides providing a theoretical solu-
tion to a very fundamental textbook problem of two-dimen-
sional scattering from a diffraction grating in the presence of
spin–orbit coupling, the results from this work should be
useful to experimentalists studying coherent transport in
effective two-dimensional systems such as in 2DEGs, and in
optical studies of ultracold atomic [30] and photonic lattices
[31] and in band-engineered photonic crystals [32].
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Appendix A. Multiple Scattering Theory for a
quasi-one-dimensional scattering array

In this section, the details of the calculations leading to the
transmitted and reflected wave functions, Y rT( ) in
equation (10) and Y rR( ) in equation (12), are presented. The
theory follows a similar treatment that was presented for the
case of multiple scattering in single-layer graphene [16]. For
an incident plane-wave in the±-spin subband, f


r

k
( )

(equation (3)), that scatters from a quasi-one-dimensional
scattering array V r( ) given in equation (4), Bloch’s theorem
states that Y r( ) can be written as:

å å

fY =

+ - Y

 

= =-¥

¥





r r

G r r d k E T r, , , ,

A.1

k

m

N

l
l
m

m Y l m
1

0, ,

s

( ) ( )

( ) ( )
( )

( )

 

  



where =
-

T
P

P

0

0
l

l

l

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟


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with =P 10
^ and =Pl k

1
l∣ ∣



- + = - q
q

¶
¶

¶
¶

 ¶
¶

¶
¶

i e
x

l

l y

l

k

l

r r

li i i( ) ( )( )( )∣ ∣

∣ ∣ ∣ ∣ ∣ ∣
for ¹l 0.

For D ¹r 0∣ ∣ :

where t l a1; , m
and t l a2; , m

are the scattering coefficients for the
mth scatterer (explicit formula for t l a1; , m

and t l a2; , m
are given in

appendix B for the case when the scatterers are represented by
a step potential in equation (4)) and where:

åD = D q


=-¥

¥
+ D SS k k d r H k r, , , i e e

A.3

l b Y
l

n
l b

n l ink d
,

i r n Y ,( ) ( ∣ ∣)

( )

( ) ( )  

with = ++H x J x Y xil l l( ) ( ) ( ) being a Hankel function of the

first kind, D = D -r r ndyn( )  , and =q D +
D

De l r x y

r

l
i i

r n
n

n( )·( )
∣ ∣

( )
( )

( )



  .

There are in general two ways to evaluate DSS k k d r, , ,l b Y ,( )

in equation (A.3) depending upon the size of Dx r∣ · ∣ . When
D Dx r SS k k d r, , , ,d

l b Y2 ,∣ · ∣ ( )  can be efficiently calcu-
lated using a plane-wave expansion [33]:
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where =k kb 1 or =k kb 2, and where = +  k k x k yb
n

bX
n

Y
n

, ,
( ) ( ) ( )

 
with = + p

 k kY
n

Y
n

d, ,
2( ) . For k kb Y

n
,

( ) , =kbX
n
,

( )

- k kb Y
n2
,

2( )( ) and =
q +


e

k x y

k

i i
kb
n b

n

b
,

, ·( )( )
( )

 
. For k k ,b Y

n
,

( )

= - k k kibX
n

Y
n

b, ,
2 2( )( ) ( ) with =

q +


 e i
k k

k

i
kb
n bX

n
Y
n

b
,

, ,∣ ∣( )
( ) ( )


and

=
q- -


 e i

k k

k

i
kb
n bX

n
Y
n

b
,

, ,∣ ∣( )
( ) ( )


. Note that kbX

n
,

( ) will be real for integers

Î n b,N in equation (6).
The requirement that D x r d

2
∣ · ∣ insures that the

summation in equation (A.4) can be approximated using only
a finite number of evanescent waves. For D x r d

2
∣ · ∣ , on the

other hand, the convergence of equation (A.4) is slow due to
the necessity of including a large number of evanescent waves
in the calculation. In this case, DSS k k d r, , ,l b Y ,( ) in
equation (A.3) can be calculated using Graf’s theorem
[33, 34] as:

