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Abstract

The accelerated degradation test (ADT) is an efficient tool for assessing the
lifetime information of highly reliable products. However, conducting an ADT
is very expensive. Therefore, how to conduct a cost-constrained ADT plan is a
great challenging issue for reliability analysts. By taking the experimental cost
into consideration, this paper proposes a semi-analytical procedure to determine
the total sample size, testing stress levels, the measurement frequencies, and the
number of measurements (within a degradation path) globally under a class of
exponential dispersion degradation models. The proposed method is also extended
to determine the global planning of a three-level compromise plan. The advantage
of the proposed method not only provides better design insights for conducting an
ADT plan, but also provides an efficient algorithm to obtain a cost-constrained

ADT plan, compared with conventional optimal plans by grid search algorithms.
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1 Introduction

1.1 Background

Assessing the product’s reliability information is an essential task for manufacturers.
For highly reliable products, it is difficult to obtain the lifetime distribution by using a
traditional life test or an accelerated life test (ALT) since few failures or even no failure can
be observed within a testing period. Under these situations, one can collect the product’s
quality characteristics which degrade over time and are related to their reliability to assess
the product’s reliability information. It is called the degradation test. To obtain the
reliability information more efficiently, we can conduct an accelerated degradation test
(ADT) that uses higher levels of accelerating variables (e.g., temperature or voltage) to
obtain the lifetime information at the normal use condition using extrapolation. More
discussions and applications on ALT and ADT can be found in Meeker and Escobar
(1998), Liao and Elsayed (2006), Nelson (2004), Liu and Tang (2010), Monroe et al.
(2011), Pan and Crispin (2011), and Ye et al. (2013).

In conducting an ADT, the more commonly asked questions are how to design an
efficient test so that the precise prediction can be obtained. In literature, two well known
approaches for designing an ADT plan are (1) non-cost-constrained optimization, and (2)

cost-constrained optimization.

1.2 Related Literature on Non-cost-constrained Optimization

ADT Design

For the non-cost-constrained optimization, Tseng et al. (2011) proposed an optimal

sample size allocation in a two-level ADT by using three well-known criteria when the



total sample size is pre-fixed. Peng (2012) proposed an optimal sample size allocation
based on a second elementary symmetric function. In addition, Lim and Yum (2011) and
Ye et al. (2014) proposed the optimal allocation rule for ADT based on the Wiener and the
inverse Gaussian (IG) degradation models, respectively. Recently, Tseng and Lee (2016)
proposed the optimal settings of stress levels and the sample size allocations for two-level
and three-level ADT problems analytically based on the class of exponential dispersion
(ED) degradation model. The ED model degradation model is a generalized degradation

model that covers the aforementioned degradation models as the special cases.

1.3 Related Literature on Cost-constrained Optimization ADT
Design

Besides the determinations of the settings of stress levels and the corresponding sam-
ple size allocation, the additional decision variables in an ADT are the total sample
size, the number of measurements within a degradation path, the measurement frequen-
cies, and the termination time. In addition, these decision variables, in general, are
closely related to the experimental cost. However, considering both total cost and pre-
cise prediction may lead to problematic dilemmas and needs an appropriate trade-off.
A cost-constrained optimization model is widely used to overcome this difficulty and it
allows us to determine the optimal planning by optimizing a precise prediction subject to
the constraint of budget. Yu and Tseng (1999) proposed a quasilinear model to address
the cost-constrained optimal design problem. Tsai et al. (2012) and Tsai et al. (2013)
proposed algorithms to determine optimal designs for an ADT and an accelerated de-
structive degradation test based on the gamma degradation model under the constraint

of total cost. Lim (2015) also used a similar technique of constrained optimization to



determine the optimal decision variables based on the gamma degradation model.

All aforementioned algorithms, however, are based on numerical computation and grid
search algorithms to solve the cost-constrained optimization problems. Their results lack
design insights and explanations of the strategies for designing an ADT. In this paper,
we propose a semi-analytical algorithm (which includes the analytical part and numer-
ical computation part) to solve the cost-constrained optimization problem. Specifically,
when the product’s quality characteristics follow an ED degradation model, the goal is
to minimize the asymptotic variance of the estimator of the ¢th quantile of the product’s
lifetime subject to the budget constraint. The proposed method has the following ad-
vantages: (1) it provides us more design insights for conducting an ADT plan, and (2) it
provides us a very efficient tool to obtain a cost-constrained ADT plan, compared with

the conventional optimal plan by the grid search algorithm.

1.4 Overview

The rest of this paper is organized as follows. Section 2 describes the problem for-
mulation and motivation of this study. Section 3 introduces the class of ED degradation
models. Section 4 proposes a semi-analytical approach to the cost-constrained optimiza-
tion problem and the corresponding algorithm. Section 5 uses an example to demonstrate
the proposed procedure and compare the performance with existing planning strategy.

Finally, some concluding remarks are presented in Section 6.



2 Problem Formulation and Motivation of This Study

2.1 Problem Formulation

For conducting a one-factor ADT with k stress levels, let S; denote the [th stress
level in the ADT, and Sp < S; < Sy < --+ < Sk, where the use stress level Sy and the
highest stress level Sy are prefixed. Furthermore, we assume the relationship between the
mean drift rate of degradation paths, u, and the accelerating variable is In (u(.S;)) = ap +
boX (S;), where X (S)) is a monotone function of S; depending on a specific accelerating
variable. For example, the Arrhenius model is that X (5;) = 1/S;. The standardized

stress level can be further defined as:

X - X
I = (Sl) (SO) ) [ = 07 17 . ) ka
X (Sk) — X (50)
where 0 = 29 < 21 < -+ < 2 = 1. Thus, the relationship between p and the stan-

dardized stress is that In(u(z;)) = a + bx;, where a = ag + X (So)/ (X (Sk) — X (Sp)) and
b= bo (X (Sk) — X(S0))-

In addition, there are N test units available and the decision variables include the
standardized stress levels, x, = (21, ..., xy), the sample size allocation, ng = (nq,...,nyg),
where Zle n; = N, and the termination times, 7, = (71, ..., 7). For practical planning,
the range of testing standardized stress levels is assumed to be [z,, 1], where z, is a lower
bound of the testing standardized stress level and 0 < x, < 1. For [ = 1,... k, we
assume the measurements are made every f; units of time until termination time 7, and
the number of measurements within a degradation path is m. Hence, the termination

time under the stress level x; can be suitably expressed as

T = fixmXxt,, (1)



where t, is a unit of time and [ = 1, ..., k. Then, the global decision variables for an ADT
are (ng, m, fi,xx), where f,. = (f1,..., fx).

