REDUCED BASIS APPROXIMATIONS OF THE SOLUTIONS TO
SPECTRAL FRACTIONAL DIFFUSION PROBLEMS
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ABSTRACT. We consider the numerical approximation of the spectral frac-
tional diffusion problem based on the so called Balakrishnan representation.
The latter consists of an improper integral approximated via quadratures. At
each quadrature point, a reaction-diffusion problem must be approximated
and is the method bottle neck. In this work, we propose to reduce the com-
putational cost using a reduced basis strategy allowing for a fast evaluation
of the reaction-diffusion problems. The reduced basis does not depend on the
fractional power s for 0 < spin < 8 < Smax < 1. It is built offfine once for all
and used online irrespectively of the fractional power. We analyze the reduced
basis strategy and show its exponential convergence. The analytical results are
illustrated with insightful numerical experiments.

1. INTRODUCTION

Nonlocal models have recently received a great attention due to their apparent
ability to capture novel effects such as in mechanics [22] and in particular in peri-
dynamics [?, 16], turbulence [8], biophysics [7] and image denoising [14], to mention
a few.

In most of the applications, the type of nonlocal interactions are different and
their scaling laws are unknown. Initiated by the work in [2], an algorithm is pro-
posed and analyzed in [1] to identify the fractional power s € [Smin, Smax] governing
the state equation in an optimization framework. As expected, the algorithm ex-
ploits the smoothness of the map s — (—A)~?f and requires many (costly) evalu-
ations of (—A)~3 f for different s € (0,1). Several numerical methods are available
to approximate (—A)~*f and we refer to the surveys [3, 17] for the description of
different fractional Laplacians along with their numerical approximations. Here,
for f € L?(Q)) and Q a Lipschitz domain of RY, d = 1,2, 3, we set

(1) us) = (=A) 7 f =Y A fu,

k=1
where { A\, ¥ tren C RY X H () are the eigenpairs of (—A) and fy := [, fix. The
eigenfunctions {1y }ren are chosen orthogonal in H} () and orthonormal in L?((2).
In (1) the fractional operator is referred to as the spectral fractional Laplacian and
is the one considered in this work. It is worth mentioning that the methodology

Date: January 15, 2020.

2010 Mathematics Subject Classification. 65N30, 35515, 656N15, 65N12.

Key words and phrases. fractional diffusion, Dunford-Taylor integral, reduced basis method,
sinc quadrature, finite element method.

This research was supported by the NSF grant DMS-1817691 (AB-DG-AZ); DG was supported
by the Swiss National Science Foundation grant P2ELP2-175056 and IAMCS at TAMU.

1



2 ANDREA BONITO, DIANE GUIGNARD, ASHLEY R. ZHANG

proposed here is not limited to the Laplacian operator and can be easily extended
to regularly accretive operators as in [6].

In this work, we follow the approach proposed in [5] to approximate (1), see also
[6], which is based on the Dunford-Taylor-Balakrishnan representation

sin(sm) [ q1_4
u(s) = T [ 0 magay,
where w(y) € H} () solves

(2) (eI = Aw(y) = f.

Originally introduced in [5] and later improved in [4], a sinc quadrature coupled with

a standard finite element method is used for the approximation of the integration
in the variable y. For k£ > 0, it reads

N
ksin(sm =
(3) u(s) = upr(s) = % Z ey, (1)
I=—M,
with y; 1= lk,

’ o[ 2] e[

and where wy,(y;) € V), are standard finite element approximations of w(y;).

The numerical approximation of (—A)~* f requires My + N, + 1 finite element
solves to determine wp,(y;), yi € [—Msk, Nsk]. This can become prohibitive when
the computation of (—A)™* f is needed for many values of s such as within an opti-
mization loop as mentioned above. The reduced basis method seems to be a natural
approach to reduce the computational cost when approximating the parametrized
reaction-diffusion problems (2). In fact, reduced basis method for this type of one
dimensional parametric elliptic partial differential equation has already been par-
tially analyzed in [19, 18] and recently in [11] from which part of our analysis is
inspired.

