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ABSTRACT: Butadiene, being the simplest conjugated organic molecule, has
been studied extensively by experiments and various high-level theoretical
methods. Previous studies conclude that the complete active space (CAS) self-
consistent field (SCF) method was unable to obtain the correct 11Bu and 2

1Ag state
ordering and that it introduces artificial valence−Rydberg mixing into the 11Bu
state because of the lack of external correlation. Basis sets and initial guesses
specifically constructed for this problem were able to improve the vertical
excitation energy of the 11Bu state but did not resolve the controversy of the nature of the 11Bu state. In the present work, we
demonstrate that, using standard intermediately diffuse basis sets such as jul-cc-pVTZ and ma-TZVP, CASSCF is able to obtain
the 11Bu and 21Ag states of trans-butadiene with much improved vertical excitation energy and reasonable wave function
characteristics, and it provides a good reference wave function (capable of yielding quantitative excitation energies for excited
states) for three methods that treat electron correlation in different ways, namely, multiconfiguration pair-density functional
theory (MC-PDFT), CAS second-order perturbation theory (PT2), and multistate (MS) CASPT2. We demonstrate that a
combined analysis of the orbital second moments, state second moments, and MC-PDFT energy components is a very useful
approach in determining excited-state characteristics and assigning states, and we show that basis sets without diffuse functions
or with very diffuse basis functions are not stable or accurate in predicting the excited states of butadiene. We show that the 21Ag
state is valence-like and has an atypical double/single excitation character and the 11Bu state has a certain degree of Rydberg
character that is not artificial, settling the decades of controversy of the characters of these states.

1. INTRODUCTION

Conjugated organic molecules comprise a large class of
molecules that play important roles in nature and in chemical
applications such as harvesting light and converting it into
chemical, mechanical, or electrical energy as in photosynthesis,
vision, light-driven molecular motors, and organic electronics.
However, after decades of development, simulating the
photochemistry of such systems remains a challenge.
Butadiene is the shortest polyene and the simplest case of a

conjugated molecule. The lowest-energy structure is s-trans-
butadiene, which has been studied extensively both exper-
imentally and theoretically, but the inferences about the nature
of its lowest excited states, especially the 11Bu and the 21Ag
states, are still inconclusive. It is widely believed that the 11Bu
state is valence-like1 and that the valence−Rydberg mixing of
this state observed in some theoretical studies is artificial due
to the intrinsic problems of the theoretical methods,2 such as
the unbalanced treatment of correlation energy in multi-
reference singles and doubles configuration interaction (MR-
CISD)3,4 and complete active space self-consistent field
(CASSCF)5 methods. However, an analysis of the exper-
imental transition energies to the 3p Rydberg states and their
displacements from their unperturbed values indicates that the
11Bu state does have valence−Rydberg mixing, and the
Rydberg−valence coupling constant is twice that for cyclo-
pentadiene.6 The diffuseness of the 21Ag state is less

controversial. It is believed to be a valence state.1,7−9 However,
it is a dark state and has not been resolved experimentally.10

Literature reports indicate that the vertical excitation energy
of the 11Bu state is overestimated by the CASSCF method. In
particular, Serrano-Andreś et al.7 found that CASSCF
significantly overestimates the vertical excitation energy of
the 11Bu state to such an extent that the vertical excitation
energies of the 11Bu and 2

1Bu states are in reverse order of their
complete active space second-order perturbation theory
(CASPT2)11 energies. Their CASSCF(4,8) calculation
[where the (...,...) notation denotes the number of active
electrons followed by the number of active orbitals] predicts a
vertical excitation energy of 8.54 eV for the 11Bu state, while
the experimental value is only 5.92 eV.12 For the 21Bu and 3

1Bu
states, the vertical excitation energies are predicted to be 6.88
and 7.85 eV, respectively, while the experimental values are
7.07 and 8.00 eV, respectively. They argued that the significant
overestimation of the 11Bu state vertical excitation energy
occurs because CASSCF has inadequate dynamic correlation,
and dynamic correlation affects valence states more than
Rydberg states. The lower underestimation of the vertical
excitation energies of the 21Bu and 31Bu states would then
indicate that the 11Bu state is more valence-like than the other
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two 1Bu states. Because the 1
1Bu state is artificially predicted to

be closer in energy to the two more-Rydberg-like 1Bu states, its
valence−Rydberg mixing may be artificial.
In the CASSCF calculations by Serrano-Andreś et al.,7 the

ANO-L13 basis set with two extra diffuse p functions on carbon
was used. Drastically different CASSCF vertical excitation
energy values of the 11Bu state have been reported when
different basis sets were used. Nakayama et al.14 used a basis
set without diffuse functions, namely, QZ3p, which is
constructed from the cc-pVQZ basis set (and that is
[5s4p3d] for carbon and [3s2p] for hydrogen) and obtained
an improved value of 7.73 eV for the 11Bu state with a (4,8)
active space. Boggio-Pasqua et al.15 constructed a new basis set,
6-31G*+3p, which is 6-31G* with specially designed 3p
functions added to carbon. They obtained an improved 11Bu
vertical excitation energy of 6.56 eV for a geometry optimized
with CASSCF(4,4)/6-31G*. This value is not directly
comparable to the previous two because the previous two
calculations used the experimental geometry of s-trans-
butadiene. Cave16 reported an even more improved CASSCF
11Bu vertical excitation energy of 6.48 eV, but no computa-
tional details were given.
By examining these results, we hypothesized that the diffuse

functions in the basis set may play a key role in predicting the
CASSCF vertical excitation energy of the 11Bu state, and the
present study is designed to sort this out. In particular, our goal
is to finally settle the questionfor this prototype of
conjugated molecules that has been studied since the early
days of quantum chemistryof how does the diffuseness of
the basis set affect the character of the states predicted, such as
how much Rydberg character the states have. Therefore, in this
study, we tested a number of different basis sets to establish a
relationship between the diffuseness of the basis sets and the
CASSCF vertical excitation energy. A key aspect of our study is
that we consider not only the excitation energies but also the
second moments and oscillator strengths of the 11Ag (ground
state), 11Bu, and 21Ag states of s-trans-butadiene. We also
tested three post-SCF methods, namely, CASPT2, multistate
CASPT2 (MS-CASPT2),17 and multiconfiguration pair-
density functional theory (MC-PDFT),18,19 using the same
CASSCF calculation as a reference, to see how the diffuseness
of the basis sets affects their vertical excitation energies.
The MC-PDFT method obtains a reference wave function

by a multiconfiguration wave function calculation, calculates
the electronic kinetic energy and classical electrostatic energy
from the reference wave function, and calculates the other
energy contributions from a density functional that is a
functional of the total density and on-top pair density arising
from the reference wave function. It was developed by aiming
to achieve the same level of energetic accuracy as CASPT2
while requiring a much less expensive post-SCF calculation.
Using MC-PDFT, we successfully described the vertical
excitation energies and oscillator strengths of a carotenoid,
the 11-Z-retinal protonated Schiff base, whose main
component is a polyene.20 We found that MC-PDFT was
more sensitive to the choices of basis sets than CASPT2, but
we were able to select a reasonable basis set based on the
dipole moment of the molecule. Butadiene, as the shortest
polyene, has a ground-state geometry of C2h symmetry and
does not have a dipole moment, and the diffuseness of its low-
lying excited states is more controversial. Therefore, it is
meaningful to study how the diffuseness of the basis sets affects
butadiene’s MC-PDFT description of its low-lying excited

states and how to choose basis sets for a simple polyene with
zero dipole moment.
Other theoretical methods could also be considered for in-

principle higher accuracy on a small molecule like butadiene,
but they are more expensive than the methods discussed here
and would be less suitable for studying the wide range of large
polyenes; therefore, the focus of this article is to explore these
more cost-effective methods and especially to study the
question of how to generate a reasonable reference wave
function for methods that use the popular CASSCF scheme as
the reference to predict the excited states of conjugated organic
molecules.