Fori=1,...,m, 7 =1,...,m,and | = 1,... k, let Y (¢;;|z;) denote the quality
characteristic of the ith degradation path at time ¢;; under the standardized stress level
x;. Then, the product’s lifetime Ty under the use condition zq is defined as the first
passage time of the degradation path at the use condition, Y (t|zg), crossing a failure
threshold wy. That is,

T() = inf {t‘Y(ﬂl’o) > CL)O} .

Denote the lifetime distribution by F'(¢) = Pr (Ty < t). The gth quantile of the product’s
lifetime and its estimator can be represented by ¢, = F~'(g) and éq =F ~1(q), respec-
tively. Let AVar <€q|nk, m, £y, Xk> denote the asymptotic variance of the estimator of the
gth quantile of the product’s lifetime under a plan (ng, m, f, x).

Due to the expensive experiment, the total cost for conducting an ADT should also
be considered. The total cost function of a k-level ADT can be partitioned into three

primary experimental costs as follows:

1. The operation cost of conducting an ADT is C,,, x Zle 71, where (), is the unit cost

of operation. By Equation (1), it can be further expressed as Cyp X t, X m x S v fi.

2. The measurement cost is Cpeq X m X Y, 1y, where Cpe, is the unit cost of mea-

surement.
3. The cost of testing devices is Cj X Zle n;, where C}; is the unit cost of device.

Then, the cost function is

k k k
TC (ng, m, f,) = Cop X t, X m X Zfl + Crpea X M X an + Cy % an. (2)
=1 =1 =1



Hence, the goal of this study is to determine the optimal global ADT plan by solving the

following cost-constrained optimization problem:

Minimize  AVar (§q|nk, m, fy, Xk> ,

Subject to TC (ng, m, f) < Cy,

where
n, e N={n,=n,....,np) | €Nl =1,... k},
foe F={fi=(,.- . fu)l ieN =1k},
XpEX={xp=(21,...,25) | 0< 2, <1 <X < -+ <xp =1},
and m € N.

2.2 The Motivation of This Study

In the existing literature, when the underlying degradation model is specified, we can
derive the expression of AVar <§q|nk,m,fk,xk> easily. Several numerical computation
algorithms (such as Genetic algorithm (GA), grid search algorithms together and mixed
integer nonlinear programming (MINLP) can be adopted to find the optimal settings
for these decision variables by solving Equation (3). With an inequality constraint in
Equation (2), a flow chart of an existing grid search algorithm (Yu and Tseng, 1999; Lim,

2015) can be shown in Figure 1. The existing approach has the following disadvantages:

1. The algorithm only provides the optimal numerical solution under a specific com-
bination of model parameters and cost configurations. Due to the lack of analytical

solutions, it can not provide useful insight for designing an ADT plan.



Initial input: N = Ny, m = m,
Cost settings: C,, Cineas Cits Cb

op>
]
N = [cb — ktymoCop J
Cmeamo'l'cit
|
N=N+1 Ny = |G = Cie XN
— | Mmax(N) = Coptuk + Cea X N
!
k Cp—Cit XN — Cypog XmXxXN
ﬁsvm=[ C Xt xm — m=m+1
=1 op u Y

!
For each combinations of n, and f; s.t n,+...+ n,=Nand f,+...+ f, <V

compute AVar(fq |ny, m, fi, X ) for all possible combinations of
decision variables.

max

Determine (N*, m*, ny, fy, X;,) so that AVar(fq [ng, m, i, x;,) is minimized.

Figure 1: The flow chart of the grid search algorithm.

2. The above-mentioned algorithms were implemented under a specific degradation
model (such as the Wiener, gamma, and IG processes) and it lacks of generality in

the practical applications.

3. For any combination of (N, m), N < Nz, and m < my,..(N), we need to compute
the values of the asymptotic variance for all possible combinations of (ny, fi, xx),
where 0 < 77 < ... < x, = 1, Zle n; = N, and Zle fi < Vmaz. The set of
all possible combinations of decision variables will increase tremendously when the
total budget increases. Therefore, the numerical computation will be very time-

consuming.

To overcome these difficulties, instead of using only a specific degradation model, we

adopt a class of exponential dispersion degradation model (Tseng and Lee, 2016) in this



study. We will propose a semi-analytical approach which can substantially simplify the

computation efforts of the grid search algorithm.

3 Exponential Dispersion Degradation Model

Before solving the cost-constrained optimization problem, it is necessary to specify
the degradation model. In this study, we assume that Y; (¢;|z;) follows the exponential
dispersion degradation model (Tseng and Lee, 2016) with mean drift rate pu(z;) and
dispersion parameter \, where In (u(z;)) = a+bzx;. That is, the independent increment of
Yi (tjilx), AY; =Y (t|x) = Y; (t(j,l)l|wl), has the following probability density function

(pdf):
f (Ayiji; p(x0), A) = ¢ (Ayagi; A, Atjr) exp{ A [Ayiuw (u(2)) — Atk (@ (u(r1)))]},

where ¢(-) is a real function, Ay, = v; (ti|lx) — v (t(j,l)lm), Aty = ty — -1y,
K (w (1) = p, K" (w(p) = pd, and d € (—o0,0] U [1,00). Note that #'(-) and " (-)
denote the first and second derivatives of k (-), respectively. The class of ED models
includes some commonly-used degradation processes, such as the Wiener, gamma, and
IG processes if d is equal to 0, 2, and 3, respectively. In addition, the Poisson and the
compound Poisson processes can be obtained by setting d = 1 and 0 < d < 1, respec-
tively. Therefore, the class of ED model can be suitably used to model a general product’s
degradation path. Hence, the log-likelihood function of A = (a,b, A) for an ADT can be

expressed as

InL(A) = Zf:l Doty 2oy Ine (Ayigs A, Aty) + ZL Doty 2y My (e (1)

—mAY K (@ (e () mafi.
(4)



Generally speaking, it is not easy to derive the exact distribution function of Ty
when degradation paths follow an ED degradation model. Instead, by applying the
Birnbaum-Saunders (B-S) distribution (Birnbaum and Saunders, 1969), the approximate
gth quantile of the lifetime distribution at normal use condition of an ED ADT is

ea(d—?)