A (weak) greedy strategy is advocated (offline stage) to iteratively select snap-
shots wy, (y'), 1 =1, ...,n << dim(V},), defining the s-independent reduced basis space
V1 = span{wy (y'), ..., wn(y™)}. Galerkin approximations wi(y;) € V7 of wy(y;)
can then be easily computed (online stage) to produce a reduced basis approxima-
tion of up, k(s)

ksin(sm) S
6 (o) 2= BT SRy,
I=—M,

We point out that one of the difficulty faced in this study is that the approxima-
tion of the parametric elliptic partial differential equation (2) is required for y in
the parametric domain [—Mk, Nyk] whose length increases as the sinc quadrature
parameter k decreases (improving the precision of the algorithm).

The proposed algorithm provides an approximation of the entire map s — u(s),
$ € [Smin, Smax| using the same reduced basis space V5. Our main result is Theo-
rem 4 which guarantees an exponential convergence of the reduced basis approxi-
mation uj, ; (s) toward up k(s) in a wide range of Sobolev norms, uniformly in the
fractional power $ € [Smin, Smax]-
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We end this introduction by noting that the idea of using the reduced basis
method for fractional problems has been recently proposed for instance in [11] and
[13]. In [11], the reduced basis is used for the approximation of interpolation norms,
as well as evaluations of both types s — (—A)*u with u fixed and variable s € (0, 1)
and u — (—A)%u. A reduced basis space based on best rational approximations
for a reaction diffusion problem similar to the one satisfied by wy, is proposed and
exponential convergence of the approximation with respect to the dimension of the
reduced basis space is obtained. Worth mentioning, the numerical method is based
on the extension method [20] but seemingly apply to other approximation tech-
niques. Actually, this method boils down to the approximation of several reaction
diffusion problems as in [5]. We take advantage of the technology developed in [11]
to derive an exponential decay in the approximation of (3) by (5). In [13], a similar
approximation up, i (s) is proposed for a different quadrature. Exponential decay of
the reduced basis error is observed numerically but without analysis. In some sense,
this work provides a mathematical justifications of the experimental observations
in [13]. Finally, we mention that the reduced basis method has also been used in
[?] to approximate the parametric PDEs (—A)*u = f, where s is the parameter, in
the case of the integral fractional Laplacian.

The rest of the paper is organized as follows. In Section 2, we describe the
numerical approximation of u(s) by up r(s). Section 3 describes the construction
of the reduced basis space and its corresponding error analysis - the main result of
this work. Section 4 provides numerical experiments to illustrate the performance
of the proposed methodology.

2. SPECTRAL FRACTIONAL LAPLACIAN AND ITS NUMERICAL APPROXIMATIONS

We start with some notations. Let H"(Q2) be the interpolation space defined by

. _ L2(Q), HL(Q) . forr € 0,1]
(6) H"(Q) := { l(qé(g) m}O[T(Qg for r € (1,2],

where (-, -), denotes interpolation using the real method.
Notice that for the particular case r = 1, we have

ol ) = lvlla @) = Vol Yo € Hy(9),
which is equivalent to the H'(2) norm thanks to the Poincaré inequality
(7) [vllz2() < CplVollrz@) Yo € Ho(Q).

To simplify the notation, we write when r = 0, [|- || := || - || z2(q) = ||-|lmo. Moreover,
a < b means that a < Cb for a constant C that does not depend on a, b and the
discretization parameters and whose value might change at each occurrence. Also,
a ~ b indicates a S b and b < a.

2.1. Dunford-Taylor Representation. The function u(s) € L?(€) in (1) has the
following representation [24]

1
8 =— [ 27%(zI + A) "L fdz,
) u(s) = 5 [ 7T +8) d
where C is a Jordan curve oriented to have the spectrum of —A to its right. Deform-
ing the contour C to the negative real axis, we obtain the Balakrishnan formula,
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valid for s € (0,1),

9) u(s) = | et - g

The numerical integration of the above improper integral relies on a sinc quadrature
method after the change of variable y = In(u), leading to

(10) us) = Sn6™ / T 09w (evy — A) fay.