2. COMPUTATIONAL METHODS
In this study, we used the experimental ground-state geometry
of trans-1,3-butadiene.21 We also considered a theoretical
ground-state geometry optimized by the CCSD(T)/aug-cc-
pVQZ method by Watson and Chan.2 The coordinates can be
found in the Supporting Information (SI). These geometries
place the molecule in the xy plane with C2h symmetry. Only
singlets are considered.
We carried out the CASSCF, CASPT2, MS-CASPT2, and

MC-PDFT calculations with OpenMolcas 18.0.22−24 We
modified OpenMolcas 17.0 to obtain the second moments of
each orbital, including both occupied and virtual orbitals, and
distributed this functionality in the public version of Open-
Molcas. We carried out both state-specific (SS) CASSCF
calculations and state-averaged (SA) CASSCF calculations. If n
states are averaged in the SA-CASSCF calculation, we
designate the calculation by SA(n)-CASSCF. The MC-PDFT
calculations in this work were carried out with the tPBE18,25

on-top density functional. We carried out the CASPT2
calculations with an imaginary shift26 of 0.1 Eh (1 Eh = 1
hartree = 27.2114 eV) and an ionization potential−electron
affinity (IPEA) shift27 of 0.25 Eh, which are standard values.
Note that the CASPT2 vertical excitation energies for
butadiene will tend to be greater if the IPEA shift is greater.28

Because the major goal of calculating CASPT2 energies in this
article is to compare across different basis sets, we used the
same shift values for different basis sets and did not attempt to
scan through shift values that are different from standard
values.
We carried out calculations with two choices of symmetry

constraints, in particular, C2h and Cs. For states of Ag symmetry
in the C2h point group, we carried out SS-CASSCF and SA(2)-
CASSCF calculations to provide the reference wave functions
because we are interested in the ground state and the 21Ag
state. For states of the Bu symmetry in the C2h point group, we
carried out SS-CASSCF and SA(3)-CASSCF calculations.
With the Cs point group, we carried out SA(n)-CASSCF (n =
2, 3, or 5) calculations to provide reference wave functions for
A′ states, which can be assigned to either Ag or Bu by
inspecting the orbitals involved in the transition. For each
symmetry constraint, we carried out MC-PDFT and CASPT2
calculations using each CASSCF wave function as the
reference wave function, and we carried out MS-CASPT2
calculations using each SA-CASSCF calculation as the
reference wave function. A wave function analysis
(WFA)29,30 was carried out using the WFA module in
OpenMolcas for the Cs CASSCF wave functions.
In this study, we chose the (4,8) active space, which includes

all of the valence π electrons and π orbitals and two π* orbitals
of both au and bg symmetry. This is the same active space
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choice as that in Serrano-Andreś et al.7 Previous studies have
shown that the (4,4) active space that includes only four π*
orbitals is not adequate to recover the π component of the
electronic correlation and that more diffuse 3π-like orbitals
need to be included in the active space.7,15

For basis sets, we considered several different kinds of basis
set. Among the standard basis sets, we considered Dunning-
type correlation-consistent basis sets with different levels of
augmentation, in particular, cc-pVTZ, maug-cc-pVTZ, jul-cc-
pVTZ, aug-cc-pVTZ, and d-aug-cc-pVTZ,31−34 an Ahlrichs-
type triple-ζ basis set with minimal augmentation, in particular,
ma-TZVP,35−37 Pople-type 6-31+G(d)38,39 and 6-311+G-
(2df,2p) basis sets,39−41 and a Roos-type atomic natural
orbital (ANO) basis set, namely, ANO-L.13 We also
considered some nonstandard basis sets. The first is the basis
set used by Serrano-Andreś et al.,7 in which two diffuse p
functions, with exponential parameters 0.00801 and 0.00281,
were added to the carbon atom of the ANO-L basis set; we
denote this basis set as ANO-L2. To further study the effect of
these extremely diffuse basis functions, we constructed a new
basis set by adding these two carbon diffuse functions from
Serrano-Andreś et al.7 to maug-cc-pVTZ; we name this basis
set maug2-cc-pVTZ. We also constructed the 6-31G*+3p basis
set described by Boggio-Pasqua et al.15 The exponential
parameters and coefficients of the p-type functions of the 6-
31G*+3p basis set of carbon are in the SI. Note that they
might be (slightly) different from the 6-31G*+3p basis set
actually used in Boggio-Pasqua et al.15 because the authors did
not report the full numerical details of their basis set but only
described its construction in the text.
The basis sets QZ3p, 6-31G*+3p, d-aug′-cc-pVDZ, DZP-R/

DZ, and ANO-L2 are nonstandard basis sets used in the
previous studies with which we compare our results, but we did
not do additional calculations with these basis sets except for 6-
31G*+3p. The basis sets 6-31G*+3p and ANO-L2 are
described in the previous paragraph. The QZ3p basis set was
used in Nakayama et al.14 and is constructed from cc-pVQZ
(5s4p3d for carbon and 3s2p for hydrogen). The d-aug′-cc-
pVDZ basis set was used in the MR-CISD calculations in
Dallos and Lischka.1 It is aug-cc-pVDZ plus the d-
augmentation (in addition to standard s and p augmentation)
for carbon and cc-pVDZ plus the standard augmentation and

d-augmentation on s functions for hydrogen. The DZP-R/DZ
basis set is what was used in the symmetry-adapted cluster
configuration interaction (SAC-CI) calculations in Saha et al.9

It is the Huzinaga−Dunning42 double-ζ basis set with
polarization on carbon atoms [4s2p1d]/[2s] plus double-ζ
Rydberg functions for 3s, 3p, 3d, 4s, and 4p orbitals of carbon
atoms.43 For convenience, we named it DZP-R/DZ (DZP-R
for carbon atoms and DZ for hydrogen atoms).
The second moments ⟨vw⟩ (v = x,y,z; w = x,y,z) and ⟨r2⟩ =

⟨x2⟩ + ⟨y2⟩ + ⟨z2⟩ in Cartesian coordinates were computed to
determine the charge distribution of orbitals and states. The
second moments of charge distributions presented in this
paper include only the electronic contributions (not the
nuclear contributions). We use the convention that electron
moments are given in atomic units (au) as positive numbers.
Roughly speaking, the greater the second moment of an orbital
or state, the more diffuse the orbital or state in that coordinate;
thus, the second moments provide a measure of Rydberg
character or partial Rydberg character or how spread out the
charge distribution is.