&g & I (2 + Q) (5)

where () = \/ 22 + 4woret=4d) and z, is the gth quantile of the standard normal dis-

2
tribution. The estimator of &, is &, = % (zq + \/zg + 4w0;\e@(1—d)) , where (a, \)

is the maximum likelihood (ML) estimates of (a, ), which are obtained by maximizing
Equation (4). The proof of Equation (5) is given in Appendix A. By slightly modifying
the expression of AVar(¢,) in Tseng and Lee (2016), the cost-constrained problem stated
in Equation (3) can be solved by minimizing

hiq 2)\3h§7q ca(d—2) Zf:l e—b(d—z)x,l,lzfml

_|_
mA B S b,y e M) (g ) f i,

u<v (6)

AVar (éq\nk, m, £, Xk) =

subject to TC (ng, m, f) < Cy, where

afq ea(d72)
T da 4\

hl,q

(24 + Q) {(d —2)(2,+ Q)+ wea(l—d)}

)

and

L0, ettt 24 24

The detailed derivation of Equation (6) is given in Appendix B.

h3,q

3.1 The Determination of k

To have a better presentation of the proposed procedure, we first transform some
integer-valued variables into real-valued variables. Let px, = (p,- - ,px), where p; = n;/N

10



denotes the proportion of test units that is allocated to z; so that Zle p = 1. For
l=1,...,k, note that 1/N < p, < (N —1)/N. Replacing ny in Equation (3) by (V, pk).

Then, Equation (6) can be expressed as follows:

B2, [2X%hE,  enld-)
L4 |: & ‘ G<pk7fk)xk) ) (7)

AV (AN, m, £, ):
ar fq’ pk‘ m k Xk Nm)\ h%,q + tu

where

Sy et Rmg fip,
S e 2@t (g ) F Fpup

u<v

G(pk’v fka Xk,’) =

(8)

Given (N,m, k) and when {(xy, f;)}F_, are prefixed, we can apply the Lagrange multi-
plier method and the Karush-Kuhn-Tucker (KKT) conditions to determine the solution
for pi in such a way that the asymptotic variance of the estimator of the qth quantile
of the product’s lifetime can be minimized. However, Tseng and Lee (2016) analytically
showed that the optimal non-trivial solution (that is, 0 < p; < 1,7 =1,...k) exists only
when k& = 2. For example, for a three-level allocation problem, we only need to allocate
all test units into two out of three stress levels.

Hereafter, for simplicity, we set x5 = (z,1). That is, 21 = z and 23 = 1. In addition,
let r = f1/fe and v = f; + f5, and the corresponding settings for ps and f; are (p, 1 — p)

and (l—iry, 7 v), respectively. Then, Equation (7) can be re-written as

AVar (gq|N,m, v, p,T, z) =

B, 2N, e
NmA

+ H(p,r, z)] : (9)

2
hi, vty

where

(10)

1+ T> |:p226b(d2)z + 7,,(1 _ p)eb(dZ):|
, .

p(1—p) (1 2)% e Wd20+)

H(p,r,z):(

In addition, the subject cost constraint by Equation (2) can be expressed as follows:

TC(N,m,v) = Cop Xty X v X M ~+ Ceq X m X N+ Cyy x N < (. (11)

11



The additional constraints for p, r, and z are subject to

1 N -1
_Spg 9
N N v—1

<r<v-—1,and z, <z < 1. (12)

4 A Semi-analytical Method

The decision variables p, r, and z only appear in Equation (10), and do not depend
on Equation (11). When v is fixed, the decision variables (NV,m) and (p,r,2) can be
determined separately. Hence, the proposed procedure can be briefly summarized as

follows:

Step 1: Prefixed v, find the integer solutions for N and m via the equation

TC(N,m,v) = C. (13)

Step 2: Prefixed v, determine the optimal solution of (p,r, z) by minimizing Equation

(10) subject to the constraint in Equation (12), where N is obtained by Step 1.

Step 3: Prefixed v, the optimal integer-valued settings for n, and f; can be further de-

termined by optimal settings of (N, m) and (p,r, z) in Steps 1 and 2.

Step 4: Substitute the integer-valued decision variables in Steps 1 and 3 into the objective
function. Then, the optimal solution for v can be obtained via a grid search

procedure.

Hereafter, let #2 and #° denote the optimal real-valued and integer-valued solution
of a decision variable 6, respectively. In the following, we introduce the procedure com-

prehensively.

12



4.1 Optimal Integer-valued Solution for (N,m) When v is Pre-

fixed

From Equation (13), we have

Gy —Cop xty,xmxv

N
C1mea X m —+ Oit

Furthermore, let

h(m):Nxm:(

Cyp—Cop Xty xm X v
X m.
Cmeaxm+cit

Note that the maximization of ~A(m) will imply the minimization of Equation (9). Hence,

we have the following result:

A \/Oitcoptuy(cbcmea + Oitcop) Cz

— 14
m Copcmeatuy Cmea ’ ( )

and the corresponding solution of N is
NA _ \/Citcoptuy(cbcmea + Citcop> i CoptuV (15)

Omea Cit Cmea .

Since m and N should be integer-valued, then the optimal integer solution can be obtained

as follows:
(N, m") = arg (r;nvax){N x m|TC(m, N,v) < Cy, N € Qy, and m € Q,,}. (16)

where

Qy = {|[N°] ~ 1 [N4), [N 1),
0, = {|m®] ~ 1, [m? . [m?] +1}

and |x] is the greatest integer less than or equal to .

13



4.2 Optimal Real-valued Solution for (p,r, 2)

Let (rp, ) be the solutions of the following simultaneous equations:

P = 223 bd=2)(1-2)/3

(17)
2+42W (e~ 1y/7)
b(2—d)

where W (-) is the Lambert W function (Corless et al., 1996). To minimizing Equation

(10) subject to the constraints in Equation (12), by applying the KKT conditions, we
have the following result:
Theorem 1 Given (N, m,v), the expression for (r®,z%) is

(1) If xo < xp <1, then

(
242W (e~ 1Vv—1 .
<I/—1,1—%) Zf?“b>l/—1,

A A et v—
(/r , 2 ): <ﬁ71_2+2W( 1/( 1))) ifrb< 1

b(2—d) V17

(re, xp) if A <rmy<v-—1.
\

(ii) If vy < x, or xy > 1, then

(v—1,2,) ifrg>v—1,

A A
(T N ) (V—_1,$a> Zf?”a < P
1
oz Sy,
where 1, = 1,2/ 3e0d=2)(1=2a)/3
In addition, the expression for p™ is:
(
N-1 ; N-1
N~ >
A
= 1 . 1
b N Zfﬂ- < N
T ify <m < AF




where

T = (1 + 25 rﬁeb(d”)“*z&)/?) - . (18)

The proof of Theorem 1 is given in Appendix C.
Remark: Under the condition that b(2 — d)(1 — z,) < 2, the optimal solutions for r

and z in Theorem 1 can be reduced to:

1
7 = min {maX ( l,ra> , UV — 1} and 2 = 1,. (19)
v

The proof of Equation (19) is given in Appendix D. The result always holds if d > 2. It
implies that the optimal lowest stress level is always at the lower bound of the testing

level for the degradation model with d > 2.