™

sin(sm)

™

— 00

2.2. Finite Element Approximation. We assume that 2 is a polyhedral domain
and we consider a sequence {7, }r~0 of conforming and shape-regular partitions of
Q into d-simplices with maximal mesh size h < 1. Let V} be the space of continuous
and piecewise linear finite element functions associated with 7;. The finite element
approximation of (10) is then defined by

(11) up(s) = M/jo ™MWy (y)dy,

™

where wy, (y) € V}, is the solution to

(12) a(wp(y),vn;y) = F(uvp), Yo, € Vp,.

Here we used the notation

(13) a(w,v;y) := ap(w,v) + eYar (w,v) := / Vw- Vv + ey/ wv
Q Q

for w,v € H}(Q) and

(14) Fo) = [ fo
Q
for v € H}(Q). The Poincaré inequality (7) implies that for v,w € H}(Q),
(15)  vliF o) < alv,vsy)  and - a(v,wiy) < 1+ Coe’) vl g ollwlm @),

which guarantees that (12) has a unique solution for any parameter y € R by the
Lax-Milgram lemma.
We now collect some estimates for wy, (y), which will be used in the analysis later.

Lemma 2.1. Let Cp be the Poincaré constant in (7). For any y,y € R, we have

(16) IVwn(y)ll < Cellfll,  Nlwn(y)ll < e I 1],
(17) IV (wn (y) = wn @) < Cle” — e[| £]],
(18) lwn(y) —wa (@) < e[’ = 1||| f]],
and

(19) 19 (on(y) — wn@) < 5o~ Fle =0 ~ 117

Proof. Choosing v, = wp(y) in (12) yields
IVwr@)II* + e llun(m)]* = /wah(y) < [ fllllwn )l
from which the two relations in (16) can be easily deduced. From (12) we get

/V(wh(y)—wh@))‘vvh‘i‘ey/(wh(y)—wh(ﬂ))vh = (ey—ey)/ wr(G)vp, Yo € Vi,
0 0 0
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We now choose v, = wp,(y) — wp(7) to get

(20) [V (wn (y) =wn () |*+e¥[lwn (y) —wn @)II* < |e¥—e[wn (7) ]| [wn(y)—wn(@)]-
This, the Poincaré inequality (7) and (16) with y = g yield (17).

The estimate (18) follows from (20) together with (16) with y = g. For (19), we
invoke Young’s inequality to estimate the right hand side of (20) and get

IV (wn(y) — wa (@)l < %e*%w — e/[[lwn(@)]l

It remains to invoke (16) with y = ¢ to derive the desired result and ends the
proof. O

We mention that both results in (16) are standard, while the estimates (17),
(18) and (19) are less common yet useful in the error analysis below. Moreover,
note that (16)-left and (17) are favorable for negative y, while (16)-right, (18) and
(19) for positive y. This plays a role in our analysis below and is observed in the
numerical experiments, see Section 4.

We end this section by stating the error in the finite element method derived
and analyzed in [6]. Before doing this, we define o € (0, 1] to be the elliptic pick-
up regularity index, i.e. « is the largest number in (0, 1] such that (—A) is an
isomorphism from H"(Q2) to H"T1(Q) for all r € [0,a]. Notice that o > 0 for
Lipschitz domains and o = 1 when ) is convex.

Theorem 1. Let f € L%(2), a > 0 denote the elliptic regularity pick-up and

% a+min(a,1-—7)
2

ot = . Then for any r € [0,1], we have

1. Ifr+2a* —25 >0 and f € H'22"=25(Q) then
lu — wnllmr ) S ()R | fllgrr2as 2 (-

2. If r+2a* =25 >0 and f € H™2*"=25F2(Q) with r +20* —25+2e < 1+a
then
lu = unllar@) S B2 || fllsrsaar —2er2e (-
8. Ifr 4+ 2a* —2s < 0 then
lu = unllmr @y S B2 fllz2@)-

2.3. Sinc quadrature approximation. We discuss the sinc quadrature approx-
imation leading to the fully discrete approximation up , given by (3). Recall that
k > 0 is the sinc quadrature parameter and that My, N, are given by (4). This
choice is dictated from the analysis of the sinc quadrature error, which is the subject
of the following theorem; we refer to [4] for its proof.