3. RESULTS AND DISCUSSION

We found that the theoretical geometry (optimized by Watson
and Chan2 using CCSD(T)/aug-cc-pVQZ) gives vertical
excitation energies (including CASSCF, CASPT2, MS-
CASPT2, and MC-PDFT) below those of the experimental
geometry but within 0.03 eV for the 11Bu and 21Ag states, and
it gives the same conclusion as the experimental geometry for
the effect of basis sets in this study. Therefore, we focus on
results for the widely used experimental geometry of trans-1,3-
butadiene.
Table 1 summarizes the four smallest exponential parame-

ters of carbon p functions for the basis sets considered in this
work. These values provide an indication of how diffuse each
basis set is. The smaller the exponential parameters, the more
diffuse the basis functions. The table shows that the two basis
sets with the diffuse functions from Serrano-Andreś et al.7 are
the most diffuse, and they are followed by DZP-R/DZ, d-aug-
cc-pVTZ, and d-aug′-cc-pVDZ. There are two basis sets that
do not have diffuse functions: cc-pVTZ and QZ3p. For
convenience, the basis sets are grouped based on the

Table 1. Four Smallest Exponential Parameters of Carbon p Functions for the Basis Sets Compared in This Work

group basis seta exponents

group 1 cc-pVTZ 4.1330000 1.2000000 0.3827000 0.1209000
QZ3p 2.3680000 0.8132000 0.2890000 0.1007000

group 2 6-31+G(d) 1.8812885 0.5442493 0.1687144 0.0438000
6-311+G(2df,2p) 1.4593300 0.4834560 0.1455850 0.0438000

group 3 6-31G*+3p 0.2864610 0.1687144 0.1110960 0.0389185
group 4 maug-cc-pVTZ 1.2000000 0.3827000 0.1209000 0.0356900

jul-cc-pVTZ 1.2000000 0.3827000 0.1209000 0.0356900
aug-cc-pVTZ 1.2000000 0.3827000 0.1209000 0.0356900
ma-TZVP 0.8143321 0.2888755 0.1005682 0.0335227

group 5 ANO-L 0.3619440 0.1547400 0.0654290 0.0229000
group 6 d-aug′-cc-pVDZ 0.5456000 0.1517000 0.0404100 0.0105000

d-aug-cc-pVTZ 0.3827000 0.1209000 0.0356900 0.0105000
DZP-R/DZ 0.0399000 0.0157500 0.0093100 0.0036750
maug2-cc-pVTZ 0.1209000 0.0356900 0.0080100 0.0028100
ANO-L2 0.0654290 0.0229000 0.0080100 0.0028100

aThe basis sets are ranked in descending order of the smallest exponent. If the smallest exponential parameters of the basis sets are the same, we
rank the basis sets by the second smallest exponential parameter in descending order.
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similarities in their diffuseness and their behaviors, which will
be described in the following paragraphs.
Using one basis set that does not have diffuse functions, cc-

pVTZ, eight standard basis sets with diffuse functions, namely,
6-31+G(d), 6-311+G(2df,2p), maug-cc-pVTZ, jul-cc-pVTZ,
aug-cc-pVTZ, ma-TZVP, ANO-L, and d-aug-cc-pVTZ, and
two constructed basis sets with diffuse functions, 6-31G*+3p
and maug2-cc-pVTZ, we calculated the vertical excitation
energies (CASSCF, CASPT2, MS-CASPT2, and MC-PDFT),
oscillator strengths (CASSCF), and second moments
(CASSCF) of butadiene for the states of Ag and Bu symmetry.
Selected C2h results are summarized in Table 2, and the
complete set of results are in Table S1 (C2h) and Table S4 (Cs)
[tables and figures with the prefix S are in the SI]. The absolute
energies are in Table S5 (C2h) and Table S6 (Cs). The ANO-
L2 results by Serrano-Andreś et al.7 are listed together with our
calculated C2h results in this article because Serrano-Andreś et
al. used the C2h symmetry in their calculations. The ground
state was 11Ag. For the excited states, we focused on the 11Bu

and 21Ag states.

3.1. Basis Set Effect on the Vertical Excitation
Energies of the 11Bu and 21Ag States. 3.1.1. 11Bu State.
For the 11Bu state, two experimental excitation energies for gas-
phase trans-1,3-butadiene have been reported, 5.926,12,44−48

and 6.25 eV,6 with the former most commonly cited, and
reinterpretation of the spectra gives 5.96−6.05 eV.2 The best
theoretical estimates range from 6.1 to 6.32 eV.1,2,49,50 We take
the mean of the minimum and maximum of these theoretical
estimates as our best estimate (BE); this gives 6.2 eV with an
estimated uncertainty of 0.1 eV, and we estimate errors in all
calculated vertical excitation energies by comparison to this BE
value; these error estimates are given in Figures 1 and S1.
In the figures, results from our calculations are listed such

that the less diffuse basis sets are on the left and the more
diffuse basis sets are on the right, where the diffuseness is
defined as explained above with regard to Table 1. From Figure
1, it is clear that the calculations with basis functions that are
not diffuse enough or are too diffuse have less accurate vertical
excitation energies than calculations using basis functions of
medium diffuseness. The errors gradually decrease as we

Table 2. Vertical Excitation Energy in eV, CASSCF Oscillator Strength (osc.), Electronic Part of the CASSCF Second Moment
z Component ⟨z2⟩ in au, and the Second Moment ⟨r2⟩ and ⟨z2⟩ Values Relative to Those of the SS-CASSCF 11Ag (Δ⟨r2⟩ and
Δ⟨z2⟩) in au Using Various Basis Sets for 11Bu and 21Ag States of Butadiene from C2h Calculations

na state CASSCF CASPT2 MS-CASPT2 MC-PDFT osc. str. ⟨z2⟩ Δ⟨z2⟩ Δ⟨r2⟩
cc-pVTZ 2 21Ag 6.79 6.59 6.59 6.69 − 21.6 0.0 1.8

1 11Bu 7.84 6.49 − 4.91 1.01 22.7 1.1 3.4
3 11Bu 8.01 6.41 6.38 4.75 1.02 22.7 1.1 3.2

6-31+G(d) 2 21Ag 6.66 6.54 6.54 6.53 − 23.4 1.4 4.4
1 11Bu 7.08 6.70 − 5.76 0.51 32.7 10.7 20.7
3 11Bu 7.20 6.71 6.51 5.83 0.49 33.1 11.1 21.4