4.3 The Optimal Integer-valued Solutions for (ny,n2) and (f1, f2)
Given (N7, m",v), the optimal integer-valued solution for (f{, f3) is:

Theorem 2 Given (N°,m" v), then

h v—2=0
(V—; 1,]/2 1) if v+ 01 1s even
(fis fa) = 5o s (20)
viot ,V_ L if v+ 61 is odd,
2 2
where §; = Ly X <:2—11)J
Similarly, given (N7, m" v), the optimal integer-valued solution for (n{',ng) is:
Theorem 3 Given (N°,m" v), the optimal integer-valued solution for (ny,ns) is
NP 46y NY -4
( 2+ 2, 5 2> if NP + 6, is even
(ny,ny) = (21)
NT4+6,+1 N7 —6,—1
( +22+ = ) if NO + 5, is odd,

where 63 = | N x (2p' —1)|, and the expression for p' is given in Equation (F.3) of
Appendiz F.

15



The proofs of Theorems 2 and 3 are given in Appendices E and F, respectively. Note
that the integer-valued solutions slightly affect optimal setting of the lowest stress level,

and the optimal lowest stress level is re-expressed as

2+2W (e WY/ 1T
b(2—d)

242w (e I/ 1Y)

L - b(2—d)

it 0 <

<1-—=z,

Tq otherwise.
4.4 Optimal Global Solution

Given v, substituting all the optimal integer-valued settings for (N, ny, na, f1, fo, N,m)
and optimal solution of z; (as stated in Subsections 4.1 to 4.3) into Equation (7), then

we have the following expression:
J(v) = AVar (éq | NO n{ /N ns' /N m"° v, f7 /v, 5 /v, xf) , (23)

where (f7, f3) and (n7,n3') are computed in Equations (20) and (21) respectively, and
xf is computed from Equation (22). Then, the cost-constrained optimization problem in
Equation (3) can be directly simplified by the minimization of J(v).

In summary, (n7,ng, f2, £, N% m®) and 22 in Subsections 4.1 to 4.3 can be obtained
analytically, and the only numerical computation is to determine the optimal value of
v. Hence, we call the proposed procedure as a semi-analytical solution to the cost-

constrained optimization problem.

4.5 The Algorithm of Semi-analytical Procedure

Figure 2 shows the flow chart of the proposed algorithm. Starting with v = 2, the

proposed algorithm consists of the following 6 steps:
Step 1. Compute N” and m" stated in Subsection 4.1.

16



Step 2. Given (N® m" v), determine the optimal real-valued setting for (p,r,z) from

Theorem 1.

Step 3. Given (N, m" v), determine the optimal integer-valued setting (f1, f5), (n{, ny),

and the optimal setting :clA from Theorems 2 and 3 and Equation (22).
Step 4. Compute J (v) stated in Equation (23).

Step 5. Setting v = v + 1, repeat Steps 1 to 4 until v = v,,4,, where

v - Cb - 4Cmea - 20216
e 2Copty '

Step 6. The optimal setting of v can be obtained by v* = arg min J(v).

Once v* is determined, then the corresponding (N*,ni, ns, m*, ff, f5,2*) can be ob-
tained accordingly. Hence, (N*,ni, ni, m*, ff, fs,2*) is the optimal global planning for

the ED ADT model.

5 An Illustration of the Proposed Algorithm

Now, we use the example of the stress relaxation (Yang, 2007) to illustrate the pro-
posed algorithm. We set t, = 1, ¢ = 0.1, and the cost and model parameter set-
tings are: (Cop, Crnea, Cit) = (13,0.05,51) and (a,b, A\, d) = (—1.9485,1.8266, 2.2019, 1.4)
in Tsai et al. (2012) and Tseng and Lee (2016), respectively. Temperature is the ac-
celerating variable in this study. The normal use condition is 40°C, while the de-
sign range is [50°C, 100°C]. That is, x; € [0.1925,1]. Given C, = 2500, we have
Vmaz = [(2500 —4 % 0.05 —2 x 51)/(2x 13 x 1)] = 92. For an illustrative purpose,

we only demonstrate Steps 1 to 4 of the proposed algorithm with v =5 as follows:

17



Step 1.

Step 2.

Step 3.

Step 4.

Initial input: v = 2
Cost settings: Cyp» Crreas Cits Cy
v
Cp — 4Ceq — 2C;

V. =
max 2 Cop tu

v=v+1 (— Obtain (N", m") stated in Subsection 4.1.
i

From Theorem 1, determine (p?, r2, z%).

]
From Theorems 2 and 3, determine (ff, f7') and
(nF, n5), and x£, and compute J(v).

No

V = Vinax

Yes

Determine v* so that J(v*) is minimized among all combinations.

Figure 2: Flow chart of the semi-analytical algorithm.

From Equations (14) and (15), we have m® = 19.05, and N© = 24.28, and the

optimal integer-valued solutions are m" = 20 and N” = 23, respectively.
From Equation (19), since 1.8266(2 — 1.4)(1 — 0.1925) = 0.88 < 2 and

,r,a — (O‘1925)(—2/3)6—1.8266(1.4—2)(1—0.1925)/3 — 4037

then 7> = min{max{1/4,4.03},4} = 4 and 2 = 0.1925.

From Theorem 2, we have (f7,f;) = (4,1) since & = |5x {7| = 3 and

v+ 0, = 8 is even. From Theorem 3, we have (n,n3) = (18,5) since p’ =

(14 0.1925 x 2¢!:8266(1:4=2)(1=0.1925)/2)=1 — () 80, §, = [23 x (2 x 0.80 — 1)| = 13

and N” + §, = 36 is even.

From Equation (23), J(5) = 57.90.

18



For all v € [2,92], the minimum value of the asymptotic variance is 57.90 when v* = 5.

Therefore, the optimal global planning is

(N*,ny,n5,m*, f1, f5,x]) = (23,18,5,20,4,1,0.1925).

5.1 A Comprehensive Study of the Proposed Plan

In this section, we use the same settings of unit costs stated above to obtain and
compare the optimal global planning for different settings of model parameters and the
total budget.

(a) When the total budget is varying

Assume C, = 2000, 2500, 3000, 3500, and the model parameter is (a,b,\,d) =

(—1.9485,1.8266,2.2019, 1.4). Table 1 shows the results of the optimal global planning,

termination times, and their corresponding asymptotic variances.

Table 1: Optimal global planning for various budgets when d = 1.4.