å

D = D

+ D

q

q


+

=-¥

¥


-

+
+

D

D

SS k k d r H k r

S k k d J k r

, , , i e

, , i e ,

A.5

l b Y
l

l b
l

n
n b Y

l n
n l b

n l

,
i

,
i

r

r

( ) ( ∣ ∣)

( ) ( ∣ ∣)
( )

∣ ∣
∣ ∣ ( )

 







where the lattice sums, S k k d, ,l b Y ,( ) can be efficiently cal-
culated using [34, 35]:
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In this work, equation (A.6) was numerically integrated using
MATLAB [36] with =b 4000lim .

For D = D¢ r G r d k E0, , , ,l l
m

Y, ,∣ ∣ ( )( )  is replaced by
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where ¢ G r d k E, , ,l l
R m

Y,
,

,( )( )  was used to remove the singu-

larity in D¢ G r d k E, , ,l l
m

Y, ,( )( )  as D r 0∣ ∣ and is given by:

While in principle an infinite number of scattering har-
monics need to be included in the exact calculation of Y r( )

in equation (A.1), Y r( ) can generally be safely approxi-
mated by using only +l2 1max scattering harmonics as:
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As such, knowledge of YT rl m( ) for m=1 to =m Ns and for
Î -l l l, ,max max[ ] completely determines Y r( ) in

equation (A.9). The various values for YT rl m( ) can be
determined self-consistently using the Foldy–Lax method

[37, 38]:
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with:

In equation (A.11), d k ETG , ,Y ,( ) is a + ´N l2 2 1s max( )
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For Yx d r,∣ ∣ ( ) 
in equation (A.9) can be written as a

summation over plane and evanescent waves:

In equation (A.17), the first two triple summations in Y r( )

consist of a series of plane-waves in the ‘+’-spin subband
Î n 1,N[ ] and in the ‘−’-spin subband Î n 2,N[ ] that

represent either transmitted >x 0[ ] or reflected <x 0[ ] waves,
while the last two triple summations represent the contributions
to Y r( ) from an infinite number of scattered evanescent waves
for Î n 1,N and Î m 2,N . For x d∣ ∣  , the contribution of
these evanescent waves to Y r( ) becomes exponentially small
leaving only the contributions from the ‘open’ channels that
correspond to transmitted/reflected waves.

Appendix B. Scattering amplitudes for a cylindrically
symmetric barrier/well

In this section, expressions for the scattering coefficients
t l a1; , m

and t l a2; , m
for >E 0 are presented for a cylindrically

symmetric potential well/barrier, = QV r V ram( ) ( )  in
equation (5), where am is the scatterer’s radius. Both t l a1; , m

and
t l a2; , m

were previously calculated [19] by enforcing the con-
tinuity of both the wave function and flux at the scatterer’s
boundary. For an incident plane-wave f


r

k
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
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scatterer’s boundary at =r am∣ ∣ . Defining the functions
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Appendix C. Local spin vector polarization density
for the transmitted and reflected waves

The coefficients of the transmitted spin vector polarization
density are given as:

=s s s s
   P r P r P r P r, , C.1, , , ,X Y ZT T T T( ) ( ( ) ( ) ( )) ( )
       

with

å å

å å

f

q

f

q

=

´ - + D

+

´ - + D

s


= Î
<

  

 

 

Î Î

  

 

 





 



C.2

P r
k

k k

k k r

k k

k k

k k r

sin

sin

cos

cos

,

a n m
m n

a a
n

a
m

a a
n m

aX
n

aX
m

a
n

a
m

n m

n m n m

X
n

X
m

n m

,
1,2 ,

, , , ,
,

, ,

, ,

1 2 1, 2, 1,2,
,

1 , 2 ,

1, 2,

Z
a

a a
n m

n m

,

, ,
,

1, 2,

1,2,
,

T T

T T

T
N

T

N N

T

( )

( )
∣ ∣ ( )

(( ) · )

∣ ∣ ( )

(( ) · )

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

( )

( )



  

  



å å

å å

å å

q

q

q

= - -

- -

´ - + D

+

´ - + D

s

q q

q q



= Î





= Î
<

 