6-311+G(2df,2p) 2 21Ag 6.69 6.46 6.46 6.48 − 23.1 1.3 4.3
1 11Bu 7.01 6.68 − 5.73 0.52 32.3 10.5 20.2
3 11Bu 7.15 6.71 6.39 5.82 0.49 32.8 11.0 20.8

6-31G*+3p 2 21Ag 6.67 6.53 6.53 6.53 − 22.0 1.5 4.8
1 11Bu 6.87 6.75 − 6.03 0.31 39.3 17.3 28.8
3 11Bu 7.09 6.74 6.22 6.15 0.27 40.6 18.6 31.3

maug-cc-pVTZ 2 21Ag 6.68 6.45 6.45 6.47 − 23.4 1.7 5.0
1 11Bu 6.83 6.76 − 5.95 0.36 37.3 15.6 27.0
3 11Bu 7.09 6.79 6.02 6.10 0.30 39.0 17.3 29.8

jul-cc-pVTZ 2 21Ag 6.68 6.42 6.42 6.46 − 23.3 1.5 4.7
1 11Bu 6.83 6.73 − 5.94 0.37 37.2 15.4 26.9
3 11Bu 7.09 6.75 5.97 6.07 0.32 38.9 17.1 29.8

aug-cc-pVTZ 2 21Ag 6.68 6.42 6.42 6.46 − 23.3 1.6 4.7
1 11Bu 6.81 6.75 − 5.97 0.35 38.4 16.7 28.2
3 11Bu 7.09 6.77 5.94 6.10 0.29 40.8 19.1 31.6

ma-TZVP 2 21Ag 6.68 6.46 6.46 6.47 − 23.4 1.6 4.9
1 11Bu 6.78 6.78 − 6.03 0.31 39.7 17.9 29.8
3 11Bu 7.05 6.78 6.01 6.14 0.26 41.4 19.6 32.5

ANO-L 2 21Ag 6.71 6.52 6.52 6.54 − 22.3 0.4 2.9
1 11Bu 7.12 6.65 − 5.64 0.58 31.7 9.8 17.3
3 11Bu 7.23 6.66 6.28 5.70 0.56 32.2 10.3 18.1

d-aug-cc-pVTZ 2 21Ag 6.67 6.41 6.41 6.44 − 23.8 2.1 5.8
1 11Bu 6.48 6.83 − 6.28 0.11 65.4 43.7 67.9
3 11Bu 8.50 6.29 5.96 4.97 0.97 29.8 8.1 9.9

maug2-cc-pVTZ 2 21Ag 6.68 6.45 6.45 6.45 − 23.8 2.1 5.9
1 11Bu 6.51 6.84 − 6.31 0.12 72.2 50.5 76.4
3 11Bu 8.55 6.41 5.97 5.05 0.93 42.3 20.6 30.5

ANO-L2b 21Ag 6.64 6.27 − 23.2 1.3
3 11Bu 8.54 6.23 0.686 40.9 19.0

an represents the number of states averaged in the CASSCF calculation. When n = 1, it is a SS-CASSCF calculation. bThe values are from Serrano-
Andreś et al.7 It was not described in the article whether the CASSCF calculation for the 1Ag states was state-specific or state-averaged.
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proceed from group 1 basis sets to group 4 basis sets, and then,
they increase in group 5 and even more in group 6 basis sets.
In particular, the standard basis sets in group 4, namely, maug-
cc-pVTZ, jul-cc-pVTZ, aug-cc-pVTZ, and ma-TZVP, as well as
the specifically constructed 6-31G*+3p basis set (group 3), are
the most stable and have the smallest errors in vertical
excitation energy across CASSCF, CASPT2, MS-CASPT2, and
MC-PDFT. For each basis set belonging to groups 2−5, the
predicted states from using the SS-CASSCF reference wave
function are not significantly different from the predicted states
from using the SA-CASSCF reference wave function. However,
for the very diffuse d-aug-cc-pVTZ and maug2-cc-pVTZ basis
sets, this difference is quite drastic.
We notice that for d-aug-cc-pVTZ and maug2-cc-pVTZ the

SS-CASSCF calculation and the MC-PDFT calculation using
SS-CASSCF as the reference give very small errors. This is just
fortuitous. For the SS-CASSCF calculation of the Bu symmetry,
only one state is obtained; therefore, we label it 11Bu. However,
in the case of d-aug-cc-pVTZ and maug2-cc-pVTZ, this state
corresponds to the 21Bu state in their respective SA(3)-
CASSCF calculations. This assignment is confirmed by
comparing the oscillator strengths, the state second moments
(Table S1 of the SI), and the orbital second moments (Tables
S2 and S3 of the SI) of the states involved. For example, as
shown in Table S1, the state second moment ⟨z2⟩ for the Bu
state from SS-CASSCF/d-aug-cc-pVTZ is closer to that of the
21Bu state from SA(3)-CASSCF than to that of the 11Bu state.
To explain this observation, we decomposed the state second
moments into their orbital components. As shown in Table S2,
for the three Bu states from SA(3)-CASSCF/d-aug-cc-pVTZ,
the au orbital that is singly occupied (occupation numbers
being 0.992, 0.997, and 0.999, respectively) has an orbital
second moment ⟨z2⟩ of 9.6, 54.0, and 76.8 au, respectively. For
the Bu state from SS-CASSCF/d-aug-cc-pVTZ, the au orbital
that is singly occupied (occupation number being 0.993) has a
second moment ⟨z2⟩ of 46.6 au, which has the same order of
magnitude as that for the 21Bu state from SA(3)-CASSCF. In
addition, the 11Bu state from SA(3)-CASSCF does have an au

orbital with a similar amount of diffuseness as the singly
occupied au orbital of the

1Bu state from SS-CASSCF, with a
⟨z2⟩ of 48.3 au, but this orbital is unoccupied (occupation
number 0.006). The analysis for maug2-cc-pVTZ is similar.
These results demonstrate that the Bu state from SS-CASSCF
using the very diffuse basis sets d-aug-cc-pVTZ and maug2-cc-
pVTZ corresponds to the 21Bu state from SA(3)-CASSCF and
not 11Bu and that the small errors for d-aug-cc-pVTZ and
maug2-cc-pVTZ in Figure 1 are from comparing the excitation
energy of the calculated state to the reference energy from a
state not corresponding to the calculated state.
The results from using Cs symmetry are similar, as

demonstrated by Figure S1. The major difference between
the Cs results and the C2h results is the small error from using
the SA(5)-CASSCF/maug2-cc-pVTZ reference wave functions
in the Cs calculations. This is also caused by comparing the
excitation energy of the calculated state to the reference energy
from a state not corresponding to the calculated state.
Therefore, we conclude that extremely diffuse basis sets and