Ch N~ ny ny m* fi 15 x] Ty TS AVar

2000 20 16 4 3 12 3 0.1925 60 15 89.95

2500 23 18 3 20 4 1 0.1925 80 20 27.90

3000 30 24 6 8 11 3 0.1925 88 24 40.15

3500 35 28 7 13 8 2 0.1925 104 26 29.43

From Table 1, we have the following findings:

e The sample size is an increasing function of Cj,.

e The asymptotic variance is a decreasing function of C}.
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e The optimal lowest stress level is always 0.1925. That is, the lowest and highest
temperature settings are 50°C and 100°C, respectively. It can also be explained by
Equation (19) that b(2 — d)(1 — z,) = 0.88 < 2, and the optimal lowest stress level is

always 0.1925.

e The optimal sample size allocation proportions are about 0.80 and 0.20 for 50°C and

100°C for all budgets.

e Although m*, f; and f; do not demonstrate any specific pattern with Cj, the termi-

nation times (77 = m* x f;°) is an increasing function of ¢} for | = 1, 2.

e The ratios of f; to f5 are around 4 for all settings of budgets. That is, the measurement
frequency (termination time) of the lowest level is about 4 times longer than that of

the highest level.

(b) When d and C, are changed

In the previous section, the result is based on the best fitted degradation model with
d = 1.4. We further investigate the joint effects of d and Cj, on the settings of the
optimal global planning (especially for ni (p), 77 (=mf;), and f;/f5). By adopting the
ML estimates from Table 3 of Tseng and Lee (2016), Table 2 shows the optimal global
planning and their corresponding asymptotic variance for various combinations of d and
Cy, where d = 0,2, 3 and C,, = 2000, 2500, 3000, 3500.

From Table 2, it is seen that the total sample size does not change too much for all
three degradation models under the same budget constraint. Furthermore, the optimal
standardized lowest stress level is always equal to 0.1925 for all of the combinations
of budgets and d, except for d = 0. The reason can be explained by Equation (19) and

Figure 3 shows the feasible region of the combinations of (b, d) satisfying b(2—d)(1—x,) <
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2. It demonstrates that the condition in Equation (19) holds automatically if d > 2.
Therefore, the setting of the lowest testing stress for Gamma and IG processes is z,, and
the optimal standardized lowest stress level is always equal to 0.1925 for both gamma

and IG degradation models.

Table 2: Optimal global plannings for various combinations of the budgets and d.

d Gy N* n7 ny m* ff f x] v 175 AVar
2000 19 17 2 13 5 1 02407 | 65 13 23431
2500 | 24 21 3 12 7 1 02112 | &4 12 150.24

" 3000 28 25 3 17 6 1 0.2250 | 102 17 103.83
3500 34 30 4 19 6 1 02250 114 19 76.51
2000 20 15 5 5 11 4 0.1925] 55 20 65.36
2500 25 19 6 23 3 1 01925 69 23 42.13

: 3000 | 31 23 8 9 9 3 01925 | 81 27 29.17
3500 3 26 9 10 10 3 0.1925| 100 30 @ 21.52
2000 20 13 7 5 10 5 0.1925| 50 25 54.72
2000 26 17 9 3 20 10 0.1925| 60 30 35.35

’ 3000 | 30 20 10 8 9 5 01925 | 72 40 @ 24.42
3500 34 22 12 5 18 9 01925 90 45 17.99

Figures 4 also shows the plots of the optimal sample size allocation proportion, the
optimal termination time (at the lowest stress level), and f;/ f5 with respect to C}, under
d=0, 14, 2 and 3. From Figure 4(a), for each degradation model, it is found that the

values of p* almost keep the same for all settings of C}. In addition, prefixed Cj, it is
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Figure 3: Feasible regions of (b, d) such that b(2 — d)(1 — z,) < 2.

seen that p* is a decreasing function of d. From Figure 4(b), prefixed each degradation
model, it is found that 7; is an increasing function of Cj,. Furthermore, prefixed Cj, it is
seen that 7/ is a decreasing function of d. From Figure 4(c), except d = 0, f7/f3 does not
change too much for all Cy. In addition, prefixed Cj, it is seen that f;/f; is a decreasing

function of d.
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Figure 4: The plots of (a) the optimal proportion of sample size allocation at the lowest
stress level, (b) the optimal termination time at the lowest stress level, and (c) f;/fs

with respect to total budgets (under d = 0, 1.4, 2, and 3).
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5.2 Merits of the Proposed Method

In the following, we further compare (1) the effects of unequal frequencies with that of
equal frequency on the performance of their asymptotic variances, and (2) the computa-
tion time of the proposed algorithm with that of the conventional grid search algorithm.
Furthermore, we also highlight some advantages of our proposed procedure from the
viewpoint of designing ADT plan.

(a) Comparison with the equal-measurement-frequency plan

Conventionally, due to computational simplicity, the existing cost-constrained opti-
mization techniques in literature assumed that the measurement frequencies for all stress
levels are equal. However, some applications in Meeker and Escobar (1998) demonstrate
the benefit of using unequal measurement frequencies for all stress levels. In the following,

we define an index to measure the performance between these two plans as follows:

o _ AVar(§|¢")
1 — ~ =
AVar(§/¢)

where ¢* and E are the proposed global planning and the optimal equal frequency plan,
respectively. Table 3 shows the optimal results for the equal frequency plan (ie., f; =
fo = f). From Table 3, we found that N* and z7 are very close to the results shown
in Table 1, while other decision variables (such as 7 and 75) are moderately different
from those of Table 1. Furthermore, it is easily seen that the values of RE; for all Cy are
about 0.77. This result shows that the asymptotic variance of the unequal frequencies
plan is much smaller than that of the equal frequency plan. Obviously, arranging a
shorter measurement frequency for the highest stress level is a very beneficial strategy

for designing an ED ADT plan.
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Table 3: Optimal equally-measurement-frequency plan.

Ch N* n} ny m* f* x] =1, | AVar RE;

2000 19 17 2 13 3 0.1925 39 116.37  0.77

2500 | 25 22 3 23 2 0.1925 46 74.80  0.77
3000 | 30 27 3 8 7 0.1925 o6 51.81  0.77
3500 | 35 31 4 13 5 0.1925 65 38.08  0.77

(b) Comparison of computation time
To measure the performance of the computational times by the proposed algorithm

with that of grid search algorithms, we define relative efficiency index as follows:

Computation time by the grid search algorithm

RE; = .
2 Computation time by the proposed algorithm

We also use the grid search algorithm to obtain the optimal global planning for the
stress relaxation data under d = 1.4. The optimal global plans by the grid search algo-
rithm are completely the same as the results shown in Table 1, and Table 4 summarizes
computation times for the grid search algorithm and the proposed algorithm, and their

corresponding REs.

Table 4: Computation time (unit: second) comparison between the grid search algorithm

and the proposed algorithm.