+

 

 

Î Î

 

+

 

 






 



 

 


C.3

P r
k

k

k

k k

k k r

k k

k k

k k r

1
2

sin

1

sin

cos

cos

sin

a n

a a a
n

aX
n k

a n m
m n

a

a a
n

a
m

aX
n

aX
m

a
n

a
m

n m

n m

X
n

X
m

n m

,
1,2

,
2

,

1,2 ,

, , 2

, ,

, ,

1 2 1, 2, 2

1 , 2 ,

1, 2,

X

a
a

n

a

ka
n

ka
m

a a
n m

k
n

k
m

n m

,
,

,

, ,

, ,
,

1, 2,

1, 2,

1,2,
,

T

T T

T T

T
N

N

T

N N

T

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

( )

( ) ( )
∣ ∣

( )

( )
∣ ∣

(( ) · )

∣ ∣

(( ) · )

( )

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

( ) ( )

( )

( ) ( )

( )



  

  



 

 

and

å å

å å

å å

q

q

q

= -

+ -

´ - + D

+

´ - + D

s

q q

q q



= Î





= Î
<

 

+

 

 

Î Î

 

+

 

 






 



 

 


C.4

P r
k

k

k

k k

k k r

k k

k k

k k r

1
2

cos

1

cos

cos

sin

sin .

a n

a a a
n

aX
n k

a n m
m n

a

a a
n

a
m

aX
n

aX
m

a
n

a
m

n m

n m

X
n

X
m

n m

,
1,2

,
2

,

1,2 ,

, , 2

, ,

, ,

1 2 1, 2, 2

1 , 2 ,

1, 2,

Y

a
a

n

a

ka
n

ka
m

a a
n m

k
n

k
m

n m

,
,

,

, ,

, ,
,

1, 2,

1, 2,

1,2,
,

T

T T

T T

T
N

N

T

N N

T

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

( )

( ) ( )
∣ ∣

( )

( )
∣ ∣

(( ) · )

∣ ∣

(( ) · )

( )

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

( ) ( )

( )

( ) ( )

( )



  

  



 

 

=
D D - - D  D

D D - D D -

=
D D - D  D

D - D - D D

k
k k

k
k k k

k
k k k

k
k k

k
k k k

k
k k

k
k k

k
k k k

k
k k

k
k k k

k
k k k

k
k k

k
k k k

k
k k

k
k k

k
k k k


+ 

+ 
+ + -

+
+ 

+ 
+ + -

+

- + +
+

+ + -
+

- + +
+

+ + -
+


+ 

+ 
- + +

+
+ 

+ 
- + +

+

+ + -
+

- + +
+

+ + -
+

- + +
+

  

  

f
JJJJ k HJJJ k JJJJ k HJJJ k

HJJJ k HJJJ k HJJJ k HJJJ k

f
JJJJ k HJJJ k JJJJ k HJJJ k

HJJJ k HJJJ k HJJJ k HJJJ k

, 1, , , , , , 1,

, , , 1, , 1, , ,

, 1, , , , , , 1,

, , , 1, , 1, , ,
,

B.6

l

l
k

l
k k

l
k k

l
k

l
k k

l
k

l
k

l
k k

l

l
k

l
k k

l
k k

l
k

l
k k

l
k

l
k

l
k k

1
, ,

2
, ,

2

,
1

,
2

,
1

,
2

2
, ,

1
, ,

1

,
2

,
1

,
2

,
1

2

1 2

2 2

1 2

2

1

2

1 2 1

2 2

1 2

1 2

2 1

1

1

2 2

1 2

1 2

2 1

2 2

1 2

2

1

2

1 2

2 1

1 2

1

1

2

1 2 1

2 1

1 2

2 2

2 1

2

1

2 1

1 2

2 2

2 1

2 1

1 2

1

1

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )





 

 

13

Phys. Scr. 95 (2020) 025005 J D Walls and Z Gong



For the reflected wave, the dimensionless probability and
spin vector polarization densities for -x d can be be
calculated by:
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