basis sets without diffuse functions, in particular, those with the
smallest carbon p exponential parameter less than ∼0.01 or
greater than 0.10, are particularly unsuitable for CASSCF
calculations of the 11Bu state for butadiene. The best basis sets
are group 4 basis sets, which keep the absolute errors of
CASSCF, CASPT2, MS-CASPT2, and MC-PDFT using either
C2h or Cs symmetry within a maximum of 0.9, 0.6, 0.5, and 0.4
eV, respectively. Remarkably, the absolute MC-PDFT errors
for group 4 basis sets are close to those of MS-CASPT2, but
across all basis sets tested, they correlate more with CASSCF
errors than with CASPT2 or MS-CASPT2. Therefore, we
should also avoid using extremely diffuse basis sets for MC-
PDFT calculations of the 11Bu state for butadiene. Never-
theless, as will be discussed in the next section, MC-PDFT
orders the 11Bu state below the 21Ag state for calculations in
both C2h and Cs symmetry, which agrees with the theoretical
BEs in Table 3, while CASSCF and CASPT2 fail to order the
two states correctly for calculations in Cs symmetry. MS-
CASPT2 does not correct the ordering for Cs results unless
SA(5)-CASSCF is used to generate the reference wave
function (Table S4). Note that CASPT2 was found to be
able to predict the ordering of the 11B2 and 21A1 states of s-cis-
butadiene (Cs symmetry)51 correctly, as well as the ordering of
the 11Bu and 21Ag states of all-trans-1,3,5-hexatriene (C2h
symmetry).52 Differences in the molecules and the particular
methodologies used (e.g., active space, number of states
averaged, basis set, shift values) are possibilities in causing such
differences in the CASPT2 performance. Because Cs
calculations have fewer symmetry constraints than C2h
calculations, the performance of Cs calculations is considered
more realistic and a gauge of potential success in practical
calculations on complex systems. Therefore, for s-trans-
butadiene, although MS-CASPT2 Cs calculations using the
SA(5)-CASSCF reference wave functions have less error than
MC-PDFT, it is encouraging that MC-PDFT energies are
more stable across different reference wave functions than MS-
CASPT2 and that MC-PDFT does not need to average over
more than three states to obtain the correct ordering of the
11Bu and 21Ag states.

3.1.2. 21Ag State. For the 2
1Ag state, a similar trend is found

for the errors in the vertical excitation energies versus the
diffuseness of basis set. Figure 2 shows the difference between
various theoretical vertical excitation energies from C2h
calculations and the best theoretical estimate (6.50 eV by

Figure 1. Difference between various theoretical vertical excitation
energies (from C2h calculations) and the BE (6.2 ± 0.1 eV) for the
11Bu state of butadiene. Methods are labeled “SS” if the reference
wave function is from the corresponding state-specific CASSCF
calculation, and methods are labeled “SA” if the reference wave
function is from the corresponding SA(3)-CASSCF calculation.
Those labeled “SS” do not have MS-CASPT2 values.
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Loos et al.)53 of the 21Ag state. We use the theoretical BE in
lieu of an experimental value because the 21Ag state is a dark
state and no experimental vertical excitation energy has been
reported. CASPT2 and MS-CASPT2 vertical excitation
energies differ by only less than 0.001 eV; therefore, we use
CASPT2 to represent both results in the discussion. As the
basis sets increase in diffuseness, the CASPT2 and MC-PDFT
excitation energies decrease and then increase up to ANO-L,
with jul-cc-pVTZ and aug-cc-pVTZ at the minimum. As
compared to the 11Bu state, the 21Ag results depend on the
diffuse characters of the basis sets to a lesser extent, with a
change in vertical excitation energies within a range much
smaller than that for the 11Bu state. For example, the difference
of the 21Ag vertical excitation energy between the 6-31G*+3p
(group 3) and 6-31+G(d) (group 2) calculations is much
smaller than this difference for the 11Bu state. Note that the
maug2-cc-pVTZ basis set, while having extremely diffuse
functions, has errors with magnitudes more similar to those of

maug-cc-pVTZ than to those of more diffuse basis sets such as
aug-cc-pVTZ. A broad generalization of the observed trends
for the 21Ag state is that the more diffuse the basis set, the
lower the calculated vertical excitation energy for the 21Ag
state, and again, the basis sets of medium diffuseness give the
most accurate results.
For Cs calculations, the basis set dependence of the 21Ag

state is more prominent than that in C2h calculations but is still
not as strong as that for the 11Bu state. As shown in Figure S2,
two of the most diffuse basis sets, d-aug-cc-pVTZ and maug2-
cc-pVTZ, give absolute errors similar to or greater than those
of cc-pVTZ, unlike their behavior in C2h calculations. In
addition, the MC-PDFT and CASPT2/MS-CASPT2 results
for the 21Ag state separate, with MC-PDFT errors from Cs
calculations being slightly greater than those from the C2h
calculations for basis sets in groups 2−4.
Overall, 21Ag vertical excitation energies from CASPT2, MS-

CASPT2, and MC-PDFT seem to be very close to the

Table 3. Summary of Selected Literature Results of Vertical Excitation Energies ΔE (eV), Oscillator Strengths (osc. str.), and
Second Moments ⟨r2⟩ or ⟨z2⟩ (in au) of Butadiene

methoda 11Ag 21Ag 11Bu 21Bu 31Bu

theory (MR-AQCC): Dallos and Lischka1 ΔE 0.00 − 6.18 − −
theory (RCA3-F/MR-CISD+Q): Dallos and Lischka1 ΔE 0.00 6.55 − − −
theory (FCIQMC): Daday et al.49 ΔE 0.00 − 6.32 ± 0.03 − −
theory (EOM-CCSDTQ): Watson and Chan2 ΔE 0.00 6.39 ± 0.07 6.21 ± 0.02 − −
theory (exFCI/AVDZ+CC3/AVQZ): Loos et al.53 ΔE 0.00 6.50 − − −
theory (EOM-CCSDT/aPVTZ+experiment): Rabidoux et al.50 ΔE 0.00 6.24 6.1 − −
experiment ΔE 0.00 − 5.92,b 6.25c 7.07b 8.00b

osc. str. − − 0.4d − −
SAC-CI//DZP-R/DZe ΔE 0.00 6.56 6.33 7.08 7.90

osc str. − − 0.6467 0.2453 0.0016
⟨r2⟩ 341.9 351.9 366.1 413.8 587.9

MR-CISD/SA(3)-CAS(4,5)-R/maug-cc-pVTZf ΔEMR‑CISD 0.00 6.70 6.77 − −
ΔEMR‑CISD+Q 0.00 6.67 6.47 − −
⟨z2⟩CI 21.6 21.6 26.4 − −

MR-AQCC/SA(3)-CAS(4,5)-R/maug-cc-pVTZ ΔE 0.00 6.62 6.27 − −
⟨z2⟩AQCC 21.8 23.0 28.1 − −