Cy Time for grid search  Time for proposed method RE>

2000 201.259 0.017 11699.05
2500 431.292 0.018 24615.20
3000 801.343 0.018 43939.99
3500 1350.554 0.020 67433.03

24



For example, when Cp, = 3500, the computation time of the proposed method is only
0.02 seconds, while that of the grid search algorithm is 1350.554 seconds. Hence, we have
RE; = 67433.03. The reason why the proposed procedure has the ability of reducing
the computational time is that the optimal point in each iteration can be easily obtained
by Theorem 1 and Theorem 2 of the proposed algorithm. On the other hand, the
traditional grid search algorithm needs to compute numerically for various combinations
of 2< N <67and 2 <m < 130 when Cj, = 3500. Other than the traditional grid search,
which starts from the loop of the combination of (N, m), we develop the algorithm that
starts from the loop of the value of v. The proposed algorithm reduces the number of
loops to solve the cost-constraint problem. Particularly, it saves more computation time
in such a way that replaces the grid search for f5, ny, and x; by the analytical solutions
in the algorithm. Most importantly, these analytical results may provide us some design
insights. Therefore, the proposed algorithm is a time-efficient procedure for solving the

cost-constrained optimization problem.

5.3 Global Planning of a Three-level Compromise Plan

Many papers have indicated that a two-level design is the optimal strategy for planning
an ADT. In practice, to ensure the relationship between u(x) and stress level z, a three-
level plan, putting only a small proportion of the testing units under the middle stress-
level, can provide us a simple way to check the adequacy of underlying assumption of
In(u(z)) = a + bx. This kind of arrangement is called a three-level compromise plan.
For global planning of an ADT, Lim (2015) used the grid search algorithm to determine

the optimal compromise plan based on the gamma process. Instead of the grid search
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algorithm, we extend the proposed two-stage semi-analytical algorithm to obtain the
three-level optimal compromise plan.

For the three-level compromise plan (k = 3), set the second stress level to be xy =
(x1 + 3)/2, where x3 = 1, and pre-assign a small proportion of sample size for xs, for
example, po = 0.1. To ensure the second stress level to be conducted, it is necessary to
assume that the frequency for x5 is larger and equal than one unit of time in order to
avoid fo = 0. Here, we pre-fix fo = 1 and py = 0.1. Thus, the decision variables are (IV,
m, ni, N2, N3, f1, f3, 1) subject tony +na+ng =N, fi+ fo+ fs =v,and z, < 1 < 1.
Similarly to the proposed procedure in Section 4, Steps 2 and 3 are slightly modified as

follows:

Step 2'. Given (NZ, m®, v), numerically obtain the optimal real-valued solutions (f, fs",

25") by minimizing Equation (G.5). Then, the optimal real-valued settings for

(p1,ps) are determined by substituting (fi, f5, 2%") to the following equations:

1—
A w X P2 (24)

pl - )
AN A AN _ g2
1+ 220/ f2 ) fRebd-20-a) /2

AN
and p? =1- plA, where w = 1 + 4(\"’3/}—2_;)& [1 — \/ff/ffeb(dm(lwf)/?} The
1 J3

proof of Equation (24) is given in Appendix G. Note that Equation (24) reduces

to Equation (18) when ps = 0.

Step 3'. Given (N, m",v), collect all possible integer-valued settings (f, f5'), (ny,n3)
with the optimal setting aslA by rounding the real-valued settings of ( flA , f3A ) and

N A
(nl 7n3 )

Then, the optimal global planning of a three-level compromise plan can be obtained
by the proposed procedure. For illustrative purpose, Table 5 shows the results of op-
timal global planning of the compromise plan with p; = 0.1 and fo, = 1 under C, =
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(2000, 2500, 3000, 3500) and (a,b, A\,d) = (—1.9485,1.8266,2.2019,1.4). We also define
the relative efficiency to compare the optimal two-level and three-level global plannings

as follows:
o _ AVar(§|¢")
35 T )
AVar(&,|¢°)

where ¢* and ¢¢ are the proposed two-level global planning and the optimal three-level

compromise plan, respectively.

Table 5: Optimal global planning of the compromise plan with p; = 0.1 and f; = 1.

Ch N* ny mny ny m* ff fi x] v 15 715  AVar | RE3
2000 | 20 14 2 4 19 5 01925 | 57 3 15 105.65| 0.85
2500 | 25 18 2 5 37 9 01925 | T4 2 18 66.50 | 0.87
3000 | 25 18 2 5 26 6 0.1925| 104 4 24 4690 | 0.86
3500 | 34 25 3 6 215 01925 | 105 5 25 3393 | 0.87

From Table 5, the relative efficiency of the optimal compromise plan is around 85%
compared to the optimal two-level global planning. It can also be found that the ratios
of f{/fs are around 4, which means the total testing time for the lowest stress level is

about four times longer than that for the highest stress level.

6 Concluding Remarks

In this paper, by solving a cost-constrained optimization problem, we propose a global
planning for the class of ED degradation models. We use an example to demonstrate the

proposed method and compare the computation time of the proposed algorithm with
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that of the grid search algorithm. The proposed method provides us a very time-efficient
procedure to obtain the optimal global planning of ED ADT problems.

Some further concluding remarks are addressed as follows:

1. In this study, the Birnbaum-Saunders distribution is used to approximate the lifetime
distribution for ED degradation models. Now, based on the stress relaxation data,
we demonstrate the performance of B-S approximation in Equation (A.1) via 10000
times of simulation with (d,a,\) = (1.4,1.9485,2.2019) and the result is given in
Figure 5. The plot shows that the errors of B-S approximation are very small and
negligible. Note that, for the ED degradation models with d = 0, 2, 3, we can use the

Wiener, gamma, and IG processes to derive their exact ¢gth quantiles, respectively.

0.6 0.8 1.0
|

F(t)

0.4

0.2
1

—— Distribution by simulation

—— B-S approximation

T T T T T T T
160 180 200 220 240 260 280

t

Figure 5: B-S approximation to the lifetime distribution of 7j of ED degradation model

under (d,a, \) = (1.4,1.9485,2.2019).

2. The proposed method can also be extended to determine the optimal largest stress

level for the case of prefixing the lowest testing stress level.

3. The optimal lowest stress level in Equation (17) is essentially the same as Result 4
and Remark 1 in Tseng and Lee (2016) when r(= 71 /7 = f1/f2) is fixed.
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4. Section 5.2 demonstrated that the case of f; > f5 is a better strategy for arranging

the measurement frequencies than the case of equal frequency.

5. The special cases of the expressions for the gth quantile of a lifetime distribution
can also be found in Lim and Yum (2011), Park and Padgett (2006), and Ye et al.

(2014) when d = 0, d = 2, and d = 3, respectively.

6. In our proposed two-stage procedure, we assume that m; = --- = my = m. However,
in some applications, we may face the problem that the number of measurements for
all stress levels are not equal. Generally speaking, the cost-constrained optimization
problem under this situation is a very challenging issue and worthy of investigation

for future research.