Theorem 2. Let f € L*(Q) and r € [0,1].
1. If s > r/2 then

2 —(1—s —s
un(s) — unk(s)llur) S <6’“ e UMk g o NSk) 1 £1lz2(0)-

2. If s<r/2 and f € H"=25%(Q) with r —2s + ¢ € [0,1 + o] then

n? —(1-s —5
un(s) = wni(8)lm@) S (+ (=o)Mk 4o Ns’“) 1 =20+ (2)-
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3. REDUCED BASIS APPROXIMATION

The computation of up j in (3) involves the finite element solution wy,(y) to the
reaction diffusion problem (12) for M+ N, +1 different values of the parameter y €
Dy := [—Mk, Nsk]. We propose to use the reduced basis method to approximate
the entire map y — wp(y). Notice that the bilinear form a(-,-;y) defining wy (y) in
(12) is not affine in y. However, it becomes affine for u = e¥.

3.1. Construction for a fixed s. The reduced basis space
Vit = span{wp, (y"), ..., wn(y™)} C Vy

is constructed using a greedy strategy [?]. Starting with y' = 0, y™*! € D, is
selected iteratively to maximize the error

(21) Win(y) == wn(y) — Popwn(y)ll g0
on Dy, i.e.,
ymtl = argmax,cp_ W (y).
Here Pymwp(y) € Vi is the unique solution (from Lax-Milgram theory) to
(22) a(PV;L"wh (9)7 Um; y) = a(wh(y)a Um; y)7 V'Um € VZ"L

Notice that in view of the definition (12) of wy(y), the above relation is equivalent
to

a(Pypwn(y), vm;y) = F(vm), Vum € Vi
The enrichment of the reduced basis space ends when

(23) max Wi (y) < el fll

for a prescribed accuracy € > 0 or when a maximum number of basis functions Ny,
is reached. Note that the relations (17) and (19) guarantee that (23) can always be
achieved by a uniform selection of points y in Ds. The aim of the Greedy algorithm
is to provide an alternate selection performing as well but of less cardinality.

The error W,,(y) defined in (21) is not a computable quantity and is usually
replaced by an equivalent computable quantity leading to the so-called weak greedy

algorithm [12]. In this work, we use the residual based a posteriori error estimate
[21]
. Tm (vh; y)
(24) [7m (5 9)llvy, 2= sup ==,
vREV} HUHHg(Q)
where
Tm (Vi y) == F(vn) — a(Pypwi(y), v y).

We have the following equivalence relation between the error W,,(y) and its surro-
gate

(25) (14 Coe?) Hrm(59)llv, < Winly) < rm(59)llv,
for all y € R. This follows from

a(wn(y) — PV;:‘wh(y)a Vs Y)
[rm (5 9)llvy, = sup
© vh€Vy ||”h||H3(Q)

)

where wy, (y) satisfies (12), and the coercivity and continuity of the bilinear form a
(15).
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Hence, selecting the samples using |7, (:;y)||v; as surrogate for the error Wi, (y)
yields

Wy ) > 7 max Wi (y),

where

y€Ds

-1
(26) Vs 1= (max(l + C’Izgey)> = (1 4+ C%eNemy~1,

The parameter vy, corresponds to the constant in the weak greedy algorithm, see
[12] for more details, and will appear in the analysis below.

The dual norm can be computed using the Riesz representation theorem, see
for instance [21, 7] for more details. However, evaluating |7, (;;y)[lv; for every
y in D remains unfeasible. In practice, the maximization is performed over a
finite dimensional training set ©5 C Dy, either chosen sufficiently fine to retain the
performance of the algorithm, see for instance [10], or based on a random selection
of moderate size [9].

The reduced basis space is constructed offiine and gives the following online
approximation of uy, x(s)

. Ng
. &
_ Ren(sm) §™ gy, () = Pogun(n).
I=—M,

1) uls) = 2

Remark 1. The approximate solution (3) obtained without using the reduced basis
method requires to solve My+ Ng+1 sparse finite element systems of dimension Np,.
In comparison, the solution of Ms+ Ns+ 1 systems are needed for the approxima-
tion (27), each requiring O(n®) operations, where n stands for the dimension of the
reduced basis space. The latter is built once for all (offline stage) with a computa-
tional cost dominated by the solve of n sparse finite element systems. The value of
n depends on the Kolmogorov n-width of the solution manifold {wy(y) : y € Ds}.
We refer for instance to [?, 10] for a detailed complexity analysis of the reduced
basis method but note that typically for elliptic problems we have n << Np,. Finally,
we anticipate that the proposed reduced basis space is independent on s, see Section
3.3.