MR-CISD/SS-CAS(4,4)/maug-cc-pVDZ ΔEMR‑CISD 0.00 − 7.13 − −
ΔEMR‑CISD+Q 0.00 − 6.82 − −
⟨z2⟩CI 21.8 − 31.9 − −

MR-CISD/SS-CAS(4,4)/d-aug′-cc-pVDZ ΔEMR‑CISD 0.00 − 7.08 − −
ΔEMR‑CISD+Q 0.00 − 6.94 − −
⟨z2⟩CI 21.9 − 72.8 − −

MR-CISD/SA(3)-CAS(4,4)/d-aug′-cc-pVDZ ΔECASSCF 0.00 6.67 8.15
⟨z2⟩CASSCF 22.07 22.51 22.53
ΔEMR‑CISD 0.00 6.74 7.04 − −
ΔEMR‑CISD+Q 0.00 6.70 6.62 − −
⟨z2⟩CI 22.0 22.3 22.9 − −

MR-CISD/SA(4)-CAS(4,4)/d-aug′-cc-pVDZ ΔECASSCF 0.00 6.63 6.65 8.30 −
⟨z2⟩CASSCF 21.69 22.19 77.77 27.61 −
ΔEMR‑CISD 0.00 6.68 6.73 7.40 −
ΔEMR‑CISD+Q 0.00 6.53 6.69 7.16 −
⟨z2⟩CI 21.8 22.2 53.9 50.8 −

aFor each listed theoretical paper, we give the BE. The highest levels of theory on which the listed values are based are summarized in the
parentheses. Note that semistochastic heat-bath CI has been used to approximate the full-CI limit using the AVDZ basis set and gives 6.45 eV and
6.58 eV for the vertical excitation energy for the 11Bu and 21Ag states of butadiene.

61 Because a basis set extrapolation was not carried out, we did
not include these values in the list of best estimates. bExperimental values.6,12,44−48 cExperimental value from McDiarmid.6 dExperimental value
from Brundle and Robin.54 eSAC-CI calculation with the DZP-R/DZ basis set.9 fAll MR-CISD and their reference CASSCF results are from Dallos
and Lischka.1 SA(3) calculations averages over states 11Ag + 21Ag + 11Bu. SA(4) calculations averages over states 1

1Ag + 21Ag + 11Bu + 21Bu. The
⟨x2⟩ reported by Dallos and Lischka is equivalent to ⟨z2⟩ in the current article because the molecule in Dallos and Lischka is in the yz plane and our
molecule is in the xy plane. The “R” in CAS(4,5)-R means only excitations from the reference configurations that have the same symmetry as the
states calculated are considered; this follows the definition in Dallos and Lischka.
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theoretical BE of 6.50 eV, with an absolute error within less
than or equal to 0.14 eV for all basis sets tested other than
group 1 and group 6 basis sets. Considering CASSCF, the
absolute error is still within 0.19 eV for groups 2−4 basis sets.
Group 4 basis sets, which are the best for the 11Bu state, also
perform the best for the 21Ag state.
A final comment in this section concerns the differences

between our results and results from Loos et al.53 Loos’s 21Ag
state estimate of 6.50 eV is obtained on the CC3 geometry
with a bond length alternation (BLA) of 0.113 Å, whereas the
present work and most other work use the experimental
geometry with BLA = 0.124 Å. From our calculation, Watson’s
CCSD(T) geometry (BLA = 0.117 Å) gives a CASPT2 vertical
excitation energy 0.01 eV below that from the experimental
geometry (BLA = 0.124 Å) for the basis sets that we tested
except for cc-pVTZ, which is 0.02 eV below. Loos’s 6.50 eV BE
is from using exFCI/AVDZ corrected by CC3/AVQZ, which
is a different level of theory than CASPT2. Also, Loos’s
CASPT2 results are from using the (4,4) active space, but we
used the (4,8) active space. These differences in the
methodology explain the differences of our predicted vertical
excitation energies and those from Loos et al.
3.2. Rydberg Characters in the 11Bu and 21Ag States.

To examine the Rydberg characters in the 11Bu and 2
1Ag states,

we now turn our attention to the second moments ⟨r2⟩ and
⟨z2⟩ (where z is the direction perpendicular to the plane of the
molecule). Because the 11Ag state is consistently predicted to
be valence-like, a convenient measure of Rydberg character is
to compare the second moments of the 11Bu and 21Ag states to
those of the 11Ag state values. These comparisons are called
relative second moments and are denoted Δ⟨r2⟩ and Δ⟨z2⟩;
they are given in Figures 3 and 4 and Table S1 for C2h and
Figures S3 and S4 and Table S4 for Cs.
We find that the basis set dependence of CASSCF second

moments shows the same trend as the vertical excitation
energy. Figures 3 and 4 and Table 3 also compare our results
for the relative second moments to literature values obtained
by SAC-CI, MR-CISD, and MR averaged quadratic coupled
cluster (AQCC). The MR-CISD and MR-AQCC methods
predict the 21Ag state to be a little less diffuse than our results,
but in general, they agree well. Our CASSCF Δ⟨r2⟩ and Δ⟨z2⟩
values for the 21Ag state are plotted in Figures 4 and S4. Our

Δ⟨z2⟩ values are in general a little under 2 au (C2h) or 5 au
(Cs), while Δ⟨z2⟩CI and Δ⟨z2⟩AQCC are 0−1.2 au. The SAC-CI
method predicts the 21Ag state to be more diffuse, about 5 au
larger in Δ⟨r2⟩ than our CASSCF using group-4 basis sets and
C2h symmetry and about the same as our SA(5)-CASSCF using
group-4 basis sets and Cs symmetry. We conclude that our
CASSCF second moments from group-4 basis sets agree well
with SAC-CI, MR-CISD, and MR-AQCC.
The MR-CISD ⟨z2⟩ for the 11Bu state varies greatly with

changes in basis set and the nature of states included in the
state-averaging.1 The SA-CASSCF calculation that is used as
the reference wave function for the MR-CISD calculation
includes both 1Ag and 1Bu states, and MR-CISD tends to
predict the 11Bu state to be valence-like when the states
averaged include only the two valence-like states 11Ag and 2

1Ag
and 11Bu. When a 21Bu is included or when the reference wave
function is from a SS-CASSCF calculation, the 11Bu state is
predicted by MR-CISD to have more Rydberg character. Our
CASSCF calculations using the C2h symmetry belong to the
latter case, where the SA-CASSCF calculation for the 1Bu states
includes three 1Bu states and the SS-CASSCF considers only
one 1Bu state. Also, we do find the 11Bu state to have some

Figure 2. Difference between various theoretical vertical excitation
energies (from C2h calculations) and the theoretical BE (6.50 eV) of
the 21Ag state of butadiene. MS-CASPT2 results overlap with those of
CASPT2 and therefore are not shown in this figure. The reference
wave function is from the SA(2)-CASSCF calculation.

Figure 3. Relative CASSCF second moments (Δ⟨r2⟩ and Δ⟨z2⟩) of
the 11Bu state of butadiene (from C2h calculations) using the ground
state (11Ag from SS-CASSCF) as reference values, as well as the SAC-
CI//DZP-R/DZ Δ⟨r2⟩ value from Saha et al.9 Methods labeled “SS”
are state-specific CASSCF calculations, and methods labeled “SA” are
SA(3)-CASSCF calculations.