7. When degradation paths of a product’s quality characteristics degrade very slowly, an
ADT with two accelerating variables will be very useful to speed up its degradation
rate. Therefore, how to design an efficient ADT is also an important and challenging

issue for future research.
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Appendices

Appendix A Derivation of the gth quntile of lifetime

distribution

An approximate distribution of the first passage time under the standardized stress

N 1 |t [Bx)
F(t]a:)~<b<a<x>< ) - )) (A1)

where ®(-) is the cumulative distribution function of the standard normal distribution,

T 18

u(x)

-(5-7)

where a = /@1 Jwg and = wpe™®. Letting z, = ®~!(q), we have

153

Therefore, a quadratic equation of £, can be expressed as follows:

alz) = M and [(z) =

3 . Setting &, = F~! (¢q|zo), we have u(zy) = e* and
Wo

52 — (04222 +2) B¢ + B> =0. (A.2)

Solving this equation, we have

£ = g [oﬁzg + 2+ alzly/a?22 + 4
_B [a222 + (%22 +4) £ 2alzy|y /o222 + 4
4 q q q q
2 2
- O‘TB [(|zq| i,/z5+4a—2) } .
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Note that z, > 0, if ¢ > 0.5; while z, <0, if ¢ < 0.5. Then, the gth quantile of lifetime is

a(d 2)

D (2, £Q)° if ¢ >0.5
&g = pa(d—2)

o (=2, Q) ifg<0.5,

where Q = \/ 22 + dwoAe?1=9). To ensure that &, is an increasing function as ¢ increases,
we need to check if the sign of the first derivative of £, with respect to ¢ is positive, where

0<¢<1

(a) If ¢, = a(d 2 (2, + Q)?, the first derivative of &, with respect to ¢ is

% B ea(d72) (Zq +Q)2 1
dq B 20Q Qb(zq)

> 0,

where ¢(-) is the pdf of standard normal distribution. Then, §, = a(d 2 (2 + Q)

is an increasing function of q.

(b) If &, = ﬂ (2, — Q)*, the first derivative of &, with respect to ¢ is

% B _ea(d—2) (Zq _ Q>2 1
og = NG o)

Therefore, §, = M (2, — Q)” is not a feasible solution of Equation (A.2).

a(d 2)

From (a) and (b), the only feasible solution of Equation (A.2) is §, = (2, + Q)%

Furthermore, by taking the partial derivatives of £, with respect to a and A, the expression

of hi 4 and hg, can be derived directly.

Appendix B Derivation of the asymptotic variance

of the estimator of the ¢gth quantile

Substituting 7, = f; x m x t, and p, = ny/N, i = 1,...k, into Eq. (7) of Tseng and
Lee (2016), the asymptotic variance is derived as follows:
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A h2 IN3H2 a(d-2) Nk —b(d—2)z; .2
AVal" <§q|nk‘7 m, fk‘) Xk) = = 23’(1 ‘ Zl:l ‘ le L
NA mhl:q Z e—b(d—2)(mu+zv) (xv - xu) TuTyPuPo
L u<v
_ hiq 2/\3h§7q mt, N2 ea(d—2) Zf:l e’b(d’z)””l:v?fml
A | Nmhi, m*2N? Z e VA= D@utae) (g V2 f 0,
L u<v
_ h, 2X°h3, (d-2) Sk ebld=mg2
m)\ h%,q Zf:l nl tu Z e—b(d—Q)(xu-i-a:v) (xv - xu)Q fufvnunv
L u<v

Appendix C Proof of Theorem 1

The method of Karush-Kuhn-Tucker (KKT) conditions is adopted to minimize the
constrained optimization problem, where z, < 2z < 1 and — < r < v — 1. From

1
v—1

Equation (10), the Lagrange function is

M (Ta Z, 91, P2, (1037904) = H<pa T, Z) + ¥1 ('Ia - Z) + P2 (Z - 1)

1
+s03(y_1—r)+904(r—u+1),

where 1, ps, @3, and 4 are called the KKT multipliers. Then, the KKT conditions are:

oM (5,;, 0) _ aGéZ D ko, 1)
oM ((;";z, o) _ aag;, D ko0, (C2)
¢; > 0, for all i, (C.3)
1 (xg — 2) =0, (C.4)
0o (z—1) =0, (C.5)

®3 (Vi 1 —7‘> =0, (C.6)
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and
ws(r—v+1)=0, (C.7)

where (z,7) is evaluated at (22,7%). From Equation (C.1) and Equation (C.2), we have

OG(r, ) B e(d—2)(a+b)(1 +7) [e—b(d—2)(1—z)/2 + z\/ﬂ

0z r(1—2)>%v

x {2/ + 24+ b(d — 2)(1 — 2)]e P2 = ) — ),

and

0G(r,z) o(d=2)(a+b) [efb(d72)(1fz)/2 i Z\/;]

or r2(1—2)%v

y [_e—b(d—2)(1—z)/2 + 27“3/2] = 3 — Yy. (C.8)

Furthermore, Equations (C.3)-(C.7) are also known as the dual feasibility and the com-
plementary slackness conditions. Note that ¢o is always equal to 0 since z < 1. Hence,

eight combinations are shown in Table C.1.

Table C.1: Summary of KKT conditions.

Group Y1 P3 P4 | Tg— 2 ﬁ—r r—uv-+1
>0 >0 >0| =0 =0 =0
>0 =0 >0] =0 <0 =0

Group 1
>0 >0 =0| =0 =0 <0
>0 =0 =0| =0 <0 <0
=0 >0 >0| <0 =0 =0
=0 =0 >0| <0 <0 =0

Group 2
=0 >0 =0| <0 =0 <0
=0 =0 =0 <0 <0 <0
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The eight combinations can be further classified into two groups, depending on ¢; > 0

and p; = 0. Now, we first consider the cases in Group 1.

(i)

A:

In Group 1, if ¢; > 0, then we have z Z,. By the complementary slackness

property, we have the following result.

1 if o3>0, w3 >0

v—1 ifp3=0, o4 >0

if(,03>0, 904:0

Ty if p3 =20, ps =0,

\

where 7, is the solution of Equation (C.8) if ¢3 = ¢4 = 0 and z = x,. That is,

ry = 3, 23 bld=2)(1=wa)/3

In Group 2, if ¢; = 0, we have z* > x,. Furthermore, if ¢35 = ¢4 = 0, then we

have

21y + [2+ b(d — 2)(1 — ap)]e@=D0=m)/2 — (C.10)

and

— e M= A=m) 2y g ()32 = ), (C.11)

Note that the solutions for Equations (C.10) and (C.11) can be further expressed

as follows.

2+ 2W (e~ /1)
W2—d)

$b:1—

and

Ty = (xb)_Q/?’ exp {—b(d —2)(1 — x)/3},
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where z, < x, < 1. Therefore, by the complementary slackness property, we have

the following result:

Tp
\

if o3>0, 4 >0

1 ifp3=0, s >0
if(p3>0a 904:0

if o3 =0, s =0.