3.2. Error analysis for a fixed s. We now analyze the distortion between u(s) =
(—A)7°f and its reduced basis approximation uj, ;(s) given by (27) in the H"(Q2)
norm. In order to avoid unnecessary technicalities, we assume from now on that
r € [0, 1] is chosen such that r < 2s, which includes the natural choice r = s leading
to the energy error and r = 0 for the L?(Q) error. The discussion below can be
readily extended to the case r > 2s by accounting for the log factor In(h~!) in the
finite element approximation (see Theorem 1). For u(s) € H"(£2), we decompose
the error into three parts

[uls) = up i ($)llar ) < lluls) = unls)llar@) + l[un(s) — uni(s)|

+ [Jun,k(s) — up £ (5)|[Er ()

corresponding to the finite element error, the sinc quadrature error and the reduced
basis error, respectively. Given a target tolerance £ > 0, we construct a reduced
basis space such that (23) holds. In view of Theorems 1 and 2, we select the space
discretization and sinc quadrature parameters h and k to balance the finite element
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and sinc quadrature errors, i.e.,

2

(29) CFEMhQQ* =Cgqince” F =¢
for some absolute constants Crrym and Csine.

We now assess the error in the reduced basis modeling by analyzing the behavior
of [lun k(s)—uj, 1 (s)|mr () as n increases. From the definitions (3) and (27) of up, k(s)
and uj, ; (s), respectively, we have

k sin(sm) oL
= > I un(y) — ) -
I=—M;,

(30)  flun,e(s) = up k() lmr(e) < —

Key ingredients in our analysis are estimates for the reduced basis errors ||wp (y;)—
wi (1) |ler () in approximating the inner problems. We discuss this now. Recall
that the reduced basis error for the inner problem is given by

(31) sup ||V (wn(y) — wpy (y)) Il = Sup IV (wn (y) = Popwn(y))ll-

y€Ds YyEDs

The Kolmogorov n-width

32 dy = f f — Un)lls > 1,
(32) dlm(lg < yseuzg U:g n\\V(wh( y)—wvn)ll, n

is the benchmark for the best achievable decay. By convention, we set

(33) do := sup |[Vuwn(y)l|.

y€D;s
It is quite remarkable that the linear space V} constructed by the (weak) greedy
selection discussed in Section 3.1 leads to an error (31) equivalent to d,, [12]. In par-
ticular, an exponential decay of the Kolmogorov n-width guarantees an exponential
decay of the (weak) greedy error. In order to prove that the error in (31) decays
exponentially with n, see Lemma 3.1 below, we will thus show that the Kolmogorov
n-width exhibits an exponential decay.

To facilitate the analysis of d,,, we use the notations in (13) and provide a repre-
sentation of the finite element functions wy, (y) in term of the eigenpairs {p;, ; f\le C
R x Vp,, Np, := dim(V},), of the generalized eigenvalue problem

a1 (i, vn) = piao(@i, vn), Vo € V.
Without loss of generality, we assume that the ¢; are Hj-orthonormal, i.e.
ao(pi, pj) = ijs 1<14,j < Np.
The inverse inequality
Vo] < Crh™Hvnl| - Von € Vi,
together with the Poincaré inequality (7), yield
(34) Crh* < p; <C%, 1<i<Ny.

With these notations, we can rewrite wy,(y) in (12) as

(35) Z fupi = F(pi).