Figure 4. Relative SA(2)-CASSCF second moments (Δ⟨r2⟩ and
Δ⟨z2⟩) of the 21Ag state of butadiene (from C2h calculations) using
the ground state (11Ag from SS-CASSCF) as reference values, as well
as the SAC-CI//DZP-R/DZ Δ⟨r2⟩ value from Saha et al.9
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Rydberg character (Figure 3). When we use the Cs symmetry,
the SA(3)-CASSCF calculations belong to the former case,
where the states averaged include two 1Ag states and one 1Bu
state. However, unlike MR-CISD, we predict the 11Bu state
from SA(3)-CASSCF to have Rydberg character to a similar
degree as SA(5)-CASSCF (Figure S3), which has more than
one 1Bu state except for cc-pVTZ. Because there is no true
Rydberg state to artificially mix with 11Bu in SA(3)-CASSCF
(Cs) calculations, the Rydberg character predicted in 11Bu is
interpreted as being real.
In terms of the basis set dependency of the character of 11Bu,

the MR-CISD/SS-CAS(4,4) calculations using the more
diffuse d-aug′-cc-pVDZ (group 6) predicts ⟨z2⟩ to be ∼40 au
larger than that predicted by the less diffuse maug-cc-pVDZ.
This is consistent with the basis-set-dependent behavior of
CASSCF in predicting the diffuseness of the 11Bu state, as
shown in Figures 3 and S3, where group 6 basis sets generate at
least 20 au larger ⟨z2⟩ than group 4 basis sets. SAC-CI also
predicts some Rydberg character in the 11Bu state. CASSCF
second moments by basis sets from groups 2, 3, and 4 agree
with SAC-CI the best. Although the SAC-CI calculation used a
more diffuse basis set, the method is less likely to have artificial
mixing of states. Therefore, the degree of Rydberg character
from our CASSCF calculations by groups 2−4 is expected to
be reliable.
3.3. Basis Set Effect on the 11Bu and 21Ag States

Analyzed by Decomposition of MC-PDFT Energy. To
further analyze the characters of the 11Bu and 21Ag states of
butadiene and to rationalize the performance of MC-PDFT as
a function of basis set diffuseness, we decomposed the MC-
PDFT energy into its components and plotted the energy
components for the series of basis sets in Figures S5−S14. We
considered the MC-PDFT components used in previous
work,18,55 as shown in

E V T V V E ,MC PDFT nn ne C otρ ρ= + ⟨Ψ| ̂ + ̂ |Ψ⟩ + [ ] + [ Π]‐
(1)

in which we define the CASSCF contribution

E V T V VCAS nn ne C ρ= + ⟨Ψ| ̂ + ̂ |Ψ⟩ + [ ] (2)

the kinetic energy

T T= ⟨Ψ| ̂|Ψ⟩ (3)

the nucleus−electron interaction energy

E Vne ne= ⟨Ψ| ̂ |Ψ⟩ (4)

and the classical electronic Coulomb energy

E VC C ρ= [ ] (5)

and we further decompose the on-top energy Eot into α
exchange energy Exα, β exchange energy Exβ, and correlation
energy Ecorr, as shown in

E E E E E Eot x corr x x corr= + = + +α β (6)

These divisions of the on-top energy refer to the contributions
of the translated terms in the on-top functional.
As illustrated in Figures S5−S14, as the basis sets become

more diffuse, the changes in Ene and EC are most significant
among all of these energy components. The absolute values of
ΔEne and ΔEC (where Δ denotes the Ene and EC values of the
excited states relative to the ground state) become larger as the
basis sets become more diffuse, with the exception of ANO-L.

Note that the farther away the electrons are from the nuclei
and from each other, the smaller the absolute values of Ene and
EC. Because Ene is negative and ΔEne is positive, a greater
|ΔEne| means the excited state is more diffuse. For the classical
Coulomb energy, EC is positive and ΔEC is negative, and the
same conclusion can be drawn. Therefore, this result confirms
the conclusion from analyzing the second moment values,
which is that more diffuse basis sets usually predict the excited
states to be more diffuse, with 11Bu being affected more than
21Ag.
The facts that |ΔEne| and |ΔEC| are greater for the 1

1Bu state
than those for the 21Ag state and that ΔT is negative for the
11Bu state confirm the belief that the 21Ag state is a covalent
state and the 11Bu state is a valence ionic state.15 This also
explains why the 11Bu state is more sensitive to the diffuseness
of basis sets and why its predicted vertical excitation energies
are overall less accurate than those of the 21Ag state, as shown
in the previous sections. As discussed in Boggio-Pasqua et al.,15

when considering both the covalent state and the ionic state, a
balanced treatment is needed. Therefore, Boggio-Pasqua et
al.15 constructed the 6-31G*+3p basis set to partially solve this
problem. Our calculated vertical excitation energies (Figures 1,
2, S1, and S2) and MC-PDFT energy components (Figures
S5−S14) show that the standard basis sets in group 4, i.e.,
those with an intermediate degree of diffuseness, have similar
performances to those of the 6-31G*+3p basis of group 3.
The exception found in ANO-L can be explained by the fact

that ANO basis sets are constructed differently from Pople-
type, Dunning-type, or Ahlrichs-type basis sets. While ANO-L
(group 5) seems to have diffuseness between groups 4 and 6
according to the four smallest exponential parameters of
carbon p functions, it predicts excited states with characters
more similar to those predicted by group 2 (or an interpolation
between groups 1 and 2) than to those predicted by groups 4
or 6. Nevertheless, ANO-L2, which is judged more diffuse than
ANO-L by our examination of the small exponential
parameters, still predicts more diffuse excited states than
ANO-L (Figures 3 and 4). Therefore, we suggest that when
determining the diffuseness of basis sets by looking at
exponential parameters ANO basis sets should be compared
with other basis sets that belong to the ANO family and not
directly compared with Pople-type, Dunning-type, or Ahlrichs-
type basis sets. Because the errors in ANO-L vertical excitation
energies are still roughly between those of groups 4 and 6 and
no better than those of group 2 and the errors for ANO-L2 are
similar to those of group 6, we still do not recommend ANO-L
or ANO-L2 for the investigation of polyenes. There might exist
an ANO basis set with diffuseness between ANO-L and ANO-
L2 that has performance comparable to that of group 4 basis
sets, but searching for such a basis set is outside of the scope of
this article.
In addition, comparing the group 6 results in Figures S1, S3,