(C.12)

In Equation (C.9), note that the condition for ¢3 = 0 and ¢4 > 0 is essentially equivalent

to the condition that r, > v — 1 and v # 2. Using the same approach, then Equations

(C.9) can be expressed as follows:

;

(1,24)

(Ta Za)

\

ifv=2
ifr,>v—1, v#2
if r, <

v VF2

if L <ro<v—1,v#2

Similarly, Equation (C.12) can be expressed as follows:

/

1,(1—
(V—l,l—

b(2—d)

2+2W(61\/I)>

2+2W(e—1 1/—1)
b(2—d)

ifv=2

) ifry,>v—1 v#2

1

(Tb, 1-—
\

Therefore, Theorem 1 follows directly.

b2—d)

1 1 2+2W((e\/1/—1)’1)
v—1" b(2—d)

2+2W (e~ 1y/rp)

if r, < v#2

v—1’

) ifﬁ<rb<l/—1,y7é2.
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Appendix D Proof of Equation (19)

We need to check the conditions that z, > 1 or z, < z,. Specifically, (i) if d > 2 then

2+2W (e~ 1y/7)
b(2—d)

2+2W(e‘1 r)

1-— b(2—d)

> 1, and (ii) if b(2 — d)(1 — z,) < 2, then 1 — < z,. Hence,

by Theorem 1, if (2 — d)(1 — z,) < 2, then the optimal settings for r and z are

. 1
r® = max {mln {ro,v =1}, —— ¢, and 2° = z,.
I/ J—

Appendix E Proof of Theorem 2

The domains of f; and f; are both integers. Then, we can adopt the fact that if f1+ fo
is even (odd), then fi — fy is also even (odd) to solve the problem. After determining r

from Theorem 1 and given v, we define

we|(51) )

If v is even, then we set

o1 if 4; is even

01 +1 if 4y is odd.

Hence, the integer-valued of (f, f5') is

v+6, v—10; ) .
5 g if 01 is even
(fi' f2) = o s (E.1)
(”+21+ R ) if 5, is odd.

Similarly, if v is odd, then we set

01 +1 if 4; is even
=1 =

51 if (51 is odd.
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Hence, the integer-valued of (f, f3') is
v+ 51 +1 v— 51 —1
2 ’ 2

(”+51,”_51> if 5, is odd.
2 2

) if 0, is even

(fis fy) = ( (E.2)

Table E.1 summarizes the results in Equations (E.1-E.2).

Table E.1: Summary of the results in Equations (E.1-E.2).

v 18 even v is odd
51 is even l/+(51 V—51 V+51+1 V—51—1

LIS ey 2 7 2 2 9
, v+o+1 v—9, —1 v+0; v—>a

01 is odd ( 5 ) 5 ) ( 5 0 9 )

Hence,
<V251,V_251) if v + 41 is even
(i, fy) = s s

<V+21+ ,V_21_> if v+ 07 is odd.

Appendix F Proof of Theorem 3

The optimal integer-valued solution (n{, n3) can be derived as the same way as Appendix
E. Slightly modify Equations (17) and (18) and replace r in Equation (17) and r* in

Equation (18) by f/f; from Theorem 2. Let

202w (e WVITTTT) . 242W (e VIT/TT)
1= gy H0< e < 1T

ot = (F.1)

Tq otherwise,

1

o = (14 o VP Pere0-r) (F:2)
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and

)
: if N =2

/ AL it > BN #£2

P = (F.3)
~ 7 <S, N#2
™ if +<a/ <N N #£2

Therefore,

5T if N + 6, is even

N +30,4+1 NP -6y —1
2 ’ 2

(ND + 0y N© —52)

(ny,ny) = (F.4)

) if N7 + 0, is odd,

where 62 = [N x (2p' —1)].

Appendix G Proof of Equation (24)

For a three-level compromise plan (k = 3), we assume z, = xl;m, r3 =1, fo =1,
and po is a given small proportion. In addition, let r, = f;/v, where [ = 1,2,3 and

v = fi+fo+ f3. Then, the decision variables are (N, py, p3, m,r1, 73, z1), and the objective

function in Equation (6) is expressed as follows:

G<p17p37r17r37'r1) y (Gl)

AV : N hiq 2>\3h§’q ea(d—2)
" <€q’ ’Zhjlh’rn’rl’r3’$l> T NmA R,

where
3 —b(d—2 2
S e Rl

P RN COE N

u<v

(G.2)

G(plap?n r1,7Ts3, 33'1) =

When we prefix (N, m,v), to minimize Equation (G.1) is equivalent to Equation (G.2).

Due to the complexity in Equation (G.2), we first prefix (r1, 73, 1), and we take the first
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derivatives of Equation (G.2) with respect to p; and p3 as follows:

OG (p1,p3,71,m3, 1) €PNy (14 7y 4 1g) [4P /2 D pgrg 4 Pt/ 2) g, (1) 1)}2
apl Z e_b(d_Q)(zu—va) (xv - xu)Q TuTyPuPo

u<v

Y

and

OG(p1, p3, 71,73, 71) et g (14 7y + 1r3) [4e@ YD ryy 4 P21/ 2 Dy (7 + 1)]2
8p3 Z e_b(d_2)(1'u+$v) (xv _ xu)Q TuToPuPov ’

u<v

Then, we can obtain the solutions of (p1, ps3) by solving the simultaneous equations:

8G(p1,p3,r1,r3,x1) _ 8G(p1,p3,r1,r3,x1) —0

op Ops (G.3)

p1+p2+p3 =1

Hence, the solutions for (p;, p3) are solved as follows:

_ I —w X py

O a2 (=02’

where w = 1 4+ @t [1 — \/rl/rgeb(d_m(l_’“)/ﬂ. In addition, the solution for ps is

arirs

p3s=1—p1 —pa.
Since v is prefixed, then the real-valued solutions of f; and f3; are rv and rsv, re-
spectively. Substituting (rq,73) = (f1/v,7r3/v) into (plA,pgA), the solutions for (p;, p3) are

also equivalent to

1 —w X po

T+ w1y fi] faedd-D0-w)/2]

and p3 = 1 — Py — po, where w = 1 + if}% [1 — \/fl/fgeb(d_”(l_ml)/g]. Hence, given

P

(G.4)

(N, m,v), the real-valued solutions of (f1, f3, 1) can be solved numerically by

(flA’fZSAVIIA) = arg min é(flaf?nwl) = arg min G(ﬁlaﬁ3afl/y7 fg/l/,l'l). (G5)
(f1,f3,%1) (f1,f3,21)

If we can obtain the optimal solutions (f{*, £, 1), then the optimal solutions (p2, p5’)

are expressed as Equation (24).
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