L+ evp;’

We are now in position to assess the reduced basis approximation property.
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Lemma 3.1. For any n > 1 we have
(36) sup [|V(wn(y) = Prpwn(y))|| < 75 Cre ™| 1],
y€D;

where s is given by (26), Cy is a constant only depending on Cp and
1

37 Cyh) ® ————~ hen h — 0.

(87) 2N~ pczcm ey e

Proof. We follow [11] to construct a linear space W} C Vj, with dim(W}) < n such

that for some constants c¢;, ¢ and n > 1 we have

(38) dn < sup Inf IV (wn(y) — o)l < cre™"[| f].

ye s

Let W} := span{wp(y1), . .., wn(yYn)}, where the y; are chosen such that the e¥% are
the transformed Zolotarév points [C5%, CZh~2] as in [11], see also [15, 23]. Notice
that this interval is dictated by the lower and upper bound of the eigenvalues u;,
see (34). Now, given y € D, we define the approximation
(39) vh(y) ==Y a;(y)waly;) € Wy,

j=1

where the coefficients aj(y) are such that

1+eve " Zaj 1—|—eyJe T k=1,..,n.

The above system is a partlcular rational interpolation problem and has a unique
solution according to Lemma 5.13 in [11]. Furthermore, thanks to Lemma 5.17 in
[11], we have

n

1 “
< —Cmi=1,...,N
1+€y,u1 Zl 1+6y7,ufz ~ 1+6y,uze ; (3 5 s 4Vhy
where .
C*=C*h —_——
( ) (0202h )

Hence, the error between wy,(y) in (35) and v} (y) in (39) satisfies

n

Zfz 1—|—ey/.l Z 1_|_eyJ'u

=1

Np, 1 2
< e—2C’*n 2 ( )
S gf Trom
S e V()

where we have used the H}-orthonormality of the {¢;}*. With the help of (16),
this implies

(40) llwon(y) = o W)l17y S € CRIFIP.

The above estimate is (38) with ¢ = C* and ¢; only depending on Cp and the
hidden constant in (40). Moreover, thanks to (16) we also have dy < Cpl||f||, where

lwn(y) = vh ()13
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dp is defined in (33). Therefore, we have shown that the Kolmogorov n-width (see
(32) and (33)) satisfies

(41) dp, < c1e || f]l, n>0.

To conclude, it remains to relate the error decay of the reduced basis generated
by the weak greedy algorithm with parameter v, (see (26)) and the Kolmogorov
n-width d,. Corollary 8.4 in [10], see also Corollary 3.3 in [12], guarantees that
(41) implies (36) with Cy = ¢o/6 = C*/6 and C; = ¢; max(v/2,7:¢?) < 1. O

Remark 2. We mention that an exponential decay for the reduced basis error for
one dimensional parametric problem of the form (12) has already been obtained in
[19, 18]. Howewver, the exponential decay is guaranteed for n > n.. for some integer
Nerie depending on the length of the parameter interval [— Mgk, Nsk]. We did not
pursue this route as the latter restriction seems prohibitive to take full advantage of
the performances of the reduced basis method.

We now use the exponential decay of the reduced basis error for wy obtained in
Lemma 3.1 to estimate the error for up j defined in (30).

Lemma 3.2. Let h and k be the finite element and sinc quadrature parameters.
Let r € [0,1]. Forn > 1, we have

[un,k(s) — UZ,k-(S)HHT(Q)

(42) - sin(sm) CL 1 CpeCatm (6(175)1\@1@ B 67(175)1\4516) 171,

T (-s)r
where Cy and Co(h) are the constants in (36).
Proof. Because H"(Q) are interpolation spaces between L?(Q) and HE (), see (6),
the Poincaré inequality (7) yields

l[wn (y) = wit () lla- @) < lwn(y) = wh IV (wn(y) = wi )"

< Cp "V (wn(y) — wi()]]-

Therefore, using the estimate (30) for the error and invoking Lemma 3.1, we get

Huh,k(s) - uz,k(S)HHT(Q)
N.k

C}ltfr,ys—lcle—CQ(h)n”fH Z e(l—s)yl
l=— M.k

k sin(sm)

. Nk
sin(sm) -, _ _ n —s
< WD g icrecatmp [ ooy
s — Mk

sin(sm o _ n —$)N, —(1-s
S Gl 0y (1N k) )

which is the claimed estimate. O

Remark 3. From (37), we see that the constant Co(h) that appears in (36) and
(42) tends to 0 as h tends to 0. In other words, the reduced basis performances
deteriorate as the target accuracy € tends to 0. This phenomenon is observed in the
numerical experiments reported in Figure 4 of Section 4.