S6, and S7, it is clear that having a more diffuse 11Bu state does
not necessarily lower the theoretical vertical excitation energy
of the 11Bu state, which in the case of CASSCF, CASPT2, and
MS-CASPT2 would lower the error. This demonstrates that,
although the 11Bu state has some Rydberg characters,
increasing the diffuseness of the basis sets does not increase
the accuracy of the prediction once the diffuseness reaches a
certain extent for any of the CASSCF, CASPT2, MS-CASPT2,
and MC-PDFT methods.
For the exchange and correlation energies from MC-PDFT,

although their magnitudes are relatively small compared to Ene
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and EC, Figures S5, S8, S11, and S14 demonstrate that their
values correlate well with CASSCF energy contributions,
including ΔT, ΔEne, and ΔEC. This is rationalized by the fact
that Eot depends on the density and on-top pair density
calculated from the CASSCF wave function. Nevertheless, as
the basis sets become more diffuse, MC-PDFT vertical
excitation energies do not seem to be more susceptible to
spurious results than CASPT2 or MS-CASPT2. Instead, for
group 4 basis sets, MC-PDFT seems to be equally as good as
or even better than MS-CASPT2.
3.4. Double Excitation Character of the 11Bu and 21Ag

States. While the 11Bu state is believed to have predominantly
single excitation character, whether the 21Ag state of butadiene
has double excitation character is a subject under debate.56 To
address this issue, we carried out a quantitative WFA29,30 to
quantify the amount of double excitation in each state.
In the quantitative WFA, we calculated Ω,57 which is defined

as the spatial integration of the hole density ρH or
equivalentlythe particle density ρE. Plasser et al.

29 derived
the following formula for Ω:

D SD STr(( ) )I T I0 0Ω =

for a general basis set, where S is the overlap matrix and D0I is
the one-particle transition density matrix (1TDM). For an
orthogonal basis, S is an identity matrix, and Ω becomes the
squared Frobenius norm of the 1TDM.29,58,59 For a general
wave function, Ω is considered a measure of single excitation
character.
For group 4, the SA(5)-CASSCF Cs wave function yields Ω

= 0.55. This value is smaller for less diffuse basis sets (e.g., 0.44
for cc-pVTZ) and larger for more diffuse basis sets (e.g., 0.66
for maug2-cc-pVTZ), with the exception for ANO-L, which is
more diffuse but has Ω = 0.47. The SA(3)-CASSCF Cs wave
function gives similar results, with Ω = 0.52−0.53 for group 4,
0.42 for cc-pVTZ, 0.58 for maug2-cc-pVTZ, and 0.46 for
ANO-L. The promotion number (i.e., the number of promoted
electrons) p, is defined as the spatial integral over the
attachment or detachment density,29,60 and it is related to Ω
by p ≈ 2 − Ω.30 Therefore, having Ω = 0.55 suggests that the
21Ag state has neither typical double excitation character nor
typical single excitation character, which is consistent with a
recent analysis.56 The 11Bu state has Ω = 0.9 for all basis sets
tested, which confirms that it is dominated by a single
excitation. The calculated p and Ω values for each basis set are
summarized in Table S6.
To rationalize the single/double excitation characters of

each state, we select SA(3)-CASSCF/ma-TZVP as an example
to discuss the configurations of each state. We choose ma-
TZVP because it overall has the smallest CASSCF, CASPT2,
and MC-PDFT vertical excitation energy errors in group 4. For
convenience, the orbitals in the active space are labeled from
orb. 1 to orb. 8. As shown in Tables S7 and S8, the 11Bu state is
dominated by the HOMO (orb. 2) to LUMO (orb. 3) single
excitation, with a small contribution from orb. 2 to orb. 6. This
explains the small deviation of Ω from 1 for the 11Bu state. For
the 11Bu state, orb. 6 has the same number of nodes as orb. 3
but has less Rydberg character. This also explains the amount
of Rydberg character in this state. For the 21Ag state, several
configurations contribute non-negligibly, including a direct
double excitation from orb. 2 to orb. 3 (Table S8), summing to
a mixture of single and double excitations.

4. CONCLUSIONS

It is well-known that one should use well-balanced basis sets to
obtain reliable results, but the balance between valence basis
functions and diffuse basis functions is not easily determined.
In this work, we find that one should not use basis sets that do
not have diffuse functions or that have very diffuse basis
functions for CASSCF and MC-PDFT calculations of the 11Bu
state of butadiene. By using standard basis sets with
intermediate diffuseness, such as maug-cc-pVTZ, jul-cc-
pVTZ, aug-cc-pVTZ, and ma-TZVP, we are able to improve
the CASSCF vertical excitation energies of the 11Bu and 21Ag
states and their characters for butadiene. Using this improved
CASSCF wave function as the reference, the vertical excitation
energies by CASPT2, MS-CASPT2, and MC-PDFT are also
improved. Using these intermediately diffuse basis sets, MC-
PDFT vertical excitation energies of the 11Bu and 21Ag states
have the same quality as MS-CASPT2, which is a great
improvement upon CASSCF with much less cost than
CASPT2 or MS-CASPT2. Furthermore, whereas MS-
CASPT2 cannot predict the correct ordering of the 11Bu and
21Ag states, MC-PDFT can predict this ordering correctly. In
short, we demonstrate that standard, relatively inexpensive
computational methods are able to predict the 11Bu and 21Ag
states of butadiene accurately and that one does not necessarily
need to resort to constructing problem-specific basis sets or
using higher-level computational methods to correctly describe
the excited states of butadiene. We call the dependence of
butadiene excited states on basis sets “the Goldilocks principle
of basis set diffuseness”, which denotes that using just the right
amount of diffuseness in the basis set can greatly improve the
theoretical prediction of excited states in conjugated organic
molecules.
In this study, we demonstrate that a combined analysis of

the orbital and state second moments is useful in determining
the characters of states and assigning states. We also
demonstrate that decomposition of the MC-PDFT energy
can further help to confirm the characters of excited states. Our
findings agree with the common belief that the 21Ag state is
valence-like, although 21Ag is more diffuse than the 11Ag state.
Although some previous studies concluded that the 11Bu state’s
valence−Rydberg mixing is artificial, our recommended basis
set choices support the conclusion that the 11Bu state should
have some degree of Rydberg character, consistent with SAC-
CI results. We further show that the Rydberg character that we
predict in the 11Bu state is not artificial. In addition, WFA
suggests that the controversial 21Ag state has character between
single and double excitations. These analyses have settled the
decades of controversy of how much Rydberg character the
11Bu state has and how much double excitation character the
21Ag state has.
Overall, we recommend standard basis sets with diffuse

functions on the carbon atom, such as maug-cc-pVTZ, jul-cc-
pVTZ, aug-cc-pVTZ, and ma-TZVP, in the CASSCF,
CASPT2, MS-CASPT2, and MC-PDFT descriptions of the
11Bu and 21Ag states of butadiene. These basis sets, whose
smallest exponential parameters on the carbon p functions are
approximately in the range of 0.03−0.04, give the most
balanced treatment of the 11Bu and 2

1Ag states. More generally,
to avoid spurious results in excited-state calculations, we
recommend a combined analysis of the orbital second
moments, state second moments, and, if necessary, MC-
PDFT energy components to determine the characters of
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calculated ground and excited states for any molecule that has
low-lying Rydberg states or where the effect of the diffuseness
of basis sets has not been well-studied.
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