Using Lemma 3.2, we directly derive the following result providing a sufficient
condition on the dimension n of the reduced space to achieve an error under a
specified tolerance 6 > 0.
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Theorem 3. (offline construction of the reduced space) Let € > 0 be a given toler-
ance. Assume that h and k are chosen so that (29) holds and that the reduced basis
space is constructed such that (23) holds. Then, for any § > & we have

[un,k(s) — up, x (s)[mr @) < [ F]

provided
(43) n & ln(C’ég%) In(e}/7),

where C' is a constant only depending on s and r and o* is as in Theorem 1. In
particular
n ~ In(g)?

when § = ¢.
Proof. The claims directly follow from Lemma 3.2 together with (29). O

3.3. Universal Reduced Basis Space. In the previous section we constructed
a reduced basis space V}! to approximate up ,(s) for a fixed s € (0,1). We now
show that it is possible to take real advantage of the offline work and construct
reduced basis spaces approximating the map s — wup, (s) for s € [Smin, Smax], With
0 < Smin < Smax < 1 fixed.

To see this, it suffices to adjust the constant depending on s as follows. First,
we let

w2 w2
(44) M = ’7(1_5nuax)k'2-‘ and N := ’Vsmka“ .

Then, we define the domain D := [-Mk, Nk] containing D, for all s € [Smin, Smax
and, similarly to (26), we introduce the parameter

—1
(45) v = (max(l + Cpey)> = (14 Cpe¥F)~1.
yeD

Finally, for all y € D we approximate wp(y) by wy(y) = Pypwn(y), where the
reduced basis space V} is constructed as detailed in Section 3.1 upon replacing Mj,
Ny, Ds and v by M, N, D and +, respectively.

With this uniform construction, we directly obtain the universal version of
Lemma 3.2 and Theorem 3.

Lemma 3.3. Let h and k be the finite element and sinc quadrature parameters.
Let r € 0,1]. Forn >1 and any s € [Smin, Smax] we have

sin(sm L _ n s _(1—s
||uh7k(s)—u27k(s)||Hr(Q) < (1—(8)31'0113 T,Y 1016 Ca(h) (6(1 )Nk_6 (1 )Mk) Hf”v

where Cy and Co(h) are the constants in (36).

Theorem 4. (offline construction of the universal reduced space) Let € > 0 be a
given tolerance. Assume that h and k are chosen so that (29) holds and that the
reduced basis space is constructed such that (23) holds. Then, for any 6 > & we
have

max lup (s) = g (s)]lmr @) < S[lf]

sE [Smin ySmax
provided

2—sSmin

(46) n =~ 11’1(056 Smin )ln(gl/a*)’
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where C' is a constant only depending on Smin, Smax ond 7, and o™ is as in Theo-
rem 1. In particular
n ~ In(e)?

when § = €.

4. NUMERICAL EXPERIMENTS

We present numerical results to illustrate the performances of the reduced basis
approach analyzed in the previous section. Since the focus of this paper is on the
reduced basis approximation, the finite element meshsize h and the sinc quadrature
parameter k are chosen sufficiently small not to influence the total error, unless
otherwise specified. We refer to [5, 4] for an extensive numerical study on the
influence of the discretization parameters h and k. The space V} is built using a
weak greedy algorithm on [— Mk, Nk|, starting with the snapshot wp(0). Moreover,
the training set © consists of 10000 uniformly distributed points in [—-ME, NE].
Finally, we set f = 1 in all the numerical examples.

4.1. 1D example. We consider the case = (0,1). The subdivision T}, of
consists of a uniform partition of [0, 1] with subintervals of length h = 2712, The
sinc quadrature parameter is fixed to & = 0.5 and the fractional power s varies
from Smin = 0.1 to Spmax = 0.9. In this setting, we have N = M = 395 and
[-Mk, Nk] =[—197.5,197.5].

4.1.1. Reduced basis error for wy. We provide in Figure 1-left the evolution of

ew(n) = sup |lwn(y) — Prpwn(y)l a0
Y EO

versus n > 1 as indicator of the error

sup  [lwn(yi) — Popwn (vl gz)-
yE[—Mk,Nk]
The observed exponential decay matches the estimate of Lemma 3.1.

Moreover, Figure 1-right reports the values of the selected parameters y™ by
the weak greedy procedure. We observe that except for y?, they are all located
in the interval [0,20]. This behavior can be in part explained by the estimates
provided in Lemma 2.1, indicating the robustness of wp(y) for small values of y
and the smallness of ||wy,(y)|| for y large. The fact that no negative y is selected is
also attributable to the choice of the initial snapshot, namely wy, (0), which already
provides a good approximation of wy,(y) for y < 0. We mention that similar results
are obtained when changing the range for s, for instance setting sy, = 0.01 and
Smax = 0.99.

We comment on the use of an a posteriori error estimate (weak greedy) in place of
the true error (greedy), see (25). For this, we compare in Figure 2 the performance
of both algorithms and we can conclude that very little efficiency is lost in using
the computable a posteriori error estimator.

4.1.2. Reduced basis error for up . We now turn our attention to the approximation
of up,k(s) by uj ;.(s). Figure 3 depicts the evolution of
eu(s)(n) = |lunk(s) — up . (s)]]

for various values of fractional power. In agreement with Theorem 4, exponential
decay is observed in all cases when using the universal reduced basis space. Notice
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FIGURE 1. Left: reduced basis error e, (n) versus n. Right: pa-
rameters y" selected by the weak greedy procedure during the con-
struction of the reduced basis space.
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FIGURE 2. Comparison of the greedy and weak greedy strategies.
Left: error e,(n) associated with the greedy and weak greedy
strategies. The dashed line represents the equivalent quantity
maxyeo [|7(y)|lv; , see (25). Right: selected parameters y for
both strategies.

that in this experiment the sinc quadrature requires 440 points for s = 0.1,0.9, 190
points for s = 0.3,0.7 and 159 points for s = 0.5 to guarantee a sinc quadrature
error of the order e=™ /% ~ 2.7 x 1079 for k = 0.5. A comparable reduced basis
accuracy in the L2(Q) norm is achieved for only n = 20 for 0.5 < s < 0.9.

Finally, we study numerically the behavior of the constant Cy(h) given by (37).
We set s = 0.1 and consider a sequence of uniform partitions of [0, 1] with subinter-
vals of length h = 27% for k = 6, 8,10, 12. The reduced basis error €y (0.1)(n) versus
n is reported in Figure 4 for each finite element discretization. As predicted by The-
orem 4, the exponential decay encoded in Cy = Cs(h) deteriorates as h — 0. The
L?(2) norm of the error behaves like e 14" for h = 276 and e=%7" for h = 2712

4.2. 2D examples. We now consider two dimensional domains: a square domain
Q) = (0,1)? and an L-shaped domain © = (0,1)2\ ([0,0.5] x [0.5,1]). The space
discretization consists of a Delaunay triangulation with 22968 elements for 2 =
(0,1)? and 17190 elements for Q = (0,1)2 \ ([0, 0.5] x [0.5,1]). In both cases, the
elements in the triangulation have diameters between 0.005 and 0.01. All the other
parameters are the same as in Section 4.1.
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RB error for u

10710 s=0.9

FIGURE 3. Error e, (n) with respect to n for various values of
sin [0.1,0.9]. Exponential decay is observed in all cases using the

universal reduced basis space.

FIGURE 4. Effect of the space discretization parameter h in the

exponential decay of the error e, .1)(n). In accordance with The-
orem 4, the exponential decay coefficient deteriorates as h de-

creases.

The evolution of the reduced basis error e, (n) for different values of s is
reported in Figure 5. As for the one dimensional case, exponential decays are
observed for all values of s € [0.1,0.9] and irrespectively of the shape of the domain.

RB error for u

10°

RB error for u

1010

,,,erO.Qn

FIGURE 5. Error e, (n) with respect to n for various values of s
in [0.1,0.9]. Left: unit square domain. Right: L-shape domain.
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